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Abstract

We consider the hydrodynamic scaling behavior of the mass density with respect to a
general class of mass conservative interacting particle systems on Z", where the jump
rates are asymmetric and long-range of order ||z|| ~(+2) for a particle displacement of
order ||z||. Two types of evolution equations are identified depending on the strength of
the long-range asymmetry. When 0 < o < 1, we find a new integro-partial differential
hydrodynamic equation, in an anomalous space-time scale. On the other hand, when
«a > 1, we derive a Burgers hydrodynamic equation, as in the finite-range setting, in
Euler scale.
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1 Introduction

In this paper, we consider hydrodynamic limits in a class of mass conserving par-
ticle systems in several dimensions n > 1 on Z™ with certain asymmetric long-range
interactions. These limits, when they exist, capture the space-time scaling limit of the
microscopic empirical mass density field of the particles as the solution of a ‘hydrody-
namic’ equation governing a macroscopic flow. When the interactions are symmetric and
finite-range, such limits have been shown in a variety of stochastic particle systems (cf.
[9], [20], [28]). Also, when the interactions are asymmetric and finite-range, for systems,
such as ‘simple exclusion’ and ‘zero-range’, as well as other processes, hydrodynamics
has been proved (cf. [2], [3], [4], [14], [16], [17], Chapter 8 in [20], [24], and reference
therein).

However, less is known about hydrodynamics when the dynamics is of long-range
type, although such processes are natural in applications, for instance with respect to
wireless communications. The only works, to our knowledge, which considers ‘long-
range’ limits are [5] and [19], where hydrodynamics of types of symmetric, long-range
exclusion and zero-range processes was shown.

In this context, our main purpose is to derive the hydrodynamic equation in a general
class of asymmetric long-range particle models, which includes simple exclusion and
zero-range systems. Another motivation was to understand if there is a ‘mode coupling’
basis for certain ‘stationary’ fluctuation results in asymmetric long-range models seen
in [6], [25]. There, the fluctuations of the empirical mass density field, translated
by characteristic speeds, was shown to obey in a sense either a stochastic heat or
Burgers equation, depending on the strength of the long-range interactions. One may
ask whether such fluctuations could be inferred from associated hydrodynamics through
mode coupling analysis (cf. [28]), as is the case with respect to asymmetric finite-range
systems.
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Informally, the particle systems studied follow a collection of dependent random
walks which interact in various ways. For instance, in the exclusion and zero-range
particle systems, the random walks interact infinitesimally in time and space respectively.
In the exclusion process, particles move freely except in that jumps, according to a
jump probability p(-), to already occupied locations are suppressed. Whereas, in the
zero-range process, the jump rate of a particle at a site depends on the number of
particles at that site, but the location of the jump is freely chosen according to p(-).

In this article, we will consider a general form of the ‘misanthrope’ process, for which
features of exclusion and zero-range interactions are combined, so that both the jump
rate and location of jump may depend infinitesimally on the other particles.

In such dynamics, as mass is preserved, that is no birth or death allowed, there is
a family of product invariant measures v, indexed by density p. Let n;(x) denote the
number of particles at location x at time ¢.

By ‘long-range’, to be concrete, we mean, for a > 0 and d € Z", that p(-) takes the

form (d>0)
1(d >

p(d) = 75—,

[|df[te

where d > 0 means d; > 0 for 1 < ¢ < n and d # 0. The form we have chosen may be
generalized as discussed in Subsection 3.1.

We will start the process in certain ‘local equilibrium’ nonstationary states ;V, that
is when initially particles are put independently on lattice sites, according to a varying
mass density pp, where the marginal at vertex « has mean po(z/N), and N is a scaling
parameter. We will restrict attention to initial densities pg such that the relative entropy
of 1N with respect to an invariant measure v, for p* > 0 is of order N™. In effect, this
means po = po(u) is a function which equals a constant p* for all u large. This restriction
is further discussed in Subsection 3.1.

Consider, the formal ‘hydrodynamic’ density, where space is scaled by N and time is
speeded up by N,

o 1
p(t,u) = E&ljggom Z nnet(y)-
ly/N—u|<e

Initially, by the law of large numbers, p(0,-) = po(+). Our goal will be to derive, choosing
0 = 6(«) appropriately, a ‘hydrodynamic’ partial differential equation for p(t, -).

The choice of 0 is usually determined by the time needed in order for a single particle
to travel a microscopic distance of order N, or a nonzero macroscopic distance. When
a > 1, as p(-) has a mean, the travel time is of the same order as in the finite-range
asymmetric case, namely of order NV, indicating 8 = 1, the ‘Euler’ scale. While, when
0 < a < 1, because of the heavier tail in p(-), the travel time is of shorter duration, and it
turns out 6 should be taken as # = «, an anomalous scale, interestingly the same as in
[19] when the jumps are symmetric. However, in the case a = 1, time should be speeded
up by N/log N

Our main results are as follows. When 0 < o < 1 (Theorem 3.1), we derive that the
hydrodynamic equation is a weak form of

_ F(p(t,u—v),p(t,u))—F(p(t,u),p(t,u+v)) v
Qepltyu) = /[o,oo>n o .

where the function F' reflects a homogenization of the microscopic rates in the system.

This equation appears novel in the PDE literature. It is, in a sense, a ‘long-range’
integro-differential form of a Burgers equation. Although the step function po(u) = 1(4 ),
in n = 1, is an invariant solution, as no particle moves, our intuition, without further
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substantiation, is that if motion is allowed in R"™, because of the long-range character
of the jump probability, the solution may be more regular than in the Burgers equation,
where shocks may form in finite time from smooth initial densities. Although we show
existence of weak solutions of the hydrodynamic equation, uniqueness of these solutions,
in any particular class of solutions, is not yet known. As a consequence, the result we
show is that all limit points of the mass density field satisfy weakly this hydrodynamic
equation.

However, when a > 1 (Theorem 3.2), under an additional assumption that the
misanthrope system is ‘attractive’, that is a monotonicity condition on the rates (cf.
definition in Section 2), we show that the hydrodynamic equation is a Burgers equation

8tp(t7x) + ’}/aal(n)F(p(tvz)) =0,

where 7, is a specified constant, I again depends on particle interactions, and ;) is
the directional derivative in z in direction (1,1,...,1). For the boundary value « = 1, one
recovers the same hydrodynamic equation as when « > 1, however with an extra ‘log’
scaling factor in the scaling, as remarked in Subsection 3.1.

The a > 1 hydrodynamic equation may be understood in terms of results say in [4],
[24], for finite-range asymmetric systems. When « > 1, the mean of the jump probability
p(+) is bounded. In particular, long jumps are not so likely, and it is perhaps expected in
this case that a Burgers equation would be derived.

In both settings, these hydrodynamic limit results are the first for long-range asym-
metric misanthrope processes on Z". In Subsection 3.1, further remarks on these limits,
their assumptions, and extensions are discussed.

The general scheme of proof is to obtain the hydrodynamic equation by an application
of an It6 formula with respect to the evolving empirical mass density. In this computation,
the generator action gives an average of nonlinear rates of interaction, in terms of the
occupation variables 7;. The main point is to replace this average, which immediately
cannot be written in terms of the empirical density itself, by a homogenized or averaged
function of the empirical mass density, thereby allowing one to close the equation.

When 0 < a < 1, we follow the ‘entropy’ method strategy of Guo-Papanicolaou-
Varadhan (cf. [20]) as invoked in [19] for the symmetric long-range zero-range model.
There are however important differences, especially with respect to the ‘1 and 2-block’
estimates, where the general long-range asymmetric misanthrope structure complicates
the analysis. Ingredients, perhaps of their own interest, include a non-standard non-local
replacement used in the ‘1-block’ estimate. Whereas, in the ‘2-block’ estimate, averaged
Dirichlet forms, in terms of a ‘moving particle’ scheme (cf. Subsection 6.2.1), a type first
used in [19], are employed to make the replacements. Notably, when 0 < a < 1, the
‘attractiveness’ condition is not used.

When a > 1, we follow the scheme in [24] and Chapter 8 [20] for finite-range systems,
although several steps in the infinite-volume long-range setting take on a different
character. The technique is to show a ‘1-block’ estimate, and then to close equations,
through use of Young measures, by invoking a uniqueness result for measure-valued
solutions in [11]. Though the ‘attractiveness’ condition on the process is used in two
important places, many estimates we make do not rely on this condition. Moreover,
verification of several of the conditions in [11] seems novel, and may be of independent
interest.

Returning now to part of our motivation discussed above, in light of the form of the
hydrodynamics shown for o > 1, there is no difference in the type of hydrodynamic
equation when « > 3/2 or when 1 < a < 3/2, and so it would seem the fluctuation results
seen in [6], [25], when « > 3/2, may not have a ‘mode coupling’ interpretation.
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Finally, we comment, although we have chosen the ‘entropy’ method of proof of
hydrodynamics, that there are other techniques, such as ‘compensated compactness’ (as
in [3]) and ‘relative entropy’ (cf. Chapter 6, [20]), which might be explored with profit to
treat related and different scenarios.

The structure of the article is as follows. In Section 2, we introduce the processes
studied and, in Section 3, we state our main results, Theorems 3.1 and 3.2, and related
remarks. After some preliminaries in Section 4, we prove Theorem 3.1 in Section 5,
relying on 1 and 2-block estimates shown in Section 6. In Section 7, we prove Theorem
3.2, stating key inputs, Theorems 7.2, 7.3, 7.4, and 7.5, which are then proved in Sections
8,10, 11, 12, with the aid of estimates in Section 9 and the Appendix.

2 Models

Let No = INU {0}. We will consider a class of n > 1 dimensional ‘misanthrope’
particle systems evolving on the state space X = INZ", which includes simple exclusion
and zero-range systems. The configuration n, = {n:(x) : * € Z"} gives the number of
particles n:(z) at locations x € Z" at time ¢t. Let p : Z™ — [0,00) be a single particle
transition rate such that ) ,p(d) < co. We say that a function f : X — R is local if it
depends only on a finite number of occupation variables {n(z) : © € Z"}.

In the simple exclusion process, at most one particle may occupy each site, n(x) = 0
or 1 for all x € Z". Informally, each particle carries an exponential rate 1 clock. When
a clock rings, the particle may displace by d with probability proportional to p(d). If
the destination site is empty, this jump is made, however, if the proposed destination is
occupied, the jump is suppressed and the clock resets, hence the name ‘simple exclusion’.
Formally, the system is the Markov process on {0,1}%? C X with generator action on local
functions given by

Lf(n) = p(dn(x) (1 —nlz + d)(F ") = f(n))
z,d

where ™Y is the configuration obtained from n by moving a particle from z to y:

n(z)—1 ifz==x
n7(z) =q n)+1 ifz=y
n(z) ifz#zy.

See [23] for the construction and further details of the simple exclusion process.

In the zero-range process, however, any number of particles may occupy a site.
Informally, each site x holds an exponential clock with rate g(n(z)), where g : Ny — R
is a fixed function, such that g(0) = 0 and g(k) > 0 for k£ > 1. When a clock rings, from
that site a particle at random displaces by d with chance proportional to p(d). The name
‘zero-range’ comes from the observation that, infinitesimally, particles interact only with
those on the same site. Formally, the zero range process is a Markov process on X with
generator action on local functions given by

Lf(n) = p(d)g(n(@)(f "+ = f(n)).
z,d

To construct the zero range process, we require that g be Lipschitz. See [1] for the
construction and further details of the zero range process.

On the other hand, the misanthrope process {7(t) : t > 0} is a more general Markov
process on X with generator

Lf(n) =Y p(d)b(n(x), n(x+d)(f (") = f(n)),
z,d
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Here, to avoid degeneracies, b : Ny x Ny — [0, 00) is such that b(0,m) = 0 for m > 0.
Also, we restrict to two cases: (i) If (I, m) = 0 for some I,m > 1, then b(I, m) = 0 for all
[ > 0 and m > My, where M, > 1 is the first such m, and in this case, b(l,m) > 0 for
1 <1< My, 0<m< M. (i) Ifb(l,m) > 0 foralll,m > 1, we denote My = occ.

To get the simple exclusion process, let b(l,m) = 1(l = 1, m = 0) so that b(n(z),n(y)) =
n(x)(1—n(y)). To recover the zero-range process, let b(l, m) = g(I) so then b(n(x),n(y)) =
g(n(z)). The name ‘misanthrope’ refers to the observation in [8], where the process was
introduced, that particles tend to avoid crowded sites, if b(l,m) is increasing in [ and
decreasing in m.

In this article, we concentrate on ‘decomposable’ misanthrope systems, where
b(l,m) = g(l)h(m), in terms of functions ¢g and h, satisfying the restrictions on b(,-)
above. Such a class is large enough to include exclusion and zero-range processes, yet
concrete enough to streamline later proofs. We comment, although not pursued here,
that more general misanthrope systems might also be considered with more involved
estimates and notation.

The associated generator action reduces to the form

Lf(n) =Y p(d)g(n(@)h(n(z +d)(f(n"" ) = f(n))
x,d

To aid in construction of the process and for other estimates, we will impose that (i) g
is Lipschitz: |g(k + 1) — g(k)| < & for k > 0, (ii) h be bounded, in which case, h is also
Lipschitz, |h(k + 1) — h(k)| < k1 := 2||h]leo for k& > 0, and (iii) |g(a)h(d) — g(u)h(v)| <
k2[la — u| + |b—v|] for a,b,u,v > 0. The last condition (iii) is a sufficient ingredient to
construct the process, and forces g to be bounded if & is nontrivial (cf. equation (7.1) in
[18]). However, it is not a necessary condition, and will not be used in the main body of
the paper.

Since ¢g(0) = 0, we have ¢g(I) < kl. We also have h(0) > 0. If h has a zero, and My < co
is the first root, then h(m) = 0 for m > Mjy; in this case, the process, starting with less
than M, particles per site, remains so in the evolution.

We refer to [18] for further discussion and the construction of the process on a
complete, separable space Xy, = {1 : ||n]lx, < oo} C INZ" with metric ||n — &||lx, =
> wezn B(@)n(xz) — &(x)|, where j3(:) is a suitable positive function on Z" such that
> vezn B(@) < oo.

2.1 Long range asymmetric transitions

In this article, we concentrate on ‘long range’ totally asymmetric processes, where
p(+) is in form

1(d>0
= e 20

Here, || - || is the Euclidean norm, and d = (dy,...,d,) > 0 means d; > 0 for all i, but
d # 0. We require a > 0 so that ), p(d) < co. Although more general transition rates
can be treated, as discussed in Subsection 3.1, the form of p chosen allows for simplified
notation and encapsulates the complexity of the more general situation.

We will distinguish three cases @ < 1, « = 1, and « > 1. The transition rate p(-) has
a finite mean exactly when o« > 1, and the corresponding model shares some of the
properties of the finite-range situation where p is compactly supported. However, when
a < 1, the behavior of the associated process does reflect that long jumps are more likely.
The a = 1 case, although borderline, turns out in some ways to be similar to the o > 1
case.
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In particular, a random walk with transition rate p(-) will take an order «y steps to
travel an order N distance on Z" where

N whena>1
v =4 N/log(N) whena=1
N®  when a < 1.

These orders will be relevant when discussing hydrodynamic space-time scaling of the
process.

2.2 Invariant measures

As the decomposable misanthrope system is mass conservative, one expects a family
of invariant probability measures v, indexed by particle density p > 0. In fact, there
is a family of translation-invariant product stationary measures, for a general class of
misanthrope processes, including the long-range asymmetric decomposable models,
when

9(0)h(j) = g(7)h(i) = g(i)h(0) — g(4)h(0)
for 0 <1i,57 < My if My < oo, and 4, j > 0 otherwise, which we will also assume (cf. [18]).
In the case h is nontrivial, this implies a linear relation between g and h.

To specify the marginal ©, of the measure v, =[] 0,, consider the probability
measure O, on INy given by

TEZL™

_ 1 AT h(G)
N0 =z Hf_l(;(j)

where Z()) is the normalizing constant. Let p(A\) = >_,-, kO, (k) be the mean of ©,.
Both Z()\) and p()\) are well defined for 0 < A < \., where A\, = oo if My < co and
Ae = liminfyro g(k)/h(k) otherwise. One can see they are strictly increasing on this
range, and so invertible. Let p. = limy_, p(A). Now, for density p € [0, p.), define
0, = 0,(,) where X = \(p) is such that p()) = p.

The functions,

@(p) = By, l9(n(z))], and W(p) = E,, [h(n(x))]; (2.2)

will play important roles in the sequel. One can observe that ®, ¥ are C* on their
domains.

Moreover, as g and h are Lipschitz, both & and ¥ will be Lipschitz. (following the
method of Corollary 2.3.6 [20]). Also, note by boundedness of 4 that || V|| < ||h||~. Hence,
we have the following inequalities,

9(n(@))h(n(y)) < rllhllcon(z), @(p)¥(p) < Kllhllccp, and
|(b)¥(b) — D(a)P(a)| < K||h]loo|b — a] + k1| — al. (2.3)

In later calculations, we will need finite exponential moments of 7(z) and g(n(z)) with
respect to v, for p € [0,p°). Since g(n(z)) < kn(z) for some constant x > 0, we note
g(n(z)) will have a finite exponential moment if 7(z) does. We say that the FEM satisfied
if

1 fﬁ QT2 hG)  Z(Ae)
2N Tmie) ZM
for all v > 0 and p € [0,p.). FEM is a condition on the rates g and h, which we will

assume holds throughout. For instance, if limy_,oc 2(k)/g(k + 1) = 0 or My < oo, then
FEM holds.

E,, [e®)] = < 00 (2.4)
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We will also assume that p. = My, a condition on the rates g and h that ensures a
stationary measure at each possible density.

To relate with zero-range and simple exclusion, if we set h = 1, the measure v,
reduces to the well known family of invariant probability measures for the zero-range
process. However, when k(1) = 0, we recover that v, is the Bernoulli product measure
with parameter p € [0, 1].

Finally, we remark, with respect to v+, one may construct an L?(v,~) Markov process
as in [26]. The associated adjoint L* may be computed as the generator of the process
with reversed jump rates p*(d) = p(—d) for d € Z".

2.3 Initial, empirical and process measures

We will examine the scaling behavior of the process as seen when time is speeded up
by 7n and space is scaled by parameter N > 1. Let Ly := vy L and process 7}’ := Nyt
fort > 0. Let T}V be the associated semigroup. Often, we will drop the superscript ‘N’
when the context is clear.

We will focus on the cases a # 1, discussing the case o = 1 in Subsection 3.1. Then,
for a # 1, we have vy = N*"!. The space-time scaling is the ‘Euler’ scaling when o > 1,
but is an anomalous scale when a < 1.

Define, for ¢t > 0, the empirical measure

1
= EZZ; i (2)d .

We will use the following notation for spatial integration against test functions G:

(Gt ) = 5 3 @G ).

TEZL™

For T > 0 fixed, the measure-valued trajectories {7} : 0 < ¢ < T} are in the Skorohod
space D([0,T], M (R")), where M, (R") is the set of positive Radon measures on R"
endowed with the vague topology.

