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Abstract

We show that the canonical random-cluster measure associated to isoradial graphs is
critical for all ¢ > 1. Additionally, we prove that the phase transition of the model is
of the same type on all isoradial graphs: continuous for 1 < g < 4 and discontinuous
for ¢ > 4. For 1 < ¢ < 4, the arm exponents (assuming their existence) are shown
to be the same for all isoradial graphs. In particular, these properties also hold on
the triangular and hexagonal lattices. Our results also include the limiting case of
quantum random-cluster models in 1 + 1 dimensions.
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1 Introduction

The random-cluster model is a dependent percolation model that generalises Bernoulli
percolation. It was introduced by Fortuin and Kasteleyn in [21] to unify percolation theory,
electrical network theory and the Potts model. The spin correlations of the Potts model
get rephrased as cluster connectivity properties of its random-cluster representation,
and can therefore be studied using probabilistic techniques coming from percolation
theory.

The random-cluster model on the square lattice has been the object of intense study
in the past few decades. A duality relation enables to prove that the model undergoes
a phase transition at the self-dual value p. = 1~|\»/qq of the edge-parameter [3] (see
also [16, 17, 18]). It can also be proved that the distribution of the size of finite clusters
has exponential tails when the model is non-critical. Also, the critical phase is now fairly
well understood: the phase transition of the model is continuous if the cluster-weight
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belongs to [1,4] [20] and discontinuous if it is greater than 4 [15]. When the cluster-
weight is equal to 2, the random-cluster model is coupled with the Ising model, and is
known to be conformally invariant [42, 10] (we also refer to [19] for a review).

A general challenge in statistical physics consists in understanding universality,
i.e., that the behaviour of a certain model is not affected by small modifications of its
definition. This is closely related to the so-called conformal invariance of scaling limits:
when we scale out the model at criticality, the resulting limit should be preserved under
conformal transformations, including translations, rotations and Mobius maps.

The goal of this paper is to prove a form of universality for a certain class of random-
cluster models. Specifically we aim to transfer results obtained for the square lattice
to a larger class of graphs called isoradial graphs, i.e., planar graphs embedded in the
plane in such a way that every face is inscribed in a circle of radius one. A specific
random-cluster model is associated to each such graph, where the edge-weight of every
edge is an explicit function of its length. Moreover, the edge-weight is expected to
compensate the inhomogeneity of the embedding and render the model conformally
invariant in the limit.

Isoradial graphs were introduced by Duffin in [13] in the context of discrete complex
analysis, and later appeared in the physics literature in the work of Baxter [1], where
they are called Z-invariant graphs. The term isoradial was only coined later by Kenyon,
who studied discrete complex analysis on these graphs [29]. Since then, isoradial graphs
have been studied extensively; we refer to [11, 32, 36] for literature on the subject.
Several mathematical studies of statistical mechanics on isoradial graphs have appeared
in recent years. The connection between the dimer and Ising models on isoradial graphs
was studied in [6, 7]. In [11], the scaling limit of the Ising model and that of its associated
random-cluster model with ¢ = 2 was shown to be the same on isoradial graphs as on the
square lattice. For other values of ¢ > 1, the existence of the scaling limit of the random-
cluster model is still out of reach. However, for Bernoulli percolation (which corresponds
to ¢ = 1) a universality result for isoradial graphs was obtained in [25, 26, 27]. In the
present paper, we generalise the result of [27] to all random-cluster models with ¢ > 1.

1.1 Definition of the model

Isoradial graphs An isoradial graph G = (V,E) is a planar graph embedded in the
plane in such a way that (i) every face is inscribed in a circle of radius 1 and (ii) the
centre of each circumcircle is contained in the corresponding face. We sometimes call
the embedding isoradial. Note that an isoradial graph is necessarily infinite.

Given an isoradial graph (which we call the primal graph), we can construct its dual
graph G* = (V*,IE*) as follows: V* is composed of the centres of circumcircles of faces
of G. By construction, every face of G is associated with a dual vertex. Then, E* is
the set of edges between dual vertices whose corresponding faces share an edge in G.
Edges of IE* are in one-to-one correspondence with those of IE. We denote the dual edge
associated to e € IE by e*. When constructed like this, G* is also an isoradial graph.

The diamond graph G° associated to G (and G*) has vertex set VU V* and an edge
between vertices ©v € V and v € V* if v is the centre of a face containing u. All edges
of G° are of length 1, and G° is a rhombic tiling of the plane. Conversely, each rhombic
tiling of the plane corresponds to a primal/dual pair of isoradial graphs. It will be often
convenient to think of isoradial graphs through their diamond graphs. See Figure 1 for
an illustration.

The isoradial graphs considered in this paper are assumed to be doubly-periodic. In
other words, given such a graph G, it is invariant under the action of a certain lattice
A ~ Z & Z; moreover, G/A is a finite graph embedded in the torus T := R?/A. We will
always translate G so that 0 is a vertex of G, which we call the origin.
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Figure 1: The black graph is (a finite part of) an isoradial graph. All its finite faces can
be inscribed into circumcircles of radius one. The dual vertices (in white) have been
drawn in such a way that they are the centres of these circles; the dual edges are in
dotted lines. The diamond graphs is drawn in gray in the right picture.

The random-cluster model. Fix an isoradial graph G = (V,E). Forg > 1 and 8 > 0,

each edge e € I is assigned a weight p.(5) = 11@;(?(}3) , where y.(3) is given by

if g =4, y(B) =520, (1.1)

e

ifg>4, y.(8)=8Va %, where 7 = L cosh™" (@) .

In the above equations, . € (0, 7) is the angle subtended by e; that is, 6, is the angle at
the centre of the circle corresponding to any of the two faces bordered by ¢; see Figure 2.
This family of values can be found in [31, Sec. 5.3 and Prop. 2] and [4]. Note that the
expression for ¢ = 4 is the common limit ¢ — 4 of the expressions for ¢ < 4 and ¢ > 4.

Figure 2: The edge e € E and its subtended angle 6..

The random-cluster model on a finite subgraph G = (V, E) of G is defined as follows
(see also [23] for a manuscript on the subject). A random-cluster configuration w = (we :
e € E) is an element of {0,1}¥. A configuration can be seen as a graph with vertex set V
and edge set {e € E : w. = 1}. Write ko(w) for the number of connected components, also
called clusters, of the graph w. For ¢ > 0 and 5 > 0, the probability of a configuration w
is equal to

¢ T pe(8)* (1 =pe(8)' = ¢ [T we(5)

E ecl
P2 5 (W) == °< = — : (1.2)
a Z9(G, B,q) 79G, 8,q)
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where Z°(G, 3, q) and ZO(G7 B, q) are normalising constants called partition functions;
they are chosen such that (b%’ 3,q 1s @ probability measure. In particular, here we have

Z°(G,B,q) = [l.ep(l — pe(8))Z°(G, B,q). We note that both formulations with p, or
Y. are equivalent and in what follows, we will switch between them according to our
convenience. The measure (;506) 5.q is called the random-cluster measure with free bound-
ary conditions. Similarly, one defines the random-cluster measures ¢é, 8. with wired
boundary conditions as follows. Let G be the set of vertices of G with at least one
neighbour outside of G:

0G ={ueV: Jve V\V such that {u,v} € E}.

Write k; (w) for the number of connected components of w, when all connected compo-
nents intersecting G are counted as 1. Then, (;%7 5.q s defined as ¢0G7 .- With kq instead
of kyg.

Other boundary conditions may be defined and stand for connections outside of G.
They are represented by partitions of 0G. Random-cluster measures with such boundary
conditions are defined as above, with the number of connected components intersecting
0G being computed in a way that accounts for connections outside G.

For a configuration w on G, its dual configuration w* is the configuration on G*
defined by w*(e*) = 1 —w(e) for all e € E. If w is chosen according to d)g 5., for some

boundary conditions &, then w* has law ¢G* Bl where £* are boundary conditions that
depend on &. Most notably, if £ € {0,1} then £* = 1 — £. Considering the above, one may
be tempted to declare the models with 8 = 1 self-dual. Note however that the dual graph
is generally different from the primal, and the tools associated with self-duality do not
apply.

For ¢ > 1, versions of these measures may be obtained for the infinite graph G by
taking weak limits of measures on finite subgraphs G of G that increase to G (see [23,
Sec. 4]). The measures on G should be taken with free or wired boundary conditions;
the limiting measures are then denoted by (;5%7 5, and ¢%;7 5.4 TESPectively, and are called
infinite-volume measures with free and wired boundary conditions.

We will be interested in connectivity properties of the (random) graph w € {0, 1}E.
For A, B C R?, we say that A and B are connected, denoted by A <+ B, if there exists a
connected component of w intersecting both A and B (here we see edges in w as subsets
of the plane). Similarly, for a region R C R?, we say that A and B are connected in R,
denoted by A & B, if there exists a connected component of w N R intersecting both A
and B. For u € V, write u <> oo if v is in an infinite connected component of w.

Let B,, be the ball of radius n for the Euclidean distance, and 9B,, its boundary. Below,
we will often identify a subset S of the plane with the subgraph of G induced by the
vertices (of G) within it.

1.2 Results for the classical random-cluster model

The square lattice embedded so that each face is a square of side-length v/2 is an
isoradial graph. We will denote it abusively by Z? and call it the regular square 1att1ce

The edge-weight associated to each edge of Z2 by (1.1) is y(3) = 3,/q (or p(8) = 1+/3f)
V4

When 3 =1, we have p = oyt which is indeed the critical parameter for the random-
cluster model on the square lattice proven in [3]. Moreover, the phase transition of
the model was shown to be continuous when ¢ € [1,4] [20] and discontinuous when
q > 4 [15]. The following two theorems generalise these results to periodic isoradial
graphs.

Theorem 1.1. Fix a doubly-periodic isoradial graph G and 1 < q < 4. Then,
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¢ ¢%},1,q[0 < oo] =0 and ¢%.,1,q = ¢(1[},1,q;

e there exist a,b > 0 such that for alln > 1,

n~ %< ¢%711q [0 > 8Bn] <n7Y

e for any p > 0, there exists ¢ = ¢(p) > 0 such that for alln > 1,

%1 q[Culpn,n)] > ¢,

where R = [—(p + 1)n, (p + 1)n] x [—2n,2n] and Cy(pn,n) is the event that there
exists a path in w N [—pn, pn| X [-n,n] from {—pn} x [-n,n] to {pn} x [-n,n].

The last property is called the strong RSW property (or simply RSW property) and
may be extended as follows: for any boundary conditions &,

¢ < ¢y Chlon,n)] <1—c, (1.3)

for any n > 1 and some constant ¢ > 0 depending only on p. In words, crossing
probabilities remain bounded away from 0 and 1 uniformly in boundary conditions and
in the size of the box (provided the aspect ratio is kept constant). For this reason, in
some works (e.g. [27]) the denomination box crossing property is used.

The strong RSW property was known for Bernoulli percolation on the regular square
lattice from the works of Russo and Seymour and Welsh [40, 41], hence the name. The
term strong refers to the uniformity in boundary conditions; weaker versions were
developed in [3] for the square lattice. Hereafter, we say the model has the strong RSW
property if (1.3) is satisfied.

The strong RSW property is indicative of a continuous phase transition and has
numerous applications in describing the critical phase. In particular, it implies the first
two points of Theorem 1.1. It is also instrumental in the proofs of mixing properties and
the existence of certain critical exponents and subsequential scaling limits of interfaces.
We refer to [20] for details.

Theorem 1.2. Fix a doubly-periodic isoradial graph G and q > 4. Then,
. ¢013,1,q[0 + o0] > 0;
* there exists ¢ > 0 such that for alln > 1, ¢¢, ; ,[0 <> dB,] < exp(—cn).

Note that the above result is also of interest for regular graphs such as the triangular
and hexagonal lattices. Indeed, the transfer matrix techniques developed in [15] are
specific to the square lattice and do not easily extend to the triangular and hexagonal
lattices.

The strategy of the proof for Theorems 1.1 and 1.2 is the same as in [27]. There,
Theorem 1.1 was proved for ¢ = 1 (Bernoulli percolation). The authors explained how
to transfer the RSW property from the regular square lattice model to more general
isoradial graphs by modifying the lattice step by step. The main tool used for the transfer
is the star-triangle transformation.

In this article, we will follow the same strategy, with two additional difficulties:

* The model has long-range dependencies, and one must proceed with care when
handling boundary conditions.

e For q < 4, the RSW property is indeed satisfied for the regular square lattice (this
is the result of [20]), and may be transferred to other isoradial graphs. This is not
the case for g > 4, where a different property needs to be transported, and some
tedious new difficulties arise.
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The results above may be extended to isoradial graphs which are not periodic but
satisfy the so-called bounded angles property and an additional technical assumption
termed the square-grid property in [27]. We will not discuss this generalisation here and
simply stick to the case of doubly-periodic graphs. Interested readers may consult [27]
for the exact conditions required for G; the proofs below adapt readily.

A direct corollary of the previous two theorems is that isoradial random-cluster
models are critical for § = 1. This was already proved for the Ising model (¢ = 2) in [34]
and for g > 4 in [4] using different tools.

Corollary 1.3. Fix G a doubly-periodic isoradial graph and q > 1. Then, for any § # 1,
one has ¢¢ 5, = ¢ 3., and

e when 8 < 1, there exists cg > 0 such that forany z,y € V,
665417 ¢ 9] < exp(—csllz — yll);

« when 8> 1, ¢¢ 5 ,[x <> oc] > 0 foranyz € V.

For 1 < ¢ < 4, arm exponents at the critical point 8 = 1 are believed to exist and to
be universal (that is they depend on ¢ and the dimension, but not on the structure of the
underlying graph). Below we define the arm events and effectively state the universality
of the exponents, but do not claim their existence.

Fix k € {1} U2IN. For N > n, define the k-arm event Ay(n,N) to be the event
that there exists k disjoint paths Py,...,P; in counterclockwise order, contained in
[-N,N)?\ (—n,n)?, connecting d[—n,n]? to d[—N, N]?, with Py, Ps,... contained in w
and Po, P4, ... contained in w*. Note that this event could be void if n is too small
compared to k; we will always assume n is large enough to avoid such degenerate
situations.

For continuous phase transitions (that is for ¢ € [1,4]) it is expected that,

n )ak+o(1)

3% 1 o[Ak(n, N)] = (ﬁ

)

for some «ay, > 0 called the k-arm exponent. The RSW theory provides such polynomial
upper and lower bounds, but the exponents do not match.

The one-arm exponent of the model describes the probability for the cluster of a
given point to have large radius under the critical measure; the four-arm exponent is
related to the probability for an edge to be pivotal for connection events.

Theorem 1.4 (Universality of arm exponents). Fix G a doubly-periodic isoradial graph
and 1 < ¢ < 4. Then, for any k € {1} U 2NN, there exists a constant ¢ > 0 such that, for all
N > n large enough,

cdga 1 g[Ar(n, N)] < 0@ 1 g[Ak(n, N)] < €71y  [Ar(n, N)J.

1.3 Results for the quantum random-cluster model

The random-cluster model admits a quantum version, as described in [24, Sec. 9.3]
for ¢ = 2. Consider the set Z x R as a system of vertical axis. Let C and B be two
independent Poisson point processes with parameters A and i respectively, the first on
Z x R, the second on (% + Z) x R. Call the points of the former cuts and those of the
latter bridges. For any realisation of the two processes, let w be the subset of R? formed
of:

* the set Z x R with the exception of the points in B;

* a horizontal segment of length 1 centered at every point of C.

EJP 23 (2018), paper 96. http://www.imstat.org/ejp/
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For a rectangle R = [a,b] x [c,b] C R? with a,b € Z, define the quantum random-cluster
measure on R by weighing each configuration w with respect to the number of clusters
in w. More precisely, we define ¢g g »,, to be the quantum random-cluster measure with
parameters A, u and g > 0 by

dﬁbOQ,R,)\,M(w) X qk(w)d]PA,u(W)

where PPy , is the joint law of the Poisson point processes B3 and C, and k(w) is the number
of connected components of w N R (notice that this number is a.s. finite).

Similarly, one may define measures with wired boundary conditions qblg’ R DY
altering the definition of k. Infinite-volume measures may be defined by taking limits
over increasing rectangular regions R, as in the classical case.

As will be discussed in Section 5, the quantum model may be seen as a limit of
isoradial models on increasingly distorted embeddings of the square lattice. As a result,
statements similar to Theorems 1.1, 1.2 and Corollary 1.3 apply to the quantum setting.
In particular, we identify the critical parameters as those with & = ¢. This critical value
has already been computed earlier in [39, 5] for the case of the quantum Ising model
(g =2).

Theorem 1.5. Ifq € [1,4] and u/\ = g, then

. (le,)\,u[O < o0] = 0 and qSOQ’ML = (;Slg,/\w;

e there exist a,b > 0 such that for alln > 1,

D < a0 9B <07
« for any p > 0, there exists ¢ = ¢(p) > 0 such that for alln > 1,

QSOQ,R,)\,/L [Ch (p’fl, Tl)] 2 c,
where R = [—(p + 1)n, (p + 1)n] x [—2n,2n] and Cy(pn,n) is the event that there
exists a path in w N [—pn, pn| X [-n,n] from {—pn} x [-n,n] to {pn} x [-n,n].
Ifg >4 and p/X\ = g, then
. (ZSIQ’)\’H[O + o0] > 0;
* there exists ¢ > 0 such that for alln > 1, ¢ , ,[0 <> B,] < exp(—cn).
Finally, if u/\ # q, then ¢4 , , = ¢5 , , and
» when ;1/\ < q, there exists ¢,/ > 0 such that for any z,y € Z x R,

O ulr <yl <exp(—cynllz — yl).

* when p/\ > q, ¢35 ,[0 ¢ 00] > 0.

Notice that multiplying both A and p by a factor « is tantamount to dilating the
configuration w vertically by a factor of 1/«a. Hence it is natural that only the ratio p/A
plays a role in determining criticality.

However, for g € [1,4], there are reasons to believe that for the specific values

4
A:L and n= 7‘\/67
q(4—1q) Vi—q

the model is rotationally invariant at large scale, as will be apparent from the link to
isoradial graphs.
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Organisation of the paper Section 2 contains background on the star-triangle trans-
formation and how it acts on isoradial graphs. It also sets up the strategy for gradually
transforming the regular square lattice into general isoradial graphs. This is done in
two stages: first the regular square lattice is transformed into general isoradial square
lattices, then into bi-periodic isoradial graphs. This two-stage process is repeated in
each of the following two sections.

The proofs of Theorems 1.1 and 1.4 are contained in Section 3, while that of Theo-
rem 1.2 in Section 4. The reason for this partition is that the tools in the case 1 < ¢ <4
and g > 4 are fairly different. Section 5 contains the adaptation to the quantum case
(Theorem 1.5).

Several standard computations involving the random-cluster model and the RSW
technology are necessary. In order not to over-burden the paper, readers can refer to
appendixes of [33].

2 Star-triangle transformation

In this section, we introduce the main tool of our article: the star-triangle transforma-
tion, also known as the Yang-Baxter relation. This transformation was first discovered
by Kennelly in 1899 in the context of electrical networks [28]. Then, it was discovered
to be a key relation in different models of statistical mechanics [38, 2] indicative of the
integrability of the system.

2.1 Abstract star-triangle transformation

For a moment, we consider graphs as combinatorial objects without any embedding.
Consider the triangle graph A = (V, F) and the star graph .. = (V’,E’) shown in
Figure 3; the boundary vertices of both graphs are {A, B,C}. Write Q = {0,1}¥ and
Q' = {0, 1}E/ for the two spaces of percolation configurations associated to these two
graphs. Additionally, consider two triplets of parameters, p = (p4, py, pc) € (0,1) for the
triangle and p’ = (p}, p},p.) € (0,1)? for the star, associated with the edges of the graph

as indicated in Figure 3. For boundary conditions £ on {A, B, C}, denote by (bi% q (and
gf)i > q) the random-cluster measure on A (and .\, respectively) with cluster-weight ¢
and parameters p (and p’, respectively). For practical reasons write

/

Di / b;
Yi = and vy, = ——.
Col-ps ol-p
A A
p/
Pe @
Py / 0
Pl e
B Pa C B C

Figure 3: Triangle and star graphs with parameters indicated on edges.

The two measures are related via the following relation.

Proposition 2.1 (Star-triangle transformation). Fix a cluster weight ¢ > 1 and suppose
the following conditions hold:

Ya¥bYe + YaYo + YoYe + YelYa = 45 (2.1)
Yy = q, Vi € {a,b,c}. (2.2)
EJP 23 (2018), paper 96. http://www.imstat.org/ejp/
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Then, for any boundary conditions &, the connections between the points A, B, C' inside

the graphs /\ and .\ have same law under qﬁi’p’q and qbip,q, respectively.

Remark 2.2. In light of (2.2), the relation (2.1) is equivalent to

Ya¥s¥e — a(Ye + Y +ye) = ¢ (2.3)
The statement of Proposition 2.1 is actually more precise than that of [31, Lem. 5].
In [31], it is proved that the partition functions of ¢§A,p, p and qbi_p,,q are proportional
with the same constant of proportionality for any boundary condition ¢, whereas our
proposition states that this proportionality even holds for any given boundary condition
and any connection inside the triangle and star.
The proof of the proposition is a straightforward computation of the probabilities of
the different possible connections between A, B and C in the two graphs.

Proof. The probabilities of the different possible connections between A, B and C in
A and A with different boundary conditions are summarized in the following tables.
For ease of notation, the probabilities are given up to a multiplicative constant; the
multiplicative constant is the inverse of the sum of all the terms in each column. Different
tables correspond to different boundary conditions; each line to one connection event.

We exclude symmetries of boundary conditions.

{{4,B},C} In A In K
all disconnected q qlg+ vy, +y, +v.)
A« B« C Yeq YaUnd
B+ Cw A Ya YpUe
CoAesB Yo Yela
A< B C | Yol + UYe + Yela + YaUbYe YapYe
{A,B,C} In A In X
all disconnected 1 q+ Yy + Yyt Y,
Ao BeC Ye Yoy
B&aCOw A Ya (TATA
Cs A+ B Yo YLy
Ao B C | yays + Yl + YeYa + YaVbYe YaYtYe
{{A},{B},{C}} In A In X
all disconnected ¢ . +y,+y.+q)
A B« C Yeq Ya¥nd
B« C«» A Yaq YoYed
Ce A B Ynq YeYald
Ao B C | Yoo+ YYe + Yela + YaUole YaYVe

Table 1: Probabilities of different connection events with different boundary conditions.

