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Abstract

We propose in this paper a construction of a diffusion process on the space P2(R) of
probability measures with a second-order moment. This process was introduced in
several papers by Konarovskyi (see e.g. [12]) and consists of the limit as NV tends to +o0
of a system of N coalescing and mass-carrying particles. It has properties analogous to
those of a standard Euclidean Brownian motion, in a sense that we will precise in this
paper. We also compare it to the Wasserstein diffusion on P2(RR) constructed by von
Renesse and Sturm in [22]. We obtain that process by the construction of a system of
particles having short-range interactions and by letting the range of interactions tend
to zero. This construction can be seen as an approximation of the singular process of
Konarovskyi by a sequence of smoother processes.
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1 Introduction

This paper introduces a new approach to construct the stochastic diffusion process
studied by Konarovskyi (see [10, 11, 12, 13]). It is a close relative to the Wasserstein
diffusion, introduced by von Renesse and Sturm [22]. Our interest is to construct an
analogous process to the Euclidean Brownian motion taking values on the Wasserstein
space P2(R), defined as the set of probability measures on R having a second-order
moment.

In [22], von Renesse and Sturm construct a strong Markov process called Wasserstein
diffusion on Py(M), for M equal either to the interval [0, 1] or to the circle $!. Two major
features of that process illustrate the analogy with the standard Brownian motion on a
Euclidean space. First, the energy of the martingale part of the Wasserstein diffusion
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has the same form as that of a k-dimensional standard Brownian motion, up to replacing
the Euclidean norm on R by the Lo-Wasserstein distance:

dy (p,v) = inf B [|X — Y[2]"/?,

where the infimum is taken over all couplings of two random variables X and Y such
that X (resp. Y) has law u (resp. v). It should be noticed that the geometry of Py(M),
equipped with the Wasserstein distance, for M a Euclidean space, was the subject of
fundamental studies conducted by Ambrosio, Gigli, Savare, Villani, Lions and many
others (see [1, 5, 15, 20, 211]), which led to important improvements in optimal transport
theory. Second, the transition costs of the Wasserstein diffusion are given by a Varadhan
formula (see [22], Corollary 7.19). The formula is identical to the Euclidean case, up to
the replacement of the Euclidean norm by dyy .

Although the existence of a Wasserstein diffusion was initially proven by von Renesse
and Sturm using Dirichlet processes and the theory of Dirichlet forms (see [8]), it can also
be obtained as a limit of finite-dimensional systems of interacting particles, see [2, 19].
Nevertheless, we will focus in this paper on a construction of a system of particles which
seems more natural and simpler and which is due to Konarovskyi in [10, 12].

1.1 Konarovskyi’s model

In [12], Konarovskyi studies a simple system of N interacting and coalescing particles
and proves its convergence to an infinite-dimensional process which has the features of
a diffusion on the L,-Wasserstein space of probability measures (see also [10, 11, 13]).
However, even if it has common properties with the diffusion of von Renesse and
Sturm, there are also important differences between the two processes. An outstanding
property of Konarovskyi’s process is the fact that, for a large family of initial measures,
it takes values in the set of measures with finite support for each time ¢t > 0 (see [11]),
whereas the values of the Wasserstein diffusion of von Renesse and Sturm are probability
measures on [0, 1] with no absolutely continuous part and no discrete part.

The model introduced by Konarovskyi is a modification of the Arratia flow, also called
Coalescing Brownian flow, introduced by Arratia [3] and subject of many interest, among
others in [7, 14, 16, 17]. It consists of Brownian particles starting at discrete points
of the real line and moving independently until they meet another particle: when they
meet, they stick together to form a single Brownian particle.

In his model (see [12]), Konarovskyi adds a mass to every particle: at time ¢t = 0,
N particles, denoted by (2 (t))req1,..., v}, start from N points regularly distributed on
the unit interval [0, 1], and each particle has a mass equal to % When two particles stick
together, they form as in the standard Arratia flow a unique particle, but with a mass
equal to the sum of the two incident particles. Furthermore, the quadratic variation
process of each particle is assumed to be inversely proportional to its mass. In other
words, the heavier a particle is, the smaller its fluctuations are.

Konarovskyi constructs an associated process (y (u, t))uejo,1],tc0,7] in D([0,1],C[0, T7]),
the set of cadlag functions on [0, 1] taking values in C[0, T], by defining:

)} + xN(t)]l{“:l}.

N
yV(t) = el e g
k=1
In other words, y” (-,¢) is the quantile function associated to the empirical measure
%ngazk(t)- Konarovskyi showed in [12] that the sequence (y")ys; is tight in
D([0,1],C[0,T]). Hence, by passing to the limit upon a subsequence, there exists a
process (y(u,t))ue[o,1),¢tc0,r] belonging to D([0,1],C[0,77]) and satisfying the following
four properties:
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(ip) foralluw € [0,1], y(u,0) = w;

(1) forallu < v, forallt € [0,T7], y(u,t) < y(v,t);

(79¢) for all uw € [0,1], y(u,-) is a square integrable continuous martingale relatively to
the filtration (F;).cjo,7] := (o(y(v,5),v € [0,1], 5 < t))icjo,r;

(iv) for all u,u’ € [0,1],

t1y,

u,u

r<s}

<y(u>')7y<ula')>t = /0 ds,

m(u, s)
where m(u,t) := fol T3t y(u,s)=y(v,s)1 AV 5 T = inf{t > 0: y(u,t) = y(u', 1)} AT.

By transporting the Lebesgue measure on [0, 1] by the map y(+, t), we obtain a measure-
valued process (ju)ic(o, 7] defined by: i, := Leb [jg1] 0 y(-,t) . In other words, u — y(u, t)
is the quantile function associated to u;. An important feature of this process is that for
each positive ¢, u; is an atomic measure with a finite number of atoms, or in other words
that y(-, ) is a step function.

More generally, Konarovskyi proves in [11] that this construction also holds for a
greater family of initial measures py. He constructs a process y? in D([0,1],C[0,T))
satisfying (i) — (iv) and:

(i) forall u € [0,1], y9(u,0) = g(u),

for every non-decreasing cadlag function g from [0,1] into R such that there exists
p > 2 satisfying fol |g(u)|Pdu < co. In other words, he generalizes the construction of
a diffusion starting from any probability measure pg satisfying fR |x|Pdug(z) < oo for a
certain p > 2, where pg = Leb |[0’1] o g~', which means that g is the quantile function of
the initial measure. The property that y9(-,t) is a step function for each ¢ > 0 remains
true for this larger class of functions g.

The process y? is said to be coalescent: almost surely, for every u,v € [0, 1] and for
every t € (T, T], we have y9(u,t) = y9(v,t) (recall that 7,, = inf{t > 0 : y9(u,t) =
y9(v,t)} AT). This property is a consequence of (ii), (iii) and of the fact that for each
t >0, y9(-,t) is a step function (see [13, p.11]). Therefore, we can rewrite the formula
for the mass as follows:

1 1
mf (u,t) = /O L3t yo (u,s)=y9 (v,9)} A0 = /0 Liyo (u,ty=ys (v,t)1dV-

Moreover, we can compare the diffusive properties of the process (ut)te[o,T] in the
Wasserstein space P2(R) with the Wasserstein diffusion of von Renesse and Sturm.
To that extent and thanks to Lions’ differential calculus on P2(R) ([15, 5]), we give
in Appendix A an It6 formula on P, (RR) for the process (i):c[o,r) in order to describe
the energy of the martingale part of this diffusion. Appendix A also contains a small
introduction to the differentiability on P2 (R) in the sense of Lions.

1.2 Approximation of a Wasserstein diffusion

In this paper, we propose a new method to construct a process y satisfying properties
(1)-(iv), by approaching y by a sequence of smooth processes. Finding smooth approxi-
mations of processes having singularities has already led to interesting results, typically
in the case of the Arratia flow. Piterbarg [17] shows that the Coalescing Brownian flow is
the weak limit of isotropic homeomorphic flows in some space of discontinuous functions,
and deduces from the properties of the limit process a careful description of contraction
and expansion regions of homeomorphic flows. Dorogovtsev’s approximation [7] is based
on a representation of the Arratia flow with a Brownian sheet.
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We propose an adaptation of Dorogovtsev’s idea in the case of Wasserstein diffusions.
First, we show that a process y satisfying (¢)-(iv) admits a representation in terms of a
Brownian sheet; we refer to the lectures of Walsh [23] for a complete introduction to
Brownian sheet and to Section 2 for the characterization of Brownian sheet which we
use in this paper.

Theorem 1.1. Let g : [0,1] — R be a non-decreasing and cadlag function such that there
exists p > 2 satisfying fol lg(u)[Pdu < 4+o00. Let y be a process in L1([0,1],C[0,T]) that
satisfies conditions (i), (ii), (i) and (iv). There exists a Brownian sheet w on [0,1] x [0, T
such that for allu € [0,1] and t € [0,T]:

y(u,t) // 1“””) y(“' “)=v W) g/, ), (1.1)

1
where m(u,s) = / :H{y(’u,s):y(@,s)}dv'
0

Remark 1.2. We refer to Appendix A to justify the use of the term "Wasserstein diffusion"
for a process satisfying equation (1.1). Indeed, we can write an It6 formula for this
process for a smooth function « : P2(R) — R. As in the case of the standard Euclidean
Brownian motion, the quadratic variation of the martingale term is proportional to the
square of the gradient of v, in the sense of Lions’ differential calculus on P(R), which is
the same as the differential calculus on the Wasserstein space (see [6, Section 5.4]).

The aim of this paper is to construct a sequence of smooth processes approaching y
in the space L1([0,1],C[0,T]). Therefore, we use the representation (1.1) in terms of a
Brownian sheet of y and, given a positive parameter o, we replace in the latter represen-
tation the indicator functions by a smooth function ¢, equal to 1 in the neighbourhood
of 0 and whose support is included in the interval [—%, 5] of small diameter o. Fix o > 0
and ¢ > 0. Given a Brownian sheet w on [0, 1] x [0, 7], we prove the existence of a process

Yo o satisfying:

Yor.e (1, ) // o (Yoe (1: 5) — Yoz (1 ’s))dw(u',s), (1.2)
0

e+ mege(u,s)

where m, . (u, s) fo 02 (Yo (u, 8) —Ys.c(v, s))dv can be seen as a kind of mass of particle
Yo,e(u) at time s. Remark that, due to the fact that the support of ¢, is small, only the
particles located at a distance lower than 3 of particle v at time s are taken into account
in the computation of the mass m, (u, s).

The smooth process (Yo (u,t))uelo,1],+cjo,7] Offers several advantages. First, we are
able to construct a strong solution (y, ., w) to equation (1.2), whereas in equation (1.1),
we do not know if, given a Brownian sheet w, there exists an adapted solution y. Second,
in Konarovskyi’s process, the question of uniqueness of a solution to (1), even in the
weak sense, or equivalently the question of uniqueness of a process in L1 ([0, 1], C[0, 1)
satisfying conditions (i)-(iv), remains open. Here, pathwise uniqueness holds for equa-
tion (1.2). Moreover, the measure-valued process (j;"“);c[o,r] associated to the process
of quantile functions (Y. (-, t))+c[0,7] does generally no longer consist of atomic measures.
For example, if g(u) = u, (1").e(o,7] is a process of absolutely continuous measures with
respect to the Lebesgue measure.

Let L-[0, 1] be the usual space of square integrable functions from [0,1] to R, and
(-,-), the usual scalar product. We denote by L][0,1] the set of functions f € L0, 1]
such that there exists a non-decreasing and therefore cadlag (i.e. right-continuous with
left limits everywhere) element in the equivalence class of f. Let D((0,1),C[0,T]) be
the space of right-continuous C[0, T]-valued functions with left limits, equipped with the
Skorohod metric.
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We follow the definition given in [9, p.21]:

Definition 1.3. An (F;),c(o,r]-adapted process M is called an L1[0,1]-valued (Ft)eefo,)-
martingale if M; belongs to L}[0,1] for each t € [0,T), if E[||M;||1,] < co and if for each
h € L1[0,1], (Mg, h)L, is a real-valued (F;):c|o,r)-martingale. The martingale is said to be
square integrable if for each t € [0,T], E [||M,||7,] < +oo, and continuous if the process
t — M, is a continuous function from [0,T] to L2[0,1].

Let us denote by R := RU{—00, 400} and by £ +[0,1] the set of all non-decreasing and
cadlag functions g : [0,1] — R such that there exists p > 2 for which fol lg(u)Pdu < 4o0.
Let Q4 = QN [0,1]. The following Theorem states the convergence of the mollified
sequence (Ys¢)o>0,e>0 to a limit process satisfying properties (i) — (iv). It uses the
framework introduced by Konarovskyi in [11]:

Theorem 1.4. Let g € EL [0,1]. For each positive o and ¢, there exists a solution y, .
to equation (1.2) such that (ys.-(u,t))uco,1),tef0,r] belongs to L([0,1],C[0,T]) and almost
surely, for eacht € [0,T], Yo (-, t) € Lo, 1].

Furthermore, up to extracting a subsequence, the sequence (Y, ¢)e>0 converges in
distribution in L»([0,1],C[0,T]) for every ¢ € Q4 as ¢ tends to 0 to a limit y, and the
sequence (y,)s,cq, converges in distribution in Ly([0,1],C[0,T]) as o tends to 0 to a
limity. Let Y (t) := y(-,t). Then (Y (t))c[o,1] is @ L1[0,1]-valued process such that:

(C1) Y(0) =g;

(C2) (Y(t))tejo,1) is a square integrable continuous L1[0,1]-valued (Ft)te[o,r)-martingale,
where F; := o(Y(s),s < t);

(C3) almost surely, for every t > 0, Y(t) is a step function, i.e. there existn > 1,
0=a1<as <--<ap<apt1 =1landz < 29 <--- < z, such that for all u € [0, 1]

Y(t)(u) =y(u,t) = Z Zk]l{ue[ak,akJrl)} + z2nlfy=1};
k=1
(C4) y belongs to D((0,1),C[0,T]) and for every u € (0,1), y(u, ) is a square integrable
and continuous (F;)c(o,r)-martingale and

P [Vu,v € (0,1),Ys € [0, 7], y(u, 5) = y(v, s) implies vt > s,y(u,t) = y(v,1)] = 1;
(C5) for each v and u' in (0, 1),

(s )yl ))e = /

’ ]l{m,u/<s}ds
m(u,s)

1
where m(u, S) = / ]l{y(uﬁs):y(v,s)}dv and Tu,u! = inf{t >0: y(u,t) = y(u’,t)} ANT.
0

Remark 1.5. More precisely, the filtration (F;)c[o,7] is given by:
Fi=0c((Y(s),h)r,,s <t h e Ly]0,1]).

Remark 1.6. By property (C4), the limit process y is said to be coalescent: if for a
certain time t;, two particles y(u,tp) and y(v,to) coincide, then they move together
forever, i.e. y(u,t) = y(v,t) for every t > .

It is interesting to wonder how the coalescence property of the process y translates to
its smooth approximation y, .: two paths (y,.-(u,?))icjo,7) @and (Yo, (v,1))se(o,], Starting
from two distinct points g(u) and g(v), do not meet, which means that y, (-, t) is non-
decreasing for each fixed t. If y,(u,-) and y,(v,-) get close enough, at distance
smaller than o, they begin to interact and to move together, whereas as long as they
remain at distance greater than o, they move "independently": more precisely, the
covariation (Y, (u, ), yo.c(v,-)): is equal to zero for every time ¢ < 77, := inf{s > 0 :
|ya,e(u7 s) — ya,e(v7 s)| < U} (see figure 1).
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Figure 1: Two simulations, based on the same underlying Brownian sheet, for the limit process (Nt)te[o,T]
(on top) and for the process (Hg’a)te[o,T] with positive o and ¢ (on bottom). The horizontal axis represents
time. On the vertical axis, we put the position of the particles (initially, we took five particles on [0, 1]).

Organisation of the article

We begin in Section 2 by proving Theorem 1.1, which states that a process y satisfying
properties (i)-(iv) admits a representation in terms of a Brownian sheet. In Section 3,
given a two-dimensional Brownian sheet, we prove the existence of a smooth process
in the space Ly([0,1],C[0,T]) intended to approach Konarovskyi’'s process of coalescing
particles. This smooth process can be seen as a cloud of point-particles interacting with
all the particles at a distance smaller than ¢, and in which two particles have independent
trajectories conditionally to the fact that the distance between them is greater than o.
When the distance becomes smaller than o, both trajectories are correlated, mimicking
the coalescence property.

Section 4 is devoted to the proof of convergence when the parameter ¢ and the range
of interaction o tend to zero, using a tightness criterion in L2 ([0, 1],C[0,T]). In Section 5,
we study the stochastic properties of the limit process, including the convergence of
the mass process. The aim of this final part is to prove that the limit process y satisfies
properties (C'1)-(C5) of Theorem 1.4, in other words that our sequence of short-range
interaction processes converges in distribution to the process of coalescing particles.

In Appendix A, we give an It6 formula in the Wasserstein space for the limit process vy,
after having recalled some basic definitions and properties of Lions’ differential calculus
on Pz(R).
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2 Singular representation of the process y

Let (2, F,P) be a probability space. Let us consider on (2, F,P) a random process
y € L2((0,1),C[0,T]) satisfying properties (i)-(iv). We refer to [11] for a comprehensive
construction of y. We will give another one later in this paper.

The aim of this Paragraph is to prove Theorem 1.1. Before that, we recall the
definition of a Brownian sheet given by Walsh in [23, p.269]. Let (F, £, v) be a Euclidean
space equipped with Lebesgue measure. A white noise based on v is a random set
function W on the sets A € £ of finite v-measure such that

e W(A)is aN(0,v(A)) random variable,
» if ANB = (), then W(A) and W(B) are independent and W(ANB) = W(A)+ W (B).

Let T > 0. Consider E = [0,1] x [0,7] and v the associated Lebesgue measure. The

Brownian sheet w on [0,1] x [0,7] associated to the white noise W is the process
(’LU(’U,7 t))uE[O,l]X[O,T] defined by ’LU(’U,7 t) = W((07 ’U,] x (07 t])

Define the filtration (Gy):eo0, 1) by Gt := o(w(u, s),u € [0,1],s < t). Then in particular,

(i) for each (Gi)¢cjo,r)-progressively measurable function f defined on [0, 1] x [0, 7] such

that fOTfol f?(u, s)duds < +oo almost surely, the process (fotfol f(u, s)dw(u, s))

te[0,T]
is a local martingale (we often write dw(u, s) instead of w(du, ds));

(ii) for each f; and f; satisfying the same conditions as f,

<A£Umem%$Aﬁﬁmwmwwﬂf1[[ﬁw@hm@mw

By Lévy’s characterization of the Brownian motion, a process w satisfying (i) and (i) is
a Brownian sheet. Let us now prove Theorem 1.1.

