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Abstract: In this paper, we propose a generalization of the subsampling
procedure for non-stationary time series. The proposed generalization is
simply related to the usual subsampling procedure. We formulate the suffi-
cient conditions for the consistency of such a generalization. These sufficient
conditions are a generalization of those presented for the usual subsampling
procedure for non-stationary time series. Finally, we demonstrate the con-
sistency of the generalized subsampling procedure for the Fourier coefficient
in mean expansion of Almost Periodically Correlated time series.
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1. Introduction

The subsampling procedure for non-stationary time series is very well investi-
gated (see Politis et al. (1999)). The sufficient conditions for the consistency
of subsampling in the non-stationary (and stationary) case were formulated in
the general case. However, in recent years, there have been a growing number
of new resampling methods for non-stationary time series. Almost all of them
are based on the Moving Block Bootstrap (MBB for short) method introduced
first by Kunsch (1989) and Liu and Singh (1992). The MBB procedure is an
extension of Efron’s i.i.d. bootstrap method to the time series case. Based on
MBB, several alternative methods dedicated to the stationary case have been
investigated (see Lahiri (2003)).

In the case of non-stationary time series, the examples of consistency of
resampling methods often concerns time series with periodic or almost peri-
odic structure in mean or autocovariance functions. Recall that the time series
{X:: t € Z} is called Periodically Correlated (PC for short) if a mean function
w(t) = E(X}) and autocovariance function cov(Xy, Xiy,) = B(t,7) exist and are
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periodic functions with the same period T" > 1, where the period T is taken as
the smallest integer such that conditions: u(t) = u(t+17), B(t,7) = B(t+T, 1)
hold for any t,7 € Z (see Gladyshev (1961) and Hurd and Miamee (2007)). To
recall from literature the next class of time series we start from the definition of
the almost periodic function. A real-valued function f(¢) : Z — R of an integer
variable is called almost periodic if for any € > 0 there exists an integer L. > 0
such that among any L. consecutive integers there is an integer p. with the prop-
erty sup,cyz | f(t+pe)— f(t)] < € (see to Corduneanu (1989) for more details). The
time series is called Almost Periodically Correlated (APC for short) if a mean
function and autocovariance function exist and are almost periodic in variable
t. The class of APC time series is used in many fields including telecommuni-
cations, econometrics (recently in Mazur and Pipieni (2012)) and many others
(see the review in Serpedin et al. (2005) and Gardner et al. (2006)).

The subsampling consistency was proved in many cases for time series with
PC and APC structures without any modification of the subsampling scheme. In
the paper of Lenart et al. (2008), the subsampling consistency for the magnitude
of Fourier coefficients for autocovariance functions in the PC case was proved.
The consistency of subsampling for a spectral density function in the APC case
was examined in Lenart (2011), while in Lenart (2013) and Lenart and Pipien
(2017), the consistency of subsampling for the Fourier coefficient in a Fourier
representation of the expectation function of an APC time series was proved in
univariate and multivariate case, respectively. In Dehay et al. (2014), the prob-
lem of consistency of the subsampling procedure for estimators in continuous
time non-stationary stochastic processes with periodic or almost periodic covari-
ance structures was investigated. The application of the subsampling method
for time series with PC and APC structures can be found in Lenart and Pipieni
(2013a), Lenart and Pipieni (2013b), and Lenart (2017).

There are several resampling methods based on the MBB procedure dedi-
cated to the PC and APC cases (see Dudek et al. (2014a), Dudek et al. (2014b),
Dudek (2015), Dehay and Dudek (2015), Dudek (2016), Dudek et al. (2016),
Dehay and Dudek (2017), and Dudek (2018)). The main motivation for inves-
tigating in the mentioned above literature a new resampling scheme based on
the MBB procedure for time series with a PC or APC structure is to adjust the
Moving Block Bootstrap procedure to the periodic or almost periodic structure
of the time series. This modification is desirable since the MBB procedure and
numerous modifications use the common idea of generating a new pseudo time
series. For example, in Dudek et al. (2014a), the so-called Generalized Seasonal
Block Bootstrap (GSBB) was motivated in the following manner: “When time-
series data contain a periodic/seasonal component, the usual block bootstrap
procedures are not directly applicable.” Unfortunately, in each case, the consis-
tency of resampling methods based on the Moving Block Bootstrap method are
proved individually because the general sufficient conditions for the consistency
has not been formulated.

Recently, Tewes et al. (2017) use the idea of self-convolution to define the new
resampling procedure called convolved subsampling. They proved the consistency
of this procedure for sampling distributions with normal limits. In particular,
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they proved the consistency of convolved subsampling for the mean of gener-
ally a-mixing sequence. Moreover, Tewes et al. (2017) shown the connection
of convolved subsampling to block bootstrap procedure in the case of sample
mean. They shown that by applying the convolved subsampling technique, some
results concerning block bootstrap consistency can be extend by substantially
weakening the assumptions.

Note that the subsampling procedure and methods based on the Moving
Block Bootstrap procedure are considered rather separately in the literature.
The main reason is that the idea of Moving Block Bootstrap is based on gener-
ation of a new pseudo time series, while in subsampling, each individual block
(or subsample) is taken under consideration to evaluate the estimator based
on that subsample separately. In the Moving Block Bootstrap procedure (or
modification), we calculate the estimator for a resampled pseudo time series.

The sufficient conditions for subsampling consistency presented for stationary
or non-stationary time series seams to be relatively weak in relation to the
conditions for consistency of methods based on block bootstrap and also for
convolved subsampling. Note that the consistency of convolved subsampling
implies the consistency of subsampling, but not necessary inversely. It is not easy
to find an example where the procedure based on block bootstrap is consistent
but the well defined subsampling procedure is not consistent. This is probably
due to the fact that subsampling does not require specific forms of statistics (for
example mean-like statistics) or asymptotic distribution (for example Gaussian).
This is one of the motivations for us to generalize subsampling procedure.

In this work, we generalize the subsampling procedure proposed by Politis
et al. (1999) (Section 2) and formulate the sufficient conditions for the consis-
tency of such a generalization (Section 3). We show that the generalized sub-
sampling is valid under weak assumptions which generalize these presented by
Politis et al. (1999) for subsampling (i.e., a-mixing assumption and assumption
requiring the existence of a non-degenerate limiting distribution for the sampling
distribution being approximated). Our generalization of subsampling procedure
brings the subsampling and usual Moving Block Bootstrap procedures together.
Finally, we demonstrate the consistency of this procedure for Fourier coefficients
in mean expansion for the APC case (Section 4) and show a short simulation
study (Section 5). Some preliminary results related to the presented results can
be found in Lenart (2016).

2. Generalized subsampling procedure

Let X1, Xo,...,X,, be a sample from a general non-stationary R" - valued time
series {X; : t € Z}. 6, € R® denotes the estimator (based on the sample
X1,Xs,...,X,) of the parameter of interest, & € R*®. Assume that we are
interested in approximating an unknown cumulative distribution function J,(+)
of

Tn(én _9)7 (21)
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where 7, is a normalizing sequence. The limiting cumulative distribution func-
tion of (2.1) is denoted by J(-). In the standard subsampling procedure, for a
non-stationary time series, the distribution of (2.1) is approximated on the basis
of the empirical distribution based on the following sample {én’b,l, én’b’g, R
én,b’n7b+1}, where én,b,t is the estimator én based on the subsample starting
at t (1 <t <n-—>b+1)and with length b = b(n) — oco. Let Jp+(-) be the
distribution function of Tb(én,w — 0). One of the sufficient conditions for the
consistency of the subsampling distribution is that for any Borel set A € R?®
whose boundary has zero mass, we have the following convergence:

1 n—b+1
b1 Z Jot(A) = J(A),
t=1

as n — oo. The stronger condition assumes that
Jo.t, (A) = J(A), (2.2)

as n — oo, for any sequence ¢, of positive integers (1 < ¢, < n—b+ 1)
and any Borel set A whose boundary has mass zero. Note that (2.2) means
that, uniformly at ¢, the cumulative distribution function of Tb(én,w —0) trends
to the limiting cumulative distribution function of (2.1). This condition plays
a central role in proving subsampling consistency. In this paper, we formulate
more general assumptions by taking into consideration more general subsamples
than in the usual subsampling.

