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Abstract

In this paper, we discuss estimates of transition densities of subordinate Brownian
motions in open subsets of Euclidean space. When D is a C'**' domain, we establish
sharp two-sided estimates for the transition densities of a large class of subordinate
Brownian motions in D whose scaling order is not necessarily strictly below 2. Our
estimates are explicit and written in terms of the dimension, the Euclidean distance
between two points, the distance to the boundary and the Laplace exponent of the
corresponding subordinator only.
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1 Introduction

Transition densities of Lévy processes killed upon leaving an open set D are Dirichlet
heat kernels of the generators of such processes on D. For example, the classical
Dirichlet heat kernel, which is the fundamental solution of the heat equation in D with
zero boundary values, is the transition density of Brownian motion killed upon leaving
D. Since, except in some special cases, explicit forms of the Dirichlet heat kernels are
impossible to obtain, obtaining sharp estimates of the Dirichlet heat kernels has been a
fundamental problem both in probability theory and in analysis.

After the fundamental work in [12], sharp two-sided estimates for the Dirichlet
heat kernel pp (¢, z,y) of non-local operators in open sets have been studied a lot (see
[2,3,6,5,7,13,11,18,17, 15, 14, 16, 19, 20, 25, 33, 34, 36]). In particular, very recently
in [5, 19], sharp two-sided estimates of pp(¢,x,y) were obtained for a large class of
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rotationally symmetric Lévy processes when the radial parts of their characteristic
exponents satisfy weak scaling conditions whose upper scaling exponent is strictly less
than 2. A still remaining open question in this direction is that, when the upper scaling
exponent is not strictly less than 2, for how general discontinuous Lévy processes one
can prove sharp two-sided estimates for their Dirichlet heat kernels. In this paper we
investigate this question for subordinate Brownian motions, which form a very large
class of Lévy processes.

A subordinate Brownian motion in R? is a Lévy process which can be obtained by
replacing the time of Brownian motion in R¢ by an independent subordinator (i.e., an
increasing Lévy process starting from 0). The subordinator used to define the subordinate
Brownian motion X can be interpreted as “operational” time or “intrinsic” time. For this
reason, subordinate Brownian motions have been used in applied fields a lot.

To obtain the sharp Dirichlet heat kernel estimates, it is necessary to know the
sharp heat kernel estimates in R¢. Recently heat kernel estimates for discontinuous
Markov processes have been a very active research area and, for a large class of purely
discontinuous Markov processes, the sharp heat kernel estimates were obtained in
[4, 8, 10, 21, 22, 23, 32, 47, 48]. But except [43, 48], for the estimates of the heat
kernel, a common assumption on the purely discontinuous Markov processes in R¢
considered so far is that their weak scaling orders were always strictly between 0 and
2. Very recently in [43], the second-named author considered a large class of purely
discontinuous subordinate Brownian motions whose weak scaling order is between 0 and
2 including 2, and succeeded in obtaining sharp heat kernel estimates of such processes.
In this sense, the results in [43] extend earlier works in [4].

Motivated by [43], the main purpose of this paper is to establish sharp two-sided
estimates of pp(t,z,y) for a large class of subordinate Brownian motions in C!:! open set
whose weak scaling order is not necessarily strictly below 2. Our estimates are explicit
and written in terms of the dimension d, the Euclidian distance |z — y| for z,y € D, the
distance to the boundary of D for z,y € D and the Laplace exponent of the corresponding
subordinator only. See Section 8 for examples, in particular, (8.2)-(8.3) for estimates of
the Dirichlet heat kernels.

This paper is also motivated by [6, 7], and, several results and ideas in [7, 43] will be
used here. It is shown in [6] that, when weak scaling orders of characteristic exponents
of unimodal Lévy processes in R¢ are strictly below 2, sharp estimates on the survival
probabilities for the unimodal Lévy processes can be obtained without the information
on sharp two-sided estimates for the Dirichlet heat kernels. Such estimates in [6] can
not be used in the setting of this paper.

We will use the symbol “:=,” which is read as “is defined to be.” In this paper, for
a,b € R we denote a A b := min{a,b} and a V b := max{a,b}. By B(z,r) = {y € R? :
|z — y| < r} we denote the open ball around » € R?¢ with radius r > 0. We also use
convention 0~! = +oco. For any open set V, we denote by i (z) the distance of a point x
to V¢. We sometimes write point z = (21, ...,24) € R? as (Z, zg) with z € R?"L.

Let B = (B, t > 0) be a Brownian motion in R? whose infinitesimal generator is
A and let S = (S, t > 0) be a subordinator which is independent of B. The process
X = (X;: t > 0) defined by X; = Bg, is a rotationally invariant (unimodal) Lévy process
in R and is called a subordinate Brownian motion. Let ¢ be the Laplace exponent of S.
That is,

Elexp{—AS:}] = exp{—tp(\)}, A >0.

Then the characteristic exponent of X is U(¢) = ¢(|¢|?) and the infinitesimal generator
X is ¢(A) = —¢(—A). It is known that the Laplace exponent ¢ is a Bernstein function
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with ¢(04) = 0, that is (—1)"¢(™ < 0, for all n > 1. Thus it has a representation
(X)) = bA +/ (1 — e ) p(dt), (1.1)
0
where b > 0, and  is a measure satisfying [;°(1 A t)u(dt) < co, which is called the Lévy

measure of S (or ¢). In this paper, we will always assume that b = 0 and (0, c0) = oc.
Note that ¢/(A) = A [;° e *pu(dt) > 0. Due to the independence of B and S, the Lévy

measure II(dz) of X has a density j(|z|), given by
oo =2
j(r) = / (47s)~ V2= "5 p(ds), 1> 0. (1.2)
0

It is well known that there exists ¢y = ¢o(d) depending only on d such that

¢(r—?)

rd

J(r) < co r>0 (1.3)
(see [3, (15)]). Moreover, since u(0,00) = oo, X has transition density p(¢,x,y) =
p(t,y —x) = p(t, |y — x|) and it is of the form

p(t,z) = / (4#5)7d/267%IP(St € ds) (1.4)
(0,00)

forr c RYandt > 0.
We now introduce the following scaling conditions.

Definition 1.1. Suppose f is a function from (0, c0) into (0, c0).

(1) We say that | satisfies the lower scaling condition L,(v,Cy) if there exist a > 0,
~v > 0and Cy, € (0,1] such that

w > COrt? forall A>aand t>1. (1.5)

ACY
We say that f satisfies the lower scaling condition near infinity if the above constant
a is strictly positive and we say f satisfies the lower scaling condition globally if
a=0.
(2) We say f satisfies the upper scaling condition U, (4, Cy) if there exista >0, § > 0
and Cy € [1,00) such that

Y
M < Cyt? forall A>aand t>1. (1.6)

ACY
We say f satisfies the upper scaling condition near infinity if the above constant
a is strictly positive and we say f satisfies the upper scaling condition globally if
a=0.

For any open set D C R?, the first exit time of D by the process X is defined by the
formula 7p := inf{t > 0: X; ¢ D} and we use X? to denote the process obtained by
killing the process X upon exiting D. By the strong Markov property, it can easily be
verified that

pD(t,l’,y) ::p(t,i,y)*Em[p(t*TD,X-,—D7y)5TD <t]7 t>O7I,yED, (17)

is the transition density of X”. Note that from (1.4) we see that sup|, >z 0 P(t, ) < 00
for all 8 > 0. Using this estimate and the continuity of p, it is routine to show that
pp(t, z,y) is symmetric and continuous (see [27]).
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We say that D C R? (when d > 2) is a C™' open set with C''! characteristics
(Ro, A) if there exist a localization radius Ry > 0 and a constant A > 0 such that for
every z € 0D there exist a C%!-function ¢ = ¢, : R™! — R satisfying ¢(0) = 0,
V) = (0,...,0), [[Velleo < A, [Vo(z) — Vp(w)| < Alz — w| and an orthonormal
coordinate system CS, of z = (z1, -+ ,24-1,24) := (2, z4) with origin at z such that
DN B(z,Ry) = {y = (§,ya) € B(0,Ry) inCS, : yqg > ¢(¥)}. The pair (R, A) will be
called the C! characteristics of the open set D. Note that a C'! open set D with
characteristics (Rp, A) can be unbounded and disconnected, and the distance between
two distinct components of D is at least Ry. By a C'! open set in R with a characteristic
Ry > 0, we mean an open set that can be written as the union of disjoint intervals so
that the infimum of the lengths of all these intervals is at least Ry and the infimum of the
distances between these intervals is at least Rj.

It is well-known that C! open set D with the characteristic (Ry, A) satisfies the
interior and exterior ball conditions with the characteristic R; > 0, that is, there exists
Ry > 0 such that the following holds: for all z € D with dp(z) < R; there exist balls
By C D and By C D whose radii are R such that x € By and dg, () = dp(z) = é5; ().
Without loss of generality whenever we consider a C'! open set D with the characteristic
(Ro, ), we will take R as the characteristic of the interior and exterior ball conditions
of D, that is, R, = Ry.

We say that the path distance in a connected open set U is comparable to the
Euclidean distance with characteristic \; if for every x and y in U there is a rectifiable
curve ! in U which connects x to y such that the length of [ is less than or equal to
A1]z — y|. Clearly, such a property holds for all bounded C''! domains (connected open
sets), C*! domains with compact complements, and a domain consisting of all the points
above the graph of a bounded globally C'-! function.

In this paper, for the Laplace exponent ¢ of a subordinator, we define the function
H : (0,00) = [0,00) by H(\) := ¢(\) — A¢’(N). The function H, which appeared earlier in
the work of Jain and Pruitt [31], took a central role in [43] in obtaining the sharp heat
kernel estimates of the transition density of the corresponding subordinate Brownian
motion X in R?.

Obviously, this function H will also naturally appear in this paper in the estimates
of the transition density of X in open subsets. Under the weak scaling assumptions on
H we will obtain the sharp two-sided estimates of pp (¢, z,y). Recall that dp(x) is the
distance between x and the boundary of D.

In the main results of this paper, we will impose the following assumption: there
exists a positive constant ¢ > 0 such that

jir)y <ej(r+1), r>1 (1.8)

Remark 1.2. A Bernstein function ¢ is called a complete Bernstein function if the Lévy
measure u has a completely monotone density u(t), i.e., (—1)"D"u > 0 for every non-
negative integer n. Note that, if ¢ is a complete Bernstein function then by [38, Lemma
2.1], there exists ¢; > 1 such that

w(r) <epp(r+1), Vr > 1. (1.9)

If H satisfies L, (v, Cr) and U, (d, Cy) with 6 < 2 then by [43, Lemma 2.6] and Remark 2.2,
¢ 2H(r=1) < p(r,00) < coH(r~!) for r < 2. Using the monotonicity of x and U, (4, Cy) of
H, it is easy to see that ¢ 3r 'H(r=1) < pu(r) < cgr 'H(r=1) for r < 2 (see the proof [37,
Theorem 13.2.10]). Therefore, by [37, Proposition 13.3.5], we see that if ¢ is a complete
Bernstein function and H satisfies L, (v, Cr) and U, (5, Cyy) with 6 < 2, then (1.8) holds.

We are now ready to state the main result of this paper.
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Theorem 1.3. Let S = (S;):>0 be a subordinator with zero drift whose Laplace exponent
is ¢ and let X = (X;);>0 be the corresponding subordinate Brownian motion in R?.
Assume that (1.8) holds and that H satisfies L,(,Cy) and U,(d,Cy) with § < 2 and
v > 271155, for some a > 0. Suppose that D is a C*! open set in R¢ with characteristics
(Ro, A).

(a) For every T > 0, there exist constants c¢;,Cy and ay > 0 such that for every (t,x,y) €
(0,T) x D x D,

1 1
pp(t,z,y) < Cy (1 A W) (1 A W) p(t,z/3,9/3) (1.10)

<o (1/\1> <1A1>
W1 /50 ) W01/ P)

y <¢1(t1)d/2 A <W 4o (Y2 explap |z — y|2¢1(t1)]>) L (111)

|z —y[?

(b) When D is an unbounded, we further assume that H satisfies Ly(7o,Cr) and Uy(d, Cy)
with § < 2 and that the path distance in each connected component of D is comparable to
the Euclidean distance with characteristic A\1. Then for every T > 0 there exist constants
ca,ar, > 0 such that for every (t,z,y) € (0,T] x D x D,

1 1 !
po(t,z,y) > ¢ (1 A W) (1 A W)
% (¢—1(t—1)d/2 A (w + ¢_1(t_1)d/2 eXp[—aL|]} — y2¢_1(t_1)])> . (112)

|z —y|d

(c) If D is a bounded C"! open set, then for each T > 0 there exists c3 > 1 such that for
every (t,z,y) € [T,00) x D x D,
) e—tA" e—tA"

“ e @eaw Y S e e W)

where —\P < 0 is the largest eigenvalue of the generator of X .

We emphasize that we put the assumption v > 2*11521 on lower scaling condition
near infinity, not globally, i.e., we don’t assume that vy > 2*11521 in Theorem 1.3(b).

When D is a half space-like domain, we have the global estimates for all ¢ > 0 on the
Dirichlet heat kernel.

Theorem 1.4. Let S = (S,):>0 be a subordinator with zero drift whose Laplace exponent
is ¢ and let X = (X;)¢>o be the corresponding subordinate Brownian motion in R?.
Suppose that D is a domain consisting of all the points above the graph of a bounded
globally C*! function and H satisfies Lo(v,Cy) and Uy(5,Cyy) with§ < 2 andy > 27 145>.
Then there exist ¢ > 1 and ar,ay > 0 such that both (1.11) and (1.12) hold for all
(t,z,y) € (0,00) x D x D.

The assumption that H satisfies L,(v,Cr) and U,(d,Cy) with 6 < 2 in Theorems
1.3 and 1.4 allows us to cover several interesting cases where the scaling order of the
characteristic exponent ¥ (&) = ¢(|¢]?) of X is 2.

The rest of the paper is organized as follows. In Section 2, we revisit [43] and improve
one of the main results of [43] in Theorem 2.9. This result will be used in Sections 5-7
to show the sharp two-sided estimates of the Dirichlet heat kernel when ¢ satisfies the
lower scaling condition near infinity or H(\) = ¢(\) — A¢’()) satisfies the lower and
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upper scaling conditions near infinity. In Section 3 we first show that the scale-invariant
parabolic Harnack inequality holds with explicit scaling in terms of Laplace exponent.
Then using this we give some preliminary interior lower bound of the Dirichlet heat
kernel. Using such lower bound of the Dirichlet heat kernel, Theorem 2.9, (4.1), and
the estimates on exit probabilities in Section 4 we prove the estimates of the survival
probabilities and the sharp two-sided estimates of the transition density pp(t, x,y) for
the killed process X”. This is done in Sections 5-6. As an application of Theorem
1.3, in Section 7 we establish the estimates on the Green functions in bounded C*:!
domain. Section 8 contains some examples of subordinate Brownian motions and the
sharp two-sided estimates of transition density and Green function of them.

