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In the seminal work (Stochastic Portfolio Theory: Stochastic Modelling
and Applied Probability (2002) Springer), several macroscopic market ob-
servables have been introduced, in an attempt to find characteristics captur-
ing the diversity of a financial market. Despite the crucial importance of such
observables for investment decisions, a concise mathematical description of
their dynamics has been missing. We fill this gap in the setting of rank-based
models. The results are then used to study the performance of multiplicatively
and additively functionally generated portfolios.

1. Introduction. A key characteristic of an equity market is its diversity
which, on an intuitive level, describes how evenly the investors distribute their
capital among the publicly traded companies. In the seminal work [10] (see also
[11-13]), Fernholz has initiated the program of capturing the concept of diversity
mathematically, and thus, quantifying its implications on the performance of in-
vestment portfolios. Given the market weights 1(¢), ua(t), ..., u,(t) at a time
t > 0 (i.e., the fractions of market capital invested in the n publicly traded compa-
nies at that time), he suggested to measure the market diversity by

n 1/p
(1.1 D,(t) == (Z Wi (t)p> for some p € (0, 1)

i=1

(see [10], Example 3.4.4). The choice p € (0, 1) ensures that the right-hand side
of (1.1) is a concave function of w1(t), u2(¢), ..., u,(t) and attains its maximum
for the uniform capital distribution 1 (t) = pua(t) =--- = u, () = % The limiting
case

p
- P

log Dp(t) = — ) i (t) log ju; (1),

i=l

(1.2) H (1) :=lim -
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known as the market entropy, retains the latter two properties and can therefore be
regarded as an alternative measure of the market diversity (cf. [10], Section 2.3).
We refer to [10], Figures 6.7, 7.3 and 6.2, for plots of the process Dj/>(-) for
the largest 1000 companies in the U.S., the process Dy 76(-) for the companies
forming the S&P 500 index and the process H (-) for the companies in the Center
for Research in Securities Prices (CRSP) database of major U.S. stock exchanges
(including the NYSE, the AMEX and the NASDAQ), respectively.

Despite the considerable interest in the quantities D,(-), p € (0,1) and
H(-) (and the associated functionally generated portfolios, see below), a con-
cise mathematical description of their dynamics has been missing so far. The
challenge lies thereby in the fact that, while the vector of market weights
(m1(), m2(), ..., un(+)) is typically modeled by a Markov process, the Markov
property is generally not inherited by D,(-), p € (0,1) or H(-). Our first main
goal in this paper is to capture the dynamics of nonlinear macroscopic observables
of the point process of logarithmic market capitalizations, such as D, (-) and H(-),
in the context of rank-based (a.k.a. first-order) models and when the number of
companies 7 is large. We choose to work with rank-based models because they are
known to form the simplest class of market models that is able to reproduce the
true long-term average capital distribution of a financial market (see [10], Chap-
ter 5, [2] and [11], Chapter 13). We point to [10], Figure 5.1, for a plot of the latter
for the stocks in the CRSP database.

In the context of stochastic portfolio theory, the term rank-based model refers
to modeling the market weights process u(-) = (u1(-), u2(-), ..., un(-)) via

X170 X300 X0
< n X0 s xPeTTT s X“’(-))’
D€t D€t Do et
where the processes X l.("), i=1,2,...,n form the unique weak solution of the

system of stochastic differential equations (SDEs)

w3 dx™ (1) = b(FQ<n>(,)(x§”)(r))) dt + 0 (Fym (X" 1)) dB™ (1),

i=1,2,...,n,

with coefficient functions b : [0, 1] — R and o : [0, 1] — (0, 00), the empirical cu-

mulative distribution functions F Q<n>(,)(x) = %Z?:l 1 ( X{@ ()<x) and independent
(

standard Brownian motions BI”), Bén), ..., B . The system (1.3) is a special case
of the systems of SDEs studied in [3]; in particular, the main result of [3] shows
the weak uniqueness for (1.3) (the weak existence for (1.3) falls under the classi-
cal result of [29], Exercise 12.4.3). More recently, the interacting particle system
described by (1.3) and its variants have attracted much attention due to their ap-
pearance in stochastic portfolio theory and an open problem of Aldous [1] (see
[10], Section 5.5, [2], [11], Section 13, [16-19, 26, 28] for the former and [6, 7, 9,
24,25, 27, 31] for the latter).
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The n — oo asymptotics of nonlinear macroscopic observables that we derive
herein rely on the law of large numbers for rank-based models in [18], Corol-
lary 2.13 (see also [8], Corollary 1.6, [28], Theorem 1.2) and the associated central
limit theorem in [22], Theorem 1.2. Both of these results hold under the following
(stronger than the original) assumption.

ASSUMPTION 1.1. (a) There exists a probability measure A on R possessing
a bounded density function and satisfying

(1.4) Vo >0: /Reelxlx(dx) <00

such that the initial locations of the particles X g") 0), X é") ©0),.... X ,(1") (0) arei.i.d.
according to A for all n € N.

(b) The coefficient functions b and o are differentiable with locally Holder con-
tinuous derivatives.

We now state the versions of [18], Corollary 2.13 and [22], Theorem 1.2
used in this paper for future reference. Hereby, we write M|(R) for the space
of probability measures on R equipped with the topology of weak convergence,
C([0, 00), M1 (R)) for the space of continuous functions from [0, co) to M (R)
endowed with the topology of locally uniform convergence, as well as Mg, (R) and
Mgn ([0, t] x R), t > O for the spaces of finite signed measures on R and [0, ¢] x R,
t > 0 viewed as the duals of Cy(R) and Cy([0, ] x R), ¢ > 0 with the associated
weak-* topologies, respectively.

PROPOSITION 1.2 (cf. [18], Corollary 2.13). Under Assumption 1.1, the pro-

cesses of empirical measures o (-) = % Y8 XMy 1 E N converge in proba-
.

bility in C([0, 0o), M1 (R)) to a deterministic limit o(-), where the corresponding
process of cumulative distribution functions R(t, ) := Fy)(+), t > 0 is the unique
generalized solution of the Cauchy problem for the porous medium equation

(1.5) Ry =—B(R)x + X(R)xx, R(0,-) = Fy(")
in the sense of [14, Definition 3, B(r) := [y b(a)da, T(r) := [ %o*(a)2 da, and
F;.(+) is the cumulative distribution function of X.

PROPOSITION 1.3 (cf. [22], Theorem 1.2). Let Assumption 1.1 be satisfied

and G be the mild solution of the stochastic partial differential equation (SPDE)

o(R)?
2

G, =—(b(R)G), + ( G) +o(R)RVW,

(1.6)
G(0,) = B(F.(),
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with the function R from Proposition 1.2, the space-time white noise W, and a

standard Brownian bridge B independent of W. Then the sequences of processes
= ﬁ(FQ(n>(t)(x) — R(t,x))dx, neN and

(1.7)
= ﬁ(FQ<n>(s)(x) — R(s,x))dxds, neN,

with values in Mg (R) and Mg, ([0, t] X R), t > 0, respectively, converge jointly in
the finite-dimensional distribution sense to

(1.8) t—= G(t,x)dx and t+— G(s,x)10,qxr(s, x)dsdx.
We are now ready to give the first two main results of the present work, which

yield a comprehensive description of the large n asymptotic dynamics for nonlin-
ear macroscopic observables of the form

(1.9) T frel@) = ([ fidatr..o [ fidaty).
where «(-) € C([0, 00), M1 (R)), J is a continuously differentiable function, and
i, e €&
= {f e C‘R): W(x) < Ce“Pl, x € R for some C > O},
by

with £ = 1 in Theorem 1.4 and ¢ = 3 in Theorem 1.5 below. For simplicity, we use
henceforth the bilinear form notation ( f, v) for fR fdv and write (f,..., fx) €
SZU for a U € R¥ whenever fis..., fr €& and

((fio)seees (frsV) €U

for all v € M (R) fulfilling / ¥y (dx) < 00,6 > 0.
R

THEOREM 1.4. Let Assumption 1.1 be satisfied and (f1, ..., fr) € SlU fora
convex open U C Rk, Then, for all J € c! (U), one has

T1 fie i@ O) = Tr i (00)))
(1.11)

n—

k
— —ZJJXj;fl,...,fk(QC))/ 1 x0)G(, x)dx
Jj=1 R

8

in the finite-dimensional distribution sense.

