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LOCALIZATION OF THE GAUSSIAN MULTIPLICATIVE CHAOS
IN THE WIENER SPACE AND THE STOCHASTIC HEAT
EQUATION IN STRONG DISORDER

BY YANNIC BROKER, AND CHIRANJIB MUKHERJEE
University of Miinster

We consider a Gaussian multiplicative chaos (GMC) measure on the
classical Wiener space driven by a smoothened (Gaussian) space-time white
noise. For d > 3, it was shown in (Electron. Commun. Probab. 21 (2016)
61) that for small noise intensity, the total mass of the GMC converges to
a strictly positive random variable, while larger disorder strength (i.e., low
temperature) forces the total mass to lose uniform integrability, eventually
producing a vanishing limit. Inspired by strong localization phenomena for
log-correlated Gaussian fields and Gaussian multiplicative chaos in the fi-
nite dimensional Euclidean spaces (Ann. Appl. Probab. 26 (2016) 643—-690;
Adv. Math. 330 (2018) 589-687), and related results for discrete directed
polymers (Probab. Theory Related Fields 138 (2007) 391-410; Bates and
Chatterjee (2016)), we study the endpoint distribution of a Brownian path
under the renormalized GMC measure in this setting. We show that in the
low temperature regime, the energy landscape of the system freezes and en-
ters the so-called glassy phase as the entire mass of the Cesaro average of
the endpoint GMC distribution stays localized in few spatial islands, forcing
the endpoint GMC to be asymptotically purely atomic (Probab. Theory Re-
lated Fields 138 (2007) 391-410). The method of our proof is based on the
translation-invariant compactification introduced in (Ann. Probab. 44 (2016)
3934-3964) and a fixed point approach related to the cavity method from
spin glasses recently used in (Bates and Chatterjee (2016)) in the context of
the directed polymer model in the lattice.

1. Introduction and the main result.

1.1. Motivation. Let 2 be a metric space which is endowed with a finite mea-
sure i. Consider the tilted random measure of the form

1
(L) (o) = My o) = expl B (@) = B[ @] | o),

where B8 > 0 is a parameter and {7 (w)},ecq is a centered Gaussian field defined
on a complete probability space (£, F, P). The theory of Gaussian multiplicative
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chaos (GMC), whose idea was first propounded by Kahane [34], is the general-
ization of (1.1) to the setting when the random field {7 (w)} lives on the space of
distributions, that is, they are defined via a family of integrals w.r.t. a suitable class
of test functions.

One of the crucial properties of the GMC is captured by the following sim-
ple comparison principle which was also discovered by Kahane [34]. If {7 ()}
and {4 (w)} are two continuous Gaussian fields such that E[¥(w)¥ (w2)] <
E[7 (w1) 77 ()] for all w1, wo € L, then for any concave function F : Ry — R
with at most polynomial growth at infinity,

(1.2) E[F(gﬂg)] > E[F(%;f)] where Zp . = /;2 Mp,.(dw).

In the finite dimensional setting, GMC measures share close connection to the
two-dimensional Liouville quantum gravity [29] and its studies have seen a lot of
revived interest in the recent years. In this setting, the relevant measures are defined
as Mg r(dx) := e~ B’ T/2eBXT() dx where D is a domain in R4, dx stands for the
Lebesgue measure and the ambient Gaussian field (X7 (x))yep is log-correlated
or star-scale invariant after a suitable cut-off regularization at level T. A rigor-
ous construction of the limiting measure limr_,o Mg 1 has been carried out us-
ing a martingale approximation [34] and it is well known that when 8 < +/2d,
Mg 7 converges as T — oo toward a nontrivial measure Mg which is diffuse and
is known as the subcritical GMC, while for g > V2d, M g, 7 converges to 0 as
T — oo. In this setting (i.e., for log-correlated fields in R), a rigorous construc-
tion of the subcritical GMC measure also follows from a stable mollification pro-
cedure (see [7, 29, 41]). Alternatively, a subcritical GMC in a general setting is
also characterized by requiring that .#Zg _,(dw) = e”(‘“)///,g, s (dw) for every
Cameron—Martin vector v for the Gaussian field .77, that is, for all deterministic
v : 2 — R such that the law of # + v is absolutely continuous w.r.t. that of 7
(see [43]).

In the finite dimensional setting, the regime B > +/2d corresponds to the so-
called supercritical phase of the GMC measures, which has also received much
attention in the physics literature (see [26, 37] for questions on dyadic trees and
[15, 30, 31] for log-correlated fields). Heuristically speaking, in this regime, one
expects the energy landscape of the underlying Gaussian field to freeze and en-
ter a glassy phase. On a rigorous level, for log-correlated or star-scale invariant
Gaussian fields in the Euclidean set up, this has been justified rigorously in [36]
(see also [11] for similar results for discrete 2d Gaussian free field). In particular,
it was shown that for 8 > V/2d and for suitable constants A (B), A2(B) > 0, the
renormalized GMC measure

M (B)logt+iaB)t py
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in the limit # — oo is supported only on atoms. !

Quite naturally, the above results inspire questions concerning the behavior of
supercritical GMC in the infinite dimensional setting, which have not been ex-
plored to the best of our knowledge. In the present context, we drop all assump-
tions regarding log-correlations or star-scale invariance of the underlying field and
consider a GMC measure of the form (1.1) on a noncompact metric space. In this
setting, we show that when the temperature is low, the limiting measures are also
supported only on atoms as the cut-off level is sent off to infinity. We now turn to
a precise mathematical layout of the problem.

We fix any spatial dimension d > 1 and set Q2 = C ([0, 00); R%) to be the metric
space of continuous functions endowed with the topology of uniform convergence
of compact subsets. €2 is tacitly equipped with the Wiener measure P, correspond-
ing to a R?-valued Brownian motion starting at x € R¢. We denote by B a cylindri-
cal Wiener process and by B a Gaussian space-time white noise which is indepen-
dent of the path W. In other words, for any Schwartz function ¢ € S(R; x R%),
B((p) is a Gaussian random variable on a fixed probability space (£, F,P) with
mean 0 and covariance E[B(¢1)B(¢2)] = 167 Jra 912, x)@a(t, x) dx dt. Through-
out the rest of the article, E will denote expectation w.r.t. P. We also fix a nonneg-
ative function ¢ which is smooth, spherically symmetric and is supported in a ball
B1,2(0) of radius 1/2 around 0 and normalized to have total mass [ps ¢ (x) dx = 1.
Then we have a (spatially convolved white noise) Gaussian field {77 (W)}wegq at
level T, defined as

. T .
3 W =AW B = [ [ eV =B y)dyds.
The corresponding tilted measure
pT
2
is then readily interpreted as a Gaussian multiplicative chaos indexed by Wiener
paths (recall (1.1)). It has covariance kernel

Bt (W) (V)] = [ [ o =)o )

(1.4) Jﬁm%dW)=em4ﬂjﬁ(W)— (¢*¢X®}PMdW)

(15) - [ " as@ e (WD — W)

=T(p*¢)0).

n fact, in the literature cited above, it is shown that, for B > +/2d, the GMC measure M g,t con-
centrates its mass only on sites close to centered maximum sup,cpl[X¢(x) — v/2d1] of the field and
consequently, the limiting measure is described as a Poisson measure with (random) intensity given
by the derivative martingale or the critical GMC at § = +/2d whose construction was rigorously
carried out in [27, 28].
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If we denote the total mass by 23 r = fQ Mg, T(dW), we also have the renormal-
ized GMC measure

— 1
(1.6) Mg (AW) = ?///ﬁ,T(dW).
B.T

Using Kahane’s comparison inequality (recall (1.2)) and the domination of the ker-
nels (1.5), it was also shown in [39] that, in d > 3, there exists S, € (0, co) so that
for B < B, the total mass 25 17 = [ .#p,7(dW) of the GMC converges in prob-
ability to a strictly positive random variable, while for 8 > B., Zg 1 ceases to be
uniformly integrable and eventually collapses to zero as T — oo. In the present
context, the main result of our article shows that, loosely speaking, when the tem-
perature is sufficiently low, in particular when lim7_, oo 23,7 = 0, the renormal-
ized GMC measure ////B,T(dW) = ﬁ’}g,r_l///ﬁ,T(dW) has no asymptotic disinte-
gration of mass—its entire mass is preserved and accumulated in few randomly
located islands in R¢. Given the above discussion pertaining to low-temperature
localization of GMC in finite dimensions (e.g., [36]), the present result is then a
contribution toward a rigorous understanding of atomic (or supercritical) GMC in
the infinite dimensional setting. We turn to a precise statement of our main result.

1.2. The result. We set
1
(1.7) A(B) =— lim —E[log Zs ],
T—oo T ’

where 23 7 = [ #p r(dW). It is easy to see via a subadditivity argument that
the above limit always exists and Jensen’s inequality together with the fact that

Elexp{85¢7 (W, B)}] = exp{ﬂzTT(q) * ¢)(0)} forces it to be nonnegative. Further-
more, the map B — A(f) is monotone increasing and A (8) > 0 also implies that
limr_, 00 Zp,7 = 0 almost surely; see Theorem A.1. For any ¢,¢ > 0, we define
the regions

(1.8) Ue={xeR: Qg [Bi(x)] > coe}, co=|B1(0)
that carry uniformly positive density for the GMC endpoint
(1.9) Qp = Mp, W,

Here is our first main result.

THEOREM 1.1 (Pure atomicity of the GMC endpoint). Letd > 1 and fix § >
B1:=inf{B > 0: A(B) > 0} € [0, oo]. Then for any sequence &; — 0 with t — 00,

N
(1.10) Tlimm?'/() Qp,i[Utg,1dt =1 P-as.