It is straightforward to check that the corresponding entries in the two columns of
each table are proportional, with ratio (right quantity divided by the left one) ¢ /y.ysy.
each time. O

In light of Proposition 2.1, the measures qbi} pq and ¢i . AY be coupled in a way

that preserves connections. For the sake of future appficétions, we do this via two
random maps 7 and S from {0,1}* to {0,1}#, and conversely. These random mappings
are described in Figure 4; when the initial configuration is such that the result is random,
the choice of the resulting configuration is done independently of any other randomness.

EJP 23 (2018), paper 96. http://www.imstat.org/ejp/
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/N S ‘ 1 [ [

LN PR PN RS PN
q Ya Yb Ye
P’ P’ P’ P

A\ S - L . .

Lo > and similarly for all single edges

VANVANRVANIVAN S~ L

T .
N -
T \
) N > / » and similarly for all pairs of edges
T

A AN A\ YA SAN

YaYvYc YvYc YclYa YaYb

P P P P

Figure 4: The random maps 7 and S. Open edges are represented by thick segments,

closed edges by dashed ones. In the first and last lines, the outcome is random: it is

chosen among four possibilities with probabilities indicated below. The normalizing
AN

constants are P’ = g+ y, + v, + v. = v, ysy./q and P = yoUpYe + Ya¥b + YoUYe + YeYa = q-

Proposition 2.3 (Star-triangle coupling). Fix ¢ > 1, boundary conditions ¢ on {A, B,C}
and triplets p € (0,1)% and p’ € (0,1)3 satisfying (2.1) and (2.2). Let w and w’' be

configurations chosen according to (fA P and qSi o respectively. Then,

1. S(w) has the same law as w’,

2. T(w') has the same law as w,

3. forz,y € {A,B,C}, z Ly y if and only if © FaLiCIN Y,

, ! A, T(w'
4. forx,y € {A,B,C}, x Pl y if and only if x PaKICON y.
Proof. The points 3 and 4 are trivial by Figure 4. Points 1 and 2 follow by direct
computation from the construction of S and 7T, respectively, with the crucial remark that
the randomness in S and T is independent of that of w and w’, respectively. O

2.2 Star-triangle transformation on isoradial graph

Next, we study the star-triangle transformation for isoradial graphs. We will see
that when star-triangle transformations are applied to isoradial graphs with the random-
cluster measure given by isoradiality when 5 = 1, what we get is exactly the random-
cluster measure on the resulting graph.

Proposition 2.4. Fix ¢ > 1 and = 1. Then, the random-cluster model is preserved
under star-triangle transformations in the following sense.

 For any triangle ABC contained in an isoradial graph, the parameters y,p, ypc and
yca associated by (1.1) with the edges AB, BC' and C A, respectively, satisfy (2.1).
Moreover, there exists a unique choice of point O such that, if the triangle ABC is
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replaced by the star ABCO, the resulting graph is isoradial and the parameters
associated with the edges CO, AO, BO by (1.1) are related to yap, ygc and yca
as in (2.2).

e For any star ABCO contained in an isoradial graph, the parameters yoc, yoa and
yop associated by (1.1) with the edges CO, AO and BO, respectively, satisfy (2.1).
Moreover, if the star ABCO is replaced by the triangle ABC, the resulting graph
is isoradial and the parameters associated with the edges AB, BC, C A by (1.1)
are related to yoc, yoa and yop as in (2.2).

Proof. We only give the proof of the first point; the second may be obtained by con-
sidering the dual graph. Let ABC be a triangle contained in an isoradial graph
G. Write a,b,c for the angles subtended to the edges BC, AC, AB, respectively.
Then, a + b + ¢ = 27. A straightforward trigonometric computation shows that then
YaYoYe T YaYb + YbYe + YelYa —q = 0.

Permute the three rhombi of G° corresponding to the edges AB, BC, C'A as described
in Figure 5 and let O be their common point after permutation. Let G be the graph
obtained from G by adding the vertex O and connecting it to A, B and C' and removing
the edges AB, BC, CA. Since G has a diamond graph (as depicted in Figure 5), it is
isoradial. Moreover, the angles subtended by the edges OA, OB and OC are # —a, m — b
and 7 — ¢, respectively. It follows from (1.1) that the parameters of the edges OA, OB
and OC are related to those of the edges AB, BC and C A by (2.2). O

Figure 5: A local triangle subgraph with corresponding subtended angles a, b and c.
Note that a + b + ¢ = 27. The order of crossing of the three tracks involved is changed.

Triangles and stars of isoradial graphs correspond to hexagons formed of three
rhombi in the diamond graph. Thus, when three such rhombi are encountered in a
diamond graph, they may be permuted as in Figure 5 using a star-triangle transformation.
We will call the three rhombi the support of the star-triangle transformation.

Let w be a configuration on some isoradial graph G and ¢ a star-triangle transforma-
tion that may be applied to G. When applying ¢ to G, the coupling of Proposition 2.3
yields a configuration that we will denote by o(w).

Consider an open path v in w. Then, define o(v) the image of v under o to be the
open path of o(w) described as follows.

+ If an endpoint of 7y is adjacent to the support of o, then we set o(v) to be  plus the
additional possibly open edge if the latter has an endpoint on v, which is given by
the first line of Figure 4.

* If v does not cross (and is not adjacent to) the support of o, we set o(y) = 7.

¢ Otherwise, v intersects the support of ¢ in one of the ways depicted in the first two
lines of Figure 6. Then, we set o(v) to be identical to v outside the support of o.
And in the support of star-triangle transformation, since ¢ preserves connections,
the part of v inside may be replaced by an open path as in the same figure. Notice
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the special case when  ends in the centre of a star and the corresponding edge is
lost when applying o (third line of Figure 6).

A A A
ot (o] ot o a o]
o or o transforms
. to .
B o C B o C B J C
A A A
o o) b o) b o)
transforms o or o
. to .
B d C B o C B o C
A A
) )
> o) > o)
/ transforms g
] to b ]
B v C B v C

Figure 6: The effect of a star-triangle transformation on an open path. In the second
line, the second outcome is chosen only if the edge AB is closed. The fact that the result
is always an open path is guaranteed by the coupling that preserves connections. In the
last case, the open path may loose one edge.

2.3 Details on isoradial graphs: train tracks and bounded-angles property

Let G be an isoradial graph. Recall that G° is the diamond graph associated with
G, whose faces are rhombi. Each edge e of G corresponds to a face of G°, and the
angle 6. associated to e is one of the two angles of that face. We say that G satisfies the
bounded-angles property with parameter ¢ > 0 if all the angles 6. of edges ¢ € | are
contained in [e, 7 — ¢]|. Equivalently, edges of G have parameter p. bounded away from 0
and 1 uniformly. The property also implies that the graph distance on G° or G and the
euclidean distance are quasi-isometric.

Write G(¢) for the set of doubly-periodic isoradial graphs satisfying the bounded-
angles property with parameter ¢ > 0.

Define a train track [8, 9] as a doubly-infinite sequence of faces (r;);cz of G® such that
the intersections (r; N r;11)icz are non-empty, distinct and parallel segments (Figure 7).

A train track as above may also be viewed as an arc in R? which connects the
midpoints of the edges (r; N 7;+1)icz- These edges are called the transverse segments of
the track, and the angle they form with the horizontal line is called the transverse angle
of the track.

Write 7 (G) for the set of train tracks of G. Notice that 7(G) = T(G*) since the
diamond graph is the same for the primal and dual graphs. Most commonly, 7(G) is
regarded only up to homeomorphism. Then, it only encodes the structure of G; the
embedding of G may be recovered from the values of the transverse angles of the tracks.

One can easily check that the rhombi forming a track are all distinct, thus a track
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Figure 7: The train track representation (in dotted red lines) of the isoradial graph in
Figure 1. Transverse edges of a track are drawn in blue.

does not intersect itself. Furthermore, two distinct tracks can only have at most one
intersection. A converse theorem has been shown by Kenyon and Schlenker [32].

Each face of G° corresponds to an intersection of two train tracks. A hexagon in G°
(that is a star or triangle in G) corresponds to the intersection of three train tracks, as
in Figure 5. The effect of a star-triangle transformation is to locally permute the three
train tracks involved in the hexagon by “pushing” one track over the intersection of the
other two.

2.4 Switching between isoradial graphs

As explained in the introduction, the strategy of the proof is to transform the reg-
ularly embedded square lattice into arbitrary doubly-periodic isoradial graphs using
star-triangle transformations. This will enable us to transfer estimates on connection
probabilities from the former to the latter. Below, we explain the several steps of the
transformation.

2.4.1 From regular square lattice to isoradial square lattice

In this section we will consider isoradial embeddings of the square lattice. As described
in [27], a procedure based on track exchanges transforms one isoradial embedding of
the square lattice into a different one. This method was first noted by Onsager [37]
with details using the approach of transfer matrices in [2, Sec. 6.4]. In addition to [27],
the effect of boundary conditions needs to be taken into account; a construction called
convexification [12, Lem. 4.3] is therefore required.

Isoradial embeddings of the square lattice may be encoded by two doubly-infinite
sequences of angles. Let & = (o, )nez and B8 = (Bn)nez be two sequences of angles in
[0, 7) such that

sup{a, : n € Z} < inf{B, : n € Z},

. (2.4)
inf{a, :n € Z} >sup{B, :n€Z} —.

Then, define G, g to be the isoradial embedding of the square lattice with vertical train
tracks (sp)nez with transverse angles (ay,),cz and horizontal train tracks (¢,),cz with
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transverse angles (8,)ncz. Condition (2.4) ensures that G, g satisfies the bounded-
angles property for e = inf{f, — am, an — B + 7 :m,n € Z} > 0.

Figure 8: A piece of an isoradial embedding of a square lattice (the square lattice in red,
the diamond graph in black and the tracks in blue).

In the following, we mainly consider doubly-periodic isoradial graphs, hence periodic
sequences (a,)nez and (Bn)nez. The bounded-angles property is then automatically
ensured if it is satisfied for a period of («,,) and (53,).

The same notation may be used to denote “rectangular” finite subgraphs of isoradial
square lattices. Indeed, for finite sequences o = (ay, ) vr_ <n<ar, and B = (Bn)N_<n<N,,
define G4 g to be a (finite) isoradial square lattice with M — M_ + 1 vertical tracks
and N,y — N_ + 1 horizontal tracks. We will think of this graph as part of an infinite
isoradial graph, thus we call the right boundary of G, g the vertices to the right of s/, ,
the left boundary those to the left of s),_, the top boundary the vertices above ¢y, and
the bottom boundary those below ¢ _. The term rectangular refers to the diamond graph
rather than to G4, g; the boundary denominations are also used for G, 5.

The regular square lattice is the embedding corresponding to sequences 3, = 5 and
a, =0foralln € Z.

Track exchange

Let us start by describing a simple but essential operation composed of star-triangle
transformations, which we call track exchange. In the language of transfer matrices,
since the random-cluster measure is preserved, this amounts to saying that the transfer
matrices associated with two adjacent rows commute with each other, which is the usual
formulation of the Yang-Baxter transformation.

Let G be a finite rectangular subgraph of an isoradial square lattice and ¢ and ¢’
be two parallel adjacent horizontal train tracks. Suppose that we want to switch their
positions using star-triangle transformations. That is, we would like to perform a series
of star-triangle transformations that changes the graph G into an identical graph, with
the exception of the train tracks ¢ and ¢’ that are exchanged (or equivalently that their
transverse angles are exchanged). We will suppose here that the transverse angles of ¢
and t' are distinct, otherwise the operation is trivial.

Since ¢ and ¢’ do not intersect, no star-triangle transformation may be applied to them.
Suppose however that G contains one additional rhombus (gray in Figure 9) at either
the left or right end of ¢ and ¢’ that corresponds to the intersection of these two tracks.
(Depending on the transverse angles of the tracks, there is only one possible position for
this rhombus.) Then, a series of star-triangle transformations may be performed as in
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Figure 9. In effect, these transformations “slide” the gray rhombus from one end of the
tracks to the other, and exchange the two tracks in the process.

Figure 9: We move the gray rhombus from the right to the left by a sequence of star-
triangle transformation. Observe that these transformations only affect the tracks ¢ and
t/, and that their ultimate effect is to exchange them.

As seen in Section 2.2, each star-triangle transformation of an isoradial graph pre-
serves the random-cluster measure and connection properties. Thus, the procedure
above, which we call a track exchange, allows us to deduce connection properties of the
resulting graph from those of the initial graph.

In [27], the gray thombus was added before exchanging the tracks and removed
afterwards. Thus, the track exchange could be perceived as a measure- and connection-
preserving transformation between isoradial square lattices. By repeating such track
exchanges, blocks of tracks of a square lattice were exchanged, and RSW-type estimates
were transported from one block to another.

In the present context, adding a rhombus (and hence an edge) to a graph affects
the random-cluster measure of the entire graph. We therefore prefer to “prepare” the
graph by adding all necessary gray rhombi for all the track exchanges to be performed
at once. The operation is called the convexification of a finite part of a square lattice [12,
Lem. 4.3].

Convexification

Consider a finite rectangular portion G = G g of an isoradial square lattice, with o and

(3 two finite sequences of angles. Suppose that 8 = (5,,)o<ngn for some N > 0. We call

the vertices below t¢( (in the present case the bottom boundary) the base level of G.
We say that G is a convexification of G = Gapif

* (@ is a subgraph of G and G has no other tracks than those of G;
 the top and bottom boundary of G° are also boundaries of G°;

¢ as we follow the boundary of G° in counterclockwise direction, the segment be-
tween the top and bottom boundaries (which we naturally call the left boundary)
and that between the bottom and top boundaries (called the right boundary) are
convex.

The second condition may be read as follows: in G, the vertical tracks (sn) only inter-
sect the horizontal tracks (¢, ); however, additionally to G, G may contain intersections
between horizontal tracks.

The third condition is equivalent to asking that all horizontal tracks of G with distinct
transverse angles intersect in G. Indeed, the left and right boundaries of G° are formed
of the transverse segments of the horizontal tracks of GG, each track contributing once to
each segment of the boundary. That both the left and right boundaries of G° are convex
means that the transverse segments of two tracks ¢;, ¢t; with distinct transverse angles
appear in alternative order along the boundary of G°, when oriented in counterclockwise
direction. Hence, they necessarily intersect in G. The converse may also be easily
checked.
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Figure 10: An isoradial square lattice and a convexification of it. Only the diamond graph
is depicted.

Below, we will sometimes call G the square lattice block of G; G \ G is naturally split
into a left and a right part.

The following two simple lemmas will come in useful when performing track ex-
changes.

Lemma 2.5 (Lem. 4.3 [12]). For any adjacent horizontal tracks t,t' of G with distinct
transverse angles, there exists a convexification G of G in which the rhombus corre-
sponding to the intersection of t and t’ is adjacent to G°.

Lemma 2.6 (Thm. 5 [30]). For any two convexifications G gnd é’NofG, there exists a
sequence of star-triangle transformations that transforms G into G’ and that does not
affect any rhombus of G°.

Although Lemma 2.5 is the same as Lemma 4.3 from [12], we give essentials of the
proof below.

Proof of Lemma 2.5. We start by describing an algorithm that constructs a convexifica-
tion of G. Let {,) be the scalar product on R2.

1. Set H = G, which is the graph to be convexified.

2. Orient the edges on the right boundary of H® above the base level upwards and
denote the corresponding unit vectors by e_g, . ,e_N> .

3. If there exists j such that (¢;;1 — &7, (1,0)) > 0, fix such a value j and proceed to

Step 4. Otherwise, go to the Step 5.

4. Add a rhombus to H® whose boundary is given by e_;, €1, —e_} and —e;;q to the
right of the edges e_}, ej+1. Set H to be the graph thus obtained, and go back to
Step 2.

5. Proceed the same for the left boundary of G.

Each rhombus added in Step 4 corresponds to an intersection of two horizontal tracks of
G. As such, only a finite number of such rhombi may be added, which shows that the
algorithm necessarily terminates. Moreover, it is obvious to see that when it terminates,
the resulting graph, which we denote by G, is indeed a convexification of G.

The construction of G does not ensure that the successive tracks ¢ and ¢ intersect in
G adjacently to G. However, we may choose j corresponding to the index of ¢ the first
time the algorithm arrives at Step 3 for either the right or left boundary. If such choice
is made, the intersection of the tracks ¢ and ¢’ in the resulting graph G will be adjacent
to G. O
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Proof of Lemma 2.6. By symmetry, it is sufficient to show that there exists a sequence
of star-triangle transformations that transforms the right part (call it G,.) of CNJ\G into
the right part of G’ \G (which we call G.) without affecting any rhombus of G°. Notice
that G? and (G!.)° have the same boundary. Indeed, the left boundaries of G¢ and (G..)°
coincide both with the right boundary of G°. Their right boundaries are both formed of
the segments of length 1, with angles 3, arranged in increasing order. Then, [30, Thm. 5]
ensures the existence of the transformations as required. O

Consider a finite rectangular region G of an isoradial square lattice and consider any
of its convexification G. Using the previous two lemmas, one can switch the transverse
angles of any two neighbouring horizontal train tracks by a sequence of star-triangle
transformations. A more precise statement is given below.

Corollary 2.7. Let G = G4 be as above and let t and ¢’ be two adjacent horizontal
train tracks with distinct transverse angles. Then, for any convexification G of G, there
exists a sequence of star-triangle transformations o4, ..., that may be applied to G
with the following properties:

¢ there exists 0 < ¢ < k such that the transformations o1, ..., o, only affect either the
right or the left side of G \ G;

e in(og0---001)(G), the tracks t and ¢’ intersect at a rhombus adjacent to G;

« the transformations oy41,...,0k applied to (cy o ---001)(G) are “sliding” the inter-
section oft and t' from one side of G to the other, as described in Figure 9.

Write ¥,y = o o --- o 01. If T denotes the transposition of the indices of tracks ¢t and ¢/,
then 3, 1+ (G) is a convexification of G 3.

Proof. Suppose for simplicity that the tracks ¢ and ¢’ intersect in G to the right of G
(which is to say that the transverse angle of the lower track is greater than that of the
above).

Write G for a convexification of G in which the tracks ¢, ¢ intersect in a rhombus
adjacent to G° (as given by Lemma 2.5). It is obvious that the left side of G may be
chosen identical to that of é and we will work under this assumption.

Letoq,...,00 be a sequence of star-triangle transformations as that given by Lemma 2.6
that affects only the right side of G and that transforms G into G’. Let O¢+1,---,0 be the
series of star-triangle transformations that slides the intersection of ¢ and ¢’ from right
to left of GG, as in Figure 9. Then, o1, ..., 0} obviously satisfies the conditions above. O

In the following, we will apply repeated line exchanges ¥, ;. to a convexification G of
some finite portion of a square lattice. Thus, we will implicitly assume ¥, ;. is a series
of star-triangle transformations as in the lemma above, adapted to the convexification to
which it is applied. When ¢; and ¢; have same transverse angles, we will simply write
24, +, for the empty sequence of transformations. We note that tracks are indexed with
respect to the starting graph and are not reindexed when track exchanges are applied.
This is the reason why neighboring tracks do not necessarily have indices which differ
by 1; thus, we call them ¢; and ¢; with the only constraint i # j.

All of the above may be summarised as follows. A convexification of G provides all
the horizontal track intersections necessary to exchange any two horizontal tracks (that
is the gray rhombus in Figure 9 for any pair of horizontal tracks). In order to exchange
two adjacent horizontal tracks ¢; and ¢;, the sequence of transformations Et“tj starts
from bringing the intersection of ¢; and ¢; next to G (this is done through star-triangle
transformations that do not affect (), then slides it through ¢; and ¢;.
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In certain arguments below, it will be more convenient to work with a “double”
strip of square lattice G = G, g where o and 3 are finite sequences of angles and
B = (Bn)-n<n<ny for some N > 0. We will then separately convexify the upper half
Ga,(Bo,...8n) @0d G (3_y,....3_,) (as in Figure 12). Track exchanges will only be between
tracks above t( or strictly below ¢p; the base (that is the vertices between ¢_; and ¢y) will
never be affected by track exchanges.

Construction of the mixed graph by gluing

Consider two isoradial square lattices with same sequence « of transverse angles for
the vertical tracks. Write GV = Gaﬁ(m and G? = Ga,g@)- Additionally, suppose that
they both belong to G(¢) for some ¢ > 0.

Fix integers N1, No, M € IN. We create an auxiliary graph Gix, called the mixed
graph, by superimposing strips of G(!) and G(® of width 2M + 1, then convexifying
the result. More precisely, let E = (Bél), . ,65\}3,662), .. .,,6](52)) and & = (ay)—M<n<M-
Define G,ix to be a convexification of Ga.é-

Write GV = G 50 and G = G 52 where

~(1) 1 1 ~(2) 2 2

B =",....8%) and B =(87,....80).

These are both subgraphs of G,,;x; we call them the blocks of GM and G@ inside G yix.
Next, we aim to switch these two blocks ofNGmiX using star-triangle transformations.

That is, we aim to transform G,,;, into a graph G,,;x obtained as above, with the sequence

B replaced by ( (()2), . ,[3](\?2), (()1), e J(\}l)) There are two ways of doing this, each having
its own advantages.
One way is to use track exchanges to send the tracks ¢y, 41, .., tN, +Ny+1 Of Gmix all

the way down, one by one, while keeping their order. Using the notation of the previous
section, this corresponds to the following sequence of track exchanges

o Xk

_ v
DN =Xy Ni+1>

1+N2+1 0
where Zt = Yot © 00 0 Xy 1, IS @ sequence of star-triangle transformations sending
the track ¢, to the bottom of the block GM in G,i,. This will be useful in the proof of
Proposition 3.6, where we need to control the upward drift of an open path.

The other is to push the tracks ty,, ..., ¢y all the way up, one by one. It formally reads

ET:Ego...oE}VI’

where EZ = iy tn, vpg1 O 00 O Yy ty, 4, 1S @ sequence of star-triangle transformations
sending the track t; to the top of the block G®@ in G,uix. This will be used to study the
downward drift of an open path in Proposition 3.7.

One may easily check that the sequences X¢ and T may be applied to Gix. That
is that whenever a track exchange >, is applied, the previous track exchanges are
such that the tracks ¢ and ¢’ are adjacent. The two sequences of track exchanges are
illustrated in Figure 11.

The resulting graphs X1 (Gpix) and X¥(Guix) both contain the desired block of iso-
radial square lattice, but the rhombus tilings added in the convexification may differ.
However, by Lemma 2.6, we may fix one convexification émix of the resulting square
lattice block and add star-triangle transformations to the end of X' and X+ that only
affect rhombi added in the convexification and such that T(Gpix) = Z4(Gmix) = émix.