Theorem 1.4 provides the fundamental tool in establishing the central limit the-
orem for the hitting times of nonlinear macroscopic observables.
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THEOREM 1.5. Let Assumption 1.1 be satisfied, (f1, ..., fx) € €3U for a con-
vex open U CRK, and J € C'(U). Suppose a € R is such that

r:=inf{t >0: .4, pn(0@®)=a} <oo and

.....

(1.12) dJy. (e()
Jvfl’-(~1-:fk ( )#0
Then the sequence of hitting times
(1.13) t™ =inf{t >0: T 4. (@™ (®)=a}, neN

converges in distribution when properly rescaled.:

nsoo 5=t Tiji i i (@) fo f{(0G (2, x)dx
7)) — 777, jk(Q())( :

(1.14) V(™ —

REMARK 1.6. We emphasize that Theorems 1.4 and 1.5 apply, in particular,
to the (appropriately normalized) processes D (-), p € (0, 1) and H(-) of (1.1) and
(1.2), respectively, allowing to approximate them by Gaussian processes (Theorem
1.4) and their hitting times by Gaussian random variables (Theorem 1.5). For the
exact statements, please see Corollary 5.3 and Remark 5.5 below.

REMARK 1.7. The condition of finiteness of all exponential moments on
A in Assumption 1.1(a) enters naturally in the context of market observables
from stochastic portfolio theory, which often (e.g., in the case of D,(-), p €
(0, 1)) involve powers of the market capitalizations that, in turn, are images of

X (")( ), X <")( )y -, XY (.) under the exponential function.

1.1. Application to functionally generated portfolios. Theorems 1.4 and 1.5
can be used to obtain concentration of measure estimates on the performance of
functionally generated portfolios, both additive and multiplicative, as defined in
[10], Chapter 3 and [20], respectively. For functionally generated portfolios, the
portfolio weights process 7 (-) = (w1 (), m2(-), ..., 7w, (-)), which records the frac-
tions of capital invested in the n companies over time, is given in terms of a func-
tion ¥ of the market weights and its derivatives. The crucial observation in [10],
Chapter 3 and [20] is that, for two carefully constructed classes of portfolio weights

processes 7 (-), the value X70) of 7 () relative to that of the market portfolio w(-),

with o

dX7() & dx0)
(1.15)

dx*() & dX(”)( )

0 —Eulo X0 and X7 (0) = X*(0),

admits a pathwise representation. Let us be more specific in this direction.
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For a twice continuously differentiable function U on an open neighborhood
of the unit simplex {x € (0,1)" : >, x; = 1} C R", one formally defines the

portfolio weights processes a¥iX () and 7 V> (-) multiplicatively and additively
generated by W according to

7V () = <<1og W) () + 1= () (log Uy, (M(-)))m(-),
j=1
i=1,2,...,n,
A ( Uy, (1) = X1y 1 OB ()
‘ () = 53 20 21 Jo W, ((9)) dl i, 12 1(s)

i=1,2,...,n,

+ 1)#1‘('),

respectively. The key feature of the functionally generated portfolios nqj;x(-),
7Yt () is that their values V¥:¥(-), V¥ (.) relative to that of the market
portfolio w(-) admit pathwise representations, which under the usual convention
V¥ (0) = V¥ (0) =1 read

iz U () 1 T ()

V"I’,X = = —_— NJ—d i (. ’

(1.16) D= Two) exp( 2i,,Z:1 0 Ty MJ]O)
1=0,

VIH () =14 F(u() — I (u(0)

(1.17) 1 M ot
=3 ¥ [ B ) Al w10, 120
“—~ Jo
i,j=1
(cf. [11], equatioE (11.2), [20], equation (4.3)).
The function W usually corresponds to a function W of the form

(1.18) v :R" > R, x|—>J(%Zfl(%)w-w%ifk(ﬂ))
i=1 i=1

and with the homogeneity property
(1.19) VxeR" reR: WYx)=W(x+rxx+r...,x,+7)

via the relation

X1 X2 Xn

e e
n xi ' Y x>ty Xi
et et Diey €t

We assume henceforth that W is positive and concave in the setting of (1.16) or
concave in the setting of (1.17), since then the respective excess growth processes,

(1.20) \I!(x):\Tl< ) x € R".
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defined as

B, (1))
F‘“z_—— ——L———d[pi, nj1¢), >0,
(1) ,ZI/ Gy A 10

¥t =3 5 / T, (00O dlsi 100, 120,

ljl

are nondecreasing (see [20], Example 3.5). In particular, by (1.16), (1.17) the as-
sociated value processes VX () or V¥t () reach levels v > 1 before the hitting
times ™ of levels a = vlTJ(,u(O)) ora=v—1+ \T!(M(O)), respectively, whose
asymptotics are described by Theorem 1.5. _

More precise estimates on the processes V¥ *(-) and V'¥:T(-) can be obtained
under the additional assumptions

VneN,i=1,2,...,n—1:
(1.21) |
- bl = b d =1
)t £ ll)

j=i+1

(see [25], Remark on page 2187, for a detailed discussion of the first assumption;
in addition, note that the constant 1 in the second assumption can be turned into
any other positive constant by a deterministic time change). Indeed, under the as-
sumptions in (1.21), [16], Corollary 8, applies and can be naturally combined with
Theorem 1.5. In order to avoid cumbersome notation, we state the next corollary
for the multiplicative generation only and refer to Remark 1.10 for a discussion of
the additive case.

n—i

COROLLARY 1.8. Let Assumption 1.1, the assumptions in (1.21), and for all
neN,

oS8 Sup Z W, (1)) dlpi, 1710)

sl J010)) dr
(22 Wy, (1)) d[ 16)
. xix; (L iy g
— f ~ 0,
essin i’jX::I TG0 o € (0, 00)

be satisfied. Then, for the functions J and f1, f2, ..., fi of (1.18), (1.20), a, T as

. . \I}xix-(l/v('))
in(1.12), r* := —11_13.10%[6 J

ETOR dlpi, u;1(-) and r, s > 0, the stopping time

(1.23) n¥Vix 1nf{t>0 VI () = NGl s/f)}

‘I’(M(O))
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obeys for all ¢ > 0 the estimate

[p(n‘f’?x > 1 +5/4/n) <20(s/x)(1+0,(1))

die ™
d¢ ™

(1.24)
e~ (re)(T—s//n)

L25)

Hereby, ® is the standard normal tail cumulative distribution function; x is the
standard deviation of the random variable on the right-hand side of (1.14); 0, (1)
is a quantity tending to 0 as n — 00; k™ and ¢ are the laws of the vector
of differences between the consecutive order statistics of (X i"), X én), X ,(1")) at
time 0 and in stationarity, respectively; and

c*(r, 8)
ming <1 (0L b — 2 Y0 (L))
o 2—2cos -
(1.25) 2
-max(—,
(C*)?

r2
4 x ( | —1>>,
ele +v7) \/ T 2ete + v Zmax(IC< 1], |IC7 V)2

with C*, C*1, C*V, and v* being the overall expression, the essential supre-
mum, the essential infimum and the variance under ¢™ of the expression inside
the essential supremum in (1.22).

REMARK 1.9. Inequality (1.24) can be interpreted as follows. If one invests
in the portfolio generated multiplicatively by a function W satisfying the condition
(1.22) and aims for the associated process U (u(-)) to reach an admissible value
of a (i.e., one for which (1.12) holds), then one will achieve a logarithmic return
relative to the market portfolio (-) of loga — log LT!(,u(O)) + (™ —r)(t —s//n)
before time t + s/4/n with a confidence probability of at least one minus the
right-hand side of (1.24). We note that, in the practically relevant regime a >
JI: fi,. £ (©(0)) and r* > r, by increasing the values of a and s one can increase
both the relative return and the confidence probability for sufficiently large n, at
the expense of thereby increasing the upper bound 7 + s/4/n on the investment
horizon.

REMARK 1.10. In the case of additive generation, a concentration estimate
similar to (1.24) holds for

¥t =inf{e > 0: VI @) = 1+ a - B(u©) + (- = 1) - s/¥m).
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assuming
- dlpei, 1)
esssup D Wy, (1)) =
@l j=1 f
(1.26)
R dlpi, 14510
- esas)’ltnfijz_l Wy (1 ())T € (0, 00)

instead of (1.22) and with r := —1im; 00 57 37 =1 Jo Wi, (0 () dlpti, 151C)
taking the place of . We leave the straightforward adaptation to this case of the
proof of Corollary 1.8, given Proposition 5.9 below, to the reader.