Proof (Theorem 1.1). We take a Brownian sheet 7 on [0, 1] x [0, 7] independent of the
process y, constructed by possibly extending the probability space (2, F,P). Then, we
define (w(u, t))uG[O,l],tG[(),T] by ’U)(O7 ) =0, w(-, 0) =0 and:

1 1
w(du, dt) = n(du, dt) + y(u, dt)du — 7/ L gy () =y (w130, dt)du.
m(ua t) 0
We denote by H; the filtration o ((y(u, 5))ue0,1],s<t> (1(Us 8))uelo,1],5<t)-
In order to prove that w is an (#;):c[o,r)-Brownian sheet on [0,1] x [0,7], let us

consider two (H:):c[o,r)-Progressively measurable functions f; and f, and compute,
using independence of n and y:

<A[ﬁm@MW$A£Umemwm=m+w—w—m+w

where

Wz(AﬁVMwMWw)AKﬁ@@MWﬁ%(ﬁ[ﬁ@@hmﬁmm

since 7 is an (H;).c[0,r-Brownian sheet;

:ﬂ//memmew[fhw@@m@mn

]]' u,s v,S8
/// fi(u, s) fa(v S)Wdudvds
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using property (iv) of process y;

= </-/1 f1(u78)d77(uys)7/-/01 JM/; Ty (v,)=y(v,)3dn (0", 5)dw)y

/// - f2 L UL Tiy(v,s)=y(u,s)ydudvds = V5,

since m(u, s) = m(v, s) Whenever y(u, s) is equal to y(v, s). By similar computations,

Sl
US
/ fl / otwrmaturondn(elsdu, [ [ pae,sjanw, ) =i,
0J0

and
f1 ! ,
0 Ly (u,s)=y(u,s)pdn(u’, s)du,
f2 ’U,S) !
/ mv,s) J, L 9=y(vr.0)ydn(v’, s)dv);
fl ua S)f2 )
/ / / / w, 5)m(v )ﬂ{yw 9=} Ly(w,0)=y(u )y du' dududs
fi(u,s) 2(’0,5)
/ / / -~ om(u,s)? Uy ﬂ{y<u7s>:y<u',s>}d“/ Ly (u,s)=y(v,s)ydudvds
/// fi(u,s fz()v,s)]l{u(us) oy dudds = V.
To sum up,

[ s, [ [ peswwen=vi= [ nespsas

whence w is an (H;);c[0,r-Brownian sheet. Finally, we show that (y,w) satisfies equa-
tion (1.1):

]]' u,s ue ]lzus ’LL‘I
// {y( >y( M=y} g0 o) = // {J( )y( Moy o)} g0 ) (= W)

]1 u,s ’LL sS
// {y( ) 1’ }dy( s)du’ (=: W)
// ﬂ{y(u e) (', e)}/ Ly )=y, D) (o, 5)dur.
0 m(u, )
(=: Ws)

The result follows from the two below equalities:
ﬂ{yus y(u )} bt
wa— [ / Hu =00 gy, 5)du’ = [ dyfass) =yl ) (0 0) = y(ast) — gl
0
Tiyu s U () —u(os
ng// {y( s) y(u >}/ Wl )=y} G o)y
0 m(v,s)
ﬂ{yus =y(v,5)} / ;
Lo o= du' ) d
// i s)ym(.s) U, Hoes=yeaydu | di(v,s)
]l US v,S8
/ / {y y( Lotma=ywo) g o

which implies that W3 = W, and consequently equation (1.1). O

Therefore, every solution of the martingale problem (i)-(iv) has a representation in
terms of a Brownian sheet. In the next Section, we will construct, given a Brownian
sheet, an approximation of the process y.
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3 Construction of a process with short-range interactions

Let (92, F,P) be a probability space, on which we define a Brownian sheet w on
[0,1] x [0,T]. We associate to that process the filtration G; := o(w(u, s),u € [0,1],s < t).
Up to completing the filtration, we assume that Gy contains all the IP-null sets of F and
that the filtration (G;);c[o, 7] is right-continuous.

Fix 0 > 0 and € > 0. Let ¢, denote a smooth and even function, bounded by 1,
equal to 1 on [0, %] and equal to 0 on [Z,+00). Recall that E;r [0,1] represents the
set of non-decreasing and cadlag functions g : [0,1] — R such that there exists p > 2
satisfying fol lg(uw)|Pdu < +o0. The aim of this Section is to construct, for each initial
quantile function g € Eg +[0,1], a square integrable random variable yJ . taking values in
L5(]0,1],C[0,T]) such that almost surely, for every t € [0, T], the following equality holds
in L2 [O, 1}

— 9 /
Vel _g+// ot ya’aiu7s)) dw(u', s). (3.1)
0 €+f0 990 yU 5( )_ya,s(U,S))dU

Remark 3.1. We add the parameter ¢ to the denominator in order to ensure that it
is bounded by below. We also point out that relation (3.1) has to be compared with
equation (1.1), where x — 1,—0) is replaced by the function ¢, .

More precisely, we will prove the following Proposition. Recall that Lg [0, 1] represents
the set of functions f € L,[0, 1] such that there is a non-decreasing and cadlag element
in the equivalence class of f.

Proposition 3.2. Let g € L; [0,1]. There is an L}[0, 1]-valued process (YZ.(1)eeio,m =

(¥4 (- 1))iefo,r) such that:

(A1) Y7.(0) = g;

(A2) Y2_ is a square integrable continuous L}[0, 1]-valued (F7" °)tejo,r)-martingale, where
e s 20y

(A3) forevery h,k € L2[0,1],

md _(u,u,s)

(Yo b)), (Y., L2>t=/0/0/0h(u)k‘(u’) (5—&—mg@(u,’s))(s+m§75(u/,s))dudu,d8’

1
where mtgr,s(u’ulv 5) = fo @U(yg—,a(ua S) - yg,a(”’ S))‘Pa(yg7a(u/7 S) - ycgr,a(v7 8))d1} and
1
mtgr,e(u’ 3) = f() (pg(yg,a(uv S) - yg,a(vv 5))dv

3.1 Existence of an approximate solution

Denote by M the set of random variables z € Lo(2,C([0,T], L2(0,1))) such that
(2(w,-,1))eepo,17 18 @ (Gt)iejo, r)-Progressively measurable process with values in Ly (0, 1).
We consider the following norm on M:

1
|zM=EFw/Ndmm%4
t<T Jo

Throughout this Section, o and ¢ are two fixed positive numbers. To begin, we want
to prove that the map v : M — M, defined below, admits a unique fixed point. Fix
ge Ll +[0,1] an initial quantile function. For all z € M, define:

B w,u,1) //”% o w5) = st 5) g ut),  (3.2)

€ +my(w,u,s)

1/2

where m,(w,u,s) = f 02 (z(w,u,s) — z(w,v, s))dv. We start by making sure that v is

0
well-defined.
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Proposition 3.3. For all z € M, v(z) belongs to M. Furthermore, (1(2)(:,t))c[0,1] is an
L(0,1)-valued continuous (G;)¢c|o,r)-martingale.

Remark 3.4. The definition of an Lg [0, 1]-valued martingale was given in Definition 1.3.
Up to replacing Lg by Lo, the definition of an L(0, 1)-valued martingale is exactly the
same.

Proof. We want to prove that (¢(2)(-,?)):e[0,) is an L2(0, 1)-valued (G );c[o,r)-martingale.
Since z belongs to M, the process (z(-,t)):c0,7] 1S (Gt )te[o,r)-Progressively measurable.
Therefore (m, (-, t))¢cjo,7] is also (Gt )iefo,r1-Progressively measurable and we deduce that
(¥(2)(-,1))efo,) is (Gt)ielo,r)-Progressively measurable.

Then, we check that for each ¢ € [0,7], ¥(2)(-,t) € L2(0,1) and E [||(2) (-, t) || ,] < 0.
We deduce this statement by recalling that | g||z, < 400, because g € L‘;r [0,1], and by

computing:
2
L2‘|

! L)DU(Z(US) - Z(’LL/,S)) I
P dw(u', s)

Yo(z(ys) —2(dys)
e+ my(-,s) dw(w’,s)

/

Lg_

'l — =W, 8))dw(u’7s) 2du]

6+mg u, S)

, 2
Voo (2 — 2z(u, s))dw(u/7s) ]du (3.3)

/ 5+mg u, S)
—z(u',5))\?
- // (™) d“/d‘s] o

ot
T2 T2 < oo

Furthermore, for each h € L»[0,1],

($(2)( 0, h) 1, = (9 1)1 / / / (21,8) = 2 9) 4o, )

€+ meg(u,s)

isa (gt)te[m -local martingale. Then, we compute the quadratic variation:
E[((¥(2) z),h) Lo )]

L27
/ 1 / B e bt

< SIhl2,

Since it is finite, the local martingale is actually a martingale.
Moreover, by Doob’s inequality (see Theorem 2.2 in [9, p.22])
1/2

[¥(2)llm =E [igg/ol Iw(Z)(u,t)lsz]

—(w.s)) > 1"
QOU u,s /
gL, + E SUP/ // dw(u’,s)| du
< llgllz. N Hma ws) (u',5)
9 1/2
300 (u/ 5)) ’

< o dw(v/,s)| d

< ligllz. + ng w9 du
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The last term is finite by (3.3). Thus ||#)(z)| s is finite and ¥(z) belongs to M, which
concludes the proof. O

Let us now prove that v has a unique fixed point:

Proposition 3.5. Let 0 > 0 and ¢ > 0. Then the map ¢ : M — M defined by (3.2) has a
unique fixed point in M, denoted by y3 ..

Proof. For all n € IN, denote by 9" the n-fold composition of v/, where ¢'° denotes the
identity function of M. We want to prove that " is a contraction for n large enough.
Let z; and z; be two elements of M. We define

h(t [sup/ [9" (21) (u, 8) — Y™ (20) (u, 8)|*du| .
s<t
Let us remark that h,(T) = [[¢"(21) — "™ (22)||3, and recall that, by Proposition 3.3,

(W(z1)(-,t) — ¥(22)(, ))te[o,T] is a (G¢)tejo,r)-martingale. We denote by m, 1 and m,» the
masses associated respectively to z; and z,. By Doob’s inequality, we have:

1

ha(t) = E[sup (1) o) — w<z2><u,s>|2du}

s<t

Po(21(u,r) —21(u' 1) @ol(22(usr) — 22(u's 7)) ,
( €4+ meg1(u,r) - £+ meya(u,r) )dw(u o)

sup
s<t

2
du}

Poa(uys) = 21(0's5)) _ go(alus) = (W, 5)) rdu’dst]

e+ mg1(u,s) e+ mey2(u,s)

Furthermore, we compute:

€+ mey1(u,s) €+ mgy2(u,s)

( ‘%(21(% s) = 21(u', 8)) = o (z2(u, 8) — 22(v', 8)) r

e+ meg1(u,s)

’%(21(% s) =2 (Ws))  polza(u,s) — 2w, s))|”

<2

Po(22(u, s) — 22(u', 5))
(e + mo1(u,s))(e + mea(u,s))

(Mme.1(u, s) —me2(u,s))

)

Moreover, we have:
M1 (u, 8) — mo2(u, s)| < / 02 (21(u, 8) = 21(v,8)) — 2 (22(u, 8) = 22(v, 5))|dv
0
< Lip(#2) /0 (21 (u, 8) — 21(v, 5)) — (22(u, 5) — 22(v, 5))|dv

< Lip(p?) <|z1(u,s) — z2(u, s)| + /01 |21(v, 8) — 2z2(v, s)|dv> .

We obtain the following upper bound:

Polz1(uys) = 21(0,5))  po(za(u,s) = za(u',s)) |

€+ mga(u,s) €+ Mg a(u,s)

< (4 (Lip;""f +4 (Lli(f‘z’))ﬁ <zl(u,s) — za(u, 5

+ |21(u, 8) — z2(u, 5) / |21 (v, 8) — 22(v, 8)| dv>
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Finally, we deduce that there is a constant C, . depending only on ¢ and ¢ such that

t el
hi(t) < Co E [// |21 (u, s) — 22(u, 5)|2duds}
0Jo
t 1 t
< Cmg/ E [sup/ |z1(u,r) — ZQ(u,T)|2du] ds = C’g@/ ho(s)ds
0 r<s JO 0

Applied to )™ (z1) and ¢" (22) 1nstead of z; and z,, those computations show that for every
t€[0,T], hpy1(t) < Coe fo s)ds. Using the fact that h is non-decreasing with respect

to t, it follows that b, (T) < (C” ET) ho(T), whence we have:

167 (er) — 67 () 3 < 2z

Thus, for n large enough, the map #" is a contraction. By completeness of M under the
norm || - || (remark that M is a closed subset of Ly(€2, C([0,T], L2(0,1))), it follows that
1 has a unique fixed point in M. O

ll21 — 22134

We denote by yJ . the unique fixed point of ¢). Remark that by construction it satisfies
equation (3.1) almost surely and for every ¢ € [0, 7.

3.2 Non-decreasing property

Define, for each t € [0,T], Y7_(t) := yJ.(-,t). So far, by Proposition 3.5, we have
established that (Y7 (t)):c[o,7] is an L2[0, 1]-valued process, satisfying property (A1) of
Proposition 3.2. Since Y. belongs to M, and by Proposition 3.3, (Y7_(t))ic[o,7] is @
square integrable continuous L.[0, 1]-valued martingale, with respect to the filtration
(Gt)iclo,1)- Therefore, it is also an (F;*);c[o,r)-martingale, where F° := o (Y7 _(s),s < t).

In order to obtain property (A2), it remains to prove the following statement:
Proposition 3.6. (Y7_(t))ic[0,1) is an L1[0,1]-valued process.

We will start by proving three Lemmas and then we will conclude the proof of
Proposition 3.6. For every z € R, we consider the following stochastic differential
equation:

— 9 ()
2(z,t) = x+// ) Z8CE) dw(’, s), (3.4)
0 €+f0 QOO ) 7yg$5(’u,8))d11

where yJ . is the unique solution of equation (3.1).

Lemma 3.7. Let x € R. For almost every w € 2, equation (3.4) has a unique solution in
C[0,T7], denoted by (z(w,x,1))c[0,1]. Moreover, (z(x,t)):eo,1) is a real-valued (Gi)e(o,7]-
martingale.

Proof. We get existence and uniqueness of the solution by applying a fixed-point argu-
ment. The proof is the same as the proof of Proposition 3.5. We obtain the martingale
property by the same argument as in Proposition 3.3. O

Then, take z1, o € R. After some computations similar to those of the proof of
Proposition 3.5, we have for every ¢t € [0,T):

t
E |sup|z(z1,s) — z(xg,s)ﬂ < 2lxy — :102|2 + CU_’E/ E {sup |z(x1,7) — Z($2,T)|2 ds.
0

s<t r<s

By Gronwall’s Lemma, we deduce that:
[sup| (z1,t) — z(xg,t)|2] < Cuclry — 202
t<T
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By Kolmogorov’'s Lemma, there is a modification z of z in C(R x [0,7]). We define
v - (u,t) := Z(g(u), t). In particular, u — 3¢ _(u,-) is measurable and, since g is a cadlag
function, yJ . belongs to D((0, 1),C[0, T7).

Remark 3.8. In the case where g is continuous, it is straightforward to see that yJ .
belongs to C([0, 1] x [0,T7).
Furthermore, y¢ . belongs to M. Indeed,

1
[bup/ |y0_5ut| du] < [/ bup‘yaeut| du} z/ E[bup|yaaut)| }d.
t<T 0 t< 0 t<T

By Lemma 3.7, for every u € [0,1], (¥4 .(u,t)):c(o,7] is @ martingale, we have by Doob’s
inequality:

E {Sug |§§7E(u,t)|2] < CE {|§g75(u,T)|2}

t<
< 20g(u)* + 2CE //

< 2Cq(u)? + 20532.

2
g ’
Po ya E(u S) yo,a (U ’S)) d’U/dS

e+ fy g2 (e (u,5) — yde (v, 5))dv

< 2C|gl12, +2C% < +oo. Moreover, (74 _(-,t))tc(o,r] is an Lo[0,1]-
valued (G):co,r)-martingale. Indeed, for every h € L[0,1], for every ¢t € [0,T], the
expectation E (9 (-, 1), h)L,] is finite. Fix 0 < s <t < T, and 4, € G,. We have:

B K /0 5 O h(u)du — /0 i s)h(u)du) 114

- / B [(§2.0 (4, 1) — 79 (u, $))1 4] h(w)du = 0.

Lemma 3.9. We have | {Supth fol |79 o (u,t) — ygys(u7t)|2 du] = 0. Therefore, J4 . = yJ..
in M.

Proof. Since (¥ .(-;t) — y3 .(-,t))tcjo,r) is an Ly[0, 1]-valued martingale, then by [9, p.21-
221 [ 59 (u,t) — y3 . (u, t)|2 du is a real-valued submartingale. By Doob’s inequality,

2
du]
0 0J0
1 pt pl
E[ / / / |9075(§g76(u,s),u',s)Ggys(ygﬁ(u,s),u',s)|2du/dsdu],
0J0OJO

Po(z—yg . (u',5))
E+f01 P2 (z—yZ . (v,s))dv
of Proposition 3.5, we have:

[Sup/ |99 o (u, s) — yd . (u, s)| du} CN]EU/ |78 - (u,s) — y”us| dsdu}

s<t
t
gCgﬁ/ {sup/ |yg€ur) ygsur| du]
0 r<s
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By Gronwall’'s Lemma, we deduce that E [supsgt fol |99 - (u, ) — y4 . (u, s)‘Q du} = 0 for
every t € [0,T]. This implies the statement of the Lemma. O

Lemma 3.10. Almost surely, for every u,,us € Q such that u; < uy, we have for every
t >0, yJ (u1,t) < yg . (ug,t). Furthermore, if g(u1) < g(uz) (resp. g(u1) = g(uz)), then
for every t 2 0, y4 . (u1,t) < ¥4 -(u2,t) (resp. ¥4 (u1,t) = y4 . (u2,t)).