However, by Lemma 2.6, we may fix one convexification émix of the resulting square
lattice block and add star-triangle transformations at the end of both sequences X'
and ¥t that only affect the convexification and such that ©1(Gpix) = SH(Gmix) = CN}’miX.
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G® G® 3 =

EN EN +1 N EN +1
. )
N+ 1 : > N+ 1

ety G

Figure 11: The graph G, is obtained by superimposing G") and G then convexifying
the result (in gray). Left: The sequence val 41 moves the track ¢y, +1 below the block
G, Right: The sequence Z;\h moves the track ¢y, above the block G®,

Henceforth, we will always assume that both sequences of star-triangle transformations
YT and ¥ contain these additional transformations.
Since each star-triangle transformation preserves the random-cluster measure, we
have
21060 = B406. = 95

mix mix

for all boundary conditions . Above, qbémix and qb% denote the random-cluster mea-

sures with 8 = 1 and boundary conditions £ on G,,;x and émix respectively. The action of
" (and £+¥) should be understood as follows. For a configuration w chosen according to
‘/)gm;x' the sequence X' of star-triangle transformations is applied to w with the resulting
configuration sampled as described in Figure 4, independently for each star-triangle
transformation. Then the final configuration follows gb% . The same holds for ©+.

mix

The reader may note that we do not claim that ¥ (w) and ¥¥(w) have the same law
for any fixed configuration w on Gx; this is actually not the case in general.

G(l) N1 +1
G No+1
G(z) No+1
ey Ny +1
bo o _______ .
o el N
G N,
G2 N,
el N
M M

Figure 12: Left: The graph G,,ix constructed in both the upper and lower half plane.
The convexification is drawn in gray Right: By exchanging tracks, the relative positions
of G and G® are switched, the resulting graph is 2" (Gmix) = 3 (Gmix) = Gmix. Note
that there is a slight assymetry in the upper-half and the lower-half planes.

In certain parts of the proofs that follow, we construct a mixture as described above,
in both the upper and lower half-plane, as depicted in Figure 12. That is, we set

2 2 2 1 1 2 2
B=B2 B2 BN 8RB BYD)
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and a = (a,)-m<ngm and define the base as the vertices of G; 3 between ¢_; and tg.
Then, set G« to be the separate convexification of the portions of ,Ga,é above and below
the base. We will call G,;x the symmetric version of the mixed graph.

The sequences X1 and ¥+ of track exchanges are defined in this case by performing
the procedure described above separately on both sides of the base. For instance, £ is
the sequence of star-triangle transformations that pushes ¢y, all the way to the top and
t_n, all the way to the bottom, then ¢5,_; and ¢_, 41 all the way to the top and bottom
respectively, etc. Observe that the blocks below the base, and therefore the number of
line exchanges applied, differ by one from those above due to the track t.

Local behaviour of an open path

In the proofs of the coming sections we will use the line exchanges defined above to
transport certain connection estimates from G to G(?). To that end, we will need to
control the effect that the line exchanges have on open paths. Recall that the coupling
of Figure 4 is designed to preserve connections. As such, any open path before a star-
triangle transformation has a corresponding open path in the resulting configuration.

Let Guix be a mixed graph and ¢,¢' be two adjacent horizontal tracks. Let w be a
configuration on G,,;x and v be a simple path, open in w, and contained in the square
lattice block of G,,;x. Then, the intersection of v with the tracks ¢ and ¢’ may be split
into disjoint segments of two edges (or of one edge if the endpoint of v is on the line
between ¢ and t'). The effect of the transformations on v may therefore be understood
simply by studying how each individual segment is affected. Each segment is actually
only affected by at most three consecutive star-triangle transformations of ¥; ;/, and the
effect of these is summarized in Figure 13.

A very similar analysis appears in [27, Sec. 5.3]. The only difference between
Figure 13 and [27, Fig. 5.5.] is in the probabilities of secondary outcomes, which are
adapted to the random-cluster model. The exact values will be relevant in Section 5,
when studying the quantum model.

Finally, if an endpoint of ~y lies between the two adjacent horizontal tracks ¢ and ¢/, a
special segment of length 1 appears in the intersection of v with ¢ and ¢’. This segment
obeys separate rules; in particular it may be contracted to a single point, as shown in
Figure 14.

2.4.2 From isoradial square lattices to general graphs
Let G be an isoradial graph. We call a grid of G two bi-infinite families of tracks (s, )nez
and (¢, )nez of G with the following properties.

e The tracks of each family do not intersect each other.
+ All tracks of G not in (¢, ),ez intersect all those of (¢, )nez-
 All tracks of G not in (s, ),cz intersect all those of (s, )nez.

 The intersections of (s,),cz with ty appear in order along ¢, (according to some
arbitrary orientation of ¢y) and the same holds for the intersections of (t,),cz with
S0-

The tracks (s,)nez and (t,)necz are called vertical and horizontal respectively. The
vertices of G® below and adjacent to ¢y are called the base of G.
In our setting, the existence of a grid is guaranteed by the following lemma.

Lemma 2.8. Let G be an isoradial graph. Then,

« if G is doubly-periodic, it contains a grid;
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Figure 13: Path transformations. The left column exhausts all the possible intersections
of 7 (in thick red lines) with ¢ and ¢'. The second column depicts the “principal” outcome,
which arises with probability 1 when there is no secondary outcome or when the dotted
red edge in the initial diagram is closed. Otherwise, the resulting configuration is
random: either the principal or the secondary outcome (third column) appear, the latter
with the probability given in the last column. Dashed edges in the secondary outcome
are closed. The randomness comes from a star-triangle transformation, and hence is
independent of any other randomness.

¢ G is an embedding of the square lattice if and only if any of its grid contains all its
tracks.

It may be worth mentioning that if G has a grid (s, )nez and (t,)nez and o1, ..., 0k
are star-triangle transformations that may be applied to G, then the tracks (s, )ncz and
(tn)nez of (0 o---001)(G) also form a grid of the transformed graph (ox o --- 0 01)(G).
Observe also that generally, grids are not unique.

Proof. Let G be a doubly-periodic isoradial graph, invariant under the translation by
two linearly independent vectors 7,7, € R?. First notice that, by the periodicity of G,
each track ¢ of G is also invariant under some translation ar; + b, for a certain pair
(a,b) € Z>\{(0,0)}. Thus, t stays within bounded distance of the line of direction ar; + b7y,
which we now call the asymptotic direction of t. Call two tracks parallel if they have the
same asymptotic direction.

By the periodicity of G, the set of all asymptotic directions of tracks of G is finite.
Thus, the tracks of G may be split into a finite number of sets of parallel tracks. It is
immediate that two tracks which are not parallel intersect. Conversely, if two parallel
tracks intersect, they must do so infinitely many times, due to periodicity. This is
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Figure 14: If an endpoint of a path lies between two tracks, the corresponding edge is
sometimes contracted to a single point.

impossible, since two tracks can intersect at most once. In conclusion, tracks intersect if
and only if they are not parallel.

Let ty and sy be two intersecting tracks of G. Orient each of them in some arbitrary
direction. Write ...,t_1,tg,t1,... for the tracks parallel to ¢y, ordered by their intersec-
tions with sq. Similarly, let ..., s_1, S0, S1,... be the tracks parallel to sg, in the order of
their intersections with ¢g.

Then, the two families (s, )nez and (t,)necz defined above form a grid for G: the
tracks of each family do not intersect each other since they are parallel, but intersect all
other tracks, since these have distinct asymptotic directions.

The second point of the lemma is straightforward. O

In an isoradial graph G with grid (s, )nez and (t,)necz, write R(i, j; k, £) for the region
enclosed by s;, s;, ¢t and t, including the four boundary tracks. We say that R(4, j; &, )
has a square lattice structure if it is the subgraph of some isoradial square lattice. This
will be applied to local modifications of bi-periodic graphs, thus inside R(i, j; k, £) there
may exist tracks not belonging to (s,)i<ng; Which do not intersect any of the tracks
(sn)igngj- Such tracks would be vertical in a square lattice containing R(¢, j; k, £), but
are not vertical in G. See the right-hand side of Figure 15 for an illustration.

to Jf Jf Jf Jr= to (1~ >

” Jf Jf Jf Jf JF I JF N
| | _

to F F F F F > to F >

S—1 1
$_25_180 81 52 83 84 55 8¢ S7 Sy _25_150 81 82 53 84 S5 8¢ S7 S8

Figure 15: Left: The train tracks of a portion of a doubly-periodic isoradial graph G. A
grid of G is given by vertical tracks (s,,) and horizontal tracks (¢,,). We denote by (5s,,)
its non-horizontal tracks. We want to make the region R(0, 2;0; 2) have a square lattice
structure by removing all the black points using star-triangle transformations. Right:
The black points are removed (from the top) from the region R(0, 2; 0;2), making a square
structure appear inside. This region contains tracks s; and s3 which would be vertical in
a square lattice containing R(0, 2; 0, 2) but are not vertical in the original graph G on the

left.

In the second stage of our transformation from the regular square lattice to arbi-
trary doubly-periodic isoradial graphs, we use star-triangle transformations to transfer
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crossing estimates from isoradial square lattices to periodic graphs. To that end, given a
doubly-periodic isoradial graph, we will use star-triangle transformations to construct a
large region with a square lattice structure. The proposition below is the key to these
transformations.

A star-triangle transformation is said to act between two tracks t and t' if the three
rhombi affected by the transformation are all between ¢ and ¢/, including potentially on ¢
and t'.

Proposition 2.9. Let G be a doubly-periodic isoradial graph with grid (s,)nez, (tn)nez.
There exists d > 1 such that for all M, N € IN, there exists a finite sequence of star-
triangle transformations (ox)i1<k<k. each acting between S_(M+an) and sy iqn and
between ty and ty, none of them affecting any rhombus of ty and such that in the
resulting graph (o o---001)(G), the region R(—M, M;0, N) has a square lattice structure.

This is a version of [27, Lem. 7.1] with a quantitative control over the horizontal
position of the star-triangle transformations involved. Obviously, the lemma may be
applied also below the base level ¢, by symmetry.

Proof. We only sketch this proof since it is very similar to the corresponding one in [27].
We will only refer below to the track system of G; we call an intersection of two tracks a
point. Fix M, N € IN.

Index all non-horizontal tracks of G as (s, )necz, in the order of their orientation with
to, such that Sp = sg. Then the vertical tracks (s, ),cz of G form a periodically distributed
subset of (5, )nez. Let My and M_ be such that s);, = sy and sy, = s_p.

We will work with G and transformations of G by a finite number of star-triangle
transformations. The tracks of any such transformations are the same as those of
G, we therefore use the same indexing for them. Call a black point of G, or of any
transformation of G, an intersection of a track s; with M_ < k < M, with a non-
horizontal track, contained between ¢y and t. See Figure 15 for an example.

Observe that, if in a transformation (o o --- 0 01)(G) of G there are no black points,
then (o o ---001)(G) has the desired property. The strategy of the proof is therefore to
eliminate the black points one by one as follows.

Orient all non-horizontal tracks of G upwards (that is from their intersection with
to to that with ¢;). We say that a black point is maximal if, along any of the two tracks
whose intersection gives this black point, there is no other black point further. One may
then check (see the proof of [27]) that if black points exist, then at least one maximal one
exists. Moreover, a maximal black point may be eliminated by a series of star-triangle
transformations involving its two intersecting tracks and the horizontal tracks between
it and ¢n. Thus, black points may be eliminated one by one, until none of them is left
(by the fact that (s, )nez and (t,)nez form a grid, only finitely many black points exist to
begin with). Call o4, ...,0x the successive star-triangle transformations involved in this
elimination. Then (ok o --- 0 01)(G) has a square lattice structure in R(—M, M;0, N).

We are left with the matter of controlling the region where star-triangle transforma-

tions are applied. Notice that o1,...,0x each involve exactly one horizontal track ¢
with 0 < k£ < N. Thus, they all only involve rhombi between ¢, and ¢, but none of those
along tg.

Also observe that, due to the periodicity of G, between ¢y and ¢, a track s intersects
only tracks 5; with |j — k| < ¢N for some constant ¢ depending only on the fundamental
domain of G. It follows, by the periodicity of the tracks (s, )necz in ($n)nez, that all black
points are initially in R(—M — dN, M + dN;0, N) for some constant d > 0 depending
only on the fundamental domain of G. Finally, since all star-triangle transformations
(0k)o<k< i involve one horizontal track and two others intersecting at a black point, each
oy acts in the region of (o_1 0 --- 0 01)(G) delimited by s_ps—anr, Sprtan, to and ty. O
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3 Proofsforl <g<4

Starting from now, fix ¢ € [1,4] and let G be a doubly-periodic graph with grid
($n)nez, (tn)nez. Recall that G € G(¢) for some ¢ > 0. All the constants below depend on
the value of . Write (bf; = qﬁé’l, , for the random-cluster measure with parameters ¢ and
B8 =1 and boundary conditions £ € {0,1} on G.

3.1 Notations and properties

For integers 7 < j and k < /¢ recall that R(i, j; k, ¢) is the subgraph of G contained
between tracks s; and s; and between ¢, and ¢, (including the boundary tracks). Write
R(i; k) for the centred rectangle R(—i,4; —k, k) and A(n) = R(n;n). The same notation
applies to G° and G*. We define R and A in the same way using Euclidean distances.
Note that R and A are domains with respect to a grid of G whereas R and A are Euclidean
ones and they should all be seen as subregions of R2.

Similarly to the crossings events defined in the introduction, set

* Cu(i,7; k, £): the event that there exists an open path in R(3, j; k, £) with one endpoint
left of the track s; and the other right of the track s;. This is called a horizontal
crossing of R(i, j; k, £).

* Cy(i,j; k,0): the event that there exists an open path in R(4, j; k, £) with one endpoint
below ¢, and the other above ¢,. This is called a vertical crossing of R(i, j; k, ¢).

The crossings C;, and C, can also be defined for symmetric rectangular domains R(m;n),
in which case we write C,(m; n) and C,(m; n). Also write C; (4, j; k, £), C} (i, j; k,€), C;:(m;n)
and C;(m;n) for the corresponding events for the dual model.

To abbreviate the notation, we will henceforth say that G satisfies the RSW property
if the random-cluster model on G with g = 1 satisfies this property. It will be easier to
work with the crossing events defined above, rather than the one of the introduction,
hence the following lemma.

Lemma 3.1. Fix p > 1 and v > 0. Then, G has the RSW property if and only if there
exists 0 := d1(p,v) > 0 such that for alln > 1

0
¢R((p+u)n,(1+u)n) [Ch(P )] 20, ¢ R((p+v)n,(14v)n) [C (pm; )] > 9, (BXP(p, 1))
5 ’

¢g((1+u)n,(p+l/)n) [Cy(n; pn)] =6, ¢§((1+u)n,(p+u)n) [Cx(n; pn)] > 6.

In other words, crossing estimates for Euclidean rectangles and rectangles in G°
imply each other. Moreover, the aspect ratio p and distance vn to the boundary conditions
is irrelevant; indeed it is a by-product of the lemma that the conditions (BXP(p, v)) with
different values of p > 1 and v > 0 are equivalent (obviously with different values for
0 > 0).

In general, one would also require crossing estimates as those of (BXP(p, v)) for trans-
lates of the rectangles R(n; pn) and R(pn;n). This is irrelevant here due to periodicity.

The proof of the lemma is elementary. It emploies the quasi-isometry between
Euclidean distance and the graph distance of G°, the FKG inequality and the comparison
between boundary conditions. A similar statement was proved in [27, Prop. 4.2] for
Bernoulli percolation. Since the boundary conditions matter, additional care is needed
here, and the proof is slightly more technical. Details are skipped here and are given
in [33, App. BI.

It is straightforward (as will be seen in Section 3.4) that the RSW property implies
the rest of the points of Theorem 1.1 for 1 < ¢ < 4. The following two sections will thus
focus on proving the RSW property for isoradial square lattices (Section 3.2), then on
general doubly-periodic isoradial graphs (Section 3.3), when 1 < ¢ < 4.
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2n 2(p+v)n

Figure 16: Crossing events in the condition (BXP(p, v)). The dotted lines represent the
tracks enclosing the domain in which the event takes place, the dashed lines represent
the domain in which the random-cluster measure is defined.

3.2 Isoradial square lattices

The relevant result for the first stage of the proof (the transfer from regular to
arbitrary square lattices) is the following.

Proposition 3.2. Let GV = G4 g and G®? = G, p» be two isoradial square lattices
in G(g). If GO satisfies the RSW property, then so does G,

The proposition is proved in the latter subsections of this section. For now, let us see
how it implies the following corollary.

Corollary 3.3. For any 1 < ¢ < 4 and any isoradial square lattice G € G(¢), G satisfies
the RSW property.

Proof of Corollary 3.3. For the regular square lattice Go,z, the random-cluster measure

associated by isoradiality (see (1.1)) is that with edge-parameter p. = 1{% . It is then
known by [20] that GO,% satisfies the RSW property.

It follows from the application of Proposition 3.2 that for any sequence 8 € [e,7 —¢
the graph Gy g also satisfies the RSW property.

Let Ga,s € G(c) be an isoradial square lattice. Below 3, stands for the constant
sequence equal to Jy. Then, G g, is the rotation by gy of the graph Gy 5_g,+~, Where o
is the sequence a with reversed order. By the previous point, G 5_g,+~ satisfies the
RSW property, and hence so does G4 3,. Finally, apply again Proposition 3.2 to conclude
that G g also satisfies the RSW property. O

’

]Z

The rest of the section is dedicated to proving Proposition 3.2.

3.2.1 RSW: an alternative definition

Fix an isoradial square lattice G = G4, g € G(¢) for some ¢ > 0. Recall that ¢ € [1,4] is
fixed; the estimates below depend only on ¢ and €. Let z; ; be the vertex of G® between
tracks s;_1,s; and t;_1,¢;. Suppose that G is such that its vertices are those z; ; with
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i+ j even. The base of G is then the set {(z; : # € Z}. Moreover, G is translated so that
Zo,0 is the origin 0 of the plane.

Define C(m1, ma;n) to be the event that there exists an open (primal) circuit contained
in R(mg; n) that surrounds the segment of the base between vertices x_,,, o and ., o 1
Write C*(., .;.) for the same event for the dual model. See figure 17 for an illustration.

Figure 17: The event C(m1,mo;n). Such a circuit should not cross the bold segment.

The following two results offer a convenient criterion for the RSW property. The
advantage of the conditions of (3.1) is that they are easily transported between different
isoradial square lattices, unlike those of (BXP(p, )). The main reason is that, due
to the last case of Figure 6, paths may shrink at their endpoints during star-triangle
transformations. Circuits avoid this problem.

Lemma 3.4. Suppose G is as above and suppose that the following conditions hold.
There exists §,, > 0 such that for any §, > 0, there exist constants a > 3 and b > 3a such
that for all n large enough, there exist boundary conditions £ on A(bn) such that

¢/£\(bn) [C(3an,bn;bn)] >1—46), and ¢§\(Zm) [C*(3an, bn;bn)| =1 — 6y,
(;S/E\(bn) [Cy(an;2n)] > 6, and gbf\(bn) [Cx(an;2n)] = 6y, (3.1)
qﬁf\(bn) [C(an, 3an; n)} >, and gbf\(bn) [C*(an, 3an; n)] > 0y

Then G has the RSW property.

Let us mention that the boundary conditions £ above may be random, in which case
qbf\(bn) is simply an average of random-cluster measures with different fixed boundary
conditions. The only important requirement is that they are the same for all the bounds.

Again, if we were to consider also non-periodic graphs G, we would require (3.1) also
for all translates of the events above.

The conditions of the lemma above should be understood as follows. The last two lines
effectively offer lower bounds for the probabilities of vertical and horizontal crossings
of certain rectangles. For Bernoulli percolation, these estimates alone would suffice to
prove the RSW property; for the random-cluster model however, boundary conditions
come into play. The first line is then used to shield the crossing events from any
potentially favorable boundary conditions. Notice that the fact that 4, > 0 is fixed and 6;
may be taken arbitrarily small ensures that events such as those estimated in the first
and second (or third) lines must occur simultaneously with positive probability. This is
the key to the proof.

Even though the proof is standard (and may be skipped by those familiar with the
RSW techniques for the random-cluster measure), we present it below.

1 Formally, we allow the circuit to visit vertices of the base, but it is not allowed to cross the base between
T—mq,0 and Tmq,0-
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Proof. Suppose to start that the condition (3.1) is satisfied. Let d,, > 0 be fixed. Choose
0p < 0,/2. Fix a,b as given by the condition. Then, for n large enough, by assumption
and the inclusion-exclusion formula, there exists £ such that

(;Sf\(lm) [C*(3an, bn; bn) N Cy(an; 2n)| = 6, — 8y > 6p.

Notice that the vertical path defining C,(an;2n) is necessarily inside the dual circuit
defining C*(3an, bn;bn), since the two may not intersect. Also, notice that C,(an;2n)
induces a vertical crossing of R(an;2n). Thus, we can use the following exploration
argument to compare boundary conditions.

For a configuration w, define I'*(w) to be the outmost dually-open circuit as in the
definition of C*(3an, bn; bn) if such a circuit exists. Let Int(I'*) be the region surrounded
by I'*, seen as a subgraph of G. We note that I'* can be explored from the outside and as
a consequence, the random-cluster measure in Int(T"*), conditionally on I'*, is given by
¢?nt(F*)‘ Thus,

qbf\(lm) [C*(Sambn;bn) NCy(an; 2n Z¢A(bn) (an;2n) |I‘* = ]d)/\(bn)[ = 7*]
= Z%t(r* (an; 20) ] 87,y [T™ = 7]

Z ¢/\(bn) (an; 2n)] ¢/\(bn) [ =7"]

= ¢/\(bn) [C?J(an; 2”)} ’

where the summations are over all possible realisations v* of I'*. The first inequality is
based on the comparison between boundary conditions and on the fact that Int(v*) C
A(bn) for all v*. Hence, we deduce that,

Di(om) [Co(an; 2n)] = 6.
Similarly, observe that
B com [C* (3an, bn; bn) N C(an, 3an;n)] = b,

Again, the circuit defining C(an, 3an;n) is necessarily inside the dual circuit defining
C*(3an, bn;bn) and it therefore induces a horizontal crossing of R(an;n). Using the same
exploration argument as above, we deduce that

¢9\(bn) [Ch(an;n)] = 0n. (3.2)

The same may be performed for the dual model. Since these computations hold for
arbitrary n large enough, we obtain for all n > 1

B om) [Co(an; 2n)] = 6, B (pm) [Crlan; )]
Ohon) [Co(an; 20)] = 6, Spqpny [Chr(an; n)]

We claim that (BXP(p, v)) follows from the above. Indeed, the inequalities above
for horizontal crossing are of the desired form. However, vertical crossings are only
bounded for short and potentially wide rectangles. Notice however that, by combining
crossings as in Figure 18 and using the FKG inequality,

and

>

]
O,

;“

d)?\(abn) [ (CL?’Z a Tl)] ¢A(brb) [ (an; 277,)] ¢ _1¢9\(bn) [C}L(an; Tl)] o 2 5}21(12—2 (33)

Equations (3.2) and (3.3) imply (BXP(p, v)) with p = ¢ and v = a(b—a), and Lemma 3.1
may be used to conclude. O
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2a°n

B I —
2an

Figure 18: A vertical crossing in R(an;a’?n) created by superimposing shorter vertical
and horizontal crossings. The distance between two consecutive horizontal dotted lines
is 2n.