We start from the definition of a so-called generalized subsample. To simplify,
consider the set of integers Spp = {1,2,...,¢ns}, where g, = n — b+ 1. By
B={B = (X;,Xi41,-- -, Xiyp-1): © = 1,2,...,qnp}, we denote the set of
all overlapping blocks. Take any sequence k = k(n) of positive integers and
the related vector Ty = (t1,ta,...,tk) € Sﬁ’b = Spp X Spp X ... X Spp with
length k (the so-called vector of starting points). Define the so-called generalized
subsample with the vector of starting points Ty € Sﬁ’b and total length kb via

Bb,".[';c :(th 5 Xt1+15 e ath—‘,-b—l; Xt27 Xt2+17 e 7Xt2+b—17 s
Btl Bt:Z

thath--i-lv s 7th+b—l)~

Bt

(2.3)

k

Remark 2.1. Note that the above definition of a generalized subsample cannot
be identified with a generated pseudo time series in the Moving Block Bootstrap
procedure or with a generated pseudo time series by MBB modifications dedi-
cated to the PC or APC case. Note that, if £ =1, By r, is a typical subsample
used in the classical subsampling approach. If k& = n/b, then the length of the
generalized subsample is comparable with the length of a pseudo time series in
the classical MBB procedure. However, in numerous modifications of the clas-
sical MBB procedure, the generating scheme restricts the possible shape of a
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pseudo time series to retain the structure of the time series (see, for example,
the generating scheme in GSBB introduced by Dudek et al. (2014a)). Summing
up, not all possible generalized subsamples B, T, are allowed by the MBB pro-
cedure, because in such a case we are restricted to the case k = n/b. In the
case of existing sophisticated modifications of block bootstrap we additionally
try to retain the structure of the time series. For example in GSBB procedure
the structure of subsample (or sample bootstrap pseudo-observations) is strictly
related to the length of the period for considered PC time series (see Step 1-3.
in Dudek et al. (2014a)).

Finally, OAM)’T,c denotes the estimator of § € R* based on such a general-
ized subsample. In our generalization, the construction of such an estimator (in
particular cases) plays a central role. The expected property of the estimator
én,b,Tk is the ability to estimate 6 (with the appropriate meaning) for any b, k
and vector of starting points Tj. For the APC time series case, the appropri-
ate estimators for the usual subsampling methodology were proposed in Lenart
(2013) (for Fourier coefficient estimator) and in Lenart (2011) and Lenart (2016)
for the case of spectral characteristics. In particular, for the estimator 8,5 T,
based on a generalized subsample, the following form can be proposed:

k
o 1 ~
Hn,b,(tl,tg,...,tk.) = E Za’n,b,(t]‘)' (24>
j=1

To explain how the estimator émb’Tk can be constructed, we present some illus-
trative examples, A-D, below. Example A corresponds to the stationary case,
while in the next examples, non-stationarity is assumed. To simplify, we assume
that r = s = 1 in the below examples.

A. Mean for the stationary case is § = E(X;). The estimator based on a
generalized subsample is

i 1 ¢ Ly
an,b,(tl,tzy---,tk) = E Z k_ Z
j=1 Jj=1

As an estimator of |0, we take |0An7b,(t17t2,_“7tk)|.

B. Fourier coefficients for the mean function in the APC case: E(X;) =
> m()e™* - an almost periodic function, where ¥ = {3 € [0,27) :
Pew

lim E LE(X;)e ™7 # 0} and m(¢) are complex numbers. For ¢ €

n—o00
Jj=

thrbfl
Y X,
t=t

J

[0,27), we define the estimator of 6(¢)) = m(y) based on a generalized
subsample via

tj

Hnybv(tlxtb”wtk)

?vIP—‘

k 1 k
=1 Y= 5

In the same manner, for parameter |0(¢)|, we define |én,b,(t1,t2,...,tk)(1/])|'

+b—1
E Xteiw.
t=t;
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C. Fourier coefficients for the autocovariance function in the APC case:
E(X;) = 0, cov(Xy, Xi4r) = B(X; Xy1r) = > a(\,7)e - an almost

AEA,
n

periodic function, where A, = {A € [0,27) : lim > %E(XijJrT)e—i)\j ”
0}, a(X\, 7) are complex numbers and 7 € Z. We define the estimator of
O(A, 7) = a(A, 7) based on a generalized subsample via (A € [0,27), T € Z)

! | (2.5)
= Z XtXt+7-1{1St+T§n}€ZAt.

In the same manner, for parameter |6(\, 7)|, we define \9n,b’(t1,t2w,tk) (A, 7).
D. Spectral density matrix estimator in the APC case (see Lenart (2016)).

Note that, in the resampling world the normalizing sequence 7.y that corre-
sponds to én,bﬂ"k may depend on both b and Tj. To explain this let us consider

Cntdn
the example A with k = 2 and assume additionally that \/d,, (5~ > X;—0)
" t=cntl
has non-generate normal limit N(0,02), where d,, is any sequence of positive
integers tending to infinity, as n — oo, and ¢,, is any sequence of nonnegative
integers (see for example Theorem 2.1 in Lenart (2013) in a more general case).

. b
If t; = to = 1, then By, = By, and hence V(0,4 (1,.0,) — 0) = Vb(3 3 X; — )
i=1

has the same normal limit N(0,02), as b — co. But if we consider ¢; = 1 and
to =n — b+ 1 then the normalizing sequence should be v/2b to provide conver-
gence of \/%(én’b,(thb) — 0) to the same normal limit N(0,02), as n,b — oo,
b/n — 0. Therefore, we introduce the notation 7, T, (rather than 7, as in the
usual subsampling approach).

In the definition of generalized subsample, three parameters play a crucial
role: the number of blocks k, the length of each block b, and finally the vector of
starting points for blocks, i.e., Ty = (t1,to, ..., tx). To introduce the generalized
subsampling (GS for short), we need to define the probability space in the
resampling world. In this section, we formulate the general assumptions for
the probability space in the resampling world, while in the next section, we
restrict our attention to some particular cases. In brief, we assume below that
the number of blocks k, the length of the blocks b, and finally the vector of
starting points can be random. Let by = by(n) and bs = ba(n) be two sequences
of the length of the blocks such that by — oo, by — 0o as n — oo and such
that by < by. Let k1 = k1(n) and ko = ka(n) be two sequences of the number
of blocks in a generalized subsample such that k1 < k. Finally, (b*, k*) denotes
the random vector with the support

BXK:{bl,b1+1,b1+2,...,b2} X {k17k1+1,1€1+2,...,]€2} (26)
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and with probability mass function denoted by pg ) = P*((b*,k*) = (b, k))
for (b,k) € B x K. Next, conditionally at (b*,k*) = (b,k) € B x K, let
T; = (t},t3,...,t;) be a random vector with the support Sfib and condi-

tional probabilities denoted by p(s, t,.....t0)(0,k) = PTr|(bk) = PF (T,’: =T €
Sﬁ,b (b*,k*) = (b,k) € B x K) Note that the vector (b*,k*, Tj.) has a ran-

dom length equal to k* + 2. For such a random element (b*, k*, T%. ), we denote
Dbk, Ty) = P*((b’ﬂk*,T,*C*) = (bJﬂ,Tk)).

In our generalization, we propose to approximate the distribution function
Jn(A) of (2.1) for any Borel set A € R® by the distribution function of the form

Ln,B,K,p(A) ES P* (Tb*’TZ* (én,b*,TZ* — én) c A)

= B (1{ ;. Buemy, —00) € AJ (X1, Koy, X))
(2.7)

which is equivalent to

Lnpxp(A) = Z Z Z P(b,k,T)1 {Tb,Tk (Onpr, —0n) € A}.

b1 <b<by k1 <k<kz TreSk ,
(2.8)

Remark 2.2. Note that
L,ekp(A) = Z Z Po.k) P (T, (én,b,T; —8,,) € A|(b*, k") = (b,k))

b1 <b<bs k1 <k<k2

= Z Z D(b,k) Z DTy (bk) L {Tb,Tk Bnpr, —0,) € A}

b1 <b<by k1 <k<ko TreSk

This means that L, B k,p(A) can be interpreted as a mixture of (by—bi+1) (ko —
k1+1) generalized subsampling distributions with fixed (b, k) and weights p 1.

Assume that for any b € B, k, k¥’ € K and for any vectors of starting points
, k
Ty = (t1,t2,...,tk) € S’,;,N Ty = (th,th, ..., t},) € Sﬁ,b such that | {¢t;} =
j=1

14 . .

