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Abstract

For the local time L} of super-Brownian motion X starting from do, we study its asymp-
totic behavior as z — 0. In d = 3, we find a normalization ¥ (z) = ((27?) " log(1/|x|))'/?
such that (LY — (27|z|)~') /4)(z) converges in distribution to standard normal as z — 0.
In d = 2, we show that L — 7~ log(1/|z|) converges a.s. as « — 0. We also consider
general initial conditions and get some renormalization results. The behavior of the
local time allows us to derive a second order term in the asymptotic behavior of a
related semilinear elliptic equation.
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1 Introduction and main results

1.1 Introduction

Super-Brownian motion arises as a scaling limit of critical branching random walks.
Let Mr = Mp(R?) be the space of finite measures on (R¢,B(R?)) equipped with the
topology of weak convergence of measures, and ({2, F, F;, P) be a filtered probability
space. Let C([0,00), Mr(R%)) denote the space of continuous functions from [0, c0) to
Mp(RY) with the compact open topology. A Super-Brownian Motion X starting at u €
Mp(RY) is a continuous M (R%)-valued strong Markov process defined on (Q, F, ;, P)
with Xo = p a.s. We write X;(¢) for [;.¢(y)X(dy). It is well known that super-
Brownian motion is the solution to the following martingale problem (see [13], I11.5): For
any ¢ € CZ(RY),

Xi(0) = Xo(o) + M) + | XG0 a.n

where M;(¢) is a continuous F;-martingale such that My(¢) = 0 and the quadratic
variation of M (¢) is

M (), = / X, (¢)ds.
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Renormalization of local times

The martingale problem uniquely determines the law Py, of super-Brownian motion X
on C([0,00), Mp(R%)).

Local times of superprocesses have been studied by many authors (cf. [15], [2], [1],
[10], [11]. In a recent work, [12] obtain the exact Hausdorff dimension of the boundary
of super-Brownian motion, defined as the boundary of the set of points where the local
time is positive. Now we recall that [15] has proved that for d < 3, there exists a random
function L? such that for any ¢ € Cy(R%),

/ X,(0)ds = [ o(x)Lidz.
0 R4

L? is called the local time of X at point = € R? and time ¢ > 0, which is jointly lower
semi-continuous and is monotone increasing in ¢t > 0. It also can be defined as

¢
Ly :==1lim | Xs(p2)ds,
e—0 Jj

where p?(y) = pe(y — x) is the transition density of d-dimensional Brownian motion. The
joint continuity of L{ is given in Theorem 3 of [15], which we now recall.

Theorem A. ([15]) Let d < 3 and Xy = p € MF(]Rd). Then there is a version of the
local time L7 which is jointly continuous on the set of continuity points of ug:(z), where
a(z) = [ ps(x)ds and pgi(x) = [ p(dy) [y pa(y — x)ds.

Remark 1.1. When d = 1, ug(x) is always jointly continuous (see Proposition 3.1 in
[15]), so the above theorem implies that there is a version of the local time L} that is
always jointly continuous, which is also a result of [9]. When d > 4, we have fot Xs(-)ds is
a.s. a singular measure, V¢ > 0 and so local times do not exist. See Exercise 111.5.1 of
[13] or [6] for more discussions.

It is also natural to consider the case under the canonical measure IN,,. Theorem
I1.7.3(a) in [13] gives the existence of a o-finite measure IN,, on C([0, 00), Mr(R%)), and
it is defined to be the weak limit of NPgZO (XN € ) as N — oo, where X" under P({ZO
is the approximating branching particle system starting from a single particle at x(
(see Ch.p. II.3 of [13]). In this way, IN,, describes the contribution of a cluster from
a single ancestor at xy and the super-Brownian motion is then obtained by a Poisson
superposition of such clusters. In fact, we have

Xy = /I/t E(dv),t > 0, has law Px,,

where Z is a Poisson point process with intensity Ny, = [IN,, (-)Xo(dzo) (see, e.g.,
Theorem I1.7.3(c) in [13]). The existence of the local time LY under IN,, then follows
from this decomposition and the existence under Fj, . Therefore the local time Ly may
be decomposed as

xT xr - d xT
Iy = [ i) =) £ 31w,
Perhaps surprisingly L¢ will be jointly continuous on {(¢,z) : t > 0,z € R%}, N, -a.e..

1.2 Main results

Theorem 1.2. Let d < 3. Then for all zyo € R, we have N, -a.e. that LY is jointly
continuous on {(t,r) : t > 0,z € R?}. Moreover, we have

limsup LY = 0,IN, -a.e..
£10 mp t zo
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Renormalization of local times

As is indicated in the remark after Theorem A, L7 is jointly continuous for all ¢ > 0
and z in d = 1. Now we focus on the case Xy = §p in d = 2 and d = 3. The continuity
of uq:(x) with u = § fails for z = 0 and ¢ > 0, while Theorem 1.2 tells us that the local
time is jointly continuous everywhere under the canonical measure IN;. We are then
interested in the asymptotic behavior of local time LY, under the law F;s,, as z — 0
in d = 2 and 3. By Lemma 1 in [15], we have for any X, € Mp(R?) and for any fixed
e>0,

L? — L” is jointly continuous on {(t,z):t> ¢,z € R?}, Py,-a.s.. (1.2)

This also follows by the Markov Property at time ¢ and the fact that © = X, will satisfy
the condition on Theorem A that uq;(z) is jointly continuous for all ¢ and x. On the other
hand we expect that when d = 2 or 3, the singularity in the initial condition leads to the
singularity of the local time, leading to our main results below.

Convention on Constants Constants whose value is unimportant and may change
from line to line are denoted C, while constants whose values will be referred to later
and appear initially in say, Theorem i.j are denoted c; ;.

Notations If M is a metric space equipped with a metric d, let (& )ier be a collection

of M-valued random vectors. We denote convergence in probability P by &; i &, as
t — tg if for any € > 0, we have

P(d(&,&,) >¢€) = 0as t —tg.

We denote weak convergence, or convergence in distribution, by &, i> &, ast — tg if for
any ¢ € Cp(M),
E¢(&) — E¢(&,) as t — to.

Theorem 1.3. Let c; 3 = 1/(2n) and ¢ (z) = (2¢3 ;1og(1/|z]))'/?, and X be a super-
Brownian motion in d = 3 with initial condition Xy = dyg. Then for each 0 < t < oo

Ly —

(X, A C1.3/|$|) 4, (X7Z) asx — 0,
¥(z)

where Z denotes a random variable with standard normal law which is independent of

X. The weak convergence occurs on the space (C([0,00), Mr(R?)) x R).

Theorem 1.4. Let ¢; 4 = 1/7 and X be a super-Brownian motion in d = 2 with initial
condition Xy = dy. Then with P;,-probability one,

. ra 1
ilg%)Lt —C14 logm = c1.4(Xi(g90) — Mi(g0)), VO <t < oo,

where go(y) = log|y| and M;(go) is an F;-martingale defined in terms of the martingale
measure associated with super-Brownian motion, and both terms on the right-hand side
are a.s. finite.

Remark 1.5. (a) The independence of Z and X is suggested by (1.2) and that (L¥ —
c1.3/|x]) /v (x) converges in distribution for all £ > 0. We also use the same idea to prove
the independence of X and Z in Section 3.2.

(b) The re-centering constants taking the forms of ¢; 3/|x| in d = 3 and ¢; 4 log(1/]z|)
in d = 2 are both suggested by setting ¢ to be these two potential functions in the
martingale problem (1.1). The scaling by ¥ (z) in Theorem 1.3 is necessary since the
variance of the local time blows up in d = 3, but not in d = 2. It will become clearer in
Theorem 1.8 below for the general initial condition case, where a scaling may or may
not be needed for the local time in d = 3.
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Compared to the a.s. convergence case in Theorem 1.4 when d = 2, we also establish
the following a.s. convergence result in d = 3.

Theorem 1.6. Let X be a super-Brownian motion in d = 3 with initial condition X = dg.
Then for any o > 0, with Ps,-probability one,

lim Lf B C1.3/"1:|

= t < .
lim VEG 0,VO<t< o

Remark 1.7. While Theorem 1.3 tells us that the re-centered local time has an Gaus-
sian type oscillation of order (log(1/|z|))'/? for z near 0 in d = 3, the above theorem
furthermore implies that with Pj -probability one, this oscillation will be killed by any
polynomial decay.

Let the extinction time ¢ of X be defined as ( = (x = inf{t > 0: X;(1) = 0}. Then we
have LY = L%. We know that ( < oo a.s. (see Chp II.5 in [13]), and so can use (1.2) to
see that lim,_,o(L%, — L7) is finite a.s. for all ¢ > 0. On the other hand, Theorem 1.4 and
Theorem 1.6 above imply that lim,_,o L} = oo, V0 < t < oo with Pj,-probability one in
d = 2 and d = 3, and so we can see that the singularity in the initial condition indeed
leads to the singularity of the local time after a positive time. [12] use the ¢t = oo case in
their work on the dimension of the boundary of super-Brownian motion. In the meantime,
it would be interesting to find functions 1, or v, so that with Pj,-probability one, for all
0<t< oo,

LY —c Lr — ;
lim sup — S 7 RN R ¥ e V4 i

=0 Y () ’ z—0 Yo () ’

and we state it as an open problem.

1.3 General initial conditions

Now that we have the above results for the case Xy = §p, we will then consider the
general initial condition case Xy = y € Mz (R?).
1.3.1 The case d=3

The following Tanaka formula is from Theorem 6.1 in [2]: If p(¢,;) < co with ¢, (y) =
Cl.3/|y -z, then

where M;(¢,) is an F;-martingale which is defined in terms of the martingale measure
associated with super-Brownian motion. In particular, we have My(¢,) = 0 and M (¢,,)
has quadratic variation

t
@)= [ XeleR)s. (1.4)
0
The condition p(¢,) < oo on (1.3) suggests that we define the set of “bad” points by
1
D ={zyc R?: / u(dy) = oo}. (1.5)
ly — ol

We show that D is a Lebesgue null set and in particular D¢ is dense in R? (see Lemma
7.4). Then we can consider the behavior of the local time as ¢ — z¢ for x € D¢ and
xo € D. One can show that (¢g,x¢) is a continuity point of ug;(x) for all ¢ty > 0 if and
only if z( is a continuity point of [ 1/|y — z|u(dy) (see Appendix B(ii)). So Theorem A
asserts joint continuity of L7 on {(¢,z) : t > 0, x is a continuity point of [ 1/|y—z|u(dy)}.
Therefore the following is a partial converse to Sugitani’s Theorem A in d = 3:
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Theorem 1.8. Let X be a super-Brownian motion in d = 3 with initial condition Xy =
u € Mp(R?) and D be defined as (1.5). Then for any point xo € D, with P,-probability
one we have for anyt > 0,  — L7 is discontinuous at xy,. Moreover, we have

lim Ly = oo in probability.

rzeDe,x—xo

Now that the discontinuity of L7 is established for points in D, we extend Theorem
1.3 to such points in part (a) of the following theorem and show that different asymptotic
behavior is possible in part (b).

Theorem 1.9. Let X be a super-Brownian motion in d = 3 with initial condition X, =
pw € Mp(R?). Let zo € D,

(a) If x,, € D¢ satisfies

/log+(1/|y — Zp|)u(dy) — o0 as x, — xo,

then for all0 < t < oo,

Lim — [ ers/ly — walp(dy)
(2¢2 5 [ p(dy) log™ (1/]y — @n))'/?

where Z is a r.v. with standard normal law in R.

4 7 as x, — o, (1.6)

(b) If x,, € D¢ satisfies

/ log™ (1/ly — anl)uldy) — / log* (1/ly — zol)u(dy) < o0 as , — o,

then for all 0 < t < oo,
T C1.3 P,
Lt _/ |y — |,u(dy) ? Mt(¢$o) - Xt(¢$o) as rn — Zo, (17)

where the right hand side is P,-a.s. finite.

Remark 1.10. By using the same arguments in Section 3.2, we can get the joint conver-
gence in distribution of X and the renormalized local time in Theorem 1.9(a) towards
(X, Z), with Z independent of X, exactly as in Theorem 1.3.

1.3.2 The case d=2

Theorem 1.11. Let X be a super-Brownian motion in d = 2 with initial condition
Xo =y € Mp(R?). Then there is a jointly continuous version of

1 1
L* — [ =log™ d
¢ /7r og |y7x|u( y)

on{(t,z):t>0,x € R?}.

For any t > 0, (¢:(y) — (1/7)log™ (1/]y])) can be extended to be a bounded continuous
function on R? by (C.2) in Appendix C. This shows that the above theorem includes
Sugitani’s Theorem A for ¢ > 0, and it also gives a partial converse to Sugitani’s Theorem
Ain d = 2. The more interesting case is where the potential kernel blows up and Theorem
1.11 gives a true renormalization of the local time. It is easy to combine the continuity
implicit in Theorem 1.11 with that of Theorem A to conclude the following Corollary:

Corollary 1.12. There is a jointly continuous version of the above renormalized local
time on {(t,z) : t > 0,2 € R®}|J{(0, ) : « is a continuity point of [log™ (1/|y —z|)u(dy)}.
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1.4 Application to semilinear PDE

Consider the super-Brownian motion with initial condition y € Mg in d = 3. It has
been shown (see Theorem 3.3 of [8] and Lemma 2.1 of [12]) that for each A > 0,

Eu(exp (—/\Lio)) = exp ( - /VA(y - x),u(dy)), (1.8)
where V*(r) is the unique solution to
%v*(z) = %(VA(Q:))2 — X, VMNz)>o0. (1.9)

Note that the above equation is interpreted in a distributional sense.