In this paper, we use the following notations. For a Borel set W in Re, oW, W
and |W| denote the boundary, the closure and the Lebesgue measure of W in RY,
respectively. For s € R, sy := sV 0 Throughout the rest of this paper, the positive
constants ag, a1, 11, My, M, E, R., Ry, R,,C,C;,1=0,1,2,..., can be regarded as fixed,
while the constants ¢; = ¢;(a,b,¢,...),1=0,1,2,..., denote generic constants depending
on a,b,c,..., whose exact values are unimportant. They start anew in each statement
and each proof. The dependence of the constants on ¢,~,d,Cr, Cy and the dimension
d > 1, may not be mentioned explicitly.

2 Preliminary heat kernel estimates in R’

Throughout this paper we assume that ¢ is the Laplace exponent of a subordinator S.
Without loss of generality we assume that ¢(1) = 1. In this section we revisit [43] and
improve the main result of [43] for the case that ¢ satisfies the lower scaling condition
near infinity.

The Laplace exponent ¢ belongs to the class of Bernstein functions

BF ={feC>®0,00): f>0, (-1)""1f™ >0, neN}

with ¢(0+) = 0. Thus ¢ has a unique representation

o=t [ (e uldy) 2.1)

“ (O’OO)

where b > 0 and p is a Lévy measure satisfying f0°°(1 A t)u(dt) < co. Let @ be denote the

increasing function
1
D(r) = ———, r > 0. (2.2)
o(1/1?)
The next Proposition is a particular case of [43, Proposition 2.4]. Note that there is a
typo in [43, Proposition 2.4]: a¢~!(37!) in the display there should be a¢—1(5t71).

Proposition 2.1 ([43, Proposition 2.4]). There exist constants p € (0,1) and T > 0 such
that for every subordinator S,

1 1
Pl —— < < — | > f 11 .
<2¢1<t1> _St_¢1(pt1)) =7 forallt >0

We recall the conditions L, (v, C) and U,(d, Cy) from Definition 1.1.

Remark 2.2. Suppose that f is non-decreasing.
(1) If f satisfies Ly(v,CL) then f satisfies L,(v, (a/b)YC}) for all a € (0, b];

J;,(EC)\);) >Cr(a/b)’zY, z>1,A>a. (2.3)
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In fact, suppose a < A < band z > 1. Then, f(zA) > Crx¥(A\/b)7f(b) > Crz"(a/b)Y f(N) if
xA > b, and f(xA) > f(A) > Crz?(a/b)Y f(A) if A <b.
(2) If f satisfies U, (9, Cy) then f satisfies U, (9, Cu f(b)/f(a)) for all a € (0,b];

f;(”“?)) <oy t® s i1 (2.4)

f(a)
In fact, suppose a < A < b and x > 1. Then, f(z)\) < Cya®(A/b)°f(b) < Cpyalf(b) <
Cua® f(b)f(N)/f(a) if 2X > b, and f(zA) < f(b) < Cua’® f(b)f(N)/f(a) if 2A < b.

Recall that H(\) = ¢(\) — A¢'()\). Note that, by the concavity of ¢, H(A\) = ¢()\) —
A¢'(A) > 0. Moreover, H is non-decreasing since H'(\) = —A¢”(\) > 0.

Using Remark 2.2, we have the following. c.f.,, [43, Lemma 2.1].

Lemma 2.3. (a) Forany A >0andx > 1,
d(A\z) <zp(\)  and  H(\z) <z?H()N).

(b) Assume that the drift b of ¢ in the representation (2.1) is zero. If H satisfies
Lo(v,CL) (resp. U,(6,Cy)), then ¢ satisfies L, (v, Cr)(resp. Uy,(6 A1,Cy)). Thus if
either H or ¢ satisfies L,(,Cr) and U, (6, Cy) then for every M > 0 there exist
c1,co > 0 such that

o(3)" < 55 <=

r

forevery0 <r < R < a ‘M. (2.5)

By Remark 2.2 we also have
Lemma 2.4. If ¢ satisfies L,(v,Cy) for some a > 0, then for every b € (0, al,

-1
m < (a/b)C; 727 forall A> ¢(b), x> 1.

Throughout this paper, the process X = (X; : t > 0) is a subordinate Brownian
motion whose characteristic exponent is ¢(|z|?). Recall that 2 — j(|z|) is the Lévy
density of the subordinate Brownian motion X defined in (1.2), which gives rise to a
Lévy system for X describing the jumps of X; For any = € R¢, stopping time 7 (with
respect to the filtration of X), and nonnegative measurable function f on R, x R? x R?
with f(s,y,y) = 0 for all y € R? and s > 0 we have

E. |3 f(s, X, X,)| = B, [/0 </Rdf(s,Xs,y)j(Xsyl)dy>d5} 2.6)

s<T

(e.g., see [22, Appendix A]).
The next lemma holds for every symmetric Lévy process and it follows from [44, (3.2)]
and [29, Corollary 1]. Recall that 7p is the first exit time of D by the process X.

Lemma 2.5. For any positive constants a,b, there exists ¢ = c¢(a, b, ¢) > 0 such that for
allzc RY andt > 0,
inf P - > bt) > c.
el o Py (TBGas-i) > b)) =
Recall that X has a transition density p(t, z,y) = p(t,y — ) = p(t, |y — x|) of the form
(1.4). We first consider the estimates of p(¢,z) under the assumption that ¢ satisfies
Ly(v,Cpr) for some a > 0. Note that L,(v,Cr) implies Alim P(N) = oo.
—00
By our Remark 2.2 and [43, Propositions 3.2 and 3.4], we have the following two
upper bounds.
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Proposition 2.6. If ¢ satisfies L,(v,C}) for some a > 0, then for every T > 0 there
exists ¢ = ¢(T) > 0 such that for allt < T and = € R,

p(t,x) < co (1)

Proposition 2.7. If ¢ satisfies L,(~y,C}) for some a > 0, then for every T > 0 there exist
c1,co > 0 such that for allt < T and x € RY satisfying t¢(|z|72) <1,

p(t,2) < o1 (tal H(|2]™2) + 67 ()" expl-cal 2o~ (¢7)]) -

Proposition 2.8. If ¢ satisfies L,(v,C}) for some a > 0, then for every T' > 0 there
exists ¢ = ¢(T) > 0 such that forallt < T and = € R,

p(t.x) 2 ¢ () E exp[-2HaPo (7)),
In particular, if additionally t¢(M|x|~2) > 1 holds for some M > 0, then we have
p(t,x) > ceiM/Q(,zﬁfl(tfl)% . (2.7)

Proof. We closely follow the proof of [43, Proposition 3.5]. Let p € (0,1) be the constant
in Proposition 2.1 and, without loss of generality, we assume T > p¢~!(a). Using (1.4)
we get

z|2
p(t,z) > (47r)7d/2/ sid/267%IP(St € ds)
21 (e~ g (o))

> (47r)7d/2¢)71(ptfl)d/Zef%‘I"A’d)—l(tfl)]P (271¢71(t71)71 < St < (ﬁil(ptil)il) ) (28)

Let b= ¢~ !(p/T). Note that, by Lemma 2.4, we have that for 0 < ¢t < T = p¢(b) !,

—1( 1
o (oY) = ¢1<t1>¢;_f(pt_1)> > (b/a)Cy " pY7 67 (), (2.9)
Using (2.9), Proposition 2.1 and (2.8) we get

p(t,z) > coemzlal o7 (T g1 =1yd/2

We now revisit [43].

Theorem 2.9. Let S = (S;):>0 be a subordinator with zero drift whose Laplace exponent
is ¢ and let X = (X,),>0 be the corresponding subordinate Brownian motion in R? and
p(t,x,y) = p(t,y — x) be the transition density of X.

If ¢ satisfies L, (v, C) for some a > 0, then for every T' > 0 there exist ¢; = ¢1(T,a) >
1 and ¢ = c(T, a) > 0 such that for allt < T and x € R4,

p(t,z) <o (¢71(t71)d/2 A (t|l‘|7dH(|CC‘72) +¢71(t—l)d/26752|m\2¢71(t’l))>7 (2.10)

i(jz]) < erlx| " H(|2z|7?), (2.11)
and

et Y < plt,a) < g (TN, ifte(je| ) > 1 (2.12)

Proof. (2.10) and (2.11) follow from Propositions 2.6 and 2.7. The estimates (2.12)
follow from Remark 2.2, [43, Proposition 3.2] and Proposition 2.8. O
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3 Parabolic Harnack inequality and preliminary lower bounds of
po(t,z,y)

Throughout this section, we assume that ¢ has no drift and satisfies L,(v,Cpr) for
some a > 0. Recall that pp(t,x,y) defined in (1.7) is the transition density for X7, the
subprocess of X killed upon leaving D.

Let Z; := (Vs, X;) be the time-space process of X, where V; = V;) — s. The law of the
time-space process s — Z; starting from (¢, z) will be denoted as Pt2),

Definition 3.1. A non-negative Borel measurable function h(t,z) on R x R? is said to
be parabolic (or caloric) on (a,b] x B(xg,r) if for every relatively compact open subset
U of (a,b] x B(zg,r), h(t,z) = E®®) [h(Z,2)] for every (t,x) € U N ([0,00) x R?), where
4 =inf{s >0: Zs; ¢ U}.

Recall that ®(r) = W In this section, we will first prove that X satisfies the

scale-invariant parabolic Harnack inequality with explicit scaling in terms of ®. That is,
Theorem 3.2. Suppose that ¢ has no drift and satisfies L,(v,C}y,) for some a > 0. For
every M > 0, there existc > 0 and c1, ¢ € (0, 1) depending on d, v and C/, (also depending
on M and a if a > 0) such that for every zo € R%, ty > 0, R € (0,a~'M) and every non-
negative function u on [0, 00) x R that is parabolic on (t,to + 4c;®(R)] x B(zo, R),

sup  u(ti,yn) <ec inf  u(ta,y2),
(t1,y1)€EQ - (t2,y2)€Q+

where Q_ = (to+c1P(R), to+2c1P(R)] x B(x0,c2R) and Q1 = [to+3c1P(R), to+4c1 P(R)] x
B(LIJ(), CQR).
Theorem 3.2 clearly implies the elliptic Harnack inequality. Thus this extends the
main result of [29].
To prove Theorem 3.2, we first observe that for each c¢;,b > 0 and every r,t > 0
satisfying r¢—1(t~1)/? > ¢; we have
¢71 (tfl)d/2efbr2¢_1 (t_l)/(trfd(b(er)) _ ((;5(1’72)15)71 (7"(;571 (t71)1/2)d67br2¢_1(t_1)

< sup[(¢(a27‘_2)/¢(T_2))ade_ba2] < supa’(aV 1)2€_ba2 =: g < 00.
a>0 a>0

Using this and the fact that ¢ > H, we see that for each b > 0 there exists ¢ = ¢(b) > 0
such that for all t > 0,z € R¢,

7MY A (tlal TUH (2] 72) + o7 () RO T)
(@™ (7)Y Atla] o ([ 7). (3.1)

Thus by [43] (for a = 0) and Proposition 2.8 and (2.10) (for a > 0) we have the
following bounds: for ¢t € (0,7] ifa > 0 (for t > 0 if a = 0),

—1 —d i d
p(t,z) <C <(¢' )~ “A |x|d<I>(|x)> , R (3.2)
and
p(t,:l?) > C*l((I)*l(t))*def%\x\("/(@—l(t))?’ (3.3)

where the above constant C' > 1 depends on T if a > 0.

Now, using (3.2) and (3.3) we get the following lower bound.
Proposition 3.3. Suppose that ¢ has no drift and satisfies L,(vy,Cr,) for some a > 0. For
every M > 0, there exist constants ¢ > 0 and ¢ € (0,1/2) such that for every z, € R? and
r e (0,a M),

1
PB(wo,r) (t, T, y) > CW for x,y € B(x,e® '(t)) and t € (0, ®(er)]. (3.4)
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Proof. Since the proof for the case a = 0 is almost identical to the proof for the case
a > 0, we will prove the proposition for the case a > 0 only. Fix o € R? and let
B, := B(xg,r). The constant ¢ € (0,1/2) will be chosen later. For 2,y € B.g-1(;), we have
|z —y| < 2e®71(¢t). So,

|z =yl 2

Now combining (1.7), (3.2), (3.3) and (3.5) we have that for x,y € B€<I>—1(t) and t €
(0, ®(er)],
672

(@=1(1)¢

1 t— 7B,
~ OB {1{”“”’ ((cb—l(t ) N X, (X, M - 5O

Observe that

PB, (tv Zz, y) 2071

|Xry —y|>r—e@ ') > (e =)@ '(t) > @' (t), forallte (0,®(cr)]

and so
t— t -1 _ \—d
d Ee < “1\d ) = ¢ -1 E)d : 3.7)
| X, —yl?@(|Xrp, —yl) — (g7t =)@~ () 4@(271(2))  (271(¢))
Consequently, we have from (3.6) and (3.7),
=201 (e — )
> _
prbed) = g T @)

> 241 1 qy—d .

> (e7?C Cle 1)~ Ok
Choose ¢ := ((2¢2C?)1/4 +1)~! < 1/2 so that e 20! — C(e™! — )¢ > e 2071 /2. We
now have pp, (t,z,y) > 27 'e 2C~H(®7!(t))~? for #,y € B.g-1() and t € (0, ®(er)]. O

Since forall A >0

A2k ()

A®(r) oo
E, [TB(m,r)] = / PB(x,r) (ta &, y)dy + Z/
0

/ PB(a,r) (t, x,y)dydt,
h—o Y A2F®(r) B(z,r)

using (3.2) and (3.4) and the semigroup property, we can obtain that there exist constants
c1,c2 > 0 such that

a®(r) < Eu[rpern) < ®(r), zeR%r<1. (3.8)

We say (UJS) holds for J if there exists a positive constant ¢ such that for every
y € RY,

T(y) < —
™ JB(0,r)

J(y—z)dz  whenever r < |y|/2. (UJs)
Proof of Theorem 3.2. Note that (UJS) always holds for our Lévy density x — j(|z|)
since j is non-increasing. (see [9, page 1070]). Thus, using Proposition 3.3, (3.2) (for the
case a = 0) and (UJS), we see that Theorem 3.2 for the case a = 0 is a special case of
[24, Theorem 1.17 or Theorem 4.3 and (4.11)]. Moreover, using Proposition 3.3, (3.2)
(for the case a > 0) and (UJS), the proof of Theorem 3.2 for the case a > 0 is almost

identical to the proof for the case a = 0 in [24, Theorem 4.3]. We skip the details. O.