The rest of the paper is structured as follows. In Section 2, we collect some re-
sults from [15, 22] and [4] that are used repeatedly in the proofs of Theorems 1.4
and 1.5. Section 3 is then devoted to the proof of Theorem 1.4. The latter is based
on Proposition 1.3, but requires significant additional work due to the exponential
growth at infinity of the derivatives of functions in £; and the nonlinearity of J.
In particular, the proof invokes the mean stochastic comparison of [15] and the
quantitative propagation of chaos result of [22], Theorem 1.6. Subsequently, we
give the proof of Theorem 1.5 in Section 4, which relies on the previously men-
tioned tools and a creative reduction to the estimate on the expected Wasserstein
distance W; between the empirical measure of an i.i.d. sample and the underlying
distribution in [4], Theorem 3.2. Next, in Section 5, we apply Theorems 1.4 and
1.5 to the main examples of diversity measures from stochastic portfolio theory.
Lastly, in Section 5.3, we provide the proof of Corollary 1.8.

2. Preliminaries. The general propagation of chaos paradigm (see [30]) sug-
gests that under Assumption 1.1, for large values of n, the weak solution of (1.3)
should be well approximated by the strong solution of

(n)(t)_ ( ( (n) (n)(t))) B(n)(t),

i=1,2,....n

o ) dr +o(R(1. X

with the initial condition X\"(0) = X™(0), i = 1,2,....,n, the function R
from Proposition 1.2 and the same Brownian motions Bf"), Bé"), ...,B™ asin
(1.3). Indeed, under Assumption 1.1, the coefficient functions (¢, x) — b(R(t, x)),
(t, x) — o (R(t, x)) are uniformly Lipschitz in x on any strip of the form [0, T'] x
R by [22], Proposition 2.5, so that the strong existence and uniqueness for (2.1)
readily follow. The propagation of chaos estimates from [22], Theorem 1.6, quan-
tify the term “well approximated.”
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PROPOSITION 2.1 (cf. [22], Theorem 1.6). Let Assumption 1.1 be satisfied.
Then, for all p, T > 0, one can find a constant C = C(p, T) < oo such that

22 E[ swp [x"0)-X" 0] <cn PP i=12,.. nneN
t€[0,T]

Next, we introduce the process of empirical measures
1 n
5™y = -3 5.
(23) 2”0 =5 Sogo

and recall that the Wasserstein distance of order one is defined for any vy, vy €
M (R) with finite first moments by

2.4) Wi(vi, »2) = inf E[|Z, — Z]].

Z1=v1,Z2=V,

Each g (¢) constitutes the empirical measure of an i.i.d. sample from the prob-
ability measure o(#) introduced in Proposition 1.2. Hence, we may aim to bound
the associated expected Wi-distance E[W; (@ (r), o(r))] by means of [4], The-
orem 3.2, which requires a moment estimate for o(z). The latter, in turn, can
be obtained under Assumption 1.1 from the mean stochastic comparison re-
sults of [15] as follows. With Cg = maxqe0,1] b(a), C,f := mingeo,1]b(a) and
Co :=maxueo,1] |0 (a)l, consider the Brownian motions with drift:

(2.5) vty =cldi+c,dB" (1), v L2,
(2.6) dY¥ () =C} dt+C, dB" (1), Y(0) £

The next proposition is then a direct consequence of [15], inequality (1.5) and
page 318, Remark (4).

PROPOSITION 2.2. Let Assumption 1.1 be satisfied. Then, for all i =
1,2,...,n,neN, T >0,M R and 6 > 0, one has the comparison results

P( sup (X" @)= M) vP( sup X" ()| = M)

27 t€[0,T] 1€[0,T]
<2P( sup ¥'(0)= M) +2B( sup (~¥V() = M),
1€[0,T] 1€[0,T]
E[ sup 69|Xi(n)(’)‘] \/E[ sup e9|Yf")(l>|]
t€[0,T] 1€[0,T]
(2.8)

SE[ sup eeYT(’)] —HE[ sup e‘gyl(”] < 00.
1€[0,T] 1€[0,T]
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In particular, the bound of (2.8) allows us to use [4], Theorem 3.2, to estimate
each of the quantities E[ W (E(”)(t), o(t))]. Hereby, we keep in mind the alterna-
tive representation of the Wi-distance as the L!-distance between the cumulative
distribution functions (see, e.g., [4], Theorem 2.9):

(2.9) Wi (o1, 1) = fR |Fyy (x) — Fup (1)) d.

PROPOSITION 2.3. Let Assumption 1.1 be satisfied. Then, for all T > 0, one
can find a constant C = C(T) < oo such that

(2.10) sup E[W(@"™ (1), 0(0))]<Cn" V2, neN.
te[0,7T]

3. Proof of Theorem 1.4. Our starting point for the proof of Theorem 1.4 is
the identity

ﬁ(jj;fl ..... fk(Q(n)(')) - j];fl,‘.‘,fk(Q(')))
3.1) = Vn((f1,06™ ) =0, ., {f 0™ ) — 0()))
x VI(f1, 87, - (fr, 3™ )

due to the mean value theorem, where 5 (-) = £ ()™ (-) + (1 — ™ ())o()
and £ (-) can be chosen as stochastic processes with values in M (R) and [0, 1],
respectively, by the Borel selection result of [5], Theorem 6.9.6. The proof of The-
orem 1.4 is carried out by studying the convergence of the vector-valued stochastic
processes

(3.2) 1) = va((f1, 0™ ) — 0O - {fi 0P () — (),
(3.3) B = (1,8, .. (fi 87 0)

as n — oo. In both cases, it is helpful to introduce, for each M > 0, an auxil-
iary function hy; € C*°(R) with values in [0, 1] such that Ay (x) =1 if |x]| < M,
hy(x)=0if |x| > M + 1, and

(3.4) sup sup|hy, (x)| Vv sup sup|hly, (x)| < 0.
M>0xeR M>0xeR
In addition, we denote (1 — /,7) by iz\M for each M > 0.

Convergence of I"(-). With the mild solution G of the SPDE (1.6), we claim
that

n—o00o

3.5 1M —(/Rfl’(x)G(-,x)dx,...,/Rfk/(x)G(‘,x)dx>
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in the finite-dimensional distribution sense. To this end, we write each component

— (£, 0™ ) = 0() of =1 () as
\/E/Rf;(x)hM(x)(Fp(M(.)(x) — R(-,x)) dx

I [ 1M (Fyny () = RO, ) d
(3.6)
+ \/’_l/IR{f,{(X)EM(X)(FK,(n)(.)(X) — R(-,x))dx

/0 [ £ ORy(O(Fyny () = RC.00)

using f; = fijhy + f jﬁM and integration by parts (observe that the boundary
terms thereby vanish thanks to fjhy € &, the estimate (2.8) and Markov’s in-
equality).

Taking first the n — oo limit and then the M — oo limit of the first summand
in (3.6)for j =1,2,...,k gives

3.7 (A;f{(x)G(-,x)dx,...,/Rfk/(x)G(-,x)dx>

in the finite-dimensional distribution sense. Indeed, by Proposition 1.3 the n — oo
limit results in the mean zero Gaussian process

(3.9) </R f{(x)hM(x)G(-,x)dx,...,A;fk/(x)hM(x)G(-,x)dx)

For its convergence in finite-dimensional distribution as M — oo to the mean zero
Gaussian process in (3.7), it suffices to verify the convergence of the corresponding
covariance functions. Upon a decomposition of f{, f, ..., f{ into the positive and
negative parts, the positivity of the covariance function of G (see [22], Remark 1.4)
and the monotone convergence theorem allow to reduce the convergence of the co-
variance functions to a statement about the uniform boundedness of the variances
involved.