Proof. Let (u1,us) € Q? such that 0 < u; < uy < 1. For u = uy, us, we have:

72 () = // e (8o (1, ), $)duw(u, ),

po(z—yd .(u',s))
e+ [y 02 (z—yS . (v,s))dv

where 0, . (z,u/,s) = . Therefore, we have (writing y instead of yJ .

and 0 instead of 6, .):

Gtz £) — G, 1) = gluz) — g(un) / / T, 5), 0, 5) — B(5i(un, 5), o', 5))dw (el 5)

= glus) — glur) + / (Fuz, ) — Flun, 8))dM, (3.5)
0
where My = Ji o (.20 .0 "SR dw (' 5). Observe that:

y(uz2,s)

03z, 5), 1, 5) — O (us, )u',s)z/ 0,0(z, ', 5)dz,

~(7J,1,S)
D b)) pe(e—y(9)) fLeR) (—y(v,s)d
and that 9,0(z,v', s) = T2 (e y(vs))do et T 0 (0= (0:5))A0)2 . Therefore, 0.6
is bounded uniformly in (z,v/,s) € R x [0,1] x [0,7] by Cy . := W"!L"" + leellze ng") loce
We deduce that

T prl ~ ~ 2
9(y(u2,5),u',5) - e(y(ulvs)vul7s)> /
= 1 y(uz,8)#y(u1,s ~ ~ du’ds
/0 /o )70} ( Y(ua, s) — y(ui,s)

T r1
<E / / (Cyo)? du/ds
0 JO

and thus M is a (Gi)c(o,r)-martingale on [0, T]. We resolve the stochastic differential
equation (3.5): 94 _(uz,t) — 79 (u1,t) = (g(uz) — g(ur)) exp (My — 5(M, M)y). If g(uy) <
g(ug2) (resp. g(u1) = g(uz)), then almost surely for every ¢ € [0, T, ¥3 . (u1,t) < yJ  (uz,1)
(resp. =). Thus it is true almost surely for every (u;,us) € Q? such that u; < us. O

E[(M, M)r]

<T(Coe),

Therefore the proof of Proposition 3.6 is complete:

Proof (Proposition 3.6). For eacht € [0,7], Y7 (t) = yJ.(-,t) has a modification yJ _(-, )
belonging to Lg [0, 1]. O
We precise the properties of 7 _ in the following Corollary, which derives directly
from Proposition 3.6. From now on, we will always use this version of the process.
Corollary 3.11. The following two statements hold:
* for almost every u € (0,1), (¥4 .(w,u,t))icjo,r) is @ (F{%)iejo,r-martingale, and it is
continuous for almost every (u,w) € (0,1) x Q.
* almost surely, for every t € [0,T], u+ yJ .(u,t) is cadlag and non-decreasing.
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We complete the proof of Proposition 3.2.

Proof (Proposition 3.2). Thanks to Proposition 3.6, the proof of properties (A1) and (A2)
has been completed. It remains to compute the quadratic variation. Recall that for every
u € [0,1], (yd (u,1))ieo,1) is @ (G¢)refo,r)-martingale and that

72 (u,t) = g(u // e (8 o (1, ), $)duw(u, ),

Therefore, for every u,u’ € [0, 1],

1
W (u, ),y (u))e = //Oszc,Eus ), v, 8)dw(v, s), /OUsygsu s),v, s)dw(v, 8))¢
0

= // O (U - (u, 8),, s)Ggys@gjs(u', s),v, s)dvds.
0Jo
Therefore, for every h, k € L5[0,1],

<(Y0' E?h)LQ’( ae’

1

/// u')/ O (U - (1, 5),0, 8)05.c (Y2 . (v, 5), v, s)dvdudu’ds
0
1

:/// h(u)k(u’)/ o (Y o (u,5),v,8)05.c (Y2 (v, 5),v, s)dvdudu’ds
0Jo Jo 0

_/t/l/lh( Jk(u') Mg, 9) dudu'd
“odoJo T e T mE (w9 e+ mE(uls)) T

which completes the proof. O

We conclude this Section with a property on the quadratic variation of two fixed
particles, which will be useful to obtain lower bounds on the mass in the next Section.

Corollary 3.12. For almost every u,u’ € [0,1],

(g (u, ), . // el 5) dvd (3.6)
)" vas. .

Ua.e (1), U e (1 (e +m%:(u,s))(e +mdc(uv/,s))

Proof. This statement follows clearly from the proof of Proposition 3.2, from the fact

that for almost every u € (0,1), (4 .(u,t))¢e[o,) is @ continuous martingale. O

4 Convergence of the process (7 _),.cq,

From now on, for the sake of simplicity, we fix a function g in Eg +[0,1] and y, . will
denote the version yJ . starting from g. We denote by p a number such that p > 2 and
g€ Ly(0,1).

We begin by proving the tightness of the sequence (y,.-)s.ccq, in L2([0,1],C[0,T]) in
Paragraph 4.1. We will then pass to the limit in distribution, first when ¢ — 0 and then
when o — 0 and prove, in Paragraph 4.3, that the limit process is also a martingale.

4.1 Tightness of the collection (y,:),>0.>0 in L2([0,1],C[0,T7])

Recall that for all ¢ > 0, the map ¢, is smooth, even, bounded by 1, equal to 1 on
0, 25| and equal to 0 on [%,+00), where 7 is chosen so that n < . Recall that y,. . is
solution of the following equation:

o t _ 90:7 Yo, a(u S) yo,s(u/as)) dw u’,s .
Ve =gl //0 5+f0 02 (Yo,e(Uy 8) — Yo e (v, 8))dv (w))
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We begin by proving that the collection (y,.)>0,.>0 satisfies a compactness criterion
in the space L»([0,1],C[0,T]). We recall the following criterion (see [18, Theorem 1,
p.71]):
Proposition 4.1. Let K be a subset of L»([0,1],C[0,T]).

K is relatively compact in L»([0,1],C[0,T)) if and only if:
(H1) forevery0 < u; < u2 {f;“ f(u,-)du, f € K} is relatively compact in C[0,T),
(H2) limy, 0+ Supyse g fo i futh) - f(ua -)||C[O’T]du =0.

By Ascoli’s Theorem, (H1) is satisfied if and only if for every 0 < u; < u2 < 1,

- for every ¢t € [0, 7], f“2 f(u,t)du is uniformly bounded,

[22(f(u,ta) — f(u, h))du‘ —0.

In order to prove tightness for the collection (Y, )o>0,->0, we will prove the following
Proposition:

- limy, o+ Supse g SUP|¢, 1, |<n

Proposition 4.2. Let 6 > 0. The following statements hold:

(K1) there exists M > 0 such that for all 7, > 0, P [fol e (1) 20,y < M} >1-3,
(K2) forall k > 1, there exists n;, > 0 such that forallo >0, e > 0,

P

1
1
/ sup |y<7,6(u7t2) - y075(u7t1)|du g k] 2 1-
0

[to—t1|<mp

(K3) forall k > 1, there exists hy, > 0 such that forallo >0, > 0,

1-h
1 1
P (vhe Oh) [ et h) = ol ydu < ] >1- 2
0

Proposition 4.2 will be proved in Paragraph 4.1.2. It implies tightness of (yJ .)o>0.e>0
in Ly([0,1],C[0,T7]):
Corollary 4.3. Forallg € L‘;r [0, 1], the collection (yJ .)s>0,->0 is tight in L ([0, 1],C[0, T7).
Proof (Corollary 4.3). Let § > 0. Let M, (h)k>1, (nk)x>1 be such that the statements of

Proposition 4.2 hold for 4.
Denote K the closed set of all functions f € L, ([0, 1],C[0,T]) satisfying:

(L1) /Hf I p0.zydu < M.

(L2) forall k > / sup | f(u,t2) — f(u,t1)|du < l
0 |ta—t1]|<nx k
1-h 1
(L3) forall k > 1, Vh (O,hk),/ It o) = £ ) Bo zydu < 1.
0

Let 0 € u3 < ug < 1. We deduce from (L1) that for every ¢t € [0,7], and every

u u /2 1/2
f € Ks, ’f 2 f(u t)du‘ < (fuf f(u,t)2du) (fo I (u ||COTdu) < VM. We
deduce from (L2) that for every k > 1

sup  sup
FEKSs |ta—t1|<ng

?rM—‘

1
< sup / sup | f(u,ta) — f(u,t1)|du <
0

fEKs [ta—t1| <

/ PP lunta) — Flu,t1))du

Therefore, by Ascoli’s Theorem, condition (H1) of Proposition 4.1 is satisfied.
Furthermore, by (L3), condition (H2) is also satisfied uniformly for f € K;. Therefore,

K is compact in Ly ([0,1],C[0,T]). By Proposition 4.2, forallo >0, ¢ > 0, P [y, € K5] >

1 — 36. This concludes the proof. O
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To prove Proposition 4.2, we will first give in the next Paragraph an estimation of the
inverse of the mass function (see Lemma 4.6). This Lemma is an equivalent in our case
of short-range interacting particles of Lemma 2.16 in [12], stated in the case of a system
of coalescing particles.

4.1.1 Estimation of the inverse of mass
Recall that m, . (u,t) = fol 02 (Yo.e(u,t) — Yoe(v,t))dv. We define a modified mass
(e +mye)?

Mo’,a(u; t) = ma,e
+ oo otherwise.

(u,t) if mye(u,t) >0,

Clearly, M, o(u,t) = my.(u,t) for every u € [0,1] and ¢ € [0, 7.

By Corollary 3.11, there exists a (non-random) Borel set A in [0, 1], Leb(A) = 1, such
that for all u € A, (yo.c(u,t))tcpo,r) is almost surely a continuous (F;*°)c[o,r)-martingale.
Recall also that almost surely, for every ¢ € [0,7], v — y,(u,t) is cadlag and non-
decreasing. Moreover, we assume that for every u,u’ € A, equality (3.6) holds.

Lemma 4.4. There exist C > 0 and v € (0,1) such that for each o,e > 0, t € (0,T] and
for every u € A and every h > 0 satisfying u — h € (0, 1),

h

T
[ Lot cworemds > 1] < Clotw) — gtu—n)/ 7. (@.1)
0

P

Proof. Fix o0 > 0 and € > 0. Let h > 0 be such that v — h belongs to A. If g(u — h) =
g(u), then for every t € [0,7T], yoe(u — h,t) = yo(u,t). By the non-decreasing and
cadlag property, for every v € (u — h,u), we have y, .(v,t) = y5(u,t). We deduce that
Moe(u,t) = [ 2 (Yoe(u,t) — Yoe(v,t))dv = [, ©2(0)dv = h. Therefore, M, (u,t) >
h = ~h for every t € [0,T], and (4.1) is satisfied.

Consider now the case where g(u —h) < g(u). Choose k in (%, 2) such that u — k € A.
Denote by N and N the two following (F°%)iejo,r-martingales:

Nt = ya,s(u7t) - ya,e(u - h7t)7
Nt = yo,s(ua t) — ya,e(u - kat)'

Denote by G, and H, respectively the events {M,.(u,s) < &} and {N, > Z117}. We
want to prove the existence of a constant 'y independent of h and u such that for all
c>0,e>0andt >0,

h

P < Oy [g(u) — g(u — h)) T (4.2)

T
/ Ty, ds >t
0

Decompose this probability in two terms:

P <P +P

T ¢ T "
/o Lig.nm,yds > 3 /0 Lig,nmoyds 2 2] ,  (4.3)

T
/ Iyg.yds >t
0

where H E denotes the complement of the event H;.
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e First step: Study of G; N H;.
Fix s € [0,T]. Under Gs N Hy, we have M, . (u, s) < 2% and N, > "7“7 We want to
show that it implies the following inequality:

2mg e (u,u — h, s) o 1
(e + Mo e(u,8)) (e + Moe(u—h,s))  Myo(u,8)3/4*My (u— h,s)1/4

(4.4)
Suppose, by contradiction, that (4.4) is false. Using Cauchy-Schwarz inequality,
Mo (U, w — h,s) < me(u, 5)1/2m075(u — h,s)'/2, and we would deduce that:

1 2
< )
My (u,8)3/* My e (u— h, s)/* = M, o(u, 8)V/2My o (u — h,s)1/?

and thus M, .(u — h,s) < 2*M, .(u,s). Using the fact that M, . > m, ., we can
deduce that

Mo e(U,s) + Mee(u—h,s) < My (u,8) + My (u—nh,s) < (1+ 24)% % (4.5)

We distinguish three cases depending on the value of Ny = yo (4, 8) — Yo.e(u — h, 5).

* Ny, <o —n: For each v € [u — h,u], one of the two terms y,.(u,s) — Yrc(v, 5)
and Yo,e(V,8) = Yo, (u — h, s) is lower than 57, which means that one of those
terms belongs to the preimage of 1 by the function ¢,. Hence

Mo (U, ) + My (u—h,s)

1
- / (02 (W (11 5) — Y1 (0,8)) + 92 (e (1 — B, ) — Yo e (0, 5))) v

> / dv = h.
u—h

This is in contradiction with (4.5). Therefore inequality (4.4) is satisfied in this
case.

* N, € (0 —n,0): Introduce Med := {v : Y- (u,8) — Yo,- (v, 5) € [Z52, ZF1]}, which
is a set of particles more or less at half distance between particle v and particle
u— h. Since n < ¢, we have N, > o —n > 25" and thus Med C [u — h, u]. Let

v € [u—h,u]. We distinguish three new cases:

) =

- if ya,e(U, 5) - yrr,s(va 5) < %51, then Saa(yo s(u 5) Yo, e( )
) Yo, E( —h, 3) is

- ifyoe(u,s) — yYore(v,s) > ”Jr" , and since N, < 0, Y, (v,
lower than 5" and thus wg(yg’g( —h,8) = Yoe(v,8)
- otherwise, v belongs to Med.

It follows that:

h:/ (]l{yaa(u 8)—Yo,e(v,5)< T3 T’}+]l{ygg(u 8) Yo e (v,8)> ”+’7}+]l{v€Med})d

< [ (0069 = 1ac0,9) + 2= 109) = 0,9)) + L)
< Moe (U, s) + My e(u— h,s) + Leb(Med).

By inequality (4.5), we deduce that Leb(Med) > 2. As Med is an interval

3
included in [u — h,u] and since k € (%, %) we deduce that u — k € Med, i.e.

N, €[5, 251], which is in contradiction with the hypothesis N, > 21, Thus
inequality (4.4) is also true in this case.
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e N, > o: In this case, the two particles u and v — h do not have any interaction.
In other words, since the support of ¢, is included in [~§, ], Yo (Yo (u, 5) —
Yo,e(v,8)) and @o (Yo, (u— h, s) — Yo (v, s)) can not be simultaneously non-zero,
whence we deduce that m, . (u,u — h, s) = 0. Inequality (4.4) follows clearly.

Therefore, inequality (4.4) is proved. By Corollary 3.12, it follows that, on G5 N Hy:

1 1 2 —
d (N, N, = n B Mo (W, u — h,s)
ds M,.(u,s) Ms(u—nh,s) (e+mee(u,s))(e+mee(u—h,s))
. . 1 - 1
My o(u,8)  My(u—nh,s) Myc(u,s)3* M, (u—h,s)/*
1 3 1 24
> >

= 2 R
AM, o (u, s) + AMy (u—h,s) = 4My(u, s) h

where we have applied a convexity inequality: Va, b > 0,a%/4b'/4 < %“ + g.

To sum up, we showed that G, N H, implies %(M N, > % If foT]l{GsﬁHs}dS > é

we get

<NN>—/Td<NN>d >/Td<NN>]1 d>24/T]1 G 2
) T= o ds ) sds =2 o ds ) s{g,nH}AS = h o {G.nH,}AS 2 n

Hence, since N is a continuous square integrable (F; ’E)te[o,T] -martingale, there
exists a standard (F;"°).c[o,7-Brownian motion § such that we have the relation
Ny = g(u)—g(u—h)—B((N, N);). Since N remains positive on [0, 7] by Lemma 3.10
(because g(u—h) < g(u)), we deduce that supjy (n ny, 8 < g(u) —g(u—h). Therefore,

T
P/ tigmds> 5| <P | swp 5< o)~ glu—h)
0 [0,234]
23 ~
=P |\ 2 sup B < gw) — g(u— 1)
[0,t]
h
< Calg(u) — glu— )]\, (@.6)

where B is a rescaled Brownian motion and C5 does not depend on u, h, o, € and ¢.

e Second step: Study of G; N HE

Under this event, we have M, .(u,s) < 2% and N, < ‘%”7 In particular, by the

assumption n < Z, we have N; < o — . We claim that the following inequality
holds true:

2me e (u,u—k, s) o 1
(e +Moe(u,s))(e+mee(u—k,s) ~ M, (u,s)3/* M, (u—k,s)1/4

(4.7)

To prove it, it is sufficient to imitate the proof of the case Ny < o —n of the previous
step. We should notice that we did not use the hypothesis Ny > ‘%’” in that case.

Using inequality (4.7) as in the first step, we show that %(ﬁ , N Vs = % Therefore,
P [foT]l{GsmHG}dS > %} <P {(]\7, N)p > 273’& . There exists a (F;"°)¢c[o,r)-Brownian
motion 3 such that N; = g(u)—g(u—k)—B((N, N),). Finally, we obtain the existence
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of a constant C5 independent of u, h, k, o, € and t such that:

T
t _
P /0 ]l{GSmHE}dS P 3 <P | sup B<g(u)—glu—k)
[0,23¢]

h

< Csg(u) — g(u — k)] 7
h

< C3lg(u) — g(u — h)] T (4.8)

Putting together inequality (4.3) and inequalities (4.6) and (4.8), we conclude the
proof of inequality (4.2). Thus inequality (4.1) is proved for every h such that v — h € A.
Let i > 0 be such that u — h € (0,1). Let hy € (%, h) be such that u — h; € A.

P <P

T
/0 ]l{Ma_E(u,s)<L;}ds >t

T
/ Lins, o (uys)<yniyds = t]
0

< Clg(u) — g(u—hy)] ﬁ

< Clofu) — glu—m)] /2.

Up to replacing v by 3, inequality (4.1) follows for every h > 0 such that u—h € (0,1). O

Remark 4.5. Similarly, there exist C > 0 and v € (0,1) such that for each o, > 0,
t € (0,T] and for every u € A and every h > 0 satisfying u + h € (0,1),

T
h
P / ]l{]V[,,ﬁg(u,s)<'yh}d5 > t] < C [g(u + h) - g(u)} 7
0

t

Thanks to Lemma 4.4 and to the above remark, we obtain the following result, which
has to be compared with Proposition 4.3 in [11]:

Lemma 4.6. Let g € L,(0,1). Forall € (0,3 — %), there is a constant C' > 0 depending
only on 3 and ||g||z, such that for all o, > 0 and 0 < s <t < T, we have the following

inequality:
t 1
1
[ =
sJo Mbse(u,r)

Remark 4.7. Observe that by the assumption p > 2, made at the beginning of Section 4,
there exists some 3 > 1 such that (4.9) holds.

0 <CVi—s. (4.9)

Proof. By Fubini-Tonelli Theorem, we have:

t pl 1 t p4oo
dud
E // Bufr = / E [// ]l{]\/jfg(u T)>m}dmdr} du
sJo Mge(u,r) 0 s Jo e
1 p4oo t
< Zﬁ(t—s)+// E |:/ ]I{Nfaa(u,r)<w_1/[*}dr:| dxdu
0 J28 s ’
1 p4+o0 t
g Zﬁﬁ\/t — S+ / / E |:/ 1{Maa(u,r)<'*/m_1/ﬁ}dr:| ’yiﬁd.fdu
0 J28+8 s '
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Furthermore, we compute:

t t—s t
E |:/ ]I{Ma,s(um)<'¥$1/5}dr:| = /0 P |:/ ]l{]VL,YE(u,r)<'yr*1/ﬂ}dr > a:| da
s s
t—s T
g/ P / 1{Ma.5(u,r)<'ym*1/5}d7ﬂ >« da.
0 0 '

Using Lemma 4.4, we obtain a constant C; independent of ¢ and ¢ such that for all
x> 268,

1 t -1/B
x
/I]E{/S ]l{MU,E(u7T)<,Y$—1/ﬁ}dT‘:| // C'1 (u) (u—xil/ﬁ)} - dadu

f1/2(g(u) g(u_m_l/ﬁ))du
21/(28)

t—s.