Suppose that we start the process at level N according to an initial measure pv. We
denote the distribution at times ¢ > 0 by u¥ := VTN, The initial measures that we will
use are such that the law of large numbers holds in probability with respect to an initial
density profile pg as N — oo:

(mo'» G(u)) =% > G(%)nzﬁ - /G(u)po(u)du.

TEZ™

We will assume that pp : R™ — R is continuous, and the range of py lies in [0, p.). We
will also suppose that 4V is a product measure, whose marginal at = € Z" is © o (x/N)
with mean po(z/N). Moreover, we will assume that the relative entropy of u¥ with
respect to an invariant measure v,- for 0 < p* < p. is of order N™. Then, for ||z| large,
the marginals of pN , in this case would be very close to those of v,- and, in particular,
po(x) ~ p*. For convenience, throughout, we will assume that pg is such that it equals
p* outside a compact set. We also remark the measures {1}, by their definition, are
stochastically bounded by v,# where p# = ||pg|l«; that is, [ fdu® < [ fdv,+ for all
functions f on X which are increasing coordinatewise in n = {n(z) : € Z"}.

Define also {PV} ~>1 to be the sequence of probability measures on the Skorohod
space D([0,T], M (R")), governing 7 when the process 7. starts from ;. Expectation
with respect to P will be denoted as E*.
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2.4 Additional assumption when o > 1

We will assume further the following condition, in force only when a > 1. Namely, we
will assume the misanthrope process is ‘attractive’, that is b(n, m) is increasing in n and
decreasing in m. In other words, the ‘decomposable’ process is ‘attractive’ when g is
increasing and h is decreasing.

2.5 Model assumptions summary

To summarize, we gather here some of the assumptions on the rates and initial
measures discussed earlier.

1. The rate b(n,m) is in form b(l, m) = g(I)h(m) where

* g is Lipschitz with Lipschitz constant «, and ¢g(0) = 0;

e his bounded, and hence Lipschitz with constant x1;

l9(a)h(b) — g(wh(v)] < rafla —ul + b —v]];

* My is the maximum particle number per site: My, = inf{m > 1 : g(Il,m) =

0 for I, m > 1} with convention My = oo if g(I,m) > 0 for all [, m > 1.

2. The following ensure product stationary measures indexed by all possible densities
with finite exponential moments.

* 9()h(j) — g(3)h(i) = g(i)h(0) — g(j)R(0) for i,j < Mo if My < oo and i,j > 0 if
MO = 005

condition FEM in (2.4) holds;

pe, defined above (2.2), satisfies p. = Mj.

3. The rate p is long-range and is in form (2.1).

4. The initial measures p'V satisfy the following.

o N = [l,czn ©po(z/n) Where pg : R™ — [0, p) is a continuous function such that
po(u) = p* for u outside a compact set, and 0 < p* < p;

the relative entropy H (u"|v,-) = O(N™).

5. The parameter « is such that a # 1 in the main body of the article. Remarks about
a =1 are in Subsection 3.1.

6. When « > 1, the rates are ‘attractive’, that is g is increasing and % is decreasing.

3 Results

We will split the main results according to the settings o < 1 and a > 1. The case
« =1 is discussed in the remarks in Subsection 3.1.

Suppose a < 1. and consider the operator £ acting on smooth, compactly supported
test functions G : R™ — R by

LG — /[ ) DL EDRL CRNETE Y o)

Note that the integral in (3.1) is well-defined as the integrand is O(||v|~(***=1) for v
near the origin. Let also
Gu+v)—G(u)

[[o][n+e

VUG () =
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Theorem 3.1. Suppose « < 1. Then, the sequence {PN}Nzl is tight, and every limit
point P* is supported on absolutely continuous measures m; = p(t, u)du whose densities
are weak solutions of the hydrodynamic equation 0;p = L(p) with initial condition
pl0, 1) = po(u).

That is, for test functions G with compact support in [0,T) x R", so that G(T,-) =0,
we have

/n ”O(U)G(Ovu)d“+/ooo/n p(s,u)05G (s, u)ds
" /OT/n /[oﬁoo)n @ (p(s,u)) ¥ (p(s,u+v)) V'G(s,u)dvduds = 0.

We now assume « > 1, and state the hydrodynamic limit in this setting.

Theorem 3.2. Suppose a > 1, and in addition that the process is ‘attractive’. Then,
{PN}Nzl converges weakly to the point mass supported on the absolutely continuous
measure m; = p(t,u)du whose density is the weak entropy solution (cf. (3.3)) of the
hydrodynamic equation
00 + a1 [(0) ¥(p)] = 0, (3.2)
with initial condition p(0,u) = po(u). Here, 1(n) is the unit vector in the direction
(1,...,1), and 7, is the constant defined by vo = 3|~ d1/|d[" .
We comment, as is well known, the scalar conservation law (3.2) may not have a

classical solution for all times. However, a weak solution p(¢,u) exists (cf. [10], [15]):
Namely, for test functions G with compact support in [0,7) x R", we have

/ G(O,u)pg(u)du+/ 0sG(s,u)p(s,u)duds
n O R'Vl

—|—’ya/ O1(n)G (5, u) W (p(s,u))duds = 0.
O R”L

We say that a weak solution p(¢,u) is a ‘weak entropy’ solution if in the weak sense, with
respect to nonnegative test functions G with compact support in [0, 7) x R", that

Olp — c| + vaO1(n)[sgn(p — ¢) (¥ (p) — ®¥(c))] <0, foreachcec Rand  (3.3)
R
Janull set £ C [0, 7] such that lim |pt (1) — po(u)|du =0, forall R > 0.
o f_p
tge

Kruzkov proved that there is a unique bounded weak entropy solution if py is bounded,
which is implied by our assumptions [21]. See [10], [15], and [21] for further discussion
about weak entropy solutions.

3.1 Remarks
We now make several remarks about Theorems 3.1 and 3.2.

1. Uniqueness of solution. When a < 1, an open question is to understand in
what sense a weak solution is unique. If there is an unique weak solution p(¢, ) of the
hydrodynamic equation, then P would converge weakly to Op(t,u)du- HOWeVer, it is not
clear what additional criteria, if at all, as in the finite-range or a > 1 setting, needs to be
imposed to ensure an unique weak solution.

In this context, we note, in [19], for certain attractive long-range symmetric zero-
range evolutions, with symmetric jump rate p*¥™(d) = p(d) + p(—d), the hydrodynamic
equation derived is O;p = L%V p where

Esym(G) — /n (I)(G(u — U))\I’(G(’uﬁl)}”_ni(G(u))\I’(G(u + U))d’U
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allows variation in all directions, as opposed to (3.1). Uniqueness of weak solution, under
an ‘energy’ condition, is shown there. Symmetric long-range exclusion processes are
also considered in [19]. However in such models, as is well known, the hydrodynamic
equation is linear, and so uniqueness of solution is more immediate.

2. General jump rates. The jump rate p(-) may be generalized to a larger class, in
which jumps are allowed in all directions. When « < 1, the jump rate can be in form, say

pI"(d) = B(d)/||d||" "™ where B(y) = Z [b;rl(y ce; >0)+b1(y-e; < 0)]1(y #0),
i=1

in terms of constants {b;",b; }7,, and {e;}?, is the standard basis. We note, in this case,
pI¢" may even be symmetric as in [19].

However, when o > 1, the same generalization is allowed, except the jump rate must
have a drift, > dp?°™(d) # 0.

Under these generalizations, the form of Theorems 3.1 and 3.2 remain the same
except that the hydrodynamic equation now involves straightforwardly the constants
{bf,b; }: When a < 1, weakly

177

v,

Op = i: Z bg/ ‘I’(p(u — U))‘IJ(P(U)) - @(p(u))\l{(p(u + U))d

i=1 o=—+,— a[ei-v] >0 Hvl|n+o¢

and when « > 1, in (3.2) and (3.3), 7401(n) is replaced by > dp9°™(d) - V. The proofs are
the same, albeit with more notation.

3. Case a = 1. Although we assume throughout that a # 1 and do not consider the
case o = 1 in the sequel, we remark, when o = 1, a log correction is needed in the
definition of the empirical measure since the jump rate p does not have mean, but just
‘barely’ so in that }, ;< v dp(d) = O(log(N)). In this case, instead of 7V, we should use
the rescaled measures w Y., czn (N, log(N))¢(z)d = . The arguments, when a > 1, are
straightforwardly adapted to yield the equation d;p + 01(»)[®(p)¥(p)] = 0, here ~, being
replaced by 1.

4. Long-range communication o > 2 versus 1 < a < 2. In the Euler scale, when a > 2,
as opposed to when 1 < a < 2, the influence from long distances to the origin, say, is
minimal. From considering the single particle displacement rates, the chance a particle
displaces by order N is of order N'~°. So, the likelihood of a particle a distance of order
N or more away from the origin to pass by is minimal when « > 2, but this chance it
appears is nontrivial when 1 < o < 2.

In this case, it seems not possible to overestimate the chance of travel of particles
located at sites  where |z| > ¢N to an eN neighborhood of the origin by a convergent
sum as in [24]. In particular, it is not clear how to use the method in [24] to approximate
the process starting from L' initial densities by those starting from arbitrary initial
states. Please see Lemma 5.7 in [24] for details about this approximation method.

Hence, rather than start in an L' density py, under which the system would have only
a finite number of particles at each scaling level IV as in [24], we have tried to understand
infinite volume effects, using the ‘entropy’ method, by starting in a non-integrable density
po- That po(u) = p* for large u is a consequence of this method.

5. Use of ‘attractiveness’ when « > 1. Only for the proof of Theorem 3.2 is ‘attrac-
tiveness’ used. This condition allows to show in Step 1 of Section 7 that solutions p
are in L*° when M, = co. However, when M, < oo, we have a priori that p € L*> and
‘attractiveness’ is not needed for this point.

On the other hand, ‘attractiveness’ is used to rewrite the generator of a coupled
process in (9.2), and then to bound it in Lemma 9.1. These are important ingredients for
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the ‘ordering’ Lemma 9.3, which is used to show a ‘measure weak’ formulation of the
entropy condition in Theorem 7.3, proved in Section 10.

6. Initial conditions. Only in the proof of Theorem 3.2 is the full description of the
initial measures py used. In particular, the full structure is employed in Step 3a in
Subsection 10.1, for the proof of the entropy condition inequality. However, with respect
to the proof of Theorem 3.1, we note only the fact that the marginals of yy at z € Z™
have mean po(x/N) is used.

4 Preliminaries

Throughout this paper, a test function will be a smooth C'? function G : [0,7) x R"* —
R with compact support. Typically, given a test function G, we will denote, in terms of
the letter R, that its support lies in [0,7) x [~ R, R]". Define ||G|| = sup, , |G(t,u)|, and
G| and ||9sG||. Often, we will write Gi(x) for G(¢, x) in the sequel.

Also, to reiterate, in the sequel, the parameter o # 1.

For y € Z", let 7, represent the shift operator: 7,(n(z)) = n(z +y) and 7,(f(n)) =
f(ryn). Define, for d € Z", hq(n(x)) = Tqh(n(z)) = h(n(z + d)).

Define also |y| = max{yi,...,yn} for y = (y1, ..., yn) € Z™. In later calculations, we will
use the notion of an ‘I-block’ average of a function f = f(n): That is, define

1
fl(ﬁ) = m ;I 7y f(n).

In particular, n'(x) = m 1< (@ + ).
Form now the mean-zero martingale with respect to (G, 7}):

t t
MNG = (N Gy - <W5V,GO>—/ <7r;V,aSGs>ds—/ N L (N GL)ds.
0 0

Also, with respect to its quadratic variation,

W)= [N LA, G~ 2N G i G,

we have that (M;}"")2 — (MN-:G), is a mean-zero martingale.

Explicitly, we may compute

Nl/\“ > x+d T
Nl/\aLN<7Ts Z Z d n+aghd ns( ))[Gs( N ) - GS(N)]
2 2
and
t Nihe = 1 x+d Z 12
(MN-Gy, = / — ————gha(ns(z))[Gs —Gy(=)]7ds.  (4.1)
t 0 N2 IEZZH |§1 ||d||n+a [ ( N ) (N)}

Here, and in the body of the paper, our convention will be that the sums over d
implicitly contain the restriction that d = (ds,...,d,) > 0, thatisd; > 0for 1 <i <mn, as
p is supported on such d, to reduce notation.

4.1 Entropy and Dirichlet forms

Recall the distribution of the process at the Nth level at time t > 0, ¥ = pNTN
Consider the relative entropy H(u}" |[v,+) of ui¥ with respect to the invariant measure
v,+. One may show that H (u{|v,-) is finite, and hence p}" is absolutely continuous with
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respect to v,-. In terms of the Radon-Nikodym derivative Y = dul/dv,-, we have
H(ui'[vp-) = H(f{) where H(f) = [ flog fdv,-.

Recall the adjoint L* defined in Subsection 2.2. Define now the Dirichlet form of
a density f by D(f) = — [/ fL*"™/fdv,~, where we define L*¥™ = (L + L*)/2 as the
symmetric part of L. We will on occasion define new Dirichlet forms in terms of pieces
of the above Dirichlet form. For x,y € Z", define the bond Dirichlet form as

D*¥(f) = % /Psym(y — a)g(n())h(n(z +y)(/ Frmv) = /£ () dv,

where p¥(d) = (p(d) + p(—d))/2. By properties of v,-, one can calculate D*¥(f) =
Dv*(f). Roughly speaking, D*¥(f) is a measure of how much f(n) can vary as one
particle is moved from z to y or vice versa. In particular, if D®¥(f) = 0, then f(n) =
f(n®¥) when p(y — z)g(n(z))h(n(z + y)) # 0. In terms of these bond forms, the ‘full’
Dirichlet form may be written as D(f) = (1/2) }_, , D*(f).

One may relate the entropy and Dirichlet form as follows, justification below:

t
H(p vye) + 29x / D(fN)ds < H(|vye). 4.2)
0

Then, by convexity of the Dirichlet form, we have the bound D (f¥) < H(u" |v,+)/(2vnt),

where fN =1 fot fNds. Moreover, by our entropy assumption on the initial distributions
{u™V}, and with Cy = C/(2t), we have
n
Hu vy ) < H(pV|v,-) < ON™ and D(f)) < CgN . (4.3)
N

In the finite volume, (4.2) and (4.3) are well-known (cf. Chapter 5 in [20]). In the
infinite volume, to obtain finiteness of the relative entropy, (4.2) and (4.3), we may
approximate u}¥ by distributions ,uiv A= uN TtN’R of processes with dynamics localized
to boxes of growing width R and sites frozen outside, with semigroup TtN’R starting from
the product measure 1"V, for which the relative entropy and localized Dirichlet form of
duy " /dv,- satisfy (4.2) and (4.3).

In particular, by the construction estimates in Sections 8 of [18], for Lipschitz func-
tions v on the complete, separable metric space A, we have TtN By - TtN u as R 1 oo;
also, as [T}V "u(n)|, TN u(n)| < cue“t||nllx, + |u|(0) € L (ux), where ¢, is the Lipschitz
constant with respect to u, 0 is the empty configuration, and ¢, is a constant depending
on process parameters, we have the ‘convergence’, £ ~.n [u] = E,~[u], as R 1 cc. There-

fore, uiv R converges weakly to ¥ by the Portmanteau theorem (cf. Section 3.9 in [13]).
Hence, by lower semi-continuity of the relative entropy (cf. [12]), H(ui\’|up*) < CN™"is
finite.

Now, note that the localized Dirichlet form is greater than the Dirichlet form Dy
involving only bonds in a fixed box with width K for all large R, and that such fixed
forms increase as K grows to the full one. We claim that the form Dy is lower semi-
continuous: liminf g Di (dul'f/dv,«) > Dy (duY /dv,). Indeed, this follows noting
that " = 42, and observations —2/f (1) f(7** %) = sup {—ef(n) — e L f(n=**¥)},
g(-)h(:) is Lipschitz in X, by use of the construction assumption (iii; see also 1. in
Subsection 2.5), and E,,. [(n™=+*)g(n(x)h(n(x + y))] = Ev,. [F(m)g(n(z + y)h(n())]
(applied with f = du’"® /dv,- and dul’ /dv,~). With these ingredients, it is straightforward
to conclude (4.2) and (4.3). See also [22] and references therein for related approaches.

Recall now the ‘entropy inequality’ (cf. Appendix 1 in [20]): For v > 0, and bounded
or nonnegative f,

Eulf] < %(ngu[eﬁ] + Hply) ).
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Then, with respect to a bounded or nonnegative function f, noting (4.3), we have

EN[f(n,)] < —

< e log By, [N+ ON" (4.4)
5

A common application of the entropy inequality is to bound the numbers of particles
in various sets.

Lemma 4.1. For N > 1,0 < s < T, and sets Ay C Z"™ with Card(Ay) < C1N", we have
1
BV D @) < GiK,

Nn
T€EAN

where K = (log E,,. ()] + C/Cy) /v, C is the constant in (4.3) and v > 0
Proof. By the entropy inequality (4.4), and finite exponential moments FEM, the left-side
of the display, for v > 0, is bounded by

1
yN©

{logE,,. [exp (v Y n(x))] +CON"},

TEAN

which is further bounded by (Cy/7)log E, . [e7"9)] + (C/v) since v,- is a translation
invariant product measure. O

For later reference, we state the following ‘truncation’ bounds, which holds under
FEM, using also the entropy inequality; see p 90-91 in [20].

Lemma 4.2. For R < o0 and 0 < s < T, we have

lim sup lim sup EV [
A—oo0 N—ooo

]\}n Z WS(x)l(ﬂs(ﬂf) > A)} = 0 and

|z| <RN

1
lim sup lim sup lim sup EN[Nf Z ni(x)l(ﬁlg(x) > A)} = 0.

n
A—o0 w00 N—oo |z|<RN

4.2 Generator and martingale bounds

We now collect a few useful bounds. Let o,, be the surface area of the part of an unit
radius n-sphere, centered at the origin, contained in the first orthant. In this subsection,
to make expressions compact, we will adopt the convention that A(z) orB(a) is a sum
over x where z satisfies specifications A(z) or B(x).

Lemma 4.3. Let G be a test function supported on [0,T) x [—R, R]". We have
EN[INY Ly (Y, Gs)l] < Ca

where Cg = k|[h||o (n+ 21 VG| +222||G|)K’, K’ = 2(R+1)"K and K is the constant
in Lemma 4.1.