LEMMA 3.1. Let Assumption 1.1 be satisfied. Then, for all t > 0 and j €
{1,2,...,k},

sup E[(/ fJ(x)+hM(x)G(t x)dx) }
(3.9)

2
VE[(/ f;(x)—hM(x)G(t,x) dx) ] < 00.
R
Assuming Lemma 3.1, the proof of (3.5) hinges on the next lemma, which

shows that the contributions of the second, third and fourth summands in (3.6)
to the n — oo limit of 1 1(”)(-) become negligible as M tends to infinity.
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LEMMA 3.2. Let Assumption 1.1 be satisfied. Then, for any ¢ > 0, t > 0,
fo € & and uniformly bounded family of functions gy : R — R, M > 0 such that
gu(x)=0,x € [—M, M] for each M > 0,

i [ F0E)8a1 () (o () = R(t,x))dx‘ - 8)

lim sup lim sup IP’(
M—>oc0 n—>00

(3.10)

We proceed to the proofs of the two lemmas.

PROOF OF LEMMA 3.1. For all M > 0, we have

e[ ([ f;(x>+hM(x>G<r,x)dx)2]

2
< timinf B ([ 7700 har ) v(Fyn ) = Rt ) e )|

by Proposition 1.3, Skorokhod’s representation theorem and Fatou’s lemma. With
fim+(x) = [ fJf (¥)+hum(y)dy, integration by parts yields for the term inside
the latter limit inferior

nE[(fjm:4+, 0™ 1) — 0())]

< 2E[(fj m:4, 0" () =" OF ]+ 2nE[( £7.m;1, 8" (1) — 0(1)].
Next, we insert the definitions of o (¢), E(”)(t) apply the Cauchy—Schwarz in-

equality and exploit the independence of XV 1 (t) =X gn) (t) (n) (t) = ,Q(t)

to get

(3.11)

(3.12)

2E[Z(fj,M;+(Xf")(t)) - fj,M;+(Y§")(t)))2]

(3.13) izl

+2E[( 1014 (X)) = (fjmtesr 0O

Since f1,..., fr € &1, we can pick a constant C < oo independent of j and M
such that | f] ., (x)] < CeCl x e Rand | fj p.4(x)| < CeCl, x € R. This, the

convexity of the absolute Value function and the observation (X (n) (1), X gn)(t)) =
~ ()

(X(")(t) X5 <. 4 (X,g")(t),Xfln)(t)) allow to bound the expression in
(3.13) from above by

(n)
@ 2C|X1 (f)|(X§")(t) Xgn)(t)) ]

2
2nC7E[1 ® )€

{(Ix{" 1)1=xX

3.14 2
(314) +2nC E[1{|X§”)<r>|>|x<">(r)\}

1 2C2E[2CT O,

< (n)
o2CIX7 (t)l(XYl)(t) Xin)(t)) ]
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By dropping the indicator random variables, using the Cauchy—Schwarz inequality
twice and invoking the estimate (2.8) and the p = 4 version of inequality (2.2)
we conclude that the quantity in (3.14) is uniformly bounded in » and M. An
analogous argument for the second expectation in (3.9) completes the proof of the
lemma. [J

PROOF OF LEMMA 3.2. With Fy p(x) 1= fd‘ Jo(y)gm (y)dy, we integrate by
parts to rewrite the probability in (3.10) as

P(|vn{Fo.m, 0™ (1) — o())| > ¢)
3-15) < P(|Vn{Fom. ™ () =™ ®)] > £/2)
+P(|vn(Fom. 2" (1) — o) > £/2)

(note that the boundary terms in the integration by parts vanish thanks to Fy s € &
and the estimate (2.8) in conjunction with Markov’s inequality).
Now, we employ Markov’s inequality, plug in the definitions of o™ (¢), 2" (¢)

and recall (XV(1), X" (1)) £ X (6), X3 e L L xP0). X 1) 0
control the first probability on the right-hand side of (3 15) by

2 . _
(3.16) f E[| Fo.n(X™ () — Four (X" 0)]].

In view of the assumptions on fp and gy, M > 0, we can find a constant C < 00
independent of M such that | fo(x)| < CeFl, x € R and gy (x)] < Cljjx>m)s
x € R, M > 0. This and the convexity of the absolute value function show that the
expression in (3.16) is not greater than

2
ﬂmecw}”)(ml

)\ (n)
e 1xPa=m0 L o onl X1 © ®]]

2
317 4 e
&

)
< B[ 01y XD X @)]].

~ 1 @ n
1X7 01> My (X (011X " (1))

Leaving out the second indicator random variables from both expectations and
applying Holder’s inequality twice we end up with

2./nC? n _
LE[esax} )(t)|]1/3P(|X§")(t)| - M)1/3E[|X§”)(t) _ X<1n>(t)|3]1/3
)
@18 2«/ﬁC2E[63C\Y§")(t)|]1/3
&

x B(|x}"”

(t)| >M)1/3 [‘X(n)(t) X(")(t)| ]1/3
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which tends to O when one takes the limits superior n — 0o, M — oo due to the

estimates (2.8), (2.7) and the p = 3 version of inequality (2.2).

An appeal to Markov’s inequality and the independence of X 1 (t) =X gl) (t) =

4% (")(t) = p(t) reveal that the second probability on the right-hand side of

(3 15) is at most

4
(3.19) SE[(Fon (XY ) = (For. )]
Moreover, by the definition of Fy a7, M > 0 and the assumptions on fp and gy,

M >0 wehave Fy y(x) =0,x € [-M, M], M > 0and |Fy 5 (x)| < Ce“Wl, x| >
M, M > 0, which allows to upper bound the latter expectation by

()
20X 01

CE[1,
(3.20) (X1 01> M)

< C?P(X™ ()] > M) PE[ACT 0112,

To complete the proof of the lemma, we pass to the limits superior n — co, M —
oo relying on the estimates (2.7), (2.8) one more time. [

CONVERGENCE OF I"”)(-).  We claim that, for all 7 > 0, it holds

(3.21) L0 "= ((f1,00), - (fi, 0®))

in probability, which together with (3.1) and (3.5) yields Theorem 1.4. To obtain
(3.21), we need to establish lim,_, oo ( f}, oMW (n)) = (fj,o()) in probability for
every fixedt >0 and j € {1, 2, ..., k}. Consider the decomposition

(f;,8®) =}, 0®) +EP O fihm, 0™ (1) — 0(1))

+EMO(fihm. " @) = o)),
valid for any M > 0. We have lim,_, 5(”)(t)(fth, Q(”)(t) — o(t)) =0 in prob-
ability due to |& M) <1 and Proposition 1.2 (note that f;hy is continuous and
bounded). Finally, |€ " (¢)| < 1, integration by parts (in which the boundary terms
vanish thanks to the estimate (2.8) and Markov’s inequality), the union bound and
Lemma 3.2 give
lim sup limsup P(|& ™ (0)( f;har, 0™ (1) — 0(1))| > ¢)

M—o0 n—>00

=

(3.22)

< limsuplim supP(’/ f;(x)iz\M(x)(FQ(m(t)(x) — R(t,x)) dx’ > 8/2)
M—>o00 n—>00 R

(3.23)
+limsuplimsupIP’Q/I;{fj(x)hM(x)( Fym gy (x) — R(t,x))dx‘>8/2)

M—>oo n—>00
=0

for all ¢ > 0, so that lim,, o ( f}, Z)(”)(t)) = (fj,0(?)) in probability as desired.
O
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4. Proof of Theorem 1.5. With the simplified notation

(4.1) ZWO =T @™ G) and ZC) =T 5(00),

the main idea behind our proof of Theorem 1.5 lies in translating the convergence
of /n(t™ — 1) to that of \/n(Z(z"™) — Z(t)) by an application of the mean value
theorem to Z(-) and in reducing the latter convergence to that of /n(Z () —
Z (1)), for which Theorem 1.4 can be used. In this process, it is convenient to
work with the truncated versions 70" := ¢ A (t 4 1), n € N of the hitting times
7™, n e N. The convergence in distribution of /zn(t™ — 1) to a limit is then
equivalent to the convergence in distribution of /n(Z™ — 1) to the same limit
thanks to the following proposition, which is proved further below in this section.

PROPOSITION 4.1. In the setting of Theorem 1.5, T = rin probability.

Our starting point for the proof of the convergence of /n(T(" — 1) is the iden-
tity

“4.2) 1{f<n>g+1}z(n)(?(n)) = l{r(")§r+1}z(t)‘

The latter stems from the continuity of Z M)y and Z(-): for Z™ (), it is a direct
consequence of the definitions and, for Z(-), one can write ( f1, 0(:)), ..., { fx, 0(-))

as E[ fi (YEU(-))], e, E[fk(fgl)(-))] and conclude by taking the expectation in

It6’s formula and using Fubini’s theorem (recall f1, ..., fx € & C & and the esti-

mate (2.8)). We observe in passing that, for the same reasons in conjunction with

the dominated convergence theorem, Z(-) is actually continuously differentiable.
Next, we expand (4.2) into

Lew <o W(Z(E™) = Z(0))
=1z <ryV1(Z27(1) = Z(1))
+ 1< V(2™ (@) - Z(1))
~ L <V (Z2W(E™) = Z(3™)).

