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Excited random walk in a Markovian environment
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Abstract

One dimensional excited random walk has been extensively studied for bounded, i.i.d.
cookie environments. In this case, many important properties of the walk including
transience or recurrence, positivity or non-positivity of the speed, and the limiting
distribution of the position of the walker are all characterized by a single parameter
0, the total expected drift per site. In the more general case of stationary ergodic
environments, things are not so well understood. If all cookies are positive then the
same threshold for transience vs. recurrence holds, even if the cookie stacks are
unbounded. However, it is unknown if the threshold for transience vs. recurrence
extends to the case when cookies may be negative (even for bounded stacks), and
moreover there are simple counterexamples to show that the threshold for positivity
of the speed does not. It is thus natural to study the behavior of the model in the case
of Markovian environments, which are intermediate between the i.i.d. and stationary
ergodic cases. We show here that many of the important results from the i.i.d. setting,
including the thresholds for transience and positivity of the speed, as well as the
limiting distribution of the position of the walker, extend to a large class of Markovian
environments. No assumptions are made about the positivity of the cookies.
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1 Introduction and statement of results

Let Q = [0,1)2*N. An excited random walk (ERW) started from position z, in a cookie
environment w = (w(z,1))zezen € € is an integer-valued stochastic process (X,,)n>0
with probability measure P;’ given by

PE)(XQZZCO)ZL

P;J()(Xn+1 = Xn + ]-|X0a e aXn) = W(X7u]n)a
Pr (Xng1 = Xn — 1| Xo, ..., Xp) =1 —w(Xp, In),
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where I, = [{0 < m < n: X,, = X,,}|. The name cookie environment comes from the
following informal interpretation first given in [22]. At each site x € Z we initially place
an infinite stack of “cookies”. The strength of the i-th cookie at site z is w(z, ). Upon the
i-th visit to = the walker consumes the i-th cookie there, which biases it to jump right
with probability w(z, i) and left with probability 1 — w(z, ).

A multi-dimensional form of this excited random walk model was first introduced in
[4], but with only a single cookie per site. Subsequently the model was extended in [22]
to the case of infinite cookie stacks and random environments, for the 1-dimensional
setting, and has since been a topic of substantial interest [10, 2, 3, 8, 12, 1, 13, 9]. For a
good and fairly recent survey the reader is referred to [11].

Henceforth, we will be concerned only with the case of 1-dimensional ERW when the
environment w is itself random. The setup is analogous to the case of classical random
walk in random environment. We first sample w € () according to some probability
measure P on (). Then, conditional on selecting the particular environment w, the
random walk proceeds as described above. For an initial position x € Z, Py is called
the quenched measure of the walk in the environment w, and the averaged or annealed
measure P, is defined by

Py() = / P2 (-)P(dw) = E[P¥()]. (1.1)

Of course, to say anything meaningful about the behavior of the walk under the
averaged measure P, one must put some assumptions on the probability measure P
over cookie environments. The following assumptions have often been used in previous
works:

(IID) The sequence of cookie stacks (w(z,+))zez is i.i.d. under P.
(SE) The sequence of cookie stacks (w(x,)).cz is stationary and ergodic under P.

(BD) The cookie stacks are of uniform bounded height. That is, there exists a determin-
istic M € IN such that w(z,i) =1/2 a.s., foralli > M and = € Z.

(POS) The cookies are positive (or right biased): w(z,i) > 1/2 a.s., for all € Z and
1€ IN.

(ELL) The cookie environment is elliptic: w(x,i) € (0,1) a.s., for all z € Z and i € IN.

If the measure P satisfies either (IID) or (SE) and either (POS) or (BD) then the total
expected drift per site

5= i (2E[w(x,i)] - 1) (1.2)

i=1

is well defined (possibly +0c0) and independent of x, and it turns out that many key
properties of the walk depend on this parameter §. The (ELL) condition is only a
technical assumption that is necessary to avoid certain trivialities, and some weaker
forms have been used instead in certain instances.

1.1 Summary of known results

Here we list some important known results about the ERW model relevant to our
work. Some of these results hold (and were initially stated) with a somewhat weaker
form of ellipticity than the (ELL) condition given above, but these differences will not be
important for us. The following terminology will be used in our statements, as well as in
the statements of the new results that follow in Section 1.2.
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* We say that the random walk (X,,) is recurrent if Py(X,, = 0, i.0o.) = 1, right
transient if Py(X,, — +00) = 1, and left transient if Py(X,, = —o0) = 1.

* We say that the random walk (X,,) satisfies a law of large numbers with velocity
v € Riflim, 00 Xp/n=v, Py a.s. If v # 0, we say the random walk is ballistic.

Theorem 1.1. (Zero-One Law for Directional Transience, Theorem 1.2 of [1])

Assume P is (SE) and (ELL). Then Py(X,, — +o0) € {0,1} and Py(X,, = —o0) € {0,1}.
Theorem 1.2. (Law of Large Numbers, Theorem 4.1 of [11])

If P is (SE) and the conclusion of Theorem 1.1 holds, then (X,,) satisfies a law of large
numbers with some velocity v € [—1,1]. In particular, if P is (SE) and (ELL), then (X,,)
satisfies a law of large numbers.

Theorem 1.3. (Transience vs. Recurrence Threshold)

(i) (Theorem 1 of [10]). Assume P satisfies (IID), (BD), and (ELL) and let § be as in (1.2).
Then (X,,) is recurrent if § € [—1,1], right transient if § > 1, and left transient if § < —1.

(ii) (Theorem 12 of [22]) Assume P satisfies (SE), (POS), and (ELL) and let 6 be as in (1.2).
Then (X,,) is recurrent if § € [0, 1] and right transient if 6 > 1.

Theorem 1.4. (Ballisticity Threshold, Theorem 2 of [10])
Assume P satisfies (IID), (BD), and (ELL) and let 6 be as in (1.2). Also, let v be the
velocity from Theorem 1.2. Thenv =0ifé € [-2,2],v > 0ifd > 2, andv < 0 if§ < —2.

Theorem 1.5. (Limit Laws, Theorem 6.5 of [11]) Assume that P satisfies (IID), (BD), and
(ELL) and let ¢ be as in (1.2). Also, let v be the velocity from Theorem 1.2. For « € (0, 2]
and b > 0, let Z, , be a random variable with totally asymmetric stable law of index «,
defined by its characteristic function

) —blt|¥(1 —it T t 1
oalt) = Bl = { LT = ten (5 en(0)], 21, (1.3)
exp [ — blt[(1+ Zlog|tlsgn(t))], a=1.
(Note that Z, ;, is simply a normal random variable with mean 0 and variance 2b.)
(i) If 6 € (1,2) then there is some b > 0 such that
Xn (Zs)25) %% in distribution, as n — oo (1.4)
nd/2 §/2,b 4 . .

(ii) If § = 2 then there exist constants a,b > 0 and a sequence I'(n) ~ an/log(n) such
that

X, —T(n)
2

— —Z1p in distribution, as n — oo. (1.5)
a’n/log=(n) ’

(iii) If 6 € (2,4) then there is some b > 0 such that

X, —un

— 575 — —Z5/2,p in distribution, as n — oo. (1.6)
n

(iv) If 5§ = 4 then there is some b > 0 such that
X, —un

— Zop in distribution, as n — oo. (1.7)
nlog(n)

(v) If§ > 4 then there is some b > 0 such that

X, —un
vn

— Zyp in distribution, as n — oo. (1.8)
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Remark 1.6. Analogous results to Theorem 1.5 hold in the case of negative § by symme-
try.

Remark 1.7. Reference [11] is a review paper and many of the results there were
proved earlier in other places (either partially or completely). Case (v) of Theorem 1.5
was originally proven in [10]. Cases (iii) and (iv) were originally proven in [8]. Case (i)
under some stronger hypothesis was first shown in [3]. The extension to the (IID), (BD),
(ELL) case follows from the same methods used in [8], as noted in that work.

Remark 1.8. If the cookie stacks are unbounded and negative cookies are allowed then
¢ is not necessarily well defined. However, recent work in [13] and [9] has considered
extensions of the parameter ¢ to certain unbounded environments with both positive and
negative cookies. Specifically, in [13] the authors consider deterministic, periodic cookie
stacks, which are the same at each site x. Then, in [9] this model is extended to the case
where the cookie stack (w(x,1));en at each site z is a finite state Markov chain, started
from some distribution 7 that is the same for all x. In this latter case of Markovian cookie
stacks, analogs of Theorems 1.3, 1.4, and 1.5 are all proved for the random walk (X,,), in
terms of some parameters § and §, which are generalized versions of the ¢ given in (1.2)
and its negative. This work extends many of the old results from (IID), (BD), and (ELL)
environments by removing the (BD) assumption while maintaining the (IID) assumption.
Our Assumption (A) presented in the following section will go in a somewhat different
direction. We will maintain the (BD) assumption, but weaken the (IID) condition.

1.2 Statement of new results

In light of Theorems 1.3-(i), 1.4, and 1.5 we see that the behavior of the random
walk (X,,) is fairly well understood in the case of (IID), (BD), and (ELL) environments.
On the other hand, much less is known if the (IID) assumption is weakened to (SE). A
zero-one law for directional transience and law of large numbers still hold, but it is
generally not well understood when the walk will be transient or ballistic. In the case
that the cookies are all positive, Theorem 1.3-(ii) implies that the same threshold for
transience as the (IID) case holds, without the boundedness assumption on the cookie
stacks. However, even in the case of bounded cookie stacks, it is still unknown whether
the same transience/recurrence threshold is always valid for (SE) environments with
both positive and negative cookies. Furthermore, there are simple counterexamples
(given in Section 1.3) which indicate that the ballisticity threshold of Theorem 1.4 is not,
in general, valid for (SE) environments, even if (BD), (ELL), and (POS) are all assumed.

It is thus reasonable to wonder if there are classes of non-(IID) environments for
which an explicit characterization of the behavior of the random walk (X,,) is possible,
similar to the (IID) case. A natural first step in this direction is to consider Markovian
environments, and we will show that in fact Theorems 1.3-(i), 1.4, and 1.5 all extend to a
large class of Markovian environments.

Definition 1.9. Let S be a countable (either finite or countably infinite) set, and let
(S,) be a discrete time Markov chain on state space S with transition matrix K =
{K(s,8')}s,s7es. The Markov chain (S,,) is said to be ergodic if it is irreducible, aperiodic,
and positive recurrent. In this case (see [14, Theorem 21.14]), there exists a unique
stationary distribution m on S satisfying m = 7K, and

lim |K"(s,:) —7|l7v =0, foreachs € S, (1.9)
n— oo

where |u — v|rv = 3|l — v||1 is the total variational norm between two probability
distributions p and v on S. The Markov chain (S,,) is said to be uniformly ergodic if the
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rate of convergence in (1.9) is uniform in the initial state. That is, if

lim [sup||lcn(s,-) - w\\TV} =0. (1.10)
SES

n—oo

Of course, all irreducible, aperiodic Markov chains on a finite state space are uni-
formly ergodic, and many natural positive recurrent Markov chains on a countably
infinite state space are also uniformly ergodic. The positive recurrent assumption is
clearly necessary to give some asymptotic form of stationarity for the Markov chain (.5,,),
which, in attempt to partially extend from (IID) environments to (SE) environments, is
what we will want to have.

For given M € IN, we denote by Sj, the set of all elliptic cookie stacks of height M:

Sy =1{s=(s(2))ien : s(i) € (0,1) fori=1,..., M and s(i) = 1/2 for i > M}.

If S C S;; and (Sk)kez is a stochastic process taking values in S, then we can define a
bounded, elliptic cookie environment w = (w(k, i))kez, iew by

w(k,i) = Sk(i) , k € Z and i € IN. (1.11)

In the theorems below we will always make the following assumption on our cookie
environments.

Assumption (A)

The probability measure P on cookie environments w € 2 is the probability measure
obtained when w is defined by (1.11) and the process (Sk)recz is as follows: M € Nis a
positive integer, S C S}, is a countable set, and (Si)kez and (Ry)rez are both uniformly
ergodic Markov chains on the state space S, where Ry = S_g, k € Z.

Remark 1.10. If (S;) is an ergodic Markov chain on a countable state space S, then
the reversed process (Ry) defined by R, = S_j, k € Z, is also always an ergodic
Markov chain. However, if (Si) is a uniformly ergodic Markov chain, then the reversed
process (Ry) is not necessarily uniformly ergodic. We assume explicitly that both the
stack sequence (Sy) and its reversal (Ry) are uniformly ergodic Markov chains, so that
our Assumption (A) is symmetric with respect to spatial directions of the model. This
condition is satisfied in many natural cases, e.g. when the Markov chain (S) is uniformly
ergodic and reversible, or when the state space S is finite and (S%) is irreducible and
aperiodic.

With our current methods of proof, this symmetric assumption of bi-directional
uniform ergodicity is necessary for a complete extension of the results from the (IID)
setting given in Theorems 1.3-(i), 1.4, and 1.5. If one assumes instead only that (Sy) is
uniformly ergodic (or only that (R}) is uniformly ergodic) then the transience/recurrence
characterization of Theorem 1.3-(i) still extends fully (with only minor modifications
of the proof given in this paper). However, the results of Theorem 1.4 on ballisticity
and Theorem 1.5 on limiting distributions do not quite fully extend (only one-sided
versions are available, for 6 > 0 when (Ry) is uniformly ergodic, or for § < 0 when (S)
is uniformly ergodic).

In the case Assumption (A) is satisfied we will denote the transition matrix for the
Markov chain (S;)kez by K = {K(s,s')}s s and the marginal distribution of Sy by
¢ = (¢(s))ses. Together the pair (K, ¢) completely determines the law of the process
(Sk), and, hence, the probability measure P. If ¢ = « is the stationary distribution of the
Markov chain, then (S)kez is a stationary and ergodic stochastic process. Thus, the (SE)
assumption is satisfied for the environment w, and the § defined in (1.2) is, indeed, well
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defined. If ¢ # , then the process (Sk)kcz is no longer stationary, so the definition (1.2)
is no longer directly applicable, because it is not the same for each site z. Nevertheless,
asymptotically, for |k| large, Si has distribution close to 7, whatever the distribution ¢
on Sy is. We, thus, extend the definition of § as follows when Assumption (A) is satisfied:

M

5= m(s)-6(s) where 4&(s)=) (2s(i)—1) = (2s(i)—1). (1.12)

seES i=1 i=1

Our first theorem gives a threshold for transience vs. recurrence of the random walk
(X,), analogous to Theorem 1.3.

Theorem 1.11. Assume that Assumption (A) is satisfied for the probability measure P
on cookie environments, and let § be as in (1.12). Then the ERW (X,,),>¢ is recurrent if
0 € [-1,1], right transient if 6 > 1, and left transient if 6 < —1.

Our next theorem gives a threshold for ballisticity of the random walk, analogous to
Theorem 1.4.

Theorem 1.12. Assume that Assumption (A) is satisfied for the probability measure P
on cookie environments, and let 6 be as in (1.12). Then there exists a deterministic
v € [-1,1] such that X,,/n — v, Py a.s. Moreover, v =0 ifé € [-2,2], v > 0if§ > 2, and
v<0ifd < —2.

Our final theorem characterizes the limiting distribution of (X,,), analogous to Theo-
rem 1.5.

Theorem 1.13. Assume that Assumption (A) is satisfied for the probability measure
P on cookie environments, and let 6 be as in (1.12). Also, let v be the velocity of the
random walk (X,,) as in Theorem 1.12. Then (i)-(v) of Theorem 1.5 all hold.

Remark 1.14. Just as for Theorem 1.5 in the (IID) case, analogous results to Theorem
1.13 also hold in the case of negative §. This follows from the fact that Assumption (A)
is preserved when spatial directions of the model are interchanged (see Remark 3.4
below).