Before going to the proof, we remark that we have made precise the constant Cg,
especially its dependence on R, as it will be of use in a later estimate (cf. Lemma 11.1).
Proof. First, as h is bounded and g is Lipschitz, by (2.3), we have

o0

1 1 x+d x
|N1AQLN<7T£VaGS>| S"’QHhHOONMOL Z allnta Nn Z 775(1:)|GS(7) _GS( )‘
Il d]| N N N
lldfj=1 z€Z"
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The sum over d can be divided into a sums over 1 < ||d|| < N and ||d|| > N. We may
bound |G, (%:4) — G4 (%)| by VG141 (j2| < (R +1)N) when 1 < ||d| < N, and by
|G||(1(]z| < RN) + 1(|z +d| < RN)) when ||d|| > N. Hence, we have the further bound

N

Nl/\a 1 1
1N« N
N Ly, GO < alblle (TR D0 = VelgE Y @)
lall=1 |z|<(R+1)N
+N1/\0‘ Z ||dHn+a ”GHW Z Us(l‘))- (45)
ld]|=N+1 |z|<RN or
|z+d|<RN

Both sums over z add over at most 2((R + 1)N)" sized regions. Hence, by Lemma
4.1, the expected value of both sums are less than 2K (R 4+ 1)"N™.
Also, the sums over d can be bounded as follows:

azl\f 1 PR /aNldr—n—Hf( 1 1 aN )
I [ — "o "‘a—1 a-1(aN)
> 1 /°° 1 o
—— < o, dr = : (4.6)
o2 T S 7 T SN

We note also, an alternate bound, Z(Im:l [[d||=("=1+e) < g, N1~ [*r~*dr can be used
when o < 1.
Then,

EN|INY Ly (r), Gy
N1he 1 1 N o
< o ’(7 n{i—if} hee 71 <
< Albllo K (= (n+ 0n| —7 = =775 ] JIVGI + N 296 ) < Co,

as desired. O

We state here straightforward corollaries of the proof of Lemma 4.3, adjusting the
values of ¢ and b in the sums over d near (4.6).

Lemma 4.4. We have, when o < 1, that

=0.

T *Ne 1 +d
it i 2] [ 5 S Y @l () - 6
¢ Too Ntoo 0 TEZ™ ||d||<eN or

lld|l>DN

Lemma 4.5. We have, when o > 1, that

- LN 1 x+d T
ISE}J?%EOEN’/ DM M ADICA G ) = Go(5)]ds| =0,
0 T€Z™ ||d||>eN

The difference of quadratic variations defined in (4.1) can be bounded as follows:
Lemma 4.6. For 0 < t; <ty <T, we have that

|ta — t1]

EN‘<MN7G>1§2 - <MN,G>151‘ < Kg Nn

where K¢ is a constant depending on G.

Proof. Recall the formula for (M":%), in (4.1). By (2.3), it is enough to show that

Nire > 1 r+d z\2  Kg
Wbl Tz B 3 D @) (F5) = G () < T (4.7)
z€Z™ ||d||=1
EJP 23 (2018), paper 130. http://www.imstat.org/ejp/
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We can bound one factor |G, (%) — G (£ )| by 2||G||. The left-side of the display is then
bounded by 2||G||/N™ times
1Ae N 1 x+d T
K[|hloe N E |§:1 Hd”n+a Nn ezZ:n ‘G ( N ) GS(N)"

However, we have already bounded this expression in the proof of Lemma 4.3 by Cs. O

4.3 Tightness of {P"}

We now show, when a # 1, that the sequence { PV} is tight and therefore weakly rel-
atively compact. For smooth G with compact support, let Pg be the induced distribution
of {(x]¥,G) : t € [0,T]}. To prove that { PV} is tight, it is enough to show that {P}'} is
tight for all such G (cf. Proposition 1.7, Chapter 4 in [20]). We will in fact show sufficient
tightness estimates with respect to the uniform topology, stronger than the Skorohod
topology.

Proposition 4.7. The sequence {Pg} is tight with respect to the uniform topology: For
smooth G with compact support in R", the following holds.

1. For every e > 0, there is a compact K C R such that supy PV ((n)Y,G) ¢ K) <.
2. Foreverye > 0,
lim sup limsupPN( sup |[(n),G) — (N, G)| > 6) =0

§—0t N—o0 |[t—s| <8
0<s,t<T

Proof. To prove the first condition, it is enough to show that sup EVN[|(n}’, G)|] is finite.
But, by Lemma 4.1,

1
EN|(ny',G)| < 1G] w7 B > mo(z) < 0.
|z|<RN

To prove the second condition, for ¢t > s, we may write

sup |<7rt 7G> < N7G>| (48)
|[t—s|<6

t

< sup / ’NMO‘L N, G) ’dr—&- sup | MNC — MNC.
[t—s|<d Js [t—s|<d

The second term on the right-side of (4.8) is bounded through the triangle inequality,

Doob’s inequality, and the quadratic variation estimate Lemma 4.6:

EN sup |[MNC - MNGP? <4EN sup (MM <16EN(MNC)p = O(NTT).
[t—s|<6 0<t<T
For the first term on the right-side of (4.8), as is done in the proof of Lemma 4.3, we
bound the integrand by (4.5). We now analyze the first term in (4.5); the other term is
similarly handled. Write the first term as I; + I, in terms of a parameter A, where

Nl/\a N 1
I = "5||hHooT Z WHVGHN,L Z nr(z)1(n(z) < A)
lldll=1 |z|<RN
Nl/\oz N 1 1
Iy = kl[h]lc —7— N Z WHVGHW Z nr(2)1(ne(z) > A).
lldll=1 le|<RN
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We may bound [, as in the proof of Lemma 4.3, by I; < [Cs/K'](2R + 1)"A. Corre-
spondingly, supj;_g| s fst Ldr <§[Cq/K'|(2R + 1)™ A, which vanishes as § | 0.

For the term I5, we use the following approach. For each ¢, partition [0, 7] into
n = [T/§] intervals [t;,t;11] fori =0,1,...,n — 1, of length T'/n. Then,

t tit1
sup / Lydr < 3max/ Iordr.

[t—s|<d Js v

i

It follows that

N ! N fot 3 7 N
. < < 2
P (|tblj|p<6/s Lydr > e) < zi:P (/t Lydr > 6/3) < - /0 EV[)dr

Since the sum (N'"*/N) Y2, < lld| 717 is bounded (cf. (4.6)), by Lemma 4.2,
we have that lim o100 limn1eo EV [I2] = 0, to finish the proof. O

5 Proof outline: hydrodynamic limits when o < 1

We outline the proof of Theorem 3.1, refering to ‘1 and 2-block’ estimates later proved
in Section 6.

Step 1. First, by Doob’s inequality and the quadratic variation bound Lemma 4.6, for
€ >0,

limsupPN( sup |M | > 60) < —hmsupEN(MN G) =0.

N—o0 0<t<T N—o0

As G has compact support, we may choose ¢t < T large enough so that G;, and hence
(=N, G,) vanishes. Therefore, for such ¢,

t
limsupPN(‘(wéV,Go>+/ (wév,[“)SGst—i—/ N®Ly(m ,Gs>ds‘ >60) =0.
0 0

N—o00

Step 2. Next, in order for (r}Y, Go) + [ (Y, 8,Gs)ds+ [ N*Ln(mN, G)ds to look like
the weak formulation of a hydrodynamic equation, we will replace fo NeLy(nN G,)ds

by appropriate terms. Noting the generator expression near (4.1),

[vera i = [0S S o) G () - ()]s

" ez lld]|=1

S 9

We now truncate the sum over d to when ||d|| is at least e N and at most DN. By Lemma
4.4, as ghq(n(z)) < k||h]lon(x) (cf. (2.3)), the excess vanishes, where ¢ | 0 and D 1 oo,
after NV 1 oco. Therefore, after limits on N, € and D are taken in order,

t
(md’, Go) + /(WﬁV,GSGS)ds

/ Z Z ||d||”+ag ha(ns(x ))[Gs($;d) *Gs(%)]ds

wEZ" lldll=

vanishes in probability. Here, and elsewhere, we write e N and DN for [eN]| and | DN |.

We remark that one may link D to e by specifying D = ¢! in what follows. We have
chosen however to separate the parameters to highlight their roles. We also comment
that the truncations on d are of use to bound quantities such as V*¢G(z/N) in Step 3c,
and others in the proofs of the 1 and 2-block estimates later quoted in Step 3.
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Step 3a. We will now like to replace the nonlinear terms ‘ghg(ns(x))’ by functions of the
empirical measure 7V

The first replacement involves substituting ghq(n,(z)), with its average over [-blocks:
(ghq)'(ns(x)), where [ diverges after N diverges, but before the limits on ¢ and then D.
By a discrete integration-by-parts, smoothness and compact support of G, the error
introduced is of the expected order

]Ja 1
wllhloe VG D / e ”m S (@),

lldll= || <(R+D)N

which vanishes, noting Lemma 4.1.
Therefore, we have, as N T 00,1 00, e | 0and D 1 oo, that

t
(), Gab + [ (x,0,G.)ds
0

DN

/ Al Z Z Td[fr+e ||n+a (gha)' (ns(x )))[Gs(x]—\i—[d) —Gs(%)]ds

TEZ" ||d||=eN

vanishes in probability.

Step 3b. Next, we perform what is usually called the ‘1-block’ replacement. Recall the
functions ® and ¥ in (2.2). We would like to replace (ghq)!(ns()) by ®(nk(2))¥(nk(x+d)),
the ‘averaged’ function of the local mass density. That is, we wish to show

DN

N [fNe 1
limsup limsup £ — —_—
oo N—oo o N7 |d||z—:eN [d|™+e

S L) [Ga( ) — @ (5 fas = 0

TEZ™

where H} (1) = (gha(n(z)))" — (1 (2))¥(n'(x + d)). By discrete integration-by-parts
and bounding G(z/N) by 1(Jz| < RN)

N [ N® = 1 .
E Nn Z e Z |Hy.4.(ns)|ds and
0 l[dl=eN 2| <(R+D)N
t DN
N« 1
N 1
E Nn Z |||+ Z ‘T—de,d,z(ns”dS

0 ldf|=eN |z|<(R+D)N

both vanish as NV 1 co and then [ 1 oo for fixed ¢, D. This is proved as a consequence of
Proposition 6.1 in Subsection 6.1.
After this 1-block replacement, we have

(rd’, Go) + /< NV, 0,G,) ds+/ 3 Z Z 773 ns(m+d))va’dGs(%)ds

TE€Z ||d||=eN

vanishes in probability as in order N 1 oo, [ T 00, € | 0 and D 1 oo, where

VoG, (z/N) = ||(d/N)| " [Gs((a: +d)/N) - G, (J;/N)} .

Step 3c. The final estimate is the so-called ‘2-blocks’ replacement, where né(m) is replaced
by 1< N () in terms of a parameter €. We will write ¢’N instead of |¢'N| throughout.
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That is, we will like to show for fixed € and D, as in order N 1 oo, ¢/ | 0 and [ 1 oo, that

EN ! DN ol (00 )
/oN% Yoo D [eh@) iz + )

2€ZM |d]j=eN

(N (@)WY (o + )] |[VIG ()| ds

vanishes.
We observe that V*9G, (%) is zero, unless —(R + D)N < z < RN, in which case it
is bounded. Also, as ® is Lipschitz and ¥ is bounded by ||h|| ., we have

| (0l (2)) ¥ (nk (2 + d)) = B(E ™ (@)W (0 N (2 + d)| < H 4,08 (1)

where H2 ;; . n(n) = &lhllooln’ (@) = 1N (@)] + @(n' ()| ¥ (1) (& + d) = ¥ N (2 + d))|.
Then, to show the 2-blocks replacement, it will enough to show, for fixed €, D that

b 20
. . . N 2 _
o B A, B /N o Y Hlaenhds=0.
ldl|=eN |z|<(R+D)N

This is a consequence of Proposition 6.3 in Subsection 6.2.
We now observe that an ¢’ N-block is macroscopically small, and may written in terms
of 7 as follows:

V@) = (i) (el =/

where 1 = (2¢/)7"1([—¢, €']"). Hence, after the 2-blocks replacement, we have ‘closed
the equation’, that is

t
(md¥, Go) +/ (N, 0,G,)ds
0

¢ oN T x x
w2 o o((et - ) (e = T0)) v () as

zeZ" |ldl|=eN

vanishes in probability as N 1 oo and €' | 0, for fixed ¢, D.

Step 4. We may replace the Riemann sums with integrals limited by € and D. As ®, ¥
are Lipschitz and V¥ is bounded (cf. (2.3)), and as V*e@, is smooth, the error accrued is
of expected order N~ (7+1) jot EN Z‘w|<(R+D)N ns(z)ds, which vanishes, as N 1 oo, D 1 0o
and € | 0, by Lemma 4.1.

Further, we may then replace the limits in the integrals by 0 and oo, respectively.
The error of this replacement, comparing to Riemann sums, vanishes by Lemma 4.4, as
Ntoo,e]0,Dtooandel]D0.

For v € R", define W, (f(u)) = ¥(f(u+v)), and recall V"G, (u) = [|v]| "~ [Gs(u +
v) — Gs(u)]. Hence, we obtain that

t
(md¥, Go) —l—/ (N, 0,G,)ds
0
t
+/ / / O ((r), e (- —u)) Uy (7, e (- — w))) VUG (u)dvduds
0 JR» J[0,00)"
converges to zero in probability as N 1 oo and ¢ | 0.
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Step 5. Now, according to Proposition 4.7, the measures {Pg } are tight, with respect
to uniform topology. Let { N;.} be a subsequence where the measures converge to a limit
point P*. The function of ,

(0, Go) +/ (s, 05Gs d8+/ / / T e (- — w)) V¥ Gy (u)dvduds,
n [0 Oo)ﬂ

is continuous for each ¢ > 0. Then, letting Ny 1 oo, we recover that
t
lim P* ((m, Go) + / (s, 85Gs)ds

€’ 10
/ / / ((ms, ter (- — )>)V(X’”Gs(u)dvduds’ > 60) =0.
nJ[o, 00)"

Step 6. Now, we claim that P* is supported on on measures 7, that are absolutely
continuous with respect to Lebesgue measure, and so 75 = p(s, u)du for an L}, . function
p(s,u). Indeed, this follows, under condition FEM, with the same proof given for zero-
range processes on pages 73-75 of [20]. We also have (my, Go) = (po, Go) from our initial

conditions. Hence, (s, 1o (- — u)) = (2¢/)™" f[ L P p(s,u + v)dv. Note also that P*-a.s.

1
lim sup (26,)71/[ o p(s,u~+v)dv — p(s, u)‘ =0 u-a.e. andin Lj,,.

e’ =0

By properties of &, ¥, we have

[P, ((ms, Ler (- —u))) — PWy(p(s,u))|
< El[Ylloo|(Ts, ter (- = w)) — p(s, w)| + kp(s, w) [ Wy (75, e (- — ) — Wo(p(s, u))l.
As ¥ is bounded, the second term on the right-side is bounded by 2k]|Y]|cop(s, u). Note
also that sup,,cgn Ep+ fo 75, 1(| - —w| < R))ds = sup,cpn Ep~ fo iz w<R p(s,u)duds <
oo by Lemma 4.1 and lower semi-continuity in 7 of the associated mapping. Then, as G

has compact support, by the L}, . convergence, and use of dominated convergence, we
have, with respect to each limit point P*, a.s.

/}Rn Po(u)Go(u)dqu/oc/np(s’u)asGs(u»dS
/ /n /[0 ooy 1)) VUG (u)dvduds = 0.

Since G has compact support in [0, 7") with respect to time, we may replace t by 7.

In other words, every limit point P* is supported on absolutely continuous measures,
s = p(s,u)du, whose densities p(s,u) are weak solutions of the hydrodynamic equation.
This concludes the proof of Theorem 3.1. O

6 1-block and 2-block estimates

We discuss the 1 and 2 block estimates when « < 1, and also a 1-block estimate when
« > 1 in the next three subsections.

6.1 1-block estimate: oo < 1

We now prove the 1-block replacement used in Section 5. As a comment, in Step 3,
due to the long range setting, we use a somewhat nonstandard estimate.
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Proposition 6.1 (1-block estimate). When o < 1, we have

1
lim sup lim sup B~ / Jlnra N Z |Hi’d’l(ns)’d5:0
l—o0 N—o0 0 lld||= H ” |z|<RN

where H; 4 ,(n) = (gha)' (n())) — @(n'(2)) ¥ (1" (z + d))
Proof. The proof goes through a few steps.

Step 1. We first introduce a truncation. As both |k|, |¥| < ||h] e, and both g, ® are
Lipschitz, we can bound H! ;; < 2k[|hlser! (). Since limsup ., 3 ey N/ dl"+ <
oo, we can introduce the indicator function 1(n!(z) < A) into the integrand in the display
by Lemma 4.2.

Once again, by Lemma 4.2, as |H} ;,(1:)|1(n'(z) < A) is bounded in terms of A, and
again the sum ZH dH—e ~ N/||d||"** is uniformly bounded in N, we can introduce the

indicator function 1(n'(x + d) < A) in the integrand.
It will be enough to show, for each A, as N 1 oo and [ 1 oo, that the following vanishes,

1
EN/ ||d||n+a Nn Z ‘le7d7l(n8)| 1(”@(@ \ Wé(x + d) < A)ds
O Jid|= 2| <RN

Step 2. Recall the density f/¥ in Subsection 4.1. The expected value above equals

/ Z ||d|\n+aNn > HLum| 10 @) Vil @+ d) < AN vy (d).

llll= lz|<RN

Given the Dirichlet bound on £/ in (4.3) of order N"/N®, we need only show that

sup / Z Hd||n+a Nn Z | 1(77)’ 1(77l($) \ nl(x +d) < A)f(n)v,-(dn)

D(H<ARY a1= |z|<RN

vanishes as N 1T oo and [ 1 co.
Let f2N(n) = m > |s|<rn Tef (n). By translation-invariance of v,, the above
display equals
DN

/ N® (2RN +1

<t ) a0 100) V1) € A (e ().

CoANT
D(NH<Be 7 |d|=eN

Step 3. At this stage, there is a trick that is not part of the standard 1-block argument

because, in H&}dw we in fact have 2 [-blocks, about 0 and d. Let £ and ¢ be configurations
n [—1, 1] that equal n and 747, respectively, on [, {]". Define
1
Hi(,¢) = @i Z 9(EWh(C(y)) — B(£'(0))¥(¢'(0)).

lyl<i
Let v,. (d¢, d¢) be the product measure on pairs of configurations (¢, () induced by v,-,
and let fr.a(&,¢) be the conditional expectation of ffV(n) given configurations 7 that
equal £ on [—/,{]" and ¢ on [—] + d,l + d|™. Define now

DN
INiep = ( Z ||d||n+a e/ d)/ Z |dHn+a
lldll=eN lldll=
EJP 23 (2018), paper 130. http://www.imstat.org/ejp/

Page 21/54


http://dx.doi.org/10.1214/18-EJP237
http://www.imstat.org/ejp/

Hydrodynamics for long-range asymmetric systems

Given (2RN 4+ 1)"/N™ < (2R + 1)™ and Z\Id\l _.n N?/||d||"** is bounded in terms of €
and D, it will be sufficient to show that

limsuplimsup  sup /"Hl £,Q) |1 (0) < A)fnienl&, C) -(d€,d¢) = 0.