In view of the continuous differentiability of Z(-), the mean value theorem and
Proposition 4.1, the left-hand side of (4.3) converges in distribution as n — oo
if and only if \/n(T™ — r) converges in distribution as n — 0o, and the two
limits differ by a factor of Z'(t) # 0 (cf. (1.12)). Concurrently, the first line on
the right-hand side of (4.3) tends to lezl jjxj;fl’m’fk (™) I fjf(x)G(r, x)dx
in distribution as n — oo by Proposition 4.1 and Theorem 1.4.

To obtain Theorem 1.5, it now suffices to verify that the second line on the
right-hand side of (4.3) converges to 0 in probability as n — co. As a result of

(4.3)
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(3.1), written in terms of Il(n)(-), Iz(n)(-) from (3.2), (3.3), the desired convergence
follows from

V(2" (0) = Z(0) = Vn(ZW (") - 2())
=1V @) - 1V @)L @)
=" @V (1" @) = V115" (E™))

+ (" @ = [P EO) V(L (D)),
(3.5), (3.21) and the next two lemmas.

LEMMA 4.2. In the setting of Theorem 1.5,

(4.4) VI EM) =V I((f1, 0@ o 0(D)
in probability.

LEMMA 4.3. In the setting of Theorem 1.5, Il(n)(r) — Il(n)(’f(”)) "0 in
probability.

We complete the proof of Theorem 1.5 by establishing Proposition 4.1,
Lemma 4.2 and Lemma 4.3.

PROOF OF PROPOSITION 4.1.  Our proof of the proposition relies on the fol-
lowing lemma that extends the convergence result of Proposition 1.2 to test func-
tions in &.

LEMMA 4.4. Let Assumption 1.1 be satisfied. Then, for all fy € &, T > 0 and
e >0,

(4.5) lim P( sup [(fo,e™ @)~ {fo,e®) > &) =0.

=00 Mel0,T]

PROOF. Recalling the auxiliary functions /7, M > 0 and EM, M > 0 from
the beginning of Section 3, we know from Proposition 1.2 that, for any M > 0 and
e >0,

t€|0,

Therefore, it is enough to check that

limsuplimsup]P’( sup |(foha, 0™ (@))] > g) =0,
M—o0 n—>0 te[0,T]
4.7 .
limsup sup |(fohwm,o(r))|=0.
M—oo t€[0,T]



2866 S. A. ALMADA MONTER, M. SHKOLNIKOV AND J. ZHANG

For the first assertion in (4.7), we use the definition of Q(”)(t), the observation

d d d . -~
X" E XS £ X7, the estimate | fo(x)w (0] £ CeCM ),
x € R and the Cauchy—Schwarz inequality to deduce that

[ sup [Lfofw, 0 0]
tel0,T]

—E (x" x" H

[tes[‘épn Zfo O (X" )

(48) <E[ sup }fo(Xﬁ”)@))ﬁM(X%”)(t))I]
te[0,T]

) )]
+€[0,T] 1x7" (0)|1>M)}

§CE[ sup 62C|X§n>(;)|]l/2E[ sup 1

]1/2
t€[0,T] t€[0,T]

1x\" 1)>Mm)

Since sup,¢[o.7y l{lxi")(r)bM} = l{supte[O,T] X (1) My’ the first assertion in (4.7)

now follows from Markov’s inequality and the estimates (2 8), (2.7).
For the second assertlon in (4.7), we recall that X gn)(t) =0(t), t =0, allowing

us to bound sup, (.71 1{ fohm. 0(1))| by

E[ sup | fo(X)" 0)hm(X)" )]
tel0,7T]
4.9)

—(n 1/2 — 1/2
< CE[ sup eZC'X(l)(”‘] / P( sup [X)" ()] > M) /
t€[0,T] 1€[0,T]

via the procedure in the last paragraph. The estimates (2.8), (2.7) yield the result.
O

Back to the proof of Proposition 4.1, given Lemma 4.4, the uniform continuity
of the function J on compact neighborhoods of the set

{(f1,00), ..., (fr o) : 1 €[0, 7 + 1]} C RF
implies
(4.10) lim IP’( sup |2 (1) — Z(t)| > 8) —0, &>0.
=00 NMel0,7+1]

Since Z'(t) # 0 (cf. (1.12)) and Z'(-) is continuous, there exist [0, 1] 3> v, | 0
such that Z(t + vy) > Z(t) forall m e Nif Z'(t) > 0, or Z(t + vp) < Z(1)
for all m € N if Z'(t) < 0. Applying (4.10) with ¢ := |Z(t 4+ v,) — Z(1)|/2 =
|Z(t + vy) — al/2 consecutively, we find that

(4.11) lim P(z™ > 7 4 v,) =0
n—oo
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for all m. At the same time, for all v > 0, we have by (4.10):

lim P(r(”) <t-v)
n—oo

(4.12) | " ,
< lim ]P’( sup |Z"(t) — Z(t)|> min
tel0,t—v

T =0 N0, 7—v]

la = Z@])=0.

This completes the proof of Proposition 4.1. [

PROOF OF LEMMA 4.2. In view of the continuity of VJ, it suffices to show
that

(4.13) (f;,8WE = (f1,0(), j=1,2,....k

in probability. Since g (7(") is a convex combination of o (™) and o(T™),
we may swap 9" (z™) for o(T(") on the left-hand side of (4.13) by Lemma 4.4
with T := 7 + 1. Then Proposition 4.1 and the continuity of {f}, o(-)) give the
lemma. [

PROOF OF LEMMA 4.3.  We need to verify that

Vil fi. @™ () =™ @™)) = Valfj. e(@) — o(@™)) =50,
j=1,2,...k

(4.14)

in probability. For a fixed j € {1, 2, ..., k}, we start by establishing the correspond-
ing convergence under the assumption that f; € C 63 (R) C &;.

Step 1: convergence (4.14) for f; € C2(R). Inserting the definition of 0™ (-)
and applying Itd’s formula, we find for the first term in (4.14):

Valfi o™ (@ — o™ (E™))

_ % Xn:(fj (X"(@) - f;(x™M(@™))
i=1

—1 S ‘ n / n
(4.15) N Z/m b(Fym o (X)) £](X (1)
’ i=177

o (Fym (X" (1))
+ 2

1 - ‘ n / n n
+ \/ﬁZfA( )U(FQ(”)(I)(Xz'( )(t)))fj(xi( )(l))dB,-( )(l)-
i=17T"

XM 0)de
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To simplify the second line in (4 15), we introduce the discrete antiderivatives

(Tub)(r) := Zb(z/n)l{r>l/n},

i=1

(4.16) ; )
1 o(i/n)
(z. —)(r) iy lyeim, 70,11
n i 2
Since the order statistics X E’f)) <X (n)(t) <...<X EZ;(I) are almost surely dis-

tinct for Lebesgue almost every ¢ > 0 by [23], theorem on page 439, for the func-
tion x = 31 < <ir<n 1 xi;=x;,}» W€ Can now use summation by parts, the piecewise

(n)

constant nature of (Z,,b)(F g(n>(t)(‘))= and the convention X (t) = o0 to com-

(n+1)
pute
Zb Lo (X)) F1(x ()
1
=;;b<i/n>fj (X ®)
(4.17) =Y (@ub) (i /1) — Tub) (G0 — 1) /n)) FH(X D @)

i=l

=Y @D/ (f(X{0) = FH(XE)0))
i=1
== [ @) (Fyy () ] ) .
Similarly, we see that

—Z

(n)(l‘)(X ( )))2 //(X(n)( ))

(4.18)
2
- /]R<I" %) (Fom gy () f" (x) dx.

Consequently, we arrive at

Valfi o™ (@) — o™ (E™))

=it [ [ @b Fgoiy ) £ )

(4.19) )

o "
+ (In 7>(Fg(n>(;) (x))fj (x)dx dr

+ N(n)(t) —_N® (fg(n))’
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where
1 - ! n / n n
(4.20) N (1) := ﬁ§ /0 o (Fyoney (X)) £1(X" () dB[" (), 1 =0.