Moreover, we have for each = > 2%, using Hélder’s inequality:

1 1
[ (ot =gu=a) ) du= [ (8000 = 1y s (@) gl
< gz, (2271/7)' 5. (4.10)

Therefore,

oo t—s
// [/ Lias, . (ur) <o l/g}dr} dadu < c/ HgﬂLz)i\/(l_l)dx
288 s 28~B 28 B P
< Calglle, vVt —s,

where C5 and C3 are independent of o, ¢, and ¢t. The last inequality holds because
1(3
Ha-pon

We conclude the proof of the Lemma by using a similar argument for u belonging to

[0, 1] and using g(u + 27Y/#) — g(u) instead of g(u) — g(u — z~ /7). O

Corollary 4.8. There is a constant C such that for every t € [0,T] and for every o,e > 0,

1
E {/ ye . (u, t)du] <C.
0

Proof. We have:

E Uol y?,,e(u,t)du] <E [/01 g(u)gdu}

Since g belongs to L, (0, 1), the first term of the right hand side is bounded. Furthermore,
by Corollary 3.12 and Fubini-Tonelli Theorem:

B[ [ (o) ot0)00] = [ Bllmeti voctw Ndin= [ B[ [ 1tsas]

< OV,

by Lemma 4.6. O

1/2 1/2 1/2

v |[ (ol t) ~ sl
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4.1.2 Proof of Proposition 4.2

We will now use Lemma 4.6 and its Corollary 4.8 to prove Proposition 4.2. We start
by (K1):

Proposition 4.9. Let g € Lﬁ;r [0,1] and § be positive. Then there exists M > 0 such that
forallo > 0ande > 0, P {f(} e (1) 1210,y > M] <.

Proof. Using again Fubini-Tonelli Theorem,

1 1
E {/ sup |y (u, t)|2du} = / E [sup |Yo.e (u, t)] ] du.
0 t<T 0 t<T

Moreover, for almost every u € [0,1], yo.c(u,-) is a (F;"°).eo,r-martingale. Hence by
Doob’s inequality, there is a constant C; independent of u, o and ¢ such that:

E [sup |yg’€(u7t)|2] < C1E [|yg’g(u,T)|2] .

t<T

Therefore, by Corollary 4.8,

1 1
E [/ SUp | Yo (u, t)| du} < C’l/ E [|yo,-(u, T)|*] du < Cs, (4.11)
0 t<T 0

where (5 is independent of ¢ and . We conclude by Markov’s inequality: there is a
constant C' > 0 such that for all o,e > 0,

1
E [fo SUpPgr |ya,€(u»t)‘2du}
”yos HC[OT]dU M| < <

=

M
For M large enough, that last quantity is smaller than 4. O

Then, we show criterion (K?2):

Proposition 4.10. Let g € L,[0,1] and § > 0. Then for all k > 1, there exists i, > 0 such
that for every o,¢ > 0,

P

1
1
/ SUp  |Yoe(u,t2) — Yoe(u, t1)|du > k] < .
0

k
[ta—t1|<mi 2

Proof. By Markov’s inequality, it is sufficient to prove that:

lim sup E
n—=0% 6>0,e>0

1
/ sup  |Yo.e(u, ta) — yg,s(u,t1)|du] =0. (4.12)
0

[ta—t1|<n

Fix § > 0and 3 € (1,5 — ;). For every u € (0,1), define

Ki(u) = E [[|yo.(u )||coT]

V M (u, s) 8]'

Since y, . is uniformly bounded for ¢ > 0 and € > 0 in Ly([0,1],C[0,T]) (see inequal-
ity (4.11)) and by Lemma 4.6, fo K (u)du and fo K5(u)du are uniformly bounded for
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o > 0 and € > 0. Therefore, there exists C' > 0 such that fol Tk, (w>cydu < 6 and
fol ]l{Kz(u);C}dU < 4. We define:

Kl::{ue( 1)K1()§C},
Ky :={u € (0,1): Ka(u) < C}.

The collection (Y, (4, *))o>0,e>0,uck,nk, is tight in C[0, T]. We use Aldous’ tightness
criterion to prove this claim (see [4, Theorem 16.10]). We prove the two following
statements:

- limg o0 SUPs>0,e>0,uc K1NK, P [||ym(u, ')HC[O,T] 2 a] =0.

- for all @ > 0 and r > 0, there is 7y such that for all n € (0,7), forallo >0, ¢ > 0
and u € K; N Ky, if 7 is a stopping time for y,.(u,-) such that 7 < T, then
P [|y0,8(u7T +n) — yo,e(uvT)I > T} S o

By Markov’s inequality, foralla > 0,0 > 0,e >0and v € K1 N K>,

)
a a

1
P [[|yo,e(u, ) |lefo,r) = a] < <z E [[|Yo,e(u, ) llco,m] =

whence we obtain the first statement. Moreover, for all v € K; N K5, by Holder’s
inequality,

E [|yg’6(u,7 +1) — Yoe(u,T) {/ i )ds < Kg(u)%nl_% < C%nl—%,
o, E
whence we obtain the second statement.
By Aldous’ tightness criterion, there exists a compact L of the set D[0, T] of cadlag
functions on [0,7] such that forall ¢ > 0, ¢ > 0 and u € K; N Ka, Ply,c(u,) € L] >
1 — 4. Since C[0,T] is closed in D[0,T] with respect to Skorohod’s topology, and since

Yo.e(u,-) € C[0,T] almost surely, we may suppose that L is a compact set of C[0, 7.
Back to (4.12), we have:

1 1
/ sup  |Yo,e(u, t2) — Yo e (u, t1)|du] = / E
0 [ta—t1|<n 0
1
_ / E |1
0
1
+ / E
0
The first term on the right hand side of (4.13) is bounded by:

1 1/2 1
(/0 E []l{ueKsz,yc,,g(u,-)eL}G} d“) (/0 E

We have:

E

[ta—t1]<n

Sup  [Yo,e(u,t2) — ya,e(u,tl)] du

[ta—t1]<n

(W€K MKy o (u)eL}e SUP  [Yoe(u,t2) — ya,s(u,h)] du

[ta—t1|<n

]1{u€K1ﬁK2,yc,,E(u,-)€L} sup ‘yo,e(ua t2) - yo’,s(ua t1)|‘| du.

(4.13)

1/2
sup Yo (u,t2) — yn,s(u7t1)|21 du) .

[ta—t1][<n

1 1
/0 E |:]l{uEK1r‘IK2,ygy5(u,')EL}ni| du < A ]l{UGKlﬂKz}IP [yo,a(u’ ) ¢ L] du

1 1
+/ ]l{Kl(u»c}d“Jr/ Lk, (uy=cydu
0 0

< 36.
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Moreover,

1
/ E
0
where M is a constant independent of ¢ > 0 and ¢ > 0 by inequality (4.11).
It remains to handle the second term on the right hand side of (4.13). Since L

is a compact set of C[0,T], there exists n > 0 such that for every f € L, w;(n) =
SUP|y_s|<y |f(t) — f(s)| < 4. Therefore, there exists n > 0 such that:

1
/ E
0
Back to equality (4.13), we have proved that there is n > 0 such that for every ¢ > 0 and
e>0:

1
sup  |yo.e(u, ta2) — yg,g(u,tl)d du < 4/ E [sup |yg,5(u,t)|2} du < 4M,
0 t<T

[t2—t1|<n

Tjuek,nKa oo (uyely  SUD Yot ta) — Yoo (u, t1)]| du < 6.
lta—t1|<n

1
E / SUp  |Yo,e(U,t2) — Yo e(u, t1)|du| <5+ V120M.
0 |ta—ti|<n
This proves convergence (4.12) and thus concludes the proof of the Proposition. O

Then, to obtain criterion (K3), we state the following Proposition:

Proposition 4.11. et g € LL[O, 1] and 6 > 0. Then for all k > 1, there is hy, > 0 such
that for all o, > 0,

1

1—hy
P / “yd,s(u+hkv‘) _yd,s(uv')“%[O,T]du = k] < ok *
0

If fol_h’“ [Yor,e (w + haes +) = Yoo (u, )G 10 7y du < +, we deduce by monotonicity of u
Yo (u,t) for every ¢ € [0, 7] that for every h € (0, hy),

1—h
/0 oot ) = e (1, |20,y
1—hyg

1—hy
< / oo+ s ) = o a1, ) 20,77+ / e )= e =) gy
0 1—2hk+

2

=
Therefore, the latter Proposition implies the following Corollary, which is equivalent to
criterion (K3):

Corollary 4.12. Letg € ll;r [0,1] and § > 0. Then for all k > 1, there is hj, > 0 such that
forall o,e > 0,

1—hy
<2 / oot i) = e (1, |20,y s <

P

N

0 Sk ok

1—-h ) 2 6
Vh € (0, k), / e (14 By ) = 3oty 2o gt < 2| 1= o

Proof (Proposition 4.11). Let h € (0,1). By Corollary 3.11, for almost every u € (0,1 — h),
Nyt = Yoe(u+ h,t) — Yo (u,t) is a martingale. By Fubini-Tonelli Theorem and Doob’s
inequality, we have:

1-h 1-h
/ ||Nu,~|(22[O,T]du‘| = / 1) [HNu,|
0 0

Let us split E [NiT] in two terms [NiT]l{N%T@}] +E [NQ,T]]'{N“,T>1}]‘

u

1—h
B ?2[0,T]} du<0/0 E[N2]du.  (4.14)
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Study of folfh]E [N2 714N, r<1}) du. Let u € (0,1 — h) be such that N, . is a martin-

gale. By Lemma 3.10, if g(u + h) — g(u) = 0, then N, = 0 almost surely, thus
E N2 ;1n, r<1] = 0. From now on, we suppose that g(u + h) — g(u) > 0. N, is
a square integrable continuous martingale, starting from g(u + k) — g(u) > 0 and
positive by Lemma 3.10. Therefore, there exists a standard Brownian motion 3,
such that N, ; = Ny o + Bu({Ny,., Ny,.)1). Recall that N, o = g(u + h) — g(u) is a
deterministic quantity. If N, o > 1, then the inequality E [N? ;1(n, ,<1}] < Ny is
obvious. Otherwise, we have

+o0 1
E [N} r1in, r<1}) :/ P [N? plin, r<1y = A dA g/ P [NZ ;> A]dA
0 0
1
<NZ,+ / P [Nyr > A2 d @.15)
N2,

Let us estimate P [V, r > x| for a real number x > N, . We define the following
stopping times:

T_N,, = inf{t > 0: Nyo+ Bu(t) <0}
The Ny i= inf{t > 0: Ny + Bu(t) = k};
Ti=inf{t >0: Ny, >k} AT.

On the first hand, we know that almost surely, for all ¢ € [0,7], N, > 0, hence
T-N,o = (Nu.,Ny.)7. On the other hand, if Ny,7 > K, N, is equal to x by
continuity of N, ., hence (N, ., Ny .)r > T«_n,,. It follows from both inequalities
that 7. n,, < 7-N, - Therefore,

]P [Nu T 2 K/] < ]P [TN*Nu,O < 7—71\7%0] = 9 (416)

by a usual martingale equality. Using inequality (4.15) and N, o < 1, we obtain:

1
Ny
E [NE,T]I{N1L,T<1}] < Ng-,O + / ) Al/gd)‘ < N’L2L-,O + 2Nu,0 < 3Ny0.
Nu,O

Therefore, we have: fol_h E[N2 71N, r<13] du < 3f01_h Ny odu.

Study of folfhE [N2 71N, +>1}] du. Recall that g belongs to L,(0,1) for some p > 2.

Fix 8 € (1,3 - +). We compute:

1-h
/ E I:NE,T]]'{NU,T>1}] du
0

1-h 1-h
< 2/ E [(Nu,r = Nuo)* LN, r>1y] du+ 2/ B [Niolin, »>13) du
0 0

1—h B 1-h 1-% 1-h
<2 ( / E [(Nu,7 — Nu0)?] du> ( / P [Ny r > 1] du> +2 N2 ydu.
0 0 0

Furthermore, we have P [N, r > 1] < N, o: that inequality is obvious if N, o > 1
and otherwise, it is a consequence of inequality (4.16).

Then, we are willing to give an upper bound for E [(N,,r — Nyu,0)?*]. Using
Burkholder-Davis-Gundy inequality, there exists Cs such that E [(N, 7 — Ny 0)*] <
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CsE [(Nu,‘, Nu,ﬁw} . We compute the quadratic variation of the martingale N, ; =
ya,e (u + h7 t) - ya,s(u7 t)

IE[(N N ﬂ:E /T CH— !
ot T 0 \M,c(u,8)  Myc(u—+h,s)

3 2me o (u,u + h,s) )ds
(€ 4+ meoe(u,s))(e +mee(u+h,s))

ﬁ]
1/2 1/2

By Cauchy-Schwarz inequality m . (u, u+h, s) < mqls (u, $)mq's (u+h, s), we deduce
that the sum of the three terms in the integral is non-negative and thus that it is
bounded by Mml(u,s) + 57 whence we obtain:
B
ds

/T ds
0 Mgﬁya(u +h,s)

1

U,E(u+h7s) !
T

/o

/T ds
0 Mgﬂf(u? S)

1—h

By Lemma 4.6, we deduce that [, " {(Nu,., Nuﬂ} du is bounded, because 3 <

% — %. Therefore, we can conclude that there is a constant Cr g such that:

1
M, < (u, s) + M, (u+h,s)

E <N,,,7.,Nu7.>§] < TP 'E

< Cpr (E +E

1-h

1-h 1-1/8 1-h
/ E [N} p1in, r>13) du < 2Crg ( Nu o du> +2 N2, du.
0 0

0

Conclusion: Putting together the studies of both cases, we have proved that there is a
positive constant C satisfying, for all o, € and & € (0, 1):

1-h 1—h 1—h 1-1/8 1—h
/ E [NiT] du<C Nyodu+C Ny du +C Nio du.
0 0 0 0

(4.17)
Recall that there is p > 2 such that g € L,(0,1). As for inequality (4.10), we get:
1-h 1-h .
Nuodu= [ (glu 1) - gluw)du < g, (2)' 5.
0 0
Furthermore, define a := Z%f € (0,1). We have
1-h 1-h
NZgdu= [ (ou+ 1) = gu)(glu+ ) — g(w)* " du
0 0
1-h @ 1—h - -«
<( [ wem—gtunan) ([ (gturn) - gw)
0 0
1_1\% l—a
< (llglz, @m)' %) (Cylglz,)' ™"
because 2=2 = p. Therefore
1—h 1-h p—2
N2pdu= [ (glut ) - g du< CFolgl, b5 @a18)
0 0
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It follows from (4.17) that there is Cz such that for each o, > 0,

p—1

1-h ) ) s
/ E [(ya,a(u +h,T) - ymg(u,T))Q] du < O,BHQHL,, (h 7+ B (=3) +hP ) )
0

for every 8 < 2 — 5, Le. such that 0 <1 — % < 22 Thus, there is ¢ > 0 depending on p

3p—2°
(e.g. ¢ = % by choosing 1 — % = 2(%_22)) and a constant C such that for each

o,e >0,

1—h
/ E [(Yo,-(u+ h,T) — yo.c(u, T))?] du < C||g| 1, k. (4.19)
0

Therefore, by (4.14) and Markov’s inequality, there is C such that for each o, > 0,

1—h
1
P A et ) =y gy > | < ACgls, 17
whence it is sufficient to choose hy, so that kC||g[|z, A} < 2% O

4.2 Convergence when ¢ — 0

Fix ¢ € Q4. By Prokhorov’s Theorem, it follows from Corollary 4.3 that the collec-
tion of laws of the sequence (y,.c)-cq. is relatively compact in P(L2([0,1],C[0,T])). In
particular, up to extracting a subsequence, we may suppose that (y,.)-cq, converges in
distribution in L»([0, 1], C[0,T]) to a limit, denoted by y,.

For every t € [0, 7], let us denote by e;(f) := f(-,t) the continuous evaluation function:
L5([0,1],C[0,T]) — L2[0,1]. We define Y, (t) := e:(y,) = y»(+,t). Under the same model
as Proposition 3.2, we obtain:

Proposition 4.13. Fix 0 € Q;. Suppose that g € £},[0,1]. (Y5(t))icfo.r) is a L}[0,1]-
valued process such that:

(B1) Y5(0) = g;

(B2) (Y5(t))iejo,1) is a square integrable continuous L1[0,1]-valued martingale relatively
to the filtration (F{ )ic(o,r), where F{ = o(Y5(s),s < t);

(B3) for every h,k € L1[0,1],

/
Mo (U, W, 5) dudu'ds,

(Yo, h)py: (Yo, k) py)e = /Ot/ol/o1 h(u)k(u')

My (U, s)my (u', s)

where m, (u,u’, s) = fol Yo (Yo (U, 8) — Yo (v, 8)) Yo (Yo (v, $) — yo(v,s)) dv and
o (u5) = Jy 93 (e (1, 5) = yo (v, 5))dv.

Proof. Fix t € [0,T]. We want to prove that Y, (t) belongs to L}[0,1]. For each ¢ € Q,
Y, < (t) belongs with probability 1 to the set K :=

m ’

1 u+r 1 u'+r'
{feLg(O,l):Vu,u’,Vr,r’,if0<u<u+r<u’<u/+r’<1,then fg—// f
r r /.,

which is closed in L3 (0, 1). Recall that the sequence (yr,c)ccq, converges in distribution
to y, in L2([0,1],C[0,T]). Therefore, (Y -(t)):cq, converges in distribution to Y,(t) in
L,[0,1]. Because K is closed, the limit Y, (¢) also belongs to K with probability 1.
Therefore, almost surely, for every ¢t € [0,7] N Q, Y, (t) € K. Let w € ¥/, where ' is
such that P[] = 1 and for every w € ¥/, fol sup,<7 |Yo (v, 8)[*(w)dv < 400 and for every
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te€[0,TINQ, Y,(t)(w) € K. Let t € [0,T] and (¢,,) be a sequence in [0,7] N Q tending
to t. For every n € IN and each w,v/,7, 7" suchthat 0 < u <u+r <u <u +7 <1,
Ly (0, ) (@)do < &[4 gy (v, £,)(w)dv. Since y,(w) belongs to Ly ([0, 1], C[0, T]),
and since f:+r Yo (v, 15)* (w)dv < fol SUp,< 7 Yo (v, 8)[*(w)dv < +o0, L ;Hrr Yo (U, 1) (w)dv
tends to 1 [y, (v,t)(w)dv (and the same is true for u’ and 7). Thus almost surely Y, ()
belongs to K for every ¢ € [0, T]. It remains to prove that it implies that Y, (¢) belongs to
L3[0,1].

