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Abstract: The paper is concerned with the nonparametric statistical es-
timation of linear spectral functionals for Lévy-driven continuous-time sta-
tionary linear models with tapered data. As an estimator for unknown
functional we consider the averaged tapered periodogram. We analyze the
bias of the estimator and obtain sufficient conditions assuring the proper
rate of convergence of the bias to zero, necessary for asymptotic normality
of the estimator. We prove a a central limit theorem for a suitable nor-
malized stochastic process generated by a tapered Toeplitz type quadratic
functional of the model. As a consequence of these results we obtain the
asymptotic normality of our estimator.
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1. Introduction

In spectral analysis of time series the data are frequently tapered before calcu-
lating the statistics of interest. Instead of the original data {X(¢), 0 <t < T}
the tapered data {h(t)X(t), 0 <t < T} with the data taper h(t) are used for all
further calculations. Benefits of tapering the data have been widely reported in
the literature. For example, data-tapers are introduced to reduce leakage effects,
especially in the case when the spectrum of the model contains high peeks. Other
application of data-tapers is in situations in which some of the data values are
missing. Also, the use of tapers leads to the bias reduction, which is especially
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important when dealing with spatial data. In this case, the tapers can be used
to fight the so-called “edge effects”.

Much of statistical inferences about the spectrum based on tapered data are
concerned with the discrete-time stationary models (see, e.g., Brillinger (7], R.
Dahlhaus [9, 10], R. Dahlhaus and H. Kiinsch [11], Guyon [25], and references
therein).

In this paper, we study the problem of nonparametric estimation of linear
spectral functionals based on tapered data, in the case where the underlying
model is a Lévy-driven continuous-time stationary linear process with possibly
unbounded or vanishing spectral density function.

The model. Let {X(¢t), t € R} be a Lévy-driven, real-valued, continuous-time
stationary linear process defined by

X(t) = /Ra(t — $)&(ds), (1.1)

where a(-) is a function from L?(R), and £(t) is a Lévy process satisfying the
conditions:
E&(t) = 0, E€2(1) = 1 and E€*(1) < oc.

A Lévy process, {£(t), t € R} is a process with independent and station-
ary increments, continuous in probability, with sample-paths which are right-
continuous with left limits (cadlag) and £(0) = £(0—) = 0. The Wiener process
{B(t), t > 0} and the centered Poisson process {N(t) —EN(t), ¢t > 0} are typ-
ical examples of centered Lévy processes. In the case where £(t) = B(t), X (t) is
a Gaussian process.

Notice that the covariance function r(t) of X(¢), which is an even function
(r(—t) =r(t)), is given by

r(t) =EX(t)X(0) = / a(t + z)a(z)de, (1.2)
R
and it possesses the spectral density
FO) = =P = = / I (1.3)
2T 21 | Jr ’ ' '

The functions r(t) and f(\) are connected by the Fourier integral:

fo) = i/e—mr(t)dt, AeER. (1.4)

27 Jr
The function a(-) plays the role of a time-invariant filter.

Processes of the form (1.1) appear in many fields of science (economics, fi-
nance, physics, etc.), and cover a large class of popular models in continuous-
time time series modeling. For instance, the so-called continuous-time autore-
gressive moving average (CARMA) models, which are the continuous-time ana-
logs of the classical autoregressive moving average (ARMA) models in discrete-
time case, are of the form (1.1) and play a central role in the representations of
continuous-time stationary time series (see, e.g., Brockwell [8]).
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The nonparametric estimation problem. Let {X(t), t € R} be a centered sta-
tionary process with an unknown spectral density f(A), A € R. We assume that
f(X) belongs to a given (infinite-dimensional) class F C LP := LP(R) (p > 1) of
spectral densities possessing some specified smoothness properties. The problem
is to estimate the value J(f) of a given functional J(-) at an unknown “point”
f € F on the basis of the observed data {X(t), 0 < ¢ < T}, and investigate the
asymptotic (as T — oo) properties of the suggested estimators, depending on
the dependence structure of the model X (¢) and smoothness structure of the
“parametric” set F.

This problem for discrete time stationary Gaussian processes has been consid-
ered in a number of papers. We cite merely the papers Dahlhaus and Wefelmeyer
[12], Ginovyan [15, 19], and Ibragimov and Khas’minskii [26, 28], where can be
found additional references.

For continuous time stationary Gaussian processes the problem was studied
in Ginovyan [16, 17, 18, 20, 21], where efficient nonparametric estimators for
linear and some nonlinear smooth spectral functionals were constructed and
asymptotic bounds for minimax mean square risks of these estimators were
obtained.

The problem of construction of consistent and asymptotically normal non-
parametric estimators for linear and some nonlinear smooth spectral functionals
in the case where the underlying model X (¢) is a Lévy-driven continuous-time
stationary linear process defined by (1.1) with possibly unbounded or vanishing
spectral density function has been studied in Ginovyan and Sahakyan [23].

In this paper we are interested in nonparametric estimation of spectral func-
tionals J(f) based on tapered data:

{hr()X (), 0<t<T}, (1.5)

where hr(t) := h(t/T) with a taper function h(-) satisfying assumption (T)
below.

We assume that the estimand functional J(f) is linear and continuous in
LP(R), p > 1. Then J(f) admits the representation

J=J(f) = / F)gN)dA, (1.6)

where g(A) € LY(R), 1/p+1/q¢=1.

The estimator. As an estimator for functional J(f), given by (1.6), we consider
the averaged periodogram (or a simple “plug-in” statistic) based on the tapered
data (1.5). To define the estimator, we first introduce some notation.

Denote by Hy, 7(\) the continuous-time tapered Dirichlet type kernel, defined
by

T
Hor(\) = / BE (t)e= Mt — / BE ()e= M dt. (1.7)
R 0
We set

Hy = /1 h*(t)dt, (1.8)
0
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and assume that Hy # 0.
Define the finite Fourier transform of the tapered data (1.5):

dh(\) = /OT ho(t) X (t)e " dt, (1.9)

and the tapered continuous periodogram I()) of the process X (¢):

B0 = g (-

1

T
:—/ ho () X (t)e ™™ dt
CT 0

T T
= CLT/O /0 hy () hp(s)e ™ =) X (£) X (s)dtds, (1.10)

where

T
CT = 27TH27T(0) = 27‘(’/ h%«(t)dt = 27T'H2 T 75 0. (1.11)
0

Notice that for non-tapered case (h(t) = 1), we have Cr = 27T

An estimator J2 for functional (1.6) based on the tapered data (1.5) is defined
to be the averaged tapered periodogram (or a simple “plug-in” statistic) defined
by

o= )= [ Bovgar

R

1 /T T
= —/ / hr(t)hr(s)b(t — s) X (t) X (s) dt ds, (1.12)

CrJo Jo
where Cr is as in (1.11), and b(¢) is the Fourier transform of function g(\):
b(t) = G(t) = / ¢Mg(Nd, ¢ €R. (1.13)
R

We will refer to g(\) and to its Fourier transform b(t) := g(t) as a generating
function and generating kernel for the functional J2, respectively.