U {t} we have 7, 1, = o1, and 6,1, = Gn,b,T;c,~ In such a case, the GS
=1

cumulative distribution function can be written as the following:

LuxpA) = Y 3 bamgt{mm, Ouor, —0) €A}, (29)

bl Sbgbg r]:*k2 GSkZb

with appropriate p’(b Te) depending on the probabilities p( i 1,)- The equality
» L ko

k K
ti} = t"} means that vectors (1, ta,...,tx) and (¢, t5,...,t.,) conation
J g 1592 k

j=1 j=1
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the same elements but not necessarily in the same order and with the same
multiplicity.
As a simple example, let’s consider constant sequences k1 = 1 and ky = 2

with the estimator 8, ; T, from above example A. In such a case for any fixed
A . I+b—1
b (by <b<by) and any I € S, we have 6, ;) = 0, 1) = % > X; and
t=l

hence 7, ;) = 74,(1,1- Then

LnBxp(A) = Z Z Z Dbk, Tx) 1 {Tb,Tk (0nb1, —0,) € A} :

b1<b<bs k1 <k<ks T eSF ,

> 2 peranl {Tb,m(én,b,(l) ~0,) € A}

b1 <b<by lESnyb

+ Z Z DPv,2,(1,w)) L {Tb,(z,w)(én,b,(z,w) -6, ¢ A}

b1<b<b2 (I, w)ES” b

Z Z b 2,(l,w) {Tb,(l,w) (én,b,(l,w) - én) S A} ;

b1<b<bs (Lw)€s? ,

where p’(b72,(l7w)) =DPo2,(w) + L =w}pe1,a)-

Example 2.1. Take ki = ko = 1 and by = by = b and a uniform distribution
for t] on S, ;. Assume that 7, ;) does not depend on t and that 7, () = 7.
In such a case, GS simplifies to the usual subsampling procedure examined in
Politis et al. (1999),

Lusxp(4) = B (1{rm,(Bny0) — 6a) € A} (X1, X, X))

n—b+1 (210)
1 ~ .
T n—b+1 tz_:l 1 {Tb(en,b,(tl) -0,)c A}.
=

As was mentioned in the example above, if by = by = b, k1 = ko = 1 and under
uniform distribution for ¢ on S, the GS reduces to the usual subsampling
procedure. We refer to that case as subsampling of order one (S(1) for short).
Generally, for any constant £ € N and with k&1 = ky = k and by = by = b
and under uniform distribution for T}, on S b+ We denote the GS procedure via
S(k) and call it subsampling of order k (wzth block length b) The distribution
function of S(k) procedure will be denoted by Ly, 5 &(-), i.

1 ~ A
Ln,b,k(A) == Z 1 {Tbka (en,b,Tk — On) S A} . (211)

qn,b TkESﬁ,b

Example 2.2. Take k1 = ko = 1 and a uniform distribution for ¢} (conditionally
on b*). Assume that 7, ;) does not depend on ¢ and that 7, ;) = 7. To simplify
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we write p, in place of p, 1). In such a case,

Ln,B,K,p(A) = Z Ll Z 1 {Tb(én,b,(t) — én) c A} (212)

b1<b<b2 tESnHb

is a mixture of by — by + 1 subsampling distributions of order one (each with
different b) with weights pp.

Example 2.3. (Non-overlapping generalized subsample) Take k; = ko = 2,
b1 = bs = b. In such a case, by a non-overlapping generalized subsample, we
mean that [t; —to| > b for any (t1,t2) € S}, ;. Elementary calculations show that
#{(t1,t2) € S2, : |t1 — ta] < b} = n+b(2n — 1) — b*. Note that in many cases
(for considered non-overlapping generalized subsample) it is natural to take
T, T, = Tab, Where Ty, is given by (2.1). Under a uniform discrete distribution
for T5 = (t7,15) on the set {(t1,t2) € S7 , : [t1 — t2| > b} we have ppo,) =

1
n2—n—b(2n—1)+b2 and

1
n?—n—>5b(2n—1)+ b2

S B, -0 € A}, (2.13)

T2€Si,b:‘t1*t2‘>b

Ln,B,K,p(A) =

Assume that, for each pair of sets {t1,%2}, {t], 15}, such that {t1,t2} # {t], 15},
the estimator @,,; (. has a different value. Then, the number of point masses
in such a case equals (n? —n — b(2n — 1) + b2)/2!. Recall that, in the usual
subsampling methodology, there are n — b + 1 possible different point masses.

Remark 2.3. Tewes et al. (2017) introduced an excellent idea of convolved
subsampling. To compare this idea with generalized subsampling we unify the
notation. We identify k£ in our work with k,, from Tewes et al. (2017) and ¢,
with IV,,. The convolved subsampling estimator C), 1, (z) of distribution function
proposed by Tewes et al. (2017) can be expressed as

Crr. () = PH(Z* < )
1 k
Vn

J

(2.14)

= P*( (Y;:j — mn’SUB) < :17), z € R.
=1

Note that the term Y, ; (for j = 1,2,...,k) in convolved subsampling is equiv-

alent to Tb(én’bv(t;) — én in generalized subsampling notation, where ¢7 are i.i.d.
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from uniform distribution on the set {1,2,...,n — b+ 1}. Hence
1 e s .
Ch k., (z) = P* \/H j=1[7'b(9n’b’(t;) —0,) — mn,SUB] <z
[y [(é ey — 0 >_N—1§(é 0 >] <z
Vkn i=1 kg T ! i=1 B
kn
= P* \;]:_n 2 |:9n by(t%) — E*(én,b,(t;))} <z
| Fn | Fn

= P* Tb\/a E Zlen’b’(t;) — B H Zlen’b’(t;) <z

j= j=

The last equality shows the direct relation between generalized subsampling and
convolved subsampling. Assuming that (2.4) holds and that ¢} are i.i.d. from

uniform distribution on the set {1,2,...,n — b+ 1} and that 7, 7, = wVk, we
conclude that the shape of generalized subsampling distribution is the same as
the shape of convolved subsampling distribution. The difference is only in the
location. In the case of generalized subsampling, the primary issue is to construct
an estimator én,b,Tk based on generalized subsample with parameters b, k and
ti. Second important issue is to construct normalizing sequence 7, T, , to be
able to prove the sufficient conditions for consistency. Finally, the generalized
subsampling distribution is built on the basis of én,b*,T;* , where (b*, k*) and T}
(conditionally on (b*, k*) = (b, k) € B x K) has some given discrete distribution.
In relation to generalized subsampling the distribution of convolved subsampling
is based on én,b*;_p;;* = % Z?Zl én,b,(t;)7 with one-point distribution for b* (we
have b* = b) and one-point distribution for k* (we have k* = k), and with
t5 as ii.d. from uniform distribution on the set {1,2,...,n — b+ 1} for j =
1,2, ..., k. The consistency of convolved subsampling was proved in Tewes et al.
(2017) for many cases, when the limiting distribution of 7, (6, — ) is Gaussian.
Hence, the problem may arise for convolved subsampling when the asymptotic
distribution is not Gaussian. As a problematic example, let us consider the
problem of statistical inference for parameter |#(¢)| from point B above. In
such a case the subsampling is consistent (see Theorem 2.3 in Lenart (2013))
but the assumption (2.3) from Tewes et al. (2017) do not hold for (/) = 0 (see
Theorem 2.2 in Lenart (2013)).

Example 2.4. (Illustrative example) Analogously to example B, for a time

series {X; : t € Z}, we assume that the expectation function exists and that

pu(t) = E(Xy) = 5. m()e¥t is an almost periodic function with ¥ = {1 €
YeT

[0,27) : [m(¢)] # 0}, where m(v)) = lim,_yoo > 1y p(t)e ™. Note that 1) €

[0,27) < |m(v)| # 0. Take ¢ € [0,27) and assume that we are interested in
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approximating the unknown distribution function of

V(i ()] = [m(¥))), (2.15)

where 7h,, (1)) is the estimator (based on the entire sample) of the Fourier coef-
ficient m(v)).