For the remainder of this section, we use the convention that §p(-) = oo when D = R,
For the next two results, D is an arbitrary nonempty open set.
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Proposition 3.4. Suppose that ¢ has no drift and satisfies L, (v, Cy,) for some a > 0. For
every T > 0 and b > 0, there exists ¢ = ¢(a,T,b,$) > 0 such that

po(t,z,y) > c(@7H(t) ™
for every (t,z,y) € (0,a'T) x D x D with 6p(x) Adp(y) > b®1(t) > 4|z — y|.

Proof. Using Theorem 3.2, the proof for the case that ¢ satisfies Ly(v,Cr) is identical to
that of [7, Proposition 3.4]. Even through the proof is similar, for reader’s convenience
we provide the proof for the case that ¢ satisfies L,(vy,Cr) for a > 0.

Without loss of generality we assume a = 1. We fix b, 7 > 0 and (¢, z,y) € (0,T)xDx D
satisfying dp(z) A dp(y) > b®~1(t) > 4|z — y|. Since |z — y| < b®~1(t)/4, we have

B(z,b®~1(t)/4) c B(y,b®(t)/2) C B(y,b® *(t)) C D. (3.9)

Thus, by the symmetry of pp, Theorem 3.2 and Lemma 2.3(a), there exists ¢; = ¢1(b,T) >
0 such that

PBpo-1(t)4)(t/2,,w) < pp(t/2,x,w) < cipp(t,x,y) for every w € B(z, b '(t)/4).

This together with Lemma 2.5 yields that there exist ¢, c3 > 0 such that

-1
2!

|B(2, 0@~ (t)/4)| JB(zpo-1(1)/2)
CQ(‘I)_I(t))_d]Px (TB(:L',bCI)_l(t)/él) > t/2) > c3 (@_1(t))_d.

pp(t,z,y) PB(zbd-1(t)/4) (t/2, T, w)dw

Proposition 3.5. Suppose that ¢ has no drift and satisfies L, (v, C},) for some a > 0. For
every b,T > 0, there exists a constant ¢ = ¢(a,b,T) > 0 such that

po(t,z,y) > ctj(lz —yl) (3.10)
for every (t,x,y) € (0,a™'T) x D x D with 6p(x) Adp(y) > b®~1(t) and b®~1(t) < 4|z —y|.

Proof. Again, using Proposition 3.4, the proof for the case that ¢ satisfies Ly (v, Cp) is
the same as that of [7, Proposition 3.5], and for reader’s convenience we provide the
proof for the case that ¢ satisfies L,(v,Cr) for a > 0.

Without loss of generality we assume a = 1. Throughout the proof we assume that
t € (0,T). By Lemma 2.5, starting at z € B(y, (12)16®~1(¢)), with probability at least
c1 = c1(b,T) > 0 the process X does not move more than (18)'6®~1(¢) by time ¢. Thus,
using the strong Markov property and the Lévy system in (2.6), we obtain

P, (X € B(y, 67027 (1)))
> P (X[ € B(y, (12)" '@~ 1(t))

INTB (2, (18)—1ba—1 (1))

and t A Tg(z,(18)-160-1(¢)) iS @ jumping time )

INTB (2, (18)—1ba—1 (1)) )
=ak, / / J(| Xs — u|)duds| . (3.11)
0 B(y, (12)=1b2=1(t))
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Using the (UJS) property of j (see [9, page 1070]), we obtain

INTB (e, (18)— Lo —1 (1))
/ / J(|Xs — ul|)duds
0 B(y, (12)71b®@~1(t))

t
// X @D 0) _ s
0 /B, (12)- 1601 (1))

E,

= ]Ez

t
> et (0 [ B [(XPE00TI0) ) as
0
t
> e l(h) / / 310 — YDPeas) 1001 (0 (5,2, w)dwds.  (3.12)
/2 J B(x,(72)- 1681 (¢/2))

Since, for t/2 < s < t and w € B(z, (72)"1b®~1(¢/2)),
OB, (18)-1pa—1 () (w) > (18) 7 6@ (t) — (72)"'o® 1 (¢/2) > 27 (18) " 'b® ' (s)

and
|z —w| < (72)71pd 71 (t/2) < 471(18) " Lpd 1 (s),

we have by Proposition 3.4 that for t/2 < s < t and w € B(z, (72)~'6®~1(¢/2)),
PB(,(18)- 1651 (1)) (8, T, w) > c3 (D71(8)) "4 > e5 (@71(¢)) 7 (3.13)

Combining (3.11), (3.12) with (3.13) and applying (UJS) again, we get

P, (XP € B(y, 671007 1(1))) 2c4t/ J(|lw = y[)dw
B(z,(72)~16®—1(t/2))

>est(@71(t/2)) (|l — yl) = eot(@ (1) (|2 — y)). (3.14)

In the last inequality we have used Lemma 2.3(a). Since by the semigroup property of
pp and Proposition 3.4,

potay) = [ polt/22po(t/2 2,0)d:
D
> / Po(t/2,3, 2)pp (t/2, 2, y)d>
B(y, b®=1(t/2)/6)
> or(@71(4/2)) Py (XD, € Bly, 67007 (1/2)))
the proposition now follows from this and (3.14). O

Recall that B = (B; : t > 0) is a Brownian motion in R? and S = (S; : ¢t > 0) a
subordinator independent of B. Suppose that U is an open subset of R¢. We denote
by BY the part process of B killed upon leaving U. The process {Z : t > 0} defined
by ZV = Bg is called a subordinate killed Brownian motion in U. Let ¢y (¢, x, y) be the
transition density of ZU. Clearly, Z = Bg, for every t € [0, () where ( is the lifetime of
ZU. Therefore we have

pu(t,z,w) > qu(t,z,w) for (¢, z,w) € (0,00) x U x U. (3.15)
For a C*! open set D in R? with characteristics (Rg, A), consider a z € 9D and a

Cll-function ¢ = ¢, : R¥! — R satisfying ¢(0) = 0, V(0) = (0,...,0), |[V@|le <
A, [Vo(x) — Vo(w)| < Alr — w| and an orthonormal coordinate system CS, of z =
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(21, ,2d-1,24) := (Z, zq) with origin at z such that D N B(z,Ry) = {y = (§,vy4) €
B(0,Ro) in CS, : yg > ¢(y)}. Define

p.(x) =24 — (@) and D, (r1,rm2) :={y€ D :r1 > p.(y) >0, |y] <72}, 71,72 >0,

where (Z, z4) are the coordinates of x in C'S,. We also define .
k=r(A) = (1+(1+A)>)"V2 (3.17)

It is easy to see that for every z € 9D and r < KRy,
D.(r,r) C DN B(z,7/K). (3.18)

It is well known (see, for instance [46, Lemma 2.2]) that there exists Lo = Lo (Ry,
A, d) > 0 such that for every z € dD and r < xRy, one can find a C*! domain V,(r)
with characteristics (rRy/Lo, ALg/r) such that D,(3r/2,r/2) C V.(r) C D,(2r,r). In this
paper, given a C!! open set D, V,(r) always refers to the C'!! domain above.
Proposition 3.6. Suppose that ¢ has no drift and satisfies L,(~,C},) for some a > 0.
(a) We assume that D is a connected C*! open set in R? with characteristics (Rg, A)
such that the path distance of D is comparable to the Euclidean distance with char-

acteristic \;. For any T' > 0, there exist positive constants c¢; and c; depending on
Ry, A, 0\, T, ¢,7,CL,a,b such that for every (t,z,y) € (0,T] x D x D,

po(t,z,y) > ¢ (1/\ ngft))) (m (ng(?(’z)) 1 (t) Lexp (—M). (3.19)

Moreover, there exist cs,cy > 0 such that for all z € 0D, r < kR and (t,z,y) €
(0, ®(r)] x Vo(r) x V.(r),

x Cp|T — 2
Py (e y) = e <1 A 5;52)((75))) (1 A 6&;5?&‘1;)) (1) exp (q)'_l( 5’2' ) . (3:20)

(b) Furthermore, if ¢ satisfies Lo(vy,Cr) and D is a domain consisting of all the points
above the graph of a bounded globally C'+! function, then (3.19) holds for every (t,z,y) €
(0,00) x D x D.

Proof. (a) Le p € (0,1) be the constant in Proposition 2.1. Without loss of generality we
assume T > po(a)~!. Suppose that x and y are in D. Let pp(t, z,w) be the transition
density of B”. By [26, Theorem 3.3] (see also [49, Theorem 1.2] where the comparability
condition on the path distance in D with the Euclidean distance is used), there exist
positive constants ¢; = ¢1(Ro, A, Mo, T, ¢,p) and ca = ca(Ro, A, o) such that for any
(s,2z,w) € (0,0 (pT~ Y)Y x D x D,

~ 6D(Z) 6D(w) —d/2 —ca|z—w|?/s
Pp(s,z,w) > 1 (1/\\/5 ) (1/\\/5 S e . (3.21)

Recall that gp(t,x,y) is of the form
qD(taxay) = / ﬁD(S,x,y)P(St S dS)
(0,00)
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Using this and (3.21) we get

pD(t,x,y) > QD(t,1'7y)

>

/ Bp(s,2,y)P(S; € ds)
271 t(t=1)"to~ (pt—1)~1]

> 01/ (1 A 5D(m)) (1 A 6D(y)) g d/2mea P(S; € ds)
27ttt 1) o (pt=1) 7] Vs Vs

op(z) dp(y) —1/ 4—1\d/2 —2ca|lz—y|2¢ L (1)
- (“ ¢1<pt1>1> <MW>¢ e

xP 2t <S <o (pt )Y (3.22)

Now, using (2.9) and Proposition 2.1, we conclude from (3.22) that

-ttt o=ttt
e, (1 A gegfg)) (1 A g_f?g)) o= (1) " exp (_262 g_;(g)lj) |

We have proved (3.19).
Using [40, (4.4)], we have that there exist c4, 5 > 0 such that for any s € (0, r2] and
any z,w € V,(r),

jod 6VZ(T) (Z) 5V2(T) ('UJ) —d —cslz—wl|?/s
Pv.(r) (8, 2,w) > ¢4 (1 A Ve 1A s s 4/2g=cslz—wl /s, (3.23)

Since t < ®(r) if and only if ¢~ (¢71)~! <72, we can repeat the proof of (3.19) and see
that (3.20) holds true.

(b) Suppose that D is a domain consisting of all the points above the graph of a bounded
globally C*! function. Then by [46], (3.21) holds for all (s, z, w) € (0,00) x D x D. Using
this fact and the assumption Ly(v, Cr), one can follow the arguments in (a) line by line
and prove (b). We skip the details. O

>c3 (1 A (b(x)) <1 A 6D(y)> ¢—1(t—l)d/Qe—QcQ\z—y|2¢*1(t*1)
D

4 Key estimates

In this section we prove key estimates on exit distribution for X in C''! open set with
explicit decay rate.

Recall that H(\) = ¢(\) — A¢’ (), which is non-negative and non-decreasing on (0, co).
We remark here that H loses the information on the drift of ¢.

Throughout this section we assume that H satisfies L,(v,Cr) and U, (4, Cy) for some
a > 0 with § < 2 and the drift of the subordinator is zero.

Proposition 4.1. For every M > 0 there exists ¢ = c¢(a, M) > 0 such that for allt > 0
and x € B(0, M) satisfying t¢(|z|~2) < 1 we have

p(t,z) > ctla| " H(|z|7?).
Thus, for all x € B(0, M),

J(al) > cla| = H (|2| 7). 4.1)

EJP 23 (2018), paper 64. http://www.imstat.org/ejp/
Page 14/45


http://dx.doi.org/10.1214/18-EJP190
http://www.imstat.org/ejp/

Estimates of Dirichlet heat kernels for SBMs

Proof. The proof is just a combination of Proposition 3.5 and the proof of [43, Proposition
3.6]. We spell out the details for completeness. By [43, Proposition 2.8] there exist
Ly, Ly > 1and ¢; > 0 such that for |z| < (aL;)~'/? and t¢(Jz|~2) < 1 it holds that

P (|as|2 <SS < L2|x|2) > cltH(\x|_2) . (4.2)

Without loss of generality, we assume that M > (aL;)~!/?
two cases separately.

(1) |z < (aLy)~'/? and t¢(Jz|~2) < 1: In this case, by (1.4) and (4.2) we obtain

and consider the following

p(t,z) > (477)_d/2/ s~ P(S; € ds)

[lz|?, L2 |z]?]

> (4m) =42 Ly Pz~ de VAP (|22 < S, < Lola|?)

> ¢ (4m) "2 Ly e x| H (|2] 7).

(2) (aL1)™Y? < |x| < M and t¢(|z|72) < 1: In this case, t < ¢(|z|72)"! < ¢(M~2)~L
Thus by Proposition 3.5 we obtain

p(t,z) > eatj(|z]) > ot (M) > cst|z| T H(|z| 7).

d

We now revisit [43] and improve the main result of [43] for the cases that H satisfies
the lower and upper scaling conditions near infinity.

Theorem 4.2. For every T, M > 0 there exists ¢ = c¢(a,T, M) > 0 such that forallt <T
and x € B(0, M),

plt,2) > ¢ (671 Y2 A (tal UH (12l 2) + o7 ()22 FOTIO))

Proof. This theorem follows from Lemma 2.3(b), Propositions 2.8 and 4.1.
O

Let T4 :=inf{t > 0: X; € A}, the first hitting time of X to A. Observe that for every
Borel subset A C U and r > 0, we have

@(r)
IPm(TA<TU/\(I)(T))ZIPm(/ lA(XSU)ds>O>
0

1 /d>(r) ( ®(r) xt) )
> P, / 14(XS )ds > u)du
o(r) Jo 0
1 o(r) 1 o(r)
/ 14(XY)ds > 3 / /pU(s,z,y)dyds. (4.3)
0 () Jo A

7E:c
d(r)
Using Levy system, (2.11) and (3.8), we have that forw € R?and 0 < 4r < R < 1,

P (Xry ., € Bw, R)) < Eylrpgn] sup / i(ly — 2])dz
yeB(w,r) J B(w,R)¢

&1 (et de 1 o) < o HBT?) _ ¢(R7?)
< g (f, o) i) <y 4.0

Now we prove the following estimate, which is inspired by the proof of [28, Lemma
5.3]. (See also [40, 41].) We recall that p,, D,(r1,r2) and k are defined in (3.16) and
(3.17) respectively.
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Proposition 4.3. Let D C R? be a C!'! open set with characteristics (R, \). Assume
that H satisfies L,(v,Cy) and U, (8, Cy) with§ < 2 and v > 271145>; for some a > 0. Then
there exists a constant c = c(¢, Ry, A) > 0 such that for everyr < k" '(Ry A1)/2, z € D
andx € D,(273r,27%r),
P, (X

TD(r,7)

S D) < c]Pw(X

TD(r,7)

€ D.(2r,r)).