Itoo Ntoo p f)<C0N77

Step 4. Let DT"Y(f) = D*¥(f) and D3Y(f) = D*¥(74f) be the bond Dirichlet forms
with respect to configurations ¢ and ( respectively. Define now a new Dirichlet form,

= > (DY) + D§Uh)

ly|<i

In Lemma 6.2 below, we prove the following bound D?(fx.p) < C1/N®. Therefore, it
will be enough to show

limsuplimsup  sup /|’Hl (& Q1€ 0) v ¢H(0) < A)f(&, Qv (dE,d¢) =0.  (6.1)

foo Ntoo D2(f)<

Because of the truncation, 1(¢/(0) v ¢!(0) < A), we may restrict the supremum to
sub-probability densities f supported on a finite set of configurations (¢, () satisfying
€(0) v ¢!(0) < A. As the mass 1/ .(&,¢) is bounded below uniformly by a constant
C(n,1) > 0 for these finite number of configurations, we have the uniform bound for the
sub-probability density, f(£,¢) < C~1(l), on its domain. Hence, from any sequence of
such densities, one can extract a subsequence which converges pointwise. See Chapter
5 in [20] for another approach.

The supremum in (6.1), for each N and [, is attained at some density denoted fy ;.
As N 1 oo, any convergent subsequence of {fy,;} approaches a function f.. Since
D?(fn,) < Cy/N?, by Fatou’s lemma, the Dirichlet form of f. vanishes, D?(fx) = 0.
Therefore, after N 1 oo, the supremum is bounded by

o [ e Q1) v C'0) < A)7(E O (e ).
Step 5. If D (f) = 0, then f is a constant, namely f = Cj, ;, along the hyperplanes
15, = {60 > €w) =i Y <) = iz

ly|<i lyl<i

where j1,j2 = 0,1,..., (21 + 1)"A. Because f is a sub-probability density, the constants
Cj, j, are nonnegative and ) | Cj, j,v,- (Hj2 ]z) < 1. Therefore, the last expression can
be written as a supremum over all possible weighted averages of the integral over

hyperplanes:
(2l+1)"A

L
sw S e [ HHE Qg o),
251,52 =1 J1,52=0 J211J'2
where v/1:7> is the canonical product measure v}. conditioned to H, ;,,
depending on p*.
In particular, it will be enough to show that

no longer

lim sup sup / |Hll(§, <)|Vl.,j1-,j2 (dg,dC) =0.

Itoo 0<j1,ja<(2+1)mA

Step 6. We try to make the integrand independent of [. To simplify expressions, we
assume now that [ is such that (2! +1)" = ¢(2k + 1)™, that is, an /-block is partitioned into
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k-blocks. When [ is not in this form, the following argument may be straightforwardly
adapted with more notation. Let By, .., B, denote the k-blocks. Then,
LS L S (el - 2 )P (0)
2k +1)»

7= y€EB;

HI(E Q) =

Under /7172, the distribution of 3° 5 (g (§(y))h( (y))—®(£(0)W ( 1(0)))/(2k+1)" doesn’t

depend on i. Therefore, noting ¢'(0) (2l+1)" and ¢'(0) = W’ we can bound the
previous supremum by
§(y))h(C(y
L Y A [ == SEC OIS

\<k

vhivi (de, dg).

J
@((2z+1) )q’((zzjn )

We can then take the limit as [ 1 oo, that is, as ¢ 1 oo to obtain, by a local central limit
theorem or equivalence of ensembles estimate as in Corollary 1.7 in Appendix 2 [20],
the expression

s | 3 €)= Bl ¥ |, x 1) ).
0<p1,p2<A + 1 lyl<k
But, this quantity, say using a Chebychev bound, vanishes uniformly for 0 < p < A as
k 1 oo by the law of large numbers, since ®(p1)¥(p2) = Eu, xu,, [9(£(0))(C(0))].

As a remark, this last step is rather interesting. Normally, the usual 1-block estimate
ends by showing that an average of a function of the {(y) converges to its expected value.
Here, in the o < 1 case, we end up with term that looks like a covariance. O

We now show a bound on D?(fn.cp) = Y. (D?’y(fNyl,e,D) + Dg’y(fNyl,e,D)).
ly|<i

Lemma 6.2. Let f be a density such that D(f) < CfV]X". Then, D?(fni.cp) < Ci/N®
where Cy = 2Cy/R".

Proof. By the convexity of the Dirichlet form, for: =1, 2,

1 DN N
0,y F E : 0.y £
Dz y(fN,l,e.,D) < DN ” ||n+aDi y(fl,d)-
N d|=eN
llall
ld|l=eN

Moreover, D(l)’y(ﬁd) < DYY(fEN) and ngy(ﬁd) < DEvHd (RN 1t follows DZ(fn.ie.0)
is less than

DN -
1 > L S S (D0¥(g) + D ).
Ry No HdH: N ||dHn+a (QRN + 1)“ | |<RN| <
€ > y|<i

Taf=+=
iy T

Noting D¥(r, f) = D®¥+*(f), the last display is bounded by

DN

(2RN +1)™ N*® + dta,y+d+
oy X e O (DR D).
W lldl|=eN ly|<I
ld|=eN lo|<BN
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Note, for each |, N and R, that Y, D®YT(f)+ Ddtovtdte(f) < 4D(f), as each
<l
Q@EN

bond is counted at most four times. Hence, we may bound the last display further by

4D(f) _ 4 GN" _ Gy
(2RN +1)» = (2RN +1)» No = Ne

where C; = 2Cy/R". O

6.2 2-blocks estimate: o < 1
The proof of the 2-blocks estimate is similar to the preceding 1-block estimate, so we
will give only a brief overview of the key differences.

Proposition 6.3 (2-blocks estimate). When a < 1, we have

t DN

1 1

lim sup lirrllsup limsup B~V / Nn E N E H2 41on(ms)ds| =0,
=00 e—=0 N—=oo 0 lldl|=eN |2|<(R+D)N

where
H? 41.0n () = Kllhlloo |1 (@) = 07N (@)] + @ (7' ()| ¥ (0 (z + d)) = ¥ (N (z + d))]

Proof. The proof uses several steps.

Step 1. Analogous to the 1-block proof, we introduce a truncation. We can bound

the second term of H2 ;, .. (1) as ®(n'(2))|¥(n'(z +d)) — U ("N (z +d))| < 2k|hl|sen’(z),

since ¥(:) < ||h||loo and @ is Lipschitz. Given that Zﬁ;ﬁ;d\, N~" remains bounded as

N 1 oo, we can introduce the indicator function 1(n.(z) < A) onto the second term of
H%dl’ew(n) by Lemma 4.2. Since V is Lipschitz, the truncated second term is less than

k1®(A)|n! (z + d) — 7V (z + d)|. The proposition will follow if we show, as N 1 co, ¢’ | 0
and [ 1 oo, that

N ! 1 = 1 l 'N
Pl Y 5 Y e -V - o

ldll=eN = |2|<(R+D)N

for both z* = z and 2* =z + d.
As in the standard 2-blocks estimate, we will replace an €’ N block, ng/N , by an average
of I-blocks, 7. Specifically, we will replace 7¢ N (z*) by

1 l *
N+ Z ns(z* +y).
2<lyl<e'N

The expected error introduced is of order EV fot N2 ZII\SR’ ns(z)ds, for some R/,
which vanishes by say Lemma 4.1.
By bounding the ‘average’ over y by a supremum, it will be enough to show that

t 4 DNy
sup BV | s D w2, )~ y)lds
2l<|y|<e’'N 0 ldl|=eN |z]<(R+D)N

vanishes.

Step 2. From here, the proof of the 2-blocks estimates proceeds in thg same way
as for the 1-block estimate. We can write the expected value in terms of f¥ and then
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majorize by a factor t times

wp s [ Z S @) = 0@+ )] F)e (dn).

C N
2U<]y|<e'N p(ry< <. ldl|= eN \x\g(RJrD)N

Suppose z* = x + d. As v,- is translation invariant, we may replace x + d by = and
f(n) by —af(n). Now, 7_4f(n) and therefore N " Zﬁi]ﬂ;m 7_qf, by convexity, satisfy the
same entropy and Dirichlet form bounds as f. Hence, without loss of generality, we may
assume z* = zx in the sequel.

In this case, Zﬁy‘\l]:s y V7" can then be pulled out, bounded above by a constant. It
will be enough to show that

sp sup / L (@) — ' (x + 9)| () (dn)
2<[y|<e'N p(ry< ot \z|<(R+D

which looks like the standard 2-blocks estimate, say in Chapter 5 of [20].

Step 3. We may introduce the indicator function 1(n'(z) V '(x +y) < A) to the
integrand by Lemma 4.2. By translation-invariance of v,-, we can shift the summand
by 7_,. Recall the averaged density ftP:"V, introduced in Step 2 in Subsection 6.1.
Multiplying and dividing by (2(R + D)N + 1) and noting that the factor (2(R + D)N +
1)™/N™ is bounded, by convexity of the Dirichlet form, it will be enough to show the
following vanishes, as N 1 oo and €' | 0:

oo s [0 0) = @) 160) V' (0) < SN (g ).
2l<|y|<e’ND(f C'ON71

Step 4. Let & and & be configurations on [—/,{]”, equal to n and 7,7, respectively. Let
uﬁ* (d&1, d&s) be the associated induced measure with respect to v,-. Let also f;,,(¢1,&2)
be the conditional expectation of f#+P:N(n) given configurations 7 that equal ¢; on
[—1,1]™ and & on [~ + v, + y]™. The last display in Step 3 equals

sp sup / [€4(0) — E4(0)| L(EL(0) V €4(0) < A)Fiy (6, E0)72 (s ds).

20<|y|<e’'N D(f)< CON"

With DY"*(f) = D**(f) and Dy"*(f) = D"»*(1,f), we now introduce a Dirichlet form,

* _ T \T D*(f)
Di(f) = |Z (DY) + D8 () + s, where (6.2)
D*(£)/p™™(y) == E,. [gm(0)h(n() (W f(n*¥) = /f(m)?] (6.3)

is a Dirichlet form on the bond between the centers of the [-blocks involved. Note, with
the convention 0/0 = 1 when p*¥™(y) = 0, we have D*(f)/p*¥™(y) = D%¥(f)/p*¥™(y) =
DYO(f)/p*¥™(y). Importantly, a zero form Dj (f) = 0 implies that f is invariant to particle
motion within each /-block and also motion between the centers. In this case, f takes a
constant value along each of the hyperplanes

H? = {(61,6): Y (&1(y) + &) = 5}

ly|<l

for j =0,1,...,2(20 + 1)"A.
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In Lemma 6.4 at the end of the Subsection, for 2! < |y| < ¢ N, we prove the bound
D;(fi,y) < CoN~® + C5(€¢')™. Therefore, it will be enough to show the following vanishes:

sup / €1(0) — £4(0)| L(€L(0) v EL(0) < A)F(€1, E2)2. (dé, dEs).

D; ()< <% +Cs(e')e

As in the 1-block proof, as particle numbers are bounded, we may take limits, as
N 1 oo and € | 0, to restrict the supremum above to densities f such that D;(f) = 0.

Step 5. Hence, at this stage, f equals a constant C; along each hyperplane HJ2 for
J <2(2l+1)"A. Because f is a probability density, these constants C; are non-negative
and ) Cjv}. (H7) = 1. Therefore, we need only show

sup [ el - 60)| (e o)

0<5<2(2141)"A

vanishes, where 12!/ is the canonical measure on configurations (¢, &) which distributes
j particles among the two [-blocks.

However, both the expectations under v*!7 of ¢! (0) and &4(0) equal Hence,

4 2(2111)" :
adding and subtracting m inside the absolute value, it will be enough to control

Var,2.5(€4(0)) < CE, 2 [177(€1(0))% + 261(0)&1(e1)], §(x) = &(2) — j/[2(20 + 1)"] and e1 =

(1,0,...,0). By the equivalence of ensembles as used in Step 6 of Proposition 6.1, noting
Vj/[2(2i+1)~] 1S @ product measure with identical marginals, the variance vanishes as
[ 1 o0 O

6.2.1 Moving particle lemma

We now prove the following bound on Dl*y( fly) Part of the strategy is inspired by [19]
where a similar ‘moving particle’ estimate was proved. The development here is simpler
and more general than that which was used in [19].

Recall that p is supported on y such that y > 0, that is when y # 0 and y; > 0 for
1 <i < n(cf. (2.1)). Then, p*¥™(y) = (p(y) + p(—y))/2 is supported on y such that y > 0
or y < 0. We note if the dimension n = 1, then p*¥™ is supported on all y # 0.

Lemma 6.4. Suppose 2! < |y| < ¢ N and D(f) < %", Then, with respect to constants
Cy = C3(R,D,n) and C3 = (R, D,n), we have

v T C
Di (fuy) < 7 + Ca(e)™
Proof. Recall the definition of D} in (6.2). First, by the same argument as in Lemma 6.2,
the sum

> (DY (fry) + Dy*(fiy)) < C2/N®, where Cy = Co/(R+ D)™
|z|<t

Therefore, we need to control the form D*(f;,)/p*¥™ (y), which reflects motion from
0toy = (y1,---,yn) # 0. If y is such that neither y > 0 or y < 0, we may split y into
its positive and negative parts, y = y* — y~, where both y*,y~ > 0; note also that
y—1yT = —y~ < 0. Straightforwardly, for such a y, noting the definition of D* in (6.3), by
properties of the invariant measure v, and the inequality (u + v)? < 2(u? + v?), we have

D*(fiy) _ oDV (fiy) | oDV (1)
p(y) T opvyt)  pv(—y)
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In the following, analysis of the Dirichlet forms on the right-side of the above display are
similar and lead to the same bound. Without loss of generality, we will assume now that
y is positive, y > 0.

By convexity of the Dirichlet form,

D(fiy) _ DMV 1 Y e
P (y) pm(y) = (2(R+D)N +1)" L)

< (6.4)

|z|<(R+D)

We now split the term D**1¥(f)/p*¥™(y), reflecting a displacement by vy, into jumps,
one displacing by k& = (k1,...,k,) where
0 <ki [k <|yl, and 0 # k # y,

and one displacing by y — k. If p*¥™ were supported on all y # 0 (the case when n = 1),
or if y — k > 0 for all k (the case when y = (Jy|,...,|y|)), then these two jumps would
suffice. If y — k is not positive, then we split y — k into its positive and negative parts,
making three jumps.

When y — k > 0, noting convention 0/0 = 1, we may unravel the quantity,

DRI ER(f) [p o (—(y — k) ) = DFER() [0 (0)
= By, la(n(=z +y)h(n(z + ) (VT (n) = VT )] = 0.

Then, considering the cases of either 2 or 3 jumps together, by Jensen’s inequality, and
(u+ v+ w)? < 3(u? + v? + w?), we have

D=*+y(f) _ D=tk (f) Dz+k,z+k+(yfk)+(f) 3Dz+k+(y7k)+,z+y(f)
) S (k) Py — BT (g —k))

Define |y|, = (|yl,-- -, |y|) for y € Z™. Then, combining (6.4) and (6.5), we have

(6.5)

1
2R+ DN + 1)
Dz+k,z+k+(y—k)+(f) Dz+k+(y—l~c)+,z+y(f)

D=+ (f)
< 3o P 7 A (7R 5 e Ry prpmy )

|z|<(R+D)N

D*(fi.y) /""" (y) <

which is less than

3 p
Pt > D (f), (6.6)
(BADINP ™ (yln) 4 tor —(y—i)-

after noting for |k| < |y| that min{p*¥™ (k), p**™((y — k&)%), pV™ (—(y — k) 7)} = p**™ (|yln).

Let now
, R D N N, SYm n
ay = > D**(f) and b:(( +D) :)))p (|y\)
2/ —z=k,(y—k)t or —(y—k)~
Then, (6.6) is rewritten as B
bD*(f1.9)/p*™ (y) < a. (6.7)

When ay, is summed over all k£ such that 0 < k;, |k| < |y|, and 0 # k # y, each bond is
counted at most three times. Denoting >, the sum over such k, we have

> ar <3D(f). (6.8)
k
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In particular, from (6.7) and (6.8), we have

[ (fl,l/ ‘;ym Z

k

But,
Zbk > 3" (R+ DN)"[p(lyln)/2] [(lyl + D)™ —2].

Hence, we have

D*(fiy) _ 3D(f) _ 18D(f)/(R+D)N)" _  18Cy [yl
pvm(y) = Sob T (Wl + 1) =2)p(lyla) T (R+ D)"Ne (Jy| +1)m =2

As |||y]] scales like |y|, and |y| < €N, we have [||y|,]|"*/[(Jy| + 1)™ — 2] = O((¢' N)%).

Therefore,
D* r O /N @
(fl y) < (( ) ) < Cg(él)a,
psym( ) (R_|_ D)nNoc
in terms of a constant C3 = C5(R, D, n). O

6.3 1-block estimate: o > 1

The proof of the 1-block estimate, when a > 1, is similar to that when a < 1, but with
fewer complications. The argument is also similar to that in the standard finite-range
setting in [20]. For completeness, we summarize the proof.

Proposition 6.5 (1-block estimate). When o > 1, for each d € 7,

limsuplimsupEN/ Z ghd (ns(x)) — DY( 775 ’ds—O

00 N—oo |:1:\<RN

Proof. Following the proof of Proposition 6.1, for a < 1, we may introduce the indicator
function 1(n(z) V n'(z + d) < A), and bound the expectation in the display by

sup / |(gha)' ((0)) — 2 (7'(0))] 1(n'(0) V 7' (d) < A)FN ()vpe (dn).  (6.9)

D(f)< o™

Let z/p* %(d¢) be the induced distribution of configurations ¢ equal to 5 on [, 1] Ud +
[—1,1]". Let f; 4(£) be the conditional expectation of f# (1) given configurations n that
equal £ on [—1,1]" Ud + [-[,]". Introduce a Dirichlet form,

Dia(f) = Z DY¥(f).

ye[—Lmud+[—1,1]"

In Lemma 6.6 below, when D(f) = O(N"~!), we show that D; 4(fi.4) < C1/N.

Therefore, we can replace the supremum in (6.9) by that over densities f such that
D, q(f) < C1/N. As the truncation enforces a finite configuration space, after N 1 oo,
the supremum may be further replaced by D; 4(f) = 0. In this case, f will be a constant
C; > 0 on hyperplanes of the form

={¢: > (y) = j}-

ye[=LImUd+[—1,1]™
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As H*lal]n Ud+ [7lvl]n|71 ZyE[—l,l]"Ud-&-[—l,l}" g(y) < gl(o) + 5l(d> < 24, the index ] <
24[[-1,1]" Ud + [-1,1]"]. Moreover, as }_; C’juﬁ,’fl(Hj) < 1, we may bound (6.9) by a
supremum over hyperplanes:

sup [ |(gha)!(6(0)) - 2U(E O] (),
J
where v5%J is the canonical measure supported on the hyperplane H -

As before, in the proof of Proposition 6.1, we can partition [—/,!]” into k-blocks
assuming (2! + 1)™ = ¢(2k + 1)" for simplicity. Let By, .., B, be the ¢ number of k-blocks.
Then,

Y (9EWAEY + d))) — 2U(E(0)))-

yEB,;

@mw@m»—¢w@@»:$

q

_
L (2k 4 1)"

=1

Under the measure %/, the distributions of 3- 5 (9(£(y))h(&(y + d))) — @¥(£1(0))) do
not depend on i. Therefore, it is enough to show

lim sup lim sup sup E,1.q.; ’(ghd)k(f(O)) - <I>‘~I/(§l(0))|.
k—o00 l—o0 7

Now, we would like to replace ®¥(£!(0)) by ®W(p), where p = j/|[—1,{|" Ud + [, 1]"|,
for each j < 2A4 as 1 oo. This holds because [—/,!]™ and d + [, {]™ will have sufficient
overlap for large I. To make this precise, bound [®U(£L(0)) — ®U(p)| < C(A)[£L(0) — pl
since ®, ¥ are Lipschitz and ¢!(0) < 2A. As d is fixed, the number of sites outside the
overlap is of order O(I"~!). Then, because of the truncation of particle numbers, for
each A, we have £/(0) = p+ O(I71).