Note that the fundamental step in the GS is the appropriate definition of the
estimator of the parameter of interest. As in example B, we define the estimator
(based on the generalized subsample) of the magnitude of the Fourier coefficient
(for any ¢ € [0,27)) in natural way:

k k tj+b—1
A 1 5 1 it
|9n,b7(t1,t27~~,tk)(w)| = %;an,lﬁ(tj) = %; ; Xie Y.

In section 4, we show that generalized subsampling is consistent in a case such
as the approximating distribution function of (2.15). Here, we construct only an
illustrative example. Let us consider a simple case: X; = 2sin(0.15t) + €;, where
€; is a Gaussian white noise with variance of one, b, = by = b, and ko = k1 = k.
For any k£ = 1,2, 3,4, the cumulative distribution function for subsampling of
order k (with block length b) was evaluated (see Figure 1). In each case, we
arbitrarily fix b = [3.54/n]. We consider two sample sizes n € {80,150} and two
frequencies ¢ € {0.15,0.5}.

The cumulative distribution function of S(k) for & > 1 is ’smoother’ than
for the usual subsampling (k = 1). This is a consequence of the higher number
of different point masses for k > 1 compared to the usual subsampling proce-
dure. The second reason is the relatively small sample sizes. The shape of the
cumulative distribution function for £ = 1 diverges from subsampling of higher
orders. Hence, the above illustrative example shows that the order of subsam-
pling may have serious implications on the obtained results, i.e., the results of
testing procedures, quantiles, etc.

Remark 2.4. In some cases, the distribution L,, gk ,(A) cannot be efficiently
calculated due to long computational time. This situation may appear when,
for example, k is large. In such a situation, we can approximate the resampling
distribution using Monte Carlo (MC) approximation of the expectation value.
This can be done by noticing that L,, g k »(4) can be interpreted as expectation

of 1 {Tb*7TZ* (én,b*,Tz* -6, ¢ A} in the resampling world (see (2.7)).

In the next section, we formulate the sufficient conditions for the consistency
of the generalized subsampling procedure.

3. Sufficient conditions for consistency of the generalized
subsampling procedure

In this section, the sufficient conditions for the consistency of GS are formulated
in similar manner to the formulation in Politis et al. (1999). To simplify our con-
sideration, we restrict our attention to the univariate case (s = 1) from now on.
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(b) n =150, =0.5
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(e) n =80, v =0.15 (f) n =150, ¢ = 0.15

F1G 1. Cumulative distribution functions Ly b 1 (x) of S(1) (subsampling), S(2), S(8), and
S(4) for different n € {80,150}, b = [3.5y/n], and ¢ € {0.15,0.5}.

The generalization to the multivariate case is natural. Furthermore, in this sec-
tion, we formulate a special assumption concerning probabilities p i T, ), which
simplifies the proofs of sufficient conditions for consistency of the generalized
subsampling procedure. More precisely, we assume that (b*,k*) has a discrete
uniform distribution and (¢],t5,...,t5) conditionally on (b*,k*) = (b, k) has
also a discrete uniform distribution (see the assumption below).

Assumption 3.1. Assume that (b*,k*) has a discrete uniform distribution on
Bx K= {bl,b1+1,b1 +2,...,b2} X {kl,k1+1,k1+2,...,k2} (866 (26)} and
conditionally on (b*,k*) = (b, k) the random wvector (t},t5,...,t}) has also a
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discrete uniform distribution on Sﬁ,b ={1,2,...,n—b+1}* which means that

1
POR = oy — oy + (ks — k1 + 1)

1
Pkttt ) = 1) (kg — K + 1),

Remark 3.1. Note that under Assumption 3.1 the generalized subsampling
distribution is a mixture of (by — by + 1)(ka — k1 + 1) subsampling distributions
of order k (with block length b) with equal weights. Hence (in multivariate case)

1
L, A) = L, A). 3.1
7B7K7;D( ) (b2 _ bl + ].)(kQ _ kl + 1) l;];{ 7b=k( ) ( )

Following Assumptions 4.2.1 and 4.2.2 (and 4.3.1 and 4.3.2, respectively, in
the multivariate case) in Politis et al. (1999), we formulate sufficient conditions
for the consistency of generalized subsampling. Using the same notations as in
Politis et al. (1999), we denote the limiting distribution function (as n — o0)

of 7,(0, — 0) by J(-,P) and the law of this distribution by J(P). For any
(b,k) € Bx K and (t1,ta,...,t;) € Sﬁyb, we define

Jb,k,(tl,tg,...,tk)('rvp) = P(Tb,Tk, (en,b,(tl,tQ,...,tk) - 9n) < 96)

We reformulate Assumptions 4.2.1 and 4.2.2 from Politis et al. (1999) with
appropriate adjustment to GS. Assumption 3.2 corresponds to Assumption 4.2.1
in Politis et al. (1999), and Assumption 3.3 corresponds to Assumption 4.2.2.
Additionally, in the case where k > 1, we formulate new sufficient conditions
(Assumptions 3.4 and 3.5) under which generalized subsampling is consistent.

Assumption 3.2. Assumption 3.1 holds and there exists a limiting low J(P)
such that

(i) Jn(P) converges weakly to J(P) as n — oo
(ii) for every continuity point x of J(P), we have

o> > pwkro ek (x, P) = J(x,P) (3.2)

b1 <b<bs k1 <k<k2 Tkesﬁ,b

The next assumption is stronger than 3.2 and is related to Assumption 4.2.2
of Politis et al. (1999).

Assumption 3.3. Assumption 3.1 holds and there exists a limiting low J(P)
such that

(i) Jn(P) converges weakly to J(P) as n — oo
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(ii) for every continuity point x of J(P), for any integer sequences b and k,
such that by < b < by and k1 < k < ko, and for any vector of integer se-
quence (tn.1,tn2,. .. ’tn,fc) such that 1 <t ; < n—b+1 fori=1,2,....k,
we have

J&fﬁ',(th,tn,27~--,tn_;;)('T’ P) — J(I, P) (33)

Note that, for £ > 1, it is possible to get a vector of starting points Ty =

(t1,to,...,tk) € Sﬁ’b such that the blocks By, , By, , . .., Bt, of which the subsam-

ple By 1, is composed are not mutually disjoint. For example, if ¢; = t;, for some

i # j, then B;, = By,. This example is a special case of overlapping blocks in the

generalized subsample B, T, (see also Example 2.1 in the case S(2)). Formally,
for k£ > 1 by overlapping blocks in the generalized subsample, we mean that

|t; —t;| < b for some i # j, wheres,j € {1,2,...,k}. (3.4)

which is equivalent that there exist i,5 € {1,2,...,k}, i # j, such that By,
and B, are not disjoint. To clarify the problem of overlapping blocks in the
generalized subsample, let us define in the natural manner the following set of
vectors of starting points R, 41 C Sﬁ,b:

Ry = {(t1,ta,... . ts) € Sk : Jti =t <b}. (3.5)

min
i,5€{1,2,....,n—b+1}, i#j

By the above definition, the set Iz, ; ;. contains all generalized subsamples where
overlapping blocks appear in the sense of (3.4). Elementary combinatorics show
that the number of elements in the set R, 5, has the following bound:

§Rn bk < k(k—1)(n+b(2n — 1) — b%)gk 2.
This means that, under Assumption 3.1

Yo X D pesTodim (e P)=O0(kby/n),  (3.6)

b1<b<bs k1 <k<ko TrE€Rn bk

since Jy . (¢, ta,....tx) (Z, P) is nonnegative and bounded by one uniformly at
(b, k, T). Hence, under the assumption that k3by/n — 0 as n — oo, Assumption
3.2 is equivalent to the following assumption:

Assumption 3.4. Assumption 3.1 holds and there exist a limiting low J(P)
such that

(i) Jn(P) converges weakly to J(P) as n — oo
(ii) for every continuity point x of J(P), we have

Z Z Z Dok, 1) ok, 1 (2, P) = J(2, P)  (3.7)

b1<b<b2 k1 <k<kz Ty eSE \Rnb,i

The next assumption is stronger than 3.4 and is related to Assumption 4.2.2
of Politis et al. (1999).
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Assumption 3.5. Assume Assumption 3.1 and there exists a limiting low J(P)
such that

(i) Jn(P) converges weakly to J(P) as n — oo

(ii) for every continuity point x of J(P), any integer sequences b and k such
that b < b < by and k1 < k < ko, and any vector of integer sequences
(tn1stn2,--- ,tn’,;) such that:

A)1<t,; <n—b+1, fori=1,2,...k
B) min_ tni—tn;| > b, fork>1,
i,JE{1,2,.... R}, i#]

we have
Jg,g,(tny1,t7172,... t ]:)(x7 P) - J($7P) (38)

Yok

Notice that Assumption 3.2 is implied by Assumption 3.3. If we assume that
k3by/n — 0, Assumption 3.2 is also implied by Assumption 3.5. In the main
theorem of this section (see the theorem below), we assume that the conver-
gence of k2by /n — 0 holds. Analogically to the original Theorem 4.2.1 in Politis
et al. (1999), the following theorem concerning the consistency of GS holds.
This theorem differs from the original in assumptions concerning the a-mixing
sequence and additional sequence k (with relations to n and b). We formulate
this theorem with adequate adjustment.