Such semilinear singular PDEs have been studied by a number of authors in the 80’s:
[16], [5], [4]. It is known (see p. 187 in [4]) that the unique solution V* is smooth in
R3\{0}, and near the origin

V()
————— —lasx — 0. (1.10)
A/ (2m|z])
It’s also shown in Remark 1(b) of [4] that
11
Mr) = d——| < 1 1) f .
V(@) = Azl < Clllog ] +1) for o #0

Our aim is to find the exact second order term as x — 0. Let i = §p in (1.8) to see that
Ejs, (exp(—AL%,)) = exp(—V*(x)). A good intuition from Theorem 1.3 that

LE —c1.3/|x| d
o0 A 1.11
(@22 4 log(1/[2)))12 (10

implies
LI — c1.3/|%] =iaw (2033 log(1/|x\))1/22 as z ~ 0,

and hence we expect that when = goes to 0,
e~ (V@) =Acrs/lz]) — Eéoef/\(b;fm.s/\rl) ~o Be—M2ci 5log(1/12)/2Z _ 32%2¢F 5log(1/z])

In Section 8 we will show that this intuition is correct and prove the following:
Theorem 1.13. Let V*(z) be the solution of the semilinear elliptic equation (1.9). Then

VA(x) = A/ (2na])
A?log(1/|z[)/(4m2)

— —1, asz — 0 in R>.

Organization of the paper Section 2 gives the main ideas of the proofs of the main
results, Theorem 1.2, 1.3 and 1.4. In fact we give a complete proof of Theorem 1.2 and
present conditional proofs of Theorem 1.3 and 1.4 assuming some intermediate results.
The proof of Theorem 1.3 and 1.4 will then be finished in Sections 3 and 4. The cumulants
of super-Brownian motion discussed in Section 4 may be of independent interests. Here
we establish moment estimates following the strategy of Sugitani. Section 5 contains the
proof of Theorem 1.6. Sections 6 and 7 are devoted to the cases under general initial
conditions and finally Section 8 is the application to PDE.
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2 Proof of the main results
2.1 Continuity under canonical measure (Theorem 1.2)

Proof of Theorem 1.2. Fix £,6 > 0. Conditioning on FX and on X. # 0, by Markov

g
property and Theorem II 7.3(c) of [13], our canonical cluster decomposition according to

ancestors at time ¢ implies
Xpro = /yt == (dv), ¥t >0, 2.1)

where E° is Poisson point process with intensity Nx_. Let ( = {(x = inf{t > 0: X;(1) = 0}
denote the extinction time of X. Then for any ¢ > 0,

Ns
L= LE= [ L) =) 2 [ LH0) Lo S@) L3 LHX). @2
=1

where Nj; is a Poisson random variable of parameter INx_(¢ > ) = 2X.(1)/0, given Nj,
(z; : i < Nj) are i.i.d. with law X./X.(1), and given N; and (z;) the X' are i.i.d. with law
IN,, (X € -|¢ > §). Recall (1.2) that for any X, € Mr(R¢) and any fixed £ > 0, we have

L? — L7 is jointly continuous on {(t,z):t> ¢,z € R}, Px,-as..

Together with the compactness of the support of local times (see Corollary II1.1.7 of
[13]), we have
liﬂf)lsup L{,,— LI =0, Ps,-as.. (2.3)

tl0 o
Since we have N5 = 1 with positive probability, we conclude from (2.2) and (2.3) that for
X -almost all z,

lfiﬁ)lsup LY =0, N, (-|¢ > d)-a.e..

Since N, (¢ > ) < oo, the above holds IN,, (-, { > d)-a.e.. Let 6 | 0 to conclude that

1 1 lSl][)Lx == 0 ]N -a.e.. 2.4
\L o t ) xo ( )

Lo = Ly = [ (LE0) - L0) 5@
d Al
— [0 - o) s T LY (LEX) - LX) @)
i=1
The last equality is the same with the one in (2.2). By (1.2) we have
Lf,. — L. is jointly continuous on {(t,z) : t > §,x € R?}, Px,-a.s..
Since we have Ny = 1 with positive probability, we conclude from (2.5) that

L? — L% is jointly continuous on {(t,z) : t > §,z € R}, IN,, (:|¢ > d)-a.e..

Since IN,, (¢ > §) < oo, the above holds IN,, (-, > 6)-a.e. and furthermore use L7 — L5 =0
for the case ¢ < § to conclude

L¥ — L% is jointly continuous on {(t,z) : t > §,z € R?}, N, -a.e.. (2.6)
Now we are ready to finish the proof. By (2.4), we can choose w outside a null set

N; such that sup, LY — 0 as t | 0. By (2.6), we can choose w outside a null set N(6)
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such that L¢ — L% is jointly continuous on {(¢,z) : t > 6,2 € R?}. Now take § = 1/n and
N = U521 No(1/n) U Ny to see that for w € N¢, if we fix any € > 0, then for any ¢ > 0, we
can find some n > 1 such that sup,, Lgf/n < eand 1/n < t. Note we have

Then use the joint continuity of Ly — L7, on {(t,z) : t > 1/n,x € R9} to see that there is
some v = 7(e) > 0 such that |(Lf — Lf,) — (L — L)) < if |(¢/,a') — (t,2)| < 7, and
so conclude

LY — LY | < 3¢, if |(t',2") — (t,2)] <.
Hence (¢, ) — L¥ is jointly continuous on {(t,z) : t > 0,7 € R}, N, -a.e.. The t = 0 case
follows immediately from (2.4). O

2.2 Weak renormalization of the local times in d=3 (Theorem 1.3)

Recall the Tanaka formula (1.3) for the case y = §p. Then for x # 0 we have

Ly —c13/|| _ My(¢2) _ Xi(¢2) 2.7)

(2¢t 3log(1/[2]))*/2  (2cf glog(1/[z]))!/?  (2¢] glog(1/[x]))'/>

For the second term on the right-hand side of (2.7), recall a result of concentration of
mass from Theorem III.3.4 in [13].

Lemma 2.1. Let d = 2 or 3. Then there is some constant cs 1(d) > 0 such that for all
Xo € Mp(R%), Px,-a.s. we have

V6 >0, 3rg(d,w) >0sothat sup Xy (B(y,r)) < ca1(d)(r) Vr € (0,1),
yeRI t>§
where ¢ (r) = r2(log™ (1/r))*~4.
For the case d = 3 with X, =y, we use Lemma 2.1 to see that with P;s -probability
one, there exist some ry(t,w) € (0,1] and some constant C' > 0 such that

1 > gn+1 r r
/ L X<y / (o2 < Jy— o] < 22) X, (dy)
ly—z|<ro —0 2 2

ly — 2| To
oo oo
ontl 70 on+l 70 2m
< sup X;(B(z, —)) < ce01(3)(=)2logT (=) < C.
2 T s Xe(Ble ) € 30 S () low ()
and hence
1 1 1 1
X, (dy) < —X,(1) + —X,(dy) < —X, () +C.  (2.8)
|y—x\ To ly—z|<ro |y_$| To
Therefore
Xt(¢z) a.s.
0, — 0. 2.9
2%, og(1/]a]) /2 we @9
Lemma 2.2. Forany 0 <t < oo,
My (¢,
5 H(9:) 4 Zasx — 0,
(27 3 log(1/|x]))!/2
where 7 is standard normal on the line.
With the above lemma, we are ready to turn to the
EJP 23 (2018), paper 109. http://www.imstat.org/ejp/
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Proof of Theorem 1.3. For 0 <t < oo, by (2.7), (2.9) and the above lemma, we may apply
Theorem 25.4 in [3] to get
LY —c13/|]
(2¢7 5 log(1/]x]))1/2
For t = oo, recall the extinction time ¢ = {x = inf{¢t > 0: X;(1) = 0} of X, we have

L3, =Lfand 0 < ( <ocoas. Fixe>0.If( <e¢, then LT, — L7 =0 forall z. If { > ¢,
then it follows that

4 Zasx —0. (2.10)

lim L7 — LT = L — LY < oo, Ps -as.
by (1.2) with £ = (. So we conclude that
. Li— L
lim
w0 (2¢] 5 log(1/2]))1/?
Now using (2.10) with ¢ = € and (2.11), we apply Theorem 25.4 in [3] to get

L2 — i/l Le - L¢ Li—as/lel
e = < — Zasz — 0.
(22 5 Log(1/1a))) /2 (262 5 log(L/[a])) 2 | (262 5 log(1/[a]))'"? ’
The proof of the joint convergence in distribution of X and the renormalized local time
above towards (X, Z), with Z independent of X, will be given in Section 3.2. O

=0, Ps,-a.s.. (2.11)

In order to prove Lemma 2.2, we observe that [M(¢.)]:/(2¢3 5log(1/|z])) is the
quadratic variation of martingale M;(¢,)/(2¢}4log(1/|z|))*/?. By using the Dubins-
Schwarz theorem (see [14], Theorem V1.6 and V1.7), with an enlargement of the under-
lying probability space, we can construct some Brownian motion B*(¢) in R depending

on z such that
M (o) _ m( (M (¢2)]1 )
(2¢1 5 log(1/]z))!/? 2¢f 5log(1/]z])
In Section 3.1 we will prove that

(2.12)

MG as,

- 2.13
2, log(1/la]) " (213)

and show that

Mt((b:r) [M(¢z)]t d
=B ———"F— Z.
(2¢7 5 log(1/]x[))1/2 (2633 log(l/\xl)) -
In order to prove (2.13), we recall from (1.4) that

t 2
C
My, :/ ds/il'?’ X (dy),
[ ( )]t 0 |y — -T|2 ( )
and the key observation is that in d = 3,

Aylogly — x| =

=l for y # x. (2.14)

Notation Throughout the paper, we define

9:(y) = logly —z| for y € R"\{z}.
Then the martingale problem (1.1) suggests the following:
Proposition 2.3. Let d = 3 and x # 0 in R3. Then we have P;s,-a.s. that
I 1
5 72Xs(dy)d8 = Xt(92) — d0(92) — Mi(gz), Vt >0,
2 Jo ly — |
where X;(g,.) is continuous in t and M,(g,) is a continuous L? martingale.

The proof of Proposition 2.3 is involved and hence is deferred to Section 3.3.
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2.3 Strong renormalization of the local times in d=2 (Theorem 1.4)

We notice that in d = 2, Ag, = 27J, holds in a distributional sense. Then again the
martingale problem (1.1) will suggest that

X1(92) = 00(92) + Mi(gs) + L7 . (2.15)

We will show that this intuition is correct and the proof indeed is very similar to that of
Proposition 2.3. In Section 3.3, the proofs of Proposition 2.3 and the following one will
be given.

Proposition 2.4 (Tanaka formula for d=2). Letd = 2 and = # 0 in R2. Then we have

Ps,-a.s. that

z_ 1

11
Ly~ —log— = [Xt(gx) - Mt(gz)], vt > 0, (2.16)

w7 |l
where X;(g,.) is continuous in t and M,(g.) is a continuous L? martingale.

Remark 2.5. [2] gives the following Tanaka formula for general initial condition Xy = p
ind=2:1If [ u(dy)log*(1/|y — z|) < oo, then

t
Xt(9o,z) = 1(ga,z) + Mi(ga,z) + oz/ Xs(ga,z)ds — LY, YVt >0, P,-as., 2.17)
0

where

Gax(Y) = / e~ “p(x —y)dt, for a > 0,z,y € R?. (2.18)
0

We can see that g, . is not well defined for o = 0 in the case d = 2 and our result
effectively extends this Tanaka formula to the a = 0 case. This extended Tanaka
formula (2.16) can be generalized to any compactly supported y € My (R?) such that

J u(dy)log™ (1/|y — x) < oo:
. 1
Lt = ; [Xt(gac) - Mt(gw) - /J'(gx)} 7Vt > 0; Pu'a-s-'
The proof is similar to those of Proposition 2.3, Proposition 2.4 and Proposition 7.1. The
idea is to find the appropriate dominating function by using the compact support of u to

control the log™* (|y — z|) part and by using Lemma 7.3 to control the log™ (1/|y — x|) part.
We will not give the proof in this paper.

With Proposition 2.4 in hand, Theorem 1.4 would follow if we could establish the
continuity of X;(g.) and M;(g,) in « for any fixed ¢t > 0. Now we consider the two cases
d =2 and d = 3 with Xy = .

Lemma 2.6. For any u,v € R\ {0},
[ 10g Jul — log [v]| < fu — of"/*(jul /2 + o] 71/2).

Proof. Let 0 < r; < ry. Then by Cauchy-Schwartz,

"2 T2 1/2 B
logre —logry = / e < {/ x*d;;;} (ry — r1)1/2 < 1/2(r2 . r1)1/2.

1 1
The proof follows by replacing 71,2 with |u, [v] and a triangle inequality. 0

Lemma 2.7. Let d = 2 or 3. Then for any t > 0, with Ps, probability one, © — X;(g,) is
continuous for all x € R®.
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Proof. Fix any z,2’ € RY. Similar to the derivation of (2.8), we use Lemma 2.1 to see
that with Pj, -probability one, there is some (4, w) € (0, 1] and some constant C(d) > 0
such that for all = € R,

1 1
[ xitaw) o < N+ C

Then use Lemma 2.6 to get

1 1
/11/2
| Xt(92) — Xe(g2r)| < [z — 2| / / (|y — x|1/2 * ly — x’|1/2)Xt(dy)
1
BN V0
<2z —=z ((r0)1/2Xt(1)+C).
Note that X;(1) < oo a.s.. Let |z — 2’| — 0 to conclude | X;(g.) — X+(g./)| — 0 a.s.. O

Lemma 2.8. Let d = 2 or 3. Then for any t > 0, under F;, there exists a version of
M,(g.) that is continuous in z € R.