Therefore, we only need to show sup; E, .0 |(gha)* (£(0)) —®¥(p)| goes to zero as [ and
then k& go to infinity where p = j/|[-[,]]"* Ud + [, ]"|. By an equivalence of ensembles
estimate, as in Step 6 of Proposition 6.1, we need only show E, |(ghq)*(£(0)) — ®¥(p)|
vanishes uniformly over bounded p as k 1 co. But, as v, is a product measure with
identical marginals, the variables {ghs(¢(k)) — ®U(p) : |k| < I} are exchangeable such
that mean E, [ghq(£(0))] = ®¥(p). Hence, the desired convergence follows by a law of
large numbers. O

We now prove the bound on D; 4( fl,d). Although the argument is similar to a finite-
range setting estimate in [20], as it is short, we include it for convenience of the reader.
Lemma 6.6. Suppose D(f) < S0, Then, Dy 4(fi,p) < &.
Proof. By convexity of the Dirichlet form,

Dy.a(fra) = > DY (fra) < > DOY(fIBN)

ye[—L,mud+[-1,1]"™ ye[-1,]rud+[-1,]]™

which is less than

1
> (2RN +1)" > DM(nf)

ye[=LUnUd+[—1,1]" lz|<RN
1
e I R )
RN+ 1™ nfoai—u

2| <RN

As bonds may be repeated twice in the sum in the last expression, we may bound by

twice the full Dirichlet form, and obtain as desired D; 4(f.4) < WD(]“) < Cy/N,
where C; = 2Cy/R™. O
EJP 23 (2018), paper 130. http://www.imstat.org/ejp/

Page 29/54


http://dx.doi.org/10.1214/18-EJP237
http://www.imstat.org/ejp/

Hydrodynamics for long-range asymmetric systems

7 Proof outline: hydrodynamic limits when o > 1

When « > 1, as the expected jump size ), dp(d) is finite, one expects in Euler scale
to recover a similar hydrodynamic equation as when the jumps have finite range. The
strategy employed here is to follow the scheme of arguments in [24] and Chapter 8 in
[20] for finite-range processes.

However, in the long-range setting, several important steps are different. In particular,
we have worked to remove reliance on ‘attractiveness’, a monotonicity condition on
the rates, although it is still used in two, albeit, important places, namely to bound
the hydrodynamic density as an L°° object in Step 1 below, and to show the ‘Ordering’
Lemma 9.3, which is used to prove a so-called measure weak entropy formulation. On the
other hand, the proof includes new arguments to bound uniformly the ‘mass difference
from p*’ in the system (Theorem 7.4), and to handle the ‘initial boundary layer’ estimate
(Theorem 7.5), needed to apply a form of DiPerna’s uniqueness characterization.

The first step in the argument is to use a 1-block replacement estimate. Here, we do
not rely on ‘attractiveness’ as in [24], but the ‘entropy’ method. Part of the reason for
this choice, as discussed in Subsection 3.1, is that, when 1 < a < 2, it is not clear how to
use the ‘L!-initial density’ method in [24]. However, an artifact of using the ‘entropy’
method is that we need to start from initial profiles py, which are close to p* at large
distances.

Since a ‘2-blocks’ estimate is not available in the general asymmetric model, as also
in [24] and Chapter 8 of [20], we use the concept of Young measures and DiPerna’s
characterization of measure-valued weak entropy solutions of the hydrodynamic equation
to finish.

In terms of the process 7;, define a collection of Young measures as

1
m ! (du dA) = 1 D 0 (du)dyy ) (dN):
IEZ"L

Integration with respect to 7T£V oL against test functions is as follows:

M H () = 1 S0 H (k@)
TeZ™
Denote by {Q™"'} the induced measures for the process {m;""' : t € [0,7]}.

Let M, (R™ x [0,00)) be the set of positive Radon measures on R™ x [0,0). Define
L>(]0,T], My (R™ x [0,00))) to be the space of functions 7 : ¢t € [0,T] — m € M (R"™ x
[0,00)) such that (7, F') is essentially bounded in time for every continuous function F’
with compact support in R™ x [0, 00). The topology on L>°([0,T], M (R" x [0, 00))) is such
that elements 7w and 7 are close if they give similar values upon integrating against a
dense collection of test functions over space, A, and time, that is if

T T
/ (ms(du, dN), F(u, \))H (s)ds ~ / (ms(du, dN), F(u, \))H (s)ds.
0 0
More precisely, the distance between 7 and 7 is

1 d({m, Fy), (7, Fy))
28 1+ d((m, Fy), (7, Fy))’

dAlV(Waﬁ)::jz:

k>1

where {F},>1 is a dense sequence in the space of compactly supported functions in
R™ x [0, 00), with respect to the uniform topology. Here,

U | [y dthi(t)g(t) — [ dthi(t) f(1)]
d 5 = J—
o k; X1 4| [y dthi(t)g(t) — [ dthi(t)f(1)

b
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where {hi}r>1is a dense sequence of functions in L'[0, 7] (cf. p. 200 in [20]).

Note now that 77" € L>([0,T], M, (R™ x [0,0))), and accordingly {Q™-'} are mea-
sures on L>°([0,T], M (R"™ x [0,00))). The general strategy, as in [24], is to characterize
limit points Q* of {Q""'} in terms of unique ‘measure weak’ solutions to the hydrody-
namic equation.

At this point, we remark that functions F(s,u,A) = G(s,u)f(\) where f is not com-
pactly supported, but bounded |f(\)| < CA for all large A, will have use in later develop-
ment. Although such functions are not part of the topology on L> ([0, T], M (R" %[0, 00))),
we establish in Subsection 7.1, for a subsequence {QN/’V} converging to Q*, that

lim lim QN |/ N/ v (s,u)f(N))ds| > 60) =0 foralle >0

l'—o00 N'—00

— Q*(

<7TS,G(s,u)f ds| > 60) =0 for all ¢g > 0. (7.1)
0

We now define the notion of ‘measure weak’ solution. Consider the weak formulation
of the differential equation in terms of a weak solution p(s, «). The measure weak formu-
lation is obtained by replacing p(s,u) where ever it appears by A and then integrating
against the measure p(s, u,d\) with respect to A. So, f(p(s,u)) becomes [ f(A)p(s,u,dN).
If p(s,u,d\) is a solution of the resulting equation, it is called a measure weak solution.
For example,

Go(u / Ap(0, u d/\)du+/ 8 Gs( / Ap(s,u, dN)duds

/ / / O1(n)Gs(u) PV (A)p(s, u,dN)duds = 0

is the measure weak formulation of nonnegative solutions of the hydrodynamic equation
9P + VaO1(n)2(p)¥(p) = 0.

We recall now part of Kruzkov’s entropy condition (3.3) on a weak solution of the
hydrodynamic equation: For each ¢ € R,

R"

Otlp — c| + Va0 (m)[sgn(p — ) (P¥(p) — 2U(c))] < 0.

It is known that there is a unique bounded weak solution of the hydrodynamic equation
which satisfies Kruzkov’s entropy condition, with bounded initial data wy (cf. [21], [10],
[15]). The corresponding measure weak formulation is given by

/ Go(u)/ A = ¢|p(0,u, d\)du + / 0sGs (u)/ A — c|p(s,u, d\)duds
Rn R 0o Jrn R
Jr’ya/ / O1(n)G's (u)/ q(A, o)p(s,u, d\)duds > 0 (7.2)
0o Jrn R

where ¢(A, ¢) = sgn(A — ¢)(®¥(N\) — ®¥(c)) and G is a nonnegative test function. We will
say that p(t,u,d)\) is a measure weak entropy solution, or satisfies the entropy condition
‘measure weakly’, if it is a measure weak solution of the hydrodynamic equation that
measure weakly satisfies the entropy condition.

We are now ready to state DiPerna’s uniqueness theorem (cf. Theorem 4.2 in [11])
for such measure weak solutions.

Theorem 7.1. Suppose w(t,u,d\)du is a measure weak entropy solution of
w4+ v-VQ(w) =0

Here, Q € C!, v € R", and initial condition w(0, u, d\) = Owo (u), Where wy is bounded and
integrable. Suppose also that the following three conditions are satisfied:
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1. Bounded support and probability measure: The support of w(t, u,d\) is bounded in
the interval A = [a,b], for some a,b € R, uniformly in (t,u) € [0,T] x R". Also, for
each (t,u), w(t,u,d)) is a probability measure.

2. Initial condition:

1t
lim inf — / / / A — wo(u)|w(s,u, d\)duds = 0
0o Jrn Ja

t—0 t

3. Ess sup mass condition:
ess supt/ / [Aw(t, u, dN\)du < oo.
R~ JA

Then, w(t,u,d)) is the Dirac measure supported on the unique, bounded entropy solution
w(t,u) of Oyw+v-VQ(w) = 0, with initial condition wo(u), that is, w(t,u, dX) = Gy(s,4) (dN).

Given this preamble, we now begin the main part of the proof of Theorem 3.2.

Step 1. First, we claim that the measures {Q""'} are tight. This follows the same
proof as given in Lemma 1.2, Chapter 8 in [20]. Next, as N 1 oo subsequentially, we
may obtain a weak limit @', and as [ 1 co subsequentially, we obtain a limit point Q*. We
claim that Q* is supported on measures in the form (s, du,d\) = p(s,u,d\)du, which
are absolutely continuous in w. This also follows the same proof as given for item 1, p.
201 of [20].

Also, by the law of large numbers and our initial conditions, we have (70", F(u, \)) —
Jn F(u, po(u))du in probability as N 1 oo and [ 1 oo, and so the identification p(0, u, d\) =
5p0(u) ()\) a.e. u.

In addition, p(s,u,d\) is supported in a bounded interval, uniformly in s, u: If My < oo,
that is A(m) = 0 for some m, then there can be at most M, particles per site in the
process. In particular, n'(z) < M, for all z,s,l, and so 0 < p(s,u,d\) < M, for all s, u,
without using ‘attractiveness’. On the other hand, if ~(m) > 0 for all m, by the ‘basic
coupling’ proof, using ‘attractiveness’, and that the measures {uy} are ‘stochastically
bounded’ by v,+ where p# = ||pg||«, as given for item (ii) in the proof of Theorem 1.1
of Chapter 8, p. 201-203 in [20], we obtain p(s,u, d)) is supported in [0, p7] (cf. related
comments, on the ‘basic coupling’, at the beginning of Section 9).

We also assert that p(s,u,d\) are probability measures, fooo p(s,u,d)\) = 1 for s, u.
Indeed, for measurable B C R", 7l¥'/(B, [0, 0)) is nonrandom, and converges as N and
I 1 oo to the Lebesgue measure m(B). The assertion follows from, say (7.1), and the
limit,

T T 1 T
| rommpeents = [ s 5 ¥ ()

TeZ™

—>/OTf(s)/B/OOOp(s,u,d)\)duds:m(B) /OTf(s)ds.

Step 2. We will show Q* a.s. that the density p(t, u,d\) satisfies the following four
conditions:

Theorem 7.2. p is a measure weak solution of 0;p + 7401(n)®¥(p) = 0.
Theorem 7.3. The entropy condition holds measure weakly for any c € R:

Alp — c| + ¥aO1(n)[sgn(p — ¢) (V¥ (p) — ®¥(c))] < 0.
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Theorem 7.4. We have that

ess supt/ / A= p*|p(t, u, dN)du < / lpo(u) — p*|du < oo.
n 0 R?L

Theorem 7.5. The initial condition holds,

1 t oo
lim inf — / / / A — po(u)|p(s,u, dN)duds = 0.
o Jrr Jo

t—0 ¢

We prove Theorems 7.2, 7.3, 7.4, 7.5, in Subsections 8, 10, 11, and 12, respectively

Step 3. Although our initial condition, as po(u) = p* for |u| large, is not integrable,
the function po(u) = po(u) — p*, is also bounded, and belongs to L'(R™). By consid-
ering p*-shifted solutions, we will see that the items in Steps 1 and 2 allow to use
DiPerna’s Theorem 7.1 to characterize the limit points Q*. First, we note the following
equivalences.

Equivalence of weak entropy solutions. Define p(t,u) = p(t,u) — p* and ®Y¥ . (z) =
P (z + p*). Note as ®U € C* that also @V, € C! on its domain. We observe that p(t, u)
is a weak entropy solution of 9;p + 7,01(n)[®¥(p)] = 0 if and only if p(t,u) is a weak
entropy solution of 0;p + 7o 01(n) [P+ (p)] = 0.

Equivalence of measure weak entropy solutions. Similarly, define p(¢, u, d)\) through
p(t,u, F) = p(t,u, F + p*) for any measurable set F. Observe, for a function f, that

b b—p*
[ tupttwan = [ e 0pttw,an)
a a—p*
where f,-(A) = f(A+ p*). Note that p(¢,u,d)) is a probability measure exactly when
p(t,u,d)) is a probability measure. Also, p(t,u,d)\) has bounded support in A exactly
when p(¢, u, d\) has bounded support in A.

Hence, p(t,u,d)\) is a measure weak entropy solution of d;p + 7401 [®¥(p)] = 0,
satisfying the initial condition po(u) if and only if 5(¢,u,d)\) is a measure weak entropy
solution of 0;p + Yo 01(n) [PV~ (p)] = 0, satisfying the initial condition gy(u) = po(u) — p*,
that is, if the following holds:

1. Measure weakly 0;p + 7401(n) PV~ (p) = 0.
2. Entropy condition holds measure weakly, for c € R,

Ol — el + Yo lsgn(p — ) (@, () — DV, (¢))] < 0.

3. L! mass bound holds,
ess suptZO/ / [Alp(t, u, dX)du < oo.
n 7p*

4. Initial boundary layer holds,

1 t oo
ltii(r)lg/o /n/_p* A = go(u)|p(s,u,dN)duds = 0.

Step 4. If now p(t,u,d)\) satisfies Theorems 7.2, 7.3, 7.4, and 7.5 in Step 2, then
p(t,u, d\) will satisfy the equivalent item versions (1),(2),(3), and (4) in Step 3.

Note also p is supported in the bounded interval A = [—p*, ||po||cc — p*] uniformly in
(t,u), as in Step 1 we showed p is supported in [0, || po]| oo]-
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Then, by Theorem 7.1, we conclude p(t, u, d\) = ;¢ ) (dA), where p(t, u) is the unique
bounded weak entropy solution j(t,u) of 0;p + 7o 01(n) PV, (p) = 0 with initial condition
po(u). It then follows that p(t, u, d\) = 6, (;,.), Where p(t,u) is the unique bounded entropy
solution of J;p + 7401(n)®¥(p) = 0 with initial condition pg(u).

Hence, all limit points Q* of {Q™"'} are the same, uniquely characterized in terms of

the weak entropy solution of the hydrodynamic equation, Q* = §,(..)

Step 5. We now relate the limit points {Q*} to the limit points of {PN }, and thereby
prove Theorem 3.2. We have shown, for test functions f(s)G(u) that
> 60) =0

([

w)Ap(s, u, d\)duds —/ f(8)G(u)p(s,u)ds
RTL

n

for all ¢g > 0. Then, as QN’Z on a subsequence converges to Q*, by (7.1),

o0 N—oo

)\>ds—/0 - f(8)G(u)p(s,u)ds

lim sup lim sup Q™! (

or in other words,

lim sup lim sup Py ’/ Nn Z f(s < ) . (x)ds

l—o0 N—o0

_/t f(s)G(u)p(s,u)dS’ N 60) _o
0o Jre

By discrete integration-by-parts, smoothness and compact support of G, we may
replace 7 () by n,(x) with expected error of order

BV / CON-+) S (a)ds,
2| <R'N

which vanishes, as NV 1 oo for fixed [, by say Lemma 4.1.
Therefore,

lim sup PV <

N—oc0

> 60) =0.

Now, by the assumption FEM, limit points of { PV} are supported on absolutely continu-
ous measures m; = p(s, u)du; this observation, made in Step 6 in Section 5 for the case
a < 1, also directly applies when a > 1. Then, as © — fg f(s)(7N,G)ds is continuous, for
every limit point P*, we have

> 60) =0.

-
But, as tightness of {Pg } was shown with respect to the uniform topology (Proposition
4.7), the limit [, G(u)p(s,u)du is continuous function in time s. One also has that
Jzn G(u)p(s,u)du is continuous in s (cf. Theorem 2.1 [7]). Therefore, [, G(u)p(s, u)du =
Jgn G(u)p(s, u)du for all times s.
We conclude all limit points P* are the same, that is, supported on absolutely contin-

uous measures m; = p(t, u)du whose density is the unique weak entropy solution of the
hydrodynamic equation, and so Theorem 3.2 follows. O

ds—/ ]Rnf (u)p(s,u)ds

s

F)G s wiuds = [ [ ()G ol wis

RTL

IR'IL
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7.1 Proof of (7.1)
We first note, for all large A and \, by the bound |f(\)| < CA and compact support of

G,
% [ G @I WL > A)ds
_EN/O N Z |G ( SO @)L () > A)ds

t
<o [ 3 @@ > Ajds = O BY [ 10> A
0 0
|z|<RN

Then, by Lemma 4.2 and that 7 — fot(ws,)\l()\ > A))ds is a lower semi-continuous
function, we have

t t
0 = lim sup lim sup lim sup B! / (rN1 AL\ > A))ds > limsup Eg- / (s, AL(A > A))ds
0 0

A—o0 l—o0 N —oc0 A—o0

In particular, as 7 — fot(ws, |Gs(w)||f(A\)]1(A > A))ds is also lower semi-continuous,

t
limsuplimsuplimsupEN’l/ (NG (W) [ FON)|L(N > A))ds
0

A—oo  l—oo  N—oo
ot
= limsupEQ*/ (s, |Gs(W)]|f(N)]L(A > A))ds = 0. (7.3)
A—oo 0

We now argue the left to right equivalence. In the left-side of (7.1), by (7.3), we may
introduce the indicator function 1(A < A). Then, as 7 — f(f (s, Gs(u) f(NL(A < A))ds is
continuous, we have

A—o0 /=00 N'—o0

t
limsup lim lim QN |/ <7T£VI’Z/,Gs(u)f()\)1()\SA)>| >eo)
0

= limsupQ*<| / (s, Gs(u) fF(A)L(A < A))ds| > 60) =0.
A—o0 0
The right-side of (7.1) follows now by (7.3) applied again.
The right to left equivalence in (7.1) follows by similar steps in reverse, given now
Q* (| [ (ms, G(u) f(N))ds| > e9) = 0 for all ¢;. Here, without loss of generality we have
replaced ‘>’ by ‘>’ to maintain the correct bounds implied by weak convergence. O

8 Measure weak solutions: Proof of Theorem 7.2

The argument follows some of the initial reasoning given for the proof of Theorem
3.1, in the o < 1 case, relying however on the 1-block estimate Lemma 6.5.