Theorem 3.1. Assume Assumption 3.2 holds and that

max (g, :by <b<baky Sk < ko, T € )} /70— 0,
Ry Lk

k2by/n — 0, by — 00, n — oco. Additionally, assume that the considered time

2 n
series is a-mizing with mizing sequence a(-) such that % > a(s) = 0. Then,
s=1

we have that
(i) If © is a continuity point of J(-, P), then L, B kp(x) = J(z, P) in proba-
bility
(i) If J(-, P) is continuous, then

suﬁ |Ln.Bxp(x) — J(z,P)| =0
S

in probability

(i1i) For o € (0,1), let ¢, B.kp(1 —a) =inf{z : L, gk p(x) = 1 —a}. Corre-
spondingly, ¢(1— o, P) = inf{x : J(z, P) > 1 —a}. If J(-, P) is continuous
at point ¢(1 — a, P), then

P(r,(0, —0) < cnBrp(l—a)) > 1—a.

Proof. The proof can be found in the Appendix. O
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Remark 3.2. Note that, if k& = ks = 1 and b; = by = b, then above the-
orem is equivalent to the original Theorem 4.2.1 presented in Politis et al.

(1999). The only difference is that we assume in such a case that the assump-
n

2 n

tion %"’ Zla(s) — 0 holds. This assumption simplifies to 1 21 a(s) — 0, if
s= s§=

k1 = ko = 1. However, the last convergence is a simple consequence of a-mixing

properties.

Remark 3.3. Note that, in the usual subsampling methodology, the problem
of overlapping blocks (in the above sense) does not exist since & = 1. Note
that, if ko is a bounded sequence or constant, then Assumption 3.2 is equiv-
alent to Assumption 3.4 under the condition bs/n — 0. If we take sequences
k1 = ko = k and b; = by = b such that kb =~ n, then our procedure is equivalent
to the usual MBB procedure. However, the formulated sufficient conditions for
the consistency of generalized subsampling excludes the case kb =~ n, by noting
that k2b/n — 0. The condition k*b/n — 0 can be probably weaken. However,
the sufficient conditions for the consistency of the generalized subsampling pro-
cedure in the case that kb ~ n can be much more sophisticated (if they exist)
because many examples of bootstrap inconsistency are known in the literature.

4. Consistency for Fourier coefficients in the APC case

In this section, we consider an Almost Periodically Correlated univariate time
series {X; : t € Z} with an almost periodic mean function p(t) = F(X}), with
representation:
p(t) ~ > m()e™, (4.1)
PYew

and almost periodic autocovariance function B(t, 7) = cov(X;, X¢1,), with rep-

resentation: ‘
B(t,7) ~ > a(\ 7)™, (4.2)
AEAL
for any 7 € Z. The Fourier coefficients m(v¢) and a(\, 7) equal to (see Hurd
(1989, 1991); Dehay and Hurd (1994))

I N ~lim LST B e
m() = nh_{r;o - Zlu(j)e ,a(\T)= nh—>120 - ZlB(j,T)e .
= j=

The sets ¥ = {¢ € [0,27) : m(¢) # 0} and A, = {A € [0,27) : a(\,7) # 0} are
countable (see Corduneanu (1989)). To simplify this section, we assume that
the sets ¥ and A = J, ., are finite. In such a case, the representations (4.1)
and (4.2) become equalities, and the spectral density function exists (see Lenart
(2013)). By P(v,w) we denote the extension of the spectral density function to
the bifrequency square (0, 27]?,

Pr,w) = — Z a(v —w,m)e " VT, (4.3)
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for any (v,w) € (0,272,

Take any @ € [0,27) and let 6 = |m(v)| be the parameter of interest. Note
that ¥ € ¥ < |m(y)| # 0, which means that identification of the frequencies
in the set U can be based on identification of the non-zero Fourier coefficients
m(v).

At the beginning, we formulate general assumptions concerning the block size
b, their number k and starting points. Let k = k,, and b = b,, be any sequences
of positive integers such that b — oo and let ¢, ;, for any ¢ = 1,2,...,k, be a
sequence of positive integers such that ¢,;, < n —b+ 1. For £ > 1, we addi-
tionally assume thet we consider only non-overlapping blocks in the generalized
subsample, i.e.,

i’je{lgﬁl‘{r}k}’ s [tn,i — tn j| > 0. (4.4)
Finally, under the above assumptions we define the estimator én,b,(tn,l rzsestg) =
I b, (£ 1, tn e tn ) | OF the parameter 6 based on the subsample (with a variable
vector of starting points)

(Xt Xt 15w v s Xt 015 Xt o Xty ot 1o v s Xty otb—1s- -+

(4.5)
th,k7th,k+1’ cety th7k+b71)
via
1 k tn,itb—1
O (b1t 2ot i) = %h Z Z Xje_lw] ‘ (4.6)
=1 j=tn;

For k =1 (usual subsampling), the above estimator was proposed in Lenart
(2013). The following theorem is a natural adjustment of Theorem 2.1 presented
in Lenart (2013) to the generalized subsample.

Theorem 4.1. Let {X; :t € Z} be an APC time series with finite sets ¥ and
A. Assume that there exist constants 6 > 0, and A, K € R such that

(i) sup | X[+ < A,
teZ

(ii) 3 jaT5 (j) < K.
j=1

Take any ¢ € [0,27). Assume that k/b — 0 and b — oo as n — oo. Let

’i‘mk = (tn1,tn,2,---,tnk) be any vector of sequences of positive integers such

that, for any sequence {t itnez, i = 1,2,...,k, we have the inequality t,,; <

n—b+1 forn € Z. Additionally, for k > 1, we assume that (4.4) holds (i.e.,
min |tn,i — tn,j| > b). Then we have the convergence

1,5€{1,2,....k}, i#j
- [ Re(m(y)) D L NR(0,2(0)),

Re(ri, , 7., (1))
Vbk ( Im(m(1))

(o, %, , (¥))

where

B 10 Re[P(.27 — )] TmlP(, 27 — )]
W) =mg0(¥) ( 0 1 ) a ( Im[P(4, 27 — )] —Re[P(, 27 — 1)) ) '



3892 L. Lenart

Note that through assumption (4.4) it is possible to consider one normaliz-
ing sequence To T = bk in the theorem above. The above theorem means
that the estimator (4.6) is well defined in the sense, that after appropriate
normalizing, is asymptotically normally distributed. Hence, as a consequence
of the above theorem, we conclude that m,, , 7 (¢) 2 m(1) as n — co. The
next theorem concerns the asymptotic distribution for the normalized estimator
710, 4, 7, (¥)], while the last concerns the consistency of generalized subsam-
pling for |m(%)|. These two theorems are generalizations of Theorems 4.2 and
4.3 in Lenart (2013). We formulate these theorems with appropriate adjustment.

Theorem 4.2. Assume that all assumptions of Theorem 4.1 hold. Then, for
any ¥ € [0,27), we have the convergence

L(Z), for m(y) =0,

VOR(ii, 5, ()|~ [m()]) ~5 T8 = { Ni(0,DoQ(@)D]),  for m(v) #0,

where
7 _ | Re(m(v))
Dy = [ Im(m(1)) :| /|m(¢)|,

B? + B2, and the random vector (B1, B2)T has a two-dimensional nor-
mal distribution with zero mean and variance-covariance matriz equals Q (). If
we assume additionally that go(€) > 0 for any & € [0, 27) and that det(Q2(y)) > 0
for any m(v) # 0 and € (0,7), then the law J¥} is continuous.