For each n > 1, by Burkholder-Davis-Gundy Inequality, there exists some C,, > 0 such
that

4n

B [|0000) — 000 ] < Cue ([ s [ Xl 0.0) - 00?)] @19

for any z,2’ € R?. By Lemma 2.6, we have

1 1

ly —z| |y — 2|

(9:(y) = g ())? < 2]z — 2/|( ). (2.20)

Then
E5o [|Mt(91) - Mt(gw’)

ngo[(/Otds/Xs(dy)yix')Qn+ (/Otds/Xs(dy)ky_llJ')Qn]. (2.21)

By using moment estimates from [15], we have the following lemma:

Lemma 2.9. Letd =2 or 3 and X, = u € Mp(RY). Fix any t > 0. Then for eachn > 1,
there exists some C' = C(t,n,d, (1)) > 0 such that for all z € R?

EH{(/Otds/Xs(dy) 1 )2”]g0<oo.

ly — |

4":| < C’n(Z\x _ J;/|)27122n

The proof of Lemma 2.9 will be given in Section 4. With Lemma 2.9 in hand, we can
proceed to the

Proof of Lemma 2.8. By using Lemma 2.9 and (2.21), we have

Es, “Mt(gac) — My(ga.r)

4”} < Cn 2]z — )22 C = C(t,n, d)|z — 2.

By taking n large enough we may apply Kolmogorov’s continuity criterion to obtain a
continuous version of M;(g,) in x. O

Before proceeding to the proof of Theorem 1.4, we state the following lemma:

Lemma 2.10. Let h,(t) be a non-decreasing function on {¢t > 0} for each © # 0. If
lim, 0 hs(q) = ho(q) for all rational ¢ > 0, where hy(t) is continuous on {t > 0}, then
lim,_,0 h,(t) = ho(t) holds for all t > 0.
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Proof. This follows by the elementary density argument in Helly’s selection theorem. O
Now we are ready to turn to the

Proof of Theorem 1.4. Proposition 2.4, Lemma 2.7 and Lemma 2.8 imply that for any
t > 0, we have Ps,-a.s. that L7 — (1/7)log(1/|z|) — M(g0) — Xt(g0) as z — 0. Let ¢,, be
all the rationals in {¢ > 0} and then choose w outside a null set N such that for all n, we
have L] — (1/m)log(1/|x]) — Mg, (g0) — Xq,(g90) @as 2 — 0. One can check that for any
T>0,asel0,

L2
sup |[M;(P-go) — M¢(go)|] — 0, and sup |X;(P.go) — X¢(go)| — 0.
t<T 0<t<T

The proof will be given in (ii) and (iii) of Section 3.3.1. Therefore M;(go) and X;(go)
are continuous on {t > 0}. Note that for each x # 0, ¢t — LY — (1/7)log(1/|z|) is a
non-decreasing function on {t > 0}. So use Lemma 2.10 to conclude that for all ¢ > 0,
we have LY — (1/m)log(1/|x|) — M¢(g0) — X+(go) as x — 0. The t = oo case follows since
the extinction time ¢ < oo, Ps,-a.s.. O

3 Remaining proof of renormalization in d=3 (Theorem 1.3)

3.1 Convergence in distribution

In Section 2.2 we have reduced the proof of the convergence in distribution of the
renormalized local time in Theorem 1.3 to the proof of Lemma 2.2. Now we will finish
the

Proof of Lemma 2.2. Proposition 2.3 and (1.4) imply

(M (@) = 263 5 (Xe(g2) — Solg2) — Mi(g2))-

Note that do(g,;) = —log(1/|z|). Then

[Mwmraﬁg%umw:2%4&@“‘M“m)i:o%xﬁa

2¢f 5 log(1/|]) 2¢f 5 log(1/|])
The a.s. convergence follows from Lemma 2.7 and Lemma 2.8. Hence we have shown
that
7o (t) = (Ma)l:  as, 1, as z — 0. (3.1)

261 3log(1/|x])
Recall from (2.12) that we can find some Brownian motion B*(t) such that

Mids) _per M@l Yy _ po
2 S log(1/le)) 2~ <2c§_3log(1/|x|)) =Br.-

Let h be a bounded and uniformly continuous function on R. Let € > 0 and choose § > 0
such that |h(z) — h(y)| < € holds for any x,y € R with |z — y| < §. Then

Eso|h(BZ, (1)) = M(BY)| < € + 2||hloo - P, (IBE, (1) — BY| > 0).

If v > 0, then
Pso(I1BF, 1y = Bi| > 6) <Fs,(IBf, (1) — BY| > 0, |7(t) — 1] <) + P, (|72 (t) — 1] > 7)

SP&)(‘ sup |BS — Bi| > 6) + P, (I (t) = 1| > )
s—1]<vy

:P(l sulp |Bs — B1| > 0) + Ps,(|72(t) — 1| > )
s—1|<vy

< &+ Psy(|7:(t) — 1| > =), if we pick v small enough.
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Since 7,(t) converges a.s. to 1 by (3.1), for |z| small enough, we have Ps (|7,(¢) — 1| >
v) < € and hence
Eso[M(B, (1)) = MBY)| < & + 2| oo 2¢.

Tx (t)

Therefore
(2¢3 5 log(1/]x[))1/2 e ()

and the proof is complete. O

d
— Z as xz — 0,

3.2 Independence of X and Z

Throughout this section we write E for Ej5, for simplicity (suppressing the dependence
on initial condition dp). Fix 0 < t < oo and a sequence z, — 0. Let Z/» = (L{" —
c1.3/|wnl)/(2¢3 3log1/|z,])Y/2. By tightness of each component in (X, Z{"), we clearly
have tightness of (X, Z;") as =, — 0, so it suffices to show all weak limit points coincide.
By taking a subsequence we may assume that (X, Z;") converges weakly to (X, Z). Let
(X, Z) be defined on (Q, ;, P) where X is super-Brownian motion and Z is standard
normal under P. Forany 0 < t; < ty < -+ < t;,, let o9 : R — R and v¢; : Mp — R,
1 <7 < m be bounded continuous. We have

nlLrI;OE[¢1(Xt1)~~~wm(Xtm)¢o(ZtI")] = E{wl(th)"’¢m<Xtm,)¢0(Z)]

since we assume that (X, Z;") converges weakly to (X, Z).
Pick € > 0 such that € < t; and € < t. Let n — oo, by (1.2) we get

an _ LG
an _ Zx" _ t 5
' © (2 3log(1/]znl))t/?

and hence (0, Zy" — Z*~) — (0,0) a.s.. By Theorem 25.4 in [3]

— 0 a.s., (3.2)

Tn\ __ Tn T T d
(szs )*(szt )*(Ovzt *Zs )_>(XaZ)'

Therefore since Z» € FX,

I = E[zpl(xh)---qpm(xtm)-¢O(Z)}:nlgroloE[wl(th)~-~wm(Xtm)~¢o(Z§")
= nan;OE[E(Lbl(th) (X, fEX) : ¢o(Z§")}

= lim E[EXE (wl (Xt —e) - wm(Xtm_a)) : ¢0(Zf")]-

n— oo

Define
Fv) = B, (41(Xu-0) -+ ¥ (X, -2)

for v € M. We claim F; € C,(Mp). For m = 1 we have
F.(v) = B, (1(X, ).

By Theorem I1.5.1 in [13], if Ty (v) = E,9¢(X}), then T; : Cyp(Mp) — Cp(Mp) so F, =
T;, 1 € Cyp(Mp) since 91 € Cyp(Mp). For m = 2,

Fv) = By [n(Xe,—) By ($2(Xa- )| FX_. )| = Bu [0 (Xer—e) Praty 02 (X1, -0)|.

It is then reduced to the case m = 1 with Jl = 11 P, _4,79. The general case follows by a
simple induction in m.
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Therefore by the weak convergence of (X, Z?) to (X, Z), we have

I=1im B[F.(X.) - 60(22")] = E[F.(X.) - 60(2)].

n—roo

Blumenthal 0-1 law implies that F3, := ()., F. is trivial and so the martingale conver-
gence theorem gives us that ase — 0,

Fo(X0) = B(n(X2) -+ (X, )| FX) £ B(r(X0) - (Xs,,)).
Therefore
E[p1(Xe) - dm(X0,) - 60(2)| = 1 = lim E[F.(X.) - 60(2)]
=B[B(v1(X0) - ¥m(Xe,))) - 60(2)| = E(¥1(Xe,) - ¥m(Xs,.)) - Edo(2).

The above functionals are a determining class on C([0,00), M) x R and so we get
weak convergence of (X, Z7) to (X, Z) where the latter are independent.

3.3 Proofs of Proposition 2.3 and Proposition 2.4
We first consider d = 2 or d = 3. The standard mollifier n € C*>°(RY) is defined by

1

n(x) := C(d) exp (Wifl

)1|x\<1a (33)

the constant C(d) selected such that f]Rd ndx = 1. For any N > 1, if x is the convolution
of n and the indicator function of the ball B(0, N), then

xn(z) = / Lijo—y|<nyn(y)dy = / Loyl <nyn(y)dy. (3.4)
R4 lyl<1
One can check that xy is a C*° function with support in B(0, N + 1), and
xn (@) :/ Hja—yl<nyn(y)dy :/ n(y)dy = 1for |z <N —1.
lyl<1 lyl<1

Let z # 0. Recall that g,(y) = log|ly — z|. Let (P;) be the Markov semigroup of
d-dimensional Brownian motion, then for any ¢ > 0, P.g, is a C*° function and in
particular P.g, - xy € CZ(R%), so the martingale problem (1.1) implies that Ps, -a.s. we
have

t A
Xt(Pege - XN) = 60(Pege - XN) + Mi(Pegs - XN) +/ XS(?(PEQI -xn))ds, ¥t >0, (3.5)
0

where M;(P.g. - xn) is a martingale with quadratic variation

[M(P:gs - xN))t = /Ot X, ((ngx . XN)Z)ds.

One can check that P.g, - xn 1 P-9. as N 1 oco. Then use monotone convergence
theorem to see that d¢(P-.¢. - xn) — 0o(P-g.). By the compactness of the support of
super-Brownian motion (see Corollary III.1.7 of [13]), we have with Pj -probability one,
for N(w) large enough, [;° X,(B(0, N)¢)ds = 0 and so obtain

sup Xt(Psgr . XN) - Xt(Psgz) —0as N — o0,
t<T
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and

sup‘/X P.g, - des—/X 6gw)ds‘—>0asN—>oo
t<T

On the other hand, we can use Dominated Convergence Theorem to get
2
E; [(Sup |M,(P-gs - Xn) — Mt(Png)|) } —0as N — oco.
Take appropriate subsequence N, — oo to conclude with Ps,-probability one,
t A
Xt(PEgas) = 50(Pag$) + Mt(Pagx) +/ Xs(apagx)dsv vt > 0, (3.6)
0
where M;(P.g,) is a martingale with quadratic variation
t
[M(P-g,)]: = / Xs ((P5g2)2)d8.
0
Now we want to let € | 0 in (3.6) to establish a.s. convergence.

3.3.1 Prelimineries

Lemma 3.1. Letd > 1, for any 0 < « < d, there exists a constant C = C(«, d) > 0 such
that for any x # 0 in R? and t > 0,

1 1
/ pe(Y)——mdy < O
R ly — = |z
Proof. Let § = |z|/2. Then

1 1 1
p (y ——dy < — +/ p y)idy
/IRd ' )|y7x‘a o ly—z|<§ t( |y7x|a

1 1 s
< — 4 (5=)%% _*/ — C(d)yr?tar.

7t ro
Note that L ) , 1
/2= % < d/2,-5 _ -

()% < supl) s = Cll) .

Therefore
1 1 1 CWd) 4 1
—d . 0 =Ca,d)——. O
[ p) =y < 55+ Clarg - 2 () o

Lemma 3.2. Letd > 1. Then

//| pg dyds<df\f Vz € RY.
v —

Proof. Let B be a d-dimensional Brownian motion starting at 0 and p; = |z + B| be a
d-dimensional Bessel process starting at |z|. Then for a standard Brownian motion 3, we
have the sde

= | + Bo + ((d 1)/2)/0 1 pds.

Take means in the above and use E(|z + B;| — |z|) < E(|B|) < V/dv/t. The result follows
since E(1/ps) = E(1/|Bs — z|). O
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Now we proceed to the convergence of each term in (3.6), except for the last, as ¢ | 0.
Note that we are in the case d = 2 or d = 3. All the constants showing below in (i)-(iii)
depend only on d.

(i) Let B be a d-dimensional Brownian motion starting at 0. Let € | 0 to see that

_[1/2 _[1/2
IBI] [IB\ }

‘50(135995)—50(91) |2[1/2 |B. — x|1/2

gE(‘log\Bs—ﬂ—log\xw) §E[

<|w|~!/? (ElBEI)l/2 + <E|BE\)1/2 . ((jm—l)l/2 < Cla| 2611 5 0.

The second inequality is by Lemma 2.6 and the third inequality is by Lemma 3.1.