On the other hand, integration by parts and the notion of a generalized solution
for the PDE (1.5) (see [14], Definition 3) imply that

Valfj () —e(®®))=—vn fm fR B(R(t.)) f} (x)

+ Z(R(t, x))f;”(x)dxdt,

(4.21)

which can be combined with (4.19) to

Valfi, 0™ (x) — o™ E@M)) — nlfi, o) — 0(T™))

=i [ (@) (Fgo @) = BRE00) 1] )
(4.22)

02 n
+ ((I,,7>(FQ(H)([)()C)) — Z(R(, x))) 7 (x)dx dr
+ N () = N®(FM).

To prove that the right-hand side of (4.22) converges to 0 in probability we note
that the Lipschitz property of b, "72 (cf. Assumption 1.1(b)) yields

lim /n sup [(Z,b)(r) — B(r)|
rel0,1]

2
(I,%)(r) —T

4.23)
= lim /n sup =0.

n—>00 ref0,1]

Since, in addition, B, X are Lipschitz (cf. Assumption 1.1(b)) and f}, f}" are
bounded, it suffices to obtain the limits in probability

n—oo

T
lim \/ﬁ‘//r\(n)AQFQ(n)(,)(x)—R(t,x)|dxdt:0 and
(4.24)

i M) 2y — @ ()Y —
nlgrolo(N (r) = N"(T")) =0.

For the first convergence in (4.24), we recall the representation of the Wi-
distance in (2.9) and apply the triangle inequality for the latter together with
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Markov’s inequality and Fubini’s theorem to find, for all ¢, &’ > 0,

Pqﬁ/«:) Wi (Q(")(f),g(t))dt‘ > 8)

<P(" —1|>¢) +P(f Wi(0"™ (1), 0(1)) dr > e)

—&’

(4.25)
<P(z™ — 7| > &) f E[W1 (0™ (1), 2" (1))]

+E[Wi (@™ (1), 0(1))] dt

In view of Propositions 4.1, 2.1 and 2.3, this estimate tends to O for all ¢ > 0 when
we take n — oo and then ¢’ | 0.

For the second convergence in (4.24), we compute the quadratic variation pro-
cess

t1
(4.26) [N<”’]<f>=/o 20 (B (X)) (X)) ds. 120,
i=1

bound the resulting integrand by a constant C < oo, and use the martingale rep-
resentation theorem (see, e.g., [21], Chapter 3, Theorem 4.6 and Problem 4.7) to
conclude

4.27) P(IN(t) = NE™M)| >¢) <P(|7"™ — 1| > ¢') —I—IF’( soup ERGIES 8).
te[0,Ce’]

Thanks to Proposition 4.1, it is now enough to send n — oo followed by &’ | 0.

Step 2: convergence (4.14) for general f; € £3. With the functions Ay, M > 0
and hp, M > 0 introduced at the beginning of Section 3, we decompose the left-
hand side of (4.14) into

vl fihm, o™ () — (")(?("))) —Vnlfihu, 0(x) — 0 (™))
+Vn(fihm. 0™ (1) — 0™ (E™)) — Valfihm. o(x) — (™).
The first line in (4.28) converges to 0 in probability as n — oo by Step 1, so we

focus on the second line in (4.28). To move from o™ (-) to g (-) therein, we will
prove that, for all ¢ > 0,

(4.28)

lim sup lim sup P(|/n{ ;7. 0™ (2) — 0™ (7™)
(4.29) M—oo n—>00

— 2" (@) +2™E™))| > ¢) =0.
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We recall that 7 € [0, T + 1], insert the definitions of Q(”), 5(") and exploit
Markov’s inequality to bound the probability in (4.29) by

2]

&

1 —~ n
sup | = S (X)) = (fihn (X “(r)))H
i=1

tel0,7+1]| 71 ; —

where we have used (X" (), X" () £ x), XV) L L (xM).

X ,(1 )(-)). Due to the mean value theorem for f jh M, the inequality |(f jﬁM)/ x)| <
C ec|x|1{\ x|>Mm}, X € R, the convexity of the absolute value function and Holder’s
inequality the right-hand side of (4.30) is less or equal to

(4.30)

2 -~ n n
<250 s |0 (X7 0) — G (K@),
& te[0,7+1]

2
ﬁE[ sp [0 - X" (0]
€ tel0,7+1]
n 1/3 1/3
(4.31) -(CE[ sup e3C'X5)<f>']/P( sup }X§”>(z)1>M)/
tel0,t+1] tel0,t+1]
—m . 71/3 1/3
+CE| sup €T ONTp X (t) > M )
|:z‘e[O,t+1] ] ( [Ot+ ’ ‘ ) )

At this point, (4.29) becomes a consequence of the inequality (2.2) with p = 3 and
the estimates (2.8), (2.7).

With A; := b(R(z, -))% M d , t >0, we may now replace o (-) by
E(”) (-) in the second line of (4.28) and deduce by means of It6’s formula that

ﬁ(fjﬁM, o (r) —a™ (™))
f Z S X @) = i X" (™))

(4.32)
1 T R o .
B ﬁ; -’[‘(n)(At(fth))(XE )(t))dl‘-l-N (t) — ( )( ( ))
where
~m . L nooet (n) ) o
(4.33) N0 = ﬁ;/(; ( ( (S)))(thM) (X (s ))de (s),
t>0.

Next, we take the expectation in It”s formula for (£;7,) (X1 (x)) — (f;fin) x

(X El)(t)) t > 0 relying on x!! 1 (t) = Q(t) t > 0 and employ Fubini’s theorem
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(note f jﬁM € & and the estimate (2.8)), followed by an evaluation at r = 7 to
get

T
~ ~ ~ 1
(4.34) s o) = o)) = [ EL(ASRn) X 0)]dr.
T n
We proceed using the union bound, Markov’s inequality and 70" € [0, T + 1]:

P(|valfihu, @™ (1) =™ @) = Valfihm. o(@) — 0(T™))| > ¢)
- ;((At(fjﬁM))(YEn)(l))

2 [ 1 &
2l [ L
€ 0 [11
dt}

—E[(A i) (X" @)])

(4.35)
+B(N" @ =N ()| > e/2)
2 prt+l ~
<2 /0 SD((A (/170 (X3 (1))

+P(N @) = N"E")| > &/2),

where we have applied Fubini s theorem, Jensen’s inequality and the independence

of X (ln)(t) =X gn)(t) = X (n)(t) = o(¢) and have written S for the standard
deviation operator. Since the standard deviation of a random variable does not
exceed its L2- -norm, the boundedness of b, o (cf. Assumption 1.1(b)), f; € & and
the properties of hm imply an estimate of the form

1/2
]2

—~ —(1) wv
@36 SD((AR) (R 0) SE[CTT O 0

Moreover, its right-hand side tends to 0 as M — oo uniformly in ¢ € [0, ] by the
Cauchy-Schwarz inequality and the estimates (2.8), (2.7).

To complete the proof, we need to analyze the last probability in (4.35). For this
purpose, we compute

@37 N0 = Z f R(s. X" )2 (i) (X" () ds, 120,

Thus, the martingale representation theorem (see, e.g., [21], Chapter 3, Theo-
rem 4.6 and Problem 4.7) and the union bound give, for all &’ > 0,

B(N" (@) W“”(?("m > ¢/2)

BN 10~ [V 1) > &)+ B( sup 5700~ 2/2).

(4.38)
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Due to 7 € [0, t + 1], Markov’s inequality, Xgn)( )= Xé")( )= = X(")( )=

(1)( ), Fubini’s theorem, the boundedness of o (cf. Assumption 1.1(b)), f; € &
and the properties of iy we have an estimate of the type

P(I[N" ) - [N™]E™)| > ')

1 pr+l crxh
1 X0
< _
= s//o E[Ce L0y a1 97

The latter converges to 0 as M — oo thanks to the Cauchy—Schwarz inequality
and the estimates (2.8), (2.7). It remains to observe that the second probability on
the right-hand side of (4.38) vanishes as ¢’ | 0. [

(4.39)

S. Applications in stochastic portfolio theory.

5.1. Dynamics of the market diversity. Consider a stock market with n com-
panies, as described by the market weight processes wi(-), w2(-), ..., Un(-), that
is, the fractions of the total market capital invested in the different companies at
any given time. In this context, a concept that has attracted much interest, both for
scientific reasons and its importance in investment decisions, is the market diver-
sity. Informally speaking, a market is thought of as diverse when one can be certain
that no single company will end up with the vast majority of the market capital. In
[10], Fernholz has proposed to formalize the notion of diversity as follows.