Remark 1.15. In fact, Assumption (A) in Theorems 1.11-1.13 can be weakened to the
somewhat more general hidden Markov Assumption (B) given below. The proofs are
essentially unchanged; it is only for convenience of notation and language that our proofs
are written using Assumption (A) instead of (B).

Assumption (B)

The probability measure P on cookie environments w € 2 is the probability measure
obtained when w is defined by (1.11) and the process (S)rez is as follows: (Zj)kez is a
uniformly ergodic Markov chain on a countable state space Z such that the reversed
Markov chain (Z_j)iez is also uniformly ergodic, M € N is a positive integer, S C S}, is
a countable set, and S, = f(Z;) where f : Z — S is some observation function (f not
necessarily 1-1).

1.3 Counterexamples

In this section we present three closely related counterexamples, which indicate that
the threshold for positivity of the speed given in Theorem 1.4 (and also as a consequence
the limiting distributions presented in Theorem 1.5 when 4 > 2), do not extend as far
as one might hope from the (IID), (BD), (ELL) case. The first example shows that the
threshold for ballisticity does not in general hold for (POS) and (SE) environments. The
second, which is a modification of the first, shows that the same conclusion is true if one
adds (BD) and (ELL) to the (POS) and (SE) assumptions. These examples are known,
see e.g. [11, Example 5.7] (and also [15, page 290] for an earlier and somewhat related
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example). The final example, which we present here for the first time, is a modification
of the second. It shows that if one considers Markovian environments as in Assumption
(A) with bounded and elliptic cookie stacks, but assumes only that the Markov chain
(Sk)kez is ergodic (rather than uniformly ergodic), then again the threshold of Theorem
1.4 for ballisticity is not in general valid!. Thus, our uniformly ergodic assumption on
the Markov chains (S;) and (Ry), or at least some assumption beyond ergodicity, is
necessary for the (IID) results to translate completely.

The following definition and lemma on monotonicity of the speed will be needed for
our examples.

Definition 1.16. If w;,ws € Q) are two cookie environments, we say that w; dominates
we ifwy(x,1) > wa(x,i), forallz € Z and i € . If P, and P, are two probability measures
on ), we say that P; dominates P, if there exists some joint probability measure P on
Q x Q with marginals Py and P, such that P({(wy,ws) € Q% : w; dominates w,}) = 1.

Lemma 1.17 (Special case of Proposition 4.2 from [11]). Let P, and P be two (SE) and
(ELL) probability measures on ) such that P; dominates P5, and let v, and v, be the
corresponding velocities of the associated ERWs (as in Theorem 1.2). Then vy > vs.

Example 1. Define cookie stacks sg and s; by so(i) = 1 for all ¢ € IN, s;(i) = 1/2 for
all 7+ € IN. That is, sg is an infinite stack of completely right biased cookies, and s; is
an infinite stack of “placebo cookies” which induce no bias on the random walker. Let
S = {s0, 51}, and let (S)rez be a stationary and ergodic process taking values in S such
that the intervals between consecutive occurrences of sy in the process (Sy) are i.i.d.
Define the random environment w € Q by (1.11). Also, define 7 = inf{k > 0: Sx = so}
and 7,41 = inf{k > 7, : Sy = so}, for¢ > 1, and let T; = inf{n > 0: X,, = 7;}. That is,
T; is the time at which the walker first reaches the i-th position to the right of 0 which
has an sy stack. Assume that the distribution of the random variable (7, — 71), i.e. the
distribution of the distance between consecutive occurrences of stack sg in the process
(Sk), is such that E(r, — 71) < oo, but E ((72 — 71)?) = oc. Then the following all hold.

1. 6 =00 > 2.
2. E(Tg —T1) = 00, since E(T2 —T1|7'2 —T1 Zé) = EQ.

E(TQ — 7'1)
E(Ty —Ty)

Example 2. Let M € N and p € (1/2,1), and modify Example 1 so that the stack s
is defined as follows: s¢(i) = p fori = 1,..., M and s¢(i) = 1/2 for ¢ > M. Then the
natural coupling between environments shows that the probability measure P; on cookie
environments from Example 1 dominates the new probability measure P;. Thus, by
Lemma 1.17, v < v; = 0, where v; and v, are the associated velocities of the random
walks. This construction works for any M € IN, and so we may choose M sufficiently
large that 6 = M(2p — 1)/E(m2 — 1) > 2 in the new modified case. Then we have a
(SE), (POS), (BD), (ELL) probability measure on cookie environments with velocity 0, but
0> 2.

=0.

3. v =limy oo Xpn/n = limy_yoo 73/T; =

Example 3. Let sy, s; and the process (Si)rez be as in Example 2. Assume that M is

sufficiently large that % > 3, and that the distribution of (72 — 71) has support on

all of N. Let S = {5, : j > 0} where the stacks 3; are defined by 5, = s and, for j > 1,

1
5,(1) =1/2 — 5; and 5;(i) =1/2, i > 1.

1In fact, although this is not explicit in their descriptions, the first two examples are of the hidden Markov
type as in Assumption (B), but where the underlying Markov chain (Z})x >0 is not uniformly ergodic.
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Now, define a new process (§k)kez from the process (Si)kez by the following projection:

Sk =358, where j =k —(and { =sup{m < k:S,, =s0}.

Thus, §k is equal to 3y if S, = sg, and otherwise §k equals s; where j is the number of
tijne steps since the last occurrence of s for the process (S, )mez. With this construction
(Sk)kez is a Markov chain with transition probabilities

P(§k+1 = §O|§k¢ = §j) = P(’TQ —T1 :]“r 1‘7—2 —T1 >j)7
P(gk_»,_l = §j+l|§k = §j) = P(TQ -7 >J+ 1|7'2 —T1 >.7)

Moreover, the state space S of this Markov chain has only bounded, elliptic stacks, and
the Markov chain (Sy,) itself is stationary (since (Sj) is), irreducible and aperiodic (since
(t2 — 71) has support on all of IN), and positive recurrent (since F(m — 7-12 < 00). Finally,

for the probability measure P; on environments w constructed from the (.Sj) process and
associated parameter ¢ the following hold:

1. P3 is dominated by the probability measure P, from Example 2. Hence, by Lemma
1.17, v3 < vy = 0, where v3 and v, are associated velocities.

2. Let 6(5;) = >_;=1(28;(i) — 1) be the net drift in stack §;, and let 7 = (7;),>0 be
the stationary distribution of the Markov chain (Sy). Then 6(5p) = M (2p — 1) and
—2/3 = (5(51) < (5(52) < 5(55) <..., SO

0= Zﬂ—jé(gj) > 7T05(§0) + Z’iTj(S(gl)
Jj=0 J=1

:éM(Qp—l)—&— [1—

E(TQ*’H) E(TQ*Tl)

} (—2/3) > 2.

In summary, the stack sequence (§;€)kez (hence also the reversed sequence (Ek)kez)
are stationary and ergodic Markov chains, and § > 2, but the velocity v3 < 0. So, the
ballisticity threshold of Theorem 1.12 does not extend to the case when the sequence of
cookies stacks is simply an ergodic Markov chain rather than a uniformly ergodic one.
Indeed, to the best of our knowledge, it is not even known for this example whether the
walk is transient or recurrent since the environment does not satisfy the (POS) condition
(and, thus, Theorem 1.3-(ii) is not applicable).

1.4 Outline of paper

An outline of the remainder of the paper is as follows. In Section 1.5 we introduce
some basic notation and conventions that will be used throughout. In Section 2 we review
a well known connection between ERW and certain branching processes, called the
forward branching process and backward branching process. We also introduce some
related processes, which are easier to analyze, and give some concentration estimates
and expectation and variance calculations for these related processes. In Section 3
we prove Theorem 1.11. The proof is based on the connection between the ERW and
forward branching process, and follows the general approach used in [13]. In Section
4 we prove Theorems 1.12 and 1.13. The proofs are based on a connection between
the ERW and backward branching process and follow the general approach used in
[8], [9]. Central to these arguments is a diffusion approximation limit for the backward
branching process introduced in [8]. The proofs of several technical results are deferred
to the appendices.

EJP 23 (2018), paper 43. http://www.imstat.org/ejp/
Page 8/60


http://dx.doi.org/10.1214/18-EJP155
http://www.imstat.org/ejp/

Excited random walk in a Markovian environment

1.5 Notation

The positive integers are denoted by IN (as above), and the non-negative integers by
INy. The infimum of the empty set is defined to be oo, and Zf:j z; =0, for any j > k and
sequence (z;). For a stochastic process Z = (Z,,)n>0, 72 = inf{n > 0: Z,, = z}. The same
notation is also used for a continuous time process (Z(t));>o with continuous sample
paths. For sequences of real numbers (a,), (b,) we write a,, ~ b, if lim,_, o a,, /b, = 1.
Similarly, f(z) ~ g(z) means lim,_, f(z)/g(xz) = 1, for real valued functions f and g.
Constants of the form ¢; are assumed to carry over between the various propositions
and lemmas throughout. Other constants C, ¢, C;, K, ... etc. are particular only to the
specific lemma or proposition where they are introduced.

Unless otherwise specified it is assumed in the remainder of the paper that Assump-
tion (A) holds for the probability measure P on cookie environments. The stack height M,
state set S C Sj,, and transition matrix K for the Markov chain (Sy)xez are all assumed
to be fixed. The marginal distribution of Sy (according to P) is denoted by ¢, and the
stationary distribution of the Markov chain (Sy) is denoted by 7. Also, ¢ is given by
(1.12). By a slight abuse of notation, we will use P as the probability measure for the
Markov chain (S%) itself, as well as the environment w derived from it according to (1.11).
The probability measures P, s € S, and P, are the modified probability measures for
the Markov chain (S) (or equivalently for the environment w) when Sy = s or Sy ~ 7

P,()=P(|So=s) and P ()= =(s)P,().
seS
Expectations with respect to P, and P, are denoted by E; and E,, respectively, and the
corresponding averaged measures for the random walk (X,,) started from position x are

Prs() =E[PP()] and Ppx(-) = Ex[Pr()].

The probability measure P and corresponding expectation operator IE will be used
generically for auxiliary random variables living on outside probability spaces, separate
from those of the environment w and random walk (X,,).

2 Branching processes

In this section we introduce our main tool in the analysis of the ERW, which is
a connection with two related branching processes known as the forward branching
process and backward branching process. The definition of the forward branching
process is given in Section 2.1, and the definition of the backward branching process
in Section 2.2. Some related branching processes which are easier to analyze are
introduced in Section 2.3. Various concentration estimates and expectation and variance
calculations for some of the related branching processes are given in Section 2.4.

2.1 The forward branching process

The construction of both the forward and backward branching processes is based on
the coin tossing construction of the ERW introduced in [10]. For a fixed environment
w € Q, we initially flip an infinite sequence of coins at each site k, where the i-th coin
at site k has probability w(k,i) of landing heads. The walker begins its walk at some
given site x, and if it ever reaches site k for the i-th time, then it jumps right if the
i-th coin toss at site k£ was heads and left otherwise. More formally, let gf, k € Z and
i € IN, be independent random variables such that ¢ has Bernoulli distribution with
parameter p = w(k,i). Then the random walk (X,,),>¢ started from position z in the
given environment w can be constructed from the £¥’s as follows:

Xo=2 and X, 41 = (25" —1)+ X, (2.1)
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where I,, = [{0 < m < n: X, = X,,}|. We will say that ¢¥ is a success if £&& = 1 (i.e.
heads) and a failure if §f = 0 (i.e. tails). The forward branching process (Uy),>o started
from level uy € INg is defined by

Us = uo and Upyy = inf {m S e =0y = Uk} — U 2.2)
=1

That is, U4 is the number of successes in the sequence (§f+1)iew before the Ui-th
failure?. If we define G¥ to be the number of successes in the sequence (§f)jem between
the (¢ — 1)-th and i-th failures then we have, for each k > 0,

U
Ukt1 = ZG?+17 where (Gi—“)i>M’k21 are i.i.d. Geo(1/2) random variables. (2.3)
i=1

Thus, the process (Ux)r>0 may be seen as a type of branching process with a time de-
pendent migration term. More precisely, the k-th step of the process may be interpreted
as a combination of the following 3 things:

e First, U A M individuals emigrate out of the population before reproducing.
e Then, all remaining individuals (if any) have a Geo(1/2) number of offspring inde-
pendently.

¢ Finally, ZEJ:’“{\ M Gf“ individuals immigrate into the population after reproduction.

Now, this construction for the process U = (Uy)x>0 has been for a fixed environment
w, but one can also consider the same process when the environment w is first chosen
randomly according to some probability measure. We will denote by PuUO’“ the probability
measure for the process U started from level ug in a fixed environment w, as constructed
above, and by Pﬁ{] s the probability measure for the joint process (U, Sk)k>0 when Uy =
up and Sy = s. That is, we first sample (S)rez according to P, to get an environment
w = (w(k,9))kezien = (Sk(i))kez,icn, and then we sample (Uy)r>o according to PI%"”.
This two step procedure gives a joint measure on? (U, Sk)k>0 which is the measure
P .. The measures P _and PJ are the averaged measures when S, is distributed

up,s* uQ,m
according to 7 or ¢, respectively:

P A()=) ()P () and  PL() =) o(s)Pr ()

seS seS
Under any of these measures P ., P , and PU the joint process (U, Sk)r>o is a
time-homogeneous Markov chain with transition probabilities p?u P ) = Prob(Ug41 =
uw', Sp+1 = r'|Ug = u, S, = r) given by
oy arry = K )P (U = o), (2.4)

where K is the transition matrix for the Markov chain (Sj) and w,- is the deterministic
environment with stack ' at each site: w,(z,7) = r/(i), forall z € Z and i € IN.

The main interest in the forward branching process is its connection to a related
process (U} )r>1 defined by

Up={0<n<7 : Xy =k, Xpp1 = k+1}].

Clearly, survival of the process (U}), i.e. occurrence of the event {U; > 0,Vk > 0}, is
closely related to right transience of the random walk (X,,). The following lemma is
standard, but we will provide a proof for the convenience of the reader.

2In the case Uy = oo (when (2.2) is no longer directly meaningful) we will extend this interpretation, so that
Uj+1 is then defined to be the total number of successes in the sequence (€f+1)i€]N~

3Note that the process (Uk)k>0 depends only on Si(i) = w(k,i), for i,k > 1. So, we do not need to
completely specify w to construct (Uy)x>0. It is sufficient to consider (Sg)x>0.
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Lemma 2.1. Assume the process (Uy)r>o is started from level uo = 1 and that (X,,)n>0
is started from position Xg = 1. Then, for any realization of the random variables
(ff)k:ez,iem, U,; < Uy for all k > 1. Moreover, for any realization of the random variables
(£F)kez,iew such that 7 < oo, U], = Uy, for all k > 1.

Note: The lemma does not specify anything about the probability measure on the
environment w. The relation between Uy, and Uj, is a deterministic function of the values
of (¢¥)rez.iew, from which both processes (Uy) and (U}) are constructed.

Proof. First fix a realization (£)rezen such that 7% < oo. By definition U] is the

number of right jumps from site 1 before time 7;*, which (if 75* < o00) is simply the
number of right jumps from site 1 before the first left jump from this site, or equivalently
the number of successes in the sequence (£});cn before the first failure. Since we
assume ug = 1, the latter quantity is exactly U;, so we have U; = U;. Now suppose
that Uy, = U, = m > 0, for some k > 1. Then, by the definition of the (UJ’) process, the
random walk (X,,) must jump right from site k exactly m times prior to time 75°. Thus,
the walk must jump left from site k + 1 exactly m times prior to time 7;*. Thus, the
number of right jumps from site & + 1 prior to time 75° is exactly the number of right
jumps from site k + 1 before there are m left jumps from it, or equivalently the number
of successes in the sequence (ff“)iem before the m-th failure. Since U}, = m, this shows
that U}, +1 = Uk41. It follows, by induction, that U, =U forall k > 1.