Proof. Without loss of generality we assume z = 0. Let Ep := {X,, ., € D} and
By ={Xr, (. " € D0(2r r)}. We claim that P, (E3) < ¢oP,(E;) for all r < K1 (Rog AN 1)/2
and z € Do( 3p, 2747,

When § < 1, we use [30, Theorem 1.8] and get the claim immediately. Thus, through-
out the proof we assume that § > 1.

Recall from the paragraph before Proposition 3.6 that, for z € 9D and r < KRy, Vi(r)
is a C1'! domain with characteristics (7Ry/Lo, ALo/r) such that Dy (3r/2,7/2) C Vo(r) C
Dy (2r,r). Note that for w € Do(27%r,27%r), we have dy, () (w) = dp(w). Using this, (3.20)
and (4.3), we have that for w € Do(273r,27%r),

]PU)(El) > ]Pw (TVQ(T) > TDO(57‘/477’/4)\D0(r,r/4)))
o(r)
/ / Py (r) (8, w, y)dyds
&(r)/2 J Do(5r/4,r/4)\Do(r,r/4))

P(r) §
/ / <1 A W) O (s) " Udyds
Do(57/4,r/4)\ Do (r,r/4)) d-1(s)

5D( /‘I’W ds 6p(w)
> > . 4.5
TR0 Jognn T SO o

We define, fori: > 1,

i

i L 1{1 1 1
Jq', = D0(2 27” Si) \ D0(2 37" Si)v S; = Z 5 % s ﬁ T,
and so = s;. Note that r/(10) < s; < r/8. Fori > 1, set
d; = di(r) = sup P.(Ep)/P.(E1), Ji=Do(2"" *r,si1), m=r15.  (46)

zelJ;

Repeating the argument leading to [40, (6.29)], we get that for z € J; and 7 > 2,

P.(E,) < ( sup dk) P.(E) +P. (X, € D\ U\ Jk). (4.7)
1<k<i—1

For i > 2, define Ji,0 = 0, 031 = inf{t >0: |Xt—X0| > 2_i_2r} and Oim+1 = 0'1‘7109
form > 1.

We first claim that for all w € J;, Py(Xs,, ¢ J;) is bounded below by a strictly positive
constant. We prove the claim for w € .J; \ Do(27 37, 5,_1) = {y € D : 277"2r > po(y) >
2713y |§] < si_1}. Since J; = {y = (,1) : 0 < t — () < 2721, || < s;_1} with
t:=27"2r —y, and $(y) := —¢(¥), the proof for the case w € Dy(27"73r,s;,_1) is same.

We choose ¢ € (0,27%/A) small so that

Gim

A 2
(22 + 1) (i’ i ‘ZS) +2¢% < 16. (4.8)

Fix w € J; \ Do(273r, 5,_1) and define A := B((w, wy + 27""1r),e27%r) and

V= B((W,wg —27"7*r),3- 272 r) N {yg > wg — 27", [ — W] < e(ya —wa +27""1r)}
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Fory € A, we have yg —wg > 27" — |yg — wqg — 277 1r| > 271 by — 27140 > 27072y,
Thus, for y € A we have y ¢ B(w,2772r), |0 — y| < 27 < e(yqg — wq + 27"%r) and

po(y) = ya — wa + po(w) — [o(@) — ()] > (277 + (L —eA)27 " )r > 27 72r,
Therefore
ACV\ (J; UB(w,2772p)). (4.9)

IfyeVn j@ and yg < wy, then clearly |y — wq| = wqg — ya < 274 Ify e VN f, and
Ya > wq, then yg —wq = po(y) — po(w) +[o(@) — p(§)] < 3-27" 717 + Aelyq —wq| + Ae2™" 11
so that |yg — wg| < 277 4r(3 4+ Ae)/(1 — Ae). Thus using (4.8), we have that fory € VN J,,

ly —wl* < €(lya — wal +2774)2 + |ya — wal® < (26 +1)lya — wal® + 2627 r)?

3+eA\2 ; ;
< 2 2 —i—4, \2 —1—2,\2
(25 +1)(1_A6) +25)(2 r)? < (27172)2,

which implies that
VNJ; € Bw,27""%r) (4.10)

On the other hand, for y € $A := B((w,wq + 27" 717),e27%r), we have dy (w) A by (y) >
co27 " and |w — y| < 27%r. Since we assume that v > 1/2, we can find a large M so
that 1(2) (&)
P~ (2s Mg P(s

T <oy (2M)Y ) < —2 and <M forallse (0,1).

5i(s/an) = 42M) 18 M Begs) = oralls < (0,1)
Thus, when ®(277%r)/2 < s < ®(27"2r) and |21 — 22| < 3-27%/M with &y (z;) >
c0272r, we see that |21 — 20| < 1227729 /M < 12071(25)/M < co®1(s/M)/4 and
Sy (2i) > o277 2r > @71 (s/M) (because M > ®(2772r) /® (27 72r) > 5/P(co27 " 2r)).
Thus, by Proposition 3.4, for such y, z and s, using this and a chaining argument through
the semigroup property, we have

. , : 1
pv(s,w,y) > c6(27r) 7%, for ®(277%r)/2< s < (27 *r)and y € 5A. (4.11)

By (4.3) and (4.8)-(4.11), we have that for all w € J; \ Do(27" 37, 5,_1),

Pu) (Xqu:,l ¢ j;) > IP“’(T%A <71y A @(277;727*))

=1 v [ sy AL iy
> pv(s,w,y ddeZCesf/ 27'r)"%s,
Q27 72r) Jaa-i-2m2J1a D(2772r) Jaa-i-2r) 2

which is a positive constant independent of . We have proved the claim.
Thus, we have that there exists k; € (0, 1) such that

Py(Xp, €J;) =1 Py (X,,, & Ji) <hk1, wEJ. (4.12)

For the purpose of further estimates, we now choose a positive integer [ > 1 such that

k! < 471. Next we choose iy > 2 large enough so that 2% < 1/(2001:®) for all i > iy. Now

we assume ¢ > 1g. Using (4.12) and the strong Markov property we have that for z € J;,
P.(r; > 0i4i) < P.(Xo,, € J;,1 < k < li)

€ Ji, Xop € Ji, 1 <k <li—2

Oi,li—1

—E, {IPXW (X, €T X
<P(Xy,, € Ji1 <k <li—1)k <K (4.13)
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Note that if z € J; and y € D\ [J; U (Uil Jp)), then |y — z| > (si—1 —s) A (273 =277 2)r =
r/(200i?). Furthermore, s1nce 272 < r/(2004%), 7; must be one of the o, ;’s, k < li.
Hence, on {X,, € D\ UZ 1k, Ti < oyt with X = z € J;, there exists k, 1 < k < [i,

such that | X,, , — Xo| = |XT1 Xo| > r/(200i2). Thus for some 1 < k < li,
k T
Z R 20042
Jj=1

which implies for some 1 < k' < k <z,

1 r 1 r
Xoyw =Koy w | 2 T5073 2 T5onms
} ik ik 71| k2002 ~ 13 20042

Thus, using the strong Markov property and then using (4.4) (noting that 4 - 2772 <
1/(20014%) for all i > ip) we have

P. (X, € D\Ui_YJk, 7 <oip)

< Zle (1Ko = Xouu | = 7/(2000%), X, € J7)
k=1

#((2001i3)2 /r?)

SZZ SuE ]PZ (|Xa’,;11 — Z| Z 7'/(20012 )) S C7ZZW.

zeJ;

(4.14)

Since
((2001@ ) /r ) S (2001@'3)2
P22+ -2y = Cs (22+2))2
by (4.5), (4.13), (4.14) and Lemma 2.3(b), for z € J;, i > ip, we have
P.(X,, € D\U Jk) 1 L #((2001i3)2 /r?)
7 < 3
P.(Er) = p.E) 1 euli’ (22042 2)

croi ¢((2001i%)%/r?) $((2001:%)2 /r?) iy o2 (21
= P.(Ey) ¢(22(+2)r-2) W < 1202'°7(27) 7% < 138027 )

By this and (4.7), for z € J; and i > i,

P.(E>) P.(X,, € D\ U\ Ji) 136—(2v—1
< sup di+ : = < sup  dy + cpzit?2 i
P.(E) 1§k§€—1 ¥ P.(E,) 1<k<Iz) y eTHs

This implies that

> coi®(4) 77,

< ¢1142°

oo

sup di(r) < sup di(r) + c14 E kB32- =Dk —. 010 < .
r<k~1(RoAl)/2 1<k<ig—1 P
r<wk~1(RgAl)/2 20

Thus the claim above is valid, since Dy(273r,27%r) C U° | Ji. The proof is now complete.
]

The next result should be well-known but we could not find any reference. We provide
the full details.

Lemma 4.4. For any non-negative locally integrable function t — k(t) on (0,00) and
every R >0, s € (0,R/2) and ¢ € (0,5/2),

R+s s—e¢
( / / ) (t4)? — 2|t — s])dt
—R+s

:/ (Lucs20® + Lyso(u? + 5(2u — 5)))k(|Ju|)du. (4.15)

€
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Thus,

R+s R
P.V. (t4)* — sHk(|t — s|)dt = / (Lucs2u® + 1yso(u? + 5(2u — 5)))k(|u|)du.
—R+s 0

Proof. Using the change of variables u = ¢ — s in the first integral and v = s — ¢ in the
second integral, we get that for ¢ € (0, s/2),

R+s s—e
2_ 2 s
( [+ / RH) (£4) — (|t — s])de

R R
= [ (s w2 = k(b [ (s 0 = $e(ful)d
R
:/<@+uf+usfm427%%mwmm
6s R
:/ ((s + u)2 +(s— u)2 — 252)k(|u|)du + / ((s+ u)2 — 282)k(\u|)du

s R
:/ 2uk(|ul)du +/ (u? + s(2u — 5))k(|u|)du.

Letting ¢ — 0, we also have proved the second claim of the lemma. O

Lemma 4.5. For every R > 0 and z = (0, z4) € R? with 24 > 0,

1

= 2175 (|2])d=
2d JB(o,r)

<pv. [ ((wa)s P = #2)j(jw—al)dw  (4.16)
{(w,wq)ER®:|D|<R,|lwg—zq|<R}

1
g—/ 122j(|2])dz < oo.
d JBo,v3R)

Proof. By Lemma 4.4, for all small € € (0,24/2),

([(wa)+]* = 2)j(lw — z[)dw

‘/{('E),wd)G]Rd:ﬁ|<vawdId<R1|a|2+wdId,|2>52}

([(wa)+]* = 2)j((Jwa — zal® + |@]*)/?)dwadd

/{|a|<R} /{\/<62—|m|2>+<|wd—zd|<R}

R
- /{|~| R} /«/( = |~|2‘)f(1u<acr12u2 + Vs, (Juf* + 2a(2u — 24)))i((Juf® + |@]*)"/?)dud .
w|< e2—|w|?)+

Thus by the monotone convergence theorem, (4.16) is equal to

1 R . _ _
2 /m R} / R(1\u|<md2u2 + Lz, (0 + 2a(2u — 24)))j ([ul® + |@]*)"/?)dudd
w|< -

1 . ~ ~ 1 .
>5[ i P e = o [ (e
B(0,R) B(0,R)

Since z4(2u — x4) < u?, wee also have the upper bound as

1 R . _ _
2 / / (Ljujcaa20® + Lz, (02 + 2a(2u — 2)))5 ((|uf® + |@]*)"/?)dud@
(1@|<R} J-R
~ ~ 1
< / ul?5((Jul + |@]*)"/?)dudi = */ 225 (|2])dz. 0
B(0,V2R) d JB(0,v3R)
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Let ¢(r) = 1/H(r~2). We first note that ®(r) < ¢(r) and

RN\?Y _ (R)
Cl(?) = o)

RN 26
< 02(?) forevery0 <r < R < 1. 4.17)

Since

P e L THW, 1T, R
/O@ds_/o H(s™)d Q/T,g P Q/T,g(t)dt 390 = 350y

® and v are also related as

2

B(r) = ——— —. (4.18)
2f0 st
Using (4.1), (4.17) and (4.18), we get that for R < 1,
R 2
2. -1 r o CQ(d) R
/| o IR 2 sl | -2 (4.19)
and
. Ly . B c1 ! Y(R)
/| o JEDEE < e | it i = e [ 2
co(d)cieq(1 — R%) +ecg _ co(d)erea+e3  ca(d)ereq + cs
< < < (4.20)
Y(R) Y(R) o(R)
Choose
My = 4[crd(ca(d)creq + e3)/ca(d)]V? > 4. (4.21)

By (4.19) and (4.20), if r < R/M, then

: d)cica +c3 _ ca(d) R? 1 _
r2/ J(lz dz§R2C2( < S*/ 2(l2l)de. (4.22)
B(O.R)* (I2]) Mg@(R) 8dc; ®(R) 4d B(O,R)| %5 (1=])

We use this constant M, in Lemma 4.6, Proposition 4.7 and Theorem 4.11 below.
For any function f : R? = R and = € R?, we define an operator as follows:

£iw) = PV. [ (1) = Fa@)ille =)y,

D(L) := {f € C*(RY) : P.V./ (fly) — f(x)j(|x — y|)dy exists and is ﬁnite.} .
R4
Recall that C2(R?) is the collection of C? functions in R¢ vanishing at infinity. It is well
known that C2(R¢) C D(L) and that, by the rotational symmetry of X,
A|Cg(]Rd) = £‘C§(]Rd) (423)

where A is the infinitesimal generator of X. We also recall that dp(z) is the distance of
the point x to D°.

Lemma 4.6. Suppose that D is a C''! open set in R¢ with characteristics (Ro,A). For
any z € 0D and r < (1 A Ry)/4, we define

W) = frz(v) == (0p(¥))*1pAB (220 (1)

Then there exist ¢ = c(¢, A, d) > 1 and R = R(¢,\,d) € (0,(1 A Ry)/4) independent of z
such that for allr < R, Lf is well-defined in D N B(z,r/My) and

r T
c > Lf(x)>c ! forallz € DN B(z,r/My). (4.24)
D(r) ®(r)
EJP 23 (2018), paper 64. http://www.imstat.org/ejp/
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Proof. Since the case of d = 1 is easier, we give the proof only for d > 2. Without
loss of generality we assume that R < 1 and A > 1/Ry. For x € D N B(z,r/My),
choose z, € 9D be a point satisfying dp(z) = |z — 2,|. Let » be a C1! function and
CSN' =C8S,, beNan orthonormal coordinate system with z, chosen as the origin so that
©(0) =0, Vp(0) = (0,...,0), [[Volloo <A, [Vo(y) — Vo(Z)| < Aly -2, and z = (0, z4),
DN B(zg, Ro) = {y = (§,ya) € B(0,Rp) in CS : yq > ©(y)}. We fix the function ¢ and the
coordinate system C'S, and consider the truncated square function [(y4)+]? in CS. Let

B, = By(r) = {(w,wq) in CS : |0| <7, |wg — xq| < r} C B(z,2r),

and we define 3 : B(0,7) — R by $(7) := 2A[j|2. Since Vi (0) = 0, by the mean value
theorem we have —2713(3) < ¢(7) < 27'¢(y) for any y € D N B(z,r/2) and so that

{z=(2,24) €Br: 24 2p2)} CDNB, C{2=(2,24) €B, : 24 > —5(2)}.
Let A:={yeB,: 90U <ya<p@)}and E:={y € B, : ya > @(y)} C D so that

[ lwat? = o) G — iy
B, (r)
S/A(y?z+6D(y)2)j(|y—xl)dy+/E\yﬁ—5D(y)2lj(|y—x\)dy

<25\ /A 17145(71)dy + cor / lya — 55() |y — l)dy (4.25)
E

where we have used vy + dp(y)? < 2(2¢(y))? = 2(4A|y|)? for y € A. We will show that the
above is less than c;73/®(r).