Notation. Given numbers p > 1, 0 < a < 1,7 € Ny := NU{0}, weset 8 = a+7r
and denote by H,(8) the LP-Holder class, that is, the class of those functions
¥(A) € LP(R), which have r-th derivatives in LP(R) and with some positive
constant C satisfy

19T+ h) =D Ol < Clh|*.

Throughout the paper the letters C, ¢ and M are used to denote positive
constants, the values of which can vary from line to line. Also, by I4(-) we
denote the indicator of a set A C R.

The paper is structured as follows. In Section 2 we state the main results of
the paper (Theorems 2.1 - 2.3). In Section 3 we give a number of preliminary
results that are used in the proofs of main results, and also represent independent
interest. In Section 4 we analyze the bias of the estimator J%, and prove Theorem
2.1. In Section 5 we study the asymptotic distribution of a stochastic process
generated by a tapered Toeplitz type quadratic functional of a Lévy-driven
continuous-time linear process, and prove Theorems 2.2.
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2. Main results

In this section we state the main results of this paper, involving bias rate conver-
gence theorem, a central limit theorem and asymptotic normality of the estima-
tor JI. To this end, we first formulate conditions on model, generating function
and taper function needed to state the results.

(A1) The filter a(-) and the generating kernel b(-) are such that

a(:) € L*(R) N L*(R), b(-) € LY(R) (2.1)
with 5 1 s
1<pqg=<2, 54‘525 (2:2)

The spectral density f and the generating function g satisfy one of the fol-
lowing conditions.

(A2) f,g € L*(R)N L?(R) and g is of bounded variation.
(A2) f € Hp(B1), fr > 0, p > 1 and g(\) € Hy(Ba), B2 > 0, ¢ > 1 with
1/p+1/¢g=1and By + B2 > 1/2.
(T) The taper h : R — R is a continuous nonnegative function of bounded
variation and of bounded support [0, 1].

Our first theorem controls the bias E(J%) — J and provides sufficient con-
ditions assuring the proper rate of convergence of bias to zero, necessary for
asymptotic normality of the estimator J%. Specifically, we have the following
result, the proof of which is given in Section 4.

Theorem 2.1 (Bias). Let the functionals J := J(f) and J& := J(I}) be defined
by (1.6) and (1.12), respectively. Then under the conditions (A2) (or (A2') and
(T) the following asymptotic relation holds:

TY2[E(JE) —J] =0 as T — cc. (2.3)
The next theorem contains sufficient conditions for functional J% to obey the
central limit theorem (CLT), and is proved in Section 5.

Theorem 2.2 (CLT). Let J := J(f) and J}: := J(I}) be defined by (1.6) and
(1.12), respectively. Then under the conditions (A1) and (T) the functional J}
obeys the central limit theorem. More precisely, we have

T2 [Jh—E(JR)] S0 as T — oo, (2.4)

where the symbol 4 stands for convergence in distribution, and 7 is a normally
distributed random variable with mean zero and variance oi(J) given by

2

o2(J) = dre(h) /R PP + rae(h) [ /R f(A)g(/\)d/\} . @25)
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Here k4 is the fourth cumulant of £(1), and

e(h) == ]IZ; = /01 R (t)dt (/01 hQ(t)dt> _2. (2.6)

Taking into account the equality
TV [ Jh — J) = TY2 [E(J}) — J) + TY2 [Jh - E(J})] (2.7)

as an immediate consequence of Theorems 2.1 and 2.2, we obtain the next result
that contains sufficient conditions for a simple “plug-in” statistic J (Iéﬁ) to be
an asymptotically normal estimator for a linear spectral functional J(f).

Theorem 2.3. Let the functionals J = J(f) and J% := J(IL) be defined by
(1.6) and (1.12), respectively. Then under the conditions (A1), (A2) (or (A2')
and (T) the statistic J is an asymptotically normal estimator for functional J.
More precisely, we have

T/? [J% —J] < n as 1T — oo, (2.8)

where 1 is as in Theorem 2.2, that is, n is a normally distributed random variable
with mean zero and variance oi(J) given by (2.5) and (2.6).

Remark 2.1. Notice that if the underlying process X (¢) is Gaussian, then
in formula (2.5) we have only the first term. Using the results from Ginovyan
[17] and Ginovyan and Sahakyan [22], it can be shown that in this case the
conditions (A2’) and (T) are sufficient for Theorem 2.3 to be true.

Remark 2.2. The result of Theorem 2.3 under different more restrictive con-
ditions were stated in Avram et al. [2] (see also Sakhno [31]). For non-tapered
case (h(t) = I,1)(t)), Theorems 2.1-2.3 were proved in Ginovyan [20, 21].

Remark 2.3. One of the common used approaches to derive central limit the-
orems for random quadratic functionals is the method-of-moments (see, e.g., R.
Dahlhaus [9, 10], Avram et al. [2], and references therein). Taking into account
the complexity of computing the moments of multiple integrals with respect to
non-Gaussian Lévy noise (see Peccati and Taqqu [30], Chapter 7), it is not clear
how this method can be carried out for our model. In this paper, similar to Bai
et al. [3] and Ginovyan and Sahakyan [22], our proofs of the central limit theo-
rems are based on a new approximation approach which reduces the quadratic
integral form to a single integral form. This method can also be adapted to the
discrete-time case.

Remark 2.4. Notice that linear and non-linear functionals of the periodogram
play a key role in the parametric estimation of the spectrum of stationary pro-
cesses, when using the minimum contrast estimation method with various con-
trast functions (see, e.g., Anh et al. [1], Ginovyan and Sahakyan [23], Leonenko
and Sakhno [29], Sakhno [31], Taniguchi [32], and references therein). So, the
results obtained in the present paper can be applied to prove consistency and
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asymptotic normality of minimum contrast estimators based on the Whittle and
Ibragimov’s contrast functionals for Lévy-driven continuous-time stationary lin-
ear models with tapered data. The details will be reported elsewhere.