Now, fix a realization (£F)rcz.ien such that 7¥ = co. Then, for each k > 1, Uj is
simply the total number of right jumps from site k£ by the random walk (X,,). Because
the walk never jumps left from site 1, the total number of right jumps from site 1 is at
most the number of successes in the sequence (£});cw before the first failure. So, we
have U] < U,. Now suppose that U, = ¢ and U;, = m for some 0 <m < ¢ < oo and k > 1.
If m = 0, then the walk never jumps right from site k, so it never reaches site k + 1, so
Upr1 = 0,50 Uj | < Ugyr. If 1 <m < oo, then the walk jumps right from site k exactly
m times total, so either it jumps left from site k + 1 exactly (m — 1) times or it jumps left
from site k + 1 exactly m times and never returns to site k£ + 1 after the m-th left jump.
Either way, the total number of right jumps from site £ + 1 can be at most the number of
successes in (gf“)iem before the m-th failure, which is at most the number of successes
in (§f+1)iem before the /-th failure. Hence, again, Uy ; < Ug1. Finally, if m = oo then
the walk must jump right from site k infinitely many times, so it must jump left from site
k + 1 infinitely many times, so it must visit site k + 1 infinitely often, so the total number
of right jumps from site k + 1 is simply the total number of successes in the sequence
(Ef“)iem, which is equal to Uy (since £ = oo, with m = oo and ¢ > m). Thus, in all
possible cases Uj, ; < Uy, so it follows, by induction, that U;, < Uy for all k£ > 1. O

In Appendix A we will prove the following basic fact using a finite modification
argument.

Lemma 2.2. Define AT = {X,, > 0,Vn > 0 and lim,,_,., X,, = +oo}. Then, for each
re€WNands €S, P, s(A") > 0 if and only if P, (X,, — 4+00) > 0.

Using this fact along with Lemma 2.1 and Theorem 1.1, we now establish an explicit
criteria relating transience/recurrence of the random walk (X, ) to the forward branching
process (Uy). This criteria will be used to prove Theorem 1.11 in Section 3. For the
statement of the lemma recall that P (-) is the joint probability measure for (Ug, Sk)r>0
when U() = Ug and S() = S.

Lemma 2.3. The following hold:

If3s € S such that P/ (Uy, > 0,Vk > 0) > 0, then Py(X,, — +00) = 1.
If3s € S such that P/ (U, > 0,Vk > 0) = 0, then Py(X,, — +o0) = 0.
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Proof. We will say that “Uj survives” if U, > 0 for all k¥ > 0, and similarly for U,;. Also,
we extend the probability measure P, ; for the random walk (X,,) to the process (U))
derived from it. By Theorem 1.1, P, »(X,, = +00) = Py (X, — +00) € {0,1}. Since
m(s) > 0 for all s € S, this implies that either

(@) P (X, & +00) = Py (X, > +o0) =1, foralls € S, or
(b) Py o(X,, — +00) = Py (X, = +00) =0, forall s € S.

We consider these two cases separately.

Case (a):

In this case, it follows from Lemma 2.2 that P, ;(A") > 0, for each s € S. Hence,
Py (U], survives) > 0, for each s € S. By Lemma 2.1 this implies P{, (Uj survives) > 0,
for each s € S.

Case (b):

Since w(z,i) = 1/2 for each ¢ > M and « € Z, P, a.s., we have P ;(liminf,, . X,, =) =
0, for each z € Z. Thus, if P, (X, — +o0) = 0 for each s € S, then P, ;(liminf, , X,, =
—o0) =1 for each s € S, and in particular, PLS(TOX < o0) =1foreach s € S. By Lemma
2.1 and the definition of the (U},) process this implies P{/, (U survives) = 0 for each s € S.

Thus, we have established the following dichotomy: Either

(@) P{{S(Uk survives) > 0 for each s € S and (a) holds, or
") Pfs(Uk survives) = 0 for each s € S and (b) holds.

Since Py(X,, — +oo) = 1 if (a) holds, and Py(X,, — +o0) = 0 if (b) holds, this establishes
the lemma. O

2.2 The backward branching process

Let the random variables (Ef)kez,iem be as above in Section 2.1. We continue to
assume the random walk (X,,) is constructed from these random variables using (2.1).
Also, we recall that (Ry)rez is the spatial reversal of the stack sequence (Si)rez:

R =S5_4 s keZ. (2.5)

The backward branching process (Vi),>o started from level vy € Ny is defined by
Vo= vy and Vigi = inf{m S MY =1y =i+ 1} — (Vi +1). (2.6)
i=1

That is, Vi1 is the number of failures in the sequence (§f(k+1))i€m (i.e. at stack Rj1)
before there are Vj, + 1 successes. If we let HF be the number of failures in the sequence

(fj_k)jE]N between the (i — 1)-th and i-th successes then

Vi+1
Vir1 = Z Hf“, where (H‘k)i>M,k21 are i.i.d. Geo(1/2) random variables. 2.7)

%
i=1

Thus, by similar reasoning as for the forward branching process (Uy),>0, this process
(Vi)k>0 may also be seen as a type of branching process with a time dependent migration
term.
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In fact, the definition of the backward branching process (V}) is almost exactly sym-
metric to the definition of the forward branching process (Uy) with successes replaced
by failures and Sj replaced by Ry, but there is one notable difference: In the backward
process we count failures until Vj, 4+ 1 successes, whereas in the forward process we only
count successes until Uy failures. This “+1” is important, because it means that 0 is not
an absorbing state for the process (V}), as it is for the process (Uy).

Our interest in the backward branching process stems from the following lemma
about down crossings. The analog in the case of (IID) environments is well known.

Lemma 2.4. Assume that § > 1 and Xqg =V, =0. Forn € N and k < n, let
Durp=H0<m<1: Xy =k Xpny1 =k— 1}

be the number of down crossings of the edge (k,k — 1) by the random walk (X,,,) up to
time 7.X. Then (Vy, Vi, ...,V,) and (Dy.n, Dpn—1,- - -, Dno) have the same distribution if
the environment w is chosen according to the stationary measure P;..

Proof. Since we assume that § > 1, it follows from Theorem 1.11 that T,f( is Py r a.s.
finite* for each n. Fix n € IN and any realization of the random variables (ff )kez,icN Such
that 7 is finite. Then, define &¥ = ¥+, for k € Z and i € N. Let D, x, 0 < k < n, be as
in the statement of the lemma when the random walk (X,,,) is generated according to
the specific fixed values of (£F)ycz.ien, and let (Vk)kzo be defined as in (2.6) with vy = 0,
but ff(kﬂ) replaced with E;(’””. We claim that, in this case, D, ,—; = Vk, for each
0<k<n.

The proof is by induction on k. For & = 0 we have Vo = 0, by assumption, and
D,, , =0, since the walk cannot down cross the edge (n,n — 1) before first hitting site n.
Now assume D,, ,,_j = ‘71@ = /¢ for some 0 < k < n and ¢ > 0. Then the walk (X,,) must
jump left from site n — k exactly ¢ times prior to time Tj( . Thus, the walk must jump right
from site n — (k + 1) exactly ¢ + 1 times prior to 7,%. Thus, the number of left jumps from
site n — (k + 1) prior to time 7;* is exactly the number of left jumps from site n — (k + 1)

n

before the (¢ + 1) — th right jump. So, we have:

Dy n—(k41) = # left jumps from site n — (k + 1) prior to time 7,

= # left jumps from site n — (k + 1) before (¢ + 1)-th right jump
n—(k+1)

%

gi—(k“f‘l)

# failures in (¢ )ien before (£ + 1)-th success

= # failures in ( )iew before (£+ 1)-th success

# failures in (a—(kﬂ))iem before (V}, + 1)-th success
= Vi1

This completes the proof that D,, ,_; = ‘N/k, for each 0 < k < n, using the specific
fixed values of (¢¥),ez.icn and associated values of £ = ¢+", The lemma now follows
since (Sy)rez is stationary under P, so the stochastic process (£F)rez.ien has the same
distribution as the process (55*”);66%’1-611\1. O

The importance of the down crossings is their relation to hitting times for the random
walk (X,,). If Xo =0, then for each n € N

X =n+42Y Dup=n+2> Dnp+2) Dup (2.8)
k<n k=0 k<0

4Theorem 1.11 will not be proved till later in Section 3, but the proof uses only the forward branching
process described above, and is thus independent of the development in this section. The theorem is stated
when w is chosen according to P = Py, rather than P, but ¢ is allowed to be any initial distribution on S in
the theorem. So, in particular, the conclusion is valid when ¢ = 7.
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If § > 1, so that the random walk is right transient, then lim,, o, > k<0 D, 1. is a.s. finite,
and thus the asymptotic distribution of 7;¥ is determined by the asymptotic distribution
of ZZ:O D, . By Lemma 2.4, the latter sum has the same distribution as ZZ:O Vi
(assuming that ¢ = 7). The general proof strategy for Theorems 1.12 and 1.13 is to
analyze asymptotic properties of ZZ:O V., relate these to asymptotic properties of the
hitting times 7;¥, and then relate those to asymptotic properties of the random walk (X,,)
itself. This basic approach has been employed many times before in the study of excited
random walks, e.g. [10], [3], [8], [9]. (See also [7], [20], [21], and [18] for similar uses of
branching processes in analyzing one dimensional self-interacting random walks and
random walk in random environment.)

In the sequel we will use the following notation for the backward branching process
V = (Vi)k>0, similar to that for the forward branching process (Uk)i>0- P%’w is the
probability measure for (V;),>o started from level vy in a fixed environment w, and, for

ses, PUVO < is the probability measure for the joint process (Vi, Ry )r>0 when V = vy and

Ry = s. The measures P, . and P, are defined by
Py ()= w(s)Py () and =Y o(s)Py
seES seS

Under any of these measures P ., P , and P) the joint process (Vie, Ri)ik>0 is a

V0,8’ v,

time-homogeneous Markov chain with transition probablhtles p(v D) = = Prob(Vj41 =
V', Ri41 = r'|Vi = v, Ry = r) given by

pX’:r)(U’:r’) = ’E(?ﬁ TI)PJ/MN (V1= U/)’ (2.9)

r) -

where K is the transition matrix for the Markov chain (R;) given by K(r,r’) = K(r’/
w(r’) =

(i),

i and w, is the deterministic environment with stack r' at each site: w;/(x,1)
forallz € Z and i € IN.

2.3 Related processes

The branching processes (Uj) and (V) are difficult to analyze directly because their
transition probabilities depend on the underlying environment w, and therefore these
processes are not Markovian when w is chosen randomly according to P (or P, or Py),
and are not time-homogeneous in a fixed environment w. In this section we introduce
some simpler related processes, which are both Markovian and time-homogeneous and,
thus, easier to analyze.

2.3.1 The processes (ﬁk)kzo and (‘A/k)kzo

Throughout this section and the remainder of the paper s € S is an arbitrary but fixed
stack. We define stopping times (74 )x>0 and (7)x>0 by

7o =1inf{j >0: R; = s} and 71 = inf{j > 7, : Rj = s}, k > 0; (2.10)
To=1inf{j >0:85; =s}and 7, =inf{j > 7 : S; =s}, k>0. (2.11)

Then we define processes (‘A/k)kzo and (ﬁk)kzo by
Vi=V, and U,=U,. (2.12)

In other words, the processes (‘A/k) and (ﬁk) are constructed from (V4) and (Uy) by
observing the latter only at times j when R; = s or S; = s, respectively.
Since the process (U, Sk )r>0 is a time-homogeneous Markov chain (under PU , PU

x,m’
and Px - 7 €8) and the process (V, Ry k>0 is a time-homogeneous Markov chain (under
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PY, P/, and P},), the processes (Up)k>0 and (Vi)r>o are also time homogeneous

z,m

Markov chains (under these same measures) with transition probabilities®

PY (Uks1 = ylU = 2) = PY(Upsr = y|Ux = 2) = PY (U1 = y|Uy = 2) = PY,(U,s = y),

(2.13)
PY,(Viwr = y|Vie = 2) = B (Vi = y[Vie = 2) = BY (Vs = y|Vie = 2) = PY(Vor = )
(2.14)

for z,y, z, k € Ny, where (in accordance with our conventions in Section 1.5)

5 =inf{j >0:5; =s} and 7 =inf{j>0:R;=s}

S

In words, the probability of transitioning from z to y for the Markov chain (ﬁk) is the
probability the process (Uy) transitions from level z to level y during the time period
that the process (S;) makes one excursion from state s. Similarly, the probability of
transitioning from z to y for the Markov chain (V}) is the probability the process (V)
transitions from level z to level y during the time period that the process (R;) makes one
excursion from state s. Although the transition probabilities for these Markov chains are
complicated because they depend on the random return times TSS and 7%, we will see in
Section 2.4 that they can be analyzed reasonably well. By contrast, trying to analyze the
processes (Uy) and (V}) directly, under any of the above averaged measures, appears
difficult, because they are not Markovian.

2.3.2 The dominating processes (U.5);>o and (V;);>0

To analyze the transition probabilities for the processes ((7 ») and (V) it will be helpful to
introduce some additional auxiliary processes, which dominate the processes (Uy) and
(V%), from both above and below. Recall that the forward branching process (Uj),>0 and
the backward branching process (V;)r>0, started from level z, are defined in terms of
the random variables (£F)rez.ien by

Up=x and Upys = inf{m S a{ert = 0} = Uk} — Uy,
1=1

Vo =z and Viy, = inf {m : Zn{g;“@“) =1} =V + 1} — (Vi +1).
=1

That is, Uy is the number of successes in the sequence (ff“)ie]N prior to the Ug-th

failure, and Vj; is the number of failures in the sequence ({i_(kﬂ))iem prior to the
(Vi + 1)-th success. Let us define modified processes (U, )i>0, (V" )k>0, (U}, k>0, and

SNote that we extend here the probability measures PV, PY,, PY,. for the joint process (Ug, Sk)r>0 to the
process (ﬁk)kzo derived from it. The initial value z is still for Up. This is not, in general, the same as the
initial value (70, except under Pg s where Sy = s deterministically. Similar remarks apply to the process (I7k)
with respect to the probability measures P, PXﬁ, sz,r~

EJP 23 (2018), paper 43. http://www.imstat.org/ejp/
Page 15/60


http://dx.doi.org/10.1214/18-EJP155
http://www.imstat.org/ejp/

Excited random walk in a Markovian environment

(Vi )k>o0, all started from level z as follows®:

Ui =w and Ui, =inf {m>M: S 1 =0} = 1} - (@ +1),
i=M+1

Vi =z and V%, = inf {sz I DS F o) B A s 1} — (Vi +1),
i=M+1

Uy =z and U, = inf{sz DY T =0y = (U, — M)+} — (U, = M)* - M,
i=M+1

V; =« and Vi, = inf {mz MY g " == —M)+} — (Vo = M)t =M.
i=M+1

In words, U}, , is the number of successes in the sequence (£/!);c before the (U, +1)-

th failure, when we condition that ¢¥*%,... ¢~ are all successes, and Uy, is the
number of successes in the sequence (5?“)1‘@1\1 before the U, -th failure, when we
condition that 5?“, . ,51’&“ are all failures. The interpretations for Vk++1 and V., are
the same with “success” replaced by “failure” and “ §f+1 ” replaced by “ &, (k+1)
By construction we have
U, <Up< U,j ,forallk and V, <V, < V,j , forall k (2.15)

if all processes are started from the same level x. Also, since (£F)rez i~ are iid.
Ber(1/2) random variables, for any values of the cookie stacks (Si)rez, each of the
processes (U,"), (U, ), (V;"), (V,,) is a time-homogeneous Markov chain and

(Uk_’ U,j_)kzo 1 (Sk)kEZ and (Vk_7Vk+)k20 1 (Sk)kEZ- (2.16)

These statements hold for any initial values U, , UJ A V0+ and any marginal distribu-
tion p on Sy (including ¢, «, or a point mass at r € §). For the same reason (i.e. that
(€¥)kez.i>m are iid. Ber(1/2)), we also have

(U7 U k=0 2 (Vi Vi kso (2.17)

when all processes are started from the same level z (again for any marginal distribution
on Sp).