First, let mg_(dy) be the Lebesgue measure on R?!. Since mq 1({y : [7] =
5,—2(7) < ya < @)} < cps? for 0 < s < r, using polar coordinates for |j| = s, by
(4.18) and (2.11)

637‘5

1% (Ighdy <+ [ 51i(1g)d 3 [0 = . :
[ ity < [ @iy < et [ Sisds= S 4.26)

Second, when y € E, we have that |yq — dp(y)| < Aly|. Indeed, if 0 < yq < dp(y)
and y € E, 0p(y) < ya + le[®)] < ya + Aly]. Since we assume that A > 1, we have
192 + (Ro — ya)® < |9]® + (Ro — 2A|g]?)? < R2. Thus, if y4 > 6p(y) and y € E, using the
interior ball condition, we have

Y4 — 0p(y) < ya — Ro + V|7 + (Ro — ya)?

72 2 72
=— U < Ty
VIR + (Ro—ya)? + (Ro —ya) ~ 2(Ro—wa) = Ro
Thus,
/ lya — op(W)|i(ly — z[)dy < A/ 5173 ((lya — zal + [91)/2)dyady. (4.27)
E E

Since E C {(¥,yq) : |9 <7, 2(¥) < ya < §(y)+2r}, using the polar coordinates for |y| = v
and the change of the variable s := y; — p(v), we have by (2.11) and Lemma 2.3,

T dsdv
yl%j — 4| + [7])/2)dyady < // — : 4.28
LR =il + @2 < [ [ @)

Using [39, Lemma 4.4] with non-increasing functions f(s) = 1 and g(s) := ¥(s)~! and
x(r) = x4 — p(r) and get

T2 dsdv 3r o pu du T du
ds)—— —_ .
// w<v+|s+¢<v>—xd|>§2/o (/o Vow = Jo o (4:29)
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Applying (4.26)-(4.29) to (4.25) and using (4.18), we have that

3r U 7“2

; um < 067"@. (4.30)

[ MMwasl? = o2y - aldy < esr
B (r)
On the other hand, since 24 = dp(z) < /My, we see that Lf(x) is well-defined and

/]Bm(r)c(f(y) —23)i(ly — z|)dy > _1‘3/

i(ly — z|)dy = —(T/Mo)z/ i(lz))dz.
B, (r)c

B(0,r)c
(4.31)

Thus, using our choice of the positive constant M, (4.19), (4.22) and Lemma 4.5, we
have

Lf(z)=P.V. / (fly) —22)i(ly — z|)dy + / (fy) — 23)i(ly — =|)dy
B.(r) B. (r)e

=PV. ([(ya)+)? —xﬁ)j(ly—xl)dy+/ (f(y) — 22)i(ly — z|)dy

B (r) B.(r)e

+/' W) — [(wa)+])i(ly — 2])dy (4.32)
B (1)
,],.2 7"2

> Ty /B - (a)+]> = GoW))li(ly — zDdy > (cr — rc6)@. (4.33)

Let cg := (1A RoA(c7/cg))/4. Then, from (4.33) and (4.30) we conclude that for all » < cg,
2 € 0D and x € DN B(z,7/My), Lf(z) > 2 g, and, by Lemma 4.5, (4.20), (4.30)
and (4.32) we also have

Lf(z) < co qu 42 /}BI(T)quy — z|)dy + /}BI(T) [f(y) = [(ya)+]?1i(Jy — =])dy < cm%.

We have proved the lemma. o

Since (4.23) holds, we have Dynkin’s formula for £: for each g € C?(R%) and any
bounded open subset U of R? we have

E, /TU Lg(Zy)dt = E,[9(Z-,)] — g(x). (4.34)
0

Note that, since H may not be comparable to ¢, the next result can not be obtained
using Lévy system and (4.1).

Proposition 4.7. Suppose that D is a C'! open set in R* with characteristics (Ro, A).
Let R be the constant in Lemma 4.6. There exists a constant ¢ > 0 such that for any
z2€90D,r <R,opensetU C DN B(z,1/My), andz € U,

Ex [TU]
o(r)

P,(X,, € B(z,2r)) > ¢

Proof. Fix z € 0D, r < R and an open set U C D N B(z,r/M,). Define f(y) =
(6p(¥))*1pnB(=,2r) (y). Then by Lemma 4.6, there exists ¢; = ¢1(¢, A, d) € (0,1) such that

forall r < R and y € DN B(z,1r/My), 0;1#";) > Lf(y) > Cl#i)- Let v > 0 be a smooth

radial function such that v(y) = 0 for |y| > 1 and [z, v(y)dy = 1. For k > 1, define
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ok (y) = 2¥(2%y) and f) = vy, x f € C2(RY), and let By := {y € U : 5y (y) > 27%}. We
note that

[ 0P = Pt -y

- / ok (a) / (g —u) — f(w - u)) j(|w — y])dydu.
Ju|<2—* lw—y|>e

By letting € | 0 and using the dominated convergence theorem, it follows that for w € By
and all large k,

9 2
L5 (w) = / oy PR () du > 50 /| e TR H= 367

Therefore, by the Dynkin’s formula in (4.34) we have that for x € B, and all large k,

2 E, [TBk

] /TBk (k) (k)
< [ Xs)ds < E X .
car (I)(’I") > 1y o fr ( 5) S < zfr ( TBk)

By letting £ — oo, for any x € U, we conclude that

EIf(XTU) > cle[TU}.
SUP,esupp(r\u £(2) — 4®(r)

P, (X, € B(z2r)) >
O

Let X be the last coordinate of X and let L; be the local time at 0 for (sup,, X¢)—X¢.
Using its right-continuous inverse L !, define the ascending ladder-height process as
H,=X Z_l. We define V, the renewal function of the ascending ladder-height process
H,as

V() :/ P(H, < z)ds, w€ R.
0

It is well-known that V is subadditive (see [1, p.74]). Note that, since the resolvent
measure of Xtd is absolutely continuous, by [45, Theorem 2], V is absolutely continuous
and V and V' are harmonic for the process X{ on (0,00). Thus, by the strong Markov
property, V((z4)+) and V'((x4).) are harmonic in the upper half space R? := {z =
(%,24) € R?: 24 > 0} with respect to X. Furthermore, the function V(r) is comparable
to ®(r)'/? (see [4, Corollary 3]): there exists ¢ > 1 such that

oMY <V (r) < cd(r)/? for any r > 0. (4.35)

Using [6, (2.23) and Lemma 3.5], we see that [30, Proposition 3.2] also holds in
our setting. Moreover, if we assume (1.8), then we can use [42, Theorem 1] so that
[30, Proposition 3.1] holds in our setting too. Therefore, by following the proof of [30,
Proposition 3.3] line by line, we have the following.

Theorem 4.8. Let w(v) := V((z4);). Suppose that (1.8) holds. Then, for any = € R%,
Lw(x) is well-defined and Lw(x) = 0.

We observe that, by a direct calculation using (4.18),

<<I>(;)1/2) - <(;(2S))1/2)’ =2 <¢s(i))_1/22w?s) - @?(;()sl)/z'

Thus, using this and the fact lim, ,o s®(s)~!/? = 0 which also can be seen from (4.18),

we have
" @(3)1/2 o s / - .
/0 U(s) ds_/o <<I>(s)1/2> s = Gy (4.36)
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Lemma 4.9. Assume that H satisfies L,(v,Cr) and U,(6,Cy) with§ < 2 andy > 271153
for some a > 0. Let y1 := v1l5<1 + (2y — 1)15>1 > 0. There exist ¢y, cq,c3 > 0 such that
for all positive constants R <1 and \ > 1,

R <IJ(t)1/2 ) @(R)1/2 ) .
/R/,\ P(t)t dt Z er(A" —1) “(R) > (A" —1)R™, (4.37)
and
Lo B(R)!/?
/ onr =S ym) (4.38)

Proof. If § < 1 then ¢ and ® are comparable near 0, thus, by (2.5) fort < R <1,

)2 w(R) PRV
(R)V2 P(t)

By (4.17) and Lemma 2.3(a), if § > 1 thenfort < R <1,

B2 B(R) o
S(R)2 () > c3(t/R)(R/t)* = es(t/R)' 7.

Thus, fort < R <1,

()2 ¢(R) o
R i 2 R (4.39)

Using (4.39) we have that forall R <1and A > 1,

R (I)(t)l/2 _(I)(R)l/Q R fI)( )1/2 (R) (R)l/Q o R i
/ "= fon BT S iy B,

r/x V()T Y(R) R/A
Cq (I)(R)l/2 _ _ Cyq (I)(R)l/z
= = R"(R/AN)™ —R™ M)= —(\" —1 ,
Ry (B )= LD
and
L ()2 O(R)!/? ()2 $(R) A OB
dt = dt < R — TN dt
/R D)t ¥(R) / B(R )1/2 P = TR /R
-1 12 1 1/2
¢y - O(R)'? _ it d(R)Y
=4 Rn(R~—™M —1 < 4
T S ® S R
The second inequality in (4.37) also follows from (4.39) (with R =1 and ¢t = R). O

Proposition 4.10. Let D C R? be a C''! open set with characteristics (Ry, A). Assume
that (1.8) holds and that H satisfies L,(v,Cr) and U,(6,Cy) with a > 0, § < 2 and
v >2711455;. Forany z € D and r <1 A Ry, we define

hr(y) = hr,z(y) = V(5D(y))1DﬁB(z,r) (y)

Then, there exists C, = C.(¢, A, d) > 0 independent of z such that Lh, is well-defined in
DN B(z,r/4) and

o(r)t/?

forallxz € DN B(z,r/4). (4.40)
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Proof. Since the case of d = 1 is easier, we give the proof only for d > 2. Without loss of
generality we assume that Ry <1 and A > 1/Ry.

For x € DNB(z,7/4), let z, € OD be a point satisfying dp(z) = |v—2,|. Let ¢ be a C1:!
funCthll and CS ~CSZI be an orthonormal coordinate system with z, as the orlg~1n SO
that p(0) =0, Ve(0) = (0,...,0), (1) —Ve() < = (0,zq),
DN B(zz, Ro) = {y = (U,ya) € B(0,Ry) in CS : yq > ¢(y)}. We fix the function ¢ and
the coordinate system C'S, and define a function g,(y) = V(émi (y)) = V(yq), where
R% = {y = (§,ya) in CS : yq > 0} is the half space in CS.

Note that h,.(x) = g.(z), and that L(h, — ¢g,) = Lh, by Theorem 4.8. So, it suffices to
show that £(h, — g.) is well defined and that there exists a constant ¢y > 0 independent
of z € DN B(z,r/4) and z € 0D such that

M\1/2
[ o) = )l — i)y < ¢ 20 (4.41)
DURZ P(r)

We define & : B(0,7) — R by 3(¥) := 2A[§]2. Since Vi (0) = 0, by the mean value
theorem we have —2713(3) < ¢(3) < 27'¢(y) for any y € D N B(z,r/2) and so that

{z=(2,24) € B(x,r/2) : 2 >p(2)} C DN B(x,r/2)
C{z=1(2,2q4) € B(z,7/2) : z4 > —9(2)}.

Let A:={y € (DURL)NB(z,r/4) : —3(y) < ya < 2}, E = {y € B(z,r/4) : yg >
¢y} cD,

L= [ )+ aeilo—ubdy= [ (ot ) s+ 2)ilEDd:
(@,r/4)° B(0,r/4)°
i [ (o) + 0, iz —sldy. end M= [ Jhoo) = gu i~y

First, since h, < V(r) and V(zq + 2z4) < V(zq) + V(|2|), we have

tvey [ e [ G VD) s

! . d—1 ! . d—1 > . d—1
<V (r) ([/4](8)8 ds + 1) + </T/4](5)V(s)s ds +/1 J(s)V(s)s ds)

P(r)1/? L o(s)/2ds . P(r)1/?
SCQ( o) */,«/4 () “) =70 (42

In the second to last inequality above, we have used (2.11), (4.17), (4.35) and [6, Lemma
3.5]. In the last inequality above, we have used Lemma 4.9.
Second, let m4_1(dy) be the Lebesgue measure on R4, Since my_1({y : 7] =
0@ < ya < PF)}) < eas? for 0 < s < r/4, and he(y) + g.(y) < 2V(28(7)) <
8(A+ 1)V (|y]), we get

r/4 r
IMM<8A+1) / / o V(y)v(|y])ma—1(dy)ds < 8ca(A + 1)/O V(s)j(s)s%ds.

Thus, by (2.11), (4.35) and (4.36),

) 1/2
I < ¢5 / (5) ds = cs
0

e = cs. (4.43)

Cs

T 1
<
(r)/z = P P(1)1/2
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Lastly, when y € F, using |ys — dp(y)| < A|y| (See the proof of Lemma 4.6.) we see that
Ayl < (ya — Alyl) Swa A dp(y) and yaVop(y) — (ya — Alyl) < 2A[y].