(ii) We know from the proof of (i) that for y — x # 0,
/pe(z)‘ log|z — (y — x)| —log |y — x|‘dz < Cly — x| 71214, (3.7)

By Doob’s inequality, for any 7' > 0 we have

T

[ (sup 1Vu(P00) = 1) | <48 [ [ X (P - 002

T
1
§C251/2 . / /ps(y)mdyds < COTY 212 0,
0 _

the second inequality by (3.7) and that Es, X:(dy) = p:(y)dy by Lemma 2.2 of [9]
and the last inequality by Lemma 3.2. Take a subsequence ¢,, | 0 to obtain

51<1p |My(P:, g:) — Mi(g9:)| — 0, Ps,-a.s..
t<T

(iii) By (3.7), for any T' > 0 we have

sup | X¢(P-gz) — Xt(g2)| < Cel/4 sup/ ly — x|_1/2Xt(dy). (3.8)
t<T t<T

By Corollary III.1.5 in [13], with Ps,-probability one, there is some §'(w) € (0,1]
such that for all 0 < ¢ < ¢, the closed support of X; is within the region {y : |y| <
3(tlog(1/t))'/?}. Then pick § < ¢’ small enough such that 3(5log(1/6))*/? < |z|/2
and hence
sup/ ly — a:|_1/2Xt(dy) < 21/2\x|_1/2 sup X;(1). (3.9)
t<6 t<s
On the other hand, similar to the derivation of (2.8), we use Lemma 2.1 to see that
with Pj, -probability one, there is some 7¢(d,w) € (0,1] and some constant C(d) > 0
such that

sup / ly — | Y2 X, (dy) < ral/Q sup X(1)+C. (3.10)
5<t<T §<t<T

Therefore by (3.9) and (3.10), with P -probability one we have

sup/ ly — 272X, (dy) < 2V2|2| V2 sup X, (1) + 1 P sup X (1) + C,
t<T t<s 5<t<T

and use (3.8) to conclude as ¢ | 0,

sup Xt(Pegz) - Xt(gz) - 07 P50'a‘s“
t<T
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3.3.2 Proof of Proposition 2.3

Now we are in the case d = 3. The tricky part about the last term fg Xs(%Psgz)ds in
(3.6) is that we are taking the Laplacian of convolution. By using the following lemma,
we can interchange the Laplacian with the convolution.

Lemma 3.3. In R?, for any ¢ > 0 and y # =, we have

1
AyP-g.(y) = /Ps(y - Z)mdz~
Proof. See Appendix A for the proof. O

Now we will turn to the

Proof of Proposition 2.3. For any T' > 0 we have

Es (su ’/X P.g, // S(d ds‘
50 Kg 9a) 2l (dy) )
g
- AyPoga(y) — ——| X,(dy)d
<3 E A/’ e ( |y_x|2‘ s(dy) 8)
1

5 - d s dd

//‘/p |Z_m|2 ‘_x|2’p(y)ys

We use Lemma 3.3 for the equality above.
Claim 3.4.

1
‘/ps(y—z)| dz — ’—>0asa—>0fory7éx (3.11)

s —ap \y—xP

Proof. Forw =y —x #0,

1 1 1
-t <o e
’/p xP Tly-aRl = (Mﬁ—wP [u]?
—w|+ |w] | B | | B|
=5(|1Be—w w! ) <&( )+ E( )
e el =l g —upier ) = P\ —wpiul) B = wl up
For the first term above, we use Holder’s inequality with 1/p =1/5 and 1/q = 4/5 to get

B8 (= gar) < (F0B) " (Bl —)

< i( (\Be|5))1/5(0|w\_5/2)4/5 —0ase— 0.

~ Jwl

The last inequality is by Lemma 3.1. Similarly the second term converges to 0. O

By Lemma 3.1, for all € > 0 we have

1 1
E - d < C ]. 5
| [0 u—xvz y—op =TV

which is integrable w.r.t fOT dsps(y)dy by Lemma 3.1. Then use Dominated Convergence
Theorem and (3.11) to conclude as ¢ | 0,

1
/ ds/ ps(y dy‘/pg Sdz — 51— 0,
R3 *$| ly —
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and hence
1

opl [ Gram [ [ nians) S0

Take a subsequence ¢,, | 0 to obtain

t A
su X - s(dy)ds ) — 0, Ps,-a.s..
tgg (/0 (3 2 Fe.92) / / ly — (d) ) %

The proof of Proposition 2.3 follows by (3.6) in d = 3 and the a.s. convergence (i)—(iii)
already established in Section 3.3.1 if we take appropriate subsequence ¢, | 0. O

3.3.3 Proof of Proposition 2.4

Now we are in the case d = 2. For the last term fg X (%Pegl.)ds, compared to the d = 3
case in Lemma 3.3, we have the following result from Theorem 1 in Chp. 2.2 of [7].
Lemma 3.5. In R?, for any fixed € > 0, we have

A

5 Feg:(y) = mp2(y).

Proof of Proposition 2.4. By taking a subsequence €n goes to 0, we know from Theorem
6.1 in [1] that for any 7' > 0, sup,<r | fo s(pf )ds — Lf| — 0, Ps,-a.s.. The proof of
Proposition 2.4 follows by (3.6) in d = 2 and the a.s. convergence (i)-(iii) already
established in Section 3.3.1 if we take appropriate subsequences ¢, | 0. O

4 Cumulants of super-Brownian motion

In Section 2.3 we have reduced the proof of Theorem 1.4 to the proof of Lemma 2.9,
which will be given at the end of this section. Note that we are in the case d = 2 or
3 with initial condition Xy, = u. We know from (3.30) and (3.31) in [15] that for ¢ > 0
continuous with compact support,

o0

By [exn (0 X.()ds— 0 / uP.)is)] = e (2 (o)) @)

n=2

where v, (t),n > 2 are given by

{vl(t7 ):ft s¢( )
(7 ) Zk 1 OPt s(vk( )Unfk(s))(z)ds.

For v,,n > 1 we have the following estimates.

(4.2)

Lemma 4.1. Let d = 2 or 3. For any nonnegative measurable function ¢, let v,, be
defined as in (4.2). If there exist some constants r,«, 5 > 0 such that for all t > 0 and
z € RY, we have |v(t,2)| < r((t +a)'/? + B). Then there exist some positive constants c,,
such that

[un(t, 2)| < cnr™(t + )" V/2((¢ 4+ )2 4 g)2n 1 (4.3)

holds for everyt >0,z R andn > 1.

Proof. The case n = 1 follows by letting ¢; = 1, so it suffices to show (4.3) in the case
n > 2. Assuming it holds for every 1 < k < n — 1, then

n—1

lon(t,2)| < chcn kT / /pt sz — )(S+Oé)(n 2)/2((S+a)1/2+6)2" 2dyds

k=1
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n—1

= chcn e (t+ ) 2)/2/ (s +)"/> + B)*ds
0

< chcn,kr”(t—i— a)(n—l)/Q((t+a)1/2 _’_B)Qn—l.
k=1
Let ¢, = ZZ;II crCn—k to get (4.3). O

If o(y) = fu(y) :=1/]y is not continuous everywhere and not compactly
supported. However, (4.1) holds for fo s(fo)ds — fo (Psf.)ds in a weak sense. If X is
a random variable, following [15] we say that

B[ exp (0X)| = exp (i anf") (4.4)

holds formally if £|X|" < co and

EX™ = ;{TT; (exp (i ak9k>>

k=1

6=0

for every n > 1. Note that if (4.4) actually holds, then it holds formally. We will then
prove the following lemma:

Lemma 4.2. Letd = 2 or 3. For allz € RY, let f,(y) = 1/|y — z|. Then for allt > 0, we
have the following holds formally:

E, [exp (9 /Ot Xs(fz)ds — H/Ot ,u(PSf,;)ds)} = exp (2 i(g)”u(vﬁ(t))), (4.5)

n=2
vi(t, z) = ; ds [ ps(z— y)mdy,

n—1 t
o) =3 [ s [ oeste =it s (4.6)

where

and forn > 2

Proof. Forany 0 < e < 1, let

F2(2) = Pofo(z) = / pelz - y) ——dy.

ly — =
Then f: € C’b(Rd). For any N > 1, recall from (3.4) that xynx is a C° function and
XN 1 1. Then f; - XN 1s continuous with compact support and hence (4.1) holds for
fo s(fE - xn)ds — fo P(f¢ - xn))ds and in particular it holds formally. Let N — oo,
then fioxn T fE By monotone convergence theorem, we have formally (4.1) for
[3 X(f2)ds — [} u(Pyf2)ds, that is to say,

t t n
n d" 6
B[ ([ s = [ uragpis)] = 45 (o (226G )| e
() [ rgae)'] = i (o (3 rucieon)) |
where
t+¢e 1
“(t, 2) / ds/ps z—y)fi(y)dy :/ ds/ps(z—y)id%
ly — |
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and
n—1 t
e (t, 2) = Z/ ds/pt,s(z —y) (L (s, y)ve " (s,9))dy.
k=170

By Lemma 3.2, for0 < e < 1,

t+1 1 941/2
v (t, 2) < / /ps(z —y)——dyds < (t+1)Y2 = r(t +1)Y/2, (4.8)
0 ly — | d—1
and
g 1
vi(t,z) = / /71)5(2 —y)dyds < rt'/2, (4.9)
0 ly — x|
Then Lemma 4.1 applies and we have
VS (L, 2) < eur™(t+ 1) D/2 yp > 1, (4.10)
and
vi(t, z) < Cnr™tB2/2 vy > 1, (4.11)

Therefore by Dominated Convergence Theorem, we have v (¢, z) — v{(t,2) as e — 0.
For n = 2, since for each 0 < s < t, we have (v]'“(s,y))? — (v¥(s,y))? as ¢ — 0 and
(v7"(s,y))? < r?(t + 1) by (4.8), which is integrable with respect to f(f ds [ pi—s(z — y)dy.
Hence by Dominated Convergence Theorem

vzﬂ”(t,z)—/otds/pt_s(zy)(vi* (5.0)) dya//pt +(2 = y) (0% (5, )% dy = 3 (2, 2).

By a simple induction on n and by using (4.10), for every n > 1 we have
v*(t, z) > vi(t,z) as € — 0.

Therefore for each t > 0 and n > 1, by (4.7) and Dominated Convergence Theorem we
have

hm E/L / Xs(fs)ds 7/ (Psfj)ds)n] = g% 20 <exp (Zi g v )>

2 6=0
— 0 (oo (2 Z(Q)" wm))| < (4.12)
=on exp 5 u(v, - 0. .
k=1 =
We know by (4.11) that the above term is finite. By (4.8), forall0 < e < 1
t
/ p(Pef)ds = u(ui (1) < vt +1)2u(1). (4.13)
0
Then (4.12) implies
t n
lim E, / Xs(faf)ds) } < 0.
e—=0 0
By Fatou’s lemma
t n t n
E, {(/ Xs(fx)ds> } < liminf E,, [(/ Xs(fj)ds> } < . (4.14)
0 e—0 0 )
Forall 0 < ¢ < 1, by Lemma 3.1 we have
. 1 1
fay) = [ p(y —2) dz<C = Cfaly) for y # x,
|z — | ly — |
EJP 23 (2018), paper 109. http://www.imstat.org/ejp/
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so by (4.13)

X (s — [ u(Pageds) | < 2 (0 [ Xa(h)ds)" 4 20 (0t 4 1) 2 ()
(] [ )| <2 [ xir)

where the right-hand side is integrable w.rt. E, by (4.14). Therefore Dominated
Convergence Theorem implies

B, [( /0 X (fa)ds - / u(Pofa)ds) | =l B ( / Xa(£)ds - /:ﬂ(Psfi)dS)n}

(e gg)wi(m))

Then (4.5) holds formally and the proof is complete. O

(by (4.12)).
6=0

The following lemma is from Lemma 3.1 in [15].
Lemma 4.3. Let X be a random variable such that (4.4) holds formally.

(i) If for some integer N there exists r,b > 0 such that
lan| < br™, for1 <n < 2N,
then there exists C = C'(b, N) > 0 such that

E(X*N)y < cr?V.
(i) If > | a0y converges for some 6, > 0, then
E[exp(wx\)} < 0o for |0] < 6y

Now we will finish the

Proof of Lemma 2.9. We will show that the assumptions in Lemma 4.3(i) hold for the
case X = fo s(fz)ds — fo (Psf;)ds. By (4.11) we have

25)" B (1) < engy 802 (1) = by a(1).

Pick N > 1. Let b = maxj<p<an b,. Then
1
[205)"u(w3(1)| < bu(1)r”, for 1 < n < 2N,

So by Lemma 4.3(i), there exists some C' = C'(bu(1), N) = C(t, N, (1)) > 0 such that

/ X,o(f2) ds—/ (P, fm)ds) N} < Cr2N,

By (4.9), we have
t
/o WP fa)ds = p(vf () < rt?p(1)

and hence
t 2N
E, K/ Xs(fx)ds) } < 2NN L 92N (12 (1))2N = C(t, N, d, p(1)).
0

So the proof is complete. O
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5 Rate of convergence in d=3 (Theorem 1.6)

This section completes the proof of Theorem 1.6. Before proceeding to the proof, we
state the following lemma:

Lemma 5.1. Letd > 3. Then forany z # 0 in R% andt > 0,

//pS dyds F) (1og |7|+1+\f\[)
Proof. Fore > 0and z # 0 in ]Rd, let h. . (y) = log(]ly — z|?> + €). Then
2(y — )
Vhe . (y) = y—zP+e

and
(2d — 4)|y — x|* + 2de

(ly — x> +¢)?
Let B; be a d-dimensional Brownian motion starting at 0. By Ito’s Lemma,

Ahs,x(y) =

— ) " (d—2)|Bs — x|* + de
log(|B; — z|* + ¢) = log(|z|* + ) + /M -dB B P o) ds.