As the next lemma suggests, condition (3.1) is actually equivalent to the RSW property.
The following statement may be viewed as a converse to Lemma 3.4.

Lemma 3.5. Assume that G has the RSW property. Fix a > 1. Then, there exists §, > 0
such that for any 0, > 0, there exist b > 3a such that for all n large enough, the following
condition holds,

¢9\(bn) [C(3an, bn;bn)| > 1 — h/2 and (b/l\(,m) [C*(3an, bn;bn)| =1 —6,/2,

Prcomy [Co (%G5 %)) =28, and G, [Ch (%t %H)] = 26, (3.4)
¢9\(b71,) [C(an7 2an; %)} 2 51} and Qs/l\(b") [C*(an, 2cm; %)] 2 251}

The proof is a standard application of the RSW theory and readers are referred to [33,
App. C]. Let us only mention that it uses the fact that
PA(omy [C(3an, bn;bn)] —— 1, uniformly in n.
b—o0

This is a typical consequence of the strong RSW property; it appears in other forms in
various applications.

3.2.2 Transporting RSW: proof of Proposition 3.2

Fix G = G, o and G® = G, g two isoradial square lattices in G(c). Suppose G
satisfies the RSW property.

Let Gpix be the symmetric mixed graph of G and G® constructed in Section 2.4.1,
where the width of each strip is 2M + 1 and the height is N = N; = N, (for M and
N to be specified below). We here use the construction both above and below the
base, where each side is convexified separately. Let Guix = 31 (Gmix) = SH(Gmix) be
the graph obtained after exchanging the tracks ty,...,tny of Gunix With ty41,...,tan+1
and t_g,...,t_ny with t_(ny11),...,t_2n. Write ¢¢,,, and ¢<§m;x for the random-cluster
measures on G,;, and @mix, respectively, with parameters ¢ € [1,4], 8 = 1 and free
boundary conditions.

The estimates below are the key to the proof of Proposition 3.2. They correspond to
similar statements in [27] for Bernoulli percolation.
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Proposition 3.6 (Prop. 6.4 of [27]). There exist A\,ng > 1, depending on ¢ only, such that,
for all pout > pin > 0, n > ng and sizes M > (pous + A\)n and N > An,

bg

Proposition 3.7 (Prop. 6.8 of [27]). There exist ¢ € (0, %) and ¢, > 0 satisfying ¢,, — 1
as n — oo such that, for all n and sizes M > 4n and N > n,

Qsémix [Cu (4n, 571)} 2 C"¢lelix [CU (n7 n)] .

The proofs of the above two statements are similar to those of [27]. They do not
rely on the independence of the percolation measure, they do however use crucially the
independence of the randomness appearing in the star-triangle transformations. More
details about this step are given in Section 5.2 when we will treat the quantum case,
since more explicit estimates will be needed. However, we will not provide full proofs
since they are very similar to the corresponding statements in [27]; the sketches of
proofs will be given later in Section 3.2.3.

Let us admit the two propositions above for now and finish the proof of Proposition 3.2.

[C<pinna (pout + /\)n, )\n)] 2 (1 - poute_n)(szmix [C<pinna poutn; n)] .

mix

Proof of Proposition 3.2. Fix parameters ng,A > 1 and § > 0 as in Propositions 3.6

and 3.7. Since G satisfies the RSW property, Lemma 3.5 applies to it. Choose

a = max{\, 2,1} and an arbitrary ¢, > 0. By Lemma 3.5, there exist b > 3a and §, > 0

such that, for all n large enough,
qb?\(bn) [C(3an, bn; bn)] >1-14,/2,
¢9\(bn) [CU(%; %)] = 251}7 (35)
¢9\(bn) [C(an, 2an; %)] > 20,.
YVe will prove that G® satisfies (3.1) for these values of a, d, and dj, with b replaced by
b= (14 A\)b. The boundary conditions ¢ will be fixed below. We start by proving (3.1) for
the primal events.

Take M = N > (A + 1)bn for constructing G,ix. Then, since the balls of radius bn in
Gmix and in GV are identical, we deduce from the above that

GG [C(Ban, bnsbn)| =1 — 6,/2,
¢Gm;x I:C'l)<%; %)] 2 251}7
GG [Clan, 2an; 2)] > 26,.

We used here that the boundary conditions on A(bn) in (3.5) are the least favorable for
the existence of open paths.
For n > ang, Propositions 3.6 and 3.7 then imply

065, [C(Ban, (A + 1)bn; \bn)] > (1 - e™"")(1 = 6,/2),
¢&. . [Culan; San)] > 2¢,6,,
d)émix [C(an, (20, + %)n’ %n)] > 2(1 _ 2a267’ﬂ/a)5v'
Now, take n large enough so that 2¢ " < §,, 2¢,, > 1 and a?e~"/ < 1/4. These bounds

ultimately depend on € only. Observe that this implies (3.1) for the primal model. Indeed,
set b = (A + 1)b, then, due to the choice of q,

6c.. [CBan.bn;bn)] > (1= 64/2)> > 1 by,
G, [Colanin)] > b,
9, [Clan,3am;n)] > 6,.
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The same procedure may be applied for the dual model to obtain the identical bounds
for C*(.,.;,) and C:(.;.).
By choice of M and N, the region A(gn) of émlx is also a subgraph of G(). This
implies (3.1) for G, The boundary conditions ¢ appearing in (3.1) are those 1nduced on
(bn) by the free boundary conditions on GmIX These are random boundary conditions,
but do not depend on the events under study. In particular, they are the same for all the
six bounds of (3.1). O

3.2.3 Sketch of proof for Propositions 3.6 and 3.7

The proofs of Propositions 3.6 and 3.7 are very similar to those of Propositions 6.4
and 6.8 in [27], with only minor differences. Nevertheless, we sketch them below for
completeness. The estimates in the proofs are specific to the random-cluster model and
will be important in Section 5.

We keep the notations G,;x and émix introduced in the previous section.

Proof of Proposition 3.6. We adapt the proof from Proposition 6.4 (more precisely, Lemma
6.7) of [27] to our case.

Recall the definition of 3¢, the sequence of star-triangle transformations to consider
here: above the base level, we push down tracks of G(?) below those of G(!) one by one,
from the bottom-most to the top-most; below the base level, we proceed symmetrically.
Let P be a probability measure defined as follows. Pick a configuration w on Gy
according to ¢¢,,. ; apply the sequence of star-triangle transformations ¥+ to it using
the coupling described in Figure 4, where the randomness potentially appearing in each
transformation is independent of w and of all other transformations. Thus, under P we
dispose of configurations on all intermediate graphs in the transformation from G,;x to
G omix. Moreover, in light of Proposition 2.3, ¥*(w) has law ba. -

We will prove the following statement
IP[EL(W) S C(pinn7 (pout + A)n’ An) | we C(pinn7 PoutT; n)} >1- pout€7n5 (3.6)

for any values pout > pin > 0, n = ng, M = (pout + A)n and N > An, where A\, ng > 1 will
be chosen below. This readily implies Proposition 3.6.

Fix pout, pin,, M and N as above. Choose wy € C(pmn, pousn;n) and let v be an
wp-open circuit as in the definition of C(pinn, poutn; n). As the transformations of =
oK o ---0 o1 are applied to wy, the circuit ~v is transformed along with wy. Thus, for
each 0 < k < K, (o 0---001)(7) is an open path in (o o --- 0 01)(wp) on the graph
(k0 001)(Gmix)-

Since no star-triangle transformation of ¥+ affects the base, ¥*(v) remains a circuit
surrounding the segment of the base between z_,, , o and z,, , 0. Therefore, the only
thing that is left to prove is that

]P[EL(V) € R((pout + A)na A’I’)) |w = WO} 2 1- p011t€7n- (37)
Set
k) _ (v 4 \
YE) = (S0 0 B (i) © 0 (Bl © B w4y

where Zf = Xtg,t; 00 gyt fori > 0 and Zf =% ;00X fori <0. The
path ~(%) thus defined is the transformation of v after the first k tracks of G(2) above the
base were sent down, and the symmetric procedure was applied below the base.
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In [27], the vertices of G,;x Visited by 7(’“) were shown to be contained in a region
whose evolution with £ = 0,..., Ny + 1 is explicit. This is done separately above and
below the base level, and we focus next on the upper half-space.

Let H = {(i,j) € Z X N : —(pout + 1)n < i —jand i+ j < (pous + 1)n and j < n}.
Then, H**! is defined from H* as follows. If (i,5) € Z x N is such that (i, 5), (i — 1, ) or
(i +1,7) are in H, then (i,) € H**!. Otherwise, if (i,j — 1) € H*, then (i, j) is included
in H* with probability n € (0, 1), independently of all previous choices. We will see later
how the value of 7 is chosen using the bounded-angles property.

In consequence, the sets (H k)ogkg n are interpreted as a growing pile of sand, with a
number of particles above every i € Z. At each stage of the evolution, the pile grows
laterally by one unit in each direction; additionally, each column of the pile may increase
vertically by one unit with probability n (see Figure 19).

Figure 19: One step of the evolution of H: H* is drawn in black, H**! contains the
additional blue points (since they are to the left or right of vertices in H ky and the red
points (these are added due to the random increases in height).

Loosely speaking, [27, Lem. 6.6] shows that, if 1 is chosen well, then all vertices
x; ; visited by v(*) have (i,5) € H* 2. More precisely, the process (H")y<x<x may be
coupled with the evolution of (’)/(k))og k<N SO that the above is true. This step is proved by
induction on k, and relies solely on the independence of the star-triangle transformations
and on the estimates of Figure 13. Then, (3.7) is implied by the following bound on the
maximal height of H:

P[max{j : (i,5) € H*} > An] < pouse " (3.8)

for some A > 0 and all n large enough. The existence of such a (finite) constant X is
guaranteed by [25, Lem. 3.11]. It depends on 7, and precisely on the fact that n < 1[27,
Lem. 6.7]. The choice of 7 < 1 that allows the domination of (v*))o<.<n by (H*)o<k<n
is done as follows.

We proceed in the same way as in the proofs of Lemmas 6.6 and 6.7 of [27]. We shall
analyze the increase in height of portions of v(¥) as given by Figure 13. Essentially, the
only cases in which 4(¥) increases significantly in height are depicted in the third and
the last line of Figure 13.

Let us examine the situation which appears in the third line of Figure 13 and consider
the notations as in Figure 20. Using the notation of Figure 20 for the angles A and B,
the probability that the height of such a v(*) increases by 1 is given by

MAp = Ynr—AYn—(B-4) _ sin(rA) sin(r(B — A))
’ q sin(r(m — A)) sin(r(r — (B — A)))
_ cos(r(2A — B)) — cos(rB)
cos(r(24 — B)) — cos(r(2m — B))’

where we recall that r = cos_l(g) < 1 and that, due to the BAP(g), A, B € [e,7 —¢€].

2This is not actually true, since there is a horizontal shift to be taken into account; let us ignore this technical
detail here.

EJP 23 (2018), paper 96. http://www.imstat.org/ejp/
Page 31/70


http://dx.doi.org/10.1214/18-EJP223
http://www.imstat.org/ejp/

Universality for the random-cluster model on isoradial graphs

Figure 20: Star-triangle transformations between tracks ¢ and ¢’ corresponding to the
third line of Figure 13. The tracks ¢t and ¢’ have transverse angles A and B respectively.
We assume that a portion of the path v(*) reaches between the tracks ¢ and t' as
shown in the figure. Moreover, if the dashed edge is open on the left, with probability
NA,B = Yr—AYr—(B—A)/q, the path ~(¥) drifts upwards by 1 after the track exchange.

The same computation also applies to the last line of Figure 13. Then, n may be
chosen as

n:= sup na,B < 1. (3.9)
A,B€le,m—¢]

The domination of the set of vertices of 4(*) by H* is therefore valid for this value of 7,
and (3.7) is proved for the resulting constant .

O

Remark 3.8. When we deal with the quantum model in Section 5, it will be important
to have a more precise estimate on 7(e). In particular, we will show that, in this special
case, 1 — n(e) ~ 7(q)e as € — 0 for some constant 7 := 7(¢) depending only on ¢ € [1, 4].

Proof of Proposition 3.7. We adapt Proposition 6.8 of [27] to our case. Fix n and N, M >
2n, and consider the graph G.,;x as described in the previous section. We recall the
definition of X7, the sequence of star-triangle transformations we consider here: above
the base level, we pull up tracks of G(!) above those of G(?) one by one, from the top-most
to the bottom-most; below the base level, we proceed symmetrically.

As in the previous proof, write IP for the measure taking into account the choice of a
configuration wy according to the random-cluster measure ¢, , as well as the results of
the star-triangle transformations in ¥.* applied to the configuration w.

The events we are interested in only depend on the graph above the base level, hence
we are not concerned with what happens below. For 0 < 7 < N, recall from Section 2.4.1
the notation

T _
Ei - Zti7t2N+1 ©---0 Eti,tNer

for the sequence of star-triangle transformations moving the track ¢; of G() above G(?.
Then T =%f 0. 02},

First, note that if w € C,(n;n), we also have E,TLH 0.0 Zﬁ,(w) € Cy(n;n), since
the two configurations are identical between the base and ¢,,. We will now write, for
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0<k<<n+1,

GF =3 k10 0 SN (Gmix),
(JJk — Ejlfkykl QO---0 E}\V(w),

Dkz{xu,u e Gk : |ul <n+2k+v,0<v<N+n},
k k
h* = sup{h < N : Ju,v € Z with Tu,0 <D—’w>xq,7h}.

That is, h* is the highest level that may be reached by an w¥-open path lying in the
trapezoid D*. We note that G" ™ = Giix and w™ ™! follows the law of ¢5 .
With these notations, in order to prove Proposition 3.7, it suffices to show the

equivalent of [27, (6.23)], that is
P[r"t! > 6n] > ¢, P[h° > n], (3.10)

for some § € (0, §) to be specified below and explicit constants c,, with ¢, — 1 as n — co.
Indeed,

P[A° > n] > Pl € Cy(n;n)] = b, [Co(n;n)].

Moreover, if i > dn, then w™*! € C,(4n; 6n), and therefore we have ¢ [C,(4n;n)] >
P(h" ! > §n).

We may now focus on proving (3.10). To do that, we adapt the corresponding step
of [27] (namely Lemma 6.9). It shows that (h’“)ogk.gnﬂ can be bounded stochastically
from below by the Markov process (H*)o<k<n+1 ° given by

k
H*=H+Y A, (3.11)
i=1

where H° = n and the A; are independent random variables with common distribution
P(A=0)=25 PA=-1)=1-24, (3.12)

for some parameter ¢ to be specified later. Once the above domination is proved, the
inequality (3.10) follows by the law of large numbers.

The proof of (3.12) in [27] (see equation (6.24) there) uses only the independence
between different star-triangle transformations and the finite-energy property of the
model. Both are valid in our setting. We sketch this below.

Fix 0 < k < n and let us analyse the (N — (n — k) +1)"" step of ©7, that is X! _, . Write
Uy i= Xy, v O 0 Bt _ytngs 10T 0 < j < N. In other words, ¥, is the sequence of
star-triangle transformations that applies to G* and moves the track t,,_;, above j tracks
of G, namely tyy1,...,tn1,. Moreover, Uy = X! hence, Uy (GF) = GF 1,

Let D} be the subgraph of ¥;(G") induced by vertices ,,, with 0 < v < N +n and

n+2k+v+2 ifv<
lul <§ n+2k+v+1 ifv=
n—+2k+v ifv>

Js

Jj+1 .,

Jj+2

where we let j = n — k + j. Note that D C D} C --- C D% C D*!, see Figure 21 for
an illustration. Let w# = W;(w¥). If v is a w¥-open path living in D}, then %, _, ¢y, ., (7)

3To be precise, it is shown that for any k, the law of h* dominates that of H*. It is not true that the law of
the whole process (hk)0<k<n+1 dominates that of (Hk)ogk<n+1~ This step uses [25, Lem. 3.7].
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2(2(n+ k) + N)
B

k — N+n
D

Dy; )
—> n—k+}j

¥

Dy 1

%0

-
2(n + 2k)

Figure 21: The evolution of D* (red) to D**! (blue) via intermediate steps Df (black).

is a wfﬂ-open path living in D;?H. This is a consequence after a careful inspection of

Figure 13, where blue points indicate possible horizontal drifts. Define also

D).C,o.)).C
hf =sup{h < N : Ju,v € Z with x, o > Ty}

Then, ¥ < h% and kX < h*+1. As in [27], we need to prove that for0 < j < N — 1,

Wk =nk if B £ 7,5+ 1, (3.13)
hE —hF=0o0r1 if B = j, (3.14)
hE  —hE=—1oro0 if h¥ = + 1, (3.15)
P(h% .y > h|hY =h) > 25 ifh=7j+1. (3.16)

The four equations above imply the existence of a process H* as in (3.12).

As explained in [27], (3.13), (3.14) and (3.15) are clear because the upper endpoint
of a path is affected by ¥ := ¥; _, ;y,,,, only if it is at height 3 or 3 + 1. The behavior of
the upper endpoint can be analyzed using Figure 14. More precisely,

* when it is at height }+ 1, the upper endpoint either stays at the same level or drifts
downwards by 1;

* when it is at height 5 it either stays at the same level or drifts upwards by 1.

Hence, the rest of the proof is dedicated to showing (3.16).

We start with a preliminary computation. Fix j and let P; be the set of paths v of
VU, (G*), contained in Df, with one endpoint at height 0, the other at height h(y), and all
other vertices with heights between 1 and h(vy) — 1.

Assume that in ¥, the additional rhombus is slid from left to right and define I" to be
the left-most path of P; reaching height h? 4. (Such a path exists due to the definition of
hé?.) This choice is relevant since later on, we will need to use negative information in
the region on the left of the path . Moreover, for v,v" € P;, we write v/ < yif v' # v,
h(v") = h(vy) and ' does not contain any edge strictly to the right of ~.

Denote by I' = I'(w}) the w}-open path of P; that is the minimal element of {y € P; :
h(v) = h%,~ is wi-open}. Given a path y € P;, we can write {I' = v} = {7 is w}-open} N
N, where N, is the decreasing event that

(a) there is no 7/ € P; with h(y') > h(y), all of whose edges not belonging to v are
w¥-open;
] ;

(b) there is no 7/ < v with h(y’) = h(7y), all of whose edges not belonging to v are
w¥-open.

40therwise I" should be taken right-most.
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Let F be a set of edges disjoint from ~, write Cr for the event that all the edges in F’
are closed. We find,

P[N, N CF |7 is open]

PIOF 1T =91= =577 s open]

> P[CF |~ is open]
> ¢x[Crl, (3.17)

where the second line is given by the FKG inequality due to the fact that P[- |y is open]
is still a random-cluster measure and both NV, and Cr are decreasing events. In the
last line, we compare the boundary conditions, where K is the subgraph consisting of
rhombi containing the edges of F'.

S S R

Figure 22: Three star-triangle transformations contributing to X slid the gray rhombus
from left to right. The dashed edges are closed, the bold edges are open and the state of
dotted edge e, does not really matter. The first and last passages occur with probability
1, and the second with probability ye, ye,/q-

Now, we are ready to show (3.16). Let v € P; with h(y) = j+1 and assume I‘(wf) =.
Now, it is enough to show that

P[(Z(y)) =] +1|T =4] = 2. (3.18)

Letz=ux, T4 denote the upper endpoint of v and let 2z’ denote the other endpoint of
the unique edge of v leading to z. Either 2’ =z, jor 2 =x, 5-In the second case, it

is always the case that h(X(7)) > j + 1.
Assume that 2’ = T,.17as in Figure 22 and consider edges e; for i = 1,...,4 as
follow,

+

€1 =Ty 501 Ty jo) €2 = (T 1500 Ty 0501)s
€3 =Ty 55110y 1) €4 =Ty 1 5%, 500)-
Let us now analyse the star-triangle transformations that affect eq,...,e4; these are

depicted in Figure 22. We note that conditioning on the event Cr N {I' = v}, where
F = {es,e4}, we have:

(a) The edge e; must be closed due to the conditioning {I" = ~}.
(b) Whichever the state of e is, the edge e5 is always closed.
(c) The second passage occurs with probability ye, y., /4.
(d) The third passage is deterministic.

Thus,

P[h(X)>j+1|T =1] > % PCr|T =1,
Moreover, the preliminary computation (3.17) gives that

P[Cr |T =1] 2 ¢k[Cr] = (1 = pey)(1 = pe,)
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where K consists only of the two rhombi containing e3 and e; and we use the fact that in
the random-cluster measure ¢k, these edges are independent (the number of clusters is
always equal to 1). Finally,

_ 1— .. (1 —
IPUL(Z) >j+1|F :”)/] > yelpe4(q pe;) > Yr—eP qe( pe) > 25, (3.19)
where
1 —ePr—e(1—
5 — 2min{yﬂ ePr 8( pe)vl} > 0. (3.20)
q

To conclude, we have

P[A"tL > 6n] _ P[H"T > dn]

> >PH" ! > 6n|H® >n] =t c,

and since H"/n — 2§ as n — oo due to the law of large numbers, we know that ¢, — 1
as n — oo. O

3.3 Doubly-periodic isoradial graphs

Now that the RSW property is proved for isoradial square lattices, we transfer it
to arbitrary doubly-periodic isoradial graphs G. We do this by transforming a finite
part of G (as large as we want) into a local isoradial square lattice using star-triangle
transformations. The approach is based on the combinatorial result Proposition 2.9.

Proposition 3.9. Any doubly-periodic isoradial graph G satisfies the RSW property.