Let f € K. Define, for each u € (0,1), f(u) := liminf)_,o+ %fiwh)ﬂ f(v)dv. First,
remark that f is non-decreasing. Then, since h — + f;”h f is non-increasing, we

have f( ) = limy,_,o+ 7 L f(quh)M f(w)dv. Choose a sequence (u,) \, u. By monotonicity,

f(u) < f( n). Fix 6 > 0. There exists h > 0 such that u + h < 1 and |f( )—+ "Jrhf\ < 4.
Since f € L,, there exists N such that for all n > N, Effn”hf -3 "+hf\ < 4.
Therefore, f(u,) < 1 :’L+h f < f(u)+ 26 foralln > N. Thus f(u,) — f(u). In addition,

fhas left limits because of its monotonicity. Hence f is a cadlag function.

Furthermore, f = f almost everywhere. Indeed, for every § > 0, there exists
F € C[0,1] such that ||f — FJ|1, 01y < 6. Define F(u) = lim,_q+ + [“*" P(v)do. By
continuity of F, F(u) = ﬁ(u) for every u € (0,1). Thus we have:

1 - ~
| 1560 = Flalau < / F(w) — FGldu+ [ 1F) — Fa)ldu
0
(u h)/\l
<5+/ lim f/ i |f(v) = F(v)|dvdu

< 5+liminf/ |f(v) — F(v)|dv < 26
h—0t Jo
where we used Fatou’s Lemma to obtain the last line. Thus fol |f(u) — fu)|du =0,
1

(
whence f = f almost everywhere. Thus f belongs to Lg[(), 1]: Y, is a LE[O
process.

, 1]-valued

Property (B1). (Y;:(0)):cq. converges inlaw to Y,(0) in L3 [0, 1]. Therefore, Y;(0) = g.

Property (B2). By inequality (4.11), E [||Y‘775||2L2([0 11.c[0, T])} is bounded uniformly in

€ € Q1. We deduce that for every t € [0,T], E {HY (t )||L2([0 1 } < +o0, thus the process

Y, is square integrable.

Furthermore, Y, is a continuous Lg [0, 1] -valued process Indeed, for each sequence
(tn)n> o (tn) — Y5 (t) ||L2 fo Yo (U, tn) — Yo (u,t))2du n:; 0 by
dominated convergence Theorem, since for almost every u € (0,1), y,(u, -) is continuous
at time ¢, and (yo (u, tn) — Yo (u, t))? < 4sup,<r |yo(u,t)|* which is almost surely integrable.

Moreover, we know from property (A2) that for each h € L5(0,1), for each I > 1,
0 <s1 <s2< ... <5 < s < tand for each bounded and continuous function f; :
(L2(0,1))" — R:

E [/ h(w) (Yo,e (U, t) — Yo,e (U, 8))du fi(Yo,e(-,81); - -5 Yo e (-, sl))} =0. (4.20)
0

Since ’fol h(u)b(u,t)du‘ < |1hl L, (fol sup(o, 77 [b(w, ~)|2du)1/2 for every b € Ly([0,1],C[0,T]),
the function ¢ : b € Ly([0,1],C[0,T]) — fol h(u)(b(u,t) — b(u, s))du f1(b(-,81),...,b(-,8)) is
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continuous. Furthermore, we prove that (¢(ys,c))scq, is bounded in Ly:

1
E [p(y0.)2] < A% [HI2,E [ [ o) = (9P

< ClAlZIRIG,,

where C' is independent of ¢ by Corollary 4.8. We deduce that (¢(ys.c))ccq. is uni-
formly integrable. By continuity of ¢ and since (y,.)-cq, converges in law to y, in
Ly([0,1],€[0,T]), we get: E[o(yo,:)] —» E[o(yo)]. Since by equality (4.20), E [p(yo.c)] = 0

for each € € Q4, we have:

1
B | [ )0 (0.0) = o DA Vo 1), Yoo =0 (4.21)
0

Therefore, Y, (-) is a square integrable continuous (F{ );c[o,r)-martingale.
Property (B3). We know, by property (A3), that for every [ > 1, for every 0 < s1 < s2 <

... < 5 < s < t, for every bounded and continuous f; : (L2(0,1))! — R and for every h
and k in L5(0,1):

]E{/o /0 h(u)k(u)[(Yo.e(u,t) — g(u)) (Yo (v, 1) — g(u'))
_ (ycr,s(U7 ) — g(u))(ya,s(’u/, s) — g(u’))]dudu’fl(YmE(sl), ceey ngs(sl))]

R
(4.22)

First, we want to obtain the convergence of the left hand side of (4.22). We proceed
in the same way as for the proof of equality (4.21); to get a uniform integrability property,
we have now to prove the existence of 5 > 1 such that

sup Ik
e€Q+

1 1 B
(/ h(w)(Yo,e(u, t) — g(u))du/ k(u")(yoe(u'st) — g(u’))du’> ] (4.23)
0 0

is finite. Therefore, it is sufficient to prove the existence of 3 > 1 such that

(/01 h(w) (Yo e (u, t) — 9<u))du) 25]

is finite for every h € L5]0, 1]. By Cauchy-Schwarz inequality,
25 1 B
2
A1z, ( / (Yoe (us ) = g<u>>2du) ]

1
<P E U (Yo (u, ) Q(U))QﬁdU} - (4.24)
0

sup E
e€Qy

E <E

([ 0t ) gt

We deduce by Burkholder-Davis-Gundy inequality and Fubini’s Theorem that there are
some constants independent of € such that

B[ [ metit) ~ g au] < 01 [ 8 (et et 2] aw
/ol/ot Mf,:(u,r) drdu} '
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By Lemma 4.6, there exists § > 1 such that E [ fo fo ME(ar) (
for ¢ € Q4. Thus (4.23) is finite. It is also finite if we replace t by s.

To obtain the convergence of the right hand side of (4.22), we start by using Skoro-
hod’s representation Theorem': there exists a sequence (Uo,e)ecq, defined on a common
probability space (ﬁ, ]lA)) that converges to y, in L»([0, 1],C[0,T]) almost surely, where
Yo,e (resp. Y, ) has same distribution as y, . (resp. y,). We denote by M, . (resp. m,) the
mass associated to ¥, . (resp. ¥s).

drdu} is bounded uniformly

Furthermore, on the probability space ((AZ x [0, 1],]?’ ® Leb |j0,1)), ¥o,e converges in
probability in the space C[0,T] to J,. Indeed, for every § > 0, we have:

P ® Leb i1 {(w, 0) : |(Joe — Jor) (@, w)lcjo,z) > 0}
=E [Leb{u : ||(o,e — Uo)(w, u)lcio, 1] = 6}]

N 1 [/t N
<B [1 A / 1@ — Gr) (0, 0) 20,27l

We know that, for every fixed 6 > 0, 1 A =3 fo (@5 — @,)(w,u)Hg[O,T]du converges to 0
almost surely, and it is bounded by 1, so we deduce that the latter term tends to 0.
We deduce from the convergence in probability that there exists a subsequence (e, ),
&, — 0, such that for almost every (w, u) € € x [0, 1], (Yo,e, — Yo )(w,w)|lcpo, 1) — 0.

We want to prove that,

trt ! Mee, (u,u',7) drdudu’ ~ N
B[ e )/ S i v e v LSRR O]
naoo |:/ / h / ma’niarur:; :L)/’r) drdudu/fl(}/}g(sl), .. ,}/}g(sl)):| . (4.25)

On the one hand, almost surely and for almost every u € (0,1), Yo.e, (¢, ) = Yo(u,-) in
C[0,T). Then for almost every u,u’ € (0,1),

1
Mee, (U, (0 r) = / Vo Yo,e, (U T) = Yo, (V,7)) 05 (Yo, e, (“/7 ) — Yo.en (v,7))dv
0

— Mg (u,u’,r), (4.26)
n—oo
1
ot e, (07) = 60 [ G2 e 07) T, (00— plusr). (@27)
0 n o0

Therefore, in order to obtain (4.25), it remains to justify that there exists § > 1 such

that:
1 p1 t -~ / B
h(uw)k(u / — Mgen (U, U ’T)A drdudu’)
<A 0 (Whk(w) s (6n+m056n(u7r))(€n+m076n(ul7r))

is finite. By Cauchy-Schwarz inequality, M ., (u, v, 7) < m},/gn (u, T)m},/en (u',r), so that it

is sufficient to prove that there is § > 1 such that

B
sup E / / h(u)k(u / — — drdudu’
nelN ( s 0-1/52 u 7" ;/52" (’U/,T)

115([0,1],C[0,T]) is a Polish space. Its separability can be proved using the separability of C([0,1] x [0, T])
and the density of C([0, 1] x [0,T]) in L2([0, 1],C[0, T7).

sup [E
nelN
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is finite, and thus that sup,,cy E [fo IN W

inequality as in the proof of (4.24). By Lemma 4.6, this statement holds. We conclude
that we have the following equality:

drdu} is finite, using Cauchy-Schwarz

[ / / )iy (1, ) — () (o (o) — g ()
(o) — 9() i (o ) — g )]l i (Vo (1), .. ,Ya<sl>>}

Lt me(u,uw',7) ,
_ E[/O/O h(u) / e drdudu fl(Ya(sl),...,Ya(sl))}, (4.28)

t mgy(u,u’,r) drdudu’

whence we obtain property (B3), since fol fol h(u)k(u') J, T RS e e (F7 )tejo,)-
measurable. O

Property (B3) implies the following Corollary:

Corollary 4.14. Let 1) be a non-negative and bounded map: [0,1] — R. Then for every
1 e IN\{0}, 0 < s1 <s2<...<s; <s<tand for every bounded and continuous function
fi: L2]0,1)" — R, we have:

i [ v (00 0.0) = 907 = al05) — o0)? ~ [ ) aw
R¥a(on)een Yolo)| 0.

Proof. We use the following notations. First z(u,-) := y,(u, ) — g(u) and second F; =
fi(Ys(s1),...,Y5(s1)). Let us consider an orthonormal basis (e;);>1 in the Hilbert space
Ly(3p(x)dx). We denote by [, -], (4 the scalar product of Ly (v (x)dx): [h, k] 1, ) = fo hk.
By Parseval’s formula, we have:

E[ / w<u><z<u,t>2—z(u,sf)duﬂ] — B | S 1) el — 2 8), )

= ZE [((2(, ), e80)7, — (2(-,5), e)7, ) Fi]

—Z]EU/ / m”uur)/ drdudu’Fl],
0 me (u, r)Ymg (u', )

izl

by applying equality (4.28) with h = k = ¢;. By definition of m,(u, v, r), we have:

E[/Olw(u)(z(u,t)2z(u,s)z)duFl} —E // Z{% Yo = )”(v’r)),eirdvdrﬂ

i>1 La()

=K :/01/: mo(lu,r)drw(u)duﬂ} ,

since m, (u,r) = fol 02 (Yo (u, 1) — Yo (v,7))do. 0

We deduce the following estimation, by analogy with Lemma 4.6:
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Lemma 4.15. Forall § € (0,3 — 7), there is a constant C > 0 such that for all 0 > 0 and

0 < s <t < T, we have the following inequality:

t 1
// /fdudrl < CvVt—s.
sJo me(u,r)

Proof. We use again the sequence (¥, )nen Obtained by Skorohod’s representation
Theorem, as in the proof of convergence (4.25). Therefore, by Fatou’s Lemma,

t el 1 t el 1
/ / 5 dudr| < liminf E / / ,\ﬂidudr
sJo Me(u,r) n—00 sJo M., (u,r)

where (' is obtained thanks to Lemma 4.6. O

E

E < OVt — s,

By Burkholder-Davis-Gundy inequality, we obtain immediately the following Corollary:

1
Corollary 4.16. For each 3 € (0,2 — 1), sup supE [/ (Yo (u,t) — g(u))wdu] < +o0.
P eqyt<T 0

4.3 Convergence when o — 0

Recall that by Corollary 4.3 and Prokhorov’s Theorem, the collection of laws of the
sequence (Ys.,c)s,ccq, is relatively compact in P(L2([0,1],C[0,77)). By construction, the
collection of laws of the sequence (y,)scq, inherits the same property.

Thus, up to extracting a subsequence, we may suppose that (y,)scq, converges in
distribution to a limit, denoted by y, in L1([0,1],C[0,T]). As before, we define Y (¢) :=
y(-,t). We state the first part of Theorem 1.4 in the following Proposition:

Proposition 4.17. Suppose that g € L‘;F[O, 1. (Y'(t))epo,r is a Lg[O, 1]-valued process
such that:

(C1) Y(0) =g;

(C2) (Y(t))tejo,1) is a square integrable continuous L1[0,1]-valued (Ft)te[o,r)-martingale,
where F;, = 0(Y (s),s < t).

Proof. We refer to the proof of Proposition 4.13. O

Remark 4.18. It should be noticed at this point that a new difficulty arises when we
want to obtain a property analogous to (B3). Indeed, whereas it was straightforward
to prove (4.26) and (4.27), the convergence of m,(u,t) = fol 02 (Yo (u,t) — yo (v, t))dv
to m(u,t) = fol Ly (u,t)=y(v,1)ydv is not obvious, due to the singularity of the indicator
function. It will be the main goal of the next Section to prove this convergence.

In Section 5, we will study the martingale properties of the limit process Y and
compute its quadratic variation (property (C5) of Theorem 1.4). To obtain this, we will
first prove that for every positive ¢, Y (¢) is a step function (see property (C3)). It implies
that y has a version in D((0, 1),C[0,T]) (see property (C4)) by an argument given in ([11,
Proposition 2.3]).

5 Properties of the limit process Y

The aim of this Section is to complete the proof of Theorem 1.4. Properties (C3)
and (C4) will be proved in Paragraph 5.1 and property (C5) will be proved in two steps
in Paragraph 5.2 and Paragraph 5.3.
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5.1 Coalescence properties and step functions
In this Paragraph, we will prove the following Proposition:
Proposition 5.1. Almost surely, for every t > 0, Y (t) is a step function.

Recall that Y (0) = g is not necessarily a step function, since g can be chosen
arbitrarily in £} +[0,1]. If we denote for each t € [0, 7] by x; the measure associated to
the quantile function Y'(¢), that is 1y = Leb |j 1 o Y'(¢)~!, Proposition 5.1 means that for
every positive time ¢, u; is a finite weighted sum of Dlrac measures. We begin by the
following Lemma. Recall the definition of the mass: m(u,t) fo Ty, t)=y(v,6)1dv-

Lemma 5.2. There exists a probability space (Q,P) on which the sequence (Yo )oca,
converges almost surely to y in Lo([0, 1],C[0,T]) and where, for each o € Q, y, (resp. y)
has same law as y,, (resp. y). Furthermore, there is a subsequence (oy,),, o0, — 0, such
that for almost every (w,u) € € x (0,1) and for every time t € [0, T,

lim sup M, (u,t) < m(u,t).
n—oo
Proof. Recall that (y,)s,eq, converges in distribution in Ly ([0, 1},C[0,T7]) to y. By Skoro-
hod’s representation Theorem, we deduce that there exists a sequence (y,),cq, and
a random variable y defined on a common probability space (Q, ]?’) such that for every
o € Q4+, the laws of y, and y, are the same, the laws of y and y are also equal and the
sequence (¥, )scq, converges almost surely to 7 in Lo([0, 1],C[0, T7).
For every ¢ > 0, we get by Markov’s inequality:

P @ Leb{(w, ) : | (§s — §)(w, ) lepo,1 = €} = B [Leb{u : [|(§o — 7)(w, v)lleor) > €3]

B[t [ 1. - el

(5.1)

Since (Jo)oeq, converges almost surely to 7 in Ly([0,1],C[0,77), the right hand side
tends to 0. Therefore, (y,)scq, converges in probability to y in C[0, 7] on the probability
space (€2 x [0,1], P ® Leb). Thus there exists a subsequence (,,), tending to 0 along
which 7, converges on an almost sure event of 2 x [0, 1] to 7 in C[0, T]. Therefore, there
is (, P[] = 1, such that for every w € (¥, there exists a Borel set A = A(w) in [0,1],
Leb(A) = Yo, (u,+) = y(u,")|lcjo,r) tends to zero. Remark that
the extraction (o,,), does not depend on w. From now on, we forget the tildes and the
extraction in our notation.

Letw € Q. Fix u € A(w) and ¢ € [0,T]. We set v € A such that y(v,t) # y(u,t). Then
there exist oy > 0 and 6 > 0 such that for all o € (0,00) N Q+, |y (v,t) — Yo (u,t)| = 6.
For all o < min(oy,d), we have |y, (v,t) — y,(u,t)| > o and thus ¢, (y,(v,t) — yo(u, t)) = 0.
Hence, lim, o (1 — 92 (yo (v, t) — yo(u,t))) = 1. Thus we have shown that for all v € A,

Liy(u.0)y(uay < liminf (1 — Q2 (Yo (v,t) — Yo (u,1)))

since 1 — 2 is non-negative. By Fatou’s Lemma and since Leb(.A) = 1, we deduce that:

1 1
1—m(u,t) = /o L iy(o,t)2y(upydv < liminf/o (1 — gog(yg(v,t) — yc,(u,t))) dw,

o—0
whence for all u € Aand ¢ € [0,77], limsup,,_, ., Mo, (u,t) < m(u,t). O
We deduce from Lemma 5.2 the following Corollary. Set N(t) := fo m(u ok By a

classical combinatorial argument, N(¢) is the number of equlvalence classes at time ¢
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relatively to the equivalence relation v y(u,t) = y(v,t). In other words,
if N(t) < oo, Y(t) is a cadlag step function taking N(¢) distinct values: there exist
0=a1 <ax <--<any <anwp41 = land y1 < y2 < -+ < yn(y such that for all
u € [0,1]

N(t)

Y(£) (W) = vkl {uciarans)} + YN L{u=t}-
k=1

Corollary 5.3. For every time ¢ € [0,T], {fo ds} is finite.

Proof. By Lemma 5.2, there is a subsequence (o,) such that almost surely, for every
t € 0, T] and for almost every u € [0,1], limsup,,_, o Mo, (u,t) < m(u,t). Therefore,
< liminf By Fatou’s Lemma, we deduce that:

m(u,t) n—oo Mon (“ t)°
t d d

E {/ N(S)ds} {// lim inf duds} < liminfE [// ues ] < CVA,
0 n— 00 man u t) n—00 My

by Lemma 4.15. O

Corollary 5.4. Almost surely, for everyt > 0, N (t) is finite and t — N (t) is non-increasing
n (0, 7.