2(Bs—x)
LetH = 1Be—aPte’ then

£ = / H, - dB; is a continuous local martingale.
0

Note that
¢ 2 ¢
4|By —
E[(M?)?] < E/ %ds < 4€*2E/ |B, — z|*ds < oo.
o (Bs—zl* +¢) 0

Then M?F is an L? martingale. Now take means to see that

(d—2)|Bs — x|* + de
(1Bs — z[> +¢)?

Elog(1B; — «f +¢) = log(|2]* + ) + /E i (5.1)

By Fatou’s Lemma,
t 2
d—2 )|Bs — d
/ E 3<hm1nf/ E 2l 2+ Eds
o |Bs—x|? =0 |B —z|?2 +¢)?

:hm_}glf {Elog(\Bt — 2 +¢) —log(|z|* + 6)} = Flog(|B; — z|?) — log(|=|?).
€

The first equality is by (5.1) and the last equality follows from 0 < log(|z|*+¢)—log(|x|?) <
2/e/|x|. If |x| > 1, then

B
Elog(|B; — x|) —log |z| < Elog(|By| + |z|) — log |z| < E||xt|| < E|By|.
If |z| < 1, then
1 1
Elog(|B; — z|) —log || < E|B; — x|+ log™ || < E|By| +1+1log* |z

Therefore
¢ d—2 ) ) 1
/ E ——=—ds < Elog(|B; — 2[?) — log(|z]) < 2(E\Bt| +1+1log" 7),
o |Bs—a ||

and the result follows since E|B;| < Vdv/t. O
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Now we will turn to the

Proof of Theorem 1.6. We claim it suffices to show that for any 0 < o < 1 and any fixed
t > 0, we have |z|*(Lf — c1.3/]z|) — 0 as x — 0, Ps,-a.s.. To see this, note that (1.2)
implies for any ¢ > §, we have LY — L% — LY — LY as  — 0. Therefore by choosing w
outside a null set N(J), we have

: afrx _ . S H afrr _ . : ofrT _ TT\ >
i [2]*(LF — evs/lal) = lim [2]" (L5 — ev/J2]) + liom |o|*(ZF — L) = 0, ¥t > 6,

and this implies
lin% |z|*(LY — c1.3/]z|) = 0, ¥t > 0, Ps,-a.s..
T—

The ¢t = oo case follows since the extinction time ¢ < oo, Pj,-a.s.. Fix any ¢t > 0. Recall
the Tanaka formula (1.3) that

L} = crs/|w] = My(¢a) — Xi(da), (5.2)
where ¢,(y) = ¢1.3/|y — «|. By using (2.8), we have Ps,-a.s. that
|2]* X (hr) < c13]x|*(rg ' X (1) + C) = 0as z — 0.
Therefore the proof of Theorem 1.6 follows if we show that for any ¢ > 0,
|z|“M;(¢,) — 0as x — 0, Pjs,-a.s..

By taking a subsequence, e.g. {z,, = (1/2",0,0)}, that goes to 0, we have

1 ) C(t) + nalog?2

P(So(“xnlaMt(qbaJn) > 2na/2 ona

by using Lemma 5.1. Hence
|€n|* Mi(¢z,) — 0as n — oo, Ps,-a.s..

by Borel-Cantelli Lemma. So it suffices to show that there is a jointly continuous version
of |x|*My(¢,) on B(0,1) = {x € R3 : |z| < 1}.

Fix any z,2’ € B(0,1). Without loss of generality we may assume |z| < |z/| and
|#’| > 0. Then
/|a

|| |z

By (Jal*M0) = o/ M) ) = o ([ t (2 =T 1) Xldnyis)

|z |z le‘* Ed
<262 / / ps(y)dyds + 2¢2 ps(y)dyds
G ) e b ) ) W
=:2¢} (I + J). (5.3)

By Lemma 5.1 we have

t
1 1
= (el =21 [ [ = whvds < fo — o' Po2(log* 41+ VD

1
< o — 2/ |*(2]2')*2(log ™ T +14+V3t) <Adlz —2/|*(1/a + 1 +V/31),

the last by |2/| < 1 and |2/|*log™ (1/]2']) < 1/a.
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Now we deal with I. Since I = 0 if |x| = 0, we may assume z # 0. Note that for any
0<y<l,
1 1 ly = x| = |y — @o|I'™

ly—za| |y — 20l ly — @nlly — o

1 1
— Y
<|n — o (‘y_mo|1+7 + \y—mn|1+v)' (5.4)

Let v = /2 in (5.4) to see that

t
1 1
< |a®e — 2| ( ) dyds.
< |z|*|z — 2| /O/ |y—x\2+a+\y—x/|2+a ps(y)dyds

Use similar Ito’s Lemma arguments proving Lemma 5.1 above to conclude for any
0<a<1landz#0inR3,

/t/l (y)dyds < ———|a| @
o J Jy—aprePWWE =Gy

Therefore
I < |z]*z —2'|*Cla) (2|~ + || ) < Cla)|z — 2'|,

the last follows since we assumed |z| < |z’| < 1. Therefore (5.3) becomes

t
|| |2/|® \2 a2
E _ . < B .
() (5 o) Xeleds) < rle =P +5), (5.5)

where r = 8v/3¢? ; and 8 = B(a) with a € (0,1). Let ¢(y) = (|z|*/|y — x| — |2'|*/|y — '])?
in (4.1), then the above gives |v;(t, 2)| < r|z — 2/|*(t'/? + ) holds for all z and ¢t > 0.
Apply Lemma 4.1 to get

[un(t, 2)| < epr™|z — 2 |Pot D2 ((1/2 4 gyt (5.6)

By using the same arguments in proving Lemma 4.2, one can show that the following
holds formally:

Es, [exp (0 /Ot (Jﬂax — |y|gi|;|)2Xs(dy)ds - G/Ot <|yz_|ax| - |y|m_/;,|)2ps(y)dyds>}

oo

— exp (2 Z(g)”(;o(vn(t))).

n=2

By (5.6), Lemma 4.3(i) implies

b (2 - e [~ )

< C(t, N, a)lz —a'[*N*

and by (5.5)

s [( ) (g ) Xotets)

<22V (C(t, N,a)|z — o' PN+ (r|lz — o/ |*(¢/2 + 5))2N) = C(t,N,a)|z —2'|*Ne.
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By the Burkholder-Davis-Gundy Inequality, there exists some C > 0 such that for all
x,z’" € B(0,1),

B ({1217 Mi(6) o/ My(6,)) 1)

t x| .’ﬂ’ a
SCN(51.3)4NE50</ ( ‘ | ‘ |
0

y—al  |y—2|

2N

2
) Xs(dy)d5>
<C(t,N,a)|z — 2'[*N.

Take N large enough to apply Kolmogorov’s continuity criterion and so obtain a continu-
ous version of |x|*M;(¢,) on x € B(0,1). O

6 General initial condition in d=2

Now we are in the case d = 2. Recall the Tanaka formula (2.17) that if [log™ (1/|y —
x|)p(dy) < oo, then

t
Lf - M(ga,:r) = Mt(g(LI) + Oé/ Xs(ga7w)d8 - Xt(ga,:r); (61)
0

where a > 0 and -
o) = [ ity = )
0

We prove in Appendix C(i) that g, . (y) — (1/7) log™ (1/|y—z|) = fa(y—2z) where f, defined
in (C.1) can be extended to be a bounded continuous function on R%. Hence

)u(dy) is continuous on R2. (6.2)

1 1

So the joint continuity of Ly — y(ga,») would prove that there is a jointly continuous
version of

Ju(dy)

1 1 1
L? — | Zlog™® dy) = (LY — 1(ga.n az(y) — —log™
‘ /Wog oMW (t u(g,))Jr/(g,(y) A -

on {(t,z) : t > 0,z € R} J{(0, ) : = is a continuity point of [log™ (1/|y — z|)u(dy)}.
By (3.44) from [15], for any 0 < v < 1, there exists some ¢ = ¢(y) > 0 such that

Ipe() = pe(y)| < et 72| = y|? (par(w) + pa(y)), ¢ >0, x,y € RY. (6.3)

Then a simple calculation will give us

o0
90 (Y) = Gaer ()] < () & — w’l”/ et 2 (poy(y — o) + pau(y — @) )dt
0

o 1 ly—=]? e 1 ly—a’|?
< _ ’Y( 72 ot / 172 o dt)
<c(y) v = o] /0 47rte + 0 47rt6
oo 1 47/2 1 o0 1 4772 1
— _ 2 —s —s
=c(7) |z — 2’| (/0 ly—a[ 4r 51—(7/2)6 der/O ly — /|7 4n 51—(7/2)6 dS)
1 1
+ /
ly =z |y—a'p

—C() |e — 2|7 ). (6.4)

Now we proceed to the

Proof of Theorem 1.11. Fix any ¢ > 0.
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(1) Mi(9ga,z): Let v =1/2 and C(1/2) be as in (6.4). Then an argument similar to the
derivation of (2.21) shows that
4an no22n
By [[Mi(gae) = Milgaa)|"] < cn<c<1/2>|x—x'|>2 2

x B, / ds/X (@) )2"+ (/tds/Xs(dy)y_lm)Qn}

< Cu(Clx — 2'))*2*"C(t,n, u( ) (Lemma 2.9).

Therefore there exists a continuous version of M;(g, ) in .

(ii) fo s(ga,z)ds: Let v = 1in (6.4). Then for each n > 1,

oM ’/X Yo,z dS—/X Jou,z’ d3| } C|x—x|)2"22n

(/0 ds/Xs(dy)|y_x|)2"+(/Otds/Xs(dy)|y_lx/|)2n}

< (Clz —2'|)?"2?" - C(t,n, u(1)) (Lemma 2.9).

Therefore there exists a continuous version of fo s(Ga,z)ds in x.
(i) X(ga,»): By using (6.4) with v = 1, we have

1 1
+ !
ly—z|  |y—2/|

1X+(goe) — Xe(goa)| < Clz — 2 / X, (dy)( ).

Note that with P,-probability one there exist some 7(¢,w) € (0, 1] and some constant
C' > 0 such that for all z,

1 1
[Xa = < X+ [ Xy < X0+ C
ly—z|<ro |y .’1?|

Then
1 Xt (9a,z) = Xt(gaa)| < |2 — '] - Cro)(Xe(1) + 1),

and the continuity of z — X,(gq,,) follows.

Combining (i), (ii) and (iii) above, for any fixed € > 0, we have established that there
is a P,-a.s. continuous version of LY — #(ga,z) in . Then use (1.2) to conclude that
(L — 1(gaz)) — (L2 — 1(ga)) = L¥ — LT is jointly continuous on {(t,z) : t > ¢,z € R?}.
Therefore by choosing w outside a null set N(¢), we can see that there is a jointly

continuous version of LY — u(ga.) on {(t,z) : t > e,z € R?}. Now take ¢ = 1/n
and N = U2, N(1/n) to see that for w € N¢, there is a jointly continuous version of
L? — 1(gaz) on {(t,2) : t > 0,2 € R?}. O

Proof of Corollary 1.12. For points (0,z) such that z is a continuity point of | log®(1/]y—
x|)u(dy), it follows from Appendix C(ii) that (0, ) is a joint continuity point of pq:(z). By
Theorem A, we have (0, z) is a joint continuity point of L?. Therefore such a point (0, x)
is a joint continuity point of L — [(1/7)log™ (1/|y — z|)u(dy). O

7 General initial condition in d=3

7.1 Smooth cutoff of logarithm
Now we are in the case d = 3. Recall n(z) defined as in (3.3). For each ¢ > 0, set
Ne(x) := E%n(f) such that the function 7. are C* and satisfy [y, 7.dz = 1 with support
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in B(0,¢). If x1 /2 is the convolution of 7, /, and the indicator function of the ball B(0,3/4),
then

X1/2($)=/ 1{|z—y\<3/4}7h/4(y)dy=/ Lijo—y|<3/aym/a(y)dy.
R3 ly|<1/4

One can check that 0 < x;/, < 1 and ¥, is a C* function with support in B(0,1), and
x1/2(x) = 1if 2| < 1/2. Now define g, (y) = log |y — x| - x1/2(y — z) for y # z. By definition
we have

0 < —gu(y) <log™(1/|y —z), y # =, (7.1)

and
—gz(y):10g+(l/|y—x|), 0<|y—z|l <1/2. (7.2)

By (2.14) and (7.2), one can check that there is some constant C > 1 such that

_ 1
|AG:(y)] < CW) Yy # . (7.3)
Define
- —go(y) —log™ (1 ., ify #0,
F) = { 9oy) —log" (1/ly), ify # o
0, ify=0,
and
- Ag —1/lyl?, if 0,
h@%:{ goly) =1/ ity # 75
0, ify=0.

By using (7.2), one can check both f and h are in C,(R?).

Proposition 7.1. Let X be a super-Brownian motion in d = 3 with initial condition
p € Mp(R®). For any x € R® with [ u(dy)log™ (1/|y — z|) < oo, we have P,-a.s.

t
A
Xi1(9z) = p(gz) + Mi(gz) +/ XS(Egcr)ds7 vt > 0, (7.6)
0

where X,(g,) is continuous in t and M,(g,) is a continuous L? martingale.