LOCALIZATION OF THE GAUSSIAN MULTIPLICATIVE CHAOS 3749

Note that Theorem 1.1 holds for any d > 1 as long as A(8) > 0. Furthermore,
Theorem A.1 shows that A(8) > 0 implies lim7_ o Zg,7 = 0, and combined
with Theorem 3.7 it also shows that the latter convergence is in fact exponential
2T = e~ TIAB+o(D] which contrasts the polynomial rate of the convergence of
the (Gaussian) fluctuations of 23 r when g is small; see [18].

We refer to the interesting works [5, 6, 16, 17, 23, 44] where low temperature
localization properties of discrete directed polymers have been extensively stud-
ied. In the lattice setting, in [23] the averages on the left-hand side in (1.10) were
shown to be uniformly bounded below by a constant ¢ € (0, 1]. The latter statement
was later strengthened in [44] for heavy-tailed environments (i.e., when the loga-
rithmic moment generating function is infinity). Very recently, substantial progress
was made when the latter statement was shown to be true in [6] for polymers in
the lattice even with finite exponential moments. We also remark that localization
properties for polymers in the lattice setting can be efficiently studied by using
the method of fractional moments introduced in [23]. In the continuous setting,
this method, however, seems to break down, and particularly for Gaussian fields,
techniques from GMC like comparison inequalities are well suited and efficient,
as demonstrated in [39]. We refer to Section 1.3 for a comparison of techniques of
the proofs.

We mention that the GMC (1.4) is also closely related to the multiplicative noise
stochastic heat equation which is formally written as

1
(111) dl/l[=§AI/l[dt+,BMtdBt.

Although equation (1.11) is a priori ill-posed, when d = 1 substantial recent
progress has been made in giving a rigorous meaning to its solution ([2, 3, 8,
10, 32, 33, 42]; see also [9, 13] for the case d = 2). It is natural to consider a
regularized version

1
(1-12) dus,t = EAM&I dr + 13(8, d)us,t dBe,ta Ms,O(x) =1,

of (1.11) by interpreting the above stochastic differential in the classical It6
sense and considering the spatially mollified noise B ;(x) = B(gs:.x) With

@e.rx (5, ) = 110.11()e (y — x) and ¢ (-) = e ~?¢h(:) being an approximation of
the Dirac-delta. Clearly, B, ;(x) is again a centered Gaussian process with covari-

ance E[Be, (x) Be s (V)] = (s A1) (¢e % de) (x — y) = (s ADe 4V ((x —y)/e), where
(1.13) V=¢gx¢

is a smooth function supported in the unit ball B (0) around the origin. Then

s =Efexplped) [ [ 6y - 3)BG. ) ayas

— Ms—dvm)”

(1.14)
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provides the renormalized Feynman—Kac solution to (1.12), and for d > 3 if we
choose

B(e,d)=BeT and d>3, B>0,

then by Brownian scaling and time-reversal,
) _
(1.15) e () S Ly ("),

where 23 7(x) = [ A, (x) 7(dW) is the total mass of the GMC measure weighted
w.r.t. the Wiener measure IP When $ > 0 is sufficiently small, asymptotic behav-
ior of the solutions (as ¢ — 0) as well as associated measures have been studied
extensively (see [12, 18, 19, 38, 39]). When 8 > 0 is large, then Theorem 1.1 com-
bined with the scaling relation (1.15) imply the localization effect of the measures
associated to (1.14) as ¢ — O:

COROLLARY 1.2 (Pure atomicity of the stochastic heat equation). Letd >3
and assume A(B) > 0and &y — 0 as t — oo as in Theorem 1.1. Then

lim —/ ///5 ~12[W; € U ¢, 1dt =1  in P-probability,

where ///,3, ¢ 18 the normalized GMC measure corresponding to the Feynman—Kac
solution (1.14).

REMARK 1. In the present setting, the parameter § is considered to be a posi-
tive (large enough) real number. It is an intriguing question to see if the localization
property proved in this article can be extended to a complex GMC in the Wiener
space, that is, GMC with complex .

1.3. Outline of the proof and comparison of proof techniques. In order to pro-
vide some guidelines to the reader, we will briefly sketch the central idea of the
proof of Theorem 1.1 in this section. We will also emphasize on the similarities
and differences to the earlier approaches used in the existing literature.

As remarked earlier, localization statements for directed polymers were derived
using the method of fractional moments [23, 44], while similar results for GMC
measures for log-correlated fields in R? were proved [11, 36] by studying maxi-
mum of branching random walks [1, 35]. These methods are quite different from
the approach used in the present article, for which we directly leverage the ma-
chinery in [40], while following [6] as a guiding philosophy.

1.3.1. Outline of the proof. The proof of Theorem 1.1 splits into three main
steps.

Step 1: The first step is based on studying a metric on the translation-invariant
compactification (of the quotient space) of probability measures on R¢ developed
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in [40].2 Since the method for [40] will be a building block of our proof on a
conceptual level, it is useful to briefly review its main idea.

Note that the space M (R?) of probability measures on R? is noncompact un-
der the usual weak topology determined by convergence of integrals w.r.t. con-
tinuous and bounded functions. There can be several reasons which can be at-
tributed to this phenomenon. For instance, a Gaussian with a very large variance
spreads its mass very thin and eventually totally disintegrates into dust. Also, a
mixture like %(u * 8q, + 1 * 8_g,) splits into two (or more) widely separated
pieces as a, — 00. To compactify this space, we should be allowed to “center”
each piece separately as well as to allow some mass to be “thinly spread and dis-
appear.” The intuitive idea, starting with a sequence of probability distributions
(n)n in RY is to identify a compact region where i, has its largest accumula-
tion of mass. By choosing subsequences if necessary, we can assume that for any
r >0, sup,crd n(Br(x)) = g(r) asn — oo and g(r) — p1 € [0, 1] as r 1 oo.
Then there is a shift A, = u, x §,, that converges along a subsequence vaguely to
a subprobability measure «; of mass pp. This means A, can be written as «,, + B,
so that o, = a1 weakly and we recover the partial mass p; € [0, 1]. We peel off
o, from A, and repeat the same process for 8, to get convergence along a further
subsequence. We go on recursively to get convergence of one component at a time
along further subsequences in the space of subprobability measures, modulo spa-
tial shifts. The picture is, wu, roughly concentrates on widely separated compact
pieces of masses {p;}jen while the rest of the mass 1 — ZJ- p; leaks out.

In other words, given any sequence [i, of equivalence classes in M (RY),
which is the quotient space of M (R?) under spatial shifts, there is a subsequence
which converges (the convergence criterion is determined by a metric structure,
see Section 2.1 for the precise definition) to an element & = {&1, &>, ...}, a collec-
tion of equivalence classes of subprobabilities «; of masses 0 < p; <1, j eN 3
The space X of such collections & of equivalence classes is the compactification
of M(R%); see Theorem 2.1 below for a precise statement. In the present con-
text, then our task boils down to investigating the asymptotic behavior of the GMC
endpoint orbits @ﬁ’T embedded in X

With the function V = ¢ x ¢ vanishing at infinity, we heavily exploit the met-
ric structure on the compactification X to derive continuity properties of shift-

2Although the compactification in [40] was carried out for the space M (Rd ) of probability mea-
sures on RY, the exact same construction carries over to the setting of any (Abelian) group acting on
the relevant Polish space. In particular, it works also in the lattice setting for the action of 74 as an
additive group on M (Z4).

3For example, let i, be the Gaussian mixture %N(n, 1)+ %N(nz, )+ %N(O, n). Then the limit-
ing object for [i, is the collection & = {&1, &1} € X', where &1 is the equivalence class of a Gaussian
with variance 1 and weight %
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invariant functionals of the form
B2V (0>

2 ~
() = -2 R L Ve = vane @), &= @ed,

on X (see Sections 2.2-2.3). Methods from stochastic calculus [21, 22] then enable
us to decompose the polymer free energy T log Zg 7 in terms of a martingale and

an additive functional of ® ((@5 7). This step is carried out in Section 2 4,
Step 2 : The next main step is to construct a certain dynamics on X described

by transition probabilities 7 (£, d&’) = P[£\") e d&’|€] with £ = (oz(t)) c7 and
(t) € M<j forany i € [ and t > 0. Here, oz( ) can be seen as the subprobability

ocl whose mass gets transported through the space R¢ from time zero to ¢ by the
following dynamic:

1
o (dv) = / i (A2)E[Lw,cax) exp{ B (W))]

F1(§) +E[Z, — F(8)] Jrd
where Z; = Eo[exp{B.74 (W)}, (W) = [§ fza (W5 — y)B(s, y)dyds is the
Gaussian field (recall (1.3)) and

& =X [, [, et 1w, con exp(BAW))]

iel

Section 3 is then devoted to showing that for any # > 0, the above kernel map
& — m:(&,-) is continuous on X. For its proof, we also heavily exploit the pre-
cise metric structure on the space X. In particular, an important recipe is pro-
vided by Proposition 3.6 which is based on a second moment computation that
hinges on the notion of total disintegration of mass, an important trait for the
topology on X (see (2.7) for a precise statement) as well as a decoupling phe-
nomenon of two independent GMC chains at large distances that captures the
underlying attractive nature of the model. The aforementioned representation of
%log Zg 1 and the above continuity of & — 7;(§, -) also imply a variational for-
mula for the (quenched) free energy limr_, %log Zg 1 =infyem [ P(£)D(dE),
where the infimum is taken (and given the continuity of the above map), attained
over the compact set m = {9 € MI(X)i [1; (¢, -) = 9Vt > 0} of fixed points of
(&, ) = [ (§, )P (d§) for & € M (X).