3. Preliminaries

In this section we prove a number of auxiliary lemmas involving properties
of continuous-time tapered Dirichlet and Fejér type kernels. Some of these
properties for discrete-time tapered case were proved in Dahlhaus [9], and for
continuous-time non-tapered case were established in Ginovyan and Sahakyan
[22].

An important role in our analysis of the above mentioned properties is played
by the function Lr(-) : R - R, T € R*, defined by

A for |t| <1/T
M@_{UMﬂHM>UT (3.1)
The function L (t) possesses a number of interesting properties, allowing to
estimate the cumulants of functional J% defined (1.12) (see Dahlhaus [9] for
discrete-time case, and Eichler [13] for continuous-time case). In this paper we
will use the following property of function Lp(t).

Lemma 3.1. Let m=0,1,..., and

. )1 for |t <1
L(t) := Ly(t) = {1/|t| for 1] > 1, eR (3.2)
Then for u € R we have
Qu) == / L()L(t +u) In™(2 + |t))dt < M In™ (2 + |u|)L(u), (3.3)
R

where M is a constant depending on m.

Proof. For |u| <2 we have

1
lnm3/ dt+/ ——— 1In""(2 + |¢|)dt
t]<3 >3 [t +u)]

1 . m
M+MA ﬁm@+mW§Mm+W+MMM~@®

IN

Q(u)

IN

In the case when |u| > 2, we can write

In"™(2 + |t In"™(2 4+ |t
Qw = [ M, [ e,
<1 t+ul [t4u|<1 |t]

n™@2+t) ,
+ /|t|>1, rulol Wdt = Ql(u) + Q2(U) + Qg(u) (35)
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Now we estimate the functions Q;(u), ¢ = 1,2,3. Assuming, without loss of
generality, that u > 2, for Q1 (u) we have

L n™(2 M
Q1(u) = [1 - t(++u|t|)dt <—< MIn™ (2 + |u|)L(u). (3.6)

Similarly, for Q2(u) we get the estimate

Qo(u) < MIn" (2 + |u]) L(u). (3.7)
For Q3(u) we have
—u—1 0 1™ 2
/ / / n + |t| In™ @2+ It)
—u+1 1
= Qa1(u) + Q32(u) + Qa3(u ) (3.8)
We have
Qsi(u) < / In (t+u+2)dt§1n 3u/ Yoo M/ n——i—u)dt
1 t(t+ u) u 1 (t+ u)?
m+41 [e%e] m—+1
< Mln u+M In™ tdt<M1n U
2u u
< MW"M2 4 |ul)Lu). (3.9)
Similarly,
Qs3(u) < M In™ (2 + |u|)L(u). (3.10)
Finally,

u+1 In™ ¢t 1nm+1 U
< dt < < MIn™t(2 L(u). 3.11
Qun) < [ i< T <M L), (1)
Combining the inequalities (3.4)— (3.11) we obtain (3.3).
Lemma 3.1 is proved. O
The next two lemmas contain some properties of the Dirichlet type kernel

Hy, 1 (X\) defined by (1.7). The next assertion is the continuous analog of formula
(4) in Dahlhaus [9].

Lemma 3.2. The function Hy (X)) defined by (1.7) satisfies the following iden-
tity:
/ Hiyr(AN—w)H;r(u—p)du =2rHgyjr(A—p), ApeR. (3.12)
R

Proof. Without loss of generality we assume that ¢ = 0, and observe that H, 1 €

L2(R). Hence by (1.7) we have Hyr(¢) = 2nhki(—C) and Hyr(h—-)(¢) =
27Th’§~(§)e*i)‘c, where § is the Fourier transform of g. Hence using Plansherel’s
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identity, we get
1 . »
[ Her =0y = 5-Cr? [ QRO

271_/ hl]cj—j(oe—“\cdg =2mHpyj1(N),
R

and the result follows.
Lemma 3.2 is proved. O

Lemma 3.3 (sec Eichler [13]). Let the functions Hy r(-) and Lr(-) be defined by
(1.7) and (3.1), respectively. Then for all k € N and a constant C}, independent
of T, the following inequality holds:

|Hy, 7 (A)| < Ck Lr(N). (3.13)

Proof. Since the taper function h is assumed to be of bounded variation, then
denoting by V'(h) the total variation of h, we can write

J

m 1 _ _
|Hyr(V)] < = /‘h’“ = B* (1= )| dt < SRV ORRIATL (315)

k

[ 1t +w) — BE2)

i=1

dt < ||h|[*1V (h Z|ul| (3.14)

Therefore

Taking into account that |Hy 7()\)| < ||h]|% T, we obtain (3.13).
Lemma 3.3 is proved. g

For a number k (k = 2,3,...) and a taper function h satisfying assumption
(T) consider the following Fejér type kernel function:

Hr(u)

il = = o Uup—1) € RFTL 3.16
k,T(u) (Qﬁ)k_lHk’T(O)’ u (ula ) Uk 1) € ) ( )

where

Hr(u) :== Hyr(w) - Hip(ue-1)Hir Zuj , (3.17)

and the function Hy, r is defined by (1.7) with Hy 1(0) = T - Hy, # 0 (see (1.8)).
The next lemma shows that the kernel (I)ZT is an approximation identity.

Lemma 3.4. For any k = 2,3,... and a taper function h satisfying assumption
(T) the kernel @Z’T(u), u = (ug,...,ur_1) € R¥"1 possesses the following
properties:

a) supps ka 1 ‘(I)ZT( )‘ du = C} < oo,
b) ka 1 kT( u)du = 1;

c) limy_ oo f]Eg @k,T(u) du=0 for any § > 0;
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d) If k > 2 for any § > 0 there exists a constant My > 0 such that for T > 0

h
||q)k,THka(]E§) < M57 (318)
where p = % for k>3, p3 = 00 and
E§ = R* 1\ Es,

Es = {u= (up,...,up_1) ERF1: |u| <6, i=1,....k—1}.

e) If the function ¥ € LY(R*=1) " LF=2(R*~1) is continuous at v = (vy,. ..,
vp—1) (L° is the space of measurable functions), then

lim U(u+ v)@Z’T(u)du = U(v). (3.19)