Proof. Let G be a doubly-periodic isoradial graph with grid (s, )nez and (t,)nez. Fix
a constant d > 1 as given by Proposition 2.9 applied to G. In the below formula,
C}l‘p(n; n) denotes the horizontal crossing event in the half-plane rectangular domain
RPP(n;n) := R(—n,n;0,n). We will show that

d)?\(ﬁdn) [C}};p(n; n)| = ¢9\(6dn) [Ch(—n,n;0,n)] >4, (3.21)

for some constant § > 0 which does not depend on n. Moreover, a careful inspection of
the forthcoming proof shows that § only depends the bounded angles parameter € > 0
and on the size of the fundamental domain of G. The same estimate is valid for the dual
model, since it is also a random-cluster model on an isoradial graph with g = 1.

The two families of tracks (s, )nez and (¢,)ncz play symmetric roles, therefore (3.21)
may also be written

O (6am) [Co (0,7 =1, m)] > 6. (3.22)

The two inequalities (3.21) and (3.22) together with their dual counterparts imply the
RSW property by Lemma 3.1 3.

The rest of the proof is dedicated to (3.21). In proving (3.21), we will assume n to be
larger than some threshold depending on G only; this is not a restrictive hypothesis.

Let (01)1<k<k be a sequence of star-triangle transformations as in Proposition 2.9
such that in G := (0kx o-+-0071)(G), the region enclosed by s_4,, S4n, t_2y, and to, has a
square lattice structure. Recall that all the transformations o act horizontally between
S_gdn and sgq, and vertically between ¢, and t_o,.

5The conditions of Lemma 3.1 differ slightly from (3.21) and (3.22) in the position of the rectangle and
the domain where the measure is defined. Getting from one to the other is a standard application of the
comparison between boundary conditions.
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Consider the following events for G. Let C be the event that there exists an open
circuit contained in the region between s_s, and ss, and between ¢_,,, and ¢,/ sur-
rounding the segment of the base between s_,, and s,,. Let C* be the event that there
exists an open circuit contained in the region between s_3,, and s3,, and between t_s,, /5
and t3, /2 surrounding the segment of the base between s_», and sz,,.

Let G be the subgraph of G contained between S_4an, San, t_ay and tg,. Then Gisa
finite section of a square lattice with 4n 4+ 1 horizontal tracks, but potentially more than
8n + 1 vertical ones. Indeed, any track of G that intersects the base between s_4,, sS4, is
transformed into a vertical track of G.

Write (S, )nez for the vertical tracks of G, with Sp coinciding with sq (this is coherent
with the notation in the proof of Proposition 2.9). Then, the tracks (s,).cz are a
periodic subset of (3,,),cz, with period bounded by the number of tracks intersecting a
fundamental domain of G. It follows that there exist constants a, b depending only on G,
not on n, such that the number of tracks (s,),cz between any two tracks s; and s; (with
i < j) is between (j —i)a — b and (j —i)a + .

By the above discussion, for some constant ¢ > 1 and n large enough (larger than
some ng depending only on a and b, therefore only on the size of the fundamental domain
of G), the events C and C* may be created using crossing events as follow:

HiNH,NViNV, CC and HINH; NNV CCr,
where
=Cp(—(c+1)n,(c+1)n;0, %), Hi =Ci(—(2¢+ )n, (2¢ + D)n; n, 7)
:ch( (c+ D, (c+ 1)n;—2,0),  Hj = Ci(—(2c+ Dn, (2¢ + 1)n; =32, —n),
U( (C+1)7’l, —Cn; — %a%)a ]71 :Cf( (26+1)7’l —QCTL; %7%%
=Cy(en, (c+1)n; =35, 5), V5 = Cy(2en, (2¢ + Lms =33, 3),

are defined in terms of the tracks (s, )ncz and (¢, )ncz. These horizontal and vertical
crossing events are shown in Figure 23.

S_3n S_2n, S_n Sn Son S3n,

Figure 23: The crossing events 7-[1, ’Hg, V1 and V2 are depicted in red; they induce a
circuit around the segment of the base between s_,, and s,,. The events Hs, 7—[2, V1 and
V2 are represented in blue.

Notice that all events above depend only on the configuration in G. Let ¢g denote
some infinite-volume measure on G. By the RSW property for the square lattice G (that is,
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by Corollary 3.3), the comparison between boundary conditions and the FKG inequality,
05(C7] = o5 [Hilog [Hs]og [Vilog V3] = a1,

for some §; > 0 independent of n. Moreover, by the same reasoning,
06 [C|C"] > oy [H] o [Ha] 0 V1] 03 V2] = 2,

for some d2 > 0 independent of n, where R= §(20n; n) is defined with respect to the
tracks (8, )nez and (t,)nez. We conclude that

$s[CNC*] = 6105 > 0.

Let IP be the probability that consists of choosing a configuration w on G according to
q’)@, then applying the inverse transformations 0;(1, e, O ’1 to it. Thus, w := (o] " o lo..io
0;( )(@) is a conﬁguratlon on G chosen according to some infinite-volume measure (;5@

Let & € C N C*, and write ~ and ~v* for two circuits as in the definitions of C and C*
respectively. The two circuits ¥ and 7* are transformed by (o, looiiooy % ) into circuits
onG;cally= (o7 000" )F) and v* = (o7 000 ) (F*) their respective images.
Then, v is w-open and v* is w*-open.

Since the transformations o Lo, 01}1 only affect the region between s_ggn, Sedn,
t_o, and to,, both v and ~* are contained in this region of G, that is in R(6dn;2n).
Additionally, since the transformations do not affect the base, v* surrounds the segment
of the base between s_»,, and ss,, while v surrounds the segment of the base between
s_n, and s, but only traverses the base between s_5,, and ss,.

Write C for the event that a configuration on G has an open circuit contained in
R(6dn;2n), surrounding the segment of the base between s_,, and s,, and traversing the
base only between s_»,, and s,,,. Also, set C* to be the event that a configuration on G
has a dually-open circuit contained in R(6dn;2n), surrounding the segment of the base
between s_s,, and ss,,.

Both C and C* are reminiscent of the events C and C~* in spite of small differences.
Indeed, the discussion above shows that if & € C N C*, then w € C N C*. Thus,

¢c[CNC ] =Plwecnc] 2P eCnC] =¢g[CNC*] = 610

For a configuration w on G, write I'*(w) for the exterior-most dually-open circuit as in
the definition of C* (that is contained in R(6dn;2n) and surrounding the segment of the
base between s_o,, and ss,,), if such a circuit exists. Let Int(I'*) be the region surrounded
by I'*, seen as a subgraph of G.

It is standard that I'* may be explored from the outside and therefore that, condition-
ally on I'*, the random-cluster measure in Int(I'*) is ¢?nt(r*)-

Observe that for w € C N C*, due to the restrictions over the intersections with the
base, any circuit in the definition of C is surrounded by any in the definition of C*.
Thus, if for w € C*, the occurence of C only depends on the configuration inside Int(I'*).
Therefore,

¢cCNC] = oalC|C]oc[C7]
= Z¢G[C|F* =7"]¢e[T* =]

_Z(blnt'y) ¢G[F —'Y]
< Z ¢)R(6dn;2n) ]¢G [F* = 'Y*]
o

= ¢%(6dn;2n) [C} ¢G [C*] ’
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where the sum above is over all deterministic circuits v* on G*, as in the definition of
C*. In the before last line, we used the fact that Int(y*) C R(6dn; 2n), where R(6dn; 2n) is
defined using tracks in G, and the comparison between boundary conditions to say that
the free boundary conditions on J Int(v*) are less favorable to the increasing event C
than those on the more distant boundary OR(6dn;2n).

Due to the previous bound on ¢¢[C NC*]|, we deduce that

¢%(6dn;2n) [C} > 6152~

Finally, notice that any circuit as in the definition of C contains a horizontal crossing of
RYP(n;m). We conclude from the above that

¢%(6dn;2n) [th (n;n)] = 616.

This implies (3.21) by further pushing away the unfavorable boundary conditions. O

3.4 Tying up loose ends

As mentioned already, Theorem 1.1 and Corollary 1.3 for 1 < ¢ < 4 follow directly
from the RSW property (i.e., from Proposition 3.9). We mention here the necessary
steps. They are all standard for those familiar with the random-cluster model; details
are provided in [33, App. C].

Fix G a doubly-periodic isoradial graph and ¢ € [1,4]. We start with the following
lemma which is the key to all the proofs.

Lemma 3.10. For j > 1, define the annuli A; = [—2/71 277112\ [-27 27]2. Then, there
exists ¢ > 0 such that forall j > 1 and £ = 0,1, we have

qﬁij [there exists an open circuit surrounding 0 in Aj] > c. (3.23)

By duality, the same also holds for a dually-open circuit.

Proof. This is proved by combining crossings of rectangles via the FKG inequality, as in
Figure 23. O

The estimates of Lemma 3.10 for the dual model imply an upper bound on the one-arm
probability under ¢¢,, as that in the second point of Theorem 1.1. Indeed, if a dually-open
circuit occurs in A; for some j < log, n — 2, then the event {0 <+ dB,,} fails. The fact that
(3.23) is uniform in the boundary conditions on A; allows us to “decouple” the events of
(3.23), and proves that the probability of no circuit occurring in any of Ay,..., Aieg, n—2
is bounded above by (1 — ¢)'°827~2,

The converse bound is obtained by a straightforward construction of a large clus-
ter using crossings of rectangles of the form [0, 27] x [0,27"1] and their rotation by Ly
combined using the FKG inequality.

From the above, we deduce that ¢{,(0 <+ co) = 0. The uniqueness of the critical
infinite volume measure (the first point of Theorem 1.1) follows using a standard coupling
argument.

Finally, to prove Corollary 1.3, we use the differential inequality of [22], as done
in [16].

3.5 Universality of arm exponents: Theorem 1.4

The proof of universality of arm exponents (Theorem 1.4) follows exactly the steps
of [27, Sec. 8]. Arm events will be transferred between isoradial graphs using the same
transformations as in the previous sections. As already discussed in Section 2, these
transformations alter primal and dual paths, especially at their endpoints. When applied
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to arm events, this could considerably reduce the length of the arms. To circumvent
such problems and shield the endpoints of the arms from the effect of the star-triangle
transformations, we define a variation of the arm events. It roughly consists in “attaching”
the endpoints of the arms to a track which is not affected by the transformations. Some
notation is necessary.

Fix ¢ > 0 and a doubly-periodic isoradial graph G € G(e) with grid (s, )nez and
(tn)nez. Recall that the vertices of G° that are below and adjacent to ¢, form the base
of G. Also, recall the notation = «+ y and write z <+ y for connections in the dual
configuration.

Forn < N and k € {1} U 2N, define the event A, (n, N) as

1. for k = 1: there exist primal vertices x; € A(n) and y; ¢ A(N), both on the base,
such that z; < y;

2. for k = 2: there exist z1,27 € A(n) and y1,y; ¢ A(N), all on the base, such that
x1 < y; and 27 <yl

3. for k = 2j > 4: Ag(n,N) is the event that there exist x,... ,zj € N(n) and
Y1,-..,Yy; ¢ N(INV), all on the base, such that z; <> y; for all ¢ and z; + z; for all
i ].

Notice the resemblance between Ay (n, N) and Ay (n, N), where the latter is defined
just before the statement of Theorem 1.4. In particular, observe that in the third point,
the existence of j disjoint clusters uniting dA(n) to OA(N) indeed induces 2j arms of
alternating colours in counterclockwise order. Two differences between /Tk(n, N) and
Apg(n, N) should be noted: the fact that in the former arms are forced to have extremities
on the base and that the former is defined in terms or graph distance while the latter in
terms of Euclidean distance. As readers probably expect, this has only a limited impact
on the probability of such events.

For the rest of the section, fix ¢ € [1,4] and write ¢ for the unique infinite-volume
random-cluster measure on G with parameters g = 1 and q.

Lemma 3.11. Fix k € {1} U 2IN. There exists ¢ > 0 depending only on ¢, ¢, k and the
fundamental domain of G such that

colAr(n, N)] < ¢g[Ar(n, N)] < ¢ og[Ak(n, N)] (3.24)

for all N > n large enough.

The above is a standard consequence of what is known in the field as the arm
separation lemma [33, Lem. D.1]. The proofs of the separation lemma and Lemma 3.11
are both fairly standard but lengthy applications of the RSW theory of Theorem 1.1;
they are discussed in [33, App. D] (see also [35, Prop. 5.4.2] for a version of these for
Bernoulli percolation). Readers may check Figures 24 and 25 for a sketch of proof in the
case k = 2.

We obtain Theorem 1.4 in two steps, first for isoradial square lattices, then for
doubly-periodic isoradial graphs. The key to the first step is the following proposition.

Proposition 3.12. Let G = Gaﬂn and G(?) = Gaﬁm be two isoradial square lattices
in G(e). Fixk € {1} U2IN. Then

B2y [Ar(n, N = 65,0y [Ar(n, N)],
foralln < N.

Proof. Fix k € {1} U2IN and take N > n > 0and M > N (one should imagine M much
larger than N). Let Gpix be the symmetric mixed graph of Section 2.4.1 formed, above
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to hd ~ hd tU

A(n) A(n)

A(N) A(N)

Figure 24: We assume that both Ay(n, N) and Ay(n, N) are defined using Euclidean
distance, which just introduces a constant factor for the probability of events. Left:
The event Zg(n, N), where primal paths are in red. Note that in the definition they
are not connected. Right: We explore the clusters containing the paths defined in
Ay(n, N) and their outer borders induce dual paths connecting dA(n) to dA(N). Thus,
the event A, (n, N) implies the event As(n, N) up to the change between graph distance
and Euclidean distance.

the base, of a block of M rows and 2M + 1 columns of G(?) superposed on an equal block
of G, then convexified; and, below the base, of symmetric blocks. Construct émix in
the same way, with the role of G) and G? inversed. Recall, from Section 2.4.1, the
series of star-triangle transformations Y+ that transforms G, into émix.

Write ¢¢_. and ¢ém;x for the random-cluster measures on G,,; and émix, respectively,

with 8 = 1 and free boundary conditions. The events /Tk(n, N) are also defined on Gix
and émix.

Let w be a configuration on G,,;x such that Ek (n, N) occurs. Then, under the configu-
ration ¥¥(w) on G, Ak (n, N) also occurs. Indeed, the vertices z; and y; (and =} and y;
when k = 2) are not affected by the star-triangle transformations in ¥+ and connections
between them are not broken nor created by any star-triangle transformation. Thus,
DG [ﬁk(n, N)] < ¢5 [Xk(n, N)]. Since the roles of G and G iy are symmetric, we
find

mix

mix

B[ Ak (n, N)] = 65 [Ag(n, N)] (3.25)

Observe that the quantities in (3.25) depend implicitly on M. When taking M — oo, due
to the uniqueness of the infinite-volume random-cluster measures in G(*) and G, we
obtain

GG | Ar(n, N)] = ¢ [Ar(n,N)]  and
65 [Ar(n,N)] —— dge [Ar(n, N)].
mix M—00
Thus, (3.25) implies the desired conclusion. O

Corollary 3.13. Let G = G g be an isoradial square lattice in G(¢) and fix k € {1} U2IN.
Then, there exists ¢ > 0 depending only on ¢, q and k such that,

chalAr(n, N)] < dga[Ar(n, N)] < ¢ g [Ar(n, N,

for anyn < N.
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Uz i

to to

A(n) A(n)

A(N) A(N)

Figure 25: Left: The event As(n, N), where primal paths are in red and dual ones in
blue. The arm separation lemma [33, Lem. D.1] states that one can keep certain distance
between endpoints of paths on OA(n) and IA(N). Right: We apply RSW property to each
of endpoints (conditioning is necessary) to make them land on the base line ¢y. In the
figure, only the example of an outer primal endpoint is drawn, where we make a crossing
in the annulus, then a horizontal crossing and a vertical crossing.

Proof. Fix G g and k as in the statement. The constants ¢; below depend on ¢, ¢ and k
only.

Let Ek = a_ — fo + 7 and write B for the sequence (Bk)keZ- Due to the choice of
Go.p, we have B € [e,m — ¢]%. Proposition 3.12 and Lemma 3.11 applied to Z? = Go, =
and Go,[a yield a constant c; > 0 such that

c1 bg, S[Ak(n, N < bz [Ar(n, N)] < Vg [Ax(n, N)]. (3.26)

As in the proof of Corollary 3.3, Ga g, is the rotation by 3 of the graph G, 5 . This
does not imply that the arm events have the same probability in both graphs (smce they
are defined in terms of square annuli). However, [33, Prop. D.2] about arms extension
provides a constant ¢ > 0 such that

020, [Ak(n. N)] < b, [Ax(n, N)] < 5 ', [Ai(n, )] (3.27)

Finally apply Proposition 3.12 and Lemma 3.11 to G4 g, and G, g to obtain a constant
c3 > 0 such that

03 B o [AR(n, N)] < b, ,[Ak(n, N)] < 5o, [Ar(n, N)]. (3.28)
Writing (3.26), (3.27) and (3.28) together yields the conclusion with ¢ = ccacs. O

Theorem 1.4 is now proved for isoradial square lattices. To conclude, we extend the
result to all doubly-periodic isoradial graphs.

Proof of Theorem 1.4. Consider a doubly-periodic graph G € G(¢) for some ¢ > 0, with
grid (sp)nez and (t,)nez. Fix k € {1} U 2IN. The constants ¢; below depend on ¢, ¢, k and
the size of the period of G.

Choose n < N and M > N (one should think of M as much larger than N). Propo-
sition 2.9 (the symmetrized version) provides star-triangle transformations (ok)1< k<K
such that, in G = (6k o --- 0 01)(G), the region A(M) has a square lattice structure.
Moreover, each o acts between s_ ), and sgps (for some fixed d > 1) and between ¢,
and t_,s, none of them affecting any rhombus of .

In a slight abuse of notation (since (s,)nez, (tn)nez is not formally a grid in G) we
define A (n, N) for G as for G.
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Let w be a configuration on G such that ﬁk(n, N) occurs. Then, the image configura-
tion (0 o---001)(w) on G is such that Ax(n, N) occurs. Indeed, the transformations do
not affect the endpoints of any of the paths defining Ay (n, N). Thus,

The transformations may be applied in reverse order to obtain the converse inequality.
In conclusion,

o[ Ap(n, N)| = ¢g[Ax(n, N)]. (3.29)

The right-hand side of the above depends implicitly on M. Write G¢ for the isoradial
square lattice such that the region A(M) of G is a centered rectangle of G54, (It is easy to
see that there exists a lattice that satisfies this condition for all M simultaneously). The
vertical tracks sy of G correspond to vertical tracks in G with an index between k and
dk, where d is the maximal number of track intersection on ¢y between two consecutive
tracks s;, sj+1 in G.

In conclusion, taking M — oo and using the uniqueness of the infinite-volume measure
on G4, we find

bgea| A (n, dN)] < Jim o [A(n, N)] < dpgea[Ar(dn, N)). (3.30)
Due to Lemma 3.11 and to the extension of arms ([33, Prop. D.2]),
C16geal Ak (n, N)] < bgeal Ak (1, dN)] < bgea Ak (dn, N)] < ¢ bgeal Ar(n, N)),
for some constant ¢; > 0. Using this, (3.30) and Lemma 3.11, we find
cadgea[Ar(n, N)] < dalAr(n, N)| < &5 dgeal Ar(n, N,

for some ¢, > 0. Using Corollary (3.13), we obtain the desired result. O

4 Proofs for g > 4

Fix ¢ > 4 and G a doubly-periodic isoradial graph with grid (s, )nez, (tn)nez. Unless
otherwise stated, write ¢§} for the isoradial random-cluster measure on G with parame-
ters ¢, 8 = 1 and free (£ = 0) or wired (£ = 1) boundary conditions. We will use the same
notation as in Sections 3.1 and 3.2.1.

The main goal of this section is to prove that there exist constants C, ¢ > 0 such that

b [0 <+ OA(n)] < Cexp(—cn), Yn > 1. (4.1)

As we will see in Section 4.3, Theorem 1.2 and Corollary 1.3 follow from (4.1) through
standard arguments °.

The strategy used to transfer (4.1) from the regular square lattice to arbitrary
isoradial graphs is similar to that used in the previous section. However, note that the
hallmark of the regime ¢ > 4 is that boundary conditions influence the model at infinite
distance. The arguments in the previous section were based on local modifications of
graphs; in the present context, the random-cluster measure in the modified regions is
influenced by the structure of the graph outside. This generates additional difficulties
that require more careful constructions.

We start with a technical result that will be useful throughout the proofs. For
N, M > 1, write R"(N; M) = R(~N, N;0, M) for the half-plane rectangle which is the
subgraph of G contained between t_, ty, sg and syy.

6When the graph is not periodic, a condition similar to (4.1) should be shown for all vertices of G, not just 0.
It will be apparent from the proof that the values of ¢ and C only depend on the parameter in the bounded
angles property and on the distance between the tracks of the grid. It is then straightforward to adapt the
proof to graphs with the conditions of [27].
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Proposition 4.1. Suppose that there exist constants Cy, co > 0 such that for all N > n,
(bghp(N;N) [0 <+ OA(n)] < Coexp(—con). (4.2)

Then, there exist constants C, ¢ > 0 such that (4.1) is satisfied. The constants C, ¢ depend
only on Cy, ¢y, on the parameter ¢ such that G € G(¢) and on the size of the fundamental
domain of G.

Observe that (4.2) may seem weaker than (4.1). Indeed, while qb% is the limit of QS?\(N)
as N — oo, the limit of the measures qﬁ%hp (N:N) is what would naturally be called the
half-plane infinite-volume measure with free boundary conditions. Connections departing
from 0 in the latter measure are (potentially) considerably less likely than in (;5% due to
their proximity to a boundary with the free boundary conditions.

Figure 26: Left: The event of (4.2). Right: If X ;, is the lowest point of the cluster of 0
in A(N), then the environment around X,,;, is less favourable to connections than that
of the left image.

Proof. Fix N > 1. We will prove (4.1) for the measure ¢9\( N) instead of qb%. It will be
apparent from the proof that the constants ¢, C' do not depend on N. Thus N may be
taken to infinity, and this will provide the desired conclusion.

For simplicity of notation, let us assume that the grid (s,), (t,) of G is such that
R(0,1;0,1) is a fundamental domain of G. Recall that z, ; denotes the vertex of G just to
the left of s; and just below ¢;. Then, all vertices x; ; are translates of 0 by vectors that
leave G invariant. Write ||z; ;|| = max{|i|, |j|}, in accordance with the notation A(-).