To analyze the processes (U;") and (Vki) it will be helpful to represent them in a form
similar to (2.3) and (2.7) for the processes (U},) and (V},). Define G* to be the number of
successes in the sequence (¢F);- between the (i — 1)-th and i-th failures, and define
HY to be the number of failures in the sequence (fj_k)j>M between the (i — 1)-th and i-th
successes. Then

Ut+1 (Ug —M)*
Uy =M+ > G and U, = > gt (2.18)
i=1 i=1

where (gf)kemem are i.i.d. Geo(1/2) random variables, and

ARS! (Vi —M)*
Vig=M+ Y HtY and Vi, = Y HT (2.19)
=1 i=1

where (H¥)rez icw are i.i.d. Geo(1/2) random variables.

5Note that, by our conventions for empty sums, the infimum in the last two equations is defined to be M if
U, <MorV, <M. Thus, in these cases the whole right hand side is 0.
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2.4 Expectation, variance, and concentration estimates

In this section we use the dominating processes (U7) and (V%) to analyze the
transition probabilities (2.13) and (2.14) for the processes (ﬁk) and (XA/k). We also prove,
slightly more generally, concentration estimates for the processes (Uy) and (V}) up to
the random stopping times 72 and 7%, when (S;) and (Ry), respectively, are started from
an arbitrary initial state r € S, rather than s. Finally, we prove a type of “overshoot
lemma” for the processes (Tj’k) and (XA/;C) analogous to Lemma 5.1 of [8].

Throughout it is assumed, when not otherwise specified, that the processes (Uy),
(U}), (U,) are all started from the same level z, and the processes (V;), (V,1), (V,) are
all started from the same level . The probability measure Pgr will be used for all these
“U-processes” started from level x when Sy = r, and the probability measure PX - will be
used for all these “V-processes” started from level x when Ry = r. The following general
fact will be needed in our analysis of the “U-processes” and “V-processes” below, as well
as in several other parts of the paper.

Lemma 2.5. Let Z be a random variable with mean ;. and exponential tails, and let
Z1,Zs, ... beiid. random variables distributed as Z. Then for any ¢y € (0, 00) there exist
constants C(ep), Ca(eg) > 0 such that the empirical means Z,, = % St Z; satisfy:

P(|Z, — | > €) < Cyexp(—Cae®n) , forall0 < e < ey andn € N, (2.20)
P(|Z, — p| > ¢€) < Crexp(—Caen) , foralle > ¢y andn € IN. (2.21)
Proof. The exponential tails condition on the random variable Z implies there exist some

positive constants b, ¢ such that forall A € [—b, b], E(e*(Z=1) < ¢2* and E(eM#—2)) < 2
Thus, the lemma is a consequence of [17, Theorem III.15]. O

Using Lemma 2.5 along with (2.18) and (2.19) and a small bit of analysis one may
obtain the following concentration estimates for the differences (U — Ui ) and (V;* —
Vity)-

Lemma 2.6. For each ¢y € (0,00), there exist constants c1(¢g), ca(€g) > 0 such that the
following hold for allr € S, x,y € Ny, and k € IN :

Py, (IU;; U > ey|Ur, = y) <ere2Y | for0 < e <e. (2.22)
PY (U7 = Uil = ey Upy =y) Screm>, fore> e (2.23)
Pgr (|Uk+ — Ulj71| > ey Uktl = y) < cle_C2€2y , for0 < e < ¢. (2.24)
pY, <|U,j — UL > elul, = y) < eV | fore > e. (2.25)

Moreover, the equivalent statements also hold for (V") and (V) with the same constants
C1,C2.

Remark 2.7. Note that since (U;") and (U, ) are each time-homogeneous Markov chains
independent of (Sg)iez the probabilities on the left hand side of these equations do not
depend on z, 7, or k. Similar statements also apply for the processes (V") and (V).

We wish now to extend these concentration estimates for the single time step differ-
ences in the processes (U7) and (V%) to concentration estimates for these processes
up to the random stopping times Tf and 7. This is where we will need the uniform
ergodicity hypothesis on the Markov chains (S%) and (Ry). Due to Lemma 2.8 below and
uniform ergodicity of (Si) and (Ry) there exist some constants cs, c4 > 0 such that:

P, (tE>1t) <cze ! forallr € Sandt € [0, 00). (2.26)

EJP 23 (2018), paper 43. http://www.imstat.org/ejp/
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Here, as described in Section 1.5, P, is the probability measure for the process (Sk)
itself (equivalently the process (Ry)) when Sy = Ry = 7.

Lemma 2.8. Let (Z;,) be a uniformly ergodic Markov chain on a countable state space Z,
and let P, (-) be the probability measure for the Markov chain (Z},) started from Zy = x.
Then, for each z € Z, there exist constants C' > 0 and 0 < « < 1 such that

P,(rZ >n) < Ca™, forallz € Z,n € Ny.

Proof. Fix z € Z. Let p = (p(x))zcz denote the stationary distribution of the Markov
chain (Z), and let M = {M(z,y)}. ycz be its transition matrix. Also, let ¢ = p(z). By
uniform ergodicity of (Z}), there is some ¢ € IN such that | M*(y,-) — p(-)||7v < /2, for
all y € Z. This implies P, (Z, = z) = M*(y, 2) > ¢/2, for all y € Z. Thus, starting from
any initial state x we have

n—1
Po(r7 >n-0) = [[ PozZ > (m+ Dtr7 > mb) < (1—¢/2)" =o',

m=0

where a = (1 —¢/2)"/* € (0,1). It follows that P, (77 > n) < Ca™, foralln > 0 and z € Z,
with C' = 1/a’. O

Lemma 2.9. There exist constants cs, cs > 0 such that the following hold for eachr € S :

Pgr <03;12?§s \U, —z| > e:zr) <cs(l+ 62/3961/3)6’”662/311/3 , forallz € Ng and 0 < e < 1.
S (2.27)
Py, <Og’1€zgis U, —z| > ex) <cs(l+ 61/3171/3)676661/311/3 , forall z € Ny and € > 1.
o (2.28)
P,g,,. <051€22)is \UF — 2| > ex) <cs(1+ 62/3.%1/3)676662/3051/3 , forallz € Ng and 0 < ¢ < 1.
o (2.29)
PxU,r <0 max \UF — x| > ex) <cs(1+ 61/3.131/3)6_%61/3961/3 , forall x € Ny and € > 1.
o (2.30)

Moreover, the equivalent statements (with 72 replaced by 7I?) also hold for the processes
(V,F) and (V") with the same constants cs, cg.

All statements are trivially true if z = 0 (taking any c5 > 1 and any cg > 0), so we will
assume x > 1. We will prove (2.27) and (2.28). The proof of (2.29) is identical to that of
(2.27) with U, replaced by U,j line by line, and the proof of (2.30) is almost identical
to that of (2.28) with U, replaced by U ,j line by line’. The equivalent statements to
(2.27)-(2.30) for the processes (V, ) and (V,j) are also proved exactly the same way; all
the proofs use is Lemma 2.6 and (2.26), and these estimates are the same for (Vki) and
(U,;t) and for TSR and TSS. The proofs of (2.27) and (2.28) will be given separately and the
constants cs;, cg obtained in the two cases will not be the same. To find a single ¢5 and cg
that hold in both cases simply take c5; to be the maximum of the c5’s from the two proofs
and cg to be the minimum of the ¢g’s from the two proofs.

7In the derivation of (2.44) the case z = 0 must be considered separately for both proofs. For the process
(U, ) we have U, = 0 (deterministically) if U,_, = z = 0, as noted in the proof of (2.28) below. For the
process (Ulj ) this is not the case. However, if we start with U(;" =z > 1, as we assume, then it is actually
impossible that U,;" is 0 for any £ > 0 (indeed, UI;" > M for all k > 1). So we do not have this problem to deal
with.

EJP 23 (2018), paper 43. http://www.imstat.org/ejp/
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Proof of Lemma 2.9, Equation (2.27), withx > 1. Fix ¢ < 1 and denote M =
MAaxXg< k< 7S |Uk_ — x| Then
P (M2 er) = PY, (S < %eQ/%l/S)PU (M=
0 (55 5 Lerss) po (
™ =

< max Py, (M > ex|T,
0<n<Le2/351/3

1 )
762/%1/3)
2

1
S 5 562/3.%1/3)

1
n) + P;{T(TSS > 562/3:&/3). (2.31)

By (2.26),
Pg (7_ > = 2 2/3 1/3) —p, (7_ > = 2 2/3 1/3) < cge—Cr 1e/3g1/. (2.32)

So, we need only bound PY, (M > ex|r¥ = n), forn < £¢*/3z'/3. Fix such an n and define
events Ay, k> 1, by A, = {|U, —U,_,| < €'/322/3} . Then, for 0 < k < n, we have

U, <z4n-e/323 <x+x/2 <2z, ontheevent Ay N...N A (2.33)
and

U, > x—n- /323 > x—x/2=2x/2, ontheevent A; N...N A. (2.34)
Also, by Lemma 2.6, there exist some constants ¢, co > 0 such that

P£T<|U,; -U,_,| > Ez‘Ukil = z) <crexp(—cy-€-z), foreachk,zand 0 < ¢ < 2.

(2.35)
Since e < 1 and z > 1, €'/32%/3 /2 < 2 for all z > z/2. Thus, for each /2 < z < 2z, we
have
PY(Af Uy = 2) = P, (U7 = Uy | > (ﬁ) AUy = 2)
< c1 exp ( — CQ%) = c1 €xp ( — %262/31'1/3). (2.36)

Combining (2.33), (2.34), and (2.36) and using the fact that (U, ) is a Markov chain
shows

PU AAL|AL, .. A1) < crexp (—%62/3951/3) , forl <k <n.

Hence,

PUT (U Ai) <n-cpexp (*%62/31‘1/3) < %62/3:81/3 - C1 exp (*%62/31’1/3) .

k=1
Now, when 75 = n, M < n-€'/32%/3 < lez on the event N}_, Ay. So,
Pgr(/\/l > ex|r? =n) < %62/3.%1/3 -1 exp (—6—2262/3x1/3) . (2.37)
Since, (2.37) is valid for each n < e*/321/3 it follows from (2.31) and (2.32) that
PET(M > ex) < e5(1 4 €2/32/3) exp(—cge? 2x1/?)

where c5 = max{%,c3} and ¢ = min{ %, 5 }. O
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Remark 2.10. If we define the deterministic time ., = | 3€/321/3], for 0 < e < 1 and
z € N, then the same exact steps used in the derivation of (2.37) for an arbitrary n < t. ,
show that

Pg’r <0<I£2i,z \U, —z| > ex) < e g exp (—Cates) - (2.38)

We isolate this observation, as it will be needed later in the proof of Lemma 2.12.

Proof of Lemma 2.9, Equation (2.28), with z > 1. As above, let M = maxg<j<s U, —
x| We will assume that ¢ > 1, as the case ¢ = 1 follows from (2.27). Then

Pgr(./\/l >ex) = PQE{T (TSS < 61/31‘1/3)P£{T (/\/l > 61“7’5 < 61/3371/3)

+PY. (Tf > 61/3:61/3)]35,, (./\/l > ex|rd > 61/3x1/3>

< max Pgr (./\/l > ex
O§n<61/3x1/3 ’

5= n) + PY, (Tf > el/%l/?’) . (2.39)

By (2.26),

1/3,1/3

PY(r5 > P23 = P (75 > /321/3) < cge e (2.40)

So, we need only bound PY, (M > ez|rS = n), for n < e!/32!/3. Fix such an n and define
events Ay, k > 1, by A, = {|U, — U,;_ll < €%/32%/3} . Then, for 0 < k < n, we have

U, < x4 n-e2/3g2/3 <z+ex<2x, ontheevent A;N...N Ag. (2.41)
Also, by Lemma 2.6, there exist some constants c;, co > 0 such that:

P (105 ~ Uil > &

U,_, = z) <crexp(—cy-€-z2), foreachk,zand 0 < €< 1.
P,g,.(|Uk_ -U,_|> Ez’U,;l = z) <crexp(—cy-€-z), foreach k,zande>1. (2.42)
Thus, for each ¢2/322/3 < 2 < 2exand 1 < k < n,

v . €2/3,.2/3
PYAARIU = 2) = PL (107 = Uiyl > () - 2|ui, = 2)
(62/31,2/3)2

) = ¢y exp ( — 0—261/31‘1/3) (2.43)
2ex 2

Sclexp<—02

and, for each z < €2/322/3 and 1 < k < mn,

€2/3,:2/3

Pg,r( W Uit = 2) :me(lUi — Uiyl > ( ) 'Z‘Ul;—l = Z) <a eXP(—C2€2/3!E2/3)~

(2.44)
Note that the inequality (2.44) remains valid when z = 0 (even though the derivation
above has an issue dividing by 0), since in this case U,. = U,_; = 0, deterministically.

Now, since €,z > 1, by assumption, and the process (U, ) is a Markov chain, it follows
from (2.41), (2.43), and (2.44) that

Pgr( ClA1, .. Ak1) < crexp (—%261/33:1/3) , for1 <k <n.

Thus,
" C C
Pg’r (U Ai) <n-cyexp (—5261/3371/3) < eM/3g1/3 - 1 exp (—5261/31‘1/3) .
k=1
EJP 23 (2018), paper 43. http://www.imstat.org/ejp/
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Now, when 7% =n, M < n - 2/322/3 < €/321/3 . 2/322/3 = ez on the event N}_, A;. So,
PY(M > ex|tS =n) < /3213 . ¢ exp (7%61/3.%1/3) . (2.45)

Since (2.45) is valid for each n < €'/321/3 it follows from (2.39) and (2.40) that
Pgr(/\/‘ > ex) < es5(1 4 €/32/3) exp(—cge'/2x1/?)
where ¢5 = max{ci,c3} and ¢g = min{ %, c4}. O

Using (2.15) the concentration estimates for the processes (U,;t) and (Vki) proven
above in Lemma 2.9 yield the following concentration estimates for the processes (Uy)
and (V%).

Lemma 2.11. Let ¢; = 2¢5. Then the following hold for eachr € S :

2/3,1/3

Pgr < max |Up — x| > ex ) < er(1 + €2/321/3)ec0¢ , forallz € Ny and 0 < e < 1.

0<k<7S
(2.46)

1/3,1/3

PgT < max |Up — x| > ex | < cr(1+ €'/321/3)ec6¢ , forallz € Ny and e > 1.

0<k<7TS

(2.47)

0<k<TF
(2.48)

x <ecr(1+ 61/3$1/3)€_06€1/3z1/3 , forallx € Ny and € > 1.
<k<r

PX,,. < max |V — x| > m) <ecr(l+ 62/3$1/3)€766€2/3m1/3 , forallz € Ng and 0 < € < 1.

PXT< max |V, — x| > ex
" \o
(2.49)

The next two lemmas give estimates for the expectation and variance of U, s and V,r
in the case that Sy = Ry = s. For these lemmas, and the remainder of this sectlon Em o
Var? , and Cov , are used to denote, respectively, expectation, variance, and covariance
under the probabllity measure PY,. Similarly, EQ‘E/ o Varz ., and Covﬂ‘iS are used to denote
expectation, variance, and covarfance with respect to PX ¢+ Also, we define

.Lé'

to be the mean return time to state s for the Markov chain (S ), or equivalently for the
Markov chain (Ry). Note that EY ((75) = E} [ (7) = p, for any z.