T—oo Jre—1

Proof. We start with a). Observe that by (1.7),
Hip(\) = / h(%)e‘“tdt =T / h(t)e Tt dt = Th(TN), (3.20)
R R

where h is the Fourier transform of h. Hence, in view of (3.17), we can write

/ \Hr(w)] du

Rk—1

= T’f/
Rk—1
REk—1

Since h is a function of bounded variation with support on [0, 1], we have

iL(T’LLl) s iL(Tuk,l)fAL(Tul + -+ Tuk,l)‘ d’LL1 s duk,1

E(ul) e ﬁ(uk,l)ﬁ(ul 4ot uk,l)‘ duq -+ -dug_1. (3.21)

‘ﬁ(u)‘ <M-L(u) for weR,

where L is defined in (3.2) and M is a constant depending on h. Taking into
account that Hy 7(0) =T - H, from (3.3), (3.16) and (3.21) we obtain

/Rk—l |<I>Z7T(u)| du

S M . |L(U1)L(Uk_1)L(U1 +~--—|—uk_1)|du1~--duk_1
Rk-1

<M s |L(u1) - -+ L(ug—2) L(uy + - - - ug—2)|
xIn(2 + |uy + -+ + ug—2|)duy - - - dug_o

<M s |L(u1) - -+ L(ug—3) L(uy + - - - ug—3)|
xIn?(24 Jug + - + ug_s|)duy - - - dug_s
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< M/ }LQ(u1)| In*2(2 + |uy |)du; < oo, (3.22)
R

and the assertion a) is proved.
The assertion b) follows immediately from (3.12), (3.16) and (3.17).

To prove assertion c) we write

ehr@ls [+ [ e [ hrwldu = e
E§

|u1|>6 |u2\>5 \uk,1|>5
Using the same arguments as in (3.22), for s = 1,2...,k — 1 we get
Js <M ‘Lz(us)llnk72(2+\us\)dus —0 as T — oo,
|us|>T8

and the result follows.
To prove assertion d), we first observe that by (3.13),

/ HY%(u)du < C'- TP=' and |Hy7(u)| <Cs for |ul>4d, T >0.
R

(3.23)
For k = 3 by (3.13) we have

SM(Sa (u17u2)EEg7

H H H
|<I>§,T(u1,u2)| _ ‘ 1,T(U1) 1,T(u2) 1,T(U1 + usg)

(27T)2TH3

since for any (u1,u2) € E§ at least two of three numbers |uq], |uz|, |u1 +uz| are
greater then §/3.
In the case where k > 4 we have

/“I’Z,T(u)‘pkdu < / @) (u)[™ du+ -

Juy|>6
+ / |@F ()| du=: I+ + L_1. (3.24)
|up_1|>0
We estimate I, the integrals Is, ..., I;_; can be estimated similarly. We have
I < |@f (W)™ du+ -+ / | @} 7 (u)[™ du
|ui|>8, |uz|>6/k [u1]>0, |uk—1|>d/k
+ {@ZT(uﬂpk du

lui]|>06, |u2|<8/k,...,|luk—1|<d8/k
= Lo+ ILis+ -+ 1. (325)
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According to (3.16) and (3.23), we have

Iy < Cs- T
X Hf,kT(U’Q) s Hi’}(uk—l)H%}(ul + .- +Uk_1)dU1dU3 s duk_ldug
luz|>6/k
1
< CéT(k—Q)(:Dk—l)—Pk / = dus < Ms. (3.26)
U
|u2\>5/k
Likewise, we get
s < Ms, s=3,4,....,k—1. (3.27)

Note that in the integral I x, we have |u; + - +ug_1| > 5 — 6(k — 2)/k > § /k,
and hence by (3.23) we obtain

1
Ilk S Cé/k . ﬁ / H{)’kj«(ul)Hf,kT(Ug)"'Hf,kT(Uk_l)d’UQ"'duk»_1dU1
[u1]>0
1
S M§ / ? dU1 S M(;. (328)

1
Juy]>6

From (3.24) — (3.28) we obtain (3.18), and thus the assertion d) is proved.

The assertion e) we prove for v.=0:= (0,...,0), in the general case one can
consider the function ¥(u) = ¥(u + v) with ¥(0) = ¥(v). By assertion b) of
the lemma we have

R} g = /Rg U (u)®} 1 (u)du — ¥(0) :/R [W(u) — U(0)]®} r(u)du. (3.29)

k—1

Next, for any € > 0 we can find § > 0 to satisfy
£

W)~ W) < &

for u € Es, (3.30)

where C is the constant from assertion a).
Now, if £ = 2 we have

< Ms

R e B TR

27)TH,

and hence, by assertions a) and c) of the lemma and (3.29), for sufficiently large
T we obtain

Rbg| < / + / 10 () — W(0)] [ @4 1 (u)| du
|u] <o |u|>6
5 M
< 5/ |<I>S7T(u)|du+%/ |\Il(u)|du+\\11(0)|/ |<I>§7T(u)’du
1JR R Ju|>6
< 3e.
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If £ > 2 we consider the decomposition ¥ = ¥y + WU, such that
€
[P g—2 < A and || V2|l < 00, (3.31)
5

where Mj; is as in assertion d). Applying assertions a) - d) of the lemma and
formulas (3.29) - (3.31) for sufficiently large T' we obtain

Rirl < [ ()~ (O] 2 () du + / |04 (u)] | @2 1 ()] du
s s

" /E () = 000 [# )| du < & [ (@] an

+

s [ )+ (11 +200) /|<1>” )| du < 3e.

This combined with (3.29) yields (3.19) for v = 0. Lemma 3.4 is proved. O

Remark 3.1. For nontapered case (h(t) = I(o,1)(t)), Lemma 3.4 was stated in
Ginovyan and Sahakyan [22] (see also Bentkus [4]). For discrete time tapered
case the assertions a)-c) and e) of Lemma 3.4 were proved in Dahlhaus [9].

4. The Bias. Proof of Theorem 2.1

In this section we prove Theorem 2.1, that is, we show that under the condi-
tions (A2) (or (A2') and (T) the bias E(JR) — J of estimator J2 satisfies the
asymptotic relation (2.3).

We first prove two lemmas.