Thus we can the scale invariant Harnack inequality for X d to V' (Theorem 3.2) and get

) =gel < (s V' () )lya = 3p(y)]

u€[yaNdp(y), yaVip (y)]

< ( sup V' (u) ) lya — p ()]

u€[ya—AlYl, yaVip (y)]

<c

inf V' (u —40 < eV’ (ya — Al]) 71> (4.44)
5(e aE V(@) )lva = G0 ()] < eV (ya — Al 1]

Since V'(s) < cgs~ 'V (s) < cos~'®(s)'/2 by [42, Theorem 1] and (4.35), using (2.11) and
the polar coordinates for |y| = v and the change of variable s := y; — , we obtain

I0T < g / V' (ya — AFNIFI% (| — yl)dy
{(W,ya):|gl<r/4, Aly|<ya<2Aly|+r/2}

r/4  pAr V/( ) 'Ud
= dyad
_C7‘/0 /0 "ll)((’UQ + ‘S-’—A'f’ _ xd|2)1/2) (1)2 + ‘3+A’I" _ l’d|2)d/2 Yaav

r/4 Ar 871(1)(8)1/2
< dyqdv.
*/ / (02 + |5+ Ar — zg?)172) Y1

Applying [39, Lemma 4.4] with non-increasing functions s '®(s)'/? and f(s) := ¢(s) !
and z(r) = x4 — Ar, we have that

2Ar 1/2 du
IIT < ¢ (u) =:¢c9IV. (4.45)

We claim that IV < ¢19 < 0.
If 6 < 1 then ¢(t)/2, ®(¢)'/? and [’ (I)(S) ® ds are comparable near zero. Thus, by

(2.5),
2Ar 2Ar 2A
IV < 011/ @71/2(u)du < 012/ uw Odu < 012/ uOdu < e13.
0 0 0

If § > 1, using the assumption v > 27!, we see from (4.17) that for s < u < 2Ar,

2Ar ?/J( ) 2 A 2 Cla 2~/ 1-9 1-2 C14
—Ldu < c148 7/ u Vdu=———s"(s 77— (2Ar) 7)) < ———s.
s w(u) s 27 -1 2’7 -1

Thus, using (4.36) and the fact that B0 )1 Fryi7z is non-decreasing,

) s Vo
- [ ( o) et st
Ci14

2
- 2Ar < C14
2y —1O(2AN)/2 T 2y -1

We have proved the claim IV < ¢;9 < co. Combining (4.42)-(4.45) with this and using
Lemma 4.9, we conclude that (4.41) holds. O

We are now ready to prove key estimates on exit probabilities.
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Theorem 4.11. Let D C R? be a C*! open set with characteristics (Rg, A). Assume that
(1.8) holds and that H satisfies L,(7,Cy) and U,(6,Cy) with § < 2 and y > 27 '15>, for
some a > 0. Then there exist positive constants R, < (Ry A1)/4 and ¢y, c2 > 1 such that
the following two estimates hold true.

(a) For every R < R,, z € 0D, open setU C DN B(z,R) andx € U,

E, [rv] > ¢ ' ®(0p () /2D (R)Y/2. (4.46)
(b) Forevery R< R., 2 € 9D andx € D,(273R,27*R),

E.[7p.(r,r)] < 2®(R)P.(Xrp_ 5 € D:(2R,R)) < c1ea® (5p ()2 ®(R)V2.  (4.47)

Proof. Fix R < 1 A Ry and without loss of generality, we assume z = (0. Define

h(y) = V(0p(¥))1pnB(o,Rr) (¥)-
Using the same approximation argument in the proof of Proposition 4.7 and the
Dynkin’s formula, we have that, for every A > 4, open set U C D N B(0, )FlR) and x € U,

P (R) 1/2
Y(R)
where C, > 0 is the constant in Proposition 4.10.

ince j(ly — #) > (2lyl) > eily| 6 (y) " for any = € D N B(0,A"'R) and y €
D n (B(0,R) \ B(0,\"'R)), by Lévy system we obtain

D(R)!/?
Y(R)

E; [hr (X‘ru)} + Ci E; [rv] > V(ép(z)) > Ex [hr (XTU)] -y E; [tv],

E, [(hr (Xr)] > Eq /

TU
/ (X, — yl)dthr(y)dy
DN(B(0,R)\B(0,A~1R)) J0

> o1 By [r0] / w1~ (ly) e (y)dy.
DN(B(0,R)\B(0,A~1R))

Let A := {(¥,y4) : 2A|y] < ya}. Since yq > 2A|y| > 2A[y)* > »(y) for any y € AN B(0, R),
we have AN B(0,R) C DN B(0,R) and for any y € AN B(0, R),

Sp(y) = (28) 7 (ya — o(@)) = (2A) " (ya — AlF]) > (4A) 1ya > (AA((2A) 2+ 1)1/2) "yl

By this and changing to polar coordinates with |y| = ¢t and (4.35), we obtain that

/ = 0u) " hn(s)dy
DA(B(0,R)\B(0,A~1R))

—d -1 a2
> | ol 0ul) V(o = e [ dt.
AN(B(0,R)\B(0,A~1R)) A1r Y
By Lemma 4.9, the above is great than ¢4 (A7 — 1) (bfp}?;)/z. Thus, we can use a \g large

(In fact, one can choose A\g = (1 + cflcf?C*)*Vl .) sothat forall A > )y, R € (0,1 A Ryp)
and for every open set U C DN B(0,\"'R),

1/2
V(6 () > By [hr (Xr,)] - c*%mx (0] > LB [ (Xo, ) (4.48)
1/2
and V(0p(z)) < By [ (Xo )] + C. ‘I’ffg{) E, [r] < SEI he (X)) (4.49)

By [7, Lemma 2.4], (4.49) and (4.35), we get

2V (0n(a)) < B I (X)) < V(R)P. (X, € DB, R))
< esV(R)®(R) By lry] < c6®(R) ™2 E,[ry]. (4.50)
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Now, (4.46) follows from (4.35) and (4.50).

Let A1 := Ao V My where M, is the constant in (4.21) and U; := Ui (R) := Do(n)\l_lR,
kA['R) € DN B(0,\{'R). Then, by (4.48) and Proposition 4.3 for all 2 € U, :=
Do(273kA 'R, 274kA ' R)

2V(ép(z)) > E, {hR (Xr0,) 1D0(2nA1’1R,m\1’1R)}
> V(KA 'R)P, (X, € Do(26A7 'R, KA 'R)) > c7®(R)'/°P, (X,, € D).  (4.51)

TUl

Recall that R is the constant in Lemma 4.6 and Proposition 4.7. Applying Proposition 4.7
and (4.35) to (4.51), we conclude that for all R < R and all x € Us,

E.[r0,] < cs®(R)P, (Xry, € D) < co®(R)Py (Xr,, € Do(26A1 'R, kAT R))
< ¢10®(0p(z))2®(R) Y2

By taking R, = E/\l_ln we have proved (4.47). O

5 Upper bound estimates

In this section we discuss the upper bound of the Dirichlet heat kernels on C''! open
sets. Throughout the remainder of this paper, we always assume that (1.8) holds, that ¢
has no drift and that H satisfies L,(v,Cy) and U, (8, Cy) with § < 2 and vy > 271451 for
some a > 0.

We first establish sharp estimates on the survival probability. Lemma 5.1 is proved in
[6] when weak scaling order of characteristic exponent is strictly below 2. We emphasize
here that results in [6] can not be used here.

Lemma 5.1. Suppose D is a C*! open set with the characteristic (Ry, A). Then for every
T > 0 there exists C; = C1 (T, Ry, A) > 0 such that fort € (0,T],

O(6p(x
P.(rp >t) < C4 < M A 1) , forallx € D, (5.1)
and there exist Ty € (0, ®(Ry)] and Cy > 0 such that for ¢ € (0,T1],

P.(rp >t) > Cy ( w A 1> , forallz € D. (5.2)

Proof. Recall thet R, > 0 is the constant in Theorem 4.11. Let b := ®(R./4)/T and
ry := ®71(bt) for t < T so that r, < R,/4. First note that, if dp(z) > 2747, then, by
Lemma 2.5,

IPE(TD > t) > IPI(TB(;C,(;D(@.)) > t) > IPO(TB(O,2—4”) > t) =y > 0. (5.3)

We now assume that §p(z) < 27%r;. Let 2z, € D with |z — 2,| = dp(z). Then by [7,
Lemma 2.4] and Theorem 4.11(b),

P, (TD > t) =P, (TDOB(zx,rt) =Tp > t) + P, (TD > TDAB(23,r:) =~ t)
<P, (TDﬁB(zw,rt) > t) + P, (XTDFIB(zm,rt) € D)
S t_lEI I:TDQB(ZT,Tt):I + IPI (XTDmB(Zm)”) < D) S Clq)(§D($))1/2t_1/2. (54)
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Recall that D, (r,r) is defined in (3.16). Let U(x,t) := D,_(r,r¢). For the lower bound,
we use the strong Markov property and Theorem 4.11(b) to get that for any b > 1 and
t <T/b,

w (TD > bt)
>Po (70 t) < bt Xy € Day (20070, | Xy = Kool < 5 forall 0< s < bt)
>Po (TU(a,t) < bt, Xry(y € D2, (2r0,710)) Po (TB”M > bt)

Y

v

Po (78,,/ > bt) (Pa(Xryi,y € Do (2ri,m0)) = P (e = b))
P, (

TBy, /4 > bt) cot™ Em[TU(w,t)] - biltilE£ [TU(w,t)]) . (5.5)

Take b = % V 1. Then, by Lemma 2.5 and Theorem 4.11(a) we have from (5.5) that for
t S T() = T/b

P, (tp > t) > P, (1p > bt) > et "By [ty (0] = ®(p(z)) /22 (5.6)

Combining (5.3), (5.4) and (5.6), we have proved the lemma. O

Using [7, Lemmas 2.5 and 2.8], Lemma 5.1 and Theorem 4.11(b) we obtain the
following upper bound of pp(t, z,y).

Lemma 5.2. Suppose that D is a C'! open set with characteristics (Ro, A). For each
T > 0, there exist constants ¢ = ¢(a, ¢, Ro, A, T) > 0 and a9 = ao($, Ry, T) > 0 such that
for every (t,z,y) € (0,T] x D x D with ag®1(t) < |z —y|,

sup pp(8,2,9)
(8,2):8<t, 258 < |2y < B2yl

pp(t,,y) SC( M A 1)

+ (VEGo W) At)jlle —yl/3)). (5.7)

Proof. Throughout the proof, we assume ¢ € (0,7 and let ag := 6R./®~(T). Note that
ag®71(t)/6 < R,.

We first assume 0p(z) < 27 7ag®1(t)/3 < 27 7|z — y|/3 and let x¢ be a point on D
such that 6p(z) = |z — x| and let Uy := B(xg,ao® 1 (t)/(12))ND, Us :=={z € D : |z —z| >
|z —y|/2} and Uy := D\ (U; UUs). Using Theorem 4.11(b) we have

E, [t0,] < E, TD,LO(aolb—l(t)/(12)7a0®—1(t)/(12))} < c1Vt®(6p(x)). (5.8)
Since |z — x| > 27|z — y| > a2 1@~ 1(t) for 2z € U3, we have for u € U; and z € Us,
1 1 1
lu—2z] 2|z —a|—|zo — 2| = [wo —ul 2 S|z —y[ = Zac®™" () = 7|z —yl.
2 6 3
Thus, by the fact U; N U; = () and the monotonicity of j,

sup  j(ju—z[) < sup J(lu = z[) = j(lz — yl/3). (5.9)
u€Ur, 2€U3 (u,2):lu—z|>3|z—y|

On the other hand, for z € Us,
3 > > > >| y|> 1
Sl =yl zle—yl+lz—z 2|z —yl 2 |z —y| — o 2] 5 a2~ '@ (1),
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SO

sup  pp(s,z,y) < sup P (s, 2,y)- (5.10)
s<t, z€Us s<t, 2ol < |y < Blzul

Furtherover, by Lemma 5.1,

t

t
/Px(TU1>S)IPy(TD>t—S)dSS/IPx(TD>S)IPy(TD>t—S)dS
0 0

< c3v/P(6p(x)) /Ot s1/2 ( *0n(y) A 1> ds

t—s

< e1v/®0p(2)) (VEOD () A VE). (5.11)

Finally, applying [7, Lemma 2.5] and then (5.8), we have

Cs

P, (XTUl € Ug) <P, (XTUl € B(xo,afb_l(t)/(n))C) < DBy < ot VO(p(a)).

Applying this and (5.8)-(5.11) to [7, Lemma 2.8] we conclude that

t
poltiz,y) < (/ m<TU1>s>1Py<m>ts>ds) ()
0 uelUy, z€Us

+P, (Xn, €U2) sup pi(s,2,0)

s<t,z€Us

< av/e0p@) (VG ) AVE) iz - yl/3)

+egt ™2 /B (6p () sup pp(8,2,Y).
s<t, Epl <z —y| < 2Epul

If 6p(x) > 27 "ag®1(t)/3, by Lemma 2.3(a),

®(dp(z)) D(ao®~1(t)/(24))
T Z¢ s@i) 270

Thus (5.7) is clear. Therefore we have proved (5.7). O

We now apply Lemma 5.2 to get the upper bound of the Dirichlet heat kernel.
Proof of Theorem 1.3(a): We will closely follow the argument in [7]. We fix T' > 0.
By [7, Lemma 2.7] and Proposition 2.6, for every (¢,z,y) € (0,7] x D x D,

polt,2,5) < cl(é_l(t))_d< 20p()) /\1) ( 20nl) /\1).

Recall that qq is the constant in Lemma 5.2. If ap®~!(¢) > |z — y|, by Proposition 3.4,
p(t,x —1y) > co(®1(t)) "% Thus for every (t,z,y) € (0,T] x D x D with ag®~1(t) > |z —y

’

pp(t,z,y) < C3< WAl) ( <I>(§[t)(y))/\1> p(t,z —y). (5.12)

We extend the definition of p(t,w) by setting p(t,w) = 0 for t < 0 and w € R?. For each
fixed x,y € R? and ¢t > 0 with |z — y| > 8, one can easily check that (s, w) — p(s,w — y)
is a parabolic function in (—oco, 00) x B(x, 2r). Suppose ®~1(t) < |z —y| and let (s, z) with
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s <t and "2;'”' <lz—yl < w Then by Theorem 3.2, there is a constant ¢4 > 1 so
that for every ¢ € (0,77,

supp(s,z —y) < cap(t, z — y).
s<t

Using this and the monotonicity of » — p(¢,r) we have
sup p(s,z—y) < ey sup p(t,z—y) = cap(t, |z —y[/2). (5.13)

sgt,‘z;y‘§|z7y\§3‘mz_y‘ lm;y‘§|z7y|§3‘m2_yl

Combining (5.13) and Lemma 5.2 and Proposition 3.5 and using the monotonicity of
r — p(t,r), we have for every (¢,7,y) € (0,T] x D x D with ag® () < |z —y

pD(ta xay)

<es (1 22D 1) (it o — y1/2) + (Vi) AL~ 1/3))

t

<eo (y 222 A1) (ot b~ /2) -l e~ 1/3))

t
<aco(\/ 202 A )y, 1y /3).

In view of (5.12), using the monotonicity of » — p(¢,r) again, the last inequality in fact
holds for all (¢,z,y) € (0,7] x D x D.
Thus by semigroup properties of p and pp and the symmetry of (z,y) — pp(t,z,y),

po(t/2,2,2)pp(t/2,y, 2)dz

s ( \/ Dpt/2 & — 2|/3)p(t/2, |z — y|/3)d=
\/ /\1) \/ /]de (t/2,2/3,2)p(t/2, z,y/3)dz
—c8 \/ /\1) \/ Al)p(t, |z —yl/3).