Step 1. The same estimate as in Step 1 in Section 5, with respect to the martingale
MtN ’G, gives that

¢ ¢
lim sup PV (|(7rév, Go) +/ (N, 0,G.)ds +/ NLy(rY, Gy)ds| > 60) =0.
0 0

N—oc0

Here, we recall from (4.1),

et [0 52 57 st 65 -6l

z€Zn ||d||=1
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Step 2. We would like to replace G, (%) — G, (&) by VG4(£) - d/N. To this
aim, noting ghq(ns(z)) < k||h|lsons(z), by Lemma 4.5, we may truncate the sum on d
to ||d|| < eN, in terms of a parameter ¢ which will vanish after N diverges. Next, as
Ge (59) — Ga (%) = VG (£) - £] < [V2Ga|[1(12] < (R+ )N)|[ ]2, we have

[Xs s ths o (75 6 (5) - veu (%) s

z€Zn ||d||=1

ﬁHhHooIIVQGII Kl / €Cga
< — Ns(x) < ——— ns(z)ds,
N Hd”n+a ( ) n ji: ()

N
HdH 1 |33|<(R+€)N lz|<(R+e)N

which vanishes in expected value, noting Lemma 4.1, as N 1 oo and € | 0. Therefore,

t
(md’, Go) + /(wiv,o"'sGs>ds

0

d
/ = Z = L gha(ns()VG, (%) T 8.1)

z€Zn ||d||=1

converges to zero in probability as N 1 oo and € | 0.

Moreover, with similar reasoning, we may further replace the sum on d to a truncated
sum over (n) < &||h||oon(x), the
error in such a replacement is of order fot N7 <N Ms(@)ds X 32415 |||~
Since the sum on d is of order D'~%, the expected error, by Lemma 4.1, as N 1 co and
D 1 oo vanishes.

Step 3a. Now, by the method of Step 3a in Section 5 for the o < 1 case, we substitute
gha(ns(z)) with (gha)(ns(z)) where [ will go to infinity after N but before D. We will also
replace 7,(x) by 7' (x) in the first and second terms in (8.1). Hence,

e S ()« [ e 3 o, ()

TEZ™

/ SIS T @) (@) VG () - s

z€Z™ ||df|=1
converges to zero in probability as these limits in order are taken.

Step 3b. We now replace (ghq)'(ns(x)) by ®(n!(x))¥(n'(z)) for 1 < ||d|| < D, using the
1-block estimate Proposition 6.5 and Zﬁiu:l |d]|~(»=1*) < 0o, After this replacement,
we will have shown

= T @)+ [ 3 G ()i

TEZ" T EZ
D d x
/ N® zEZZ” Bl |§1 [[dfjn+e VGS(N)CZS

vanishes in probability as N 1 oo and then [ 1 oo for fixed D.

By ®U(n(x)) < k||h||ln(z), compact support of G, and Lemma 4.1, we can further
replace Zﬁi”:l d/|\d||"*t with v,1(n) = Y52 | d/||d||"**, where 1(n) is the unit vector in
the direction (1,1,...,1), the error vanishing in probability as N 1 oo, [ T oo and then
D 1 0.
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Step 3c. Now, in terms of the Young measures 7rt ! defined in Section 7, we have

t t
(N Go(u)\) + / (N 0, (WA — e / (TN By G ()BT (N)) ds
0

0
vanishes in probability as N 1 co and [ T oco.

Step 4. Consider a limit point Q* of the measures {Q™V!} governing wiv’l. Recall
that we observed in Step 1 in Section 7 that Q* is supported on 7, = 7(s,du,d\) =
p(s,u, d\)du, p(0,u,d\) = 6,,(), and also < ' Go(u)\) converges to [ Go(w)po(u)du.
Then, on a subsequence as N 1 oo and [ T oo, we conclude, noting (7.1) and ¥ (\) <
C), that a.s. QF,

oo

Go(u )/OO Ap(0,u d)\)du+/ 3 Gs(u )/000 Ap(s, u, dN\)duds

///al(n)G YOW(N)p(s,u, d\)duds = 0.

Here, we replaced the limit ¢ with oo, noting that G has compact support in [0,7) x R™.
Hence, p(s,u,d)) is a measure-weak solution of the hydrodynamic equation. O

]Rn

9 A coupled process

We introduce the basic coupling for misanthrope processes. Let PN denote the
distribution of the coupled process (7, ;) with generator L, given by its action on test
functions,

Lf(n,€)

Y ply — @) ming, (f (™Y, 6Y) = f(n,€))
+ Y ply — @) (b(n(x),n(y)) — ming,)(f (™Y, €) = f(n,€))

+ > ply — ) (b(E(@), E(y)) — ming, ) (f(n,£Y) = f(n,€)),

where min, , = min{b(n(z), n(y)), b({(x),£(y))}. From the form of the generator, it follows
that the marginals are themselves misanthrope processes.

Suppose now that the process is ‘attractive’, that is when b(n, m) = g(n)h(m), with g
increasing and % decreasing in particle numbers. Then, if 7n(x) < &(x) for all x € Z", at
any later time t > s, we still have the same ordering. This observation is the crux of the
proof of the ‘L°°’ bound in [20], referred to in Step 1 in Section 7. This is the first of the
two ways where ‘attractiveness’ is used in the proof of Theorem 3.2.

We will use the following teminology. For any set A C Z", we write n > £ on A if
n(x) > &(z) for all z € A, and we write n > { on A if n > £ on A and n(z) > £(x) for at
leastone z € A. If n > £ or £ > non A, we say that n and ¢ are ordered on A. Otherwise,
we say that n and £ are unordered on A.

Let Ux(n,&) = 1(n and ¢ are not ordered on A). Let Uy q(n, &) = Uy o1ay(1,§). We also
define

1 ifp>¢&on{z,z+d}
Oza(n, &) =< —1 if&>non{zr,z+d}
0 otherwise

Define the coupled empirical measure by

Z |77t )|6I/N

TEZ™
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We now introduce martingales which will be useful in the sequel. The first two are the
coupled versions of MtN *“ and the associated ‘variance’ martingale: For test functions G
on the coupled space, define the martingale,

~N,G ! 7
NENC = (7,Gy) — (7Y, Go) — / (#Y,0,G,) + NLy (N, G.)ds.
0

With respect to the quadratic variation,
t
(1% = [ NLy[(FY, G - 2N (Y, G Ly (7Y, Gl ds,
0

the process (M;}Y'%)2 — (MN-C), is also a martingale. We may compute

NiNﬁéV’GJ (9.1)
N o 1 " )
- erzz;n I(;lHdnJra(ghd(ns(fE))_ghd(gs(ﬂf))Om,d(n&gs)[Gs( j\} )_GS(N)]
NS e el 0) — gl DUl )G () ()]
N7© ez i ||d||n+a gha\ns ghal\Ss z,d Ts» Qs s N ()]
where

1 if ng(z) > &s(x) and ns(z + d) < &s(x + d)
Uza(ns: &) =4 =1 if ny(2) < &(@) and ny(w +d) > & (@ +d)
0 otherwise.

Note that U, 4(7s,&s) = |U§d(n5,§s)|. That there is a sum of G’s in the last line of the
computation is because 7, and &, are not ordered.
When the process is ‘attractive’, we have

(gha(ns(x)) = gha(&s(2)U 4 (ns, &) = |gha(ns(2)) = gha(és(2)|Us,a(ns, &s)-
In this case, the second line of the generator computation (9.1) simplifies to

*% > 7\\d||{l+a Ighd(ns(x))*ghd(ﬁs(x)lUm,d(ns,fs)[Gs(“‘;d)+Gs(%)]. 9.2)

T€Z ||d||=1

We remark that this is the second of two places where the ‘attractiveness’ condition is
explicitly used, featuring in the proof of the ‘Ordering Lemma’, stated later.

Lemma 9.1. When o > 1 and G is nonnegative,

NEN<ﬁ£Va G9>

N > 1 T +d T
< — T h S - h s Ow 51Ss Gs _Gs AT .
< % Z > s (9ha(n:(@) = gha(:(@))Os.a(ns.§ NG () =G (F)]
z€Z™ ||d||=1
Proof. The bound follows because in (9.2) all the terms are nonnegative. O

In the next two results, we will start the coupled process (7, &s) from an arbitrary
initial distribution jixy whose marginals are px and v, fora 0 < ¢ < My if My < oo, and
c > 0 if otherwise. The coupled process measure is denoted by I5N and the associated
expectation is given by En.
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For the quadratic variation, (M N.G),, a straightforward computation gives that

NLN[(( Gy >)2] —2N<~N Go) Ly (7Y, Go)
- Y > Taa d||”+a (gha(ns(2)) — min{gha(ns (), gha(€s(@))}) X
z€Z™ ||d||=1
x+d x r+d

KGS(T) - GS(N)>Oa:7d(n5a§s) - (GS( N )+ G ( )) x d(ﬁs,fs)}

N2 Z Z H ||n+a (gha(&s(z)) — min{gha(ns(2)), gha(§s(x))}) x

T€Zm ||d||=1

[(Go() = Go Ol e) — (Gl ) + Go U0 €)]

Lemma 9.2. When « > 1, we have

C(G, 1)
Nn

61GIN f [* 1
N [ ST S 1) ~ gl (U )

lz]<RN ||d]|=1
|z+d|<RN

EN|<MN.,G>t| <

Proof. In the expression for the quadratic variation, we may bound factors (ghq(ns(z)) —
win{gha(ns(z)), gha(¢s(2))}) b gha(ns(z)) = gha(&s(x)l. Also, we note \Oml < 1 and
(U d)2 = U,.4. Using the inequality (a—b)? < 2(a®+b?), we have that NLy[((7, G,))?] —
ON(7N. GV Ly (7N, G,) is bounded above by

Ts s

T+ ||"+a lgha(ns()) — gha(&s()] x

er" lldll=1
[(GJ%) =G () + (G5 + Gul§)) Unalne )]s

which we split as A; + Ay, the term A; involving (G, (%) — G, (ﬁ))2 and A, involving
the other squared quantity.

Since, gha(n(z)) < k||hlln(z) by (2.3), we observe that [gha(ns(z)) — gha(&s(2))] <
2||h]|cok(ns(z) + &s(x)). Hence, A; < Aj; + Ajo, where A;; and A;, involve each only
the 7. and £ process respectively. By the proof of Lemma 4.6, starting from (4.7),
EnyA; < Kqgt/N™. A similar bound and argument holds when {(z) is present as
V. is invariant, and therefore ¢, ~ v, and Ey Da<lzi<p &s(x) = c(b" — a"). Hence,
EnA, < C(G,t)/N™.

The remaining part EnA,, since the the sum of the G's squared is bounded by
4||G|I*[1(Jz| £ RN) + 1(|z + d| < RN)], is majorized by

16||GH2NTLEN/ An Z Z ||dHn+a|g d 775( ))_ghd(gs(x”Uw,d(ns;Es)ds

|z]<RN ||d||=1
|z+d|<RN

This finishes the proof. O

We now state an ‘Ordering Lemma’ which, in essence, tells us that n; and &; are
ordered on average, even if they are not initially ordered. This result is analogous to
those in the finite-range setting, Lemma 3.3 in [24] and Lemma 2.2 on p. 209 of [20].
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Lemma 9.3 (Ordering Lemma). For o > 1 and a,b € R"™,

A | = 1
lim sup /0 F XY ralohaln @) = oha(€ @)Ul s = 0

N—oo z€la,b]N ||d|=1
z+d€la,b]N

where [a,)]N = [aN,bN] and [a,b] = []};_,[a;,b;] denotes the n-dimensional hyper-
rectangle with diagonal extending from a to b.

We also have, for all d with ||d|| > 1, that

t
~ 1
limsupEN/ ~ Z Usz,a(ns,&s)ds = 0.
N—o00 0 N |z|<RN

We postpone the proof the ‘Ordering Lemma’ to the Appendix. In this proof, the
second statement will be seen to follow from the first, along with an induction argument.

10 Entropy condition: Proof of Theorem 7.3

We note, as specified in the definition of the measure weak entropy condition, the
test functions G in this section are nonnegative.

Step 1. Since p > 0 a.e. (cf. Step 1 of Section 7), it is enough to prove Theorem
7.3 when ¢ > 0. When the max occupation number M, < oo, it is enough to consider
OjS(ZS Aﬂy

Suppose we may show, for ¢y > 0 and ¢t < T, that

P 1 x
hgglfl}\r]glgofpjv(m mgzn ‘po(a:/N) — C‘Go(ﬁ) (10.1)
‘L S ! 0,G.(=)d
+/0 N |m2(x) — ¢|0s s(ﬁ) $

TEZL™

+va/0 % >~ sgn(nk(z) — ) (LU () — PU()) D1 Go (1) ds = —eo ) = 1.

TEL™

In terms of Young measures and Q™+, (10.1) is written

e e 1 x t
hlmmfhmmeN’l(m Z |p0(x/N)—c|Go(N)+/0 (N1 0,G s (u) |\ — ¢|)ds

—o00 N—o0
TEZL™

t
+'7a/ <7T.éV’l7al(n)Gs(u)q()\7C)d8 > —60) =1,
0

where ¢(), ¢) = sgn(A — ¢)(PT(N) — PU(c)).

In this case, the desired measure weak formulation of the entropy condition would
follow: By tightness of {Q"''}, let Q* be a limit point. Such a Q* is supported on
absolutely continuous measures 7, = p(s,u,d\)du and p(0,u,d\) = d,,(, (cf. Step 1
of Section 7). Then, noting the form of ¢, as ®V(\) < k||hljoA (cf. (2.3)), by the weak
convergence statement (7.1), we would have Q* a.s. that

Go(u)|po(u) — c|du + / 6SG3(u)/ A — c|p(s,u, dN)duds
R 0o Jrn 0

—l—va/ / 81(n)GS(u)/ q(A, ¢)p(s,u,dN)duds > 0.
0o Jre 0

Step 2. To begin to establish (10.1), consider a coupled process (1;,&;) where the
initial distribution is such that &, is the invariant measure v, with density c¢. We will
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specify the form of the coupled initial distribution at the beginning of Subsection 10.1,
and show there a coupled version of the microscopic entropy inequality: For € > 0, and
t <T, we have

liminfliminfif’N(% Z |p0(x/N) — C|GO(%)

00 N—oo

TEL™
b1 x |
+ [ 3 2 P - @06 (s [ 55 3 santie) - )
X (@U(n} () — PU(EL () D1 Gs (5 )ds = —e0) = 1. (10.2)

Step 3. We now show how the microscopic entropy inequality (10.1) can be deduced
from the coupled microscopic entropy inequality (10.2). It is enough to show that the
following terms vanish as IV and then [ go to infinity:

N S RIS [ T

|e| <RN

wd BV [ 3 Jah@). @) —abl@.0lds 103)

|z| <RN

To analyze the second term, we note, as ¥ is bounded by ||A||» and ® is Lipschitz, that
la(nt(z), &L (x)) — q(nl(z), )] = O(nt(z) + £.(x) + c). Thus, we can introduce the indicator
function 1(n(z) v £L(z) < A), the error vanishing, as N 1 0o, [ 1 0o and A 1 0o, by Lemma
4.2 and that . ~ v,.. Also, now note that ¢(z,w) is uniformly continuous on [—A4, A]%.

On the other hand, for the first term, by the triangle inequality, ||\ (z) — &.(x)| —
ni(x) — |l < lgk(@) —c

Hence, the terms in (10.3) will vanish, if we show that

t
~ 1
HmsuplimsupEN/ — Z €L (z)) — ¢|ds = 0.
ltoo N—oo o N" l<RN

But, since the state &, has distribution v, it follows that

t
o [y g 0 1
b /0 W\z\SRN‘fs(x))—CIdsg (2R +1)"t- B, [£(0) = |,

which vanishes by the law of large numbers as [ 1 co. O

10.1 Proof of (10.2)

We proceed in some steps, recalling estimates in Section 9. First, we specify the initial
coupled distribution in Step 2 above: We will take [iy as a product measure over x € Z"
with z-marginal given by iy (no(z) > &o(z)) = 1if po(x/N) > c and fin(no(z) < &o(z)) =1
if p(z/N) < c¢. Such a coupled initial measure may be constructed (cf. Section I1.2 in
[23]) as the xz-marginals of uN and v, are stochastically ordered, that is the marginal of
uN, e po(z/N)» 18 stochasically more or less than then the marginal of v., O, if po(z/N) is
more or less than c respectively. Then, Py is the coupled process measure starting from
AN -

Step 1. By Lemma 9.2 and the Ordering Lemma 9.3, the expected value EN<MN’G>t
vanishes as N 1 co. Hence, for ¢y > 0, J\;E}noo ]5N( - MM > —€) = 1.
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Since G has compact support in [0,7) x R", we have (7{¥,G;) = 0 fort > T, and so
~ ¢
NG = (7N Go) + / (N 0,G) + NLx (7Y, G, ds.
0

It follows, as G is nonnegative, from the bound in Lemma 9.1, that

}flTrgloPN(% Z |770($) |G0 / N7 Z Ins (2 (2)|9:Gs ( )

TEL™ TEL™

[ S S e ahalnao) — ghal€s ()0l €

z€Zn |dfj=1

r+d
)

X
N Gy

<[G.( )

ds > —60) =1

We now replace the second integral in the last display by one with a nicer form. We
make substitutions following the same reasoning as in Step 2 of Section 8, the estimates
for the & process easier as £. ~ v,. First, we limit the sum over d to when ||d|| is at most
eN, where N 1 co and then € | 0. Next, [Gs(%H4) — G,(£)] is replaced by VG, (%) - 4.
Finally, the sum over d is replaced by that when ||d|| is at most D, which tends to infinity
after N diverges. After this replacement, we have with probability tending to 1, as V 1 oo
and D 1 oo, that

]\}"x;% |n0 () — |Go / o xezz;n Ins (2 (2)|0.G. ( s
/ =2 Z d[—t+a ||n 5o (9ha(ns(2)) — gha(§s(2)))Oz,a(ns, &)
Z€Z |ld]=1

x VG, (%) . ”st > —€p.

Step 2. As in Step 3a in Section 5, we may substitute [-averages for |ns(z) — ()]
and (ghq(ns()) — gha(€s(x)))O4,a(ns, &), where [ diverges after NV but before D, through
a discrete integration-by-parts, the smoothness and compact support of GG, as well as the
particle bound Lemma 4.1, and with respect to the & process that €. ~ v.. Then, we have

N” Z 10 ( \Go / N Z ns(x) — & (2)|'05 G4 ( )d

TEZL™ P A=Y/AL

/ > Z [ldfr=1+e II" = [(9ha(ns(@)) = gha(€o(@)) O a(ns, €)]'

T€Z™ ||df|=1
d

T
xVG, (=) —mds > (10.4)
SOk Il

with high probability as N, [, and D go to infinity.

Step 3a. We now begin to perform a ‘1-block’ replacement in the last display, which will
allow us to access the Young measure formulation.