Proof. We begin by proving the coalescence property. Let ui, us, h € Q be such
that 0 < u; < u; +h < uy < uz +h < 1. Define y"(uy,t) = %f;ﬁh y(v,t)dv =
(Y(t), + L (uy ur+n)) 22 @0d 4" (u2,t) = (Y(t), + L(up,up+h))L,- By Proposition 4.17, Z(t) =
y"(uz,t) — y"(u1,t) is a continuous R-valued (F;);c[o,r)-martingale, almost surely non-
negative. As a consequence, Z(t) = 0 for every t > 7y = inf{s > 0, Z(s) = 0}. In other
terms, the following coalescence property holds: for every wi, us, h € Q such that
0<up <up+h<uy <ug+h<1, y"(ui,to) = y"(uz,to) implies y" (u1,t) = y"(ug,t) for
every t > tg almost surely.

On a full event ' of (2, P), the latter statement is true and fOT N(s)ds is finite (by
Corollary 5.3). Fix w € . In particular, for almost every ¢t € (0,7, N(t) is finite. Let
to € (0,T) be such that N(tp) < 4oc. There exist 0 = a1 < az < - < an(ty) < AON(t)+1 =
land z; < 22 < --- < zN(4,). depending on w, such that for all u € [0, 1],

N(to)

Y(to)w) = Y zrljuclonansn)) T 2N (o) Luzt)-
k=1

Fix k € {1,...,N(to)}. By the coalescence property, almost surely, for all us, ug, h € Q
such that ap < u; < u1 +h < uy < us + h < agy1, since y*(u1,to) = 2z, = y"(ua,to), we
have y"(uy,t) = y"(us,t) for every t > to. Fix t > t,. By monotonicity of Y (¢), we deduce
that Y (¢) is constant on (uj,us + k). Thus Y (¢) is constant on (aj,ax+1). Therefore,
since Y (t) is cadlag, there exist z2; < z2 < ... < ZN(tO), depending on w, such that for all
u € 0,1],

N(to)
Y(t)(u) = Z 2kl fuefap,arin)} T 2N (t0) L{u=1}-
k=1

We deduce that N(t) < N(ty) < +oo, for every t > to. Therefore, for every w € 0,
t — N(t) is finite and non-increasing on (0, 7. This concludes the proof of the Lemma. O

Therefore, Corollary 5.4 concludes the proof of Proposition 5.1. Then, Proposition 4.17
and Proposition 5.1 imply the following property, by applying Proposition 2.3 of [11]:
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Proposition 5.5. There exists a modification y of y in Ly([0,1],C[0,T]) such that gy
belongs to D((0,1),C[0,T]). In particular, for everyt € [0,T], y(-,t) and y(-,t) are equal
in L[0,1] almost surely. Moreover, for every u € (0,1), y(u, -) is a square integrable and
continuous (Ft).c[o,r)-martingale and

P [Vu,v € (0,1),Vs € [0,T],y(u, s) = y(v, s) implies Vt > s,y(u,t) = y(v,t)] = L.

From now on, we denote by y (instead of y) the version of the limit process in
D((0,1),C[0, 7))

Remark 5.6. The proof can be found in Appendix B of [11]. It should be noticed that
the difficult part of the proof relies on the construction of a version y such that for every
u € (0,1), y(u,-) is continuous at time ¢ = 0.

This concludes the proof of properties (C3) and (C4) of Theorem 1.4. The aim of the
next two Paragraphs is to prove property (C5), in two steps.

5.2 Quadratic variation of y(u, -)

The following Proposition shows that the quadratic variation of a particle is propor-
tional to the inverse of its mass:

Proposition 5.7. Let y be the version in D((0,1),C[0,T]) of the limit process given by
Proposition 5.5. For every u € (0,1),

)y = [ s

1
where m(u, S) = fO ]l{y(u,s):y(v’s)}dv.

Proof. By Corollary 4.14, for every positive ¢ € Lo, (0,1), we have:

E UO () [(Yo (u, 1) — g(u)? = (Yo (u, 5) — g(u))*1fi (Yo (51), - . 7Ya(81))du}

" Uol () /f ﬁdr AT ,Yg(sl))du} 62

To obtain the convergence of the left hand side of (5.2), we proceed in the same
way as for the proof of equality (4.28). The uniform integrability property follows from
Corollary 4.16. Therefore, the left hand side of (5.2) converges when ¢ — 0 to

I U P(u)[(y(u,t) — g(w)* = (y(u, ) — g(w)*LfiY (1), .. -,Y(SZ))dU} :
0

We also get a uniform integrability property for the right hand side of (5.2) by the
same argument as in the proof of property (B3) (see Proposition 4.13). Assume that
there exists a sequence (o,,) of rational numbers tending to 0, a probability space (ﬁ, IAP),
a modification (M, , Yo, Jnen Of (Mo, , Yo, Jnew o0 L1([0,1],C[0,T]) x L2([0,1],C[0,T]) and
a modification (m,y) of (m,y) on the same space such that for almost each w € Q and
almost every (u,t) € [0,1] x [0,T], the sequence (M, (w,u,t), Yo, (w))nen converges to
(M(w,u,t),y(w)) in R x Ly([0,1],C[0,T]). This will be proved in Lemma 5.8.

It follows that for every ¢ € Lo, (0,1):

B [ / b(w) [@(w) - o)) = (§lus) ~ g(u)? - | t m(‘i)} TV (s1), - V(s0))du| = 0.
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By Fubini’s Theorem, we deduce that for almost every v € (0, 1),

B | (@00 o0)? - @us) = g = [ =80 AT Ten)] =0, 6.3

We want to prove that (5.3) holds for every u € (0,1). Let v € (0,1). Choose ¢ > 0
such that u € (§,1 — §). Let (u,),en be a decreasing sequence in (J,1 — ¢) converging
to u such that for every p € N, equality (5.3) holds at point u,, (Yo, ,(up,t))ic[o,r] iS @
square integrable continuous (F; "’E)te[oj] -martingale for every n € IN and € € Q4 and
limsup,,_, o Mo, (Up,t) < M(up,t) almost surely for all ¢ € [0,T]. Such a sequence exists
by Corollary 3.11 and Lemma 5.2. We will use these different properties later in this
proof.

Almost surely, for every r € (0,7, y(-,r) is right-continuous at point « and is a step
function. Therefore, m(-,r) = fol 1(5(..r)=5(v,m1dv is also right continuous at point u for
every positive time r. In order to prove (5.3) at point v, it is thus sufficient to show the
following uniform integrability property: there exists g > 1 such that

sup E
peN

~ o 2 i 2 ¢ dT‘ A
((y(umt) g(up))® = (Y(up, s) — g(uy)) /Sfﬁ(up,r)> < +o0. (5.4)

First, by monotonicity, for all p € N, E [g(u,)?] < g(6)*? + g(1—6)?". Then, the following
statement holds: there exists 3 > 1 such that for every ¢ € [0, 7], sup,cy E [5(up, 1)?7] <
+o0. Indeed, for every p € IN, by monotonicity,

1 [0 1 /1
! / G0, 0)dv < Flup ) < = | o t)du.
5 Jo 5 /s

Therefore, we have:

5 2B
E [§(up )] < E <;/ y(v,t)du> +E
0

1 /1 23

(6 A_éy(v,t)dv) ]
2 oo,

< =E / 7(v,t)*Pdv| , (5.5)
6 Lo

by Holder’s inequality. By Fatou’s Lemma

1 1
E {/ Z//\(U,t)%dv] < liminf E [/ Uo., (v,t)Qﬁdv} ’
0 0

n—roo

which is finite by Corollary 4.16, for a 8 chosen in (1,3 — %)
Let us keep the same exponent 8 € (1,% - %). It remains to show that for every

B
t € [0,T], sup,en B {(fot L) ] < 4o00. Since limsup,,_, o Mo, (up, t) < m(uy,t) and

m(up,r)
/t d"' B
0 Me, (Up,T)

B
[
0 Mo, (up,r)

by Fatou’s Lemma,
/t dr B
0 m(upv T)

E E

N

n—oo

B
] < liminf E

o dr
liminf ———
0 "> mU'rL(up7T)

< liminf E
n— oo
c€Q

Because (¥, (up,t))ico,7] is @ square integrable martingale relatively to (F;"");c(o,1)

~ I t "
and (Yo, (Up,)s Yo, .e(Up,*))e = fo A _(i,(up,r)'

we obtain by Burkholder-Davis-Gundy
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inequality:

+ B
( i Adr> < CE [(Jo, .2 (up, t) — g(uy))*] .

Mo'n75(up’ r)

We have already seen that E [g(u,)?”] is uniformly bounded for p € IN. By the same
argument as for inequality (5.5), E [Jo, - (up, t)??] < 2E [fo Yo, (v, 1) ﬁdv} which is
uniformly bounded for n € IN and ¢ € Q.. This concludes the proof of (5.4).

Therefore, equality (5.3) holds for every u € (0,1), for every bounded and continu-
ous f; and for every 0<s <...<s <s <t Thus for every u € (0,1), the process

((ZJ(U t) fo m(u, s)) €[0,7]

of the Proposmon. O

is an (]-})te[o,T]-martingale. This concludes the proof

In the proof of Proposition 5.7, we used the following Lemma:

Lemma 5.8. There exists a sequence (o,,) of rational numbers tending to 0, a sequence
of processes (M, , s, )JneN and a process (m,y) defined on the same probability space
such that

e foralln € N, (M, ,Yo,) and (m,,,, Y, ) (resp. (m,y) and (m,y)) have same law on
Ly([0,1],C[0,T7]) x Lo([0,1],C[0,TY).

e for almost each w € ) and for almost every (u,t) in [0,1] x [0,7T], the sequence
(Mg, (W, u,t), Ys, (w))nen converges to (m(w,u,t),y(w)) in R x Lo([0,1],C[0,T7).

Remark 5.9. The Borel subset of [0, 1] x [0,7] on which we have the convergence can
depend on w.

Before giving the proof of Lemma 5.8, we give the following definition and state

the following Lemma, which will be useful in the proof. Let us define in L;([0,1] x
[0,1],C[0,T)):

t 1 1 2my (U1, us, )
Cy,(u1,us,t ;:/( + - A ek )ds.
(ur, uz,?) o \mgs(ui,s)  mg(us,s) me(ur,s)me(us,s)

Lemma 5.10. There exists a sequence (o,,) in Q tending to 0 such that (y,,,Cs, )neN
converges in distribution to (y,C) in Ls([0,1],C[0,T]) x L1(]0,1] x [0,1],C[0,T]). For
almost every uy,us € [0,1], the limit process C(uy,us,-) is the quadratic variation of
y(u1, ) — y(ue, ) relatively to the filtration generated by Y and C.

We start by giving the proof of Lemma 5.8 and then we give the proof of Lemma 5.10.

Proof (Lemma 5.8). By Skorohod’s representatlon Theorem, it follows from Lemma 5.10
that there exists a sequence (y,,,, C[,n) and a random variable (y ,C) defined on the
same probability space such that

« foralln € IN, (g?an,@,n) and (y,,,Cs, ) (resp. (¥ ,C) and (y, C')) have same law,
« the sequence (J,, ,C,, )n converges almost surely to (7, C) in Ly([0,1],C[0,T]) x
Ll([07 1} X [07 1]7 C[Oa T])

We apply to (¥, )» the argument in the proof of Lemma 5.2 and we prove that, up
to extracting another subsequence (independent of w), for almost every u € [0,1] and
almost surely, limsup,,_, . Mo, (u,t) < m(u,t) for every t € [0,T].
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For each ¢ € [0,T], we may suppose that for each n € IN, g, (-, ) is a cadlag function,
so that for every u € (0, 1),

1
i, (1, 1) = / G2 (G (1) — Ty (0, 1))

(ut+L)A1
~ lm p / / G2 (G (s £) — o, (0, )l
p—)OO u 0

is a measurable function with respect to ., (-,t). We deduce that (m,, (u,t),y,,) has the
same law as (m,,, (u,t),y,, ) for every u € (0,1).

From now on, we forget the hats in our notation. We may suppose that y is the version
in D((0,1),C[0,T]) given by Proposition 5.5. Let £’ be such that P [(¥'] = 1 and for all
w € ', we have the following convergences in R:

1
/ sup |yo, (u, t) —y(u,t)|2(w)du — 0, (5.6)
0 th n—oo
// sup |Cy, (u1,uz2,t) — C(uy, ug,t)|(w)dusdug — 0. (5.7)
0 t<T n—o0

Fix w € @'. Thanks to (5.6), we already have the convergence of (y,, (w)), to
y(w) in Lo([0,1],C[0,T]). It remains to show that for almost every (u,t) € [0,1] x [0,T],
(my, (w,u,t)), converges to m(w,u,t) = fol Liy(u,t)=y(v,t)} (w)dv. We already know that
for every w € @, every t € [0,7] and almost every u € (0,1), limsup,,_, ., Mo, (W, u,t) <
m(w,u,t).

Proof of inequality: liminf, ,. m,, (w,u,t) > m(w,u,t).

By the coalescence property given by Proposition 5.5, for every u;,u, and for all
t > Tuyues Y(u1,t) = y(ug,t). Therefore, since C(uq,uq,-) is the quadratic variation of
y(u1,) — y(ug,-), t = C(u1,uz,t) remains constant on (74, u,, 7). Thus we obtain:

1 2mc,n (ul, Uz, t)

+ _
<m0n u17 t) Mg, (u2v t) Mg, (UI’ t)mUn (u27 t)

> dtdu1 dU2

T“l ug

(Con (ur,u2,T) — Cy, (U1, U2, Ty uy ) )durdus

(Co” (ur,u2, T) — Clur,u2, T) + C(ur, U2, Tuy uy) — Co,, (U1, U2, Ty uy ) )durdus

n

/ / sup |Cy, (u1,uz2,t) — C(uy, ug, t)|dusdus.
0 t<T
By (5.7), the latter term tends to 0. We also recall that

1 n 1 2myg, (U1, uz,t)
Mg, (u1,t) Mg, (u2,t) Mg, (ur,t)me,, (u2,t)
1
o Ve (o (w1, t0) — Yo, (v,10)) = Po, (Yor, (U2, t0) — Yo, (v,10)) | dv
Mg, (U1,t0)My, (U2, to)

is non-negative.
We define f,, (t,u1,uz) ;:( 1 + 1 — 2o (uiup ) )]1{@“1,”2}. For

Mo, (U1,t) Mg, (u2,t) Mg, (u1,t)Mmeo, (u2,t)

every w € , fOT fol fol fo, (t,u1, us)(w)duydusdt — 0. Therefore, for every ¢ > 0, using
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Markov’s inequality as in (5.1), and since f,, > 0O:

1
P ® o Leb |jo,7] @ Leb|j0,1) ® Leb |jo,1] {(w,t, ur, u2) : fo, (t un, uz)(w) > €}

1A 7/ // fa‘n t Ul,’LLQ duldu2dt

which tends to 0 when n — oo, whence we obtain a convergence in probability with
respect to the probability space 2 x [0,7] x [0,1] x [0,1]. Up to extracting another
subsequence (independent of the choice of w), we deduce the existence of an almost
sure event on which (f,, ) converges to 0.

Let @7, P [Q"] = 1, be such that for every w € Q”, we have f,, (¢,u1,u2)(w) — 0 for
almost every (t,uy,us) € [0,7] x [0,1] x [0,1]. Fix w € Q”. Let us consider a Borel set
B = B(w) in [0,T], Leb(B) = T, such that for every t € B, f,, (t,u1,u2) — 0 for almost
every (uy,uz) € [0,1] x [0, 1].

Let tg € B. Let us consider a Borel set A (depending on w and ¢,) of measure 1 such
that for all u;,us € A,

fo, (o, w1, u2) v 0. (5.8)

Let u € A. We want to prove that liminf, ,. m,, (u,to) = m(u,tp). Define usyp, =
sup{v € [0,1] : y(v,t0) = y(u,to)} and uiys the infimum of that set. Since v — y(v, 1) is
non-decreasing, m(u, tg) = Usup — wine- 1f m(u,to) = 0, then we clearly have:

liminf m,, (u,tg) = m(u,ty).

n—oo
Suppose now that m(u,ty) > 0. Choose § > 0 such that § < =20 Let upay €
AN (Ugup — 0, Usup )» Umin € AN (Uing, Uing +0) and umeq € AN (“;“ax -0, “m‘";““‘ax + 6).
We have: Umax — Umin = Usup — Uinf — 20 = m(u,tp) — 20 and by definition of ug,p and uins
and since Umax, Umin and Umeq belongs to (Uing, Usup), We have to = 7y, u, for (ur, ug) =
(U, umax)f (u7 umin): (umaX7 umin) and (ua umed)-

We deduce from (5.8) and the fact that u, umax, Umin, Umea belongs to A that there

exists N such that for each n > N, f,, (to,u1,u2) < 6 for (u1,us) = (U, Umax), (U, Umin),
(Umasxs Umin) @0d (U, Umea ). It implies that for each n > N,

1 2
fo |900n (yan (ulv tO) — Yo, (Uv tO)) - Po, (yon (u% tO) — Yo, (Uv tO))| dv
Mg, (u1> tO)man (u27 tO)

= fo‘n(t07u17u2) < J.

(5.9)
Since the mass m,,, is bounded by 1, we deduce in particular that for alln > N,

1
/ [P0, Yo (41,80) = Yo, (0:20)) = 0o, (Yo, (U2, o) = Yo, (0, 80))|” dv < 6. (5.10)
0

Inequalities (5.9) and (5.10) are satisfied for (u1,u2) = (U, Umax), (U, Umin), (Umax, Umin)
and (u, Umed )-
Letn > N and d := y,, (Umax, t0) — Yo, (Umin, to) = 0. We distinguish three cases:

* d > 0,: Recall that ¢, is equal to 0 on [%+,+occ). Thus for every v € [0,1], the
terms .., (Yo, (Umax; t0) — Yo, (U, t0)) and ¢o., (Yo, (Umin, to) — Yo, (v, o)) can not be
simultaneously different from 0, because d > o,,. Therefore, selecting (u1,usz) =
(Umax, Umin ), inequality (5.9) implies:

1 1
fo gogn (ytfn (umam tO) ~ Yo, (v, tO))dU + fo %27" (yan (uminv tO) — Yo, (U7 tO))dU

man (Umaxa tO)man (umin; tO)

<9,
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that is:
1 1

me, (Umim tO) me, (umam tO)

Thus, we obtain § > 2, which is excluded by definition of §.

<4

* d < 0, —n: Recall that 7 is chosen so that 7 < %" Define the two following sets

Vmax - {U € [umina umax] Yo, (Umaxa tO) - ya'n (U> tO) g UHT_W}v

Vmin = {U S [Uminvumax] ‘Yo, (umaX7t0) — Yo, (th()) > %}

Clearly, we have: Leb(Viax) + Leb(Vinin) = Umax — Umin = m(u,to) — 20. Recall
that ¢,, is equal to 1 on [0, Z=~1]. Thus, for each v € Vinax, @Yo, (Yo, (Umax,to) —
Yo, (v, tg)) = 1, and for each v € Vi, using d < o, — 1, ©o,, (Yo, (Umin, to) —
Yo, (v, t9)) = 1. We have

M, (sto) = [1, @5 (Yo, (U t0) = Yo, (v t0))dv+ [1, 0% (Yo, (ut0) = Yo, (Vs T0))dv.
(5.11)

We can deduce from inequality (5.10) applied to (uj,us) = (4, umax) that:
T 1P Wo, (s 0) = Yo, (1, 0)) = Por, (Yo, (tmases t0) — Yo, (v, £0))[* dv < 6.