Lemma 2.12. As x — oo,

1/4

EV,(Us)=2 + 6-ps + O™ and EY (Vir)=z + (1-68)-p, + O™ "),

Proof. We will prove the statement about the expectation of U.s. The proof of the
analogous claim for the expectation of V. is very similar. L

Fix a realization (sj)rcz of the random variables (Sk)iez with so = s, and let w =
(w(k,i))kez, ien be the corresponding cookie environment defined by w(k, ) = s5(7). Also
let tf inf{k > 0 : s = s} be the corresponding realization of the random variable Ts .
We will consider first the process (Uy) x>0 started from level z in this fixed environment w.
For k € Z, we define §;, = Zf\il(Qw(k, i) — 1) to be the net drift induced by consuming all
cookies in stack sj;. Also, we denote by Eg “ expectation with respect to the probability
measure PU“ for the process (Uy)r>o in this fixed environment w.
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We decompose EJ“(U,s) as

¢ ¢
EV¥(Us) = ES*(Ug) + Y EY(Uy = Up-r) =2+ Y EY“(Up = Up—1).  (2.50)
k=1 k=1

Straightforward calculations show that

Eg""(U;€ — Ui—1|Ug—1 =m) =0y, foreach k > 1 and m > M, and
|EY“(Uy, — Ug—1|Ug—1 =m)| < M , for each k > 1 and m > 0.

Thus,
|EY Uy, — Uk—1) — 6| = ‘Pg’w(Ukﬂ > M) - EJ¥(Uy, — Up1|Ug—1 > M)
+ P(Ug-1 < M) - B (U — Up—1|U—1 < M) = 6y,

< |PYY(Up—r = M) -6 — 0|+ PY¥(Up—r < M) - M
<2M - PY¥(Uy_1 < M).

Plugging into (2.50) gives

tS s

EV4(Ups) = — Zak’ <2M 3" PU#(Uyy < M). (2.51)
k=1 k=1

So far our analysis has been for a fixed environment w. To prove the lemma we will
need to take expectations with respect to the probability measure P, on environments.
Recall that, forr € S, 0(r) = Zﬁl(Qr(i) — 1) is the net drift induced by all cookies in

S
stack r. Taking expectation of the random variable g(w) = ZZ;(;J) 0 (w) with respect to
P, gives

E, iak —E, 2525(7“)~]l{sk:7"} —E, Zié(r}~ﬂ{sk:r}
k=1

k=1reS reS k=1

_tf

O S B S 6k =1} = 3600 - [m(r) -] = 6 s 2.52)
k=1

res res

In step (*) we have used Fubini’s Theorem to interchange the sum with the expectation;
S

this is applicable since E, (ZTES ‘225:1 o(r) - 1{sx =r} ) < Ey(M -t9) = Mu, < oc.

Combining (2.51) and (2.52), and using the fact that E,[EJ“(U,s)] = EY (U.s), gives

ts ts

EY (Ups) =2 =0 po|= [Eg | EY(Ups) =2 =) 0 || S2M-E, | Y PY¥(Uyp_y < M)
k=1 k=1

(2.53)

Denote p,r = PY (U, < M) and g, = P,(r¥ = n). By construction of the process

(U k>0, PY* (U1 < M) < PY“(U,_; < M) = py 1, for Py a.e. w. Thus, it follows
from (2.53) that

<S2MY gn )y Poi-is (2.54)

n=1 k=1

Eg,s(UTSS)—l‘—é'Ms
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We define ng = [(1/2)%/321/3|. Splitting the sum at no, the right hand side of (2.54) may
be bounded as follows:

2MZQanTk 1 <2M - [Z%rZPTk 1+ Z anprk 1]
n=1 n=1

n>ng
<2M - lZm D DEE n] (2.55)
n>no
By (2.26),
S gn< Y e n=0("). (2.56)
n>ng n>ng

Also, using (2.38) with ¢ = 1/2 shows that, for all z > 2M and 0 < k < nyg,

1 1
U — U —
Pak < Py (I% -z > 2a:> <P, <o?}iﬁi U; — x> 2x> < cinge” @™,

for some constants ¢, co > 0. Hence,

no

5 Pak—1 < ng - cinge” 2" =0(e™”
k=1

1/4

). (2.57)

Combining (2.54)-(2.57) shows that ‘ s (U s) —x =0 s = O(e‘”m), which proves
the lemma. O

Lemma 2.13. Asz — oo,
Varﬂ[C],S(UTSS) =2z ps+ O(z'/?) and Var (Vir) =2z pg+ O(x 1/2)

Proof. We will prove the statement about the variance of U s. The proof of the analogous
statement for the variance of V. r is again very similar. A central element of the proof is
the following claim.

Claim: There exists a non-negative random variable A with finite variance (defined on
some outside probability space, separate from the (U, ,j ) and (U, ) processes) such that

stoch

U:’S —-Us < A, under P/, forany z € INo. (2.58)

x,s’

Note that although the distributions of U and U do depend on the initial value
Uy = U; = x, the random variable A does not.

The proof of the claim will be given after the main proof of the lemma. The basic idea
for the proof of the lemma is to approximate the process (Uj)r>0 by the process (U} )k>0
defined by

Ui
Uy =Uy=z and Uj, =Y G k>0

=1

where the random variables Qf are as in (2.18). This process (Ug)kzo is a standard
Galton-Watson branching process with Geo(1/2) offspring distribution, independent of
(Sk), and satisfies

U, <Ug<U, forallk > 0. (2.59)
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We express U,s as
s

Uys =Uls + A, where A=U,s—Uls. (2.60)

stoch
< A, for a random variable A
with ﬁnlte variance (not depending on x). The ﬁrst term U *S can be analyzed exactly.

Since (Uk )k>0 is a standard Geo(1/2) Galton-Watson branchlng processes started from
level z, we have

EJ (Uy) == and Vary (U}) = 2zk
for any fixed k > 0. Thus, since the stopping time 7
and a.s. finite,

is independent of the process (Uy)

vy (Urs) = Eg [Vary  (USs|79)] + Vary [E] (Urs|7))] (2.61)
=FY (22 -7 )+Var S(x) =2zps. (2.62)

Expanding (2.60) gives,
ary (U.s) = Varl (Uss) + Var] (A) + 2Cov} (Uzs, A). (2.63)

By the calculation above, the first term on the right hand side of (2.63) is exactly equal
to 2zus. The second two terms may be bounded as follows:

Var’ (A)| < EY (A%) < E(A?) = C < . (2.64)

1/2 1/2
2CovY, (U5, )|<2[Var (U )] [Var_;{S(A)] < 2. (2au)V?-CV2. (2.65)

Combining (2.61)-(2.65) shows that Vargs(UTf) = 2215 + O(x'/?). Thus, it remains only
to prove the claim (2.58)

Proof of Claim: Fix any ¢ € INy and assume throughout that UJ =U; =z. Let (Bi)k>o0
be a standard Galton-Watson branching processes with Geo(1/2) offspring distribution,
started from By = 1. Also, let (8x,i)k>0,icv and (Bk;)rx>0,ien all be independent random

law law

variables such that Bri = ﬂk i = By. Finally, let T be a random time with the same
distribution as 77 (under Pgs) which is defined on the same probability space as the
£ and B random variables, but independently of them. We will denote the probability
measure for this probability space by IP, and the corresponding expectation operator by
[E. We claim that

stoch MA1

ur-u, < Ei Bri

M
Z 1.i, forall n € IN. (2.66)
k=1 =1 =1

HMS\

Since (U, U Jnen L 75, (An)nen L T, and 75 ' T it follows from this that

stoch ©
U —Ups < A=) A, 1T =n}

n=1

Direct computations using E(Sy;) = E(8x;) = 1 and Var(8y ;) = Var(jy,;) = 2k, along
with independence, give

E(A,) = (2M +1)n , Var(A,) =2Mn? +n*>4+n , B(A2) = (2M + 1)(2M + 2)n® +n.
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Thus, since T" has an exponential tail and the random variables A,, are independent of T,

Z E(A%T = n) Z P(T TB(A2) <
n=1 n=1
So, it remains only to show (2.66).
To this end, recall again that the processes (U, )>o and (U}, )r>o may be represented
in terms of the independent Geo(1/2) random variables gf according to (2.18). Let us
define a new process (Z),>o as follows:

lrp+1
Zo=x and Zp.1 =M+ Z GFtl where (= (U, —M)" + M + (Z, - Uy).
i=1
We claim that 7, > U,j, for all £ > 0. The proof is by induction on k. For £ = 0, we have
Ugr = Zy = x, by assumption. Now, assume that 7Z; > U,j By the definition ¢, > Z;, so it

follows that ¢;, > U,", and therefore Zj 1 = M—i—ze“rl Gl > M-|—ZU + Grl = Ul

This shows that Z, > U, for all k. So, U — U, < Z,, — U, = Wy, for all k. So, to
establish (2.66) it will suffice to show that

W, '™ A, , foralln. (2.67)

To prove (2.67) observe that Wy = 0 and, for all £ > 0,

f+1 (U, —M)* Uy =Mt + Wi + (M+1)
Wiy = |M+ Z gf“] Z GHl = M + Z grt,
=1 1=1 i:(U;—M)Jr +1

Thus, the process (Wj),>0 has the same distribution as the process (Wk)kzo defined by

. . Wih(M+1)
Wo=0 and Wip=M + > Gt (2.68)

=1

where (éf)i,kem are i.i.d. Geo(1/2) random variables (living on some probability space).
To see this note that, for each i = (uo, ..., u,) € Nj™, occurrence of the event E(ii) =
{U; = uo,...,U; = u,} is a deterministic function of the random variables G* such
that 1 < k£ < n and, for each such k, 1 <4 < (ug_; — M)™T. Thus, the conditional law of
the random variables G¥ such that 1 <k <mn andi > (up_; — M)* on the event E(@) is
still i.i.d. Geo(1/2). Thus, conditional on the event F (%), (Wy)}_, has the same law as
(Wk)Z:o- And since that holds for all n € N and @ = (uo, ..., u,) with PY_(E(@)) > 0, it
follows that the entire process (W}, )r>o has the same (unconditional) law as (Wk>k20-

Now, the process (Wk) defined by (2.68) may be understood as a type of branching
process with migration where, at each step k, in addition to all the “regular children”
created by the branching mechanism we also introduce M + 1 immigrants prior to the
reproduction stage (the M + 1 in the upper limit of the sum) along with M additional
immigrants after the reproduction stage (the M in front of the sum). It follows that, for
each n,

N n M+1 n—1 M ~
W2 8 =303 B+ 3D B (2.69)
k=1 =1 k=0 i=1

The Bk,i sum corresponds to the descendants of the M immigrants coming in after
the reproduction stage in each generation that are alive at time n, and the §;; sum
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corresponds to the descendants of the (M + 1) immigrants coming in prior to the

reproduction stage in each generation that are alive at time n. Since W, faw Wn for all n,
(2.69) implies (2.67). O

Our final result of this section is an “overshoot lemma” which gives concentration
estimates for (V};) when exiting certain intervals. Analogous statements also hold for the
process (Uy), but we will not need these.

Lemma 2.14. Let ijr = inf{k > 0:V, >z} and 7';7, = inf{k > 0: Vy < z}. Then there
exist constants cg,c9 > 0 and N € IN such that for all t > N the following hold:

~

2/3,.-1/3
. 5 5 cg(1+y?/ 3= /3)ecov™ "2 for0<y<ux
i PY.(Vy > Vio<rd) < ‘

(i) supg<.<y z,s( v, z+ylTy <79) < 08(1+y1/3)e*C991/d, fory > z.

TI
. = _ eoy2/3,—1/3
(ii) Squ<z<4xPXs(VTv N <z—y) < cs(1+y2/3g=1/3)ecov’ e
@ (4z)

, for0 <y <z

Before proceeding to the main proof we isolate an important piece as its own lemma.
For the statement of this lemma recall that Pv‘g '“ is the probability measure for the
backward branching process (Vi)r>o defined by (2.6) in the particular environment
w € (), started from V) = vg.

Lemma 2.15. There exist constants C, ¢ > 0 such that for any environment w satisfying
w(k,i) =1/2 forallk € Z andi > M,

PY¥(Vi >z +y|Vi > 2) < Cle” ¥ /" 4 e=) (2.70)
foreachy >6M,x>2M+1,and 0 < z < x.

Proof. This is implicit in the proof of Lemma 5.1 in [8]. That lemma is stated for the
process (V;) under the averaged measure on environments in an (IID) and (BD) setting,
rather than for a fixed environment w. But the proof of the equivalent statement to (2.70)
in this setting (given within the proof of Lemma 5.1 in [8]) uses only the fact that all
cookies stacks are of bounded height M. O

Proof of Lemma 2.14. We will prove (i) under the assumption that y > 12M and =z >
N = 2M + 1. By increasing the constant cg if necessary, the desired inequalities in (i)
will then hold for all y > 0. A similar proof gives (ii) with some different values of the
constants.

Under the measure PY, we have 170 =W=z2z<uz s0rT

Z,8 T

V. > 0. Define a random

variable &k, as follows: Given that Tjﬁr = j + 1, for some j € IN, let kg = inf{k > 7, :
Vi > x}. In other words, (j + 1) is the first time ¢ that the process (V;) reaches level
or above, and ky is the first time & > 7; that the process (V) reaches level x or above.

Since the process (V}, Ry) is Markovian under Pz‘f o it follows that, for each y € IN,

vV (i v v
PZ’S(VT{,+ >z+ylt,s <T15)
< sup PXS(VT{, >a4ylrhe <10 ko =k, Ri—1 =1, Vi1 = w)
keN,0<w<z,reS @t
= sup P .(Via>az+ylVi>a, Ve >a)
o<w<z,resS ’ °

Py (Vor >z +y|Vi > 2)
= su s
0Sw<£r€$ Py (Vir > z|Vi > 1)

Thus, it will suffice to show the following two claims to establish the lemma.
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Claim 1: There exist Cy,C5 > 0 such that forally > 12M, 2 >2M + 1, 0 < w < z, and
res

PY (Vor >z +ylVi > ) < {Cl(l * 92/390_1/3)?/‘3025/3””3 ,ify<w
o 14y e ity >
Claim 2: There exists C'5 > 0 such that foreachz >2M +1,0<w <z,andr € S$
PX,T(VTE > x|V > x) > Cs.
Proof of Claim 1. Fixany z > 2M + 1,0 < w < z, and r € S. For each y > 12M we have

P’L‘U/,’r‘(VTSR >z +y, V> ZE)
Pu‘)/,r(vl > :E)
Pl .(Vir>z+yxz<Vi<z+y/2) PV .(Vir>z+yVi>z+y/2)

P (Vo >z +y|Vi > 1) =

Py,(Vi > x) Py, (Vi > x)
PY . (Vin>a+yz<Vi<az+y/2) PY.(Vi>z+y/2)
- PY (x<Vi <z+y/2) Py (Vi >x)
=Py, (Vir >a+yls <Vi<z+y/2) + Py, (Vi >z+y/2(Wi > ). (2.71)
By Lemma 2.15,
PV (Vi >z +y/2Vi > ) < Cle~W/2 /e 4 pmclu/2]y (2.72)

for some C,c > 0. So, we need only bound P, ,.(V,r > z +ylz < Vi <z +y/2). Define
wp = |« + y/2]. By monotonicity of (V) with respect to its initial condition and Lemma
2.11,

Py, (Vin >z +yle <Vi <z+y/2) < SupP (Vor >z +y)

’w(]T

1/
< sup P (Ve = wol > /2) < er(Lt (y/2) g ) eo@/2 o
r’'e
Now, for = < y we have 3y < (y/2)*w; ' <y, and for x > y we have 1y?/z < (y/2)*w; "' <
y?/x. So, it follows that

7(1 4 23z 1/3)emaeav® e ip g <

C
PY (Vir >z +ylz<Vi<z+y/2) < L
w,( Fid yle < Vi < y/2) < C7(1+y1/3)6_506y1/37 ify >z

(2.73)
Combining (2.71), (2.72), and (2.73) proves the claim.