Step 3 : Finally, one shows that the minimizers mg C m of the above variational
formula attract the empirical measures % fOT 8@, dt of the endpoint orbit and as
long as A(B) > 0, no mass dissipates under any ¢ € mg, which concludes the
proof of Theorem 1.1.

1.3.2. Comparison with the earlier approach. As mentioned earlier, we have
drawn inspiration from the techniques recently employed in [6] for directed poly-
mers which also followed the program in [40] for constructing a metric on the
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compactification in a lattice setting. It was also shown ([6], Proposition A.3) that
the metric therein produces the same topology as [40] when the latter structure is
adapted to the lattice setting. However, the metric in [6] is structurally quite differ-
ent from [40]. In particular, the construction of the former metric crucially exploits
the countability (graph structure) of Z¢ and relies on interpreting probability mea-
sures on Z¢ as (mass) functions which allows distant point masses to nearly live on
separate copies of Z¢ * In this setting, then the rewrite of the polymer free energy is
carried out by a telescoping sum and crucial continuity properties of the function-
als therein are checked exploiting this distance function between two partitioned
mass functions in the lattice setting.

In contrast (i.e., in absence of the countable lattice structure), in the present
context, the crucial continuity properties of the relevant functionals are deduced
by directly leveraging the representation structure of the metric in [40]. Therefore,
the actual execution of the machinery in Section 2—Section 3 (i.e., for Step 1 and
Step 2 in the aforementioned discussion) is therefore quite different from the ex-
isting literature in the lattice setting. The remaining arguments for the proof of
Theorem 1.1 are then provided in Section 4 by adapting the approach from [6] to
our setting.

Organization of the rest of the article: The rest of the article is organized as
follows. In Section 2, we first review the construction of the metric D on X from
[40], record its salient properties, prove the requisite (semi)continuity properties
of functionals on X' and derive a suitable representation of the free energy. In
Section 3, we derive the continuity properties of the transition probabilities in X
and obtain a variational formula for the free energy. In Section 4, we provide the
necessary details to conclude the proof of Theorem 1.1 and in the Appendix we
recall and sketch the proof of some auxiliary results.

2. Functionals on the metric space (.ft'v , D) and their properties.

2.1. The space X and its metric D. Throughout the article, we will denote
by M = M;(RY) (resp., M) the space of probability (resp., subprobability)
distributions on R? and by M = M1/ ~ the quotient space of M under the
action of R (as an additive group on M), that is, for any p € My, its orbit is
defined by fi = {u * 8, : x e R} € M.

As usual, we write o, = o when «, converges weakly to « in the space
M (e, if [ fda, — [ fda for all continuous and bounded f in R?). We
say two sequences (o), and (B,), in M<; are widely separated if [ F(x —
y)a, (dx) B, (dy) — O for any continuous function F which vanishes at infinity.

4n [6], the difference (n, x) — (m, y) between any two elements (n, x), (m, y) € N x 74 is defined
to be infinity if n # m, while it is x — y if n = m. This interpretation is used in this setting to construct
the metric on the set S = {f: N x 74 - R: f 20,3 4,x) f(n,x) <1} of subpartitioned mass
functions and derive its compactness; see [6], Section 2.1, for details.
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We also say that a sequence (B,), in M< total disintegrates if for any r > 0,
Sup,crd Bn(Br(x)) — 0 as n — oo. Clearly, any totally disintegrating sequence is
widely separated from every sequence of subprobability measures.

We define

. T={ei6 = @her e Moy, Noi(®) < 1]

iel
to be the space of all empty, finite or countable collections of orbits of subprobabil-
ity measures with total masses < 1. For any & = (&;); € X and any u € M;(RY),
we will also write

(2.2) Exp=(a; %W

The space X also comes with a metric structure that allows explicit computations
which will be used throughout the sequel. The definition of the metric is inspired
by the following class of functionals. For any k > 2, let H is the space of functions
h : (R?)k — R which are invariant under rigid translations and which vanish at
infinity in the following sense. Any & € H; satisfies

hxt+y,....,xxk+y)=h(xg,...,xx) ‘v’y,xl,...,xkeRd and

lim h(xy,...,xx) =0
Sup; j | xj —x j|—00
Then for k > 2, (Hg, || - lloo) is a separable Banach space. Moreover, for any & €
H = U2 H. the functionals

(2.3) Ah, &) = Z /(Rd)k h(xy, ..., xp)a(dxy) - - o(dxg),
acE

are well defined on X’ because of translation-invariance of h, and are natural con-
tinuous functions to consider on X. In other words, a sequence &, is desired to
“converge” to £ in the space X provided A(h,&,) = A(h, &) for any h € H. This
leads to the following definition of the metric D on X. For any €1, 6 € X , we set

1 1
D(&), &) = 212—,W|A<hr,sl> — A(hy, &)
1
24) =§yl+||h I %é/“}”’“ "“H“(dx)

kr
_ Z fh,(xl,...,xk,)]_[a(dxi)
o i=1
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The following representation theorem was derived in [40], Theorem 3.1, Theo-
rem 3.2° and will be used throughout the sequel.

THEOREM 2.1. D is a metric on X. The quotient space M, is dense in (X D)
and any sequence in M\ has a limit in X along a subsequence. Thus, X is the
compactification as well as the completion of the totally bounded metric space

M under D.

The metric D provides the following convergence criterion in X.Leta sequence
(&,)n consist of a single orbit 7, and D(&,, &) — 0 where & = (&;); € X such
that o1 (RY) > aa(R9) > .... Then given any ¢ > 0, we can find k € N such that
Yoo (RY) < & and:

e We can write

k
(25) Yn = Zan,i + ﬁn
i=1
such that forany i =1, ..., k, there is a sequence (ay ;)n C R4 such that
(2.6) ®p i *84,; = @; With nl;m 1;1f lan,i — an,j| =

e The sequence B, totally disintegrates, meaning for any r > 0, sup, crd Bn X
(Br(x)) — 0. Equivalently, for any & € Ha,
nlggo/de h(x, y)a, (dx)B,(dy) =0 foranyi=1,...,k and

(2.7)
limsup | BCe ¥)Bn(dx)Bn(dy) <&

n—oo

Finally, we remark on the topology on the space of probability measures on the
space X, which as usual, will be denoted by M (X). On this space, we will work
with the Wasserstein metric defined by

3) 7 (0.0) =inf [ D&y, deo)

where the infimum is taken over probability measures I" on X ® X with marginals
¥, ¥ € M1 (X). Sometimes it will be convenient to use the dual-representation

(2.9) W (9,9) =sup
4

[ e@v© - [ o)

SNote that the uniqueness of the above representation theorem is captured by the fact that £; = &;
in X if Ak, §1) = A(h, &) for all h € Hy and k > 2, while the existence part is underlined by
the fact that for any (fi,) C M] (Rd) Ah, uyn) — A(h E) for some & € X and conversely for any
Ee X the latter convergence holds for some (i) C ./\/ll RY).
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with the supremum being taken over all Lipschitz functions ¢ : X — R with Lip-
schitz constant bounded by 1. Since the difference of the integrals above is not
altered by adding any finite constant, we can as well restrict the above supremum
to those £ which also vanish at 0 € X'. The space of such Lipschitz functions on X
will be denoted by Lip, (0).

2.2, The total mass functional. We introduce the following functionals W, W, :
X —[0,1] and Ay, : M (X) — R: as

(2.10) VE) =) (R withé = @)ier,
iel
We(§) = Z/ L{yeRe: ;i (B (y))>coe} ()i (dX),
iel

where ¢ € (0, 1), co = | B1 (0)],
@.11) Su,0) = [ W2 (8).
Obviously, for any z e R and i € I, o; (R?) = oj % 8,(R?) and

/R‘l ]l{y:(a,-*éz)(Bl(y))>cos}(x)(ai *8;)(dx) = /Rd ]l{y:a,-(Bl(y))>co£}(x)ai (dx).

Thus W, W, and £y, are all well defined. We make two remarks regarding the
above functionals. First, if

—_—~—

- S ~ 5
_?/0 8@ﬁ,tdt€M1(X) where Qg ; = #p,W, € X,

then the identity

1 T ~ 1 T
2.12) Fo, ) = fo e @podr = fo Qp. Uy c1dr
will be useful in deriving Theorem 1.1. Second, for any p e Nand ¢, 8 > 0,
(2.13) E[(\P(S)Z,g,, + (1 — \II(S))EZ,&,)_”] < 00.

Indeed, if [0, 1] > W(§) > 1/2,then W (§)Zg; + (1 — W(§))EZg, > Z/g ¢ and by
Jensen’s inequality, E[Z 5,t] < E[Ey[exp{— pB.74 (W)}]], such that

E[(V(§)Zp, + (1 — W(§)EZp,) "] <27E[Z;7] < 2PeP* BV 02,

If (&) <1/2, then also W(§)Zg, + (1 — V(§)EZg, > ZEZﬂJ which again
ensures the validity of the above bound and proves (2.13).
Although W and W, need not be continuous,® we have the following.

50bviously, if sy = N (0, n), then i, — 0 in X, while 1 = W (fi,) > ¥(0) =0
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LEMMA 2.2.  Fix e € (0,1). Then ¥, WV, are lower semicontinuous on X and
Hy, is lower semicontinuous on M (X).