We have proved (1.10).
(1.11) follows from (1.10), Lemma 2.3 and Theorem 2.9 (applying to p(,

lz —yl/3)). O

p(t,x,y) =

H
5@\

D6

\ /\

6 Lower bound estimates

Recall that we always assume that (1.8) holds, that ¢ has no drift and that H satisfies
Lo(7,Cr) and U, (8, Cy) with § < 2 and v > 271457 for some a > 0.

Using Lemma 5.1 from Section 5, in this section we will prove Theorem 1.3(b). The
main ideas in this section come from [7]. We first observe the following simple lemma.

Lemma 6.1. The function H(\) := sup;c 1) Po (| X¢| > A®~'(t)) vanishes at oo, that is,
im0 H(A) = 0.

Proof. By [7, Theorem 2.2] there exists a constant ¢; = ¢;(d) > 0 such that
Po(|X¢| > 1) < 1 t/®(r) for (t,r) € (0,00) x (0, 00).

Noting ¢~ *(t~1)*/? = ®~1(¢)~!, the above inequality implies that

t
sup Py (| X¢| > A071(t)) < ¢ sup = =1 sup td(A 2o 1(tT)).
te(0,1] ( ) te(0,1] (I)O\(I) ( )) te(0,1]
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The condition L,(vy,Cr) and Remark 2.2 imply that for all A > 1,

. o261 Y)
A 2 1 1 A 27y
Sup AT < sup T oy <A

which goes to zero as A — oo. O

We now discuss some lower bound estimates of pp(t,z,y). We first note that by
Lemma 5.1, there exist C5 > 1 and 77 € (0,1 A ®(Ryp)] such that for all z € D and
t € (0,71],

it (L ) <m0 < o (D) ey

For x € D we use z, to denote a point on 0D such that |z, — z| = dp(zr) and
n(z;) := (z — 2;)/|2: — x|. By a simple geometric argument, one can easily see that

x+rn(z;) €D forallz € Dandr € [0,Ry/2)]. (6.2)

Lemma 6.2. There exist a; > 0 and My > 1V 4ay such that for all a € (0,a4], x € D and
t € (0,T1], we have that

(6
P, (X: € DN B(E(t), Mi® (1)) and ®(6p(Xy)) > at) > (2C3) " ( @ A 1)
where £4(t) := x + a® ! (t)n(z,) and C3 and Ty are the constants in (6.1).
Proof. By (1.10) and a change of variable, for every a > 0, ¢t € (0,71] and z € D,

/ pp(t, z,u)du
{ueD:®(6p (u))<at}

| ®(0n(x)) ®(0p(u)) o — ul/3Vdu
<Co ( ) /{UED P, ( = A 1) p(t, [z —ul/3)d

<Cova ( LCLICHN 1> p(t, | — ul/3)du
{ueD:®(6p(u))<at}
SOO\/&( M) p(t, |z — ul/3)du
=Cy3%a ( M A 1> / p(t,w)dw = Cy3%/a ( M A 1) . (6.3)
Rd

Choose a; > 0 small so that Cy39,/a; < (4C3)~! where Cj is the constant in (6.1).
For the rest of the proof, we assume that © € D, a € (0,a;] and ¢t € (0,7}]. Since
£4(t) =z + a®(t)n(z,), for every A\ > 2a; and u € D N B(£2(t), \®~1())¢, we have

o > [E4(0) —ul — o — E2(0)| > €8~ ul ~ @ (1) > (1= SH)lea(6) —ul > l€n()—ul.
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Thus using this, (1.10) and the monotonicity of » — p(t,r), we have that for every A > 2ay,

/ p(t, z,u)du
DNB(£a (t), A~

<Cy < /\ 1)
<Cy ( 20o(z)) 1) p(t, [65(t) — ul/6)du

p(t, |z — u|/3)du
DNB(£a(t),A®~1(t))°

DAB(E2 () AD 1 (£))°

p(t, 6™ y)dy
B(OA®—1(t))°

<C’o< /\1

<Co6 H(6~ A)( lz())/\1>. (6.4)

By Lemma 6.1, we can choose M; > 1V 4a, large so that Co69H(671M;) < (4C3)~!. Then
by (6.1)-(6.4) and our choice of a; and M7, we conclude that

/ pp(t,z, u)du
{ueDNB(£&(t),M1®—1(t)):®(6p (u))>at}

2/ pD(t,x,u)du—/ pD(t,x,u)du—/ pp(t,x,u)du
D DNB(&a(t),M1®—1(t))° {ueD:®(6p (u))<at}

>(203)7* ( M A 1) . o

The next result is easy to check (see the proof of [20, Lemma 2.5] for a similar
computation). We skip the proof.

Lemma 6.3. For any given positive constants c,,r1,T and ro > ry, there is a positive
constant co = co(r1,712,T, 1, @) so that

¢_1(t_l)d/Qe_cl‘m_y|2¢71(t71) <cotr @H(r?) foreveryr; <r <ry(aA1)7t € (0,T].

Proof of Theorem 1.3(b): It is clear that any bounded C'! open set has the property
that the path distance in any connected component of D is comparable to the Euclidean
distance.

By (4.1) and [43, Proposition 3.6], we have

j(lz —yl) > cole —y["*H(|z —y|?), forallz,yec D (6.5)

Recall that a; > 0 and M; > 1V 4a, are the constants in Lemma 6.2 and C5 and 7} are
the constants in (6.1). We also recall that for z € D, z, € D such that |z, — z| = dp(z)
and n(z;) = (x — z,)/|2. — x|. Without loss of the generality we assume that 7' > 377.

Let ag := a1 A (271 Ry /@ 1(T)). Forz € Dand t € (0,7, let &,(t) := 2 +ax® *(¢)n(z,).
Note that &, (t) € D by (6.2). Define

B(z,t) :== {2z € DN B(&(t), M1® (1)) : p(2) > ax® '(¢)} . (6.6)

Observe that, we have

Sp(u) Adp(v) > ax®1(t), for every (u,v) € B(z,t) x B(y,t), (6.7)
and

|z —y| — 2a0® () < &4 (t) — &) <z —yl+ 2a,®71(1), (6.8)
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Using (6.8) we also have that for every (u,v) € B(z,t) x B(y, t),

5
|z —y| - §M1<I>71(t) <z —y|—2(My + a2)® ' (t) < |u— v
<z —yl+ |u— &) + v = &(b)] + 20297 (¢)
<l|e—y|l+2(M + ag)@_l(t) <l|z—y|l+ 3M1@_1(t). (6.9)

Step1: Suppose t € (0,377] and z and y are in the same connected component. By the
semigroup property of pp,

polt,z,y) > / / o (t/3,2,Wpp /3, 1, 0)pp (t/3, v, y)dudv
B(y,t) J B(z,t)

> inf P t3,u,v)/ pp(t/3,z,u du/ pp(t/3,v,y)dv. (6.10)
((u,v)eB(w,t)xB(y,t) o(t/ ) B(y,t) olt/ ) B(z,t) olt/ )

When |z —y| < 3M;®~1(t), by (6.7) and (6.9) |u—v| < 6M;®~1(¢) and 6p(u) Adp(v) >
az®~1(t) for (u,v) € B(z,t) x B(y,t). Thus using Theorem 3.2 and Lemma 2.3(a) and
Proposition 3.4, we get

pp(t/3,u,v) > copp(ert,u,u) > ;@71 (t)~  for every (u,v) € B(x,t) x B(y,t). (6.11)

When |z — y| > 3M;®~1(¢), we have by (6.9) that for (u,v) € B(z,t) x B(y,t),

%@’1(15/3) < %Mqul(t) <|u—v| < 2z —y|) Az — y| + 3M & 1(T)).

Thus, by Lemma 2.3(a), Propositions 3.5 and 3.6(a) we have that for |z — y| > 3M;®1(¢)
and ¢t < 37},

nf ..
(u,v)eB(lzrl,t)XB(y7t)pD( / (% ’U)

> inf pp(t/3,u,v)
(u,0):272ag @~ 1(¢/3)<Ju—v|<(2lz—yNA(Jz—y|+3M1 2~ 1(T))
Sp(u)ASp(v)>ag®—1(t/3)

. . _ _ —c u—'u2 -1 —1
= inf (#3hu = vl) + 67 (1/3) 72 eslevPo )
quv\S(Z\zfyI)A(\'zfy\+3M1<1>_1(T))

>es (152l — 9l) A (Jz — 9] + 3M®THTY) + 67 ()26l vPo ) - (612)
We now apply Lemma 6.2, (6.12) and (6.11) to (6.10) and use (6.5) to obtain (1.12) for

t < 3T and x and y in the same connected component.

Step2: Suppose t € (371,7] and = and y are in the same connected component. By
semigroup property of pp and Lemma 6.2,

pD(taxay) > / / pD(Tlaxau)pD(t - 2T1,u,v)pD(T1,v,y)dudv
B(y7T1) B(I’TI)

> inf t—2T,u,v / / T, z,u T1,v,y)dudv
<(u,v)eB(I7Tl)XB(%TI)Z?D( 1 )) o B(w)Tl)PD( 1,2, u)pp(T1,v,y)

- ; ®(dp(x)) ®(p(y))
>(2C, 2( f t— 2Ty, ) 20p)) [\ 4 W) 4
207 (o ese iy PP 21w Y) T T
- ; ®(0p(z)) ®(0p(y))
>(2 2 f — 2T NPT 1 F\VDNI)) 1
2(2Gs) ((u,wes(ml,%)xs(ym)pD(t o v)) ( ;) P
(6.13)
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When |z —y| < 3M;®71(t), by (6.7) and (6.9) |u —v| < ¢;® 1(T1) and §p(u) Adp(v) >
as®~Y(TY) for (u,v) € B(z,T1) x B(y, Ty). Thus using Theorem 3.2 and Lemma 2.3(a) and
Proposition 3.4, we get that for every (u,v) € B(z,T1) x B(y, T1),

pp(t —2T1,u,v) > cspp(coTy, u,u) > c10® " (cgTh) @ > e @ ()7 (6.14)

When |z — y| > 3M;®~1(t), we have by (6.9) that for (u,v) € B(x,Ty) x B(y,T1),
1
%@*1@ —2Ty) < 5Mlqu(t) <fu—v| <2z —yl)A(lz—y|+3M (D).

Thus, by Lemma 2.3(a), Propositions 3.5 and 3.6(1) we have that for |z — y| > 3M;®1(¢)
and 37} <t <T,

inf t—2T1,u,v
BBy PP L)

> inf pp(t — 2T, u,v)

T (uw):27 2008~ L (t—2T ) < Ju—v|<(2lz—y ) A(lz—y|+3M1 @~ 1(Ty))
Sp(W)ASp (v)>ag®@—1(Ty)
> inf pD(t - 2T1,’U,7U)
(u,v):272a0@ =1 (t—2T1 ) <Ju—v|<(2la—yDA(lz—y|+3M1 2~ 1(T))
Sp(WASD (v)>ag®~L((apTy /T)(t—2T1))

Zarz inf (#3(1u — ol) + 971 (8/3) 1)/ 2emrslumelo e/ )
lu—vl <(@lz—yDA—y|+3M; $=1(T)

1 (472l = y) A (o =yl + 3M@ (D)) + 97! (¢ 2eenlenPo D) - (6.15)

Combining (6.13) and (6.15) and using (6.5) we obtain (1.12) for ¢ € (373, 7] and = and y
are in the same connected component.

Step3: Suppose t € (0,7] and = and y are in different connected components. We use
Proposition 6.4. Then, thanks to (6.5) and Lemma 6.3, we see that (1.12) still holds. O

Note that, in the proof of Theorem 1.3(b), the assumptions that D is connected and
the path distance in D is comparable to the Euclidean distance, are only used to apply
Proposition 3.6. Thus, following the proof of Theorem 1.3(b) without applying Proposition
3.6, we have the following.

Proposition 6.4. For every C''! open set D and T > 0, there exist constants ¢ > 0, M| >
1 such that for every (t,x,y) € (0,T] x D x D,

pD(tvxvy)
7 —ul—2
zc< @«wm)( <I><6D<y>>M> AN e -yl > 300010
t t o1()~d if |z —y| < 3M & ().

Proof of Theorem 1.3(c): Since D is bounded and j is non-increasing, Theorem 1.3(a)
and Proposition 6.4 imply that for every (z,y) € D x D,

¢ (0p (@) 2 2(5p(y)/? < pp(1,2,y) < c®(3p(x))/*@(5p(y))"/%.

Using this, the proof of Theorem 1.3(c) is almost identical to that of [19, Theorems
1.3(iii)], so we omit the proofs. O

Proof of Theorem 1.4. Either by the proof of Theorem 1.3 or by applying the main
result in [43] and our Propositions 3.5 and 3.6(1) to [7, Theorem 4.1 and 4.5], the
theorem holds true when D is an upper half space {z = (Z,24) € R? : 24 > 0}. Then
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using the “push inward" method of [25] (see also [5, Theorem 5.8]) and our short time
heat kernel estimates in Theorem 1.3, one can obtain global sharp two-sided Dirichlet
heat kernel estimates when D is a domain consisting of all the points above the graph of
a bounded globally C'! function. We skip the proof since it would be almost identical to
the one of [5, Theorem 5.8]. )

7 Green function estimates

In next two sections we use the notation f(z) < g(x),x € I, which means that there
exist constants cj, ¢z > 0 such that ¢; f(z) < g(z) < cog(x) forz € I.

Recall that ®(r) = (¢(1/r?))~! where ¢ is the Laplace exponent ¢ of the subordinator
S. When ¢ satisfies L,(vy,Cr) and U, (9, Cy) with 6 < 2 for some a > 0, Green function
estimates for the corresponding subordinate Brownian motion were already discussed in
[19]. In this section we discuss Green function estimates when ¢ has no drift and that H
satisfies L, (7, Cr) and U, (6, Cyy) with § < 2 and v > 27155 for some a > 0.

By the exactly same proof as the one of [19, Lemma 7.1], we have the following.