Note that the proof of Proposition 7.1 is very similar to that of Proposition 2.4.
Since we have P.g, € C’E(R‘g), it follows from the martingale problem (1.1) that with
P, -probability one, for all ¢ > 0 we have

t
A
Xi(Pogi) = plP.ga) + Mi(Peg) + | X.(5Pea)ds, (7.7)
0

where M;(P.g,) is a martingale with quadratic variation
t
[M(Pegz)]t = / Xs ((Pegz)Q)dS'
0
Before proceeding to the proof of Proposition 7.1, we state some preliminary results.

7.1.1 Preliminaries

Lemma 7.2. Let d = 3. Then for any fixed € > 0 and y # x, we have

Ay Pg:(y) = /pe(y — 2)A,G.(2)dz.

Proof. The proof is similar to that of Lemma 3.3. O
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Lemma 7.3. Ford > 1, there exists a constant C' = C(d) > 0 such that for any x # 0 in
R? andt >0,

1
dy < C(1+1log" —).

]

Proof. The proof is similar to that of Lemma 3.1. O

/ pe(y)log™

ly — x|

7.1.2 Proof of Proposition 7.1

(i) Compared to (3.7), we prove in Appendix B(i) that there is some constant C' > 0
such that forany y ## r and any 0 < e < 1,

/ pe(y — 2)1(2) — Go()ldz < Cly — 2|~ /2eV/4. (7.8)

By (7.1) and Lemma 7.3, for all € > 0 we have

/ pe(y — 2)[3(2) — Gal)ldz < C(1 + log™ (1/ly — o)), (7.9)

which is integrable w.r.t y(dy) by assumption. Dominated Convergence Theorem
implies

/,u(dy) /pg(y — 2)|92(2) — g=(y)|dz = 0 as € — 0,
and it follows that p(P.g,) — 1(Gs).

(ii) By using (7.8), it follows by the same argument in proving (ii) in Section 3.3.1 that
for any T' > 0, there is some subsequence ¢,, | 0 such that

51<1¥ |M(Px, Gz) — M(gz)| — 0, Py,-a.s..
t<

(iii) For any T' > 0 we have

B [ (G raas [ xGaois ) < Bl [ X050 Sabas)

t<T
1 [wtaw) [ s [pw=0)] [ p-s- 2801z - Agato)] .

The last inequality is by Lemma 7.2. Recall & defined as in (7.5). For y # z, we have

1

el h(y — x) where h € Cy(R?). (7.10)

Aga(y)

Then Dominated Convergence Theorem implies that as ¢ — 0,
| [ o2ty = 2tz — )z~ by )| < BB (v - ) ~ h(y ~ 2)| > 0

Together with (3.11) we have for y # z,

|
ly — z|?

| [ v 220,010z = 00| < | [ot0=2) =t

x|

—|—‘/ps(y—z)ﬁ(z—x)dz—h(y—x)‘—>0ase—>0.
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By (7.3) and Lemma 3.1, for y # x we have
1 1
pgy—zAgzzdz—Agxy’gC/pEy—z dz+C <C ,
| [ oo =220, ) (=2t O —am <O —ap

|z — x|

which is integrable w.r.t. [ p(dw) fOT dsps(w—1y)dy by Lemma 5.1 and the assumption
on . Therefore Dominated Convergence Theorem implies

T
[ty [ as [putw )y [ 5.ty - 980,020~ Ag.()| 02 <o
0
and hence
t A I
sup/ Xs(|5PE§I — —gz|)ds = 0.
0

t<T

Take a subsequence ¢,, | 0 to obtain

¢ A ¢ A
sup‘/0 Xs(iPsga;)ds—/o Xs(ggz)ds — 0, P,-as..

t<T

(iv) Fixany T > 0. Set 0 < § < T, which will be chosen small enough below. Then we

have
sup | X¢(P:gs) — Xt(92)| < sup [Xe(Pegs) — Xe(ga)| + sup [Xe(Pege) — Xi(a)|-
t<T t<s §<t<T

For the second term on the right-hand side, we recall from (3.10) that with
P,-probability one, for any § > 0, there is some r¢(d,w) € (0,1] and some con-
stant C' > 0 such that for any 7" > 0,

sup /|y - x|71/2Xt(dy) < 7“0_1/2 sup Xi(1) + C.
S<t<T §<t<T
Therefore by (7.8) we have
sup [X(P.gi) — Xi(g.) < C=/4 sup [ [y — a2 Xildy)
§<t<T §<t<T

< 051/4(7{1/2 sup X¢(1)+C) = 0ase— 0.
§<t<T

Now we deal with ¢ < 4. Let 8 | 0 satisfy u({y : |y — z| = Bx}) = 0. Then use (7.8)
to get

sup [ Xe(Pege) — Xi(3.)] <CV/48, % sup X,(1)
t<s t<s

+5p [1P.9,(0) = 820 1< X,

By Lemma 7.3, for |y — z| < 8, < 1/4 we have [p.(y — z)log™ (1/|z — z[)dz < C(1 +
log™ (1/]y —=|)) < 2Clog*(1/|y —z|). Hence by (7.1) and (7.2), for |y — x| < B, < 1/4
we have

|P-g2(y) — g2(y)| < Clog™ (1/]y — ) = Clga(y)|-
So

igg/lPagw(y) — Go (W) 1)y—a|<p, Xt (dy) < Cb;g%)/|§w(y)|1|y7w\§BkXt(dy)

<Cswp ( [ 1ga )yt Xeld) = [ 18:0)11y-a1co, n(d))

t<é§
+€ [ gy -a1<nn(d). (7.11)
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Use Dominated Convergence Theorem to get

/|gm(y)‘1|yfx\fﬁk p(dy) < /1og+(1/\y —z)11y_z)<p, w(dy) = 0as B — 0.

To handle the first term on the right hand side of (7.11) we may apply Fatou’s
lemma in (7.7) and use the convergence established in (i) to see that for all ¢ < 4,

Xi(192]) = 1(1g]) =Xt(=g2) — (=g

<hm1nf[ P. G.) / X angJL)ds]

En—>

A * A

—My(~g.) + / Xo(—2g,)ds < sup My(|g]) + / Xo(12 g.])ds.
0 2 t<s 0 2

(7.12)

For the last equality, we use the a.s. convergence established in (ii) and (iii) above.
Then

sup /|gm My —zi<p, Xt (dy) — /|gm My —zi<p,. 1(dy))
<up(Xel[5:1) ~ (1921) + 30( [ 190010155 X1(d0) ~ [ 102Uy -o1- ).

Let § | 0. Then the first term converges to 0 by (7.12). The second term follows
by the weak continuity of X; with the choice of {{;}, in a way such that the set of
discontinuity points of the bounded function |g.(y)|1|y—z|>s, is u-null. Let ¢ — 0 to
conclude that

sup |Xt( Egm) Xt(gw)‘ - O, P[L-a‘s"
t<T

The proof of Proposition 7.1 follows by the a.s. convergence (i)—(iv) and (7.7). O

7.2 Proof of Theorem 1.8
Recall from (1.5) that

D= {xo e R?: /leow(dy) = 00}

Lemma 7.4. Let D be defined as in (1.5). Then D is a Lebesgue null set in R? and in
particular D¢ is dense in R?.

Proof. By Fubini’s Theorem, we have
1
dx H1{|y—r\<1}u(dy) = 2mp(1) < oo,
and it follows that [ ﬁl{ly—wkl}ﬂ(dy) < oo for Lebesgue a.a. x € R3. Therefore
1 1 3
Hﬂ(dy) < (1) + Hl{ly—mkl}ﬂ(dy) < oo for Lebesgue a.a. z € R”,

that is to say, D¢ has full measure. Hence D¢ is dense. O

Now we turn to the
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Proof of Theorem 1.8. Fix any zg € D. Since D¢ is dense, there exists some sequence
x, € D¢ such that z,, - x¢ as n — co. Fix any such sequence. By Fatou’s lemma

1
liminf/i,u(dy) = 0. (7.13)
|y - xn‘

n—oo

Recall the Tanaka formula (1.3) and recall that ¢, (y) = ¢1.3/|y — z|. For z,, € D¢, since
(¢, ) < 0o, we have

Lfn - N(¢xn,) = Mt(ﬁbxn) - Xt(djxn)- (7.14)
Then
1 1
P15 < Su@s,)) < Pa(ILE = 0l62,)| > S1(@,))
1 1
Pu(IMi(62,)) > 31(@2,)) + Pu (1Xe(62,) > 71(02,) ).

Note that

B (1X0.)1) = [t [ oty = 222

Fix any ¢t > 0. For z,y € R®, use the fact 1/|y — 2| = [;° 27ps(y — x)ds to see that

1 o0 o0
/ pt(y)de = / pe(y)dy /O 2mps(y — x)ds = /O 2mprs(x)ds
S/O 27pi45(0)ds = /pt(y)dy/o 2mps(y)ds = /pt(y)r;dy =C(t) <oo.  (7.15)

Therefore we have

By (1X4(62,)]) < caClOu(1), (7.16)

and
4e1 30(t)pu(1) .

1
PN<|Xt(¢wn)| > ZM((bw")) = ﬂ(¢zn)

Next use Lemma 5.1 to get

E, [MZ qszn - /X / (dy) / ds/ps ﬁdz
T |

<22, / () (3072 + 1+ dog* (1/ly — 2a))) < COR() + (6, (7.17)
and it follows that
1 16(C(E)u(1) + (6, )
Pu(IMu(92,)| > 31i(62,)) < =l e,

Together we have

4e1sC(MpA) | 16(CHuA) + ((¢a,))
1(da,) (1(¢2,))?

Hence L{" — oo in probability since u(¢,, ) — oco. Take a subsequence z,, — x( to get
L™ — oo, P,-a.s. Therefore by choosing w outside a null set N(t), we have L,™* — oo
as ,, — 9. Now take ¢t = 1/n and N = U2, N(1/n) to see that for w € N¢, we have
L, 7"t 5 00 as Tpn, — Zo forall t > 0 since LY is monotone in ¢. So we conclude that with
Pu-probability one, we have for all ¢ > 0, x — L{ is discontinuous at x,. O

— 0 by (7.13).

- 1
b, (Lt" < iﬂ(ﬁbxn)) <
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7.3 Proof of Theorem 1.9
7.3.1 Proof of Theorem 1.9(a)

The proof is similar to that of Theorem 1.3. Use (7.16) to see that

Xt((bw,”) Lt
0,
(@5 J uldy)log” ([ —za))/2

and hence convergence in probability follows. Then use the arguments in Section 2.2 to
see that the proof of Theorem 1.9(a) can be reduced to the proof of

[M((bubn)]t PM
2, [log* (Uly — enuldy)

e [ I
[M(¢z,)]e = 1.3/0 d /Xs(dy)y—xn|2'

Recall from (7.10) that

Note that

_ 1 7 7
‘Agxn(y) - m‘ = [h(y — zn)| < ||Aflec < o0. (7.18)
Therefore it suffices to show
t A =
Xs S5 Yx d L
) (fg A By (7.19)
J n(dy)log™ (1/ly — zn])
Since )
[ utanos 1/l =) < [ )= < .
we may use Proposition 7.1 to get
t A
| (5005 = Xilg2,) - pla,) — Mi(az,). (7.:20)
0
Note that by (7.16), we have
B (1X92.)1) < Bu] [ Xl =] < couo.
Hence (5
t(-gwn) L_> O.

S u(dy)log* (1/|y — xn)
Next we observe that

Bu[V2@e)] =B [ X a) = [ / / s [puly = 2., ()
/ dy/dS/ps ‘dz<()1/2()

the last by Lemma 3.2. Therefore

Mt(gmn) L?
Talaiog™ (ly—an) O

Recall the bounded continuous function f defined as in (7.4). Then we have

= Ga, (y) =1og" (1/y — 2u|)| = |y — 2n)| < [[flloe < 00, (7.21)
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and it follows that

o — o uld
- —4(3a.,) gt AW Tndy)
n50o [ p(dy) log* (1/]y — zn)) n=oo [ pu(dy)log™ (1/]y — @)

Now use (7.20) to conclude

Jo Xs(89s)ds  Xu(Gs,) = 1(Gs,) = Mi(Gs,) P

Juldy)log™ (1/ly —anl) [ p(dy)log™ (1/]y — xn])

and so the proof is complete.

7.3.2 Proof of Theorem 1.9(b)
Use (5.4) with v = 1/2 to see that

1 1
‘Xt(¢$7L)_Xt(¢ZEO) Scl.3|xn_x0|1/2/(|y_x0|3/2 + |y_x |3/2)Xt(dy)

Similar to the derivation of (2.8), we use Lemma 2.1 to see that with P,-probability one,
there exist some 74(t,w) € (0, 1] and some constant C' > 0 such that for all z € R3,

1 1 1 1
/ Xoldy) ey € s (1) + / X,(dy) s < () +C.

ly—z[<ro

Then it follows that

1

‘Xt(qﬁwﬂ) - Xt(¢w0) < 61,3|l‘n - l‘0|1/2 ) Q(W

X: (1) + C’) — 0 as z, — xo,

that is to say
Xt(d)zn) i) Xt(¢mo)

By (7.14) we can see that the proof of Theorem 1.9(b) is now reduced to the proof of
convergence of M;(¢,, ) to M;(¢,,) in probability. In fact, we will show the following L?
convergence:

B[ (M0600) = M060))"] = Bu [ Xul(60, = 6212005
/ (dy) / ds/pé 2) (b, (2) = Guy(2))?dz — 0 as x,, — xo.