PROOF. If§, — & = (@;); in ??, we will show that liminf,, . W(&,) > ¥ (§).
Suppose &, consists of a single orbit y,. Then by the convergence criterion
in X (recall (2.5)-(2.7)), for any arbitrary n > O there exists k € N such that,
i (RY) < nand

J k
(®) =2 [ i es @0+ [ @

k
=3 | (i 8, (@),
1=

and oy j x84, , = o; fori =1, ..., k. Therefore,

lim inf y, (R 2 f 0 (dx) = Yo (RY) — n,

iel

and since n > 0 is arbitrary, liminf,,_, ; ¥, (R?) > Yoier i (R?) = W (&). Now if &,
consist of multiple orbits (¥ ;)icr, we can choose a subsequence such that for each
i, Vu.i has a limit (oej i)jes € X and from the first case we have Zj aj, (R <

liminfy, o0 Vn.i (R%) for any i. Then, by Fatou’s lemma,
d L d
W) = ZZ““(R ) < lelfglo%f)/n,i(R )
4 l

< 11mmf2 Yn.i(RY) = llmmflll(éfn)

n—oo

proving lower semicontinuity of W.
For W, we proceed in a similar way. Since

fRd LiyeRd:yn (1 (3))> coe) () n.i (d)
= /Rd LiyeRe:a,; (By () >coe} (X)0n,i (dX)
= /Rd Ly eRe (e 484, ) (B1 (3))>cos) () (@ni * 8a, ) (dX),
for any n > 0,

liminf f o LRy, (B1 (7)) >coe) (XD Vn ()

n—oo

> Z/ LiyeRd a; (B (y))>coe) )i (dX) — 1.

iel
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Repeating the argument for W yields lower semicontinuity of W, on X, which in
turn implies the lower semicontinuity of .#y, on M (X). O

2.3. The functional ®. Recall that V = ¢ x ¢p. We define @ : X >R by

/32
(2.14) @)= —V<0><1 — WZ/H;JXW (x2 — x1) Haxdx ))

for & = (&;)ies- Again, becausNe of shift-invariance of the 1ntegrand in the above
display, ® is well defined on X. Also, since ¢ is rotationally symmetric, for any
o € M<1(R?), by the Cauchy—Schwarz inequality,

[, Ve = xe@ax)
R2d
= [, e [ dzoe —ao0 -2

<l =V(0)

and as ) ;c; Jpayga V(X2 —x1) ]“[?Zl a;(dx;) < V(0) by the same argumentation,
@ (-) > 0. We will now state the following.

(2.15)

LEMMA 2.3. & is continuous on X.

The proof of Lemma 2.3 follows by showing lower and upper semicontinuity.
The arguments are similar to the proof of Lemma 2.2 and are omitted to avoid
repetition.

2.4. The partition function and the free energy. For notational brevity, hence-
forth we will fix the disorder parameter 8 > 0, and for any ¢ > 0, we will write
//t =///,Bt’ sz//?ﬁ,thl,
Zi[x]1=Zg ([x] = Ey[exp{ A (W, B)}], Zy = Z(0].

Likewise, @t € X will stand for the GMC endpoint orbit of Q; embedded in X.
In this section, we will provide a decomposition of the “free energy” %log Zr
in terms of a martingale and an additive functional of Q;. Recall the map @ from

(2.14).
LEMMA 2.4 (Rewrite of the free energy). We can write

1 1 1 pT ~
2.16 ClogZy = —M —f o(@,)dr,
(2.16) rlogZr == T+ 7 )y Q)
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where
T 2 .
My =,3/0 /Rd Ep(y - W)B(,y)dydr  and

is a square integrable martingale. In particular,

L Elog z ]—i/TE[cb(@)]dt d
T ogslr =7 t an

(2.17) | -
—log Zr — 7/0 ®(Q,)dt > 0 a.s.-P.

PROOF. Recall our earlier notation
t .
(2.18) AW B = [ [ (= Wb(s.y)dyds,
We now apply It6’s formula to Z; = Eg [ef7HW.B)] to get

4z, =Ea|p [ P Bp(y - W) dy | ar

B .
+ JEO[7 /Rd P W-Bg(y — Wt)zdy] dr.

We can also compute the quadratic variation for Z; as

aizi) =l 8 [ S Pps - Wb ) 0y )

_ BPE® [/Rd AW BIEAW B gy (3, ) (y — W;)] dr

— ,BZ]E(()@[V(W, _ Wt/)eﬂ(lﬁ(W,B)—h%(W’,B))] dt,
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where W’ is another Brownian motion independent of W. We again apply It0’s

formula to log Z; and use the last display to get
1

1
dlogZ, = —dZ;, — —d{Z
g4t Z t 2212 (Zy)

=7 [ 60 = Wb dy |ar

,32 M, 2
—I-?E |:/Rd¢(y—W,) dyi|dt

2
B e

B[V (W, - W)
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Since [pa ¢ (y — W)2dy = Jra #*(y)dy = V(0), then
T - .
togzr = [ pE] [ 66— wob.ydyar

2 T R2
+w—f B e 1y (w, — wi)]ar

T —
_ My >
- ﬁ/o /R E/¢(y — W)]B(t, y)dyds

T /32
—|—/0 dt[TV(O)
1 =~ T /
x (1 a W RY x RY V2 =) M (W € doo).#4,(W; € dxz))}

T
= Mr + ./0 D (Qy)dr
proving (2.16).

Now the first display in (2.17) readily follows since M7 is a martingale, whose
quadratic variation is given by

d(Mr) f / 2B [ (y — W) dy di

2 oy 2
= [ [ BB o0 - wolayar

-8 g [ [, dve0- Wﬂ

=TB*V(0).

Since M7 /T — 0 almost surely, the second display in (2.17) follows from (2.16).
O

We will end this section with a corollary which will be used later. For the map
® : X - R, we define the functional, Zg : M[(X) — R as

(2.19) Fo(9) = /); @ (&) (d§).

Again since P is continuous on the compact metric space X, 75 (-) is continuous
on M (X).

COROLLARY 2.5. With

1 rT ~
=— o, dt X
vr =7 [ 65, d e Mi(E)



we have

PROOF.
tion of vr.
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1
—E[log Zr1=E[Io(v1)],

hmmf— logZ7r = hmlnffq;(vT) a.s.
T—o00

Both statements follow immediately from Lemma 2.4 and the defini-
g

3. Dynamics on elements of X.

3.1. Continuity of the transition probabilities. Recall the notation for
6 (W, B) from (2.18). We fix ¢ > 0, and for any element & = (&;); € X, we

set

(3.1

where

(3.2)

1
Fi1(&)+E[Z, — F1(§)]

< [ @B L car exp{BAW. B

o’ (dx) :=

Fie = [ [ e @E Lo explp AW, B)]] and

FAGEDPEACHE

We remark that for any a € R and ¢ > 0, .Z; () @ F(a; % 8,) and

(ot % 8)® (dx) L (0 % 8,) (dx),

and for any r, ¢ > 0, (80)® @ @t and Q(r) u )Q,+r since

Qt—i—r (dx) =

1 _ ,
7 /RdEO[eﬂfomy WoBG andsy
;

t+r S 5
x Bo(ef I 00 WoBG.dnds g 1G]

@ 1 C (- W)
@) ~—E [ef o #O-WOEG.ddsy g 1 1Q,(d2),

R4 F/(Qy)

where G, is the o -algebra generated by the Brownian path W until time ¢ and .7/
is defined as .%,, but w.r.t. a Brownian path W’ independent of W.

Then (3.1) and the above remarks, for any 7 > 0 and § = (@;); € X define a
transition kernel m; (&, -) € M(X) as

3.3)

(€, d&') =P[e® e dg'|g] where @ = (@"),_, € X.

1

Here is the main result of this section.
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THEOREM 3.1. For any fixed t > 0, the map
b £ X - M](XN)
§>m(,)

is continuous with respect to the Wasserstein metric on M (2\~,’ ).
The rest of the section is devoted to the proof of Theorem 3.1.

PROOF OF THEOREM 3.1.  We want to show that if &, — & in (X', D), then
for any fixed ¢t > 0, m,&, — m& in (M (X), #') where # is the Wasserstein
metric # (recall (2.8)). Since # (&, 7€) < E[D(:&,, 7€)1, by definition of
the metric D, it suffices to show that for any s, € Hy, and r > 1,

E[|A (k. &) = A(hr, €7)]]

kr
hr(xt, .o x) [ Tetdx)
i=1

deg (R
(3.4) "
kr
= X [ et [Tatax
Feg  ROY i=1

— 0 asn— oo.

Note that by (3.1), the first term A (h;, ,Y) ) in the above display can be rewritten
as

ks
> [ ) [Ta @)
' i=1

he(x1, ..., x )]‘[( :
raye 0 N e Y YRz = 7 6]

< [ B [Lw,can explB AW, B)))

1 kr
B By (X Xk,
|:L%@n) +E[Z; — j‘,(gn)]] a;l /(]Rd)kr (x1 Xk, )

kr
X ,1:[1 (/Rd o (dzi)E;, [L(w,edx;) exp{ B4 (W, B)}])

1 ky
N Ahr’d nl)s
[ﬂz(én)+E[z,_y,(§n)]] ( 1(En))
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where in the third identity we used the notation
%) = ((F&) +E[Zi — Z:©)))e”) e
recall the definition of &l.(t) from (3.1) and that of A(k, &) from (2.3). Note that if

W (&) =0, the second term in (3.4) is zero and since &, — &, by a similar argument

as in the proof of Proposition 3.2 below, A (h,, 5,5’)) — 0 as n — oo. Thus we
restrict to the case where W (&), W(§,) > 0.

In view of the last computation, then the claim (3.4) follows by triangle inequal-
ity once we prove the following two facts.