By Minkowski’s inequality ||| f1|lz, — | f2llz.| < ||f1 — f2llz,, we obtain:

<V,

‘ (/ 02 (Yo, (U, o) — Yo (v, to))dv> v — Leb(Vinax) /2

max

whence
< (mclr{,2(uv to) + Leb(VmaX)l/z)\/g
< 2V0.

Similarly, applying inequality (5.10) to (u, umin), we obtain:

/ 901277,, (yo'n (ua tO) - yo'n (Uv tO))dU - Leb(vmax)
‘/max

[ 2, (0 (1 t0) = 31, (0, £0)) 0 — Leb(Viain) | < 2V3.
Thus, by inequality (5.11), we conclude:

Leb(Vinax) + Leb(Viin) — 4V/6

>
> m(u, to) — 26 — 4V/6.

* d € (o, —1n,0,): We now define three distinct sets

Vmax = {U S [umina umax] ‘Yo, (umaxa tO) — Yo, ('U7 tO) < an2777}7
‘/;Iled == {'U S [umina umax] . yan (umaxa tO) - yan (U7 tO) € [%7 U”TM]}

Vmin - {U € [umina umax] Yo, (Umaxa tO) — Yo, (U, tO) > UHTM}

)

By definition of those sets, and since d € (0,, — 17, 0,,), we have

Vv € Vinax, Po,, (ycrn (uma)u tO) — Yo, ('Ua t())) =1,
Vv € Viin, Lo, (yon (Umim tO) — Yo, (U; tO)) =1

Moreover, we have yg, (Umax, t0) = Yo, (Umed, to) € [T, ""—;’7]
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Indeed, if Yo, (Umax;t0) — Yo, (Umed, to) Was greater than ””TJ“" we would have,

for all v € [Umin, Umed], o, (Yo, (Umax, to) — Yo, (v,t0)) = 0 and ¢, (Yo, (Umin, to) —
Yo, (v,t9)) = 1. By inequality (5.10) applied to (u1,u2) = (Umax, Umin), We would
deduce that:

/ (o, (Y (s T0) — Wi (01£0)) — @0, (o, (tmis F0) — or, (0, 0|2l

Umed

me Umax — Umin 6

/ dv = Umed — Umin 2 2 - 0.
u

min

However, since § < and Umax —Umin = Usup — Uint —20, We have tUmax —Umin >
46, which is in contradiction with the above inequality. Similarly, ¥, (4max,to) —
Yo, (Umed, to) can not be smaller than *=-1, otherwise yo, (tmed, t0) — Yo,, (Umin, to)
would be greater than < +” and we would obtaln the same contradiction. Therefore,
Yo, (Umaxs t0) — Yo, (umed,to) [2n-1, Zuth], which implies that umed € Vined and in
particular that

Usup = Uint
6

Vv € Vineds ¥o, (Yo, (Umed; to) = Yo, (v,t0)) = 1.

As in the previous case, we deduce that

Mo, (1, to) = Leb(Vinax) + Leb(Vined) + Leb(Vinin) — 6V/6
= Umax — Umin — 6\/8
m(u,to) — 26 — 6V/6.

Actually, putting all the cases together, we have proved that for each n > N,
Me, (u, to) = m(u, to) — 26 — 61/5. Hence, for all § < “=2—“ we have:

liminf m,. (u,to) = m(u,to) — 26 — 6V/3.

n—roo
By letting § converge to 0, we have for every to € B, liminf,, o m,, (u,tg) = m(u,tg) for
every u € A. Therefore, there exists a subsequence (c,,) such that for almost every w,
for almost every t € [0, 7] and almost every u € [0,1], m,, (W, 4, t) =00 m(w,u,t). O

It remains to give the proof of Lemma 5.10.

Proof (Lemma 5.10). The first step will be to prove that the sequence (y,,Cs)scq, is
tight in L»([0,1],C[0,T7]) x L1([0, 1] x [0,1],C[0,T]). We have already proved that (y,)scq,
is tight in Ly([0, 1], C[0, T]). We will use a tightness criterion to prove that the sequence
(Cs)seq, is tight in L([0,1] x [0,1],C[0,T]). The space changed in comparison with
L»([0,1],C[0,T]), but the criterion remains very semilar to the one of Proposition 4.2.

We have, similarly to Proposition 4.2, three criteria to prove. We want to show the
following criterion:
First criterion: Let 6 > 0. There is M > 0 such that for every ¢ in Q,,
P [|C,|l = M] < 8, where ||Co|| := [ [ sup,er [Co (w1, uz, t)|dur dus.
That statement follows from Markov’s inequality and the existence of a constant C'

independent of ¢ such that:
T T
dtd dtd
{// sup |Cp (u1, ug, )|du1du4 2FE // u1 // 12 ]
0 t<T me u1, Mg UQ,

\
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The existence of C' is a consequence of Lemma 4.15.

Then, we prove the following criterion:
Second criterion: Let § > 0. For each k > 1, there exists 7, > 0 such that for all o
in Q4,
1 )
sup  |Co(ur, ug, ta) — Cp(ur, ug,t1)|durdus > z < =
0

k
[ta— t1\<?7k 2

The proof is very close to Proposition 4.10. We start by deﬁning for every uy, us €
(0,1): Ky (ug,uz) = B [[|Co(u, uz, )cpory] and Ka(uy) = B [fo " ds} Fix § > 0.

mau ,8)

There exists C' > 0 such that fol fol IL{Kl(ul’uz)}C}qudug < § and fO 1{K2(u)>c}du < 4.
Define the following set K := {(u1,u2) : Ki(u1,us) < C, Ka(u1) < C, Ka(uz) < C}.

By Aldous’ tightness criterion, the collection (C, (u1,u2,"))seq, ,(u;,uz)ck 1S tight in
C[0,T]. This fact relies on the following inequality, where > 0 and 7 is a stopping time
for Co'(ul, U9, )

E[lcﬂ'(ulau2a7+n)_CU(ul7u27T)H
TN

x|/ R SR 7 M (TR AW

T mo(uhS) mo(u275) mo(uhs)ma(uQaS)

<20 {/TTM <mg(i1, 5 mo(i2’8)> ds] |

and the rest of the proof is an adaptation of the proof of Proposition 4.10.

|

Finally we show the third criterion:
Third criterion: Let > 0. For each k£ > 1, there is H > 0 such that for all ¢ in Q,

P Vh:(hl,h2)70<h1 < H,0< hes < H,

1—hy pl—hy 1 )
/ / sup |Cy(u1 + h1,ug + ha,t) — Cy(ug, ug, t)|dugdug < — | 21— —. (5.12)
t<T k 2k

Let h; > 0 and begin by estimating

t<T

1—h
/ /sup|C’ (uy + hy,ug,t) — OU(U17U2,t)dU1dU2].
0

We compute (for the sake of simplicity, we will write from now on y, (u) instead of y, (u, )
if there is no possibility of confusion):

Co(u1 + by, ug,t) — Co(ur,uz, t) = (Yo (uy + h1) — yo (u2), Yo (u1 + h1) — Yo (u2))
= (o (u1) — Yo (u2), Yo (u1) — Yo (uz))e
= (Yo (u1 + h1) = Yo (u1), Yo (u1 + h1) — yo (u2))e
+ (Yo (u1) = Yo (u2), yo (w1 + h1) — (U1)>t~

Therefore,

sup |Cy(u1 + hy,ug,t) — Co(u1,u2,t)|

t<T
< sup [(Yo (u1 + h1) — Yo (u1), Yo (ur + h1) — yo(u2))t
t<T
(5.13)
+sup [(Yo (u1) — Yo (u2), Yo (u1 + h1) — Yo (u1))l-
t<T
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Then, we use Kunita-Watanabe’s inequality on the first term of the right hand side

|<ya(ul + hl) - ya(ul)ayo(ul + hl) - ya(u2)>t|
< o (w1 + h1) = Yo (1), Yo (w1 + h1) = o (wr)) |2
(Yo (u1 + h1) — Yo (u2), Yo (u1 + h1) — Yo (u2)):]

[NIE

< (Yo (U1 + h1) — yo (u1), Yo (us + h1) — yg(u1)>T|%
(Yo (11 + 1) = Yo (U2), Yo (ug + h1) — Yo () )7 | 2.

By doing the same computation on the second term of the right hand side of (5.13), by
Cauchy-Schwarz inequality and by the substitution of w; + h; by u;, we obtain:

1—h1 1 1/2
/ /0 (Yo (u1 + h1) = Yo (u1), Yo (w1 + h1) — ya(U1)>TdU1du21

1/2

E, <2FE

< [ / 1 / (1) — 2 1 (1) — yg<u2>>Tdu1dU2]

1—-h1
/o (Yo (u1 + h1) = Yo (u1), Yo (ur + h1) — yo(ur))rdus

1/2

01/2

< 2E

where C'is the same constant as the one in the first criterion. By Fubini’s Theorem:

1—h, 1/2
/ (o (1 + 1, T) = o (ur, T) + glun) — glus + m))zdull
0

1/2

E, < 2C'Y%E

1—}L1
< 2CY%E / (Yo (ur +h1,T) — ya(ul,T))Qdull
0

Ly 1/2
+ 202K / (g(ur + hy) — g(ul))zdull
0

We recall inequalities (4.18) and (4.19). Therefore, there are a > 0 and C' > 0 such that

for each o € Q4 and each h; > 0,

< Che.

We deduce that for each n € IN, by Markov’s inequality,

ne 1\“
/ / sup |C uy + on au27t) Co'(u17u27 )‘duldUQ M g 22 C ()
0 t<T 272 21’L
C

=P

= 2% .
Since o > 0, >, -, Pn converges. By Borel-Cantelli’'s Lemma, for each k > 1, there is

o = 0 such that, with probability greater than 1 — 2‘1 , for all n > ng,

2n
/ / sup |Co (U1 + 5, u2, t) — Co (U1, ug, t)|durdus < =
0 t<T 272

—_

Furthermore, up to choosing a greater ny, we can suppose that for all n > ng, we also

have:

1,7
/ / sup |Cy (ur, us + 5, t) — Co (U1, ug, t)|durdus < =
t<T 272
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We will now extend these estimations to more general perturbations. Let h = (hq, ho) be
such that 0 < b < 55, 0 < hy < 555. We decompose:

1—-h; 1—ho
/ / sup |Cy(u1 4 hi,ug + ha,t) — Cy(ug, ug, t)|dusdusg

t<T

1—h1
/ /SUP|C (ur + hi,ug,t) — Co(u1, ug, t)|duydusg
0 t<T

1—ho
// sup |Cy(u1, ug + ha,t) — Cp(ug, ug, t)|durdus. (5.14)

t<T

Suppose hy > 0. Since hy < 75, there exists a sequence (&,,),>n, With values in {0, 1}

such that by = >, -, ., 5&. Moreover, we have for every ¢ > 1:

1—hy
/ /sup|C’ (ug + hy,ug,t) — C(,(ul+Zn>n0+q%,u2,t)|du1du2
0

t<T
-1 1-n
13
/ / sup [Co (1 + 32,5 o4k 55 U2s 1) = Co(un + 30,500 g 555 U2, )| durduy
0 t<T
-1
1 g—1

2n0+k
,;/ /0 ilg |Co(u1 + 2n0+k7u2at) Co(ur,uz,t)|durdus < ; 9 n0+k) o
(5.15)
We want to let ¢ tend to 400 in (5.15). To do that, we prove that:
1 hl
/ /0 fgg |Cy(u1 + Zn>n0+q s2u,t) — Co(ur, ug, t)|durdus q_)—+>oo 0. (5.16)
By definition of C,,
1— hl
/ / sup |Cy (u1 + Zn>n0+q sm ug,t) — Co(ug, ug, t)|durdusg
0 t<T
1—h1 1
< — dsduy
»/O /0 Mo (ul + Zn>n0+q %’ S) Mo (Ul, 8)
(5.17)

ma(ul + Zn>n0+q %’ Uz, S) _ mf’(ul’ U2, S)

Mg (U1 + 305 n4q 550 5) me(u1, 5)

deU1 dUQ .

/1h71/T 9

+

0 0 Jo Me(uz,s)
For each s € [0,7], my(-,s) is right-continuous. Therefore, mq(u1 +>_,5, 1, 5% 5)
converges to m,(uy,s) when ¢ — +oo. Furthermore, there is 5 > 1 such that almost

surely,
1—u pT 1 B
/ / — dsdu; < +o0.
] 0 0 (u1 +u,8)  mg(u,s)
Indeed,
1—u pT 1 1 B
E sup — dsduy
ue[o . 1} 0 o |me(ur +u,s)  mgy(ug,s)
0T
1 T 1
< CE // ————dsduy | < 40,
g 0Jo Mo(u1,s)?
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by Lemma 4.6. Therefore, since Zn>no+q s h < 2,L0 - for every q > 1,
1-hs 1 s
/ / me(u1 + Zn>n0+q SE.s) B me(ug, S) dsduy
< /1 Zenznoted 2Tq/ 1 — 1 ﬂdsdu
h 0 o |mo(ur + Zn>n0+q %7 s)  mg(u1,s) !
1 B

1—u
/ / dsduq,
which is almost surely finite. Thus the first term of the right hand side of (5.17) tends
almost surely to 0 for every h; < 2%0 A similar argument shows that the second

term of the right hand side of (5.17) also converges to 0. Hence we have justified
convergence (5.16).

me(ur +u,s)  mg(ug,s)
2n07

When ¢ — oo in inequality (5.15), we obtain:

1—h, +oo 1 C
sup |Cy(u1 + h1,us, Cy(ur, us, t)|durdus < _ < ==
[ st ) Coton ot < 3 s <

Then, we proceed similarly for the second term of the right hand side of (5.14) and we
finally obtain, for each h = (hy, h2) such that 0 < hy < 55 and 0 < hy < 715,

1—hy pl—ho C
/ / sup|C uy +h1,U2+h2, ) Cg(ul,UQ,t)|du1du2 < nga -
t<T 272

Choosing H = & such that CH*/? < £, we get (5.12) for each o in Q..

2"0

Conclusion of the proof. By Simon’s tightness criterion on L4 ([0, 1] x [0, 1], C[0, T), the
collection of laws of (C),cq, is relatively compact in P(L;([0,1] x [0,1],C[0,T7])). Thus
the collection of laws of (y,,C,)scq, is also relatively compact in P(L([0, 1],C[0,T7]) x
L1([0,1] x [0,1],C[0,T7])). Thus there is a subsequence, (yo,,,Cs, )n>1 converges in distri-
bution in Ly([0,1],C[0,T]) x L1(]0,1] x [0,1],C[0,T]). We denote by (y,C) the limit. We
want to prove that for almost every uy, us € [0,1], C(u1, usg, -) is the quadratic variation of
y(ui,-) — y(us, -) relatively to the filtration generated by Y and C.

Letl>1,0<s1 <s2<...<sy<s<tand fi: (L2(0,1)) x Li([0,1] x [0,1])! — R be
a bounded and continuous functlon. For every non-negative 11,12 € Lo (0,1), we have
for every n > 1:

Bl [ [ nn)atun) (( (01.) = v, 12,0) = g0 + g(02)?
= Yo, (U1, 8) = Yo, (u2,8) — g(u1) + g(uz))?® — Cy, (w1, u2,t) + Co, (u1, uz, 8))du1du2

fH1(Ys, (s1),-.., Y5, (51),Cy, (51), -+, Cq, (51))] =0,

since the process (Cs, (t))ico,1 = (Co, (-, 1))tepo, ) 8 (F{™)tcjo,rj-adapted. By the
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convergence in distribution, we obtain when n goes to oco:

E /01/01 1 (u1) 2 (uz) ((y(ul,t) —y(uz,t) — g(uy) + g(u2))2

— (y(u1, s) — y(uz, s) — g(ur) + g(us))* — C(u1,uz, t) + C(U17U2,5))duldu2
fl(Y(Sl), e 7Y(Sl)7 0(81)7 ceey C(Sl))‘| = 0

By Fubini’s Theorem, we obtain that for almost every u;,us € (0,1), for all rational
numbers (s1,...,5;,5,t) suchthat0 <s; <sa < ... <5y <s< e

E {((y(uhf) —y(uz, t) — g(u1) + g(u2))? = (y(us, s) — y(ua, s) — g(ur) + g(uz))?

— C(uy,us,t) + C(uy, uz, s))fg(Y(sl), Y (s),C(s1),- -, C(sl))} =0.

By continuity in time, the latter equality remains true for every 0 < s; < so < ... < 51 <
s < t. Furthermore, for almost every ui,us, (Co, (u1,u2,t)):c0,7] iS @ non-decreasing
bounded variation process. This remains true for the limit (C'(u1,u2,t))¢cjo,7]- Therefore,
we deduce that

Clur,uz,t) = (y(u1) — y(uz), y(u1) — y(u2))t,
for almost every u;, us € (0,1), with respect to the filtration generated by (Y, C). O

We conclude this Paragraph by using Fatou’s Lemma to extend the statement of
Lemma 4.15 to the limit process:

Proposition 5.11. Let g € L,(0,1). Forall § € (0,5 — ), there is a constant C' > 0
depending only on /3 and ||g||., such that for all0 < s <t < T, we have the following
inequality:

E{/:/Olm(ul,r)ﬁdudr} <OVt —s.

By Burkholder-Davis-Gundy inequality, we deduce the following estimation:

1

Corollary 5.12. For each 3 € (0, 3 ) suplE [/ (y(u,t) — g(u))*Pdu| < +oo.
t<T 0

5.3 Covariation of y(u,-) and y(v/, )

In this Paragraph, we want to complete the proof of property (C5) of Theorem 1.4. It
remains to prove the following Proposition:

Proposition 5.13. Let y be the version in D((0,1),C[0,T]) of the limit process given by
Proposition 5.5. For every u,u’ € (0,1),

<y(u7 ')7 y(ula ')>t/\‘ru_ﬂ/ = Oa (518)
where 7, v = inf{t > 0: y(u,t) =y, t)} AT.