DEFINITION 5.1 ([10], Definition 2.2.1). A market is called diverse if for
some ¢ > 0 it holds maxi<j<, i (t) <1 — ¢ for all t > 0 almost surely. A mar-
ket is referred to as weakly diverse on a finite time interval [0, T'| if for some ¢ > 0
one has

1 (T
5.1 —/ max u;(t)dt<1-—¢
T Jo

1<i<n

almost surely.

Subsequently, it is noticed in [10] that the vector of the market weight processes
w() = (1), u2(-), ..., un(-)) takes values in the closed unit simplex

(5.2) A= {xe[Ol Zx,—l

whereas the diversity condition maxj<;<, i;(f) <1 — ¢ is violated when u(.)
enters the corresponding open neighborhoods of the vertices of A". Hence, it is
natural to use a symmetric concave function on A", which necessarily attains its
minimum at the vertices, to quantify the diversity of a market (or the lack thereof).
The main examples of such functions discussed in [10] are:
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(i) the entropy function H(t) = — i ; u;(t)logu;(t), t >0,
(i) the €7-norms D, (t) = (X1, wi(1)P)/P, ¢ > 0 for p € (0, 1),
(iii) and the geometric mean S(t) = ([T, wi (t))'/", t > 0.

In particular, the entropy function and the £ -norms for p € (0, 1) can be employed
to test if a market is diverse in the sense of Definition 5.1 (cf. [10], Proposition
2.3.2).

PROPOSITION 5.2. A market is diverse if and only if for some &' > 0 it holds
H(t) > &' for all t > 0 almost surely or, equivalently, for some p € (0, 1) and
¢” > 0one has D,(t) > 1 +¢" for all t > 0 almost surely.

Our Theorem 1.4 can be utilized to capture the dynamics of the entropy H (-),
the £7-norms D, (-), p € (0, 1) and the geometric mean S(-) in rank-based models
with a large number n of companies. In that setting, the market weight processes
are defined in terms of the solution to (1.3) by

X0
(5.3) wi() =

X(")_ X(n). ) ) l:l’ 2,...,]’1
el ()—{—e 2 ()+"'+eXn )

and give rise to the associated entropy, £”-norm and geometric mean processes via
the items (i), (ii), (iii) above.
COROLLARY 5.3. Under Assumption 1.1, the following convergences hold in

the finite-dimensional distribution sense:

(a) for the entropy process H(-),

<xeva(')>

D) —logn — logle*. o()) 4 - &)

Vi HO = ogn —ogle" o0+ T )

n—oo 1 (xex,Q(-))
5.4 — *G(-,x)d
e 7 <(€xaQ(')>+ (ex,Q('»Z)A%e C.x)dx
1 X X
_7(@“,@(-))/1?&(6 +xe*)G (-, x) dx,

(b) for an £P-norm process D, (-) with p € (0, 1),

2=l <epx,g<-)>1/1’>

r D ()— ———°
V(a7 Dy =

n—soo  (eP*, o()/P7!

-

(e*,0())

(€™, o())/P

(e¥,0())?

(5.5) fRePXG(-, x)dx

/RexG(.,x)dx,
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(c) for the the geometric mean process S(-),

Ji(ns 0O N 0O e
(5.6) "(" )= <ex,.g<->>) T T o0)) / () dx
' o0

+7{ex,g(-))2/]ge G(-, x)dx.

PROOF. The corollary is a direct consequence of Theorem 1.4. For the sake of
completeness, we write out the functions J, fi, ..., fi in each of the three cases.

(a) For the normalized entropy process H () — logn, take

J:(0,00) xR—>R,  (x1,x) > logx| — 2,
(5.7) x|

filkx)=e", fr(x) =xe*.

p—=1
(b) For every normalized ¢”-norm process n o D (), define

xll/p
5.8) J :(0,00) x (0,00) > R, (x1,x2) = =
filx) =eP", Hx)=e¢".

(c) For the normalized geometric mean process nS(:), pick

X1
J:R x (0,00) > R, (x1,x2) > —,
(5.9 X2

filx) =x, fHrx)=e".

It is elementary to check the assumptions of Theorem 1.4 for all of these functions.
O

5.2. Hitting times of the market diversity. In this subsection, we specialize
Theorem 1.5 to the measures of diversity from Section 5.1. To this end, we denote
by H*(-), D;‘;(-), p € (0, 1) and S*(-) the limiting entropy, £”-norms and geometric
mean processes, respectively,

" . (xe*, 0(+)
H*(-) =logle*, 0()) — 27,
(-) =logle*, o)) e o)
% (eP*, o( NP
5.10 Di()=——""—, 0,1),
(5.10) » () . 00)) pe(0,1)
olx.00))
S*(t) =

(e*,0())
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The functions J, fi,..., fr in the three cases, given explicitly in (5.7), (5.8) and
(5.9), respectively, satisfy the assumptions in Theorem 1.5, so that one only needs
to verify the statements in (1.12) for the coefficients b, o and levels a of interest.
The next proposition provides the dynamics of H*(-), D;’;(-), p € (0,1)and S*(.),
thus, yielding a sufficient condition on b, ¢ and a for Theorem 1.5 to apply.

PROPOSITION 5.4. Under Assumption 1.1, consider

(5.11) Qp(-)1=ﬂ€C([0, oo),Ml(R)), p€[0,1).
(eP*, 0(+))
Then one has for the processes H*(-), D;‘;(~), p € (0,1) and S*(-) of (5.10):
dH* 1
dt(” = —3(o(R(. )" 1)
(5.12) R s
— €OV, (1) (x, b(R(z,-)) + G((#t)))
dD* (1) R(1.))?
(5.13) ,
R(t, -
- <b(R(r, )+ T Ql<r)>),
ds*
O = s (Ip(Ra. ). 00)
(5.14)

- (blra. ) + M Q).

In particular, whenever b + %2 is an increasing function and a € (—oo, H*(0)],
a € (0, D;",(O)], p € (0,1) or a € (0, S*(0)], the assertions in (1.12) hold, and
hence, also the conclusion of Theorem 1.5 for the resulting hitting times of the

—1
normalized processes H (-) — logn, npl_’Dp(-), pe@©,1)ornS().

REMARK 5.5. More specifically, whenever b + % is an increasing function
and a € (—oo, H*(0)], a € (0, D;",(O)], p€(0,1)ora e (0, 5%0)], the conclusion
of Theorem 1.5 reads as follows (recall (5.7), (5.8), (5.9)):

dH*
diTH) (e = Th)
n— 00 1 (xex»Q(TH») X
G ,x)dx
— (<ex,a<m)>+ (e*. o(th))? /Re (e, %)

1
— m %l;ex(x + 1)G(ty, x) dx,
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dD*
S(TD) n(ry) =)
t
n—oo (€P¥, Q(tD)>1/p_1
H
<ex7 Q(TD»

px 1/p
G ,Q(ID))Z /exG(rD,x)dx,
R

/ e’*G(tp, x)dx
R

(e*,0(tp))
dS*(ts)
— v (5" — 75)
(v.0(zs))
g 67/ G(ts, x)dx
(e*, 0(zs))
ol.0(z5))
X
——2/ ¢* G (tg, x) dx,
(e*,0(ts))” JR
where S5t 9P 8" (1) e given by (5.13), (5.14), (5. 13), whil :® o,

rgl), D, ré ), g are the hitting times of H(-) —logn, H*(:), n o Dp(-), D;‘,(-),
nS(-), $*(-), respectively.

REMARK 5.6. It is worth mentioning that the process of push-forwards of
0p(t), t > 0 under R(z,-), t > 0, respectively, has appeared previously in [19]
under the name “asymptotic weighted capital measure.” Therein, it plays a cru-
cial role in the analysis of the long-term behavior of the capital distribution in
large rank-based models. Remarkably, a monotonicity assumption on b + %2, as
in Proposition 5.4, also appears in [19]. In [19], Corollary 1, it is shown to imply
the monotonicity in p of the limiting (as n — oc0) long-term growth rate of the
portfolio generated by D (-). As our proof of Proposition 5.4 below reveals, the

assumption of an increasing b + %- ensures that the limiting market diversity, as
measured by H*(-), D*( ), pE (O 1) or $*(-), is decreasing in time, sometimes a
desirable modeling assumption.