For a random-cluster configuration w on A(NV), let C(0) denote the connected com-
ponent of the origin. Let Xnin = Xwin(w) be a point z; ; of minimal index j such that
C(0) intersects z; ; + R(0,1;0,1). If several such points exist, choose one according
to some rule (e.g., that of minimal ¢). We will estimate the connection probability
Py [0 <> OA(n)] by studying the possible values of Xyin(w):

Py [0 ONM)] = > Gl [0 ¢ OA(n) and X = 24 ;). (4.3)
—N<i<N
—N<j<0
Fix 4, j as in the sum and write C(z; ;) for the connected component of z; ;. By the finite
energy property, there exists 7 depending only on the bounded angles property and the
size of the fundamental domain of G such that

Py [0 ¢ OA(n) and Xmin = 24.5] <N PR(wy [0 205 > ON(n) and Xpin = z15].

In the above equation, we have an inequality due to the following reason. The event
Xmin = ;; simply means that C(0) intersects z; ; + R(0,1;0,1), whereas the event
0 <» z;; asks C(0) to contain z; ;. This is why we use the finite energy property to
open all the edges inside z; ; + R(0,1;0, 1) to create the connection. Notice that if the
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event on the right-hand side above occurs, then z; ; is connected to 0 at “distance”
r = max{||z; |, 5 }; that is x; ; <+ x;; + O\(r). Moreover, the connected component
of z; ; is contained above track ¢;. By the translation invariance and the comparison
between boundary conditions,

Py [#ij > @i j + ON(r) and C(z; ;) contained above ;]

< Ppcany [0 <> A(r) and C(0) contained above t].

Let T'* be the lowest dual left-right crossing of A(2N) contained above ¢, (actually we
allow I'* to use the faces of G°® below ¢, but adjacent to it). If C(0) is contained above ¢y,
then I'* passes under C(0). By conditioning on the values v* that I'* may take and using
the comparison between boundary conditions we find

Prcany [0 <> OA(r) and C(0) contained above ]
< Z Prany [0 <> OA(r) and C(0) contained above v* [T = ~v*] ¢} on) [ = 7]
v

< Z ¢%hp(2N;2N) [O > 8/\(7’)} ¢9\(2N) [F* = 7*] < Cexp(—cr).
o

The last inequality is due to (4.2). Inserting this into (4.3) (recall that r = max{||z; |, 5 })
we find

Sy (0> OA(n)) = > nCexp(—cmax{[|z; ;||;n/2})
—N<iKN
—N<j<0

< %2770 exp(—§n) + E 2knC exp(—ck)
k>n
< Cexp(—c'n),

for some adjusted constants ¢/, C’ > 0 that do not depend on n or N. Taking N — co, we
obtain the desired conclusion. O

The following result will serve as the input to our procedure. It only concerns the
regularly embedded square lattice and is a consequence of [20] and [15]. For coherence
with the notation above, we consider the square lattice as having edge-length /2 and
rotated by 7 with respect to its usual embedding. This is such that the diamond graph
has vertices {(a,b) : a,b € Z}, with those with a + b even being primal vertices. In a
slight abuse of notation, write Z? for the lattice thus embedded.

Write gb;{,?,( NiN) for the random-cluster measure on the domain R (N; N) of Z? with
B =1, free boundary conditions on [—N, N] x {0} and wired boundary conditions for the
rest of the boundary. Also define H = Z x IN to be the upper-half plane of Z2. Write

]}{/ % for the half-plane random-cluster measure which is the weak (decreasing) limit of
e vy O N = 00
Proposition 4.2. For the regular square lattice and q > 4, there exist constants Cy, cy >
0 such that, foralln > 1,

]1H/0 [0 <+ OA(n)] < Cpexp(—con). (4.4)

Proof. Fix q > 4. It is shown in [15] that the phase transition of the random-cluster mea-
sure on Z? is discontinuous and that the critical measure with free boundary conditions
exhibits exponential decay. That is, (;5%2 satisfies (4.1) for some constants C,c > 0. To
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1/0
H

prove (4.4), it suffices to show that the weak limit ¢;{ = of the measures QS;{,Q(N'N) has no

infinite cluster almost surely. Indeed, then qﬁ{/ s stochastically dominated by ¢%2.
The rest of the proof is dedicated to showing that qb]lH/ 0 [0 & oo] = 0, and we do so by

contradiction. Assume the opposite. By ergodicity of ¢ﬁ{/ % for any € > 0, there exists
N > 0 such that

HOIAN) 5 00] =1 —e. 4.5)

Furthermore, ng]lH/ % is also the decreasing limit of the measures qzﬁéi % where S¢ =7 x10,¢
and 1/0 refers to the boundary conditions which are wired on the top and free on the
bottom of the strip S, (boundary conditions at infinity on the left and right are irrelevant
since the strip is essentially one dimensional). Therefore,

¢g " [A(N) ¢ top of Sun] > 1 —e. (4.6)
In [20], Lemma 2 7 shows that

65l [Ch(—AN,4N; N,3N)] > a1,

San

for some constant ¢; > 0 not depending on N. If C;(—4N,4N; N,3N) occurs, denote by
I'* the top-most dual crossing in its definition. Moreover, let A be the event that I'* is
connected to the line Z x {0} by two dually-open paths contained in R(—4N, —N;0,3N)
and R(N,4N;0,3N), respectively (see Figure 27). Then, using the comparison between
boundary conditions and the self-duality of the model, we deduce the existence of co > 0
such that

08/ [A|C;(—AN,AN; N,3N)] > cs. @7
- 3N
\\\ "’ ————— ~~~ N 2N
~~_____‘__, DTN S
\\\ \\\\ N
B RN S SR N ik

Figure 27: The strip 34 with wired boundary conditions on the top and free on the
bottom. If C;(—4N,4N;N,3N) N A occurs, then A(N) is disconnected from the top
of the strip. Due to the self-duality, both C;(—4N,4N; N,3N) and A conditionally on
C;(—4N,4N; N,3N) occur with positive probability.

Notice that, if C;;(—4N,4N; N,3N) and A both occur, then A(N) may not be connected
to the top of S4n by an open path. Thus

(Z)l/o [/\(N) < top of 84]\/] <1-—cieo.

San

This contradicts (4.6) for € < c¢y¢2, and the proof is complete. O

The proof of (4.2) is done in two stages, first it is proved for isoradial square lattices,
then for arbitrary doubly-periodic isoradial graphs.

7Actually a slight adaptation of [20, Lem. 2] is necessary to account for the rotation by g of the lattice.
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4.1 Isoradial square lattices

The proof of (4.2) for isoradial embeddings of square lattices follows the procedure
of Section 3.2. That is, two lattices with same transverse angles for the vertical tracks
are glued along a horizontal track. Track exchanges are performed, and estimates as
those of (4.2) are transported from one lattice to the other.

Transforming the regular lattice Z? into an arbitrary isoradial one is done in two
steps: first Z? is transformed into a lattice with constant transverse angles for vertical
tracks; then the latter (or rather its rotation) is transformed into a general isoradial
square lattice. For technical reasons, we will perform the two parts separately.

We should mention that some significant difficulties arise in this step due to the
long-range effect of boundary conditions. Indeed, recall that in order to perform track
exchanges, the graph needs to be convexified. This completion affects boundary condi-
tions in an uncontrolled manner, which in this case is crucial. Two special arguments are
used to circumvent these difficulties; hence the two separate stages in the proof below.

Recall the notation G, g for the isoradial square lattice with transverse angles
a = (ap)nez for the vertical train tracks (s, )nez and B8 = (8,)nez for the horizontal
train tracks (¢,),ecz. Write 0 (also written x¢ ) for the vertex of G4 g just below track
to and just to the left of s9. We will always assume that G g is indexed such that 0 is a
primal vertex.

The result of the first part is the following.

Proposition 4.3. Let Gy g be an isoradial square lattice in G(¢) for some ¢ > 0, with
transverse angles 0 for all vertical tracks. Then, there exist constants C, c > 0 depending
on ¢ only such that

Gpuw(neny [0 > ON(n)] < Cexp(—en),  Vn < N. (4.8)

Proof. Fix a lattice Go g as in the statement. For integers 2n < N, let Gix be the
mixture of Gy g and Z?, as described in Section 2.4. Notice that here the order of the
regular block (that of 7Z2) and the irregular one (that of G g) is opposite to that in the
previous section.

In this proof, the mixed graph is only constructed above the base level; it has
2N + 1 vertical tracks (s;)_n<icn Of transverse angle 0 and 2N + 2 horizontal tracks
(tj)ogj<2n+1, the first N + 1 having transverse angles (o, 81, ..., v, respectively and
the following N + 1 having transverse angles 7. Finally, G« is a convexification of the
piece of square lattice described above.

Set émix to be the result of the inversion of the regular and irregular blocks of G,
using the sequence of transformations X'. Let ¢¢ . and ¢5‘m;x be the random-cluster

measures with the free boundary conditions on G,;x and G« respectively. The latter is
then the push-forward of the former by the sequence of transformations 3.

Let dp € (0,1) be a constant that will be set below; it will be chosen only depending
on ¢ and q. Write 0, Or and Or for the left, right and top boundaries, respectively, of a
rectangular domain RPP(.;.).

Consider a configuration w on G,;x such that the event {0 <> dA(n)} occurs. Then, 0
is connected in w to either 97, R" (n; §on), OrRPP(n; dgn) or OrRPP(n; don). Thus,

BP(n:5on
PCrnin [0 A 8/\(71)] < DG omix [0 M ar, th(n; 50n)]
h n:
B [0 s DRRP (1 5m)] 4.9)
BP(n:5on
+ PG [0 Ll idon), OrR"™ (n; 5on)].

EJP 23 (2018), paper 96. http://www.imstat.org/ejp/
Page 47/70


http://dx.doi.org/10.1214/18-EJP223
http://www.imstat.org/ejp/

Universality for the random-cluster model on isoradial graphs

Moreover, since the graph G.,ix and Gy g are identical in the ball of radius N around 0
for the graph-distance,

Rin (o) [0 2 ON(N)] < GG, [0 5 ()], (4.10)

where in the left-hand side R"P(N; N) denotes the rectangular domain of G 5. We used
above the comparison between boundary conditions.

In conclusion, in order to obtain (4.8), it suffices to prove that the three probabilities
of the right-hand side of (4.9) are bounded by an expression of the form Ce™“", uniformly
in N. We concentrate on this from now on.

Let us start with the last line of (4.9). Recall Proposition 3.7; a straightforward
adaptation reads:

Adaptation of Proposition 3.7. There exist 6 > 0 and ¢, > 0 satisfying ¢,, — 1 as
n — oo such that, for all n and sizes N > 4n,

RP(

n; n -
ST, 5 R (4 660m)] > b [0 €

G, [0 K00, 5 R (n; 5on)]. (4.11)

The proof of the above is identical to that of Proposition 3.7. The constant § and the
sequence (¢, ), only depend on ¢ and q.
By the comparison between boundary conditions,

RPP (4n;8860n
3G [0 LT, 3R (4 36om)] ¢1R1/1?>(N;N) [0 <= OA(860n)]

<
< Cp exp(—cpddpn).

The second inequality is due to Proposition 4.2 and to the fact that the rectangle
th(N ;i N) of Gpix is fully contained in the regular block. Thus, from (4.11) and the
above, we obtain,

th(4n;50n) h CO

5 OrR™(4n; don)| < — exp(—coddon). (4.12)

Cn

DG [0

For n large enough, we have ¢, > 1/2, and the left-hand side of (4.12) is smaller than
2C) exp(—cpddgn). Since the threshold for n and the constants ¢, 6 and Jy only depend
on ¢ and ¢, the bound is of the required form.

We now focus on bounding the probabilities of connection to the left and right

REP (n;6
boundaries of R"(n; §yn). Observe that, for a configuration in the event {O (n:%0m)

OrR" (n; 50n)}, it suffices to change the state of at most §yn edges to connect 0 to the
vertex o, (we will assume here n to be even, otherwise z, should be replaced by
Zo,n+1)- By the finite-energy property, there exists a constant n = (e, ¢) > 0 such that

RMP (n;60n)

DG [0 GRth(n; (5071)] < exp(ndon) ¢a,... [0 YRS xo}n].

The points 0 and z ,, are not affected by the transformations in YT, therefore

¢Gmix [0 < x(),n:l = ¢érl)ix [0 <~ x(),n:l
< 05, [0 > 3/\(71)}

< gblR{.]O)(N;N) [0 <+ ON(n)] < Cyexp(—con),
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where in the last line, R"?(V; N) is a subgraph of émix, or equivalently of Z? since these
two are identical. The last inequality is given by Proposition 4.2. We conclude that,

REP (n;80m)
R mm—

OC i [O 8Rth(n; 5071)} < Cyexp [f (co — 507])71]. (4.13)

he (. Son
The same procedure also applies to {0 PAGLLION RYP (n; 6on) }.

Suppose now that §o = —2— is chosen such that

cod+n

c:=co — 0gn = cpddg > 0.

Note that dp € (0, 1) since 5 > ¢¢ and that ¢ depends only on ¢ and ¢. Then, (4.9), (4.12)
and (4.13) imply that for n larger than some threshold depending only on ¢,

GG [0 4+ ON(n)] < 4Cq exp(—cn).

Finally, by (4.10), we deduce (4.8) for all N > 2n and n large enough. The condition on n
may be removed by adjusting the constant C; the bound on N is irrelevant, since the
left-hand side of (4.8) is increasing in V. O

The same argument may not be applied again to obtain (4.8) for general isoradial
square lattices since it uses the bound (4.4), which we have not proved for lattices of the
form G . Indeed, (4.4) is not implied by (4.8) when no rotational symmetry is available.
A different argument is necessary for this step.

We draw the attention of the reader to the fact that the lattice of Proposition 4.3 was
not assumed to be doubly-periodic, neither will be the following one.

Proposition 4.4. Let G, g be an isoradial square lattice in G(¢) for some ¢ > 0. Then,
there exist constants C,c > 0 depending only on ¢, such that

(bghp(N;N) [O > 8/\(n)] < Cexp(—cn), Vn < N. (4.14)

Proof. Fix a lattice G, g as in the statement. The proof follows the same lines as that of
Proposition 4.3, with certain small alterations.

Set § = $(inf{B, : n € Z} 4+ sup{a, : n € Z}) and write Gq, for the lattice with
transverse angles « for vertical tracks and constant angle 6 for all horizontal tracks. We
will refer to this lattice as regular.

For integers 2n < N < M, define Gp,ix to be the mixture of G, g and G4 ¢ as in the
previous proof, with the exception that, while both blocks have width 2N + 1 and the
irregular block (that is that of G, g) has height N + 1, the regular block (that of G4 )
has height M + 1. Precisely, G« is the convexification of the lattice with 2/V + 1 vertical
tracks (s;)—n<i<n of transverse angles (a_y,...,an) and M + N + 2 horizontal tracks
(tj)ogj<m+n+1, the first N + 1 having transverse angles fy, ..., Sy and the following
M + 1 having transverse angle 6.

Recall that émix, which is the result of the inversion of the regular and irregular
blocks of Gix by X1, may be chosen to be an arbitrary convexification of the lattice
Gla_n,osan)y(6,...,0,80,....8n ) More precisely, once such a convexification émix is chosen, a
series of star-triangle transformations ¥ may be exhibited. This fact will be useful later.

Write as before ¢¢_ .. and qbémix for the random-cluster measures with free boundary

conditions on G;; and émix, respectively. Then, by the comparison between boundary
conditions,

S vy [0 6 IN)] < B3, [0 4 DA()].
where R'P(N; N) refers to the domain in Ga g, or equivalently in Gyix since the two are

equal. Notice that the above inequality is valid for all M.
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Let dp € (0,1) be a constant that will be set below. Using the same notation and
reasoning as in the previous proof, we find

REP (2n;680m)
—

G [0 ON(n)] < Log [0

n mix

< OrR(2n; 66071)] + 2exp(ndon) b [0 YRS ﬂfo,n]
< 20g [0 < ON(00gn)] + 2 exp(ndon) dg

[0 ON(n)], (4.15)
where § > 0 and 1 > 0 are constants depending only on ¢ and ¢. The latter inequality is
only valid for n above a threshold also only depending on ¢ and gq.

At this point, the previous proof used (4.4) to bound the right-hand side. Since this is
no longer available, we will proceed differently.

As previously stated, we may choose the convexification for émix. Let it be such that
the tracks with transverse angle 0 are as low as possible. That is, émix is such that, for
any track ¢ with transverse angle 6, any intersection below ¢ involves one track with
transverse angle 6. The existence of such a convexification is easily proved; rather than
writing a formal proof, we prefer to direct the reader to the example of Figure 28.

Figure 28: Left: The diamond graph G, ;, obtained by superposing a block of Gg, 4 to

mix
one of G, 5. The convexification is drawn in gray. Right: The diamond graph éfnix with
convexification (gray) chosen such that the tracks tg, ..., ty (blue) are as low as possible.
This ensures that the region below ¢, (delimited in bold) has a square lattice structure.

Write t~0, o ,t~M for the tracks of transverse angle 6 of émix, indexed in increasing
order. Call s_on_1,...,Sy the tracks intersecting %VO, ordered by their intersection points
from left to right. Denote by a_sn_1, ..., ay their transverse angles.

The family s_sn_1,...,5y contains all vertical tracks of the original graph G g (that
is those denoted by s_y, ..., sy) but also the horizontal tracks of G g with transverse
angles different from 6. Since § < g; for all 0 < j < N, the latter intersect ¢, left of the
former. Thus, s; = s; for —N < ¢ < N, hence the indexing.

The region of émix contained below tNM is a (finite part of a) square lattice. Precisely,
it is the square lattice G(a,)_,y_,,cn.(0)0<,<n - COmplete the sequence (a;)-2n-1<i<n
into a bi-infinite sequence & = (&;);cz by declaring all additional terms equal to d.
Write R(., .; ., .) for the domains of Cg,0 defined in terms of the tracks (5;)icz and (t;);cz.
Also write R(., .; ., .) for the domains of the original lattice G4 g.

By the comparison between boundary conditions, for any increasing event A depend-
ing only on the region of émix below fM,

9a,..[4]

mix

3
< ¢§(—2N—1,N;O,M) 4],
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where ¢ are the boundary conditions which are wired on the top of ﬁ(—ZN —1,N;0,M)
and free on the rest of the boundary. Thus, (4.15) implies that

(bghP(N;N) [0 < ON(n)]

< 2¢>%( ) [0 > 8/\(55071)} + 2exp(ndon) 3 ) [0 > 8/\(n)]

—2N—1,N;0,M R(—2N—1,N;0,M

Since the above is true for all M, we may take M to infinity. Then, the measures

¢§§(72N71 N0.M) tend decreasingly to the measure ¢%(_2N_1 N10,00) with free boundary

conditions in the half-infinite strip. . We conclude that

om0 [0 OA)]

< 2¢%(72N71’N;0,00) [0 <+ ON(36on)] + 2 exp(ndon) ¢%(72N717N;0m) [0 <+ ON(n)]
< 2¢9G&’9 [0 <> ON(060n)| + 2 exp(ndon) (b%&’e [0 <> OA(n)]. (4.16)

Finally, the square lattice Gg ¢ has constant transverse angle 6 for all its horizontal
tracks and, by choice of 6, is in G(¢/2). Thus, Proposition 4.3 applies to it (or rather to
its rotation Go,g_,6+x),)- We conclude the existence of constants Cy, co > 0 depending
on ¢ only, such that

6%, [0 ¢ ON(K)] < Coexp(—cok), Wk = 1.

Set §g = Cog‘jrn and

¢ = cg— 0gn = cpddy > 0.

Then c only depends on ¢ and ¢ and the right hand side of (4.16) is bounded by
4C exp(—cn), which provides the desired conclusion. O

The second proposition (Proposition 4.4) appears to use a weaker input than the first.
One may therefore attempt to use the same argument for Proposition 4.3, so as to avoid
using the more involved bound (4.4). Unfortunately, this is not possible, as the sequence
of angles a in the second proof may never be rendered constant, since it contains all the
horizontal and vertical tracks of G g.

4.2 Doubly-periodic isoradial graphs

Let G be an arbitrary doubly-periodic isoradial graph in some G(¢), with grid (s,,)nez,
(tn)nez. Denote by 0 the vertex just below and to the left of the intersection of ¢y and sg.
We will assume that it is a primal vertex. The goal of this section is the following.

Proposition 4.5. There exist constants c,C > 0 depending only on ¢ and on the size of
the fundamental domain of G, such that

(,bghp(N;N) [0 <+ OA(n)] < Cexp(—cn), Yn < N. (4.17)

8This step is standard. Let A be an increasing event depending only on the state of edges in §(72N —
1, N;0, Mp) for some My. Then, for any M > My, denote by I'* the highest dually-open horizontal crossing of
§(72N — 1, N;0, M) and set H to be the event that I'* does not intersect §(72N —1,N;0,Mp). Then, I'*
may be explored from above, and standard arguments of comparison between boundary conditions imply that

% [H].

0 3
R(—2N71,N;0,M)[A] S ¢§(72N71,N;0,oo)[ (H] + ¢4

3
Al g R(—2N—1,N;0,M)

R(—2N—1,N;0,M)

By the finite energy property and the fact that ﬁ(—?N— 1, N; 0, co) has constant width, ¢§(—2N—1 N0.M) [H] —
1 as M — oo. This suffices to conclude. T
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Again, some care is needed when handling boundary conditions. Rather than working
with G and modifications of it, we will construct a graph that locally resembles G, but
that allows us to control boundary conditions.

Proof. For p € [0,7), write 7}5” ) for the set of tracks of G with asymptotic direction
p (recall the existence of an asymptotic direction from the proof of Lemma 2.8). By
periodicity, there exists a finite family 0 < pg < --- < pp < 7 such that

T
7&} _ |_| 7;[(;/)[)-

=0

Assume that the lattice is rotated such that the horizontal tracks (¢, ),cz have asymptotic
direction py = 0. Fix constants n < N.

Let 77, be the right-most track in 7ép T) that intersects t( left of 0 and does not intersect
REP(N; N). Similarly, define 7 as the left-most track in 7¢*") that intersects ¢, right of 0
and does not intersect R"?(N; N). Denote by D, the domain of G bounded by ¢, below,
above by ¢y, to the left by 77, and to the right by 7z. One may imagine Dy as a trapezoid
with base 4y and top ty. By definition of 7, and 75,

R'P(N; N) C Dy. (4.18)

Complete Dy to form a bigger, finite graph D as follows. Let sx_,...,sk, be the
tracks of Dy that intersect ¢y, ordered from left to right, with sy = sg. Orient these tracks
upwards. Orient the remaining tracks g, ..., ty from left to right.