Lemma 7.1. For every r € (0,1] and every open subset U of R¢,

1/ P20 () 20 () r® (51 (x))1/? r (5 (4)) /2
2 (1 4 Bz y) ) = (1 Mol - y|>1/2) (1 (= y|>1/2>
P2 (5 ()2 B(5y (1) /2
=1A Bz —y)) |

Since ¢ has no drift and satisfies L, (v, CL), by [35, Lemma 1.3] for every M > 0, we
have

(7.1)

r®'(r) < ®(r) forr e (0, M]. (7.2)

Note that, by Lemma 2.4, for every 7" > 0, there exists Cr > 1 such that

OL(r) /Y@
> — < R<ZT. .
3 2 O (R) for0<r<R<T (7.3)
Moreover, by Lemma 2.3,
d1(r) r\1/2
<= < . .
<I>—1(R)*<R) for0 < r < R < oo (7.4)

Recall z; =2 V0.
Lemma 7.2. ForT,b,r >0 andd = 1,2, set

B ! ub 1 ®(r) b
hr,a(b,7) = b+®(r) [I)(T)/T (1 A <I>(r)> O (@ 1B()) du+ - (1 A CI>(7")) . (7.5)

Then, for0 <r < ®~1(T/2) and 0 < b < T/2,

b b ) p(s)
hr,a(b,r) = —3 A (W + </7~ a1 :
+

Proof. (a) The lemma for d = 1 is given in [19, Lemma 7.2] under the assumption that
¢ satisfies L,(,Cr) and U,(d, Cy) with for some a > 0 § < 2. Using (7.4) instead of the
assumption U, (d, Cyy) with § < 2, the proof of (a) is the same as the that of [19, Lemma
7.21.
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(b) We now assume that d = 2. Using (7.2)-(7.4), the proof is a simple modification of the
one of [19, Lemma 7.2]. We provide the proof in details for the readers’ convenience.
For (b,r) with 0 < b < ®(r) < T/2,

! du b
habr) <veb [ T
)

e (g ) e

Since ®(r) < T/2, by (7.3)~(7.4) we have

1 1 -1 2 1
o Hd
O<02:C1_1/ u%_ldUS/ (q)_l(_lg))) U’ldUScl/ du = ¢; < co.
1/2 ®(r)/T (u (1)) 0

Thus, for 0 < b < ®&(r) <T/2, we have

b
hra(br) =< . (7.6)

On the other hand, using the change of variable u = ®(r)/®(s) and integration by
parts, we have that for (b, r) with ®(r) < b < T/2,

hT,Q(b, T’)

- 1 du @(r)/b du ®(r)
=b+2) [D(r)/b 2@ (u1Br))2 b[b(r)/T W@ (w2 2

0 D) g .
:b+/ b(I)()der/q) ) g4 20

52 o1y S2P(s) r2
b o(r) *0) p(s) T @ (s) o(r)
=b —_— — 2 ds+b d
N (‘I"l(b)2 r? )+ /r ERa [bl(b) o) T 2
b ~1(b) D(s) o~Y(T) @' (s)
= — 42 . 7.7
b+ B 1()? + /T 3 d8+b[1>1(b) s2<I>(s)d8 (7.7)

Since b < T'/2, by (7.4) and the fact that d1is increasing,

1 1 1
TP v AR TP (7:8)

for some ¢4 > 0. Using (7.2) and (7.8) in the second integral in (7.7), we get that for (b, r)
with &(r) <b<T/2,
(1) 1
b/ —ds
1(b) S

; b 0 c1>(s)d b 1 1
T2 +/r B U \epe oy
b P g(s)

Since ®(s) is an increasing function, when 0 < ®(r) < b, we have

—1 1
b (b) CI)( ) b (b) b
—+2 < 2 — = —
o I02 / s BSgge T b/r S =
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while when &(r) > b > 0,

_b /é_l(b) )y b b
T-1(h)2 g g3 48 +_<I>—1(b)2_r2'

Thus combining this with (7.6) and (7.9) we establishes the lemma. O

Recall that the Green function Gp(z,y) of X on D is defined as

GD(m,y):/ pp(t, z,y)dt.
0

As an application of Theorems 1.3 and 1.4, we derive the sharp two sided estimates on
the Green functions of X on bounded C:! open sets. For notational convenience, let

a(z,y) == V@(0p(z))\V/(6p(y)) (7.10)
and
O(|lz —yl) ®(0p(2) \ ' @(0p(y) 1/2
o(e.y) |z — y|d 1/\<I>(|zy)> <1A<I>(|xy|)> ,+ when d > 2
" ) [ ate) o aten) g
|z — y|d A =1 (a(z,y))? + </|a:y o ds , whend<2.
(7.11)

Theorem 7.3. Assume that (1.8) holds, that ¢ has no drift and that H satisfies L,(v,Cr)
and U, (6, Cy) with § < 2 and v > 2711455, for some a > 0. Suppose that D is a bounded
Ch! open set in R¢, d > 1, with characteristics (R, A).

(i) There exists ¢; > 0 depending only on diam(D), Ry, A, d and ¢ such that
O(|lz — &(s 1/2 >(s 12
(1 ?<U\<Dm»> OA umm> CeeD.
|z -yl O(|z —yl) O(|z —yl)
(ii) There exists ¢y > 0 depending only on diam(D), Ry, A, d and ¢ such that

Gp(z,y) > a1

a(z,y)

|z — y|d

z,y € D.

(iii) If D is connected, then

GD(.’IJ,y)Xg(LU,y), x7y€D-

Proof. Put T' = 2®(diam(D)).
(i) Let M7 > 0 be the constant in Proposition 6.4 with our 7'. By Proposition 6.4 for every
(t,z,y) € (0,T] x D x D with |z —y| < 3M;®~1(t),

1/2 1/2
mwam>qQA¢@ﬁ”) QA@@TM) (@),
Thus, noting that 2®(|x — y|) < T, we have

20 (|lz—y / /
Gtz [ (1 BERED) () 2O g ag

®(|e—y|/(3M1)) ¢ ¢
9—1 B 1/2 o 1/2 20(|z—yl)
sl (10 O () S0 | u
Q=1 (20(|z — yl)) (|l -y |z —y|)/ ®(|z—yl/(3M1))

lz—y) (1, 26o@) () 20pE)Y?
|z — y|? (1/\ <I>(|x—y|)1/2> (1/\ <I’(|x—y|)1/2)'

Z C2
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We have proved part (i) of the theorem.

(ii) It follows from Theorem 1.3(c) that

/ po(t,z,y)dt < ®(p(x)) *®(0p(y)"/?, x,y € D. (7.12)
T
By Theorem 1.3(a) and (3.1), there exists ¢3 > 0 such that for (¢, z,y) € (0,7] x D x D,
pD(taxay)
<1><6D<z>>)”2 ( ¢<5D<y>>)”2 < 1y d t )
<c3 | 1N —= 1IN ——== (¢t A . (7.13)
o (107 : @A (e =)

By the change of variable u = @(\z;yp and the fact that t — ®~!(¢) is increasing, we
have

/OT (10 705E2) N (12 %5502) N ((‘I’_l“) N )

e () () )
. < fﬁf—D ;D)l)/lf) (1 \Qq)é—Dy;//) du

o= 1@ T “_2(@—1<u|—ﬁ5<yal—y|>>>d< Nay)
20 7 s (1 %W)( L YRG0 )W?)d

|z =yl o(jz —y))'/? (| —y[)/2
— I+II (7.14)

In the fourth line of the display above, we used Lemma 7.1.
Since @ (| — y|)/a(x,y) > @(|a — y|)/@(diam(D)) > 28(|z — y|)/T, by (7.4),

a(z,y) /1 |z — yl -1
1< u” du
|z =yl Jo(a—ypr P (uTIO(|z — y|))?

a(e,y) [ oM@z —yl) \*
|x—y| / (lo- yD/T(@l(ul@ux—yD)) v

1
\l‘ — vl e y\

On the other hand, by Lemma 7.1

Be—y) [* 0 (1, P02 [y RGN
= |x—y|d/1 ( A<1><|az:—y|>1/2>( A<I><|ac—y|>1/2>d

B(|r — y)) /°° o BEp() (5 (y))!/
g " ey M Se gz )
<1><|x—y>< cb(aD(x))W)( ¢><6D<y>>1/2> a(z,y)

1A 1A < . 7.16
eyt " (g2 3z —y)72) = -yl (7.16)
Part (ii) of the theorem now follows from (7.12), (7.13), (7.15) and (7.16).

(iii) For the remainder of the proof we assume either that D is connected or that H
satisfies L,(v,CL) and U,(d, Cyy) with § < 2 for some a > 0. Then by Theorems 1.3(b)
and 1.3

1/2 1/2 Rt
po(t,z,y) > cs <1A©(5];(m))) (mqj(‘si(y))) (@ 1)t T TR, (7.17)

IN
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Since by (7.3)

— -1 _
ool 9@ —y) o ven e

O (@(lz —y/u) 7N (@(lx —yl)/u)

using this, by the change of variable u = 2(2=vD) and the fact that ¢t — O-L(t) is

t
increasing, we have

/OTPD(t,x7y)dt
cs /OT (1 A (I)(‘SD(HU))>1/2 (1 . W)W (@*1(15))7(16—%%(#

= t
= e ~ o) 1 h u? o~ (ut) de‘%#@juz
T Ty </1>(x—y|)/T+/1 ) (<I>1(t)> e
(1 1 VIR ()2 Vae(ep(y)?Y
(“ Bz — 4172 )(“ B (1 — 4|12 )d
poco Bz —yl) [ 2 [z —y T maley)
R PR Lﬂx_w (<I>1(u1<1>(lw—yl))> (M<I><|x—y|>>d

Ba—yl) [¥ 5 ezitrr [ /TR ()? VI
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+cs

Clearly, we have

O(lz —yl) ®(dp())"/? ?(6n(y))"/? /OO —2 —cocZull
111 > o — g 1/\<I>(|:z:fy\)1/2 1/\<I>(|xfy|)1/2 . u ‘e du. (7.19)

Suppose that d < 2. Let hy 4(a, ) be defined as in (7.5). Since a(z,y) < ®(diam(D)) =
T/2, we have by (7.12)-(7.14), (7.16), (7.18), (7.19) and Lemma 7.1 that Gp(z,y) =<
hr(a(z,y), | — y|). Now, part (iii) of the theorem for d < 2 follows from Lemmas 7.2.

Suppose 2 < d, then we have that

Bz —yf) [ o — 9] O () 2R w) Y
gl LUHW (@-wu—l@um—yn)) (“ 3z —y) >d
(e —y) [ = — 9] O () () Y
EETIE A(L’vy)/T <‘I’_1(U_1‘I’(|x - y|))> (1 . P(|lz —yl) > I

ol (, <I><6D<x>>1/2<1><6p<y>>1/2> [nzan
0

<cy

B —yl? ®(lz —yl)
2 P _ P 1/2(1) 1/2
_Zer Bz, Bopla) Pep )Y, 720)
d—2 |z —y (| —yl)
The case d > 2 of (iii) now follows from part (i) of the theorem, Lemma 7.1, (7.12), (7.13),
(7.16) and (7.20). O

We now consider the Green function estimates for half space-like domains. Here we
will give a sketch of the proofs only.

The proof of the next lemma is very similar (and simpler) to the one of Lemma 7.2 so
we skip the proof.
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Lemma 7.4. Suppose that (1.8) holds, that ¢ has no drift and that H satisfies Ly(~,Cp)
and Uy(6,Cy) with§ < 2 and y > 27 15>1. Forb,r >0 andd = 1,2, set

ha(b,r) = 2(r) / (1 " <1>u<i>) T (1 " @?r)) |

Then, forr,b > 0,
b b *0) p(s)
hd(b,T)er/\<q)_l(b)d+</r Sdﬁds N .

Recall that g(x,y) is defined in (7.11).

Theorem 7.5. Let S = (S;):>0 be a subordinator with zero drift whose Laplace exponent
is ¢ and let X = (X;);>0 be the corresponding subordinate Brownian motion in R4,
Suppose that D is a domain consisting of all the points above the graph of a bounded
globally C*! function and H satisfies Lo(v, Cr) and Uy(d, Cyy) with § < 2. Then

GD(‘Tay)xg(xay)7 fOfI,yGD.

Proof. By Theorem 1.4 and (3.1),

o [ (o ) (0 2O v g

o0 (5 1/2 (5 1/2 o dz=ul
ot 2 [+ (10 FHER) (10 FEEE) @m0
0
Thus by following the argument in Theorem 7.3 one can easily see that for d > 2,

) ®(3p(x) \/* ®(0p(y) \
Co(my) = (“@(x—m)) (“<I><|x—y|>> |

and, for d < 2, Gp(z,y) < hg(a(z,y),|z — y|). Thus the theorem follows by this and
Lemmas 2.3(b) and 7.4. O

8 Examples
Suppose that D is a bounded C*! open set with diam(D) < 1/2 and ¢ is either

A A

= Tog(1 £ XP72)’ where 3 € (0,2), or (ii) p(N) = @+ ) 1.

(i) ¢(A)

Then ¢(\) — \¢'(\) satisfies L,(v,Cr) and U, (4, Cy) with 27! < 4 < § < 2 where a = 0
for the case (i) and a > 0 for the case (ii). It is easy to check that we have

A

-1
A) < Alog A d H)\) = A > 2.
N =Aoghand HO) = ot Az
Moreover,
d(r) = 1/¢(1/r*) < r?log(1/r) for0<r <1/2, (8.1)
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and
1

—_— =\
Vo(1/2?)

Thus by Theorem 1.3, for 0 <t < 1/2,

log(1),  A<1/2.

polta,y) > o (1 A 5@(;) logu/éD(x))) (1 A ‘5@?) logu/éD(y»)

1y d/2 t(log )2 1\ —d4/2 lo=yl2 | 1
—d/2 L lz—yl —d/2 L —ap =¥ 1og L
X [(t (logt) )/\( P +t (logt) e S , (8.2)

and

5[\’/(;) log(1/5D(x))> (1/\ 513/(;) log(1/5D(y))>

1\4d/2 t(log 1) 72 1\ —d/2 le—yl2 ) 1
—d/2 lz—y| —d/2 —a yl? 1o 1
’ Kt *(toe7) )A <Iy|d+2+t Plosg) e @3

We now assume that d = 2 and D is a bounded C':! open set in R? with sufficiently
small diameter. We will give the sharp estimates of the Green function on D.
There is a constant ¢y € (0, 1) so that

po(t,z,y) < e (1 A

s 1/2 » . s 1/2
co (log(l/s)> < (s) < ¢ (10g(1/s)) for s € (0, ®(1/2)]. (8.4)

Suppose 0 < r < ®~1(b) < 1/2. Then

/<1>1(b) D(s) e /<1>1(b) log(1/s) ds

53 s

=5 ((0g(1/r)? — (og(1/@ (1)) = 3 log" (@7 (8)/r) log™ (1/(r~(5))).(8.5)

Let

b(z,y) := dp(2)dp(y)V/log(1/0p(x)) log(1/0p(y))

= ®(0p(x))?@(0p(y)"/* = a(x,y). (8.6)
Note that by (8.4)
—1 - b(x,y) 1/2
ool = (i) (®.7)
and, so
Ay T -1
5 (a(z. 9))? = log [b(z,y) "] (8.8)

Applying expressions ®(|z —y|) < |z —y|?log(1/|z —y|) and (8.5)-(8.8) to Theorem 7.3(iii),
we have the following explicit estimates:

Gp(z,y)

_ blx,y) ot b(zx,y) ot log(1/b(z,y)) e
S r I Gl v | el [ o) R LR
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