We prepare the following continuous version of Chebyshev’s sum inequality for
the proof of Proposition 5.4.

LEMMA 5.7. For all v € M1(R) and increasing functions f, g on R inte-
grable with respect to v,

(5.15) (fg,v) = (f.v)(g V).

PROOF. Since g is increasing, there exists an xg € R such that g(x) < (g, v) if
x < xpand g(x) > (g, v) if x > xo. By distinguishing between x < xp and x > xg
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and using that f is increasing, we deduce

(5.16) f@)(g(x) = (g.v)) = f(x0)(g(x) — (g.v)), x€eR.

Integrating both sides with respect to v and rearranging we arrive at (5.15). [
We are now ready to present the proof of Proposition 5.4.

PROOF OF PROPOSITION 5.4. We recall the notation A; = b(R(¢, -))% +

"(R(’ ))? d <, t>0and that, for any f € &,

(5.17) (f.e0)={£.00) = [ [Af.e@)ds. 120

(cf. (4.34)). Due to the boundedness of b, o (cf. Assumption 1.1(b)) and f € &
the dominated convergence theorem implies that the function s — (A f, o(s)) is
continuous on [0, c0), and thus,

d(f, o))
(5.18) fd—f ={Af.o). 120,
Therefore, in the setting of Theorem 1.5,

de;fl

..... @) _ ¢
(5.19) o Z T1i;: i i (@O) A fj 0(0), 120,
To obtain the differential equatlons (5.13), (5.14) and (5.15) it suffices to insert
into (5.19) the formulas from (5.7), (5.8) and (5.9), respectively, and to simplify
the result.
Supposing, in addition, that b + %- % is increasing we can first employ Lemma 5.7

with v = 01 (1), f(x) =x and g(x) = b(R(t, x)) + ZRED (6 find

LS
)20, iz0,

(5.20) OV, (1) (x, b(R(1,")) +

Consequently, we read off from (5.13) that

dH*(¢ 1
()_—— m1n cr(r)2 t>0,
dr 2 rel0

so (1.12) must hold for all a € (—o0, H *(0)], and the conclusion of Theorem 1.5
applies to the hitting times of such a by H () — logn.
2
Now, we take v = 0,(1), f(x) = b(R(t,x)) + M and g(x) = e(1=P)x,
with p € [0, 1), in Lemma 5.7 to get

R(t,-))?
<b(R(t, ) + W Ql(f)>

2
z<b(R(t,-))+M,gp(t)>, t>0.

(5.21)

(5.22)
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The values of p € (0, 1) and p = 0 reveal

dlog D* (-) 1—p
P _ 2
o < > rg[%n o(r)”, pe(0,1) and

dlog S*(- 1
L()S__ mln O'(r)z
dr 2 rel0

respectively, yielding the remaining assertions. [

(5.23)

REMARK 5.8. A verification of the conditions in (1.12) beyond the setup in
Proposition 5.4 seems to require information on g(-) or, equivalently, R that needs
to be deduced on a case-by-case basis. This is possible, for example, when (1.3) is
of the special form

(524)  dX" (1) = (2C1 Fyu ) (X (1)) + C2)dt + 0 dB (1), i=1,2,....n

for some C; # 0, C» € R and o > 0. Indeed, then the Cauchy problem for the
porous medium equation (1.5) reduces to the one for the generalized Burgers equa-
tion

0_2
(5.25) R =—(CiR*+ C2R)  + - Rux, R(0,) = F,.(-).

The solution of the latter is provided by the Cole-Hopf transformation R =
2C1 5 (log @), where @ is the solution of the Cauchy problem for the heat equation

2

+ 7¢xx» @0, x

For any fixed A € M1(R) (perhaps retrieved from the observed market capitaliza-
tions), ¢ is given explicitly by a convolution with the heat kernel, and one can
check if the conditions in (1.12) are valid for the resulting o(-) = R, (-, x) dx.

(5.26) 0 = —Corpy )= e_z(rTlf(;( Fy(y) dy.

5.3. Performance of functionally generated portfolios. This last subsection is
devoted to a discussion of the performance of multiplicatively and additively gen-
erated portfolios 7 %% and ¥t , as defined in the Introduction. We focus initially
on their associated nondecreasmg excess growth processes

1< x,x,(u())
) Zfom dlpi, uj1(¢-), >0 and

(5.27)
) Zf wxy () dlp, 1), >0

l]l

which enter the value processes V‘TJ; *(+) and V‘T"“L (+) relative to that of the market
portfolio w(-) according to (1.16) and (1.17), respectively. Under the assumptions
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in (1.21), as well as (1.22) or (1.26), respectively, the former obey the concentra-
tion of measure estimate from [16], Corollary 8 (note the symmetry of U due to
(1.20), (1.18); the strong law of large numbers for the process w(-) in [2], equation
(4.5); and that the derivation of [16], Corollary 8, for multiplicatively generated
portfolios carries over mutatis mutandis to the case of additive generation).

PROPOSITION 5.9. Suppose the assumptions in (1.21), as well as (1.22) or
(1.26) are satisfied for some n € N. Then, for all r,t, e > 0 and in the notation of
Corollary 1.8, Remark 1.10,

]P( 1 ! "Ijxixj (:U“())

- il Al i) <r* —
2% 2 Ty A0 = r)

(5.28)
- ‘ die ™ e
or
R r .
¥ 2t Z /0 \pxixj (“(‘))d[ui, wil() <rt —r
(5.29) i,j=1
< ‘ dK—(n) e_C+(l’,8)l
= dz™ | 2 ,
respectively. Hereby,
c(re)
L minlfjfn—l(zijzl b(rl—l) — % l’_’:] b(;_))Z
B 2—2cos
(&
-max| ——=,
(C+)2

’,.2
4 + ( 1 —1)),
ele+v7) \/ T e+ o) Zmax(ICH1], |CHY))2

with Ct, Ct1, CHV and v* being the overall expression, the essential supre-
mum, the essential infimum and the variance under ¢ of the expression inside
the essential supremum in (1.26).

If, in addition, Assumption 1.1 holds, one can combine Proposition 5.9 with
Theorem 1.4 by using the union bound and obtain, for all r, s, ¢, ¢ > 0, the perfor-
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mance estimates

P V\T/;x(t) < jJ;fl,...,gEQ((l;)))))— s/\/ﬁe(rxr)t)
n
(5.30) .
[ d —cX(r,e)t
: qD(S/Xt)(l * 0”(1)) * H d{(n) L2(¢m)
or
P(V\Tfﬁ-(t) <1+Tsp,.. 1 (00) —5//n— ﬁ}(“(o)) + (T = 1))

(5.31) B e

< @/ +on(D) + Hﬁ L2(¢™) e

respectively, where @ is the standard normal tail cumulative distribution function,
X 1s the standard deviation of the time ¢ value of the Gaussian process on the right-
hand side of (1.11) and o, (1) is a quantity tending to 0 as n — co. Complementary
to the performance estimates (5.30), (5.31) for fixed times, Corollary 1.8, which is
proved next, provides a bound on the random time it takes to reach the desired
performance.

PROOF OF COROLLARY 1.8. Our starting point is the observation that

£

(5.32) P(n™* >t +s/4/n) < IP’(n‘T"X > t(”)) +P(r™ >t +5/4/n).

By the definition of ¥, the first of the latter two summands is less or equal to

IP’(V‘TJ;X(I(”))< a e(rX—r)(r—s/ﬁ))

= W (u(0)
(5.33) n ™
1 T lIJ)C,’Xj(/J'(')) ) . X _
- (‘z,-,jzlfo TTaoy Wm0 == W))

(recall (1.16) and \TJ(,u(r(”))) = a). Since the excess growth process is nondecreas-
ing, the probability on the right-hand side of (5.33) is at most

P(z™ <t —s/vn)
(5.34)

1 &L oSV Wy (() y
(3 5 T S et <=1}

Using (1.14) for the second summand on the right-hand side of (5.32) and the first
summand in (5.34), then (5.28) for the second summand in (5.34) we get (1.24).
O
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