It is only here that we leverage the full form of the initial coupled distribution in
order to treat the first term on the left-side of (10.4). Let A; and A5 be the set of sites x
in Z™ where po(z/N) > c and po(z/N) < c respectively. Write, using the coupling, noting
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that G is nonnegative, that

N" > ol )\Go( )

TEL™
2
an S o)~ &@)Go(5) = Slam o o) — ()]G (5]
= 1|1:7\P;?3N = |I"”Z‘?5N

We now add and subtract po(z/N) — c inside the square bracket. Noting the compact
support of GG, we observe

x G n
EN|N7L > o) - PO(I/N))]GO(WN2 < p\ﬂﬂ > Vary, . (0(x) = O(N™™).
o< BN wI<AN

A similar argument, using that £ has distribution v., works for the difference between
50( ) —c. Hence, with high probability as NV 1 co, we may bound above Ni > Mo () —

€o(2)|Go(%) by

TEZn

]\}HZ| > (pO(‘T//N)*C)GO( Nn > lpo(z/N) *C|G0( )-

j=1 =z€A; TEZL™

Step 3b. Now, we will replace |ns(z) — & (x)|' by |ni(z) — €.(z)| in the the first integral,
and [(gha(ns(z)) — gha(&s(2)))O,a(ns, &))" by (PU(n}(2)) — @U(EL(2)))sgn(1;(x) — & ()
in the second integral of (10.4).

Indeed, by the compact support of 9;G and VG, and Zﬁzuzl [|d]| =1 < oo, it will
be enough to show that the expected integral over time of the quantities,

Si=xm O [In@) ~ &@I ~ () — (@] and

|lz|<RN
Sz = % > |l(gha(ns(x)) = gha(€s(x)))Oua(ns, &)1
|z|<RN

—(@U(1(x)) — PU(E,(x))sgn(,(z) — &(@))],

vanish in expectation as N and then [ go to infinity, for each ||d|| < D.

Divide now each of the sums above into two parts, S; = S} + S?, where S} is the
part where 7, and ¢, are ordered on = + [—(I + D),l + D]", and S? is the part where
they are not. When 7, and &, are ordered on the set x + [—(l + D),l + D]™, we have

[ns(2) = ()] = i (@) — €L(x)],

[(gha(ns(z)) = gha(&s(x)))Ona(ns, &) — (@U (1) (x)) — @V (€L (x))sgn(nl(z) — £ ()]
< |(gha)! (ns(x)) — @U(n}(2))| + |(gha)' (&s(x)) — U (EL ().

Therefore, the sum S{ vanishes. But, by the 1-block estimate Proposition 6.5, we have

limsuplimsupEN/ Z (gha) (ns(x)) — @Y (nk(z |d5f0

l—o0 N—oc0 |x\<RN

and its counterpart with 7. replaced by £. ~ v, also vanishes. Hence, the expectation of
the time integral of S} vanishes in the limit as NV 1 oo and [ 1 .
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Step 3c. When 7, and ¢, are not ordered on z + [—(I + D),l + D]", as h, ¥ < ||h||« are
bounded, and g, ® are Lipschitz, we have

L= ||775(95) - gs(x”l |775 LL‘ H
Ly = |[(gha(ns(z)) — gha(&s(z )))Ow,d(ns,ﬁs)]l
— (@ (11, (2)) — P (&, (2)))sgn (1} () — &i(x))]

are both bounded by a constant times (1 (x) + £.(z)). Therefore, we may introduce the
indicator function 1(n!(x) v ¢.(x) < A) when taking expectations, the error vanishing as
N 1T oo and [ 1 oo by Lemma 4.2, and that . ~ v..

Once this indicator is introduced, both terms L, L, are bounded by a constant C =
C(A), which allows further to introduce the indicator function 1(n!(x+d) V&l (z+d) < A),
say by Lemma 4.2 and that £ ~ v, the error vanishing as N 1 oo, [ 1 oo and A 1 oco.

Now, for £ = 1,2, we have

Lid(1(x) v €(x) < AL + d) V € (x + d) < Ao (11.0).040) (75, €5)
< CU,y[—(1+D),1+D]" (05, &s)-

Therefore, to complete the 1-block replacement, it is enough to show, for fixed [, that

limSUPEN/ Z Ust|=(+D)14D)n (N5, &s)ds = 0. (10.5)
N—o00 ‘ |<RN

Step 3d. Recall that U, (1, £) indicates when 7 and ¢ are not ordered on A, and also that
Ue,a(n,§) = Utz otay(n,§). We then have the bound,

Uz~ +D),1+ 0] (s &s) Z Z Usty,a(11s, s),

 yi<EED <204 D)

from which it follows for each [ that

Z Uer (I+D),l+D]™ (775,55) = Z Z Z Um,d(ns;fs)v

|z|<RN ly|<i4+D |d|<2(i+D) |z|<R+N

for large enough N where R* > R. However, by the Ordering Lemma 9.3, we have for
each [ and d that BV fo 7 2 |zj<r+ N Usd(ns,&)ds vanishes as N 1 co. Hence, (10.5)
holds. and the 1-block replacement follows.

In particular, we have

i 3 [pola/N) — clGo (5 ./ = 3 ) — £ @)0,G, (5 ) ds

‘/L’EZ"L :L‘EZ’VL
o S @9k - 89 )
2eZn ||df|=1
xsgn(n'(z) — € () VG, (%) : lﬁlnds > ¢ (10.6)

with high probability as N, !, and D go to infinity. To recover (10.2) from (10.6), we may
group together the terms involving d, and remove the bound ||d|| < D, by appealing to the
argument in Step 3a in Subsection 8. Then, the sum on d is replaced by 7,01(,)Gs(%). O
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11 ! mass bound: proof of Theorem 7.4
We leverage the weak formulation of the entropy condition (7.2).

Step 1. Consider a test function in form G(s,u) = H(s)G(u) for G nonnegative,
and ¢ = p*. Define Vg (s) = [p. [y G|\ — p*|p(s,u,d\)du. By the ‘Mass Bounding’
Lemma 11.1 shown below V¢ is finite. Moreover, by the measure weak entropy condition
inequality (Theorem 7.3),

- /000 0sH (s)Va(s)ds
HOVe(O) 70 [ 1) [ [ 010G 0 ah s, 1. N},

where we recall ¢(\, ¢) = sgn(A — ¢)(P¥(A) — dU(c)). Since P, ¥ are Lipschitz, and also
U < [hfloo, we have |g(A, )] < [(B(A) — @(e))W(A) + @(c)(¥(A) — ¥(e))| < C|A — ¢ where
q(A, p*)| < C|XA — p*|. Then,

- [ 0 a(e)ds < HOVa(O) +3Cl7) [ HE Vo ().

The idea now will be to choose G and H, approximating the constant 1 and an
indicator of a time point ¢, so that the right-hand side is well bounded. This will be done
through an iteration scheme in the next step.

Step 2. We now define a sequence of test functions {H;} on R. With respect to
0<t<Tand 0<§<T-—t let Hy(s) =1 up to s =t—J, then decreasing to 0 by
s =t + 6. We may do this in such a way that —d;Hy(s) is positive on (¢ — J,t + J) and
weakly approaches a delta function at ¢. For instance, we can take —0;H(s) as the
linear interpolation between (t — §,0), (t— 6 +,L), (t+06 —~v,L) and (¢t + 4,0) where

= (26 — )"t for vy < §/2.

For each i > 1, define H;(s) = [, o H;(u)du. Therefore, each H;(s) is nonnegative,
vanishing for s > ¢ + §. We then have —0sH;11(s) = |H;(s)|. Note also H;(0) < (¢t + §)%/i!.

Define G;(u) =1 on [—(i + 1)R, (i + 1)R]", decreasing to zero within [—(i + 2)R, (i +
2)R]", so that |0y(,,)Gi(u)| < 2/R. Then, i(u)] < (2/R)G;t1(u). Here, the limit of
these functions, G (u) = 1.

With respect to H = H; and G = (;, we have

| oV, (s < m0Ve, 0+ 22 [T otV (s
0 0

Step 3. Iterating the above inequality & times, starting with i = 0, gives

k—
/ OsHo(s) Ve, (5 Z

=0

(0)Ve, (0) + (27}050)16/000 —0.H(s)Va, (s)ds.

Since Vg, (s) < esssupg<;<r Ve, (1), Ve, (0) < Ve, (0), and H;(0) < (t+0)"/i!, we obtain

k—1
> 27, CT
_ / 0, Ho(s) Ve, (s)ds < %v&c(o)
0 i=0 ’
27.CT/R)*
—&—7( i k!/ ) ess SUpg << Va, (1)- (11.1)

Step 4. Choose now k = n + 2. Note that Vi, 1 Vi, as R 1 co. Then, the supremum
over 0 <v<4/2,0<d<T—tand0 <t <T of the left-side of (11.1), Q* a.s., increases
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by monotone convergence as R T oo to

o0
sup sup  sup / —0sHy(s)Va_ (s)ds.
0<y<6/20<6<T—t0<t<T Jo

To capture the limit of the right-side, note

Vo= [ [ = lp0dndu = [ o) =l < .

Then, the first term on the right-side of (11.1) converges to V__(0) as R 1 co.
However, by the ‘Mass Bounding’ Lemma 11.1, we have Eg-esssupy<;<rVa, . (t) =
O(R"™), and so
(29.CT/R)"+

(n+2)! Eq- [esssupg< <1V, (t)] = O(R™?).

Hence, Q* a.s., by Borel-Cantelli lemma, as R 1 oo, the second term on the right-side of
(11.1) vanishes.

Step 5. Therefore, we have

sup sup  sup / —0sHo(s)Va,, (s)ds < Vg (0),
0<y<46/20<6<T—t0<t<T JO

with respect to a Q* probability 1 set. Moreover, on this set, as —Jd;Hj is positive on
(t —d,t+¢), we have that V__ is locally integrable on [0, 7]. Also, by Fatou’s lemma, for
each ¢t and small enough § > 0, we have

1 t+48

(o)
— Ve (s)ds < lim inf/ —0sHo(8)Va. (s)ds < Ve (0).
20 Ji—s WO Jo

In fact, for each Lebesgue point t of Vi;__, as § | 0, we have Vg __(t) < Vi (0). We
conclude, as Lebesgue points are dense, that Q* a.s.

o0
ess supt/ / A — p*|p(t, u, dN)du < Vg __(0),
nJo
finishing the argument. O

11.1 Mass bounding lemma
The following result bounds the mass in finite regions.

Lemma 11.1. Let G be a nonnegative function with support in [— R, R]™ such that |G| < 1.
For every limit point Q* and ¢ € R, we have

Eo- [esssup0<t<T/ G(u)/ A = ¢|p(t, u, d)\)du} = O(R").
- Jre 0

Proof. First we bound |A — ¢| by A + |¢|. Since p(t,u,d)\) is a probability measure, we
have [p.. G(u) [3~ |clp(t, u,d)\)du = O(R™). Therefore, we only need to prove

Eg- [eSSSUpogth/ G(u)/ )\p(t,u,d)\)du} = O(R"). (11.2)
" 0
To this end, for RN > [, note
1 1
N,l
LGN € Y @< Y mi@) < (.G,
|z|<RN |z|<2RN
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where Gy equals 1 on [-2R,2R]", and decreases to zero within [-3R,3R]". By the
definition of the martingale M, N-G1 we have

T
EN sup (wiN’l,Gﬁ SEN<71'(1)V,G1>+EN/ |NLN<7réV,G1>\ds+EN sup |MtN’G1|.
0<t<T 0 0<t<T

By our initial conditions, EV (7}’, G1) < (4R + 1)"||po||cc, and by Lemma 4.3, we have
EN fOT INLy(7Y,G1)|ds = O(R"), independent of N and [. Also, by Doob’s inequality
and Lemma 4.6, EY supg < |M,"'| < AEN(MN-G1)p = O(N—™). Therefore, for all
large N, we have

EN’leSSSUP0<t<T< A ,G(u)\) = O(R").

Finally, as ess supOStST(w,fV’l, G(u))) is a lower semi-continuous function of 7V, we
may take subsequential limits as N, 1 oo, for which Q™! = Q*, to obtain (11.2). O

12 Initial conditions: proof of Theorem 7.5

The strategy is to approximate the initial density py in compact sets via the weak
form of the entropy inequality.

Step 1. Since pg is a continuous function that equals a constant p* outside of a
compact set [—R, R]"™, it is uniformly continuous. Fix a 6 = (dp,...,dp) with 0 < dp < 1.
Consider a regular division of R™ into countably many overlapping hyper-rectangles
[ai —0,b; + (ﬂ = H;;l[ai,j — 0o, bz‘,j + 50] such that U;’il[ai —9,b; + 5] = R", and the [ai, bL]
are disjoint. Finitely many of these hyper-rectangles cover [—R, R|". The parameter §
may be chosen so that py varies at most € > 0 on each hyper-rectangle.

For each hyper-rectangle, we construct a nonnegative smooth bump function, G;(u),
that is 1 on [a;,b;] and decreases to 0 outside of [a; — §,b; + ¢]. The {G,} may be
constructed such that }_.°, Gi(u) = 1 for all u € R", and max; [|d1(1)Gil| is bounded.
We also choose constants ¢; = min{po(u) : u € [a; — J,b; + 0] so that 0 < po(u) — ¢; < € for
all u € [a; — 6,b; + d]}. By the triangle inequality,

A= po(w)] <A —cil +]po(w) — il <A =il = lpo(u) — cil + 2e

on any hyper-rectangle that intersects [—R, R]|"; on the other hyper-rectangles, as
po = p*, we have |\ — po(u)| = |A — ¢i| — |po(u) — ¢
Note that (2R)" is the volume of [-R, R]", p(s,u,d)) is a probability measure (cf.
Step 1 in Section 7), and |\ — ¢;| — |po — ¢i| = | — ¢ > 0 for all but finitely many
hyper-rectangles. Then, a Fubini-Tonelli theorem may be applied, so that

1 t oo
Po-[ [ /“L/ = po(u0)|p(s, u, dN)duds

< Eo- E/ / /0 (A = ¢i| — |pou) — ci\)p(s,u,d)\)duds} +2¢(2R)"

= ZEQ* / / Gi(u /0 (IX = ¢i] = |po(u )—cﬂ)p(s,u,dk)duds} + 2¢(2R)".

Step 2. Suppose, for all i, that

MM%*// /Mwwmwwwwmm@ﬂ,uw
t10 n
and Z sup Eg-|— / Gy / (N = ¢| = |polu) — ci|)p(s,u,d)\)duds’ < 00
— 0<t<T R” 0
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Then, by Fatou-Lebesgue lemma , we would have

EQ* hmmf / / / IA — po(u)|p(s,u, d\)duds
< lim inf EQ*f/ / / A — po(u)|p(s,u,d\)duds < 2¢(2R)",
tl0 t 0 n Jo

from which Theorem 7.5 would follow as € > 0 is arbitrary.

Step 3. To finish the proof, we establish (12.1). As discussed in Step 1 in Section 7,
with respect to Q*, initially p(0,u,d\) = §,,(.), and p(s,u,d)) is a probability measure.
Then, with respect to a test function G(s, u) H(s)G(u ) with G nonnegative, we have

0) fgn G(u) [ po(u) — clp(s,u, dN)du = H(0) [, [5° G(u)|X = c|p(0,u,dN)du. Hence,
we can write the measure weak formulatlon of the entropy condition (7.2) as

| o) [ 6t [ 0a= el = lpo(w) - chp(s, v, duds

+'ya/ / / O1(n)G (u) q(\, ¢)p(s,u, dN)duds > 0,
O n
dU(A

recalling ¢(\,¢) = sgn(\ — ¢)( — ®¥(c)). As in Step 1 of Section 11, we have
lg(A, )] < O3\ — ¢| where the constant Cy depends on ||po||s. Therefore, putting the
first term on the other side of the inequality,

—/ GSH(S)/ G(u)/ (1A = ¢| = |po(u) — ¢])p(s,u, dN)duds

0 n 0
t oo

S’ya02/ |H(s)|/ / 1020myG (1) 1A — clo(s, w, dN)duds. (12.2)
0 R JO

Step 4. Recall, that Eg-esssupgc;<p [gn fo- G(u)|A—c|p(t, u,dN\)du < oo, by the ‘Mass
Bounding Lemma’ 11.1, for all nonnegative G’s w1th compact support. Consider, with
respect to a small 6 > 0, a smooth H such that 9, H(s) = —t7lfor0 < s <t-—4, linearly
interpolates from (¢ — §, —¢~!) to (¢,0), and vanishes for s > t. Taking H(0) = 1 — 6/(2t),
we have that H vanishes for s > t.

By taking a supremum over time, noting |H (s)| < 1, the right-side of the inequality
(12.2) is bounded by v Cat esssupg< <r [gn fo 101(n)G () [|X = c|p(s, u, dX)du. However,
the left-side, by dominated convergence, converges, as d | 0, to

+/ [ o 03— el = onta) = lypls, vy,
[ e [0 d = ot = ot inyiuds

< 74 Cat ess sup0<s<T/ / |01(n) G () [|X — ¢|p(s, u, dN)du.
=7 Jre Jo

As |01(n)G| is compactly supported, noting the ‘Mass Bounding Lemma’ 11.1 again,
the expected value of the right-side of the above display vanishes as t goes to zero.
Therefore, the first line of (12.1) holds.

To obtain the second line of (12.1), instead of bounding the right-side of (12.2) by a
supremum, bound it by increasing the time integration to [0, 7]. Then, we have

1 t o0
sup ‘%/ ; Gi(u)/ (\)\—ci|—|p0(u)—ci|)p(s7u7d)\)duds
n 0

We obtain

0<t<T
< fyan/ / / |01y G (u) || A = ci|p(s, u, dA\)duds.
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For only finitely many ¢ does ¢; differ from p* and |pg(u) — ¢;| > 0. Also, by the comment
in the previous paragraph, for each i, the expected value of the right-side of the above
display is bounded. Note now, by the regular division, that the support of each 0;,)G; is
overlapped by the support of at most an uniformly bounded number, in terms of the cover-
ing, of other {0y(,)G;}. Note also, from construction, that d,)G; is uniformly bounded
in j. Also, from Theorem 7.4, we have that Eg. [fOT Jan S IX = p*|p(s, u, dN\)duds] <
T [gn |po(u) — p*|du < co. Hence, summability in (12.1) follows, and the proof of Theorem
7.5 is complete. O

In passing, we remark that this proof, making use of the weak formulation of the
entropy condition, seems new and more direct than proofs in [24] and [20] which
introduce types of particle couplings in the finite-range setting, without going to the
continuum equation. We note, in the PhD thesis [27], an alternate argument for the first
line of (12.1) through a simpler and different particle coupling will be found.

A Proof of the ordering Lemma 9.3

Step 1. We now show the first part of the lemma. Let G¢(u) be a nonnegative smooth

function that is 1 on hyper-rectangle [a,b] = [[}_,[a;, b;] and decreases to 0 outside of

la — 8,0+ 6] =TI} [a; — d;,b; +6]where5:(51,...,6n) with §; > 0 and ||§] < 1.