Lemma 4.1. Assume that the conditions (A2) and (T) are satisfied. Then the
following asymptotic relation holds as T — oo:

//f 9O\ + )L (i) drdp = /f )dA+o(T*1/2), (4.1)

where ®f 1.(1) is given by (3.16).
Proof. We have

I = f(>\) (A + 1) @5 (1) dAdp

/ v ()i = 5 [ D8O, (4.2)
R
where
= [ I+ man Q) = FO0. ACeR (@)
According to (3.16) and (3.20) we can write

Hr(wHir(-p) T
27TTH2’T(0) 27TH2

MTu)h(~Tp) = ——o(Tp),  (4.4)

ph
2, r(p) = orH,

where Hy = fo R2(t)dt and ¢(¢) := h(¢)h(—C).
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Observe that for function g(X) := [, h( — A)dt we have ¢ = ¢ € L*(R).

Hence ) )
- = /R P(Q)eP4dC = 5 p(~N)

™

q(A)

and

@(¢) = 2mq(— —277/11 t+§dt—27r/h

Now, by (4.4) we have

. 1 1
¥ =g [ ntom (o4 5 )

and hence, by (4.2) and (4.3), we obtain

b= / f(03(0) / “(oyh (t+ %) dtdc.

Therefore, we can write

I — /Rf()\)g()\)dA = Iy — %/Rf(C)g(C)dc:
= 27T1H2 /R F(©a(¢) /0 1 [h(t)h (t+ %) - h%)] dtd¢
i e [ 5) s

L F(O#(0)d¢ =: Ry — R, (4.5)

27 Jigi>

Since by assumption g and h are of bounded variation, we have

OIS K= Q)| < K, /|ht+< Oldt < K|cl,  CeR,

<’

where the constant K does not depend on (. Hence, we have

/ FOldc + / |f<<>|d<]
[€|1<VT VT<|¢|ILT
1/2
112 <2ﬁ>1/2+{ / |f<<>2d<} TW] (4.6)
[¢I>VT

= O(T 1/2),

IN
|

IN
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and

IRy < K

1
—| d
[>T OC’ ¢

, 1/2 1/2
K{/|<|>T ‘f(g)‘ dc} {/|<|>T édc} - O(T_l/z) (4.7)

as T'— oo. Combining (4.5) — (4.7), we obtain (4.1).
Lemma 4.1 is proved. |

IN

Denote

h
A2T

9O\ + )L 1 (1) dAdp — /f )d)\’. (4.8)

Lemma 4.2. Assume that the conditions (A2') and (T) are satisfied. Then the
following inequality holds:

T-BitB2)  4f B+ By < 1
Abp <C T 'InT, if Bi+B=1 T>0, (4.9)
T_17 Zf 61 +62 > 1)

where C}, is a constant depending on h.

Proof. According to (3.16) and (3.17) we have

Hy r(p)Hy 7 (—p)

27T Hy(0) (4.10)

% (1) =

where Hy = fo h2(t)dt > 0. The following properties of the kernel <I> o follow
from Lemma 3.4, and formulas (3.13) and (4.10):

[@han=1 [ |ebg|de< T
R |ul>1
T, if 0<ax<l1
/ |®8 p(u)p|dp < Cp ¢ T 'InT, if a=1 (4.11)
<1 T-1, if a>1.

Since the function ®% (1) is even, we have

FOVGO + )l () ddys = / SO 1) g ()L () dAdp,
R2 R2

and hence, using the equality

[ 10yt = [ fO+ g+ . wek,
R R
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we get

2Nl = ] [ #0150+ - SO0 00+ — g N (012

Using Holder’s inequality from (4.12) we get

2y < / 108 ()] 1 () — FOze g+ ) — g lodp (413)

and hence by the conditions of the lemma,

Ap <C |‘I>’5,T(u)u51”32|du+CIIfHLPH9HLq/ | @5 ()| dp. (4.14)
ul<1 ul>1

From (4.11) and (4.14) follows (4.9).
Lemma, 4.2 is proved. (]

Remark 4.1. For nontapered case (h(t) = I(o,1)(t)), Lemma 4.2 was proved
in Ginovyan [17] (Lemma 4), (see also, Ginovyan et al. [24], Theorem 2.4). For
discrete-time tapered case it was proved in Dahlhaus [9] (Lemma 4).

Proof of Theorem 2.1. We first show that the expected value of the estimator
JI is given by formula:

where <I>37T(-) is defined by (3.16). Indeed, using (1.4), (1.12) and (3.16), we can
write
E(J}) = / / hr(t)hr(s)g(t — s)r(t — s)dtds

- CT / / hy (t)he(s) /R e g(\)dA /R e =3) £ () dp dt ds
_ / / ) /0 /OThT(t)hT(s)ei(’\“)(St)dtdsd)\dp
B CLT/ / g f (1) /OThT(t)e‘“*‘“)tdt2

_ CT//f 1) [Hyr O\ = p)[? drdp
/ / SN\ — p)dAdp,

and (4.15) follows. Thus, for the bias E(J2) — J of estimator J% we have

d\dp

E(J}3) —J = //f g+ )@k 7 )d)\du—/Rf(A)g()\)d)\. (4.16)
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Now, the asymptotic relation (2.3) under conditions (A2) and (T) follows from
(4.16) and Lemma 4.1, while under the conditions (A2’) and (T) it follows from
(4.16) and Lemma 4.2.

Theorem 2.1 is proved. O

5. A central limit theorem for tapered Toeplitz type quadratic
functionals. Proof of Theorem 2.2

In this section we study the asymptotic distribution of a suitable normalized
stochastic process {Q™(t),t € [0,1]}, generated by a tapered Toeplitz type
quadratic functional of a Lévy-driven continuous-time linear process X (t) given
by (1.1). We show that under conditions (A1) and (T) the process Qr(t) obeys
a central limit theorem, that is, the finite-dimensional distributions of the stan-
dard /T normalized process Qr(t) tend to those of a normalized standard
Brownian motion. Then, using this result we prove Theorem 2.2.

We will use the following notation. The symbol * will stand for the convolu-
tion:

(1 % 92) (u) = / o1 (1 — 22 (),

while the symbol * will be used to denote the reversed convolution:
()W = (7)) = [ pluta)ple)ds.

Also, we will use the following well-known identities:

F(p1xp2) = F(p1) - Flpz) and  F(pixpa) = F(p1) - F(p2), (5.1)

where F(h) := 1 denotes the Fourier transform of a function h.
Denote by Q% the tapered Toeplitz type quadratic functional of the process
X (t) from formula (1.12), that is,

QL —/ / hr(uw)hr(v)b(u — v) X (u) X (v) du dv. (5.2)

We are interested in the asymptotic distribution (as 7" — o0) of the stochastic
process {Q(t), t € [0,1]}, generated by the functional Q%:

Tt Tt
QL(t) = /O [ hr(whe ()X @)X @)dute, e D1 63)

The next theorem, which is the tapered version of Theorem 2.1 of Bai et
al. [3], contains sufficient conditions for the process {Q%(t), t € [0,1]} to obey
central limit theorem.