As in the previous Paragraph, we will need to prove the convergence of the joint law
of y, and a quadratic covariation. More precisely, define:

me(u,u, s
o (u, ' t) < ) ds
0 Mo(u,s)mgy(u',s)

We state the following result:
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Lemma 5.14. For every sequence (o,,),, of rational numbers tending to 0, we can extract
a subsequence (7,),, such that the sequence (yz, , Kz, )n—oo converges in distribution to

n

(y, K) in Lo([0,1],C[0,T]) xL1([0,1] x [0,1],C[0,T]), where
K(ua 'LL/, t) = <y(u7 ')7 y(ul? )>t

Proof (Lemma 5.14). We follow the same structure as in the proof of Lemma 5.10. First,

we define Koo = (yne(t, ) Yo'y )i = Jo o5y gy 45 We show that

K, . satisfies the three criteria of tightness in L;([0, 1] x [0,1],C[0,T]). For the first

criterion, we want to bound
[// sup | Ky (u, v, t)|dudu’
0 t<T

uniformly for o,e € Q. This follows from Kunita-Watanabe’s inequality:

1/2<

<ya,s(u),y0—,5(u)>t 1/2

‘KU,E (u, ', )= |<y0,6(u)» ya,a(u/)>t| Yo,e (u’), Yo,e (ul)>t

NN

and from Cauchy-Schwarz inequality:

U/o ?Egu{” u v ”'d“d“] <E [/01<y0,5(u)aya,s(u)>Tdu}

1
5| [ (et - o)
which is bounded uniformly for o, € Q4 by Corollary 4.8.

We refer to the proof of Lemma 5.10 for the second and the third criteria of tightness,
and for the rest of the proof, which follows in the same way. It remains to explain why
(K (u,u',t))ie[0,r) is @ bounded variation process for almost every u,u’ € (0,1). It follows
from Kunita-Watanabe’s inequality that:

p—1

p—1
Z [ Koe(u,u thr1) — Koe(u, 0/, tr)| = Z (Vo2 (W) Yo e (W))th i1 — (Yoe (W) Yoo (u))1s |
k=0

w0 1
(/ :Md< )i )
(e ()

p

1 th+1
<> (/ A(Yor e (1), Yo e (u

<>>8)5
+1/t”d

k=0
1 [t
<3 )" Aot ), W), e ()

~3), w2,

2 OM[,Eus 0M(,Eus
Therefore for everyp land 0 <tp <ty < ... < £y, Zi;é | K (u, v, tpq1) — K(u, v/ tg)] <
3 j;o m(u 57T 3 j;o m(us 5- By Proposition 5.11, we know that almost surely and for
almost every u € fo m(u 5 is finite. Thus for almost every v and v’ in (0,1),
K(u,v',-)isa bounded variation process. This concludes the proof of the Lemma. O

We use the latter Lemma to prove Proposition 5.13.
Proof (Proposition 5.13). By Lemma 5.14 and Skorohod’s representation Theorem, we

may suppose that (y,, K,)scq, converges almost surely in Lo([0, 1],C[0,T]) x L1 ([0, 1] x
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[0,1],C[0,T]) to (y, K). As previously, up to extracting a subsequence, we deduce that for
almost every (w,u,u’) € Q x [0,1] x [0, 1],

sup |y (u, ) — y(u,t)|(w) — 0, (5.19)
t<T o—0
and
sup | K, (u,u',t) — K (u, v, t)|(w) — 0. (5.20)
t<T o—0

Therefore, there exists a (non-random) subset A of [0, 1], such that for every u,u’ € A,
(5.19) and (5.20) holds almost surely.

Let u,u’ € A. If g(u) = g(u’) then 7, ,» = 0 almost surely, thus (5.18) is clear. Up to
exchanging u and «/, assume that g(u) < g(u'). Let § < 2(g(u’) — g(u)). Almost surely,
by (5.19), there exists o such that for all o € (0,00) N Q+,

sup |y0' (u7 t) - y(u7 t)l <
t<T

sup ‘yo'(u/a t) - y(u/7 t)l <
t<T

Bl o i o

Define 7° , == inf{t > 0 : |y(u,t) — y(«/,t)| < 8§} AT. Therefore, forall t < 7° , and for all
o < 00, |Yo(u,1) — yo (', )| > &. Let o < min(ay, 3). Forall ¢ < 0, \
yo(u',t)] > o and thus ma(u,u ,t) = 0, hence K, (u,u’,t) fo #ﬂ%ds = 0 for
t <75 .. By (5.20), we obtain

we have |y, (u,t) —

sup |K(u,u’,t)| = 0.

§
tg'ruyu,

Thus for every § > 0, for every u,u’ € A and t < u wr (Y(u),y(u')): = 0. Since Tgm, —
Tu,w When § — 0, we have for each u, v’ € A:

(y(uw),y(u))enr, . = 0. (5.21)

It remains to show that (5.21) holds for every (u,u') € (0,1)2. Let (u,u’) € (0,1)%. As
previously, we may assume that g(u) < g(u’). By continuity of the processes (y(u,t)):c[o,7]
and (y(u,t))iep0,), the first time of coalescence 7, . is almost surely positive. Fix [ > 1,
0<s; <82 <...<s <s<tandabounded and continuous function f; : (L2(0,1))" — R.
Suppose that s > 0. We want to prove that:

E [(y(ua t A Tu,u’)y(ulv tA TU,U’) - y(u7 SN TTlrﬂtl)y(ul7 s A Tu,u’))fl(y(sl)v R Y(Sl))] = 0.
(5.22)

Lete > 0. For each v € (u,u+¢)N.Aand v € (v/,u +¢)N A (since A is of plain
measure in (0, 1), both sets are non-empty), since we have equality (5.21),

0=E[(y(,t AT )y, t A Tuw) — Y0, 8 A Tou )y, s ATy ) fi(Y (51), ..., Y (s1))].
(5.23)

Let ¢y € (0,s). We define
n:=sup{h > 0:y(u+ h,to) = y(u,to) and y(u’ + h,to) = y(u', to)}.

By the coalescence property given by Proposition 5.5, under the event {7, . > to}, we
know that for every r > to, for each v € (u,u +n) and v’ € (v, v’ + 1), y(v,r) = y(u,r)
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and y(v',r) = y(«',r), whence 1, ,» = 7,,,. Thus, by equality (5.23), we deduce that for
eachv € (u,u+e)NAand v € (v, u' +e)NA,

0=E []1{77>6}]l{'ruyu/ >to} (y(u7 tA Tu,u')y(u/a tA Tu,u’)
—y(u, s ATuu)y(W', s A Tuw ) fi(Y (s1), ... 7Y(sl))]

+ E[]l{ngg}u{m,u,@o}(y(v, ATy )YV EA Ty ) — Y0, 8 A Ty o )YV, 8 A Ty )
fiY(s1),..., Y (s1))]. (5.24)
Let h > 0 be such that (u,u +¢) and (u’,u’ + ¢) are contained in (h, 1 — k). Thus for every

v € (u,u+¢)N A, for every r € [0,T], by inequality (5.5) and by Doob’s inequality, we
deduce that:

28 2 ! 23 Cﬁ ! 28 5ﬁ
E |sup y(v,r)*" | < EE sup y(z,r)dx| < TE y(z, T)Pdx| < -
0 0

r<T r<T
for a 8 arbitrarily chosen in (1,% — %) (by Corollary 5.12). Thus, there exists § > 1

such that E [(y(v,t A 7y,0)y(v',t A 7y0v))?] is uniformly bounded for v € (u,u + ¢) and
v e (u,u'+¢e). Leta=1— % Therefore, we deduce from (5.24) that there is a constant C
depending only on u, v’ and « such that:

E []1{,,>5}]1{T“7“,>t0}(y(u, EA Tuu )Y (W EA Ty ) — y(u, s ATy u)y(W's s A Ty uw))
fiY (s1),.-, Y (s1))] SC(P[n<e]* +Pruw <t]”). (5.25)

We divide the left hand side of inequality (5.25) into two parts by writing

]1{7]>6}]1{Tu1u/>t0} =1- ]l{nés}u{'ruyulgto}

and we estimate the second term in the same way as above. We deduce that there is a
constant C’ such that:

E [(y(u, t ATuuw)y(W  EA Ty ) — y(u, s A Tyu )y, 8 ATuw ) fi(Y (s1), ..., Y (81))]
<C'(Pn<el” +Plryw <to]”).

Let 6 > 0. Since 7,/ > 0 almost surely, we choose t( € (0, s) such that P [1, .+ < to]” < 4.
Since ty > 0, we know by Proposition 5.1 that y(-,%y) is almost surely a step function,
so 7 > 0 almost surely. Therefore, we can choose ¢ > 0 so that P [ < |” < 6. This
concludes the proof of equality (5.22).

Recall that we suppose that ¢t > s > 0. By continuity of time of y(u,-) and y(v/,-),
equality (5.22) also holds for s = 0. Therefore, y(u,t A Tyw )y(u',t A Ty ur) is @ (Ft)ieo, 1)
martingale and (y(u),y(u'))ta-, ,, = 0. This concludes the proof of Proposition 5.13. O

u

A Appendix: Ito’s formula for the Wasserstein diffusion

Let g € £} +[0,1]. We assume, to simplify the notations, that g(1) is finite, but the
proof can be easily adapted to functions g with g(u) —; +o00. Let y be a process in
u—r

D([0,1],C[0,T)) satisfying (i) — (iv) (see Introduction).
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Recall that the process y(-,t).c[0,r] can be considered as the quantile function of
(1t)teo, 1), by setting py; = Leb [jo.1) © y(-,t)~1. The latter process has every feature of
a Wasserstein diffusion. We describe in this Paragraph the dynamics of the process
(11t)tejo, 1), after having introduced a differential calculus on P(IR) due to Lions (see [15,
5]). We prove that, for a smooth function U : P2(R) — R, the process (U(i))¢cjo,7] is @
semi-martingale with quadratic variation proportional to the square of the gradient of U
(see Theorem A.3). This result is a generalization of the formula given by Konarovskyi
and von Renesse in [13]. We compare it to a similar result obtained by von Renesse and
Sturm [22] for the Wasserstein diffusion on [0, 1] (see Remark A.4).

In order to describe the dynamics of (u):cjo,7], We begin by a discretization in space
and by writing the classical It6 formula for that discretized process. Let introduce
iy o= > kefn] Oy(x 1y, Where [n] denotes the set {1,...,n}. Fix U : P>(R) = R a
continuous function, with respect to the Wasserstein distance W> on P2(R). Let define
U™(1,. .+ xn) := U5 X ep 02;)- Remark that U(ag) = U™ (y(5,1),5(2, 1), ., y(1,1)).
Assuming that U™ belongs to C?(R"), and using that y(%, -) is a square integrable
continuous martingale on [0, 7], we have (recall that ¢g(1) is finite):

t

U(py) :Un(g(%)v o g(1) + Z 8kUn(y(%v 8), .5 y(1,8)) dy(%? s)

1
+§ Z 0 al%,lUn(y(%aS)a-'-ay(las))d<y(%")’y(%"»s' (A.1)
k,l€[n]

In order to write the derivatives of U" in terms of derivatives of U, we should
introduce a differential calculus on P»(R), well-adapted to the differentiation of empirical
measures. P.L. Lions introduces in his lectures at College de France (see Section 6.1
of Cardaliaguet’s notes [5]) a differential calculus on P2(R) by using the Hilbertian
structure of Ly(Q2). We set U(X) := U(Law(X)) for all X € Ly(1).

A function U : Po(R) — R is said to be L-differentiable (or differentiable in the sense
of Lions) at a point py € P2(R) if there is a random variable X, with law o such that
U is Fréchet-differentiable at Xy. The definition does not depend on the choice of the
representative X, of the law pp, and if Xy and X; have the same law, then the laws
of DU(X,) and DU(X,) are equal (see e.g. [5]). Furthermore, if DU : Ly(€2) — Lo(€2)
is a continuous function, then for all g € P2(R), there exists a measurable function
R — R, denoted by 0,U(u0), such that for each X € Ly(Q2) with law g, we have
DU(X) = 0,U (po)(X) almost surely (see [5]).

In [6], Carmona and Delarue prove that the L-differentiability of U : Po(R) — R
implies the differentiability of U™ on R"™, and that we have for each k € [n]:

1
U™ @1, vn) = ~OuU (AT iy 8, a)-

Furthermore, assume that U is L-differentiable and that (u,v) € P2(R) x R
0,U(p)(v) € R is continuous. Moreover, we assume that for every 1 € P2(R), the map
v e R~ 0,U(u)(v) € Ris differentiable on R in the classical sense and that its derivative
is given by a jointly continuous function (y,v) — 9,0, U(p)(v). We also assume that for
every v € R, the map p — 0,U(p)(v) is L-differentiable and its derivative is denoted by
(1, v,0") = 92U () (v, v'). Then, U™ is C* on R™ and for all k,1 € [n]:

. 1 1
R U™ (w1, .. a) = 5ava#(f(% > et O ) (@) Lik=ry + ﬁé)ﬁU(% > et Oa;) (@h, 21).
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Therefore, we obtain from equation (A.1):

UG =V + 5 Y [ UG )t
]

ken
ds

m(%,s)

i ' ~n k s
) | 200Gt

1 "o k ! H{T%»%gs}
tom O [ BUGEOE )il 4

kl€[n) m(5 )

By property of coalescence, if 7+ . <'s, we have y(%, s) = y(%, s), so that the last term

in the latter equation is equal to:

1
72/32 ) w(E, 5),y(E, ) s

ke(n]

L
n

Observe that the difference between Zle ]1{” 1 <5} and m(%, s) = fol 17, <sduis

bounded by 2, since the set {u : Tk, S < s}isan 1nterva1

We want to let n tend to +oo in order to obtain an Itd formula for the limit process.
We start by proving the convergence of a subsequence of ((1i}')ic[0,77)n>1 t0 (14t)efo,1]
with respect to the Ly-Wasserstein distance.

Proposition A.1. There exists a subsequence ((ji} (n))te[O,T])n>1 of (11" )tefo,7))n>1 Such

that, for almost every t € [0,T], the sequence (i} Mk ))

with respect to the Wasserstein distance Ws.

n>1 converges almost surely to ji;

Remark A.2. We point out that the extraction function ¢ does not depend on ¢ € [0, T].

Proof. To obtain the statement of the Proposition, it is sufficient to prove that:

T
E / Wg(ﬁf,ut)gdtlﬁo.
0

Let V be a uniform random variable on [0, 1], defined on a probability space ((NZ, F , ]?’)
Therefore, 4 is the law of y(V?) and fi;’ the law of >, .\, ]l{gd/gﬁ}y(%, t). Hence we
have: "

Wa(iiy, m)* < B Z ]l{%d/g%}y(%,t) —y(V,t)
ke(n]

/ Z ]l{’c 1<u<k}|y(n7 ) y(uat)|2du'

0 keln)

Therefore, it is sufficient to show that:

// Zn{k syl ) — () Pdudt | — 0. (A.3)

n—-+oo
0 ke[n

Fixing u € (0,1),¢ € (0,T), > e Lie=1 oye k}|y(n,t) — y(u,t)|? converges almost surely
to 0 by the right-continuity of y(-,t) at p01nt u. To prove (A.3), we have to show a uniform

EJP 23 (2018), paper 124. http://www.imstat.org/ejp/
Page 51/54


http://dx.doi.org/10.1214/18-EJP254
http://www.imstat.org/ejp/

A new approach for the construction of a Wasserstein diffusion

integrability property, i.e. that for a certain 5 > 1,
B

sup E / /0 Z Tgsaa 1<u<g}|y(n, t) — y(u, t)|*dudt < +o0.

nzl keln]

We compute:

57 1/(28)

/ / ;1<u<g}|y(%,t) —y(u,t)>dudt
0 keln

1/(28)

<T25E //o Z]l{k 1<u<k}|y(n,) y(u,t)[*Pdudt

ke(n]

% / /0 1<u<§}\M0|2Bdudt

ke[n]

1/(28)

1/(28)

+TE / / Tpaot iy [ My — Mo|*dudt ,
0 kel

where M; = y(n ,t)—y(u,t). Recall that by property (i) of the process y, My = g(%) —g(u).
We deduce that:

//0 Zﬂ{k 1<u<k}|g( ) — g(u)|*Pdudt | < TCORE Uolg(u)zﬁdu}

keln

Since g belongs to £;+ [0,1], there exists p > 2 such that g € L,,(0, 1). Therefore, we can
choose 5 > 1 such that 25 < p. By Burkholder-Davis-Gundy inequality and the martingale
property of M, we have:

B [(M, — Mo)*"] < CoB [(M, M)]] .

By property (iv),
oranc= [ [ T N
) 0 m(%,s) 0 m( m 1/2 ( )1/2
t ds ¢
</o m(£,s) +/o m(u s)

/ / dS
” 7 0 m(u’ 5) .

71

E [(M M) ] < Cst? 'R

To conclude, we use the following statement: provided § < % — %, there is a constant Cj

such that for each ¢ and wu:
1 pt
ds
E ——du| < CgVt. A4
[/ [ “} avt AD

This statement is Proposition 5.11 for the limit process that we constructed in this paper,
or in [11, Prop. 4.3] for the process constructed by Konarovskyi. This completes the
proof. O
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By similar arguments of convergence, equation (A.2) leads to the following It6 formula
for (pu¢)¢cjo,7), by letting n tend to co. The estimation (A.4) is the key of the proof of those
convergences.

Theorem A.3. Let U : P,(R) — R be smooth enough so that U and its derivatives 0,U,
0,0,U and 8ELU exist, are uniformly continuous and bounded. Almost surely, for each
t € [0,7T], we have:

U(py) = // 0,U (1s) (y(u, s))dy(u, s)du + - // 9,9.U( Mé )(u’s))dsdu

/ / G2U (11, ({1, 5), y(u, ))dsd,

where / / 0,U (1) (y(u, s))dy(u, s)du is a square integrable continuous martingale
0o Jo

1 pt
with a quadratic variation process equal to t — / / (8NU(MS))2 (y(u, s))dsdu.
0 Jo

Remark A.4. Choose in particular U : p — V ([ eadp,. .., [ andy) = V([ dd
where V € C*(R™) and ay,...,q,, are bounded C?(R)-functions, with bounded first
and second-order derivatives. In this case, 9,U(u)(v) = > 1", OV ([ E>d,u) af(v) for all
i € P2(R) and v € R. Computing the second-order derivatives, we show that

Uue) — Ulpo) — = / £1U(p)d / LU (p)d

is a martingale with quadratic variation process

tl—>/ / (iav (/Edus> o (y(u, S)))zduds

and an operator £ = El + L5 of the form £,U (p,) :== Y0 oV ([ & d,us) fl o yws)) g,

m(u,s)
and LoU () = Y052y 02,V ([ dps) [y ol(y(u, ) (y(u, s))du,

Remark that we have some restrictions on the domain of the generator £;. We know
that for measures with finite support, fo m(u ) is finite and is equal to the cardinality of
the support (see the Paragraph preceding Corollary 5.3). The fact that the generator of
the martingale problem is not defined on the whole Wasserstein space is related to the
fact that the process (u).c(o,7) takes values, for every positive time ¢, on the space of
measures with finite support.

We compare this result to Theorem 7.17 in [22]. The generator of the martingale in
the case of von Renesse and Sturm’s Wasserstein diffusion is I. = IL; + I, + SLL3, with
IL; = £, and IL3 similar to £; up to the lack of the mass function, whereas IL,, which is
the part of the generator considering the gaps of the measure u, does not appear in our
model.
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