Proof of Claim 2. Let (’fl )ienw be ii.d. Geo(1/2) random variables, and let ¢ =
infy>opr41 P (Z H; > y) By the central limit theorem, lim,_, ., IP (Zy Mt > y) =

1/2, so ¢ > 0. Further, since (V, )r>0 is a Markov chain independent of (Rj)x>¢ it follows
from (2.15) and (2.19) that, for any (rg,...,r,) € S™ tand n > 2 > 2M + 1,

v _
nTO(V > xRy =70,y Rim = 7Tm) >P’n,r0(Vm > xRy =70, , R =7Tm)

= Py (Ve 2 ) 2 H wre (Vi 2 ViV 2 2V 2 V) 2 g™
j=1
To complete the proof we note that by (2.26) there exist some my € IN and p > 0 such
that P,.(7f* < mg) > p, for each r € S. Therefore, for any z > 2M + 1, 0 < w < z, and
res,

PY (Vir >z|Vi >2)> inf PY (Vir>x)>p-¢™ =Cs > 0. O
s n>xz,reS ’ s
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3 Proof of Theorem 1.11
The proof of Theorem 1.11 relies on the following lemma concerning transience vs.
recurrence of integer-valued Markov chains, which will be proved in Appendix B.

Lemma 3.1. Let (Zy);>0 be an irreducible, time-homogeneous Markov chain on state
space INy. Let P, be the probability measure for (Z},) started from Z, = x, and let E, be
the corresponding expectation operator. Assume that there exist constants C,Cs > 0
and zo € IN such that:

P, (|71 — 2| > ex) < C1(1 + €/321/3)eC<"*""* " forall 0 <e<1andz > 0.
P.(|Z1 —z| > ex) < Ci1(1+ 61/3$1/3)€_0261/3x1/3 , forall e>1andzx > xg. (3.1)

Define p(x), v(x), and 6(x) by

E,[(Z, — x)?] , 0(z) = (3.2)

x v(x)

p(x) =Ey(Z1 — ) , v(z) =

and assume also that liminf, ,., v(z) > 0. Then the following hold.

1
(i) If there exists some a € (1,00) such that 0(z) < 1 + —— for all sufficiently large
a

In(z)

2
(ii) If there exists some a € (1,00) such that 0(x) > 1+ =Y for all sufficiently large z,

In(z)

x, then the Markov chain (Zy) is recurrent.

then the Markov chain (Z},) is transient.

Corollary 3.2. Let (Zy)r>0 be a time-homogeneous Markov chain on state space N, and
define p(x), v(x), and 0(x) as in Lemma 3.1. Assume that the concentration condition
(3.1) is satisfied and liminf,_, ., v(z) > 0. Assume also that

P.(Z1=y) >0, forallz > 1 and y > 0. (3.3)
Then the following hold.

(i) If there exists some a € (1,00) such that §(z) <1+ ﬁ(z) for all sufficiently large z,
then P,(Z; > 0,Vk > 0) =0, for each z > 1.

(ii) If there exists some a € (1,00) such that §(z) > 1+ lnz(—‘;) for all sufficiently large z,
then P.(Z; > 0,Yk > 0) > 0, for each z > 1.

Remark 3.3. Note that we do not assume in the corollary that the Markov chain (Zj)
is irreducible. State 0 may be absorbing, and in fact when we apply the corollary in
the proof of Theorem 1.11 below it will be for the Markov chain (Uk) where state 0 is
absorbing.

Proof of Corollary 3.2. The Markov chain (Z);>o is not ngcessarily irreducible since
state 0 may be absorbing, but the modified Markov chain (Z;),>o with transition proba-
bilities

]130(21 =1)=1 and ]131(21 =y)=P,(Z1=y),z>1andy >0

is certainly irreducible. Due to (3.3), this modified chain (Z;), like the original chain
(Z), has positive transition probabilities from each state > 1 to each state y > 0. Thus,
if (Zk) is transient it has positive probability never to hit state 0 started from any state
z > 1. Applying Lemma 3.1 shows that (i) and (ii) of the corollary hold for the Markov
chain (Zy). This implies (i) and (ii) also hold for (Z},), since (Z;) and (Z},) have the same

transition probabilities from all non-zero states. O
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Before proceeding to the proof of Theorem 1.11 we isolate one important observation
in the following remark. This observation will also be necessary for the proof of Theorem
1.12 in Section 4.1.

Remark 3.4 (Invariance of Assumption (A) under interchange of spatial directions).
Assume that Assumption (A) is satisfied for the probability measure P, and let (Sx) be
the associated stack sequence and Ry = S_j, k € Z. Construct the spatially reversed
probability measure P on environments & by the following coupling: w(k,i) = §k(z) for
k € Z and i € IN, where the process (Sy) is given by S (i) = 1 — S_x(i) = 1 — R (i).
Thus, the probability of jumping right (left) on the i-th visit to site k for the random walk
()~(n) in the spatially reversed environment w is the same as the probability of jumping
left (right) on the i-th visit to site —k for the original random walk (X,,). With this
construction there is also a natural coupling between the random walks (X,,) and (X,,),
when both are started from site 0, such that (X,,) jumps right whenever (X,,) jumps left,
and vice versa. This implies X’n = —X,, for all n, and so we may consider ()?n) as the
spatially reversed version of the random walk (X,).

Moreover, since the original model with probability measure P is assumed to satisfy
Assumption (A), we know that (Ry) is a uniformly ergodic Markov chain, which implies
(§k) is also a uniformly ergodic Markov chain. Similarly, since the original model is
assumed to satisfy Assumption (A), we know that (Sj) is a uniformly ergodic Markov
chain, which implies (Ek) is a uniformly ergodic Markov chain (where Ek = §,k). Thus,
the spatially reversed probability measure P also satisfies Assumption (A). Finally, note
that § = —J, where 6 and § are the drift parameters for the probability measures P and
P on environments.

Proof of Theorem 1.11. Since w(k,i) = 1/2 for each i > M and k € Z, P, a.s., we have

P07,r(lirr_1>iann =k)= Py (limsup X,, = k) =0, foreachk € Z.
n [ee]

n—oo

It follows from this and Theorem 1.1 that one of the following must hold:
(@) Por(Xn, = +00) =1, (b) Py(X,, - —00) =1, or(c) Pp.(X, =0,i.0.) =1.

Since the probability measure 7 places positive probability on each states r € S we must
have the same trichotomy under the measure F,. That is, either

@) Po(X, — +o0) =1, (b") Py(X,, — —00) =1, or (¢’) Py(X, = 0,i.0.) = 1

where (a) holds if and only if (a’) holds, (b) holds if and only if (b’) holds, and (c) holds if
and only if (¢’) holds. We will show below that (a’) holds if > 1, and (a’) does not hold if
6 < 1. It follows from this by interchanging spatial directions of the model, as described
in Remark 3.4, that (b’) holds if § < —1, and (b’) does not hold if § > —1. Together these
facts imply (c’) must hold when § € [—1, 1]. Thus, it remains only to show the claim about
(a’) to establish the lemma.

To do this we will apply Corollary 3.2 to the Markov chain ((A]k)kzo with transition
probabilities given by (2.13). We consider this Markov chain under the family of measures
PY_, x € Ny, so that Uy = Uy = x deterministically. Thus, the measure PY for the Markov
chain (U} is the equivalent of the measure PP, for the Markov chain (Z},) considered in
the corollary. Condition (3.3) of the corollary is satisfied since the cookie stacks r € S
are all elliptic. Also, the concentration condition (3.1) is satisfied due to Lemma 2.11.
Finally, by Lemmas 2.12 and 2.13,

p(x) =6 ps + 0(67‘”1/4) and v(z) = 2us + O(z~1/?).
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Thus, liminf, .. v(z) > 0, as required by the corollary, and 0(z) = 2p(z)/v(z) = 6 +
O(z~'/?). Applying the corollary with z = 1 we have

PV (Uy>0Yk>0)>0,ifd>1 and P/ (Uy>0,%k>0)=0,ifd < 1.
Since 0 is an absorbing state for the process (U )k >0 it follows also that
Pl (Uy>0,Yk>0)>0,if6>1 and P/ (Uy>0,Vk>0)=0,if5<1.
Hence, by Lemma 2.3,
Py(X, = 4o0)=1,if6>1 and PFy(X,— 400)=0,ifdé<1

which establishes the claim about (a’). O

4 Proof of Theorems 1.12 and 1.13

The proofs of Theorems 1.12 and 1.13 are based on an analysis of the backward
branching process (V})r>o, and follow the general strategy used in [8]. However, there
is an additional complication due to our different probability measure P on environments.
If P is (IID), as considered in [8], then the process (Vi)r>o is Markovian. However, if P is
Markovian, as we consider, then the process (V}),>0 is not. Thus, we will instead analyze
the modified process (Vk) x>0, which is Markovian, and then translate the results from
the (V) process back to the (V},) process. The outline for our proofs and the remainder
of this section is described below.

Step 1: In Appendix C we will establish the following two propositions which are
analogous to Theorems 2.1 and 2.2 of [8]. The general methodology is very similar to
that in [8], so we will provide only a general outline and reprove a few key lemmas from
which everything else follows just as in [8].

Proposition 4.1. If § > 1 then there exists some c1g > 0 such that
PS{S (737 > x) ~ ci0 270,

Propositjon 4.2. If§ > 1 then there exists some c1; > 0 such that
P(}{S ( ;‘io Y/}k > x) ~ ey a2,

Step 2: Define o) = inf{k > 0:Vj, = 0 and R; = s}. In Appendix D we will translate the
above results for the process (XA/k.) to the process (V}) proving the following propositions.
Proposition 4.3. If§ > 1 then Py, (o§ > z) ~ c12 - 7%, where c13 = c1o - .

\%
Proposition 4.4. If § > 1 then Py, (ZZ‘J:O Vi > x) ~ c13 - 2792, where ¢13 = 13 ~/j§/2.

Step 3: In Section 4.1 we will use Propositions 4.3 and 4.4 to prove Theorem 1.12.
Step 4: In Section 4.2 we will use Propositions 4.3 and 4.4 to prove Theorem 1.13.

For future reference we observe the following simple corollary of Proposition 4.3.
Corollary 4.5. If § > 1 then, for eachz € Ny andr € S, P}, (0§ <o) = 1.

Proof. The process (Vi, Rx) k>0 1s a time-homogeneous Markov chain under PX -, for any
x,r. Furthermore since the Markov chain (Ry) is irreducible and the cookie stacks in S
are elliptic this Markov chain on pairs (Vj, Ry) is also irreducible. By Propostion 4.3 the
pair (0, s) is a recurrent state for the Markov chain (V}, Ry), so the Markov chain itself is
recurrent, so the hitting time of state (0, s) is a.s. finite starting from any initial state
(x,r). O
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4.1 Proof of Theorem 1.12
Define stopping times (0;);>0 by

oo=inf{k>0:V,=0,R, =5} and o1 =inf{k >0;:V; =0,Ry =s},i>0

Also, define A, ; = 0; — 0;_1, for i > 1, and let

Qozin and Q; = HZ Vi, i>1

k=0 k=oc;_1+1

Since (Vj, Ri)k>0 is a time-homogeneous Markov chain (under any of the measures PY,
PY ., or P)), it follows from Corollary 4.5 that if § > 1 then (under any of these same

x,m’

measures)

The times o;, i > 0, are all a.s. finite and

(Qi)i>1 and (A,,;);>1 are each i.i.d sequences. (4.1)
We denote the mean of the );’s by pg and the mean of the A, ;’s by p,.

Proof of Theorem 1.12. By Theorem 1.2 there exists some deterministic v € [—1, 1] such
that X,,/n — v, Py~ a.s. Since the probability measure = places positive probability
on each states r € S, it follows that X,,/n — v, Py, a.s., for each r € S. Hence, also
X,/n — v, Py a.s. By Theorem 1.11, the walk is recurrent for 6 € [-1,1], so we must
have v = 0 in this case. We will show that

v>01if 6 >2 and wv=0if §e(1,2]. (4.2)
It follows from this by interchanging spatial directions of the model (see Remark 3.4)

thatv < 0if§ < —2and v =0if § € [-2, —1).
For the remainder of the proof we assume ¢ > 1. For n € N, define i,, by

) sup{i > 0:0; <n}, ifn>og
vy =
" -1, ifn < og.

Observe that (with the convention o_; = 0)

in+1
0i, <n<o;,+1 and ZQJ < ZVk Z Qj , foreachn € IN. (4.3)
7j=1 = 7=0
Thus, by (4.1) and the strong law of large numbers,
in+1 i 1 i+1 M
limsup — Vi < hmsup Q;| =limsup— - |- Q| = ad] , PVW a.s.
n—00 ];) n—oo O3, Z / i—oo Oj ? ];0 / Mo 0
and
il |1
lim inf — Vi > liminf . ;
n—oo M z;) k n—oo 0; 41 Zn +1 Jz:: Q]
i+1 | 1 ¢ no v
= lim inf . | =—, Py_a.s.
1—00 041 1+1 ]z:; Qj Ho o
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So, %ZZ:O Vi — Z—‘f a.s. (and in probability) under P(}fﬁ. Hence, by Lemma 2.4,
LS o Dnk — ‘;—‘j, in probability under P, .. Now, since the random walk (X,,) is right
transient with § > 1, limsup,, , . >, .o Dnx < 00, Py a.s. So, it follows from (2.8) that
X /n— 1+ 25—59 in probability under P, ,. Since we know a priori that X,,/n — v, Py »

a.s. (for some unknown v € [—1, 1)), this in fact implies T,f(/n — 14+ 2:‘4 Py a.s., and

1

= 4.4
1+202 @4

v

Now, by Proposition 4.3, p,. is finite for all § > 1, and by Proposition 4.4, g is finite for
0 > 2 but infinite for § € (1, 2]. So, it follows that (4.2) holds. O

4.2 Proof of Theorem 1.13

Throughout Section 4.2 the random variables 7, ; are as in (1.3), the random vari-
ables Q;, 0;, A,; and i, are as in Section 4.1, and m,, = |n/u,|. The general proof
strategy for Theorem 1.13 will be to first prove a limiting distribution for ZZ:O Vi, then
translate to a limiting distribution for the hitting times ;¥ using (2.8) and Lemma 2.4,
then translate to a limiting distribution for the walk (X,,) itself. This basic approach has
been used before in [3, 8, 9], and our methods will be quite similar to these works, but
the details differ a bit because the process (Vj) is not Markovian when the environment
is not (IID). Thus, we must consider renewal times (0;);>0, rather than simply successive
times at which Vj, = 0. Also, we have the additional minor complication of the @)y and oq
terms to deal with (which would be 0 in the (IID) case).

Unless other specified it is assumed throughout that V; = 0 and the probability
measure on environments is P, (rather than P). Everything will be proved initially under
the stationary measure P, and then at the very end after proving Theorem 1.13 under
the stationary measure P, we will translate the result to the given measure P.

To state our first lemma for the limiting distribution of }_;_,V} we first need to
introduce a little notation. Let ug(t) be the truncated expectation of the random variables
Qi: no(t) = EY Qi - 1{g,<yy), @ > 1, where EY (-) is expectation with respect to the
probability measure P&’ = Also, let Z; ; . be a random variable with characteristic function

, 2%
Ele?10¢] = exp {itc — b|¢| (1 + ;Zlog |t|sgn(t))}7 (4.5)

for b > 0 and ¢ € R. For future reference we note the following scaling relations hold for
the stable random variables Z, ; and Z; 3 .:

0Zop L Zopao , forall o€ (0,1)U(1,2],b>0,a > 0. (4.6)
W1 Z1 e+ a3 E 74 o, fcar+an— 2bay log(ay)] » TOTALE>0,c€R, a1 >0, a2 €R.  (4.7)

Also, we note that y, is finite for all § > 1 by Propositions 4.3, and . is finite for all
4 > 2 by Proposition 4.4.