Theorem 4.3. Let {X; :t € Z} be an APC time series with finite sets U and
A. Assume that there exist constants § >0, A, and K € R such that

(i) sup | X,||>T° < A
teZ
) 5

(i) > jar(j) < K.
=1

Additionally, assume that k3by/n — 0, by — oo, and ky/by — 0 for n — oc.
Take any ¢ € [0,2w). Then, generalized subsampling is consistent for 8 = |m(v)]
With On b (4, ts,...4) given by (4.6) and 1y 1, = Vbk, i.e., Theorem 3.1, holds.

At the end of this section we construct an easy example of APC time series
for which Moving Block Bootstrap fails and the above Theorem 4.3 holds, i.e.,
generalized subsampling is consistent.

Example 4.1. We consider now the problem of consistency of generalized sub-
sampling, convolved subsampling and MBB procedure for the examined in this
section parameter § = |m(v)|, where ¢ € [0,27). We start from the simple
construction of the APC time series {X; : ¢ € Z} for which the parameter
0 = |m(v)| will be considered.

Firstly, let us assume that the zero-mean Gaussian time series {n; : t € Z} is
stationary and that the law of the iterated logarithm:

I m+n2+...+ 0,
imsup
n—o0 2nIn(lnn)

=¢ wp. 1 (4.7)
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holds for some 0 < ¢ < oo. Additionally, we assume that assumption ii) in
Theorem 4.3 (concerning a-mixing) holds. To construct such a time series we
can use Corollary 6 in Zhao and Woodroofe (2008), where condition with p-
mixing was formulated. A very simple example of such time series {n; : t € Z}
is Gaussian white noise or zero-mean stationary Gaussian m—dependent time
series. Now, define the APC time series {X; : t € Z} as

Xt =acos(\t) +ne, tEZ,

with almost periodic mean function u(t) = E(X;) = acos(At), where a € R and
A € (0,7) are unknown parameters. Note that for the time series {X; : ¢ € Z}
the above law of the iterated logarithm also holds, i.e.:

X, +Xo+... 4+ X,

lim su =¢ w.p. 1. 4.8
n—>oop 2nIn(Inn) P (4.8)

To justify this, let’s note that Z;'L=1 cos(jA) = csc (3) sin (42) cos (3A(n + 1))

and nlirr;o |:CSC (3)sin (22) cos (2A(n+ 1)) /y/2n log(log(n))} =0, for A € (0, ).

The consistency of convolved subsampling can not be justified on the basis of
results formulated in Tewes et al. (2017), because the asymptotic distribution
from Theorem 4.2 is not Gaussian for |m(¢)| = 0.

Note that under assumptions formulated in Theorem 4.3 the generalized sub-
sampling is consistent for § = |m(v))|, for any ¢ € [0, 27). But the assumption
bok3/n — 0 (from this theorem) excludes the case of Moving Block Bootstrap
procedure (see Remark 3.3).

To show the inconsistency of MBB procedure we use the similar arguments as
in the Example 1 of Babu (1984). We take ¢ = 0, which means that |m(«)| = 0.

In such a case the statistics /n|0,| = ﬁ Sy Xt‘ has asymptotic half-normal

distribution with cumulative distribution function F'(x) = erf ("—\/“7%) , where 02 >

0 is the limiting variance of \/ﬁén To consider the MBB procedure we use
generalized subsampling notation (with by = by = b, k1 = ko = k) based on
(4.6), where ¢} are i.i.d from uniform distribution on the set {1,2,...,n—b+1}
for j = 1,2,...,k. Then, by additional assumption bk = n, the generalized
subsampling reduce to MBB procedure. To show the inconsistency of MBB in
such a case, notice that for any positive real number x we have (using the same
argument as in Example 1 of Babu (1984)):

P*(v bk(|én,b,(t;,t;,...,t;) —16,]) < )

>P*(0> ka/’(én,b,(t;,t; ..... tr) — 0,) > —2Vbkb,,)

= P*(Vi(0n — E*(6)) = V(0;, — E*(6)) = /(0 — E*(6;)) — 2v/nb,),

where HA:L = én,b,(t{,tg,.‘.,tzy Note that

Vi, — E*(6;)) =0 w.p. 1, (4.9)
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which follows from sufficiently fast convergence to zero with probability for the
Gaussian term /n(6, — E*(0%)) (we omit the details). Additionally from the
law of the iterated logarithm (for considered time series {X; : t € Z}) we have

limsup v/nb, = oo w.p. 1. (4.10)

n—oo

Hence by consistency of moving block bootstrap procedure for mean py = 0

(e, p= lim 13"  F(X;) = lim 137"  acos(At) = 0) for APC time series
n—00 n—oo

under moment and a-mixing conditions (see Corollary 3.2 in Synowiecki (2007)

or Corollary 3 in Tewes et al. (2017) with weakened assumptions) and by (4.9)
and (4.10) we obtain that

limsupP*(\/E(|én7b,(t;,t;7...,t;)| —10,)) < )

n— oo
> limsup P* (il — B (85)) > V(0 B*(03)) > V(b — B*(0))—2v/dy)
n—00
1
1 ﬁerfﬁl(%) . .
But F(z) < 5 for x € (0, ———2%), which means that MBB procedure is not

consistent.

5. Choice of generalized subsample size in S(k) procedure - a short
simulation study

The fundamental problem in applying any resampling method is how to choose
the block size. This problem was considered in relation to the classical subsam-
pling procedure in Politis et al. (1999), where it was shown that the results
may be strongly influenced by the choice of the block length (subsample size)
b. In this section, by simple simulation experiment we also try to analyze the
influence of the parameters b and k£ on the estimation results in the case of
subsampling procedure of order k, i.e., S(k) with block length b. Recall, that in
S(k) procedure the generalized subsample size is the product of k and b.

Let us consider the following autoregressive model with almost periodic mean
function u(t) = acos(At):

X —p(t) =(Xeor — p(t — 1)) + e, (5.1)

where [¢)| < 1 and the innovations {¢; : t € Z} are independent and identically
distributed (i.i.d.) such that var(X;) = 1. Note that the time series {X; : t € Z}
satisfies all the assumptions of Theorem 4.3 since it is a-mixing with geometri-
cally decaying mixing series (see Andrews (1983)).

Under the notations from previous sections we consider the following testing
problem (for {X; : t € Z}):

Ho: |m(X\o)| =0, (5.2)
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(a) S(1) — subsampling
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F1G 2. Probability of Ho rejection under Ho. In columns (respectively): A = 0.0654, \ =
0.1496, A = 0.2618. Read line — b = [\/n]; green line — b = 2[\/n]; blue line — b = 3[/n]. € -
i.4.d. form Gaussian distribution, o = 5%.

Hy:o [m(do)| # 0,

for Ao € [0, 7], with test statistics II,,(Ag) = v/n|m,(Xo)| and critical values
calculated by subsampling of order k, i.e., procedure S(k). We will consider the
problem of probability of type I error for the above testing problem (5.2) with
k € {1,2,3} and ¢ = 0.7. This characteristic of the test have been investigated
by Monte Carlo simulations. We take a = 0 (which is equivalent to p(t) = 0)
and we obtain 50000 random samples from model (5.1), then we calculate the
percentage of rejected hypotheses Hy for assumed nominal level «.