PROPOSITION 3.2. Forany k, > 2,

1 kr
lim E
e [(%(S)JrE[Zz—%(S)])

X [A(hr. 5 5) = Alhy. )] | =0

(3.5)

PROPOSITION 3.3. For any k, > 2,
. 1
lim E| A(hy, 4 (60)

ks
Fi(&) +E[Z; — 9t(§n)]>

|=o.

PROOF OF PROPOSITION 3.2. Since &, — & in (2?, D) and E[|A(A,,
(&) — Ay, (&)1 < 4]k, ]|2.e2F"1V O by the Cauchy—Schwarz inequality
and dominated convergence theorem it suffices to show that, for a finite constant C,

G-7) E[(%@ +E[lzt —%(&)]ykl} =¢

Indeed, note that .%; (&) + E[Z;, — % ()] = % (§) + (1 — W (§))EZ;. The calcu-
lation for (2.13) with an extra argument in the case where W (§) > 1/2 proves the
inequality above. In that case, we use that Zaes Ja(dx) = W (&) and Jensens’s
inequality so that

R R ULl

(3.6)

1 )kr
(9}(5) +E[Z; — Z(8)]
We will first finish the following.

Get
(3.8) < ‘P(E)_Zk’E[f 7,2 (Z %)]
des

< \D(E)—Zk,eZk,Z,thV(O)

to complete the proof of (3.7) and Proposition 3.2. [J
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We will now prove the following.

PROOF OF PROPOSITION 3.3. In order to prove (3.6), we recall (3.2) and
estimate

(3.9) Ay, () < My lloo T (€)™
Moreover, note that, E[Z; — .%;(&,)] > 0, since

E[#(6)] =BEIZIY [ [ ani@P.W; edx]

—Ez1Y fR ani(d2) =E[Z,]W(5,) <EIZ]

Therefore by (3.9), the requisite claim (3.6) for Proposition 3.3 follows once we
prove the estimate stated below in Proposition 3.4. [
PROPOSITION 3.4. For any k, > 2,

Hl ~ (%@n) +E[Z — %(én)])kr
F1(&)+E[Z, — F,(8)]

lim E

n—oo

|=o

The proof of Proposition 3.4 is based on the following two results. For k € N
and § = (&i)f.‘zl, we will write (recall (3.2)),

k
(3.10) F,&) =E[Z]+ ) _[Fi(ai) — E[Fi()]]-
i=1

LEMMA 3.5. Let k € N and &, = (Gn,)i_;, &€ = @)5_, such that o, ;
Sap; = @i for i =1,...,k and |an; — anj| — 0 for i # j. If V(&) =
Zf'(:l a;(RY) > 0, then for any p € N with p > 2,

lim E[(Z: (&) — F:(§)")*] =0,
PROPOSITION 3.6 (Second moment method). Let (8,), be a sequence in

My (Rd) that totally disintegrates (recall (2.7)). Then
lim E[(Z:(B,) — E[Z(8,)])°] =0.

We will first prove Lemma 3.5 and Proposition 3.6 and then deduce Proposi-
tion 3.4 from these two results.

PROOF OF LEMMA 3.5. We recall that

Fite) = [ [ @B L, conel B #0108 a0 0s]
R4 JR
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and note that E[.%, («;)] = «; (RY)EZ,. Hence, we need to show that
(3.11) E[(A? — AP)*] - 0,

where

k
Ay=EZ, +) A i (d0)E [ 1V H) —E[e 1V P]and
i=1

k
A=EZ + Z/I;{d o (dz)EZ[e'B'}ﬁ(W’B) — E[eﬁﬁﬂr(W,B)]]'
i=1

Binomial theorem then yields

p—1
Ar[; — AP = Z <l> E[Zt] ((Z/ Z;[X]Oln z(dx))

=0

k B p-l
- (; L zt[x]amdx)) )

where we have used the notation

—I

The requisite claim follows once we show

k _ p
E[(@l L z,[x]an,,-<dx))
k B P\ 2
- (;fw zt[x]a,-(dm) ) }»0

(3.12)
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for all p € N. We first consider the case p = 2. In this case, (Zle Jra Z,[x] x

a;(dx))? = Y% 121 it Zo[x1ti (Ax) fou Zs[xTer; (dx) and
/Rd Z’[x]“i(dx)@d Z[x]a;(dx)
. ~ [, 21000 [ Zilxlan (@0
:/Rd Z,1x1(@ — 1) (dx) /Rd 2, [l )

+ [, Zi¥leni @ [ Zi1e — o) @),
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For the first summand on the right-hand side above, we then have

k 2
(3.14) E[(Z [,z —an@n [ Z,[x]aj(dw) ]

i,j=1

k o _
:E|: Z \/];Qd Zt[X](Oli _(Xnvl‘)(d)(f) \/I‘Rd Z[[X]Olj(d)(f)

i,j,l,m=1
(3.15)
X A{d Zz[x](otl —ozn,l)(dx) A&d Z,[x]am(dx):|
k - 41/4
< 5 H([ 2 enan)
(3.16) S

X E[(A‘%d Zt[x]ozj (dx))4:|1/4

(3.17) X E[(A;d Z[x](ay — an,l)(dx))TME[(/Rd Zt[x]am(dx)>4]l/4,

where we used the Cauchy—Schwarz inequality for the upper bound. Since for
i=1,...,k,

(L, Zitni@ - ann@n) = [ 11210 =t 03]
j=

and E[Z[x]Z[y]] < E[Z/[x1*1'?E[Z,[y]*]"/? as well as E[Z[x]*P] <
E[Z,[x]?P] < X' F1VO),

- 4 5 4
(2t~ 0) )

The last inequality can also be applied to the other factors in (3.16)—(3.17) such
that

k _ i 2
E|:(iJZ:1 A{d Zi[x](aj — ap,i)(dx) /Rd Zt[x]aj(dx)> i|

(3.18) .
2
< VOWE? Y (@i (RY) = an,i (RY) (@ (RY) — a1 (R)).
il=1
Now since o, ; * 8% =, (3.13) together with (3.18) yields (3.12) for p = 2. The
same argument then carries over to the case p € N (Indeed, for general p, in (3.13)

we have to add p — 1 summands instead of one and the exponent in the upper
bound of (3.18) is then given by 2p?%tV (0).) O
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We will now provide the following.

PROOF OF PROPOSITION 3.6. The proof involves two main steps.

Step 1 : Total disintegration. Let B, be a sequence in Mfl(]Rd) which totally
disintegrates, meaning that, for any r > 0, sup, cga B (B (x)) — 0 and [pos h(x] —
x2)Bn(dx1)Bn(dxy) — 0. We want to show that, for any fixed ¢ > 0,

(3.19) E[Z:(B1)?] - E[# (,Bn)]2 — 0.
Note that

E[71(B)’] = E[ fR y fR , Bn(dz1)Ba(dz2)

2
(3.20) 8 Egl,m |:1_[(]1{Wf(i) € dx; }exp{BA (W, B)})H

i=1
=D + D),

where for any R > 0,

b= E|:,/]de /BR(xl) */.BR(JQ) An(de)ndz2)

<EE | [ﬁ(n{w}") € dx; ) exp{ A4 (WD, B)})H

(3.21)

1=

and (ID) is defined canonically, which we can estimate using Fubini’s theorem as
follows:

2
W <220 [ [ gz P W € da]

x [ Bu@zP Wi edu)
BRr(x1)°¢

3.22
(322 < C VO g, (RY)Po[W, € Br(0)°]

< C2PVOR[W, € Br(0)°]

=6(R)—0 asR— oo.

Hence we focus on (3.21), which can be decomposed further as (I) = (I)3 + (Dv,
where

(Da:E[ Lo o ] B@enBu@{in —xl = 2R)
(3.23)
x E®

o) [H(ﬂ{Wf” € dx;fexp{BA (W, B)})H

i=1
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and
ot :EURM Lo ] Bz |in - xl <2R)
<82, | 10" €on nplaon. )|
i=1
<PVO [ Bl = 2B — )
5o x 1{|x1 — x2) 52R}i]i[lpo[w, e dzi]

2
2
< 2871V (0) A‘%M l_IIPO[W’ edz;]
=

x /R L {lx1 = x| < 4R} (dx) B (dxa)
_ 2BV /RM 1{|x1 — x2| < 4R} B (dx1) By (dx2)
=0 [ (i — )8, e (A,

where h g (-) is a continuous function that is identically one inside the ball of radius
4R around the origin and vanishes outside a ball of radius 4R + 1. Since S, totally
disintegrates, for any fixed ¢, R, the last display converges to zero as n — oo.

Step 2 : Decoupling. We now focus on (I), defined in (3.23), which can be
estimated further as follows:

(D < E|:/]Rd Lo ] B@@a|in - xl = 2R)

®
X E(ZleZ)

[11{W}“ € dx; J1{W? € dx,)
(3.25)

2
x 1{|WD —wP@| > 1vs €0, t]}exp{ﬂ DAL B)H]

+n(R),

where n(R) is defined canonically, and it is easy to see that for any fixed ¢
and uniformly in n, limg_  7(R) = 0. Indeed, on the event {|{W" — w®| <
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1 for some s € [0, ¢]}, we have

2
(3.26) E|:expil[-3 Z%(W(i)’ B)}i| < eZBZtV(O)
i=1

and, therefore,

n(R)
— VO / / / Bu(dz1)Bu(dz2)L{|x1 — x2| > 2R)
R2d JBgr(x1) J Br(x2)

®
X ]P)(Zl,@)

(W edx;, W2 edxy, WD — W] < 1 for some s € [0, 1]]

and the last probability is equal to Pm—zz{ﬁWl e d(x; — xz),\/i|WS| <1
for some s € [0, t]} whose integral on the set |x; — x| > 2R above vanishes as
R — o0.