For this I claim it suffices to show that when x,, — xg,

/ (dy) / ds/ps —2) dz—>/ (dy) / ds/pS (2)dz. (7.22)

To see this first note that by Lemma 5.1,

[ utaw) / ds [ .t ()= < 263 [ () (372 + 1+ 1og* (1 Iy z0)) < oc

Hence the right hand side of (7.22) is finite. With respect to the measure [1(dy) fot dsps(y
z)dz, by assuming (7.22), we use ¢2 (z) — ¢2 (z) to get the uniform integrability of
{¢2 }. Then

(br, — buy)? < 2(¢2,)* + 2(¢s,)? is uniformly integrable.
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Since (¢, — ¢z,)? — 0 as n — oo, by its uniform integrability we have

[ i) / s [ 90 = 2(62,(2) = 6,202 >0,

In order to prove (7.22), we recall from (7.10) that for z # z,

1

— m = }_Z(Z — x), where i_l € Cb(]Rs)

AG.(z)

Then use Dominated Convergence Theorem to get

/ﬂ(dy) /Ot dS/ps(y —2)h(z — xy)dz — /u(dy) /Ot dS/ps(y — 2)h(z — xo)dz.

Therefore it suffices to show

/u(dy) /Ot dS/ps(y—Z)Aga-n(Z)alz—> /u(dy) /Ot dS/ps(y—Z)Aézo(Z)dZ- (7.23)

In order to prove (7.23), take means in Proposition 7.1 to get

’/u(dy) /Ot dS/ps(y—Z)%gxn(Z)dz— /u(dy) /Ot dS/ps(y—Z)%%o(Z)dZ

+ Bu|Xe(G2,) — Xi(Gn)
Recall from (7.21) that for y # x,

~gz(y) —log"(1/ly — 2|) = f(y — ), where f € Cy(R?).

Apply Dominated Convergence Theorem to get

<|u(@e.) = ()

[ 7= zutdn) > [ o= zon(a),
and then p(g,, ) = p(Gz,) follows since we have assumed in Theorem 1.9(b) that
[ty tog* @ty = al) [ () log*(1/ly o)
For the second term, we have

E/L Xt(gxn) - Xt(gxo)

< [ utd) [ pity = 2)la, (2) = g 2)
It suffices to show

/u(dy)/pt(y—Z)\gxn(Z)\dz — /u(dy)/pt(y— 2)|Gzo (2)|d2

by the same uniform integrability arguments above. We have
| [0ty = 2la, 2z = [ ity 2)lgas (1
| [ 16— ootz = wldz ~ [ puteo = gz - wlaz]

<Ct™ 12|z, — x0 /(th(xn — 2) + pai(xo — 2)) |go(z — y)|dz (by (6.3))

<Ot~ Y2z, — 20| /(pgt(:vn —2) + pat(xo — 2)) dz (by (7.1))

<Ct™ 12|z, — xo| - C(t) (by (7.15)).

|z —yl
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Therefore
| [ uttn) [ oty =2V, )itz ~ [ utay) [ 1y = 2la2)ldz
<Ct™ Y2z, — 20| - C(t)u(1) — 0 as z, — xo.
Combining the above we have proved (7.23) and the proof is now complete. O

8 Application to PDE

Let VA(x) be the solution to (1.9). In order to prove Theorem 1.13, we need to show
that the upper bound coincides with the lower bound as x — 0 and we will prove the
following two lemmas:

Lemma 8.1. (Lower bound)

VM) — Aers/|z) -

lim inf 1.
TR0 N log(1/]])
Lemma 8.2. (Upper bound)
VAz) — Aey
lim sup () c13/|] < -1.

a—0 i3\ log(1/|z])

Recall from Section 1.4 that we have
By, (exp(-ALL,) ) = exp(~V (),

suggesting that we study the exponential moments of super-Brownian motion X starting
from §p in d = 3. The proofs of Lemma 8.1 and 8.2 will then follow in Section 8.2 and 8.3.

8.1 Exponential moments

In this section we give some exponential estimates of super-Brownian motion X
starting from ¢, in RR2. The following lemma is from Lemma II1.3.6 in [13].

Lemma 8.3. If f > 0 is Borel measurable such that G(f,t) fo sup,, Psf(x)ds < 2, then

G(f.t)
2

Es, [exp (Xt(f))} < exp {60(Ptf)(1 )—1} < 0. (8.1)

Corollary 8.4. For any 0 > 0, there exists some tq > 0 such that for all 0 < t < tg
an exp / = ))} <C < oo, Vz € R? (8.2)

for some constant C = C(t,0) >

Proof. Let f(y) = 0/|y — x|. Then by (7.15)

do(Pef) = /pt(y)wﬁdy < C(t)0 < oo.

x|

/ sup/pg - dyds / /ps dyds < 0(3t)"/2.
0 0

The second equality follows from (7.15) and the last inequality follows from Lemma 3.2.
Pick ¢ small enough such that (3t)'/? < 2. Then (8.2) holds by Lemma 8.3. O

Next
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Now let’s consider the exponential moment of the weighted occupation measure

fot X(-)ds. The following lemma will be useful.

Lemma 8.5. Let X be a random variable such that (4.4) holds formally. If fo:l an 0y
converges for some 0y > 0, then the following holds for |0] < 6y:

E[exp (HX)] = exp (ianﬁn).

Proof. We assume |0| < 6y throughout the proof. Since (4.4) holds formally and
>0 | a,8™ converges, for all n > 1 we have

E(X™) = dC{TT; <exp (ﬁ: ak9k>>

k=1

= dC{TT; (exp (i a,ﬁ’“))
6=0

k=1

0=0

By Lemma 4.3(ii), for |6] < 6y,

E{exp (|9X|)] < 00

Then by Dominated Convergence Theorem,

B[ exp (0X)] = ii Z 97; j;n (exp(f: akek)>

k=1

= exp (i ak9k>.
k=1

0=0
The last equality is by the Taylor expansion of the analytic function exp (ZZL aké)k). O

Proposition 8.6. For any # > 0 there exists some ty, > 0 such that for any t < t,, we
have

E50 exp / / = dy)ds)} < C < o0, Vo € R3,

and .
Es, {exp (9/ Xs(l)ds)} < C < oo,
0

for some constant C = C(t,0).
Proof. Recall that f,(y) = 1/|y — «|. Lemma 4.2 implies the following holds formally:

Es, {exp (9 /Ot X, (fa)ds — eao(vf(t)))} = exp (2 i(g)% (vg(t))). (8.3)

We will show that the assumption in Lemma 8.5 holds for the case of (8.3). By using (4.9)
and (4.11), for all n > 1 we have

1n x 1 3In—2)/2, .n —1 T .3/2\n
2(5)"do (v (1)) gcn?Ht( )2y — ot en(5t /2y,

where r =v/3, ¢; =l and ¢,, = Zz;ll CkCn_g, n > 2. Let

0) := i cab”.
n=1

By the definition of (c,,), we have F(§) —0 = (F(6))? and it gives F(0) = 1/2— (1/4—6)'/?
and that F'(0) has a positive radius of convergence. So

— 0 n x -1 = rt 3/2\n e 3/2
2;(5) do (vE(t)) < 2t ;cn(?t )" =27 F( %) < o0
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if we pick ¢ small enough. Therefore for ¢ small, (8.3) holds by Lemma 8.5. Hence

Es, {exp (9 /075 Xs(fm)ds)] =exp (2 i(g)”do(vﬁ(t)w

n=1

<exp (Qt 1F(r0t3/2)) = CO(t,0) < 0o

The proof is even easier for fot Xs(1)ds. O

Corollary 8.7. For any 6 > 0, there exists some t, > 0 such that for all t < tg
t
Es, [exp (9/ Xs(gg)ds)] < C < oo, Vo € R?
0

for some constant C = C(tg,6) > 0.

Proof. Recall from (7.1) that
1 2 1
5w < (logt ——) < ——.
ly — x| ly — x|

Then it follows immediately from Proposition 8.6. O

Before proceeding to the proof of Lemma 8.1, we state another result:
Proposition 8.8. For z # 0 in R3, there exists some constant C' > 0 such that

/ / = Xs(dy)ds < Xe(gz) — 60(9z) — Me(Ga) + C/ Xs(1)ds (8.4)
holds forallt > 0 Ps -a.s..
Proof. By using Proposition 7.1 with y = Jp, for « # 0 we have Pj -a.s. that
[5G0 = X2 - 0(a) ~ (3, vt >0
By (7.18) we have

A, () = Ay — 2)] < [hllse < o0,

ly — z|?

and then the above result follows. O

Throughout the rest of this Section for simplicity we write E for E5, when there is
no confusion.

8.2 Lower bound
Recall that ¢, (y) = ¢1.3/|y — z|. Forany o € R,

exp(foMt ) —70 / X,(62) ds
is an F;-supermartingale and therefore
E[exp(faMt ) —fcr / X,(42) ds <1 (8.5)

As is shown later in the proof of upper bound in Section 8.3, the above supermartingale
is indeed a martingale, but we only need to address (8.5) for our use in this Section.
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Similarly we have

E[exp ( — oM, (gs) — %Uz /Ot Xs(gfc)dsﬂ <1 (8.6)

Set t > 0, which will be chosen small enough below. Then for any p,q > 1 with
1/p+1/q¢ =1 we have

9 (- 0740) 1% = e (- 25— )

<E[exp (= ML = &) = B[ exp (= AMi(6) - Xu(@2)) | Gy (7.14))

||
1/p 1/q
<(Blexp (= pAMi(62))]) (B[ exp (aAXi(62))]) (8.7)
Use Corollary 8.4 with ¢ > 0 chosen small enough to get
E[exp (q/\Xt(qu))} < Clg,t,\) < . (8.8)

By using (8.5) with ¢ = A\p?, we have
/
(E[exp(—p/\Mt((bx))])l '
1 t 1 t 1/p
=(E f)\szf?’)\z X, (42)ds) - A% | X (¢2)d
( [exp (— pAM(¢s) — =p / 5(#7)ds) - exp (5p /O (¢2) S)D
1/p? 1/pq
<(E )\Mz——“)\QX 2)d (Elexp (=p* q | Xs(¢2)d
(Elexp (~ P*AMi(6s) — 5p / 1) (Blexw (g% [ Xi(02)a5)))
E[exp(§p3/\2q/ Xs(qsi)ds)} Ve (8.9)
0
Let k = 1p3A\%g. Then
1 g [ 2 _ > [ 1
E|exp (§p A q/o X (¢2)ds)] = E[exp (kcllg/o /WXS(dy)ds)]
t
<E|[exp (2ket 5(Xe(ga) — 60(Ge) — Mi(ga) +C’/ X,(1)ds))] (Proposition 8.8)
0

t
<exp (2kcf 5log i) - Elexp (= 2kci sMy(gs) + 2kc] 4 C’/ X,(1)ds)]
0

Ed
) 1 ) ~ 1/2 ) t 1/2
<exp (2kc; 4log m) . (E[exp (- 4kcll3Mt(gx))]) (E[exp (4kcl.3C’/ Xs(l)ds)})
0
(8.10)

The second inequality follows from X;(g,) < 0 and —dy(g;) = log(1/|x|) for |z| small.
Proposition 8.6 implies that with ¢ > 0 chosen small, we have

t
(E[exp (4kc§30/ XS(1)dS)D1/2 < C(k,t) < 0. (8.11)
0
Let § = 4kc? 5 and use (8.6) with o = 20 to get
1/2
(Blexp (- aket sMi(a.)] )
t t 1/2
(E exp (— 0M,(g 92/ X,(g2)ds)] - exp (92/ Xs(gi)ds)])
0
1/4 1/4
§<E exp ( — 20M,(g.) —292/ X, (g2 ds)}) / -(E[exp (26 Xs(gi)ds)]) /
0
1/4
§<E exp 202/ Xs( gz ds)]) < C(0,t) < oo. (8.12)
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The last inequality follows from Corollary 8.7 with ¢ > 0 chosen small. Therefore (8.9),
(8.10), (8.11) and (8.12) imply that with ¢ > 0 chosen sufficiently small, we have

1/ 1
(Blexp (= pAMi(62)]) " < Coxp (172262 alog 1)- (8.13)
In conclusion, (8.7), (8.8) and (8.13) imply that for |z| > 0 small
exp ( - (V’\(x) - )\%)) < Cexp (pQ)\QC%.g log ﬁ)
X X

for some constant C' = C(p,t, \) > 0, i.e.

1
VMNz) — /\%_ p2)\201310g| R

Let x — 0 to conclude

A _
lim inf V2 (ac)z Acys/|2] > _p?
z—=0 % A2log(1/|z|)

Since p > 1 can be chosen arbitrarily close to 1, we get

A _
limian (z) = Acrs/|z]

—1. 8.14
0 T A2 Tog(1/]2]) (8.14)

8.3 Upper bound

Set t > 0, which will be chosen small enough below. Then we have

exp (= (VA(e) = AT) = Bl exp (= M2 - 1)

=E[exp (= MIZ — 1)) - exp (= M(Mi(60) — Xo(6))] by (7.14))
>B| (L& = 7)) - exp (= AMi(@,)|
—E [E(exp (= A(LE, — LY)) |]-"t) cexp (— /\Mt(qﬁx))}

E[ XV,

) -exp (- AMt(%))}, (8.15)

exp(—)\

exp (- Xi

where V) (y) = V*(y — ). We use the Markov property and (1.8) with ;z = X for the last
equality. Next,

E[exp( X (VA) =AM, (6, )}
:E[exp( )+ )\2/ Xs( ds ) -exp (— AMy(¢s) _7/\2/ X, (42) ds)}
:E{exp( Xe(V2) + ¢ 33 (Xe(g2) + log |1‘ M;(gz)))

x exp ( — AM(¢z) — 5)\2 Xs(qﬁi)ds)} (by Proposition 2.3)

0

- 1
=F {exp ( — Xt(V;‘) + C%lg)\Q(Xt(ga;) + log m —

We use Dawson’s Girsanov Theorem (see Chp. IV.1 in [13]) to change measure from P to
P with

Mt(gz)))] (8.16)

aP

_ — M 1 2 tX 2
- Ry :=exp (— AMy(¢y) — 5)\ /0 s(03)ds),
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where R; is a martingale by Novikov’s Theorem since

E{exp (%)\2 /Ot Xs(qbi)ds)] < 00

by (8.10), (8. 11) and (8.12) with « # 0 and ¢ > 0 chosen small enough.