In the first part of our simulation study we consider b € {[\/n], [2+/7], [3v/n]}
and Ay € {g2%5, 32505, 551 ~ {0.0654,0.1496,0.2618}. With regard to the
monthly data, such a set of frequencies corresponds to the pseudo-period of fluc-
tuations (respectively): eight years, three and a half years and two years. The
sample length rises from 100 to 500 (n € {100+ (j—1)50: j = 1,2,3,...,9}). Fig-
ures 2-5 presents the estimated nominal level for o = 5%. On each figure we con-
sider different type of innovation distribution (respectively): Gaussian distribu-
tion, uniform distribution, Student’s t-distribution (with 5 degrees of freedom)
and centralized exponential distribution. We can see that our subsampling-based
test is very sensitive to b and k. The higher k or b the estimated significance level
is more underestimated. Recall, that the problem of the block size in usual sub-
sampling procedure is a delicate issue (see section 9 in Politis et al. (1999)). In
generalized subsampling procedure the problem seams to be more complicated
since we are dealing with an additional parameter k. Moreover, the estimated
significance level depends on the frequency Ay € {Si’b, 352: 5 2%2}. This is
probably a consequence of the asymptotic distribution (see Theorem 4.1). More
precisely, the variance-covariance matrix Q(\) of this distribution depends on

the frequency A and is proportional to W(A‘WIQ, where Iy is 2 x 2 iden-
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(a) S(1) — subsampling
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Fic 3. Probability of Ho rejection under Ho. In columns (respectively): X = 0.0654, \ =
0.1496, A = 0.2618. Read line — b = [\/n]; green line — b = 2[\/n]; blue line — b = 3[y/n]. ¢ -
i.49.d. form uniform distribution, o = 5%.
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(a) S(1) — subsampling

15% 15% 15%
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(b) 5(2)
15% 15% 15%
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5% 5% 5%
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(c) 8(3)

Fic 4. Probability of Ho rejection under Ho. In columns (respectively): X = 0.0654, \ =
0.1496, A = 0.2618. Read line — b = [\/n]; green line — b = 2[\/n]; blue line — b = 3[y/n]. ¢ -
1.4.d. form Student’s t-distribution with 5 degrees of freedom, o = 5%.

tity matrix, ¢ = 0.7 and o meets the condition var(X;) = 1. Note that the
estimated significance level seems to be robust to the distribution of innovations
{€t : t € Z}. The results are very comparable between different distributions of
innovations. Hence, in the next part we restrict our attention only to the Gaus-
sian case. Moreover, for b € {[v/n], [2v/n],[3v/n]} and for k = 2 and k = 3 the
significance level is underestimated (below 5%). This suggests considering lower
values of parameter b. Therefore, on the next figure (see Figure 6) we consider

b € {[0.4y/n],[0.6/n], [0.8y/n]} with the same set Ao € {5223, 32015, 5225} as

X127 3.5x12° 2X 12
before. Note that in this case, the estimated significance level is much higher (for

k =2 and k = 3) than on Figures 2-5, but still clearly depends on parameters
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(a) S(1) — subsampling
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(c) 5(3)

Fic 5. Probability of Ho rejection under Ho. In columns (respectively): A = 0.0654, \ =
0.1496, A = 0.2618. Read line — b = [\/n]; green line — b = 2[\/n]; blue line — b = 3[\/n]. ¢ -
i.4.d. from centralized exponential distribution, a = 5%.

15%— 15% 15%
10% \A 10% 10%
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(a) S(1) — subsampling
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(b) S(2)
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10% /\’\’— o~ | | |
3 5% s%l— —
e —
100 150 250 350 450 100 150 250 350 450 100 150 250 350 450
(c) 8(3)

F1G 6. Probability of Ho rejection under Ho. In columns (respectively): X = 0.0654, \ =
0.1496, A\ = 0.2618. Read line — b = [0.4y/n]; green line — b = [0.6+/n]; blue line —b = [0.8y/n].
€t - 1.1.d. form Gaussian distribution, o = 5%.

b, k and frequency Ag. Higher parameter b (or k) give lower estimates of the
significance level.

At the end of our simulation study we consider the case where n < 100. This
case seams to be important from practical point of view. In such a case, the low
number of different mass atoms of the subsampling distribution of order one
(S(1)) may leads to practical problems when determining quantiles from this
distribution. Figures (7-8) shows the estimated significance level for sample size
n < 100, where n € {60+ (j —1)5:5=1,2,3,...,9} with « = 5% (on Figure 7)
and a = 2% (on Figure 8). Note that in the case of subsampling of order one,
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(a) S(1) — subsampling
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Fic 7. Probability of Ho rejection under Hg. In columns (respectively): X = 0.0654, \ =
0.1496, X = 0.2618. Read line — b = [0.4y/n]; green line — b = [0.6y/n]; blue line — b = [0.8/n].
€t - i.1.d. form Gaussian distribution, o = 5%.

10%

2% 2% 2%
60 65 75 85 95 60 65 75 85 95 60 65 75 85 95
(a) S(1) — subsampling
10% 10% 10%
. ////—\ . ///j e
o g " 2%
60 65 75 85 95 60 65 75 85 o5 60 65 75 85 95
(b) 5(2)
10% 10% 10%
2% /\ 2% ﬁ 2%
60 65 75 85 95 60 65 75 85 o5 60 65 75 85 95
(c) 8(3)

Fic 8. Probability of Ho rejection under Ho. In columns (respectively): X = 0.0654, \ =
0.1496, X = 0.2618. Read line — b = [0.4y/n]; green line — b = [0.6y/n]; blue line — b = [0.8/n].
€t - i.1.d. form Gaussian distribution, o = 2%.

the estimated significance level is overestimated in each case for a = 2%, which
is probably related to the low number of different mass atoms.

6. Conclusions

In this paper, the generalized subsampling procedure was investigated. Based
on the conditions for the usual subsampling procedure for non-stationary time
series, the sufficient conditions for the consistency of the generalized subsampling
procedure have been formulated. As was shown, the generalized subsampling is
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consistent under weak assumptions being a generalization of those formulated for
subsampling of order one in Politis et al. (1999). As an example, the consistency
was proved for the magnitude of Fourier coefficients in Fourier expansion of the
mean function of an APC time series. The simulation experiment was shown,
where the influence of the block length to the estimation results was investigated.
There are many open problems and future research problems concerning this
new procedure. First, the case with constant k may be examined in detail. The
condition k2b/n — 0 probably can be weakened. Optimal sequences for b and
k are not known. The next problem is attempting to show the advantage (with
appropriate meaning) of generalized subsampling over the usual subsampling
procedure.

Appendix A: Proofs

Proof of Theorem 3.1. In this proof, we use the same technique as in the
proof of Theorem 4.2.1 in Politis et al. (1999), and therefore we concentrate
only on steps with significant differences. Using the analogical steps as in the
proof of Theorem 4.2.1 in Politis et al. (1999), we define

@)= Y Y > errol {nm @z -0 <o} (A1)

b1 <b<by k1<k<k2 T eSF ,

In the first step, we show that, for any € > 0, we have

Un(z — )UHE,} < Loy i (2)1{E,} < Upn(z +¢), (A2

~—

where a 1{F,} is the indicator of the event E, = {bnkl;’ilgi {mr, : b1 <b<
Ry Lk

bo, k1 <k < ko, Ty € Sﬁb}\én — 0] < €}. To prove this, consider the following
two cases:

1° If 1{E,} = 0, then (A.2) holds

20 If 1{E,} = 1, then —e < 71, (0 — 0,,) < € uniformly at by < b < by, k; <
k <k Ty € S:ib. This means that, for any Ty = (t1,t2,...,t) € Sfib
and b and k such that by < b < by and k1 < k < ko, we have that

1 {Tb,Tk (Opr, —0) <z — 6} <1 {Tb,Tk.(én,b,Tk —0) + (0 — 6,) < CC}
and

1 {Tb,Tk (Onpr, —0) + 71 (0 — 6,) < 96} <1 {Tb,T,c Onpr, —0) <+ 6} .

Summing over b, k and (t1,t2,...,tx) € ST]f,b (with probabilities pg,x, 1,)) for
last two inequalities, we get (A.2). Hence, using the same arguments as in Politis
et al. (1999), it is sufficient to show that E(U,(x)) — J(x, P) and var(U,(z)) —
0, where J (-, P) is continuous at z. Under Assumption 3.2, we get E(U,(z)) —
J(x, P). Hence, we concentrate on the variance of U, (x).
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Take (b,k) € Bx K, (V,k) € Bx K and Ty = (t1,t2,...,t) € Sk,
Ty = (t),th,....t,) € Sﬁ:b,. Denote by W, 1, the set of all time indices
occurring in the generalized subsample By 1, (see (2.3)), i.e.,

k
Wn,b,Tk = U{tiut’i +1,...,t; +b— 1}
=1

Define the distance dist(-, ) between sets Wy p 1, and Wi,y 1/, via
dist(me’Tk,Wn’b/’T;,) =min{|l —w|: (l,w) € W, p1, X Wn7b/7T;C,}. (A.3)
Finally, define the sequence of sets Ls for s =0,1,2,...,n—b—b + 1 via
Ly = {(T,T}) € SF, x SEy « dist(Wop.m,, W ry,) = s} (A.4)
Elementary combinatorics show that

kk’/(b + b — 1)q§,bqu:l;1 for s =0
2kk/q£7bq7]z:l;1 fOI" §= 1727"'an_b_bl+1.
(A.5)

card(L) < {

Then, under the notation

In,b,(tl,tg,...,tk) =1 {Tb,Tk(en,b,(tl,tg,...,tk) - 9) < SU} ’
1
by — by +1)(k2 — k1 + 1)%]2,1,7