We now focus on the first expectation on the right-hand side in (3.25). Recall
that ¢ has support in a ball of radius 1/2 around the origin, and on the event

(W — w®| > 1 forall s € [0, 1]}, we have

2 2 . .
E|:€Xp{ﬁ Z%(W(”, B) }] = l_[ E[C'B Jo Jrd ¢(Wx(l)—y)B(s,dy) ds]
(3.27)

i=1 i=1
2
_ VO

Hence, by (3.25),

D < eF1VO f / / Bu(dz1)Bn(dz2)L{ |1 — x2] > 2R}
R2 JBg(x1) J Br(x2)
3.28 1 2
(3.28) «BE W ede, W e da, (WD — W[ > 1¥s €[0,1]]

+n(R).

In order to conclude the proof of (3.19), we now compute (E[.%; (ﬂ,,)])2 ina
similar manner as (3.20). Since all the integrands are nonnegative, we can get a
lower bound:

(E[Z:(B)])
B21V(0) _
gy =20 [ [ Bi@p@in -l 2 2R)

®
X ]P)(zuzz)

We combine (3.22), (3.24), (3.28) and (3.29), and first let n — oo, and then pass
to R — oo to complete the proof of (3.19), and also of Proposition 3.6. [

(WD e dxy, W2 eduy, WD — WP | > 1Vs €[0,1]].
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Finally, we will provide the following.

PROOF OF PROPOSITION 3.4. Recall that if &, — & in (2?, D), we want to
show that, for any p > 2,

(F1() +EIZ, — FZE)D? — (F:1(6n) + EZ: — F1 ()P N
(F1(&) +EIZ, — F(E)DP

We again recall the convergence criterion (2.5)—(2.7). Also, note that, given any

8 > 0, we can choose k € N large enough such that, > ;_, a;(R?) < § where

VE) =), a4 (R?) and & = (&);. In order to prove (3.30), we first recall the nota-
tion

(3.30) E 0.

k
F1(&) =EI[Z1+ ) _[Fi(ani) — E[Fi(ani)]]-
i=1
By the binomial theorem,
3.31) [Z (&) + F(Bn) — E[Z:(B)]]”
' = 71" +[Z4(B) — E[F:(B)]] By

where
p—1 P\ —
(3 Bu= ( )(%(sn»’(%wn) —E[ZB0)"

Then
Fi(E)? = F1(§)P }
(#:1(&) +El[Z, — F(5)D?P
7 — E[.%
+EH J:%t(ﬂn) [ t;ﬁn)] B, }
(F1(§) + E[Z, — 7, (5)D)P
where 8’ — 0 as § — 0. We will show that both expectations on the right-hand side

above converge to 0 as n — oo. First, for both terms we will invoke the Cauchy—
Schwarz bound again. For the first expectation, note that by Lemma 3.5,

(L.H.S.)in (3.30) < &' + EH

(3.33)

E[(Z/(0)" — Z1(&)P)’] - 0
while, by the argument proving (3.7), we have, for a finite constant Cj
E[(Z:(&) +E[Z, — ,®)]) "] < C1.
Now for the second expectation, we invoke Proposition 3.6 to get

1im E[(F:(B,) — E[Z(8,)])°] =0,
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while again by (3.7) we have, for a finite constant C»,

E[(Z7:(6)+E[Z - Z,©))) "] < O,
and we claim that for another finite constant C3,
(3.34) supE[B]}] < C5.

n

The last five assertions, together with successive application of the Cauchy-—
Schwarz inequality imply that both expectations on the right-hand side in (3.33)
converge to 0. Finally, we let § — O to complete the proof of Proposition 3.4.

We owe the reader only the proof of (3.34). Using that |.%;(«) — E[.%(a)]]| <
F(a) + E[.%; ()] and two more applications of the binomial theorem, yield

B} < p*(E[Z)+ F (&) + E[F (&))"
- 441”_4 4p —4 [P . 4p—4—1
<p*> (E[Z:)) (Z: (&) + E[F (E0)])

which together with E[.Z, (£,)¥] < W (&,)kek’ BV (0)/2 < KBV (0)/2 (recall (3.8))
proves the existence of C3z in (3.34). [

We will end this section with a useful remark.
REMARK 2. Forany ¢ € M, (X), let us set
(3.35) Ht(z?, dé/) =/)?n,(§, dé’)z?(dé).

Then by Theorem 3.1, for any 7 > 0, the map ¢ — I1,(%, ) € ./\/ll(XN) is continu-
ous. Furthermore, since I, (g, -) = P[é(t) € -|§ =0] = §j, the set

(3.36) m:= {9 € M{(X): 1,9 =9 forall r > 0}

of all fixed points of I1; is nonempty. Moreover, both X and, therefore, M (X)
are compact, in their respective topologies. Thus, any sequence ¥, in m has a
subsequence that has a limit ¥ € M (&X’). The aforementioned continuity of ¥ —
[1; (¢, -) guarantees that this limit ¢ € m, proving that m is closed and, therefore,
also compact. [J

3.2. The free energy variational formula. We now state the main result of this
subsection, which provides a variational formula for the polymer free energy. Re-
call that functional ® from (2.14) and .#¢ from (2.19).

THEOREM 3.7. With m defined in (3.36),

.1 .
(3.37) Tll)moo ?E[log Zr]= 19116112 Fo (D)
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and

1 .
(3.38) Tli)moo ?log Zr = l;relg Fo () a.s.

REMARK 3. Recall that the renormalized partition function Z7 is directly
related to the SHE solution u, (recall (1.12)). Likewise log Z7 is related to the
Cole—Hopf solution &, := log u,, satisfying the Kardar—Parisi—Zhang (KPZ) equa-
tion

dhe = - A +[1|vh 2 c]+,3 B
= = — €
trte 2 & 2 &€ & &

with £.(0, x) = 0; see [18-20] for recent progress about the behavior of the lim-
iting solution as ¢ — 0 in d > 3 and for small 8. Since %log T = %log Zr —
%2 V (0), Theorem 3.7 then provides a law of large numbers for the KPZ solution
hg.

Theorem 3.7 will follow from the following (almost sure) law of large numbers.

THEOREM 3.8. The occupation measures vy = % fOT 8@, dt are attracted by
the set wm, that is, # (vr, m) — 0 almost surely.

We defer the proof of Theorem 3.8 to Section 4 and first prove the following
statements which will be used in the proof of Theorem (3.7).

LEMMA 3.9. Foré e X, if Z1(&)=FrE)+E[Zr — Fr )] with Fr ()
defined in (3.2), then

log(F 7 (&)
_/ dt/Rd %/ a(d2)E;[p (y — W)eP VBB (1, dy)
(3.39) 82
—| V(@ V(xy —
' 2 |: o ay a2€$/ o XI)l_[ 5;1(5)
% /HA@ (2, [E{W;(j)edxj}eﬂjﬁ(w,m]]
In particular,
_ 2
Elog(gT@))ZE[/o ﬂ_V(O)—_ > 2 _/M V(x2 —x1)
(3.40) €€ drek
X ﬁ ! / aj(dz)HE; [T, eﬁ%”z(W,B)]dt
I Fu@) Jr TR ) :
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PROOF. To prove (3.39), we proceed in the same way as in the proof of
Lemma 2.4. Recall that

Fro=3 [, [, @@E Ly ean explptr (W, B))]

= ¥ [, a@)Efexp(pr (W B))]

acE

and thus Z7(§) = Yges fpa 2 (d2)E [exp{B#7 (W, B)}] + (1 — W(§)EZ7,
where W(§) =) ; o (R?) as before. By It6’s formula,

z — _ BAT(W.B)]
G4l dFr©=p [ .z | e @ELp (s~ Wrye |B(T, dy)dT

t ﬁ_2 Z/ a(dz)E [V(o)eﬂ%T(W,B)]dT
2 aeE Rd <

(3.42)
B B Tv(0)
+ (1= W) S VOV Odr
_  WyeB VBN
_5/Rd%/wa(dz)1€z[¢(y Wr)e 1B(T, dy)dT
(3.43) )
+Evozrearn

The quadratic variation of the above term is now given by

AZr©)=F Y. 3 [, eidznez)

&1 €E drek
(3.44)
x IE‘(X’ )[V(W;n _ W;Z))eﬁ(%fr(Wu),BH%T(W(z),B))] Jr
11,22

with W and W being two independent Brownian motions starting at z and z,
respectively. We now apply It6’s formula to log(.# 7 (£)) and plug in (3.41)—(3.43)
as well as (3.44) to get

N T 1 - 1 T 1 L
log(F7(§)) 2/0 7. d7, (&) — 5_/(; ﬁz(é) d(Z,(€))
t
- [ B — B (W.B)]
_/o /R %s)%fw“(dmzw@ Wi)e 1B, dy)

/32
+ 5 V(0)
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2
—% DD IRZCERD

a1 €k drek

. . ) B (W,B)
[I;d a](dZ])EZJ [ﬂ{thedx_;}e ! ]dt’
which proves (3.39) and, therefore, (3.40). [

PROOF OF THEOREM 3.7 [ASSUMING THEOREM 3.8]. Note that, by the def-
initions of .#¢ and IT; (recall Remark 2), we have for any ¢