Note that P < P, so every thing holds P-as. as long as it holds P-a.s.. Therefore
z — My(g,) and & — X;(g,) is continuous P-a.s.. For the X,;(V;)) term, we use (1.10) to
see that there is some § > 0 such that

V2Ay) < A

x

for |y — x| < 0.

1
ly — z|

Since V* is continuous on R*\{0} and vanishes at infinity, there is some Cs > 0 such
that V> (y) < Cs if |y — z| > §. So

X:(V})) < CsXo(1) + A/ Wlﬂ)(t(dy).

By (2.8), with P-probability one, there exist some r((¢t,w) € (0,1] and some constant
C > 0 such that

1 1
L <= .
/‘y_ﬂXt(dy) <X +C

0

Therefore
X (V)
log(1/|zl)

Combining (8.15) and (8.16) and moving the log(1/|z|) term to the left, we get

2% 0asx — 0. (8.17)

1
exp(—(VA(x)—/\CfT—i- 13/\210g| |))

>E|exp (= Xu(V2) + &5\ Xi(g2) — 52 Mi(g)) |.
Then we have

lim inf exp ( — (VMx) — A3 e et A\ log

x—0 | |

o8 )

1/log I
> lim 1nf ( {exp ( - Xt(Vz’\) + c%g/\th(gm) - c%_3)\2Mt(gw))}>

x—0

>Timinf B exp (= Xi(V2) + 2N 2X0(00) — s\ *My(g.))/1og |)]
~ 1
>F hgn_)igf {exp (( X (VM 42 02X, (g,) — ¢35 Mt(gw))/log z |)}
=E exp(0) = 1. (8.18)

The second inequality is by Jensen’s inequality applied to the power log(1/|z|) > 1 for
|z| small. The third inequality is by Fatou’s lemma. The last line follows from (8.17)
and the continuity of © — X;(g,) and  — M;(g.) (see Lemma 2.7 and Lemma 2.8). In
conclusion, (8.18) implies

. V’\(x) — Acrs/|x)
lim su - < 1. (8.19)
0T e A7 log (12
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A Proof of Lemma 3.3
Idea of this proof is from Theorem 1 in Chapter 2.2 of [7].

Proof of Lemma 3.3. For any fixed s > 0, p,(y) = (2rs)~3/2¢~1v/°/2s ¢ ¢°°(R3) vanishes
at infinity. Then we have

||Dpa||L°°(1R3) < o0 and ||Aps||L°°(]R3) < Q.

Here Du = Dyu = (ug, , Ug,, Uy, ) denotes the gradient of « with respect to z = (21, x2, x3).
For any ¢ € (0,1),
Ay/ Ps(y — 2)gx(2)dz =/ Ayps(y — 2)92(2)dz + / Ayps(y — 2)gx(2)dz
R3 B(z,0) R3—B(z,0)
=I5+ Js.

Now
16 < 180 llemey [ lgal)ldz < C5¥logs| - o

B(x,6

Note that Ayps(y — 2) = A.ps(y — z). Integration by parts yields

J5 = / Azps (y - Z)gz (Z)dz
R3—B(z,8)

Ips
= / 92(2) (y — 2)dz — / D.ps(y — 2)D,g.(2)dz
OB(z,5) R3—B(z,0)
= Ks+ L§,

v denoting the inward pointing unit normal along 9B(z, J). So

K| < 1Dl 1oy /8 , la=(2)ld= < o] 0.

(z,

We continue by integrating by parts again in the term L; to find

99z
L= [ neota@d- [ 25
R3—B(x,6) dB(z,5) v
=: Ms+ N;s.
Now Dg,(z) = F==(z # 2) and v = _Ii':;) = _(Zé_x) on dB(z,d). Hence 889; (2) =

v-Dgy(z) = — on dB(z,6). Since 476? is the surface area of the sphere dB(z,§) in R?,
we have

1
N5 =476 - —= ps(y —2)dz — 0 -ps(y —x) =0as d — 0.
4162 JoB(x,0) ( )

By (2.14), we have A,g,(2) = 1/|z — 2|*> when z € R? — B(z, ). Therefore

1
Ms = / ps(y — 2)——5dz.
R3—B(x,6) |z — 2|

Lemma 3.1 implies

1 1
/Ps(y—z)mdzﬁCiz < oo fory # x.

ly — =
By Dominated Convergence Theorem, we have
Ms = /ps(y - z);l{\%zga}dz - /ps(y - Z);dz
|z — 2| |z — 2|2
as d — 0. O
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B Proof of estimates in d=3

(i) In this section we prove (7.8): there is a constant C' > 0 such that for all y # = and
O<exl,

/ pe(y — 2)[a(2) — G (W)ldz < Cly — 2|~ /2eV/4, (B.1)

Note that
[ per = 2)lgale) - 9.0l
= /ps(y - 2)‘ log |z — z|x1/2(2 — ) —log [y — x[x1/2(y — x)’dz
= [ oty = )10 (112 s otz — 2) — log™ 1/l — el aly — )| dz
< [ty 2)1og* (112~ 2| ol — 2) = x1/a(y — o)z

+ [ ooty = 2| log*(1/1z ~ al) ~ log* (1/ly ~ 2oy ~ 2z i= 1+ T (B2)

Since x/2 is a C° function with compact support, then

/m@*@

By Cauchy-Schwarz, for0 <e <1

x1/2(2 =) = x1/2(y — $)‘2d2 = E(’Xl/Z(BE - —2) = X120y — x)r)

< VX123 E(1B:]?) < Ce.

1= [ poty = 21081/l = al) oz — 2) = xa )|z
<( [ pety = 2008 /1 = a)az) ([ petu=Dragale - ) xapty )| a)
S(/Ps(y - Z)rlﬂdz) i (Ce)? < Cly — x| 712612 < Cly — 2| 71/2e1/4, (B.3)
the third inequality by Lemma 3.1. For J in (B.2), we have
7= [ ety = 2)| 1o (112 = al) ~ log* (1/ly x| /aly ~ )z
< [ o= 21/l 1) —dos(1/ly b oty — )
+ /”|>1ps<y — ) log* (1/ly — al)xajaly — 2)dz i= Jy + Jo.

By (3.7) we have

J1 < /pg(y - z)‘ log |z — x| — log |y — a:|‘dz < Cly — x| V%M1,

For J, we have

1 1
Jo <log* pe(y — 2)dz = logm ——— (|B —(y—x)|>1)
PSR g O -l
1/2
<log™ P(\BE| >1—|y— x\) < ce log™ .
ly — = (1 =]y —=f) ly — |
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Note that for 1/2 < |y — z| < 1,
1 1 1—|y— x|

log™ = log(1 + ) < ly—a™h <20y —a| 7V,
(I—ly—=[) ly—=  (1-l|y—a)) ly — 2
and for 0 < |y — x| < 1/2,
1 1
log™ < 2logt ——— <2y — x|~V
(1—]y—a) ly — x| ly —

So for 0 < ¢ < 1, we have J, < 2CeY?|y — z|7'/2 < Ce'/4|y — 2|~'/2. Therefore
J < Jy+ Jy < Ce'/*y — x|~'/2. Combine (B.2) and (B.3) to conclude that (B.1) holds.
(ii) For any 1 € Mr(R?), we prove that the following are equivalent:

(a) z is a continuity point of [ 1/|y — z|u(dy);
(b) (to,xo) is a continuity point of ug:(z) for all ¢ty > 0;
(c) (to,xo) is a continuity point of ug.(z) for some ¢y > 0.

Recall that ¢;(z) = f(f ps(z)ds and 1/|z| = [;° 27ps(z)ds. Dominated Convergence
Theorem implies as x — 0, we have

gi(z) = q(x) — 1/(27|z|) = /:0 ps(z)dy — /too ps(0)dy = C(¢), Vt > 0. (B.4)

Therefore ¢; can be extended to be a bounded continuous function on R? by letting
q:(0) = C(¢).

(a) = (b): Let z be a continuity point of [ 1/|y — z|u(dy). Then for any ¢ > 0, there is
some ¢ > 0 such that for all |z — x¢| < 4,

1 1

and in particular

[ [ vity=oytsutan) = [ 1/ceely = snta) < <. (8.5)
0

For all ¢y > 0 and |z — 2| < § we have

1ge(z) — pgey (vo)| <[pge(x) — e, (2)| + |Gty () — pat, (20)|-
The first term converges to 0 if ¢ — t5 by (B.5) and Dominated Convergence Theorem.
The second term vanishes if {) = 0, so we may assume ¢, > 0. Since ¢, is bounded
continuous for ¢, > 0, we can pick v > 0 such that |ug,(x) — pugs,(xo)] < e for all
|x — xo| < 7. Then for all |z — x| <y A4,

s () = iy ()| <y 2) = iy o) + | [ 5t = [ p(dy)| < 2.

2|y — xol

and we prove that (¢g, z¢) is a continuity point of pq:(x) for all to > 0.

(¢) = (a): If (to,z0) is a joint continuity point of ug(z) for some ¢, > 0, since g, is
bounded continuous, it follows immediately that z is a continuity point of [ 1/|y—x|u(dy).
If (0, z¢) is a joint continuity point of ug:(z), then for any ¢ > 0, there exists some § > 0
such that for all |z — z¢| < d and 0 < ¢ < §, we have ug;(r) < e. Since g5 is bounded
continuous, there is some v > 0 such that |ugs(z) — ugs(zo)| < € for all |z — x¢| < . Then
for all |z — x| < v A d, we have

1 1
——u(dy) — | ————pu(d ’< 0s(x) — 1 :
’/wy_x‘u( y) /27r|y_$o|u( )| < nds(x) — pnags(zo)| + pgs(x) + pgs(zo) < 3e

and we prove such an z is a continuity point of [ 1/|y — z|u(dy).

EJP 23 (2018), paper 109. http://www.imstat.org/ejp/
Page 43/45


http://dx.doi.org/10.1214/18-EJP231
http://www.imstat.org/ejp/

Renormalization of local times

C Proof of estimates in d=2
(i) Define

falz) = /0 e*as%ﬂ_se e ds — — log ﬁ for x € R*\{0}. (C.1)

We will prove that
falz) = Cla) as z — 0.

Then we can define f,(0) = C(«) to make f, a continuous function in R2. It’s clear from
the definition that f,(x) is bounded away from = = 0. Hence f, is a bounded continuous
function on R2. To do this, we have

N — _ s — —1)—e 2 ds
* 0 oms* 3 og | | ¢ 27s
o 1 L
+/ e Y —e 25 ds =1 + Iy + Is.
1 27s
Note that as z — 0,
13:/1 e~ Q—ﬂ_se 2sds—>/ —ds-Cl()
by Dominated Convergence Theorem. We know that
1 «
T _1)—| < —, forall0 1.
‘(e )27T8 < 5o foralld<s <

Therefore by Dominated Convergence Theorem again,

1 >
as 4 L emas 1 _
12_/0 (e )271'5 ds—>/ —ds = Cy(a).

Now we deal with I;. Note that

1 e’}
Ly [T ey,
0 2ms |I|2/2 27t

Then for 0 < |z| < 1,

I [/1 Lar- Ly 1}+/1 (7t~ 1) dt—s—/w_tldt

= —_— e —_—

! |z|2/2 27t ™ 08 |£L" |z|2/2 € 27t 1 2nt
=J1+ Jo+ Js.

Note that J3 is integrable. For J5, by similar arguments used to />, we have

1
JQ:/ (e dt—)/ —dt Casxz—0.
|z|2/2 27Tt

1
1 1 1 1
J = —dt — —log — = —log 2.
! /|z|2/2 27t 7T o8 |l‘| 2 g

Finally

To make a conclusion,
fa(z) = C(a) as x — 0.

(ii) Recall that ¢;(z fo ps(x)ds and we prove in (i) that

I = qi(z) — (1/7) log™ (1/]z]) = C as x — 0
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for some constant C'. Dominated Convergence Theorem implies that for any ¢ > 0,
qt(x) — q1(x) = q:(0) — ¢1(0) = C(t) as « — 0. Therefore when z — 0,

Gi(z) := qu(x) — (1/m)log™ (1/|z]) — C(t), Vt > 0, (C.2)

and G; can be extended to be a bounded continuous function on R? by letting G,(0) = C(t).
Then by the similar arguments in Appendix B(ii), for any u € Mp(R?), the following are
equivalent:

(a) o is a continuity point of [log™ (1/|y — z|)u(dy);
(b) (to,xo) is a continuity point of ug:(z) for all ¢y > 0;

(c) (to, o) is a continuity point of ug;(x) for some tg > 0.
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