In D, we will make sure that t1,...,¢y intersect all tracks (gi)K_<i<K+, but that no
additional intersections between tracks (5;) x_ <ig<k, areintroduced. One should imagine
that the track ty, after exiting Dy, “slides down” on the side of Dy; t5 does the same:
it slides down along the side of Dy until reaching ¢;, then continues parallel to ¢4, etc.
The same happens on the left side. Finally, on top of the graph obtained above add a
number of parallel tracks tx41, ...,y adjacent to each other, with constant transverse
angle, for instance, that of ¢, for some M > N. Call the resulting graph D. In D, each
track ¢; with 0 < j < M intersects all tracks (5:) K_<i<K,- We do not give a more formal
description of the construction of D; we rather direct the readers attention to Figure 29
for an illustration.

In light of (4.18),
PR () [0 € ON(n)] < G [0 > ON(n)], (4.19)

where R'"P(N; N) refers to the region of the graph G.

Next, we transform D to create a square lattice. Call a black point of D any in-
tersection of two tracks s; and 5;. Then, by a straightforward modification of Proposi-
tion 2.9, there exist star-triangle transformations o1, ...,0x applied to D such that, in
(o o---001)(D), there is no black point between ¢, and ¢;. Moreover, all transformations
o1,...,0K act between tg and ¢;.

The existence of 01, ...,0k is proved by eliminating one by one the back points of D
between t; and ¢, starting with the top most. The main thing to observe is that, by the
construction of D, any black point between ¢y and ¢; is the intersection of two tracks s;
and s;, both of which intersect ¢; above.

Set X1 = ok o---001. Then, one may define recurrently sequences of transformations
(Zj)lgng such that

* each ¥, actson (X;_; 0---0X;)(G) between t;_; and t;;
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Figure 29: A graph Dy (the delimited region) and the completion D - only the diamond
graph is depicted. The vertical tracks (s;) are red, horizontal tracks (¢;) blue, and the
others purple. The rectangle R"?(N; N) (in reality it should be wider) is delimited by
dotted lines. The tracks delimiting Dy are 71, 7r and ¢y ; they are marked in bold.

2
=

@

* in (¥ 0---0X%;)(G), there are no black points below ;.

Let D = (Xp70---0%1)(G). Below ¢y, D is a rectangular part of a square lattice with
width K, — K_ 4 1 and height M.

Let a@ = (a;)k_<i<k. be the transverse angles of the tracks (5;)x_<i<k, . Also,
denote by 3 = (Ej)j20 the sequence of angles constructed as follows: for 0 < j < N,
Ej = f3; which is the transverse angles of t;; for j > N, set Ej = Bn. Then, the part of D
below t,, is a rectangular domain of the vertical strip of square lattice Ga,ﬁ' Moreover,
also let us denote by Ga,E any completion of G&fi into a full plane square lattice. We note

that the angles a and E also are transverse angles of tracks in G, therefore G, 5€ G(e)
as does G.

By the same argument as for (4.16), for any fixed j < N,

limsup 6% [0 < IA(j)] < 6% [0+ OA()]. (4.20)

M—o00 Sl

In the above inequality, A denotes a square domain defined in terms of tracks (s;) and
(t;) whereas A is defined in terms of tracks (5;) and (¢;). We also notice that the box
defined in terms of (s;) is larger than that of (s;). Proposition 4.4 applies to G 5 and we
deduce the existence of constants ¢, C' > 0, depending only on ¢, such that, for all j <N,

limsup ¢ [0 <+ ON(j)] < ¢¢_ . [0 > ON(j)] < Cexp(—cj). (4.21)

M—00 &8

Let us now come back to connections in D. These can be transformed into connections
in D via the sequence of star-triangle transformations (X;)i<j<nm. We use the same
decomposition as in the proofs of Section 4.1 to transfer the exponential decay in D to
that in D.

Let w be a configuration on D such that 0 <» dA(n). Then, either 0 is connected to
the left or right sides of R"P(n;dyn) or it is connected to the top of R"P(n;dyn) inside
RPP(n; dgn). The constant d, used in this decomposition will be chosen below and will
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only depend on ¢ and q. Thus, we find,

% [0 <> OA\(n)] < % 0 m LR (n; don)]

REP (n;80m)
>

+ ¢ [O 3Rth(n; 50n)] (4.22)

0 th(n;ﬁgn) hp .
+¢p [O +———= 0rR"™(n; 5071)].

Let us now bound the three terms above separately. We start with the first two.
By the finite-energy property, there exist a constant n > 0 depending only on ¢ and
the fundamental domain of G and primal vertices x_ and = just below ¢y (thus on the
boundary of D) left of s_,, and right of s,,, respectively, such that

#% [0 e—n—éo% ILR"™(n; 6on)] < exp(ndon) ¢ (0 <> z_)  and

(4.23)
¢ [0 R (nidom) OrR"™ (n;on)] < exp(ndon) ¢%(0 < z4).
Since the transformations X1, ..., ¥ s preserve connections between points on the bound-
ary of D,
Pp[0 = -] = %[0 = z_] < %[0 > OA(n)]. (4.24)

The same holds for ¢%, [0 < 24 ].

Since each sequence of transformations Y, only acts below ¢;, an open path con-
necting 0 to Or th(n; don) in D is transformed into an open path connecting 0 to ts5,,—1
(Figure 13).

# [0 0, 1R 1 5ym)] < 5[0+ 13,0 1]
< ¢%[0 > ON(Gon — 1)]
<

Cexp(—c(dgn — 1)). (4.25)
By injecting (4.23), (4.24) and (4.25) into (4.22), then further into (4.19), we find
qzﬁ%hp(N;N) [0 <+ ON(n)] < 2exp(ndon) d}%[O < ON(n)] + d)%[() > ON(6on — 1)].
The above is true for all M, and we may take M — oco. Using (4.21), we find
(;Sghp(N;N) [0 <+ OA(n)] < 2Cexp [ — (¢ —ndo)n] + Cexp [ — c(don — 1)].

Set dg = 7 SO that ¢’ := ¢ — §pn = cdy > 0. Then, we deduce that

¢ghp(N;N) [0 <+ OA(n)] < 3C e° exp(—c'n).

Since ¢ and 7 only depend on ¢, ¢ and the size of the fundamental domain of G, we obtain
the desired result. O

4.3 Conclusion
Below, we show how the previous two parts imply Theorem 1.2 and Corollary 1.3 for
q > 4. Fix a doubly-periodic isoradial graph G and one of its grids.

Proof of Theorem 1.2. Due to (4.17) and Proposition 4.1, G satisfies (4.1). Since G
satisfies the bounded angles property for some € > 0 and due to its periodicity, there
exists a constant a > 0 such that A(n) C B, forall n > 1. Then, (4.1) implies

P[0 ¢ 0B,] < ¢%[0 +» IN(2)] < Cexp (— £n). (4.26)
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This implies the second point of Theorem 1.2 with an adjusted value for c.

Let us now consider the model with wired boundary conditions. Recall that if w is
sampled according to ¢, then its dual configuration follows ¢¢... Since G* is also a
doubly-periodic isoradial graph, (4.26) applies to it.

For a dual vertex y € G*, let C(y) be the event that there exists a dually-open circuit
going through y and surrounding the origin. The existence of such a circuit implies that
the dual-cluster of y has radius at least |y|. Thus,

o6 [C(y)] < ¢ [y < y+ By ] < Cexp(—cly]),

for some ¢, C > 0 not depending on y °. Since the number of vertices in G* N B,, is
bounded by a constant times n?, the Borel-Cantelli lemma applies and we obtain

¢¢[C(y) for infinitely many y € G*] = 0.
The finite-energy property of ¢, then implies ¢, [0 <+ oo] > 0. O

Proof of Corollary 1.3 for ¢ > 4. It is a well known fact that (;S%ﬁ’q = (;Sql}ﬁ’q for all but
countably many values of 5 (see for instance [14, Thm 1.12] for a recent short proof
that can be adapted readily to isoradial graphs). Thus, by the monotonicity of the
measures (;S?G’@q, for any g < 1, ¢%71,q dominates g%’,@)q. Theorem 1.2 then implies
$6.p.4(0 <> 00) = 0 and [23, Thm. 5.33]yields ¢g 4 , = ¢ 4,,- This proves the uniqueness
of the infinite volume measure for all 5 < 1. The first point of the corollary follows
directly from Theorem 1.2 by the monotonicity mentioned above.

Since measures with 8 > 1 are dual to those with 8 < 1, the uniqueness of the infinite
volume measure also applies when S > 1. The second point of the corollary follows from
Theorem 1.2 by monotonicity. O

5 Proofs for the quantum random-cluster model

5.1 Discretisation

Fix € > 0 and consider the isoradial square lattice G* := G g where a,, = 0 for all n
and 3, = ¢ if nis even and §,, = m — ¢ if n is odd. See Figure 30 for an illustration.

Recall the notation z; ; with 7 4 j even for the primal vertices of G* (while z; ; with
i+ j odd are the dual vertices). Also, recall the notation R(3, j; k, £) for the domains of G*
contained between the vertical tracks s; and s; and the horizontal tracks ¢ and ¢,.

Observe that G° contains two types of edges: those of length 2sin(5) and those of
length 2cos(5). As we will take ¢ to 0, we call the first short edges and the latter long
edges. The parameters used to define ¢g- are given by (1.1): for short edges they are
obtained by taking 6. = ¢, call the resulting value p.; for long edges 6. = 7 — ¢, call the
resulting value p,_..

When ¢ — 0, we have the following asymptotics,

2 2re
ifl1<qg<4, 1—pa~i, Dr—e ~ r\/a;
Va4 —q) 1—q
2
lfq:47 1_195 ~ i7 Pr—e ™~ —&;
2T T
2re 2re
if g > 4, 1—pa~¥, Dr—e ™~ \/6.
q(q —4) q—4

9We implicitly used here that (4.26) applies to ¢>%* and to any translate of it. This is true due to the
periodicity of G*. A multiplicative constant depending on the size of the fundamental domain is incorporated
in C.
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_—

Figure 30: A piece of the deformed square lattice G* = G4 g. Left: The diamond graph.
Right: The primal lattice with dual vertices.

Moreover, the length of a long edge converges to 2, while that of short edges
decreases as ¢ + o(¢). Thus, in the limit ¢ — 0, the measure converges to the quantum
FK model on a dilated lattice 27Z x R with parameters

if1<qg<4, A 2r V4
S s 0= —F7/—7—777) Mo = ;
q(4—q) Vd—q

1 2

ifq=47 /\0277 Ho = —;

2T T

2 2
if ¢ > 4, /\0277"’ Mo = r\/a.
Valg —4) q—4

Note that )y and p are continuous in ¢: when ¢ goes to 4 either from above or from
below, the common limits of )y and p are exactly the values given by ¢ = 4. A precise
statement is given below in Proposition 5.1.

For the rest of the section, unless otherwise stated, we consider the quantum random-
cluster model ¢€Q on Z x R with parameters A = 2\ and ;1 = 20 and boundary conditions
¢ =0, 1. This is simply the limiting model discussed above rescaled by a factor 1/2. The
infinite-volume measures with free and wired boundary conditions can be defined via
weak limits as in the classical case. The quantum model with these parameters enjoys a
self-duality property similar to that of the discrete model on G* with 5 = 1.

To distinguish the subgraphs of G° from those of Z x R, we shall always put a
superscript ¢ for those of G° and those of Z x R are always written in calligraphic letters.

For any subgraph R of Z x R, we write ¢£Q,R for the quantum random-cluster measure
on R with boundary conditions ¢ = 0, 1.

For 1 < ¢ < 4, we will consider the counterparts of the horizontal and vertical
crossing events given in Lemma 3.1. They are related to their discrete versions via the
following convergence.

Proposition 5.1. For a,b,c,d > 0, let R® = R(2c,26—d) be a subgraph of G¢ and R =
[—¢, c] x [—d,d] be a subgraph of Z x R. Consider ¢ =0, 1, then

bk [Ch(2a; 2)] - ¢§Q’R [Ch(a;D)], (5.1)
¢ . 2b 9 .
P [Cv(2a; 22)] — bor [Cu(a;b)]. (5.2)
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For g > 4, the event to consider is that given by (4.2), which is related to the discrete
models as follows.

Proposition 5.2. For any N,n > 0, let R® = R(2N, %) be a subgraph of G* and R =
A(N) = [-N, N]? be a subgraph of Z: x R. Then,

Oke [0 43 OR(20:22)] — ¢ [0 ¢ OA(n)] (5.3)

Proof of Propositions 5.1 and 5.2. As we described above, short edges in G° are of

length 2sin(5), each of whom is closed with probability A\os, where \g = q(2Lq)' Given
L

L > 0, consider a collection of N = < such consecutive edges. Consider (Xi)igign @
sequence of i.i.d. Bernoulli random variables of parameter \ge: X; = 1 if the ¢-th edge is
closed and X; = 0 otherwise. Denote S = va: 1 Xi, which counts the number of closed
edges in this collection of edges.

Then, for any fixed k£ > 0 and ¢ — 0, we have that

P[S =k] = (]ID (Nog)*(1 = o)V 7+

Nk
~ F()\Og)kefN)\os

_ L (LXo)*

K

where the quantity in the last line is the probability that a Poisson variable of parameter
L) takes the value k. As a consequence, when ¢ — 0, the IV vertical short edges will
converge to a vertical segment of length L, among which closed edges will give us cut
points that can be described by a Poisson point process with parameter \g.

The same reasoning applies to the long edges too. This shows that the measures zj)%s
converge weakly to ¢5Q7R, up to a scaling factor of 1/2. O

Let us briefly discuss the strategy for proving Theorem 1.5, we restrict ourselves to
the case ¢ < 4 for illustration. In order to prove the RSW property for ¢o, one needs to
uniformly bound the left hand sides of (5.1) and (5.2) for a = n and b = pn for any fixed
quantity p. By duality, we may focus only on lower bounds.

Notice that for any fixed € > 0, the RSW property obtained in Theorem 1.1 provides us
with bounds for ¢5,. [Ch(2n;2p%)] and @5 [Cu(2n; 2%)] which are uniform in n. However,
these are not necessarily uniform in €. Indeed, all estimates of Section 3 crucially depend
on angles being bounded uniformly away from 0.

Removing this restriction in general is an interesting but difficult problem. However,
in the simple case of the lattices G, this is possible, and is done below.

5.2 Thecasel1l<¢qg<4

To show Theorem 1.5 for 1 < ¢ < 4, it is enough to show the RSW property for the
quantum model, the rest of the proof follows as in Section 3.4. To this end, we proceed
in the similar way as for isoradial graphs. More precisely, the following proposition
provides us with uniform bounds in ¢ € (0,7) for crossing probabilities in G°. Then
Proposition 5.1 transfers these results to the quantum model and the same argument as
in Lemma 3.4 yields the RSW property for the quantum model.

Proposition 5.3. There exist 6 > 0, constants a > 3 and b > 3a and ng such that, for all
e € (0,7) and n > ny, there exist boundary conditions ¢ on the region R® = R(bn; %) of

g
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G* such that
Gge [Ch(3an,bn; B2)] > 1-3/2 and ¢k [Cr(3an,bn; &2)] > 1 —4/2,
qbeE [Cu(an; 22)] > 6 and bt [Ch(an; 22)] =6, (5.4)
¢§Rg [Ch(an,i’)an; g)] >0 and d)ga [CZ(am 3an; %)} > 0.

For the rest of the section, we focus on proving Proposition 5.3; the rest of the
arguments used to obtain the RSW property for ¢o are standard.

By symmetry, we may focus on ¢ < 7/2; thus, difficulties only appear as ¢ — 0. Fix
€ > 0. We shall follow the same ideas as in Section 3.2. Recall the construction of the
mixed lattice Gix: for M, N1, No > 0, consider the graph obtained by superimposing a
horizontal strip of G° of height N, + 1 and width 20 + 1 over a horizontal strip of regular
square graph Go,z of height N; + 1 and same width. Let the lower vertices of this graph
be on the line R x {0}, with z¢ o at 0. Convexify this graph. The graph thus obtained,
together with its reflection with respect to R x {0}, form G ix-

Write Gy for the graph with the regular and irregular blocks reversed. See Sec-
tions 2.4.1 and 3.2 for details on this construction and the track exchanging procedure
that gllows us to transform G« into émix. Figure 31 contains an illustration of Gy
and G ix.

ST T
XRITRRRE
s
ROGCG00:0:4
I R A IS
CEEEEEES

G* N2

Figure 31: Left: The graph G,,ix. Right: The transformed graph émix.

Write ¢¢,,,, and zb@ ~ for the random-cluster measures with § = 1 on G,;x and émix,
respectively, with free boundary conditions. The following adaptations of Propositions 3.6
and 3.7 imply Proposition 5.3 as in Section 3.2.2.

Proposition 5.4. There exist Ao := Ao(q) > 0 and ng > 1 such that for all A > ),
€ € (0,7/2], pous > pin > 0, n = ng and sizes M = (pout + %)n N7 > n and Ny > %n

b [Ch(pinn, (Pous + 2)n3 A2)] = (1 = poute™ ™) PGrix [Ch(pinT, poutn; n)]. (5.5)

The quantities A\g and A above have no relation to the intensity of the Poisson point
process used in the definition of ¢o.

mix

Proposition 5.5. There exists n > 0 and a sequence (c,), € (0,1]N with ¢, — 1 such
that, foralle € (0,7/2], n > 1 and sizes M > 3n, Ny > N and N, > 2,

b [Co(Brsn2)] = cndn, [Co(nsn)]. (5.6)
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Proposition 5.4 controls the upward drift of a crossing: it claims that with high
probability (independently of ¢), this drift (in the graph distance) is bounded by a
constant times é As a result, due to the particular structure of G¢, the upward drift in
terms of the Euclidean distance is bounded by a constant independent of . The proof
follows the same idea as that of Proposition 3.6 with the difference that it requires a
better control of (3.8), which is obtained by a coarse-graining argument.

Proposition 5.5 controls the downward drift of a vertical crossing. The proof follows
the same lines as that of Proposition 3.7, with a substantial difference in the definition
(3.11) of the process H which bounds the decrease in height of a vertical crossing when
performing a series of track exchanges. In the proof of Proposition 3.7, H was a sum of
Bernoulli random variables; here the Bernoulli variables are replaced by geometric ones.
This difference may seem subtle, but is essential in obtaining a bound on the Euclidean
downward drift which is uniform in .

Proof of Proposition 5.4. We keep the same notations as in the proof of Proposition 3.6.
We remind that the process (H*)o<1<, is coupled with the evolution of (y(*))o<r<, in
such a way that all vertices =; ; visited by v(*) have (i, j) € H*. Moreover, (H*) can be
seen as a growing pile of sand which grows laterally by 1 at each time step and vertically
by 1 independently at each column with probability . The goal here is to estimate 7, in
the special case of G« as illustrated in Figure 31. More precisely, we want to improve
the bound given in (3.9). Let A > 0 denote a (large) value, we will see at the end of the
proof how it needs to be chosen.

~| — — = A= == = = == =

I
/ 3
t n/(k) K (

Figure 32: Figure 20 adapted to the case of G« defined above. When we perform
star-triangle transformations, we exchange two tracks, one of transverse angle 5 and
the other m — € or . We assume that we are in the case A = sand B=m —e¢.

In the special case of G,;x described above, a track exchange is always between
tracks with transverse angles A = 7 and B = 7 — € or €. This is illustrated in Figure 32.
The parameter 14 g is the probability that the path ~(¥), as shown in the figure, drifts
upwards by 1 when the dashed edge on the left of the figure is open. This can be
estimated as follows for 1 < ¢ < 4,

sin(r(5 —¢))

Yr—AYn—(B—A) sin(r (5 +e)) flsg<4,
NA,B = T = Z—c .
%+€ ifg=4.

A quick computation then shows that we have

where ((q) = 27”24—\/6

n:= sup nap=1-C(qe, 5

A,B€[e,m—¢] 7T

Thus, this value 1 may be used in the process (H*) bounding the evolution of (y(*)).
Hence, we obtain, for 0 < k < %

IP[h(’y(k)) < 2n] > P[max{j: (i,j) € H*} < 2n].
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A straightforward application of (3.8) is not sufficient to conclude, as it would provide
a value of A of order log(é) rather than of constant order. We will improve (3.8) slightly
by revisiting its proof (given in [25, Lem. 3.11]).

We are interested in the time needed to add a neighboring block from those which
are already included by H*. To be more precise, with each edge e of Z x IN, we associate
a time t.: if e is horizontal, set t. = 1; if e is vertical, set t. to be a geometric random
variable with parameter ((¢)c. Moreover, we require that the random variables (¢.) are
independent.

For z,y € Z x NN, define P(z,y) to be the set of paths going from z to y, containing
no downwards edge. For a path v € P(z,y), write 7(7) = 3_ . te, which is the total time
needed to go through all the edges of 7. Also write 7(x,y) = inf{7(v) : v € P(z,y)}. As
such, the sets (H*);>( can be described by

H* ={y € ZxWN:3z € H°, 7(x,y) <k}, (5.7)
where we recall the definition of H?:
H® ={(i,j) € Zx N : —=(pout + 1)n <i —j and i + j < (pour + 1)n and j < n}.

Thus, our goal is to prove that the time needed to reach any point at level %n is greater
than %n with high probability.
Let P, be set of all paths of P(z,y) with x € H®, y = (4,5) with j = %n and which
contain at most n horizontal edges. Then, (5.7) implies
P[max{j : (i,j) € H%"} > 2n] =P[Iy € Pn:7(y) < 2n]. (5.8)

€ €

Next comes the key ingredient of the proof. We define the notion of boxes as follows.
For (k,0) € Z x IN, set

B(k,t) ={(k,j) € Zx N: =L <j < £}

€

We note that different boxes are disjoint and each of them contains % vertical edges. A
sequence of adjacent boxes is called a box path. Note that such a path is not necessarily
self-avoiding. Set P, to be the set of box paths from some B(k,n) to some B(/, An),
where k and ¢ are such that —(pout + 1)n < k < (pout + 1)n and |k — ¢| < n, and in which
at most n pairs of consecutive boxes are adjacent horizontally.

With any path + € P,,, we associate the box path 7 € P,, of boxes visited by v (above
level n/e). Notice that, since v has at most n horizontal edges, so does 7.

Given a box path 7 = (7;) € P,, call ; a vertical box if 7;_1,7; and 7,41 have the
same horizontal coordinate. Since any path 7 € 75n can only have at most n pairs of
consecutives boxes that are adjacent horizontally, there are at least (A — 3)n vertical
boxes in 7. See Figure 33 for an illustration of the above notions.

A box is called bad if it contains a vertical edge e such that ¢, > 2. We can estimate
the probability that a box is bad:

PP[a given box isbad] =1 — (1 — (e)'/* 51 —¢™¢ ase —0.