(T, 5) = / (&), (5, d&’)
(3.45) v

— /)PCD(S’)P[S(’) e dg'|g] =E[@(¢D)].
On the other hand, ®(E®) = £ VO)(1 — pli Sace faaspa V2 — x1)
]_[?Zla(’)(dx‘,-)) and so
Io(T1,8:) =E ﬂzvo P
o(IT;de) = > 0) V0
(3.46)

2
X %fwxw V(x2 —x1) H Ol(t)(dxj)>]-

j=1
We claim that

T
(3.47) /0 Io(T1,8¢) dr > E[log(Fr(§) + E[Zr — Fr(5)])]:

For proving (3.47), we start by considering the sum on the right-hand side of
(3.46). Since V, «, Z; and .Z%, (&) are nonnegative,

2
Vixr — ® (dox :
>, v o [T

aeé
2 1
= Vixa —x a(dz;
%Adﬂ@d v I)Eﬁ,(§)+E[Z,—ﬁ,(§)] (dz;)
J_
. B (W,B)
X EZ_,’ [1{W[(j)edxj}e t ]
2 1
= V(x2 —x1) ai(dz;)
&%&Q/Rdxw Iljl F(&)+E[Z, — F,E)] T
J6G(W,B
XEZj[ﬂ{W[(j)edxj}e’B 7( )]’
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thus by (3.46),
B?
Follid) 2 B V(O)__ > Z/d dv(xz—m)
O116‘? Gr€et xR
2 ] 2,
i i ; B (W,B)
" 11;[1 Z1(6) +E[Z; — gt(f)]aj (dZJ)EZj [ﬂ{Wz(j)edxj}e ]:|

The claim in (3.47) now follows from Lemma 3.9. We restrict to the case, where the
total mass functional satisfies W (£) > 0 and we use the concavity of the logarithm,
which implies that

E[log(Zr (&) +E[Zr — F1(®)])]

(3.43) =E[lo (111(5) WT(E;)) (I—W(S))EZT):|

Fr (&)
v(&)

As [ lIJ(g)_1 Zaeg a(dx) =1, we can use Jensen’s inequality, so that

() o (B o)

Daez ¢(d2) B (W, B)
= [ d( = )mg(EZ[e )

> wEBlog( 1)+ (1 - ) logBZ).

and since E [eﬂ Hr(W.B)] = (d) T,

o) (B o

By using Jensen’s inequality once more, logEZr > Elog Z7, and both lower
bounds, together with (3.47) and (3.48), yield fOT Fo(I1;6¢)dt > El[log Z7]
for any & € X. The last inequality, when W (&) = 0, follows immediately by
Jensen’s inequality. Indeed, if W(§) =0, Fo(I1,8¢) = ’S—;V(O) for all ¢ and
so [ Fo(I1,8¢)dt =logEZr > E[log Z7]. Since [y Fo(I1,8¢)dr > E[log Z7]
now holds unconditionally, for any ¢ € m,

1 T
~Ellog 711 < f)?mds) /O T (T1,8) dr
1 T
== /0 dr /)?Mds%(ntsg)

1 T
:?/0 dtfcp(l_[,l?):fcb(l?)
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proving that, limsupz_, %E[log Zr] < infyem Fo(9). To prove the corre-
sponding lower bound, note that by Corollary 2.5, liminfT_mo%log Zr =
liminf7_, o0 Zo(v7) almost surely. Now Theorem 3.8 dictates # (vr,m) — 0
almost surely and we know that . (-) is continuous. Therefore,

1
(3.49) liminf — log Z7 = liminf Y4 (vr) > inf Jp(9) as.
T—oo T T—o0 Yem

On the other hand, again by Corollary 2.5, %E[log Z7] =E[Z9(v7)]. Since both
® and .“¢ are nonnegative, by Fatou’s lemma and (3.49),

11Tn3)1011>f ?E[log Zrl= 11Tn_1)10réfE[ﬂq>(vT)] > E[hTrgloréffq>(vT)] > zslrelgl o (D)

and, therefore, lim7_, o %E[log Z7] =infyem Lo (). Finally, we apply Theorem
A.2 with any § € (0, 1) to conclude

. logZr . ElogZr
lim = lim ———

T—soo T T—00

= inf o (¥ 8.
juf, Fo®) s =

4. Final details. We will now conclude the proof of Theorem 1.1 in this sec-
tion. Given the results of Section 3 and 2, the arguments appearing in this part will
closely follow the approach of [6] adapted to our setting modulo slight modifica-
tions. In order to keep the present material self-contained, we will spell out the
technical details.

4.1. Proof of Theorem 3.8. In this section, we will complete the proof of The-
orem 3.8 for which we will need a technical fact.

Recall that we denote by Lip, (0) the space of all Lipschitz functions £ : X >R
vanishing at 0 and having Lipschitz constant < 1. Then, for any fixed £ € Lip,(0),
and s > 0, we set

T ~ ~
4.1) ®T(€)=/O 0,(0)dt  where 6,(€) = £(Qs15) — E[€(Qi45)1F1].

The next lemma asserts that for any fixed £, ®7 (£) has a sublinear growth at infin-
ity.

LEMMA 4.1. Forany £ € Lip;(0),

Or(l
4.2) fim (27Ol _
T—00 T

0 a.s.

PROOF. We claim that for any ¢ € Lip;(0), s > 0 and n € N, there exists a
constant C = C (¢, s) € (0, oo) such that

(4.3) E[Oy,(£)*] < Cn?.
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The above estimate implies that Y50 P[22E > (sn) =151 < €' Y30 0= <
00. Then (4.2) follows at once since with n = L%J we have % = % +

% fsfl 6;(£)dt. The first term converges almost surely to 0 by Borel-Cantelli
lemma, while the second term is bounded above by 2s/ T, since |0;(£)| < 2.

It remains to check (4.3). Note that for any 7 € [0, 5), My, (£) = Y} _ Or+ks (€)
is an (Fy4(n+1)s)neN, martingale and Oy, (¢) = [5 M,—1,,(£) dz. Then by the Burk-
holder—Davis—Gundy inequality, E[Mn,;(ﬁ)“] <C@m+ 1)? and subsequently, by
Jensen’s inequality, E[(f(f My_1:(0) dr)*] < Cn?, which proves (4.3). U

We will now conclude the following.

PROOF OF THEOREM 3.8. For any fixed s > 0, we set

o_ 1"
(4.4) VI = fo O, 4

and recall from (2.9) the dual representation of the Wasserstein metric #/ (3, ) =
SUPgerip, 0y | [# £ (E)D(dE) — [ £(§)P'(d§)| on M (X). Then for any ¢ € Lip, (0),

~

W(vT,v;‘))=s12p(% /()TE(@t)dt— %/S”S@(Qt)dt>

1 5 ~ 1 5 ~
=s1§p(; [e@ra-= [ u@m)dt)
1

S _2S7
T
and Theorem 3.8 follows once we show that, for any fixed s > 0,
(4.5) # (v, Myvr) — 0.
Recall (4.1) and note that

v Or(
W(v;),l'lsvT)=sup ;().
0

By the definition of the metric D on X, for any £ € Lip;(0), supgc 5 [€(§)] <
supgc 3 DG, 0) < 2 and thus, the family of functions ¢ € Lip, (0) is equicontinuous
and closed in the uniform norm. By Ascoli’s theorem, this space is then compact
and is also separable. Lemma 4.1 guarantees

Or¢
(4.6) lim 27

T—o00

=0 foralln=>1

for any countable dense set (¢,),. Further, given any ¢1, ¢ € Lip;(0) with
€1 —£2]lcc <8, wehave |©7(£1) —Or(£2)| < 28T by (4.1). Thus (O1(-)/T)71>0
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is equicontinuous on the compact metric space Lip;(0), and since this family
®r/T converges pointwise to 0 on a dense subset (£,),, and again by the As-
coli’s theorem this convergence is uniform. Thus, ”//(v;v), I[Iivy) > 0as T — oo,
which proves (4.5), and thus also Theorem 3.8. [

We will now deduce a corollary to Theorem 3.8. Let us set
4.7) mo = {99 €m: Fo(¥0) = inf Fo ()],
Yem

with g defined in (2.19). Again the continuity of ¥ — () guarantees com-
pactness of mg (recall Remark 2).

COROLLARY 4.2. The measure vy converges in the Wasserstein metric to my
for T — oo.

PROOF. The proof is a straightforward application of the triangle inequal-
ity combined with the preceding results. Indeed, by Corollary 2.5, | Zg(vr) —
% log Z7| — 0 almost surely, while Theorem 3.7 dictates |% log Z7 —infy,, So| —
0 almost surely. Therefore, .4 (vr) can be made arbitrarily close to infy, Zg for
T large enough. Combining this statement with the fact that # (vr, m) — 0 (from
Theorem 3.8), continuity of the functional .#¢(-) (from Lemma 2.3), compactness
of m (from Remark 2) and triangle inequality proves the desired claim. [

4.2. Proof of Theorem 1.1. In this section, we will conclude the proof of The-
orem 1.1, which involves two main steps.

Step 1 : With the compact set mg C m defined in (4.7), the first step shows that
in the very strong disorder regime, under any © € my there is no disintegration of
mass.

THEOREM 4.3.  If B is large enough such that A(B) > 0 (see Theorem A.1),
then ¥[E € X : V(&) = 11: 1 for any ¥ € mgy, where W(§) =), o; (RY) is the
total mass functional on X .