Then, noting the computation of N L ~(7N G,) in (9.1) and (9.2), we have

s I

N X e O hal() - ghal6 (U a2

Hd”:1 wE[a,b]N
z+d€[a,b]N
v +d .
Z Z Td[r+e ||n+a (gha(ns(2)) = gha(€s(2))Oq.a(ns, &) [Gs( I )_GS(N)]
z€Z™ ||d||=1
_NLN< 5 ’G5> = Jl NLN< s >Gs>.

Step 2. Note, the expression |ghg(ns(x)) — gha(Es(z)] < &|[hlloo(s(x) + &(2)) by (2.3),
and |Og,q(1s,&s)| <

d
Bzl Y e () + & @G () = Gl

v€Z ||d]|=1

We now split the sum over d into two parts, namely when ||d|| < N and ||d|| > N,
and write J; = Ji; + Ji2 accordingly. When [|d|| < N, we bound |G, (%) — G, (&) | <
IVG]| - ||d||/N1(z € [(a — 6 — 1)N, (b+ & + 1)N]). Then,

N 1 /

1
Ji1 < kAo Z WHV ”N" Z(ns(w) + &s())

lldll=1

where Y refers to a sum over O(N™) values of . By Lemma 4.1, and that the &, process
starts in the invariant measure v, we have EN 3 (ny(x)+£&(x)) < 2KoN" say. Therefore,
ENJ < Cr = k|| oo Yildl=1 W||VG||2KO, finite when o > 1.

On the other hand, when ||d|| > N, we have |G, (254) -G, (£) | < 1(z € [(a— )N, (b+
S§)NJUz +d € [(a— )N, (b+ 6)N]). Then, in terms of a sum > over O(N™) sites,

1 1 "
J12 S "QHhHoo Z ”danlJra Hd”N"fl Z(ns(x) +§s(x))

ll<ll>N
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As ||d]| > N, we have EV [W S (ns(z) + &4(x))| < 2K} say, uniformly in d, by

~ ~ o0
Lemma 4.1 and that & ~ v,.. Then, ENJj5 < Cy = kbl > W%MZK{).
[ld|l=1

Step 3. It follows that ENJ1 < C = C’l + C’Q. Therefore,

w2

”d”m D loha(ns(@) = gha(és(@) Ur.a(ns. &) ds

[|d]|=1 z€[a,b]N
z+d€[a,b)N
tC -
<= —EN/ Ly (N, Gy)ds. (A.1)
N 0

Consider the mean-zero martingale M;""“ where G,(u) = G(u) > 0 for s < ¢, vanish-
ing before time 7. As ;G = 0 for s < ¢, and (7", G) > 0, we have

t
_ / NLn(EY,Go)ds < MNC + (7Y, Go).
0

Therefore, (A.1) is bounded by

tC 1 -
~ T N EN Z (no(z) + &o(x)).
z€[a—8,b+8|N

As the expectation is of order O(N™) by Lemma 4.1 and that £ ~ v, the last display
vanishes as NV 1 co. This completes the proof of the first part of Lemma 9.3.

Step 4. We now show the second part of Lemma 9.3. In general, ghq(ns(z))—gha(§s(x))
may not vanish, and so the first part is not coercive. To work around this issue, we would
like to introduce the indicator function 1(ns(z) V &(z) V ns(z + d) V €s(x + d) < A) into
the associated expectation. This is justified if we show that

lim lim EN/ S Und€)1(06(2) V £4(2) V(@ 4+ d) V Eg(a + d) > A)ds =

Atoo NToo
Too NT |x|<RN

The expectation above is bounded by the sum of EV fg ~ > jz|<rn 1(ns(z) > A)ds, and
three other expectations containing the indicator functions 1(£(z) > A), 1(ns(z+d) > A),
and 1(&(z +d) > A)).

By the entropy inequality (4.4), the first expectation is bounded by

1
YN

(0(N")10g B, [ 1O>D] 4 ON").
After N and A go to infinity, the limit is C'//y which vanishes as « 1 co. The other three

terms are similarly analyzed, using . ~ v, when £. is involved.
Therefore, it will be enough to prove, for each A, that

nmsupEN/ S U, €)1(05(2) V E4(2) Voo + d) V €4 + d) < A)ds =
N—oo |x\<RN

Step 5. Let Im’1 . K, (1,6) = 1(n(z) = m1,§(x) = ma,n(x + d) = k1,&(z + d) = k2).
Then,

Up,a(n,)1(n(z) VE(x) Vn(z +d) VE(x +d) < A) < ZI;fm oy ey (156
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where the sum /i is over all my, mo, k1, ko less than A such that 5 and £ will be not
ordered on the sites x and x + d. Since this is a finite sum, it will be enough to prove that

t
. ~ 1
hmsupEN/ N E Iﬁ{f’m2’kl’kz(ns,§s)ds:o, (A.2)
N—o0 0 |z|<RN

for each mq,ma, k1, ko indexed in ) .

From the ‘proven first part’, that is that (A.1) vanishes, we note if g(mq)h(ky) #
g(mo)h(ks2) then (A.2) holds.

Recall My = min{k : h(k) = 0} is the maximum possible number of particles at a site,
with the convention that My = oo if h(k) is never zero. If ky or ko is greater than M),
then Iﬁ[imz, k1 ko (115, &) identically vanishes, and (A.2) holds trivially.

We note (A.2) holds also if k; or ks equal M, < co: Indeed, without loss of generality,
suppose My = k1 > ko. Then, as the sites are unordered, 0 < m; < msy. It follows that
g(ma) # 0 # h(kz). So, as h(ky) = 0, we have g(my)h(k1) = 0 # g(msz)h(kz). Then, by our
earlier comment, the ‘proven first part’ applies, and (A.2) holds.

Similarly, (A.2) holds if m; or msy equal 0: Indeed, without loss of generality, suppose
0 = my < mg. Then, k1 > ko. It follows that g(mg) 7é 0= g(ml). If h(k‘g) =0, then ky >
My and we have already shown (A.2). If h(ks) # 0, then g(mq)h(k1) = 0 # g(ma)h(ks),
and (A.2) holds by the ‘proven first part’.

Step 6. We now establish (A.2) by induction for all other cases. Without loss of
generality, suppose m; < mo and k1 > ks. Assume for our induction step that (A.2) holds
for a fixed m; > 0 and for all ms > m and for all k4, ks such that k; > k9. Our base case,
when m; = 0, has already been shown. Suppose that we can show

: 1 N ! 1 ,d
fim sup yoes Clma, ma, by ko) B /m D L tmat -1 (1, 65)ds
oo 0 |2|<RN

< lim sup lim sup
A—o0 N—oo
o0

1 -y [t od
8Akllh)l Y WEN/ o 2 I s (0, 60)s, (A.3)
ld/ =1 0 |z|<RN

where
C‘(TTLl,’ITLz7 kl, kQ) := min {g(m1 + 1)h(k1 — 1),g(m2 + 1)h(/€2 — 1)}

Then, by the induction assumption, we would have

. 1 -y [f 1 v.d
11}{711 sup Wc(mbmm ki, ko) E / N Z Lt a1,k 1,k —1 (s, &5)ds = 0.
oo 0 2| <RN

Now, by assumption, g(a + 1) > 0 for ¢ > 0, and min{h(k; — 1), h(ks — 1)} > 0 if both
k1 —1,ke — 1 < My. Hence, C(my, ms,k1,k2) > 0 and the expectation in the above
display vanishes as N 1 oo for all my + 1 > my 4+ 1 and for all k&; — 1, k2 — 1 such that
k1 —1 > ko — 1 provided that k&1 — 1 < My. However, we have already shown that the
expectation vanishes if either ky — 1 or ky — 1 > M,.

Thus, the induction step and therefore the second part of Lemma 9.3 would be
proved.

Step 7. To show (A.3), we recall miny ¢ = min{gha (1(y)), gha ({(y))} and write
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LI (n,€) equal to

mi,ma,ki1,k2

d ytd eyytd d
Z Z Hd/||7z+a mlny y+d’ (Im17m2 k1,k2 (ny Y ’51/ Y ) I;I;Lhmz k1,ka2 (77’ f))
yezZr | =1

DS ||d'||n+a (gha (1(y)) — miny y4a)

yeZ™ ||d’||=1

d yd’ d
(Ifm ;ma,k1,k (ny vE 5) 73§117m2 k1,ka2 (77 5))

+ Z Z |d/|n+(x g d( ( ))7miny7y+d’)

yeZm ||d'||=1
d y,y+d’ d
(Iﬁrl yma,k1,ko (n’gy Y ) Ifflhfﬂz,kh/@ (7775))

All of the terms above vanish except those wheny =z, y = vz +d, y+d = z,
and y + d = z + d. In making a bound, of the positive terms, we shall keep the term
.d ’ ’ d
L s ks (pytd gvytdy = I st 1k —1ke—1(M,€) when y = 2 and d’ = d. For the
negative terms, we shall double count the terms where y = x and d’ = d. Note also that

the total aggregate rate for all the negative terms is |ghq (7(y)) — gha (£(y)|. Therefore,

1
d .
Llfnl ma,k1,k2 (n,€) > W Mg, z+d Im1+1 ma+1,ky—1,ky— 1(1:6)

o0

1
Z e Z \ghar(n(y)) = ghar (W7 s ey ke (1,6
d'||=1 =x,x+d,
Il wfd',z—&-d—d’

Note that in the above display, min, ;14 = min{g(mi + 1)h(k1 — 1), g(me2 + 1)h(ks —
1)} = C(mq,ma, k1,k2). In the ‘negative’ terms, we bound |ghq (n(y)) — gha (§(y)| <
kllh|loo (n(y) + &(y)) (cf. (2.3)), and split into terms involving only 1 and only £&. We may
introduce indicator functions 1(n(y) < A) and 1(n(y) > A) onto the ‘n’ terms and ‘¢’ terms.
Items 7(y)1(n(y) < A) < A and also If,;flmz,khkz (m,En(y)1(n(y) > A) < n(y)1(n(y) > A),
with similar bounds for the items with &.

We thus obtain, moving the negative terms to the other side of the inequality,

! 3 ' 1 x,d
Wc(ml,mz,kl,kz)EN/o o Z L et s —Lka (s, €5)ds
|z|<RN
<851+ 52+ 53 where
S = EN ' 1 LI:L’d
b W Z mi,ma,k1, k2(7757§s)
0 ja|<rN
md
Sy = 8Ak||hco Z Hd/”n+a /N” I k. W (s, 6)ds  and
||d’\| 1 2| <RN
S = Alble 3 o
[la"||=1

/ BN S Y i) > A) LW ) > A)ds.

\z\<RN y=x,x+d,
z—d ,x+d—d’

We now show the first and third terms vanish as N, A 1 to finish, the term S5 being
what we would like to keep. By Lemma 4.2 and that &. ~ ve, noting > 5>, |||~ ("t <
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oo, the term S3 goes to zero. For the term S, consider the mean-zero martingale

“ra,d _ gx,d c,d t 7 rx,d
M':Ll,m%kl;kQ (t) - I”;:ll’m2,k17k2 (nt’ ft) B 1;177”2;}91;]92 (770’ §0) B fO NLIffh,mz,khkg (773; fs)ds As
0 < I™? < 1, it follows that

bl I 1 1 -
/ONn Z LIW;f7m27k17k2(775’£5)ds§Nn Z N(l_Mmﬁmmk’l,kz(t))'

2| <RN 2| <RN

Hence, the expected value S; < C(R)/N — 0, as N 1 oo, completing the proof of
(A.3). O

References

[1] Andjel, E.D. (1982) Invariant measures for the zero range process. Ann. Prob. 10, 525-547.
MR-0659526

[2] Bahadoran, C. (2004) Blockage hydrodynamics of one-dimensional driven asymmetric systems.
Ann. Probab. 32 805-854. MR-2039944

[3] Bahadoran, C., Fritz, J., Nagy, K. (2011) Relaxation schemes for interacting exclusions Elec. J.
Probab. 16 #8, 230-262. MR-2771136

[4] Bahadoran, C., Guiol, H., Ravishankar, K., Saada, E. (2017) Constructive Euler hydrodynamics
for one- dimensional attractive particle systems. arXiv:1701.07994, <hal-01447200>

[5] Bernardin, C., Goncalves, P, Jimenez, B.O. (2017) Slow to fast infinitely extended reservoirs
for the symmetric exclusion process with long jumps. arXiv:1702.07216

[6] Bernardin, C., Goncalves, P, Sethuraman, S. (2016) Occupation times of long-range exclusion
and connections KPZ class exponents. Prob. Theory Rel. Fields 166, 365-428. MR-3547742

[7]1 Cancés, C. Gallouét, T. (2011) On the time continuity of entropy solutions. J. Evol. Equ. 11
43-55. MR-2780572

[8] Cocozza, C.T. (1985) Processus des misanthropes. Z. Wahr. Verw. Gebiete 70, 509-523.
MR-0807334

[9] De Masi, A., and Presutti, E. (1991) Mathematical Methods for Hydrodynamical Limits. LNM
# 1501, Springer-Verlag, Berlin. MR-1175626

[10] DiBenedetto, E. (1995) Partial Differential Equations. Birkhauser, Boston. MR-1306729

[11] DiPerna, R.]. (1985) Measure-valued solutions to conservation laws. Arch. Rational Mech.
Anal. 88 223-270. MR-0775191

[12] Dupuis, P, Ellis, R.S. (1997) A Weak Convergence Approach to the Theory of Large Deviations..
Wiley, New York. MR-1431744

[13] Durrett, R. (2010) Probability: Theory and Examples. 4th Ed., Cambridge University Press,
Cambridge. MR-2722836

[14] Eymard, R., Roussignol, M., Tordeux, A. (2012) Convergence of a misanthrope process to the
entropy solution of 1D problems Stoch. Proc. Appl. 122 3648-3679. MR-2965919

[15] Evans, L.C. (2010) Partial Differential Equations. 2nd Ed., American Mathematical Society,
Providence, R.I. MR-2597943

[16] Fritz, J. (2010) Application of relaxation schemes in the microscopic theory of hydrodynamics.
Moscow Mathematical Journal 10 729-745. MR-2791055

[17] Fritz, J. (2012) Compensated compactness and relaxation at the microscopic level. Annales
Mathematicae et Informaticae 39 83-108. MR-2959883

[18] Fajfrova, L, Gobron, T., Saada, E. (2016) Invariant measures of mass migration processes.
Elec. J. Probab. 21, #60, 1-52. MR-3563888

[19] Jara, M. (2008) Hydrodynamic limit of particle systems with long jumps. arXiv:0805.1326.

[20] Kipnis, C. and Landim, C. (1999) Scaling limits of interacting particle systems, volume 320 of
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences], Springer-Verlag, Berlin. MR-1707314

EJP 23 (2018), paper 130. http://www.imstat.org/ejp/
Page 53/54


http://www.ams.org/mathscinet-getitem?mr=0659526
http://www.ams.org/mathscinet-getitem?mr=2039944
http://www.ams.org/mathscinet-getitem?mr=2771136
http://arXiv.org/abs/1701.07994
http://arXiv.org/abs/1702.07216
http://www.ams.org/mathscinet-getitem?mr=3547742
http://www.ams.org/mathscinet-getitem?mr=2780572
http://www.ams.org/mathscinet-getitem?mr=0807334
http://www.ams.org/mathscinet-getitem?mr=1175626
http://www.ams.org/mathscinet-getitem?mr=1306729
http://www.ams.org/mathscinet-getitem?mr=0775191
http://www.ams.org/mathscinet-getitem?mr=1431744
http://www.ams.org/mathscinet-getitem?mr=2722836
http://www.ams.org/mathscinet-getitem?mr=2965919
http://www.ams.org/mathscinet-getitem?mr=2597943
http://www.ams.org/mathscinet-getitem?mr=2791055
http://www.ams.org/mathscinet-getitem?mr=2959883
http://www.ams.org/mathscinet-getitem?mr=3563888
http://arXiv.org/abs/0805.1326
http://www.ams.org/mathscinet-getitem?mr=1707314
http://dx.doi.org/10.1214/18-EJP237
http://www.imstat.org/ejp/

Hydrodynamics for long-range asymmetric systems

[21] Kruzkov, S.N. (1970) First order quasilinear equations in several independent variables. Mat.
Sh. (N. S.) 81 228-255; English version: Math. USSR Sbhornik 10 217-243. MR-0267257

[22] Landim, C., Mourragui, M. (1997) Hydrodynamic limit of mean zero asymmetric zero-range
processes in infinite volume. Ann. IHP Prob. Stat. 33 65-82. MR-1440256

[23] Liggett, T.M. (1985) Interacting Particle Systems. Springer-Verlag, New York. MR-2108619

[24] Rezakhanlou, F. (1991) Hydrodynamic limit for attractive particle systems on Z¢, Comm.
Math. Phys. 140, 417-448. MR-1130693

[25] Sethuraman, S. (2016) On microscopic derivation of a fractional stochastic Burgers equation.
Commun. Math. Phys. 341 625-665. MR-3440198

[26] Sethuraman, S. (2001) On extremal measures for conservative particle systems. Ann. IHP
Prob. Stat. 37 139-154. MR-1819121

[27] Shahar, D. (2018) PhD Thesis, University of Arizona.

[28] Spohn, H. (1991) Large Scale Dynamics of Interacting Particles. Springer-Verlag, Berlin.

Acknowledgments. This work was partially supported by ARO grant W911NF-14-1-
0179, ARO grant W911NF-18-1-0311, a Simons Sabbatical grant, and a Daniel Bartlett
graduate fellowship. Thanks to Jianfei Xue for helpful comments on a preliminary version
of the article. We would also like to thank the referees for their careful and constructive
comments.

EJP 23 (2018), paper 130. http://www.imstat.org/ejp/
Page 54/54


http://www.ams.org/mathscinet-getitem?mr=0267257
http://www.ams.org/mathscinet-getitem?mr=1440256
http://www.ams.org/mathscinet-getitem?mr=2108619
http://www.ams.org/mathscinet-getitem?mr=1130693
http://www.ams.org/mathscinet-getitem?mr=3440198
http://www.ams.org/mathscinet-getitem?mr=1819121
http://dx.doi.org/10.1214/18-EJP237
http://www.imstat.org/ejp/

	Introduction
	Models
	Long range asymmetric transitions
	Invariant measures
	Initial, empirical and process measures
	Additional assumption when >1
	Model assumptions summary

	Results
	Remarks

	Preliminaries
	Entropy and Dirichlet forms
	Generator and martingale bounds
	Tightness of {PN}

	Proof outline: hydrodynamic limits when <1
	1-block and 2-block estimates
	1-block estimate: <1
	2-blocks estimate: <1
	Moving particle lemma

	1-block estimate: >1

	Proof outline: hydrodynamic limits when >1
	Proof of (7.1)

	Measure weak solutions: Proof of Theorem 7.2
	A coupled process
	Entropy condition: Proof of Theorem 7.3
	Proof of (10.2)

	L1 mass bound: proof of Theorem 7.4
	Mass bounding lemma

	Initial conditions: proof of Theorem 7.5
	Proof of the ordering Lemma 9.3
	References