Lemma 4.6. Under the probability measure Po"/ . for the process (Vi,)i>o the following
hold:

oV
(i) If 6 € (1,2) then there is some b > 0 such that % LN Zs5/2.b, @S T — 00.
Eni Vi — HQ(”/MU)n
(ii) If5 = 2 then there are constantsb > 0 and ¢ € R such that =0 o i>
n

Zl,b,o asn — oo.
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Yoo Ve —LEn g
TM — Z(;/Q’b, as
Do Vi — %”
[nlog(n)]'/?
D h=o Vi — chj”
ni/2

(iii) If 6 € (2,4) then there is some b > 0 such that
n — oQ.

(iv) If 6 = 4 then there is some b > 0 such that i> Zap, @SN — 00.

(v) If§ > 4 then there is some b > 0 such that i> Zap, @sn — 0.

To prove Lemma 4.6 we will need two general results about the limiting distributions
of sums of i.i.d. random variables. The first result is a particular case of convergence to
stable distributions for sums of i.i.d. random variables with regularly varying tails. The
second result concerns sums of a random number of i.i.d. random variables with finite
variance.

Theorem 4.7 (Special case of Theorem 1, page 172 (for « > 2) and Theorem 2, page 175
(for @ < 2) in [5]). Let Z be a random variable with distribution such that:

P(Z > x) ~Cx™%, asx — oo, for some constants C > 0 and « > 0.
P(Z < xy) =0, for some xy € (—o0, 0].

Also, let Z1,Z5, ... be i.i.d. random variables distributed as Z. Then the following hold:

"z
(i) Ifo € (0,1), iji/lk Ly Zos, for some b > 0.
nt/e ’

dohe1 Ze = E[Z - 1iz<n)]
n
dee1 Zr —n-E(Z)
nl/a
Yoper Zr —n-E(Z)
[nlog(n)]!/?
Yok Zr —n-E(Z)
nl/2

(ii) Ifa =1, i> Z1 p,c, for some b > 0 and c € R.

(i) Ifa € (1,2), N Zq b, for some b > 0.

(iv) If aa = 2, i> Zyp, for some b > 0.

(v) Ifa > 2, N Zs, for some b > 0.

Theorem 4.8 (Theorem 3.1, page 17 in [6]). Let (Zy)x>1 be i.i.d. random variables
with E(Zy) = 0 and Var(Z;) = 0% € (0,00). Also, let (N,),>1 be a sequence of
random variables such that N,/n — 0, in probability, for some 6 € (0,00). Then
(XN 73) [ (02Vnf) 45 N(0,1), as n — .

In addition to these two theorems we will also need the following lemma for the proof
of part (v) of Lemma 4.6.

Lemma 4.9. For any ¢ > 1 the following hold:

(i) in/n — 1/po a.s. under Py,

(ii) There exists some constant c¢14 > 0 such that:

lim P (n—o;, >k)<cu-k'"°, foreachk € N.

n—00

lim Py (04,41 —n>k)<cu-k'"°, foreachkeNN.

n—oo

Proof of Lemma 4.9 (i). Since A,;, ¢ > 1, are i.i.d., the times (O'i)izo are the renewal
times for a (delayed) renewal process. By definition ¢,, is the number of renewals up to
time n (excluding oy). So, by [19, Proposition 3.5.114,/n — 1/u, a.s. O
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Proof of Lemma 4.9 (ii). Since the Markov chain (Ry) is uniformly ergodic it is aperiodic,
which implies the Markov chain on pairs (Vi, Ry) is aperiodic (due to ellipticity of
the cookie stacks), which implies the discrete renewal process with renewal times
(0:)i>0 is itself aperiodic. Let A,, » be the event that there are no renewal times o; in
{m,m+1,...,m+k—1} and let A, be a random variable (on some probability space) with
the common distribution of the random variables A, ;, 7 > 1. It follows from aperiodicity
and [19, Example 4.3 (C)] that Py (Am.x) = E[(As — k)T]/E[A,] as m — oo, for each
fixed k € IN. Moreover, by Proposition 4.3, E[(A, — k)T]/E[A,] < c14 - k79, for some
c14 > 0 and all k¥ € IN. Thus,

lim Py (n—o;, >k)= lim Py, (norenewals timesin {n —k,n —k+1,...,n})
n— 00 ’ n—00 ’
= hm PXW(An,k,de) S hm Povﬂ,(An,k’k) S C14 - kl_é.
n—00 ’ n—00 ’
and
lim Py, (i, +1 —n>k)= lim Py, (norenewals timesin {n+1,...,n+k})
n— 00 ’ n—00 ?
= lim Py (Any1x) <cig-k'70. O
n—00 ’

Proof of Lemma 4.6. The proofs of the various parts of the lemma will be given sepa-
rately, but we begin with one important general observation that is necessary for the
proof of several parts. If 1 < ¢ < m,, and |o,,, — n| < ¢, then

n My, Oy +L O (mp+£) My +£
V=D Qi < Qo+ Y, Vi < Qo+ >, Vi = Q+ Y o Q
k=0 =1 k=0m, —{ k=0 (m,—t) i=mqy,—0+1

since the random variables V}, are nonnegative and o,,,,,—¢ < oy, — € < 0o, + < O, +0-
Thus, if (a,,) and (b,,) are any sequences of positive real numbers such that b, — oo and
a, — oo with a,, = o(n), then

n My,
d V= Qi
k=0 i=1

lim sup POYF< > an)
n— oo
mp+|an ]
< lim sup Po‘fﬁ(|amn —n|>ap) + Py (Qo > by) + P(}fﬂ( Z Q; > bn)
o i=mn—|an | +1
2[an|
< lim sup P(})/Tr(|amn —n| > a,) + limsup Po‘,/w( Z Qi > bn). (4.8)
n—oo

n—oo i=1
In the last line we have used the fact that the random variables (Q;);>: are i.i.d., and also
the fact that Q is Po‘,/w a.s. finite (due to Corollary 4.5), which implies Po‘,/w(QO > b,) — 0,

if b, — oc.

Proof of (i):
With § € (1,2) it follows from Proposition 4.3 and Theorem 4.7-(iii) that W LN

0+ (Mnpto —n)

Zs,B,,» as m — oo, for some B; > 0. Also, since oy is a.s. finite 73 — 0 a.s, as
My
n — oo. Hence,
Mn
Om, — N 00+m —n _A—m d.
S = ( ’f/’f;’ )} Zish 75 Mol Ly Zs gy, asn oo, (4.9)
My My Mn

Further, by Proposition 4.4 and Theorem 4.7-(i), there is some By > 0 such that
Lio @i a (4.10)

— 7 as m — oo.
m2/s 6/2,Ba>
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Now,

SroVi <m3/5 Dy @-) LT %= ENQ gy o,

n2/o n2/o 2/ n2/o =

2/ _ .

Since "5 — (1/15)?/? it follows from (4.10) and (4.6) that (I) %> Zs 5, for some b > 0.
So it will suffice to show that (I7) = 0. To do this, fix an arbitrary e > 0. Applying (4.8)
with a,, = n?, p € (1/4,1), and b,, = en?/® gives

zn:Vk — %QZ‘ > 26712/6)
k=0 i=1

lim sup Po‘,/ . (

n—roo
2|n? |
< limsupP(}fﬂ(|amn —n|>nP) + 1imsupP0‘7/ﬂ< Z Q; > en2/5).

The first term on the right hand side is 0 by (4.9), and the second term on the right hand
side is 0 by (4.10). Since € > 0 is arbitrary, it follows that (/1) 250,

Proof of (ii):
With 6 = 2 it follows from Proposition 4.4 that Py (Q; > x) ~ ¢isz~!, for i > 1, which
implies

pQ(t) ~ cizlog(t), ast — oo and  lim [ug(n/us) — pg(mn)] = 0. (4.11)

Also, similar arguments as in the proof of part (i) of the lemma using Propositions 4.3 and
4.4 along with parts (ii) and (iv) of Theorem 4.7 show that there are constants B, Bs > 0
and C € R such that:

Om, — N

Ly Zs B, asn — oo (4.12)
My IOg(mn)

Yicy Qi — mpg(m)

Ly Z1 p,.0, asm — oo (4.13)
m

Now,

ZZ:O Vi — re(n/pg)

Ko

n
_ (m" i Qi— man(mn)> N MnfiQ(mn) — 5= nQ(n/ps) 4+ Lo Ve = 30 Qi
n M, n n

= (I) + (I1) + (I11).

Since m,,/n — 1/u, it follows from (4.13) and (4.7) that (I) N Z1,p,c, for some b > 0
and ¢ € R. Also, by (4.11), (II) — 0 (deterministically). So, it will suffice to show that
(I11) 25 0. To do this, fix an arbitrary ¢ > 0. Applying (4.8) with a,, = n?, p € (1/2,1),
and b,, = en gives

n Moy
limsup P ( Vi — Qil > 2671)
2|n?|
<limsup Py, (|om, —n| > nP) + limsupP(}/,r( Z Qi > en).
n— oo ’ n—oo ’ i=1
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The first term on the right hand side is 0 by (4.12), and the second term on the right
hand side is 0 by (4.11) and (4.13). Since € > 0 is arbitrary, it follows that (I11) = 0.

Proof of (iii) and (iv):
Define d(n) = n?/® if § € (2,4) and d(n) = [nlog(n)]*/? if § = 4. We wish to show that

n I3
Zk:o Vi — LT?”

) LN Zs2p , for some b > 0.

Similar arguments as in the proof of part (i) of the lemma using Propositions 4.3 and
4.4 along with parts (iii), (iv), and (v) of Theorem 4.7 show that there are constants
B, By > 0 such that:

% s Zop,, asn — oo (4.14)
Mn

Zn; Qi —mpg d.

lldT — 25/2,B27 as m — 0oQ. (415)
Now,

n 14 Moy n Mn
Zk:O Vi — ﬁn _ d(mn) ] 21:1 Qi — 7y %) + MQ(mn — n/ﬂa) + Zk:o Vi — 21:1 Q;
d(n) d(n) d(ma) d(n) d(n)

= (I) + (II) + (I11).

Since d(m,)/d(n) — (1/us)?/? it follows from (4.15) and (4.6) that (I) Ay Zs /2, for
some b > 0. Also, (IT) — 0 (deterministically). So, it will suffice to show that (I77) = 0.
To do this, fix an arbitrary e > 0. Applying (4.8) with a,, = n'/?(logn)/* and b,, = ed(n)
gives

Mn

Z Vi — Z Q;
k=0 i—1

lim sup P&/ﬂ ( > 26d(n))
n— oo

2Ln1/2(logn)1/4J
< lim sup P()"/,r(|0mn —n|> nl/Z(logn)l/‘l) + lim sup ngﬂ( Z Qi > ed(n)).

n—00 n— o0 :
i=1

The first term on the right hand side is 0 by (4.14), and the second term on the right
hand side is 0 by (4.15). Since € > 0 is arbitrary, it follows that (I17) L50.

Proof of (v):
Let Z, = Q; — ’;—fAm-, i > 1. Note that with J > 4 the random variables (Z;);>; are i.i.d.

under P(},/ -~ with mean 0 and finite variance, due to Propositions 4.3 and 4.4. By (4.3),

D ko Vi — LEn N Sz, B0, —00—n)

Ho _
/2 . 172 = () + (1)
and
Soreo Vi — Z—fn _ Zzgl 7 Z—f(ainﬂ —oo—n)+Qo )Y "
nl/2 N /2 = (I') + (IT').

By Lemma 4.9-(i), 4, /n == 1/p15. So, it follows from Theorem 4.8 that () Ly Zs,, and
() N Zs,, where b = Var(Z;)/(2u,). Furthermore, by Corollary 4.5 and Lemma 4.9-(ii),
(IT) 25 0 and (11’) £ 0. This completes the proof. O

EJP 23 (2018), paper 43. http://www.imstat.org/ejp/
Page 36/60


http://dx.doi.org/10.1214/18-EJP155
http://www.imstat.org/ejp/

Excited random walk in a Markovian environment

The next lemma gives the limiting distribution of the hitting times 7. .

Lemma 4.10. Letv =1/(1 + 2‘;—@) be the velocity of the ERW (X,,),,>0 from (4.4). Then
under the probability measure P, . for the ERW (X,,) the following hold:

X

(i) If§ € (1,2) then there is some b > 0 such that % N Zs5/2,p, @S T — OO,

d.

X [1 n 2#@(”/#0)} n
Ho =5

n

(ii) If§ = 2 then there are constantsb > 0 and ¢ € R such that
Z1 p,c, @S M — 0O.

X 1

(iii) If§ € (2,4) then there is some b > 0 such that "nT&” — Zs /2,6, @S N — 00.

X _ Ly

(iv) If§ = 4 then there is some b > 0 such that [1"(73’]1/2 N Zop, @SN — 00.
nlog(n

X1y

(v) Ifé > 4 then there is some b > 0 such that "17”

d.
— Zayp, @SN — 00.
nl/2 ’

Proof. Since (X,,) is Py a.s. right transient with any § > 1, limsup,, ,, > ;.o Dnx is
Py~ a.s. finite. So, (3, .o Dn.i) /n® 240, for any o > 0. Thus, parts (i)-(v) of this lemma
follow directly from (i)-(v) of Lemma 4.6 using (2.8) and Lemma 2.4, along with (4.7) for
part (ii) and (4.6) for the other parts. (Note that the constants b, ¢ are modified from
Lemma 4.6.) O

The proof of Theorem 1.13 below will be based on Lemma 4.10, but first we will need
one final lemma about backtracking probabilities. The same statement has been given in
[16, Lemma 6.1] for the case of (IID) environments, and our proof will be very similar,
but must be adjusted slightly to use the renewal times (0;);>0, instead of the successive
times at which V;, = 0.

Lemma 4.11. Assume that § > 1 and let ¢14 be as in Lemma 4.9. Then

PO,W( inf X, < n) < ey k0 forallk,n e N.

X
m27n+k

In particular, Po,w( inf X, < n) — 0, as k — oo, uniformly in n.

X
7”27—n+k

Proof. As in the proof of Lemma 4.9 we consider the renewal times ¢; and note that, for
each fixed k,

I&im JA (no renewals in times {N, N +1,...,.N +k — 1}) <cpg- k0
—00 ’
Using this along with Lemma 2.4 gives

POJ( inf X, gn) — lim PO,W( inf X, gn)

X X P
mZTn_'_k N—00 Tn+k§m<‘l'N

< lim POJT(DNJZl,VjE{n+1,n+2,...7n—|—k})

—00

~ lim POVW(VJ-zl,Vje{N—n—k:,...,N—n—l})
N—oo ’

< lim P(Yﬁ<no renewals in times {N —n —k,...,N —n — 1})

N—o0
S C14 - kl_é. O
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Proof of Theorem 1.13. Recall that for the probability measure P on environments, the
marginal distribution of Sy is ¢. We will first prove the theorem in the case that ¢ = 7 is
the stationary distribution. We will then extend to the case of general ¢.

Case l: ¢ = .
Let Xt = sup,<, X; and X = inf;>, X;. Since X, < X,, < X, for all n, it will suffice
to show that

(a) Parts (i)-(v) of the theorem all hold with X,, replaced with Xj[ , and
(b) Parts (i)-(v) of the theorem all hold with X,, replaced with X .

Now observe that, for any n,m, k € NN,
{(XF<m}={rX >n} (4.16)
and

(X <m)c X <m}c({X+<m+k}u{ inf X, <m}> (4.17)

1>'r Tk

Standard computations using (4.16) and Lemma 4.10 give (a) for parts (i), (iii), (iv),
and (v) of the theorem (with a modified value of the constant b in parts (iii)-(v)). The
proof of (a) for part (ii) of the theorem is a bit more subtle and will be given below,
following closely the method in [9, Appendix B]. The second statement (b) follows from
(a) using (4.17) and Lemma 4.11.