For the proof of this theorem, we use the following lemma.
LEMMA 4.4. IfO em,thend[E € X : W () =0]+0[Ee X :W(E)=1]=1.
PROOF. Suppose & € X such that V(&) € (0,1). Recall the definition of

g0 = {ai(t)}i, from (3.1), and note that E[Z,] > E[.%,(§)]. Then applying Jensen’s

inequality to the strictly concave function x m we have for any
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t>0,

E[w ()] =E|

il Jrd Jra @i (A2)E; [T, cdx)e of [0 foa 9= W) B(s.y) dy dsy
Z1(&) +E[Z; — F:(§)] ]
- E[7(5)]
E[Z (&)1 +E[Z; — Z:(§)]

:;/Rd /Rdai(dZ)IP’Z(W, de):Xi:ai(Rd):‘p(S)-

We remark that the inequality (4.8) is strict because of strict concavity and non-
degeneracy of P. Now let 9 € m C M (X)) be such that #[&: V(&) € (0,1)] >
0. Then by the strict upper bound (4.8), for any 7 > 0, [W(§")I1,(¥, d§') =
JSOAEEMW(ED)] < [9(dE)W (), and since T1,9 = ¢ for any 7 > 0, we have
a contradiction. To complete the proof of the lemma, note that for any & € X with
W (&) =0 implies W(£) =0 and £ € X with W (&) = | implies W (V) =1. O

(4.8)

We will now provide the proof of Theorem 4.3.

PROOF OF THEOREM 4.3. Recall that §5 € m. Suppose m = {&3}. Then by

Theorem 3.7,
p? log(EZ7)

]=J¢(85) Vo =5
which implies that A(8) = 0 (recall (1.7)). But our assumption 8 > 81 = inf{8 >
0: A(B) > 0} provides a contradiction. Hence, there exists # € m such that & # &j.
Lemma 4.4 guarantees that ©+(B) > 0 with B ={£ € X: (&) =1}. We will show
that if ¥ (B) < 1, then ¥ ¢ my.

Note that £) € B if and only if £ € B, and hence for any A C X,

m (€, A)=mE,ANB) forEeB and m;(§,ANB)=0 for& ¢ B.

Using these two identities and with (| B) denoting the conditional probability
on X,

Hr(ﬁ(-lB),A)=f)?ﬂt(§,A)l‘/‘(d§|B)

lim E

T—00

[log ZT

1
=55 fomE M2
1
=30 (me(S,AmB)z?(dé)+/ch(s,AmB)0(dg)>
1
= m/)?m(é,AOB)ﬁ(dg)

z?(B) I1;,(¥, AN B).



3780 Y. BROKER AND C. MUKHERJEE

Hence, ¢ € m implies ¢ (-|B) € m. Let us assume that ¥ (B) < 1. Then we will
show that Z¢[¥ (:|B)] < £¢(¥), which in turn would imply that ¢ ¢ mg giving
us a contradiction.

Recall that the map & is continuous and <I>(5) = ,BZV(O) /2. Then if £ # 6,

’32
o) = —V(0)< Vo ZA;MW V) H i (dx ))

2
< ’B—V(O) @ (0)

and hence,

To[0C1B)] = f O ()0 (d8)

9(B)

:/ o ()9 (ds) + — 2B / O (£)0 (dE)
B

19(3)

(*9) < [ 2@ +(1-0(B)2©)

_ / O (&) (dE) + f O (£)9(dE)
B B¢
= Io(V)

and we used Lemma 4.4 in the identity (4.9). We conclude that ¥ can only be an
element of mg, if 3(B)=1. 0O

Step 2 : We will now conclude the following.

PROOF OF THEOREM 1.1. Recall from Section 2.2 the functional W, on X
and the associated lower semlcontmuous integral functional Ay, () = [ W, (9) x
¥ (d€) on Ml(X) For any & € X with WE)=1,¥.() /1 for e — 0. Since we
assume A(B) > 0, Theorem 4.3 and monotone convergence theorem imply that

Hy, (9) /1

pointwise for any ¥ € mg. Since mg is compact this pointwise convergence is in
fact uniform. Thus, for any m € (0, 1), there exists € > 0 such that Ay, () > m
for all ¢ € my. By compactness of M (X) and lower semicontinuity of .#y,, for
any such m € (0, 1) and ¢ > 0, we can find é > 0 such that for any u € ./\/ll(X)
W (u, mp) < 6 implies Ay, () > m. Thus, for any given m € (0, 1) we can choose
¢ >0 and § > 0 such that Hy, (0) > m for all ¥ € mp and Ay, (1) > m for p €
M (X) and so by Corollary 4.2 there is a.s. T* large enough that

T>T" = W (vr,mg) <8 = f\pg(l)]‘) >m.
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Now if we recall the relation (2.12), we have shown that, given any m € (0, 1),
there exists & > 0 such that

1 T
liminf — MW, eU,)dt >m  as.
T—oo T Jo ’

Note that the last display also implies the proof of Theorem 1.1. Indeed, given
any k € N, assume that the last assertion holds for some ¢ > 0 and m € (7, 1)
with t =1 — % Then we choose Ti, T», T3 such that for T > T;, we have

fOT //Z(W, € U;¢)dt > mT, and for t > T, we have ¢; < ¢ and so ////,\(W, €

Uie) > //Z(W, € Ut¢), and for T3 > T, we have m — % > 7. Now we conclude
for T > max{Ty, T3}:

1 T ~
_/ %(Wt € U[’gt)dt
T Jo

1 T ~
> —/ My (Wi € Up g,) dt
TJ)n,

T 1 T 1
> =4 — My(Wy e Up g,)dt — —
_T+T/72 1 (Wi ter) T
1 n 1 ro__ T2
> [T AW e Uy [ WUy -
T 0 T T2 T3
1 7T - i)
> — MW, e Uy o) dt — —
=7 /0 + (W; z,e,) T
T
>m——>T,
3
which completes the proof of Theorem 1.1. [
APPENDIX
Recall that in the proof of Theorem 1.1, we needed A(B) = —lim7_, % X

E[log Z5 7] > 0 to use Theorem 4.3. The following monotonicity result for A(f)
was originally derived in [25] for discrete directed polymers.

THEOREM A.1. The Lyapunov exponent
1
A(B) =— lim —E[log Zp ]
T—oo T ’
exists and is nonnegative. Furthermore, the map B +— A(B) is nondecreas-

ing and continuous in (0,00) and A(0) = 0. Finally, A(B) > 0 implies that
lim7_, oo Zg,7 = 0 almost surely.
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PROOF. The existence of the Lyapunov exponent is a consequence of a subad-
ditivity argument (see [14], Proposition 1.4), and the nonnegativity follows from a
direct application of Jensen’s inequality.

We first want to show that

(A.1) [%log gﬂ’]‘] <0 forall 8 € (0, 0).
Therefore, fix 8* € (0, 00) and set I = [0, 8*]. We apply Jensen’s inequality to get
E[supﬁe I .Q‘};%] < 0o. Next, recall the GMC measure .#p, 7 from (1.4) and note
that

9 dg T ]
8;8 dPg
We again apply Jensen’s inequality followed by the Cauchy—Schwarz inequality to

get
0251\
E[sup( ’S’T)]<oo.
ger\ 9B

Then we can use the Cauchy—Schwarz inequality once more to show

- —Eo[(%ﬂw B)— BTV (0))

dlog Z; 02 92 172
E’ 0gZp.T| _ ‘ BT (Elg e ) ’
ap Zpr 0P ap
and thus, supg, alo%';{;” e L' (P). Then we can conclude
a d d B* Blog o@pﬂ T
E[log Z3+ 1] = E[log Z; E / ———d j|
o5 [log Zp+ 71 0B [log O,T]+aﬁ* [0 op B
d B* _T1dlog %
(A2) _ / E[M}dﬂ
ap* Jo aB

0
=K 1 *
|:3,3* ng'fﬁ ,T:|

for all 8* € (0, 00). We will use (A.2) to show (A. D).

Note that for any fixed 7, 8 and W, the maps B +— #45(W, B) — BTV (0) and
B+ —Zp 1 are nondecreasing (see [4]) and since the law P of the noise B
is a product measure, we use the FKG-inequality applied to the tilted measure

d%ﬁ ” dP to obtain

1 d/[ﬂ T 0 (l//ﬂ T
A3 E| ——log % Eo|E|— — [E| — : .
(&.3) [ o8 ﬁ’T}Z 0[ [ Zpr dPo ] [3/3 dPy H

B
By calculations similar to (A.2), E[ ‘1,3 dﬁ‘%r] = %E[d{%] = 0, which combined

with (A.3) then implies (A.1) and the desired monotonicity of A(8). The continu-
ity of 8 — A(B) on (0, co) is an immediate consequence of its convexity which
follows from Holder’s inequality.
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Finally, to show that A (8) > 0 implies lim7_; o %,T =0 P-as.,note that V :=
{28,171 7 T—00 0} is a tail event for the process t — B(t, -) and, therefore, P(V) €
{0, 1}. So if lim7_, oo Z3,7 > 0 almost surely, since for x > 0, —log(x) < oo,

.1
A(B) = lim —E[-logZp 1] <0,
T—oo T
which provides a contradiction. [

THEOREM A.2. Foranyd>1,8>0and$>0,as T — oo,

(A.4) log Zr —Ellog Zr]= O(T'2) P-as.

PROOF. This result has been shown for a Poissonian environment in [24],
Theorem 2.4.1(b) and Corollary 2.4.2. The proof in our setting is a straightfor-
ward adaptation of this result modulo minor changes. In particular, in the proof
of [24], Theorem 2.4.1(b), the function ¢(v) =e” — v — 1 has to be replaced by
o) = %vz — v, while the indicator function there has to be replaced by our fixed

mollifier ¢, and the constant C should be chosen to be C = | By ,2(0)| (ePllello —1)2,
O
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