Notice that for a path v € P,, such that 7(y) < %n there are at most n vertical bad boxes
in 5. Indeed, due to the definition, in any bad vertical box of 7, v crosses an edge e with
te > 2. Therefore,

P[3y € P, : 7(y) < 2n] <P[F7 € P, : there are at most n vertical bad boxes in 7]

< Z IP[there are at most n vertical bad boxes in 7].  (5.9)
HEPn
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Figure 33: A path v € P,, and its associated box path 7 € P,.. Note that the box path ~
might not be self-avoiding. The blue box in the figure is a vertical box for 7.

Let us now bound the above. First, note that any path ¥ € 75n has length at most An
and can have at most n horizontal displacements, which gives

~ A
|Pn| < 2(pout + 1)n2”< :) < Pout(eA)™, (5.10)

for a constant ¢ > 0 independent of all the other parameters. Secondly, recall that any
3 € P, has at least (A — 3)n vertical boxes. Let X7, ... ; X(x—3)n be 1.i.d. Bernoulli random
variables with parameter § = 1 — (1 — Ce)'/¢ that indicate whether the (A — 3)n first
vertical boxes of 7 are bad (X; = 1 if the ™ vertical box of v is bad and X; = 0 otherwise).
Then,

PP [there are at most n vertical bad boxes in 7] < P[X; + -+ + X(,\_g)n < nf

[(M) (-390 -5)]"
(5.11)

The last inequality is obtained by large deviation theory.
Finally, put (5.8)-(5.11) together, as in [25, Lem. 3.11]. It follows that if A is chosen
larger than some threshold \y > 4 35 that only depends on §, then
P[max{j: (i,j) € H%"} > 2n] < poure™"”

£

Recall that § —— 1 — ¢~ ¢ is uniformly bounded in ¢ > 0, hence )\, may also be chosen
e—0

uniform in e.

Remark 5.6. We point out that the coarse-graining argument above is essential to the
proof due to the reduced combinatorial factor (5.10). In effect, the computation in [25,
Lem. 3.11] would have given us a combinatorial factor (cA/¢)”, and due to the additional
€ in the denominator, one can only show that A should grow as log(%). This improvement
is made possible because when, ¢ goes to 0, paths in the directed percolation take é more
vertical edges than horizontal ones, and bad edges (those with passage-time greater
than 2) are of density proportional to €. We can therefore “coarse grain” a good number
of paths to a unique one, which improves the bound. O

Proof of Proposition 5.5. We will adapt the proof of Proposition 3.7 to our special setting.

The goal is to have a better control of the downward drift of paths when track exchanges

EJP 23 (2018), paper 96. http://www.imstat.org/ejp/
Page 61/70


http://dx.doi.org/10.1214/18-EJP223
http://www.imstat.org/ejp/

Universality for the random-cluster model on isoradial graphs

are performed. There are two significant differences: (i) a better description of the
regions D¥ in which vertical paths are contained; (ii) a (stochastic) lower bound on hk
by a sum of geometric random variables rather than a sum of Bernoulli variables as in
the aforementioned proof.

In this proof we are only interested in events depending on the graph above the base
level, and we will only refer to the upper half-plane henceforth.

Fix e >0and n € N. Let M > 4n, N7 > n and Ny > g where, as illustrated in
Figure 31, 2M + 1 is the width of the blocks of G(!) = Z2? and G®) = G¢, N; + 1 is the
height of the block of Z? and N, that of G°. Recall that the sequence of star-triangle
transformations we consider here is X7, which consists of pulling up tracks of G(!) one
by one above those of G, from the top-most to the bottom-most. We write P for the
measure taking into account the choice of a configuration w according to the random-
cluster measure ¢¢, . as well as the results of the star-triangle transformations in X'
applied to the configuration w.

For 0 < i < Ni, recall from Section 2.4.1 the notation

T
N = Btitny ngen O 0 Vbt 1

for the sequence of star-triangle transformations moving the track ¢; of G(") above G,
Then, ST =Xl o o x] .

We note that w € C,(n;n) if and only if Elﬂ o---0 E}Vl (w) € Cy(n;n), since the
two configurations are identical between the base ¢ty and ¢,. Thus, we can assume
that Z}Vl, ‘e ,21 41 are performed and look only at the effect of E,TL, e ,Eg on such a
configuration. Let us define for0 < k <n+1,

GF =% yr0 0B, (Guix),

W=% o008 (W),
DF = {2y, € G*: lul <n+ 2k, 0<v< Ny +n},

k k
hk = sup{h < Ny +n —k:3Ju,v € Zwithz, Ly Typ}-

That is, h* is the highest level that may be reached by an w*-open path lying in the
rectangle D”*. These notions are illustrated in Figure 34.
Due to the above definitions, if w® € C,(n;n), then h° > n. Hence,

PhY > n] = Plw® € Cy(n;n)] = ¢G [Co(n; n)]-

i |
Moreover, using the fact that w”t! follows the law of or . and the definitions of D"*!
and A"T! above, we obtain

bg  [Co(Bnin)] = P(A" = k).

Therefore, it is enough to show
P[r"t > n2] > ¢, P[R° > n], (5.12)

for some 7 € (0, 3) to be specified below and constants ¢, with ¢, — 1 as n — oo, all
independent of €.

Fix 0 < k < n and let us examine the (N; — (n—k)+1)*" step of ¥, that is ZL/@- Write
W=, tn, s O Ot gtn, 4 10T 0 < j < No+ 1. In other words, ¥; is the sequence
of star-triangle transformations that applies to G* and moves the track ¢,_; above j
tracks of G(?), namely ¢y, 11, ...,tn,+;. Moreover, ¥y, = 214«' hence, ¥y, (GF) = Gk*!
and ¥y, (wh) = whtl,
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Figure 34: Several stages in the transformation of G ,;x (only the outlines of the diamond
graphs are depicted). Pulling up the top N; —n tracks of the regular lattice does not affect
the event C,(n;n). The red vertical crossing is then affected by the track exchanges.
However, it remains in the hashed domains (D*)o<x<ni1, and (Df)ogjgNZ. Its height
evolves according to (3.13)-(3.15), (5.13) and (5.14). Notice the asymmetric shape of
D in the fourth diagram, where j is even.

For 0 < j < N, write j := n — k + j and define D¥ as the subgraph of ¥;(G*) induced
by vertices z,,, with 0 < v < Np +n and

lu] <n+2k+2 ifvé},
—(n+2k)< u <n+2k+1 if v =j+1and j odd,
—(n+2k+1)< u <n+2k ifv=7j+1and j even,
lu] <n+2k ifo>7+1.

We note that D* C Df C --- C Df C DFF!. Let w;? = ¥, (w*) and

D Wk
B = sup{h < No+n — k : Ju,v € Z with 2,9 <2 x,4}.

Due to inclusions between the domains, we have h* < hf and h%, < h**1. Next, we aim

to obtain similar equations to (3.13)-(3.16).

Fix0 < j < Ny and let X := 3%, , ., ,,,, be the track exchange to be applied to
U;(G*). Moreover, let P; be the set of paths v of ¥;(G*), contained in D¥, with one
endpoint at height 0, the other at height h(y), and all other vertices with heights between
1and h(y) — 1.

First we claim that, if v is an wf-open path of P;, then ¥ (v) is w;? ' 1-open and contained
in Df 41 (hence contains a subpath of P;;; reaching the same height as ¥(v)). Due to
the specific structure of G, we prove this according to the parity of j. For j even, the
transverse angle of the track ¢y, 4,41 is @ — . Thus, as shown by the blue points in
Figure 13, ¥ induces a possible horizontal drift of v of +2 at level } and +1 at level 3 + 1.

By its definition, fo 1 indeed contains ¥(v). For j odd, the figure is symmetric, thus we
get horizontal drifts of —2 and —1 at levels 5 and 3 + 1, respectively.
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Let us briefly comment on the differences between the above and the general case
appearing in Proposition 3.7. In Proposition 3.7, since the directions of the track
exchanges are not necessarily alternating, we may repeatedly obtain horizontal drifts
of the same sign. This is why the domains Df in Proposition 3.7 grow with slope 1 (see
Figure 21), and eventually induce a different definition of D* than the one above. In the
present case, due to alternating transverse angles which create alternating positive and
negative drifts, D* may be chosen with vertical sides and D¥*! is obtained by adding two
columns on the left and right of D*. While this may seem an insignificant technicality, it
allows to bound the horizontal displacement of the vertical crossing by 2n rather than a
quantity of order %, and this is essential for the proof.

As a consequence of the discussion above, equations (3.13)-(3.15) hold as in the
classical case. For this proof, we will improve (3.14) and (3.16) to

PlAY, > h+ 1|k} = h]
PaY,, > h|hY = h]

Ce if h =7, (5.13)

z21-
>1-Ce ifh=j+1, (5.14)
for some constant C' > 0 that does not depend on ¢, only on g.

Before going any further, let us explain the meaning of (3.13)—(3.15), (5.13) and (5.14)
through a non-rigorous illustration. In applying ZL - the track ¢, (of transverse angle
7/2) is moved upwards progressively. Let us follow the evolution of a path v reaching
height h* throughout this process. As long as the track ¢,,_; does not reach height h*,
the height reached by ~ is not affected. When ¢,,_j, reaches height h* (as in Figure 35;
left diagram), the height of v may shrink by 1 or remain the same; (5.14) indicates that
the former arises with probability bounded above by Ce. If v shrinks, the following track
exchanges do not influence v any more, and we may suppose h**! = h¥ — 1. Otherwise,
the top endpoint of v at the following step is just below t,,_; (as in Figure 35; centre
diagram). In the following track exchange, v may increase by 1 in height. By (5.13),
this occurs with probability 1 — Ce. If the height of v does increase, then it is again just
below ¢,,_, and it may increase again. In this fashion, v is “dragged” upwards by ¢, _y.
This continues until v fails once to increase. After this moment, v is not affected by any
other track exchange of E;_ e

The reasoning above would lead us to believe that A**! > h* — 2 + Y stochastically,
where Y is a geometric random variable with parameter Ce. This is not entirely true
since the conditioning in (5.13) and (5.14) is not on wf, but only on hf . However, this
difficulty may be avoided as in the proof of Proposition 3.7. Let us render this step
rigorous and obtain the desired conclusion (5.12), before proving (5.13) and (5.14).

Let (Yx)o<kgn be i.i.d. geometric random variables of parameter Ce. Define the
Markov process (H*)o<r<ni1 by H® = h® and H**! = min{H* + Y}, —2,n—k+ N2 }. Then,
the comparison argument of [25, Lem. 3.7] proves that 2* dominates H* stochastically
for any k. Precisely, for any k, the processes (Hj)()gjgnJrl and (hj)0<j<n+1 may be
coupled such that H k < h* a.s.. We insist that we do not claim that there exists a
coupling that satisfies the above inequality simultaneously for all k. We do not provide
details on how to deduce this inequality from (3.13)—(3.15), (5.13) and (5.14), since this
step is very similar to the corresponding argument in [27, Lem. 6.9]. Let us simply
mention that the cap of n — k + N, imposed on H* comes from the fact that a path may
not be dragged upwards above the highest track of the irregular block.

By comparing A"*! and H"*+!, we find

tni=—r———==>PH" 292 |H 2n] >P[Yo+ -+ Y, — (n+2) > nZ].

€
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The last inequality is due to that, if H* 4+ Y}, — 2 = n — k + N, at any point during the
process, then A"*! > n2 is sure to arises. Finally notice that E[Y}, — 1] = 16—? > n/e for
n < 1/C and ¢ small enough. The same large deviation argument as in the final step of
the proof of Proposition 3.7 allows us to conclude that ¢, — 1, uniformly in €. Thus, we

are only left with proving (5.13) and (5.14), which we do next.

First we prove (5.14). This is similar to the argument proving (3.16), with a slight
improvement on the estimate of the parameter 6. Fix 0 < j < N> and use the notation
introduced above. Without loss of generality, assume also that j is even so that the track
exchange ¥ = ¥; , +y ;. is performed from left to right. Denote by I' = I‘(wf) the
w¥-open path of P; that is the minimal element of {y € P; : h(y) = h},~ is w}-open} as
in Proposition 3.7.

- €2 - €2
\/ A\ €3 \/
7 N 7
s €1 N o€l
2 2 2

Figure 35: Three star-triangle transformations contributing to ¥ slide the gray rhombus
from left to right. If the three edges in the middle diagram are all closed, then e, is open
with probability %

Fix some v € P; of height }—i— Lletz=x, =, denote the upper endpoint of v and let
z' denote the other endpoint of the unique edge of v leading to 2. Then either 2/ = z

u+13
orz =ux

u=1,j"
Conditioning on I' = . If 2’ = =, _, 7, then it is always the case that h(X(I')) > j + 1.
Assume that 2/ =z, , - as in Figure 35 and consider the edges ey, ..., e, depicted in the

u+1,5
image. If e; is open in w;? then it is easy to see that th = 5 + 1, for any outcome of the
star-triangle transformations. The same is valid for the edge e3 appearing in the second
diagram of Figure 35. Assume that both e; and e3 are closed in the second diagram.
Then, if in addition e is also closed, by the randomness appearing in the star-triangle
transformation leading to the fourth diagram,

. Yer Y
P[e, is open | ey, eq, €3 are closed] > 2222

This is due to the transition probabilities of Figure 4. Finally, if e, is open in the last
diagram, then the height of I" remains at least 5 + 1 for the rest of ¥. In conclusion,

]P[h;ﬁrl > }—i— 1T =79] 2> %P[eg is closed |T' = v and ey, e3 closed]

Notice that the edge es is above level } hence the conditioning I' = v and ey, e3 closed
affects it negatively. Thus, Ples is closed |T' = v and ey, e3 closed] > 1 — p.,. Using the
fact that y., = /¢, Ye; — /g @and p., ~ C'c as ¢ — 0, with C’ > 0 depending only on ¢,
and summing over all possibilities on 7, we obtain

PlhY,, >+ 1|hE=F+1]>1-Ce,
for some constant C' depending only on q.

Now let us prove (5.13). The argument is very similar to the above. Assume again that
the track exchange ¥ =%, 4 ., is performed from left to right. Let I' be defined as
above and call z its top endpoint. Condition on hf = ; Then, as the vertical rhombus is

slid through ¢,,_, N, +;+1, it arrives above z as in the second diagram of Figure 35. Let

EJP 23 (2018), paper 96. http://www.imstat.org/ejp/
Page 65/70


http://dx.doi.org/10.1214/18-EJP223
http://www.imstat.org/ejp/

Universality for the random-cluster model on isoradial graphs

e1, es, ez and e4 be defined as in Figure 35. If e; or e3 are open in the second diagram,
then hf 1= }—&— 1 for any outcome of the star-triangle transformations !°. Assume that e,
and es are both closed at this stage. Moreover, since the conditioning only depends on
edges below level ; + 1, it influences the state of e; only via boundary conditions. Hence,
Ples is closed | T" and ey, e5 closed] > 1 — p.,. As discussed above, when e, e; and ez are
all closed, the final star-triangle transformation of Figure 35 produces an open edge e4
with probability bounded below by 1 — Ce. We conclude as above. O

5.3 The case ¢ > 4

We will adapt the proof of the exponential decay of Section 4 to the quantum case.
More precisely, we only need to do so for the case of isoradial square lattices, that is
Section 4.1. The argument is very similar to that of Section 4.1, with the exception that
Propositions 5.4 and 5.5 are used instead of Propositions 3.6 and 3.7.

We recall the notation RPP for half-plane rectangles and the additional subscript ¢ for
domains defined in G¢. The key result is the following.

Proposition 5.7. There exist constants C, ¢ > 0 depending only on ¢ such that, for any
e > 0 small enough,

gl,p,E(N;%) [0 < ORPE (n; 2)] < Cexp(—cn), Vn < N. (5.15)

The above has the following direct consequences.

Corollary 5.8. There exist constants C, ¢ > 0 depending only on q such that for £ small
enough,

(r)es(N;g) [0 <+ OR*(n; 2)] < Cexp(—cn), VYn < N. (5.16)
Corollary 5.9. There exist constants C,c > 0 depending only on ¢ such that,
So.am) [0 ¢ OA(M)] < C exp(—cn). (5.17)

Corollary 5.8 is a straightforward adaptation of Proposition 4.1. Corollary 5.9 is a
consequence of the fact that the constants in (5.16) are uniform, thus we can take ¢ — 0
and apply Proposition 5.2.

To conclude, as in Section 4.3, Corollary 5.9 implies Theorem 1.5 for ¢ > 4.

We will not give more details on the proofs of Corollaries 5.8 and 5.9 and Theorem 1.5.
For the rest of the section, we focus on showing Proposition 5.7.

Proof of Proposition 5.7. We follow the idea of the proof of Proposition 4.3.

Fix ¢ > 0 as in the statement. For N > n, let G, be the mixture of G = G¢ and
G = 72, as described in Section 2.4. In this proof, the mixed lattice is only constructed
above the base level; it has 2V + 1 vertical tracks (s;)_ny<i<n of transverse angle 0 and
& 4 N + 2 horizontal tracks (t;)o< j<¥ N1 the first &+ 1 having alternate angles ¢
and 7 — ¢ (we call this the irregular block) and the following N + 1 having transverse
angle 5 (we call this the regular block). Finally, Gy« is a convexification of the piece of
square lattice described above.

Set CNT'miX to be the result of the inversion of the regular and irregular blocks of G yix
using the sequence of transformations ©'. Let ¢¢, . and ¢5mix be the random-cluster
measures with free boundary conditions on G,,;x and émix, respectively. The latter is
then the push-forward of the former by the sequence of transformations X.

10Dye to the conditioning, e; or e3 may only be open if their top endpoint lies outside D}“.
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Let dp € (0,1) be a constant that will be set below; it will be chosen only depending
on ¢q. Write d1, 0r and Or for the left, right and top boundaries, respectively, of a
rectangular domain RPP=( ;).

Consider a configuration w on Gix such that 0 «» ORPP® (n; ) Then, as in (4.9), we
have

R (n;50 )

PG [0 ¢+ OR™ = (n; 2)] < ¢g,. [0 IR (n; 60 2)]

RS (1380 2)

+ PG [0 OrR"™* (n; 602)] (5.18)

RP< (n;50 )

¥ 96 [0 OrRY % (1; 5,2

Moreover, since the graphs G,;x and G¢ are identical in Rbp.e (N N £), we obtain,

0z (Vi) [0 > OR"™=(n; 2)] < e [0 < ORMPE (5 2)], (5.19)
where we use the comparison between boundary conditions.

In conclusion, in order to obtain (5.15) it suffices to prove that the three probabilities
of the right-hand side of (5.18) are bounded by an expression of the form Ce™“", where
the constants C' and ¢ depend only on ¢q. We concentrate on this from now on.

Let us start with the last line of (5.18). Recall Proposition 5.5; a straightforward
adaptation reads:

Adaptation of Proposition 5.5. There exist 7 > 0 and ¢,, > 0 satisfying ¢, — 1 as
n — oo such that, for all n and sizes N > 4n,

REP (4n;607n) R"P>€ (n;80 2)
>

OrRMP (4n; 507’71)] Z Cn®Gomix [0 aTth,E(n; 60%)]

(5.20)

G, 0

Indeed, the proof of the above is identical to that of Proposition 5.5 with the only
difference that the position of the two graphs are switched, thus the factor e~! becomes
. The constant 7 and the sequence (c,), only depend on q.

Observe that, in émlx, the domain th(N ; N) is fully contained in the regular block
and contains R"P(4n; o7n) if §o7 < 1. Thus, by comparison between boundary conditions,

RhP 4n;d0pTn
[0 (4n;607n)

oG OrR" (4n; 6on))

REP (4n;607n N
< BR[0T, R (4 o)

< ¢:;{1?) NN [0 <= ON(SoTn)] < Coexp(—codoTn).
where R"P(V; N) is the subgraph of Z? and the last inequality is given by Proposition 4.2.
Note that ¢y and 7 depend only on ¢. Thus, from (5.20) and the above we obtain,

REP (4n;807n)
>

1
DG [0 8Tth(4n;5oTn)] < C—CO exp(—codpTn). (5.21)

For n large enough, we have ¢, > 1/2, and the left-hand side of (5.21) is smaller than
2Cy exp(—cpdpTn). Since the threshold for n and the constants ¢y, 7 and §p only depend
on ¢, the bound is of the required form.

We now focus on bounding the probabilities of connection to the left and right
boundaries of R™¢(n; 6y 2).
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RPPE (n;60 2
Observe that, for a configuration such that the event {0 (nidoe) OrR™€(n; 09 2)}

occurs, it suffices to change the state of at most o2 edges to connect 0 to the vertex
zo,n (we will assume here n to be even, otherwise z;, should be replaced by zg ,1).
Moreover, these edges can be chosen to be vertical ones in the irregular block, thus they
are all “short” edges with subtended angle . By the finite-energy property, there exists
a constant 7 = 7(e, ¢) € (0,1) such that

th’a(n;%g)

PG [0 OrR"™(n;602)] < T G [0 > 0,1,

where 7 can be estimated as follows,

B De _ Y% e
- - =
pe+ (1 —p)g  q+ye ’

where ¢; > 0 is a constant depending only on q.
The points 0 and z ,, are not affected by the transformations in ', therefore

¢Gmix [0 A IO,TL} = ¢§mix [0 A ZZ:O,n]

< og, [0 ON(n)]
< Ogon iy [0 > ON)]
< Coexp(—con),

where in the last line, R'P(V; N) is the subgraph of Gy, or equivalently of Z?2 since
these two are identical. The last inequality is given by Proposition 4.2. We conclude that,

hp,e .
R™P€(n;60 2

DG [O <—)> ORrRIPE (n; 503)] < Cpexp [— (co+ 5?0 log T)n}
< Cyexp [— (co+ %0 log(1 — 015))@. (5.22)

RPP:E (80 2
The same procedure also applies to the event {0 (ni%¢) OLR"™=(n;602)}.

Now let §; = &5~ and § = min{d, 3}. Notice that §; — st > 0 when
€ — 0, which gives the following relation,

C(Q)T

1) )
co + o log(1 —c1e) = co + a log(1 — c18) = cpb17 — >0,
€ €

coT —+ C1

as ¢ — 0. Thus, for € small enough, we can pick a uniform constant §; such that
6 1
o+ — log(1 — 1) > 500617 =:c.
€

Then, Equations (5.18), (5.21) and (5.22) imply that for n larger than some threshold
depending only on ¢,

DG [0 YRS BA(n)} < 4Cy exp(—cn).

Finally, by (5.19), we deduce (5.15) for all N > 4n and n large enough. The condition on
n may be removed by adjusting the constant C. O
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