Theorem 5.1. Under the conditions (A1) and (T) the process Q(t) defined
in (5.3) obeys central limit theorem. More precisely, we have

Qh(t) == T2 (Qi(t) — EQh(t) ™% 0 (Q)B(t), as T = oo, (5.4)
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where the symbol fﬂ;' stands for convergence of finite-dimensional distributions,
B(t) is a standard Brownian motion, and

02(Q) = Hy /R 2K A (v) + ks K (v)] do, (5.5)

where Hy is as in (1.8), Ky is the fourth cumulant of £(1), and

Ka@) = ((@+0)2-a?) @),  Kp@) = (@) -a) ). (5.6)

We first introduce the notions of multiple off-diagonal (It6-type) and with-
diagonal (Stratonovich-type) stochastic integrals with respect to Lévy noise, and
briefly discuss their properties (see, e.g., Bai et al. [3], Farré et al. [14], Peccati
and Taqqu [30]). Let f be a function in L?(R¥), then the following off-diagonal
multiple stochastic integral, called It6-Lévy integral, is well-defined:

) = [ Forem)éde) . 6(dn), (.7

where &(t) is a Lévy process with E¢(t) = 0 and Var[{(t)] = O’?t, and the prime
" indicates that we do not integrate on the diagonals x; = z;, i # j.

The multiple integral Ig() satisfies the following inequality:
VS22 0) < HoZ )12 g, (5.8)

and the inequality in (5.8) becomes equality if f is symmetric:
HE (D7 200y = klo2* ) £l72 ) (5.9)

We will need a stochastic Fubini’s theorem (see Bai et al. [3], Lemma 3.1, or
Peccati and Taqqu [30], Theorem 5.13.1).

Lemma 5.1. Let (S, u) be a measure space with p(S) < oo, and let f(s,x1,...,
xy) be a function on S x R¥ such that

/ kfQ(S,xl,...,wk)dxl...dmku(ds) < 00,
s Jr

then we can change the order of the multiple stochastic integration I,f() and the
deterministic integration [g f(s,-)u(ds):

it =1 ([ s6s.utas).

The with-diagonal counterpart of the integral I,E( f), called a Stratonovich-
type stochastic integral, is defined by

IS(f) = N flaey, .. zp)é(de) ... E(dxy), (5.10)
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which includes all the diagonals. We refer to Farré et al. [14] for a compre-
hensive treatment of Stratonovich-type integrals I,f( f). Observe that for the

with-diagonal integral I ,f (f) to be well-defined, the integrand f needs also to be
square-integrable on all the diagonals of R* (see Bai et al. [3], Farré et al. [14]).

The with-diagonal integral I,f( f) can be expressed by off-diagonal integrals
of lower orders using the Hu-Meyer formula (see Farré et al. [14], Theorem 5.9).
We will only use the special case when k = 2, in which case we have

!
(5= [ eg(de)gden + [ fao)e®dn) + [ fads, G.00
R2 R R
where
ED(t) = EP(1) — BB (1) = €D 1) - |1, (5.12)
and £®)(t) is the quadratic variation of £(¢), which is non-deterministic if £(t) is
non-Gaussian (see Farré et al. [14], equation (10)). The centered process §£2)(t)

is called a second order Teugels martingale, which is a Lévy process with the
same filtration as £(t), whose quadratic variation is deterministic:

[€2(2), €2 ()] = kat,

where k4 is the fourth cumulant of £(1). For any f,g € L?(R), one has (see
Farré et al. [14], page 2153),

E [ [ f@e ) [ g<x>§9><dw>] — [ g (613

The decomposition (5.11) implies that

B () = [ f(aayie.

Consider now the following integrals, the first of which is an off-diagonal dou-
ble integral and the second is a single integral with respect to Teugels martingale

£ (1):

!

flanr2)g(do)g(doy) and [ g do).  (.10)
R? R
Notice that for any f € L*(R?) and g € L?*(R) the integrals in (5.14) are

uncorrelated (see Bai et al. [3]).
To prove Theorem 5.1, we first establish two lemmas. We set

h *i ! ! u v u—v)alu —x1)alv —x uav
Rﬂxl,xz)fﬁfo / o (u)h (0)b( — v)a(u — 21 )a(v — z2)dudv, (5.15)

and

h I 2
St(x1,22) = 7T /0 [hr (0)|* [(a * b)(v — z1)] [a(v — z2)] dv. (5.16)
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Lemma 5.2. Let RE(z1,72) and SH(x1,22) be as in (5.15) and (5.16) with
x1 # x9. Then under conditions (A1) and (T) the following assertions hold.

(a) We have

Wm ||S772 ey = Ha / Ka(u)du, (5.17)
T—o00 R
where K 4(+) is as in (5.6).
(b) We have
lim ||[R} — S%|z2(re) = 0. (5.18)
T—o0

(¢c) For any M > 0, there exists a function ci,(-,-) supported on [—2M,2M]?,
so that the function

1 T
S{,E,M(:z:l,zg) = ﬁ/o (v =z, v — x2)dv,
satisfies the relation:

hm limsup || R%: — S%,MHLZ(R2) =0. (5.19)

M—oo 7400

Proof. In the proof we use Young’s inequality for convolution (see, e.g., Bo-
gachev [6], Theorem 3.9.4), stating that for any numbers p, ¢, r satisfying 1 <
p,q, 7 < 0o and % = % + % — 1, and for any functions f € LP(R), g € LY(R) the
function f g is defined almost everywhere, f * g € L"(R), and one has

1 *gllr < [I£llpllgllq- (5.20)

In view of Riesz-Thorin theorem, without loss of generality, we can assume that
2 1 )

o) € LPR), B e L), —+= =3 (5.21)

Let p and ¢ be as in (5.21). Define the numbers ¢, ¢}, g2 to satisfy the following
equations:

1 1 1 2 1 2 1 1 1
S p =1 =S 1= =2 14— = - (5.22)
q1 q1 q1 p q1 qz q2 p q

(Going from the last to the first equality in (5.22), one can solve successively
for g2, ¢}, ¢1 and then verify using (5.21) that the first equality in (5.22) holds.)
To prove (5.17) observe first that
157122 z2)
—d [ [ P @ [ 1@ 0 - el 00 - )l