1
b2 — b1 + ].)(kg — kl + 1)‘15:5’

D =Dk, (t1 t2,.. k) = (

/
D =D k(8 thth,) = (
we have that

var(Up,(z))

=2 2 2

b1 <b<by k1 <k<ka by <b'<bs k1 <k’'<ks

/
E E pp COV(In,b,(tl,tQ,...,tk)a In,b’,(t/l,t’Q,...,t;C,))

(t1,b2, stk )ESE | (8 8]t )ESF

n,b’

n—b—b’

S D I

b1 <b<by k1 <k<ko by <b/<bs k1 <k'<ks s=0

Z PP |COV (L b, (11,3, )5 L (81 87, (A.6)

(B, b2ttt ety JELs

=2 > 2 2w

b1 <b<bz k1 <k<ka by <b'<bz k1 <k'<k3
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> lcov(Ln b, (t1,ta, ) It (215,07

(t1,t2,eesth st ,thsth  )E LG

n—b—b’

PSP VD DD I DY

b1 <b<bs k1 <k<ks b1 <b'<by k1<k'<k>

Z OV (L b, (11 2, eesti)> L (8t i)

(tl,tQ,...,tk,tll,t/z,...,t;,)ELs
Hence, by (A.5), we have that

Var(U ())
B SR S S SR S
by S0%bs by Shhs by S by by <
n—b—b’

X0 X 3w Y gy a)

b1 <b<bg k1 <k<ko b1 <b'<by k1 <k’'<k3
_ oW 1
S T (b b F D20k — k1 1)
D DD D W A CE
by <b<by k1 <k<ks by <b' <bs k1 <k'<ks
0(1) 1
n (bg — b+ 1)2(k2 — k1 + 1)2

_|_

. (A7)
Z Z Z Z 2kk' Z a(s)
b1 <b<bs k1<k<k2 b1 <V’ <bs k1<k’'<k2 s=1
0(1) 1

n (b2 — bl + 1)2(1172 — kl + 1)2
(b — by +1)(b3 — b + 201 — 1)(ky — ky + 1) (ky + k2)?
O(1) 1

+
n (b2 — b1 + 1)2(k2 — kl + 1)2

n

(bg—b1+1)2(]€2—]{31+ k’l-i-kQQZOé
s=1

s:l

This finishes the proof of (i). The proofs of (ii) and (iii) are analogical, as in
Theorem 4.2.1 of Politis et al. (1999). This finishes the proof. O

Proof of Theorem 4.1. We start from the auxiliary lemma.

Lemma A.1. For any (v,w) € (0,27]?, we have
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tiy +b—1 by 1y +b—1

k k
A5 bZZ XY ()K= e

i1=lia=1 s=tn;, t=tn,

where P(-,-) is given by (4.3).
Proof of Lemma. The main steps of this proof are analogical to the steps in the

proof of Lemma A.5 in Lenart (2011). Take any (v,w) € (0,27]? and notice that
by substitution j =t and 7 = s — ¢ we have

triy +b—1 iy +b—1
D S SIS S e AR P B
i1=1lia=1 8=tn, iy t=tn, iy
tring+b—1tn 5y +b—1—j
S D SED SHE SR 0 SIS Sy
i1=liz=1 j=tn i, T=tn,i; —J
e—i(l/—w)]e—il/T
b tnigtb—1tn i +b—1—j
27ka Z Z Z Z B(j, T)efi(ufw)jefiu'r
i1=1ia=1 j=tn i, T=tn,iy —J

k tn,itb—1t, i+b—1—j

_ ﬁ Z Z Z | B(jﬂ_)efi(ufw)jefiur

bnyig+b—1 1ty iy +b—1—j

27rk:b SN Y B(neiveliemir,

1712 J=tn,iq  T=tn,i;—J

Tn

To finish the proof, it is sufficient to show that
wy, — P(v,w) (A.8)
rn — 0. (A.9)
To show (A.8), notice that

1 k
= 5 2o
i=1

k tn,itb—1ty i+b—1—j

tn,itb—1tn ;+b—1—j

i: Z Z 1()\ (v— w))je—iu‘r
j=

tn,i T=tn, i—J] AEA,

k tnitb—lt, i+b—1—j

27rkb Z Z Z Z (L()\, T)ei(k—(u—w))je—iur

i=1 ]tnz T=tn,i—J )\EA\{I/ w}
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1 )
= %l I (1 - %) a(v—w,T)e” "7

tn,itb—1t, i+b—1—7j

<b
k

%Z 3 3 S a(, r)e i,
i=1 =t

T=tn,i—J XA \{r—w}

Analogically as in the proof of Lemma A.5 in Lenart (2011), denote the first
and second terms of the last equality by €;, and €3 ., respectively. Using the
same arguments as in the proof of Lemma A.5 in Lenart (2011), €, goes to
P(v,w). Following the same steps for the term €3 ,, as in proof of Lemma A.5
in Lenart (2011), we have

k tn,i+b—1 b—1tn, —1-7

SN[l o >

= T=—b+1j=tn—7 T=1

K3

Z ()\77_)62’()\7(1/7@'))]‘671'1/7'

AeAN\{v—w}

o N D S R

T=—b+1 AeAN\{v—w}
0(1) it
< —Z A
<G 2 el

which means that ez, — 0 (by (ii) and Lemma A.1. in Lenart (2011)). This
completes the convergence of (A.8).

Notice that, by the inequality |B(j, 7)| < 8A2a$(\7|), J, 7 € Z (see Lemma
A.1. in Lenart (2011)) and condition (4.4), we have

tyip +b—1 b iy +b—1—j

|Tn| < % Z Z Z ‘B(%T)'

Q1792 J=tn,iy  T=tn,i;—J

trig+b—1tn, i +b—1—j

27rkbz > > 8A%aT (7)) (A.10)

G179 J=tn, iy T=tn,i; —J

o(1) 2 50
< —2= 2 = —_— .
<20 T}}jnmk asta (jr]) = 22K 5

This completes the proof of the lemma. O

Consider the same decomposition as in the proof of Theorem 2.1 in Lenart
(2013)
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VEb(ii, 7, () = B, 7, () +VED(E(i, , 7, ($)) —m(¥).

k1 (n) ko (n)

Using the same arguments, it is enough to show that

Re (ki(n)) | 4
{ Im (k1(n)) } — N2(0,92(v)) (A.11)
and
ka(n) — 0. (A.12)

To show (A.11), we use Cramér-Wold device and Lemma A.1 in the same man-
ner. Therefore, we omit this step. In proving (A.12), notice that

|ka(n)] = VR E(h,, 4, 7. (¥)) = m(3)]

k tn,it+b—1
1 ’ N
= Vkb b E E 1(j)e i —m(y)
i=1 j=tn

SV ST S S mle)e e — m(y)

2l-
e

‘Z 3 mg)e o

i=1 j=tn; ¢e¥\{}

Ok
S m

m(g) csc (‘1’21/’)‘ </Fow) >o.

b
e\ {¢}
b= . ibe_iby
Above, the inequality | Y. e #¥=9)i| = o | < % CSC(%) was used.
J=tn,i
This completes the proof. O

Proof of Theorem 4.2. This proof is analogical to the proof of Theorem 2.2
in Lenart (2013). Therefore, it is omitted. O

Proof of Theorem 4.3. By noting that k3by/n — 0, it is sufficient to show
that Assumption 3.5 is fulfilled. Note that, condition (i) in Assumption 3.5 is
fulfilled by the same reasons as in the proof of Theorem 2.3 in Lenart (2013).
To show that condition (ii) in Assumption 3.5 is fulfilled, take any b, k and
(tn,1:tn2,..,t, ;) such that A) and B) in Assumption 3.5 (ii) are fulfilled.
Then, iﬂ/i) — 0 by noting that k/b; — 0, and b — oo by noting that by — co.
Hence, for such B, k and (tn1,tn2,--- 7tn),;), the asymptotic convergence in
Theorem 4.2 holds. The next steps are analogical to the proof of Theorem 2.3
in Lenart (2013) and therefore are omitted. O
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