/ [a(vy — z2)] . [a(vy — x2)] dzodviduy
R
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_ l//|hT(v1)|2|hT(vg)|2((a*b)m-aw)(vl—Ug)dvldvg
_ —/|hT o2)|? /|hT vt u)?((ax D) - a*) (v)dvdvs

:T/R<(a*b) : *2 /|hT V2 (0 + v) |2dvady
:/R((a*b)wam (v)/o (1) P A% 4 o). (5.23)

Since h is a bounded and continuous function, we have by the dominated con-
vergence theorem, that

1
lim / W) PIR(L + w)Pdu=Hi,  veR. (5.24)
T— o0 0 T

On the other hand, by using Holder’s inequality and Young’s inequality for
convolution (see (5.20)), we can write (with Mp, = ||h]|s < 00)

180y < Mt [ ((alw )72 1al"2) () d
< Ml ), ol

Holder

< Myl(lal = [p)* g llally < Miylllal * [bIlI5, lall;

Young Young

< MyllalllIb]F < oo (5.25)

Young

Hence, by dominated convergence theorem, from (5.23) and (5.24) we obtain
(5.17).
Observe that similar to (5.25) we can prove that

IR 122 (gey < Millallpl1BII3. (5.26)
Next, we have
— St (w1, w3)

R%(Qfl,Z‘Q)
T T
_ % / / e (u) e (0)b(1t — v)a(u — 21)a(v — 2)dudy

\F / |he(0)|? b(u — v)a(u — 21)a(v — z2)dudv
= Nis /0 /0 [hr(u) — hp (V)] hp(v)b(u — v)a(u — z1)a(v — z2)dudv

1 T )
VT /o /R\[O,T] |hr(0)"b(u — v)a(u — z1)a(v — z2)dudv
= I%($17x2) - I%(xl,xQ), (527)
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Consider first the case when the functions a(-) and b(-) have compact support.
Assuming that supp b C [—M, M| we have

T
@uh@>f;w(ﬁ¥w)Mﬁ | 1btu = v)atu = a1)ae )] dud

oM\ M,
w( h)vr (lal * b)) (v — 22)lalv — 2)do,

where w(d, h) is the modulus of continuity of function h. As in (5.25) we can
show that

2M
15N L2re) < w <Th> Mpllaly|pllZ =0 as T — oc. (5.28)
For I2(z1,x2) we have

I%($1,$2) <

| /OT /TOo b(u — v)a(u — z1)a(v — x2)| dudv

M2
VT
2 T ,0
+ %/o[ |b(u — v)a(u — x1)a(v — z2)| dudv
_ M ' o u—v)a(u — x1)a(v — x2)| dudv
= [ [ = vatu—arate o) dud

M2
+ dv/ b(u — v)a(u — z1)a(v — x2)| dudv
¢T/ Da(w — )|

= I%,l(xlv-TQ) + IT_VQ(xl,LCQ).

‘We have

Mz T
1—72«71({1717!%2) < \/—% ; M/\b(u—v)a(u—xl)dm la(v — x9)| dv
Mmp (T
= —= al % |b])(v—x1) la(v — z2)]| dv.
/T T_M(l | [b])( 1) la( 2)|

Similar to (5.23) we obtain

]\/[2 *
1121 1325 < /T M/ (la] = [b])™ Ial*z)(m — va)dviduy
M2M * * MM
< ; /R (|a| % |b|) 2, |a| 2) (v)dv < hT”aH;laHng —0

as T — oo. Similarly, we get

HIT2‘,2||L2(R2) -0 as T — o0,

and hence
||IJ2“||L2(]R2) —0 as T — oo.
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This, combined with (5.27) and (5.28) proves (5.18).
In the case when the supports of functions a(-) and b(+) are not bounded, for
M > 0 we set

aule) = a(@)lyn(@), (@) = ale) — an(e),
by(x) = b(:c)l[_M M](:c), by () = b(x) — by ()

and define
1 T T
Riyr(onae) === [ [ he(he(basta = v)atu = 21)a(w - ao)dudo,
' VT Jo Jo

1 /7 )
Sj}\‘/I,T(xl,xg):ﬁ/O [hr (0)|* [(anr * bar) (v — 1)) [apr (v — @2)] dv.  (5.29)

In view of (5.15), (5.29) and the identity

baa — byraprap = (baa — byraa) + (baraa — byrapsa) + (bayrayra — baraprans)

= BMaa+bM&Ma+bMaM&M,

we have

Sh(x1,w2) — St (w1, 22)

_ 1/T/ |hr(u)]® [ba(u —v)a(u — 21)a(v — x2)

NG T M 1 2

+op(u —v)ap (u—x1)a(v — x2) + bar(u — v)ap (u — xq)an (v — arg)]dudv,
and similar to (5.25), we get
152 =Sk 72 may < My (11632 allp+10ar 2l an 2N allz+10ar 2l lans 3 lan7)

where the right-hand side does not depend on 7T'.
Since ||an||, — 0 and ||bas]lq — 0 as M — oo, one obtains

lim sup [|S% — Shy 7llz2e) = 0. (5.30)
M—o00 750 ’
Similarly, we get
lim sup ||[R% — R pllr2re) =0 (5.31)
M—o00 750 ’

which proves (5.18) in the general case.
To prove assertion (c) it is enough to set

ey (1, 22) = (apns * bar)(z1)an (x2), (5.32)
and use (5.18), (5.30) and the inequality
IR} — St a2 @2y < IR — SEllz2ee) + 157 — Starll2@2)-

Lemma 5.2 is proved. O
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The next result is similar to Lemma 5.2, where R? is replaced by R. We set

RM(z) = Riv(z,2) = % /0 /0 hr(w)hy(v)b(u — v)a(u — x)a(v — x)dudv
and . .
Sh(@) = Sh(a.a) = —= /0 b (0)[2(a * B)(v — 2)a(v — 2)dv,
where R%.(-,-) and SE(-,-) are as in (5.15) and (5.16) with 21 = 25 = .

Lemma 5.3. Let a(-) and b(-) be as in (2.1), with p and q satisfying

1<pq<2 —+->2 (5.33)

| IN
Q| =

Then under condition (T) the following assertions hold.

(a) We have
lim S22 ) = Ha / Kp(u)du, (5.34)
T—o00 R
where Kg(+) is as in (5.6).
(b) We have
lim ||R} — S} 2 = 0. (5.35)
T—o0

(¢c) For any M > 0, there exists a function d%(-) supported on [—2M,2M],
so that the function

1 T
Sh x:—/ d" (v —z)dv,
bl = o= [ i)
satisfies the relation:

lim limsup ||R}: — S% y/llr2®) = 0. (5.36)
M—=oo 7400 '

Remark 5.1. Obviously the condition (5.33) is implied by condition (2.2).

Proof of Lemma 5.3. The proof is similar to that of Lemma 5.2. We thus outline
the key steps of the proof omitting the details.

As in the proof of Lemma 5.2, in view of Riesz-Thorin theorem, without loss
of generality, we can assume that

2 1
Z4Z=2
P q

Define the number p* to satisfy the following equations:

111
=1, 1+—===4-. (5.37)

1
+— "
p P P q

"=
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To prove (5.34) observe that

8513 o) = / / b (02) 2l (v2)]?
X/R[(a*b)(vlfm)] [(axb)(vy —x)] [a(vy — )] . [a(ve — x)] dedvrdvg
- %/R/R|hT(u1)|2\hT(v2)|2((a*b).a)w(vl—w)dvldvg
=7 [ )P [ o+ )P (@) a) " (@)dvde
=7 [ (@s0)-0) @) [ ) Pltr o + o) Pdvado
_/]R((a*b).a)*z(v)/ol|h(u)2|h(;+u)|2dudv. (5.38)

Using Holder’s inequality and Young’s inequality for convolution (see (5.20))
and (5.37), we can write (M}, = ||h||co < 00)

*2
IS8y < M / ((axb)-a) ") dv < M| (la]« b)) - ol

< Myll(Jal = [pDI7

Holder Young

< Mjllall5[IBll < oo.

Using (5.24) and the dominated convergence theorem, from (5.38) we obtain
(5.34).

The proof of items (b) and (c) is similar to that of Lemma 5.2, and so is
omitted.

Lemma 5.3 is proved. O

Proof of Theorem 5.1. By (5.11) and Lemma 5.1 one can write
Qf = A3(t) + BH(1),
where

hogy /i e — - V—T2)audv x X
ap)= [ = [ [ hrthe(o)bu—o)a(umasato—r)dudo €(dan ().

and

Tt Tt
Bh(t) = /R % /0 [ b (@bt = vja(u— a)a(v - 2)dude?) (da).

(5.39)
Choosing cf,(z1,r2) as in Lemma 5.2 and setting

/ 1 Tt
A%M(t) = /R? ﬁ/o C?M(u —x1,u — x9)du &(dx1)E(dxs), (5.40)
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one has by (5.9) and relation (5.19) of Lemma 5.2 that
im limsup E|AL(t) — A%M(t)|2 =0, Vt>0. (5.41)

1
M—=o00 T 500

Choosing d%,(z) as in Lemma 5.3 and setting

1 Tt

Bl (t) = / —
T,M() - \/T 0
one has by (5.9) and relation (5.36) of Lemma 5.3 that

A% (u — 2)du €2 (dx), (5.42)

im limsupE|B}(t) — B}, (6)? =0, Vvt > 0. (5.43)

1
M—oco T 460

To complete the proof of the theorem, in view of (5.41) and (5.43), it is
enough to show that

Qs (8) = Al (8) + Bl () P25 0 i (Q)B(1) as T — o0 (5.44)

with o5, 0 (Q) > 0 satisfying

lim of ,,(Q) = lim Var[A%(1) + BE(1)] = 02(Q). (5.45)
M — o0 ? T—o00
To this end, observe first that by the stochastic Fubini Lemma 5.1, one has
. 1 Tt
Qrm(t) = Nall Yy (u)du,

where

2

Vi () = / ey — 4w — ) E(dry)E () + / dly (u— ) €O (d),

and §£2)(-) is the Teugel martingale defined in (5.12). Note that Y} (u) is inde-
pendent of the o-field generated by {£(s) : s < u—2M, s > u + 2M} since
ch/(+,) vanishes outside [-2M,2M]? and d”,(-) vanishes outside [—2M,2M],
implying that YJ\’} (u) is a stationary 4M-dependent process. Then the conver-
gence in (5.44) can be deduced from a classical central limit theorem for M-
dependent processes by combining the discretization argument in the proof of
Theorem 18.7.1 of Ibragimov and Linnik [27] and Theorem 5.2 of Billingsley [5].

To show (5.45), we first note that the random variables Ar(1) and By (1) are
uncorrelated. Hence by (5.9) and (5.17) with k& = 2, we have

Var[AL] — 2H, / Ka(u)du,
R
and by (5.9), (5.13) and (5.34) we obtain
Var[BY] — H4/<a4/ Kp(u)du.
R

This completes the proof of Theorem 5.1. O
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Proof of Theorem 2.2. We have to prove that
T2 [Jh— E(JR)] S~ N(0,07(])) as T — oo, (5.46)

where o7 (J) is given by (2.5) and (2.6).
Now we show that the relation (5.46) follows from Theorem 5.1. Indeed,
observe first that in view of (1.8), (1.11), (1.12), (5.2) and (5.4) we can write

TV g~ B = TY20: QY — E(QY))]
= I k- B = —L0h(). (547)
T 2rH,T YT T op |y *TV/0 A\

It follows from Theorem 5.1 that

Qr(1) =T (Q4(1) ~ EQ}(1) S m ~ N (0.07(Q) as T — %
5.48
where 07 (Q) is given by

02 (Q) = Hy / 2K 4(u) + ks Kp(u)] du. (5.49)
R

Next, using (5.1) and Parseval-Plansherel theorem, we can write (see Bai et al.

[3]):
/RKA(u)duz/R((a*b)”-a”)(u)du:87r3/Rf2(/\)g2(A)dA (5.50)

and

/RKB(u)du:/R((a*b).a)m(u)du:w URf(A)g(A)dAr. (5.51)

Therefore, in view of (5.47) and (5.49)-(5.51), we have

1
UfZL(J) = mai(@

= dme(l) [ PPN+ rse(h) [ / f<A>g<A>dA] L6

where e(h) is as in (2.6). Now the relation (5.46) with o7 (J) given by (2.5) and
(2.6) follows from (5.47), (5.48) and (5.52).
Theorem 2.2 is proved. O
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