We proceed now to the proof of (a) for part (ii) of the theorem. Assume § = 2 and
define D(t) = c+ 1+ M and a = p,/(2¢13), where c is the same constant from
Lemma 4.10-(ii). Then, by Lemma 4.10-(ii) and (4.7),

X — D(n)n d.,

— Z1, for some b > 0. (4.18)
n

Also, since Py (Q; > x) ~ c13z~!, i > 1, it follows from the definition of y¢(t) that

1
D(t) ~ —log(t), ast - oo and lim D(k,) — D(n) =0, if k, ~ n. (4.19)
a

n—0o0

Fort >0, let I'(t) = inf{s > 0 : sD(s) > t}. Note that D(t) ~ 1log(t) => I'(t) ~ at/log(t).
Further we claim that

D()D(D(t)) =t + o(T(t)), as t — oc. (4.20)

To see this note that the function g(s) = sD(s) is right continuous and strictly increasing
for all sufficiently large s. Moreover, jump discontinuities in this function ¢(s) can occur
only at s = ku, for integer k, and at such an s the size of the jump discontinuity is

S[uz Py (Qi = mel 2(;0)2P(}/7r(621 = ). It follows from these observations and
the definition of I(t ) that
ID(ODT(E) =t < 2(0(t)/ p0)* P (Qs = T(t)/ 1o ) (4.21)

for all sufficiently large ¢. Now, since Py, (Q; > z) ~ ci3z™ ", we have 2P} (Q; = z) — 0,

as x — 0. So, the right hand side of (4.21) is o(T'(¢ )) which proves (4.20).

Now, for z € R and n € NN, let &, , = max{[T'(n) + (bgn)ﬂ 0}. Note that k,, , ~ I'(n)
as n — oo, since I'(n) ~ an/log(n). Using this fact along with (4.19) and (4.20) and,
again, the tail asymptotics for I'(n) shows that, for any fixed z,

. n—kn $D(kn w) . n- F(?’L) + (1022)2 D(F(n)) —x
lim ’ >~ = lim o =—. (4.22)
n—00 kn,m n— 00 F(TL) + Toem® a
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Further, since Xj{ takes only integer values it follows from (4.16) that, for all sufficiently
large n,

n/(logn)? < kn o o kn o

Taking the limit of both sides as n — oo and using (4.18) and (4.22) shows that

. +_T'(n . . . +_I'(n d.
lim,,—s o0 ngﬂ (%7;(03 < x) =P(Z1 > —x/a?), which implies %&;752 — —Z.

v <)(7Jlr — F(Tl) > _ v (Tk),i,m - kn,mD(kn,r) n — kan(knJ;))
0,7\ "/ Tmer 2 )= PO,ﬂ— .

Case 2: General ¢.
We will extend from Case 1 using a coupling argument. Let (S,f) rez and (S7)kez denote
the stack sequences when Sy has marginal distribution ¢ and 7 respectively. Couple
these processes as follows. First sample (S,f) k<o and (ST )k<o independently. Then run
the Markov chains (S,‘f) and (ST) forward in time independently, starting from the given
values of S§ and S7, until the first time N > 0 such that S% = S% (due to the uniform
ergodicity hypothesis N is a.s. finite). After the chains first meet at time N, run them
forward together, so that S,‘f =S5;, forallk > N.

Now, let w? and w™ be the corresponding environments given by w?(k,i) = S,‘f(z)
and w™(k,i) = ST (i), as in (1.11), and couple the random walks (X?) and (X7) in these
environments as follows:

* Let (0k,i)rez ien be ii.d. Uniform([0,1]) random variables.
* Set X = X7 = 0. Then define inductively:

X641, if0p0 o <w(XS 12
Xqﬁ { n T 1 Xe.1¢ UJ( n n) and

X9 -1, else

)Xo+, if0xx i <wT(X],IT)
e X7I—1, else

where I = |[{0<m <n: X% =X¢}and I ={0<m<n: X" =X}

In words, the walk (X¢) jumps right on its i-th visit to site k if 6 ; < w®(k, i), and left
otherwise. Similarly, the walk (X7) jumps right on its i-th visit to site k if 65 ; < w™(k, 7),
and left otherwise.

With this construction both walks (X7) and (X?) have the correct averaged laws.
Moreover, due to the coupling between environments w™(k,i) = w?(k,i), forall k > N
and i € IN. So, both walks (X7) and (X?) have the same theoretical “jump sequence” at
each site £ > N. That is, both walks will jump the same direction from any site £ > N on
their i-th visit to that site, if such an i-th visit occurs.

Now, since it is assumed that 6 > 1 in all cases of the theorem, we know both walks
are right transient. So, with probability 1, each walk eventually reaches site N and also
returns to this site after any leftward excursion from it. Combining this with the previous
observation about matching jump sequences at all sites £ > N shows that

limsup | X? — X7| < oo a.s.

n— oo

Since (1.4)-(1.8) hold with X,, = X, by Case 1, it follows that (1.4)-(1.8) also hold with

X, =X2. O
A Proof of Lemma 2.2

Proof of Lemma 2.2. Fix x € N. Clearly, P, ;(A") = 0if P, s(X,, — +00) = 0, so we need
only show that P, (A1) > 0if P, 5(X,, — 4+00) > 0. By definition, P, ;(AT) = E4[P¥(A™)]
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and P, ((X,, — +o00) = E;[P¥(X,, — +00)], so it will suffice to show the following claim.

Claim: Let w € 2 be any environment satisfying w(k,7) € (0,1), forall k € Z and i € IN.
Then P¥(A*) > 0 if P¥(X,, — +00) > 0.

Proof of Claim: For m € IN and any nearest neighbor path ¢ = (zg,...,2;,) € 71 with
xg = x, define the events A,, and A¢ by

Ap ={X,, >2z,Yn>m and X, — +oo} and A=A, N{Xo=120,..., X =2}

If PY(X,, — +00) > 0, then there must be some finite path { = (zo,..., %) such that
o =, Ty, = + 1, and PY(A¢) > 0. This, of course, implies PY(A4,,|Xo = zo,..., Xm =
Tm) > 0. N

We construct from ¢ = (zo,..., %) the reduced path ( = (Zo,...,Zs) by setting
Zo = zp = x, and then removing from the tail (z1,...,z,,) all steps in any leftward
excursions from site x. For example,

f(=(x,x—1,x-2x—-1,xz+1l,z,x—1,xx— 1 xo+1,24+2,2+3,z+2,z+1)
theng: (z,z+lz,z+1l,z+2,2+3,c+2,2+ 1)

(where we denote the removed steps in bold for visual clarity). By construction, z; =
Zm = x+1 and the number of visits to each site k > x+1 up to time m if (Xo,..., X,;n) =
is exactly the same as the number of visits to each site £ > z + 1 up to time m if

(Xo,...,Xm) = C. Thus,

Pw(AﬁL|X0 = fg, . ,Xm = .Em) = Pw(Am|X0 = Zg,..- ,Xm = xm) > 07

x x
which implies

PP(AT) > P2 (Xo = To, ..., X = Tm) - PY (AT Xo = Zo, ..., Xi = Tin)
>P;“}(XU=50,...,X77LZEﬁL)~Pw(A7n|XOZEO,...,Xﬁfon)>0.

x

R

(Note that P¥(Xy = Zo,...,Xm = Zm) > 0, since we assume w(k,i) € (0,1), Vk € Z,
1€ IN.) O

B Proof of Lemma 3.1

The proof of Lemma 3.1 is based on the following much more general, but less explicit,
condition for transience vs. recurrence of Markov chains on the nonnegative integers
given in [13].

Lemma B.1 (Theorem A.1 of [13]). Let (Z)r>0 be an irreducible, time-homogenous
Markov chain on state space Ny. Let IP,(-) be the probability measure for the Markov
chain started from Zy, = xz, and let E,(-) be the corresponding expectation operator.

(i) If there exists a function F : Ny — (0,00) such that lim,_,, F(x) = oo and
E.[F(Z1)] < F(z) for all sufficiently large x, then the Markov chain (Z}) is re-
current.

(ii) If there exists a function F : Ny — (0,00) such that lim, , F(x) = 0 and
E.[F(Z1)] < F(z) for all sufficiently large x, then the Markov chain (Zy,) is tran-
sient.

The function F(x) is called a Lyapunov function. Our proof of Lemma 3.1 using

Lemma B.1 follows closely the proof of Theorem 1.3 in [13]. In particular, we will use
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the same choice of Lyapunov functions F(z) and Taylor expand in the same fashion.
However, controlling the error term in the Taylor expansion becomes somewhat more
involved, because of the weaker concentration condition we assume for the transition
probabilities.

Proof of Lemma 3.1 (i). Let F'(z) : [0,00) — (0,00) be a smooth function such that F'(z) =
Inln(z), for x > 3. Then for all z > 3

, 1
Fiz) = zln(z)’
1 L 1 _ 1
Fi(z) = 2?In(z)  22ln?(z)’
Frz) = — 2 5 2 (B.1)

+ + :
w3n(z)  23In?(z)  23nd(2)

By Taylor’s Theorem with remainder

F(Z)) = F(z) + F'(z)(Z, — z) + %F”(x)(z1 — )+ éF”’(g)(z1 — 2)3, for each z € IN,

where ¢ is some (random, depending on Z;) number between Z; and x. Thus, for all
positive integer x > 3,

B F(2)
~ o)+ P L | s | B =]+ R o)
—F@)+ s [p<:c> 5 (14 1) @]+ gE @2 -0

So,

E.[F(Z,)] < F(z) x%(@ {p(x) - % (1 + hrl(lx)) V(:z:)] + %JE [F"(€)(Z1 = 2)°] <0

1 lzln(z)
- In(z) 3 v(x)

Eo[F"(€)(Z1 — x)°].

Therefore, in light of Lemma B.1 and the assumption that liminf, . v(x) > 0, it will
suffice to show

E,[F"(&)(Z1 - z)*) = O<xlr112(x)>' (B.2)

Now,
[EL[F"(€)(Z1 — 2)°]| < By |[F"(€)(Z1 — 2)?|
E, |F"(&)(Z1 — ) 1{Z1 < 2/2}| + By |[F"(§)(Z1 — 2)*1{x/2 < Z; < 2z}
+ E, |F”’ )(Z1 — 2)*1{Zy > 2z}
= (I) + (IT) + (II1). (B.3)

Below we will show that (1) = O (e"’m), (II)=0 (
which establishes (B.2).

1 _ _gl/4
RS ~x4/3>' and (117) = O (=),
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Bound on (I): Define C' = max,¢9 ) |F"(7)| < co. Using (3.1) gives,

(I) =B, |[F"(&)(Z1 — 2)*1{Z, < x/2}| < Ca® - P,(Zy < x/2) < C2® - P,(|Z1 — x| > /2)
< C2® Oy [1+ (1/2)2/31/3) e C2/2 %!t _ (e*f”“) :
Bound on (II): By (B.1), for all = > 6,
(I1) = B, |[F"(§)(Z1 — 2)*1{x/2 < Z; < 2x}|
< mmz(m —aP{z/2< 7, < 2x}). (B.4)

We define Zl =271 1ipj2<z,<22) + T L{z,¢(2/2,22]}, @and bound the expectation on the
right hand side as follows:

E. (121 - of'1{a/2 < 21 < 20}) = B, (17 - al?)
= / P (|21 — x| > y) - 3y*dy
0
< 3/ P.(|Z, — 2| > y) - y*dy
0
1
= 3/ P.(|Z) — x| > ex) - 23c%de  (substitute y = ex)
0
1 /s 1/
§3a:3/ 2 Oy (1 + e2/321/3)e=C27 2 e (by (3.1))
0
9 1
= 5.273/ 4 (t7/2 + t9/2x1/3)e_02”1/3tdt (substitute t = ¢2/3)
0
9 3 ! 3, 44.1/3\ —Coz'/3t
< 5% Ci(t° +t x/")e 2 dt
0

=0 (:135/ 3) (repeated integration by parts). (B.5)
1
Combining (B.4) and (B.5) shows that (/1) =0 ( ———— ).
In(z) - z4/3
Bound on (III): By (B.1), for all =z > 3,

7 3
W1E35(|Zl — 2P1{Z, > Qx}). (B.6)

(I11) = E, |F"(€)(Z1 — 2)*1{Z; > 2z}| < S

We define Zl = Z1-1{z,52:) + @ - 1z <2,) and write the expectation on the right hand
side as

E, <|Z1 —2*1{Z, > 2x}) = Em<|21 - x|3> = / P.(|Z, — x| > y) - 3y2dy
0
=3 [/ P.(Z) — x> x)y’dy + / P.(Z) — x> y)dey} . (B.7)
0 x

The first integral in the brackets on the right hand side of (B.7) is easily bounded using
(3.1):

/OI P.(Z) — x> x)y’dy < /Ow [C’l (1 + x1/3> 6_02911/3] yidy = O (6_931/4) . (B.8)
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The second integral in the brackets on the right hand side of (B.7) is bounded as follows:
/ P.(Z) —x > y)y’dy = / P.(|Z, — x| > y)y*dy  (Z; is nonnegative)
xr .’ﬂoo
= / P.(|Z, — x| > ex)x®c¢*de  (substitute y = ex)
1
S 1,3/ 62 . Cl (1 + x1/3€1/3) 67C211/351/3d6 (by (31))
1
= 31;3/ Cu(t® + 1921 /3)e= = *tg  (substitute t = ¢1/3)
1
=0 (e,xw) (repeated integration by parts). (B.9)
Combining (B.7), (B.8), and (B.9) shows that

Ez(|Zl —2P1{z; > 23;}) -0 (e-w”“) . (B.10)

Hence, by (B.6), (II11) = O <€_$1/4). ]

Proof of Lemma 3.1 (ii). Let F(z) : [0,00) — (0,00) be a smooth function such that
1
F(z) = ——, forx > 2. Then for all z > 2

In(x)
1
Flla)= ——%—
(@) zln®(z)’
0w 1 2
Fi@) = 22 In? (x) - 22 1n’(z)’
F"(z) = 2 0 0 (B.11)

a8 In?(z) s In®(z) s In*(z)
Thus, by Taylor’s Theorem with remainder, for all positive integer z > 2

1
zIn?(z) 2

= F(z)+ L {p(z) + % <1 + ln(2x)> u(x)} + %Ex[F”’(ﬁ)(Zl — )]

zIn?(x)

! 2 2 1 "
[x? @) | 1113(96)} Ex[(Z1 — 2)°] + BalF"()(Z1 — 2)’]

where ¢ is some (random) number between Z; and z. So,

E,[F(Z1)] < F(x)

1 oz 1 L vz 1 " 17‘%3
= s ol + 5 (1 o ) )|+ AP 02— 2 <0
2 }xan(az)

— (z)>1+ n(z) + 3 0(2)

Eo[F"(€)(Z1 — 2)°].

Therefore, in light of Lemma B.1 and the assumption that liminf,_, ., v(x) > 0, it will
suffice to show

E,[F"(£)(Z) — 2)%] = 0<L) (B.12)

z1n®(x)

Now, |E,[F"(&)(Z1 — z)%]| < (I) + (IT) + (I1I), where terms (I), (II), and (I1I) are defined
just as in (B.3), but with our new Lyapunov function F(x) = 1/In(z). The exact same
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proof as above for part (i) of the lemma shows that (I) = O (e_mw)_ The bounds on (II)
and (IIT) are also quite similar:

(n <’ [(x/z)?ifﬂ(x/m} (12— aP a2 < 2 < 20}) B0 <1r12(x)1w4/3) |

(B.11) 14 (B.10) g1/
< - —z? = )
(II1) < LS an(x)} Ez(|Zl 2*1{Z, > 2x}) 0 (e )

Combining these estimates on (I), (II), and (III) shows that E,[F"(¢)(Z; — 2)3] =

1
O <2) which implies (B.12). O
In*(z) - x4/3

C Proof of Propositions 4.1 and 4.2

Our proof of Propositions 4.1 and 4.2 is based on the following slightly more general
proposition, which we isolate in this form because it seems it may be applicable for
analyzing other critical branching (or branching-type) processes.

Proposition C.1. Let (Z;)i>0 be an irreducible, time-homogeneous Markov chain on
state space Ny, and denote by P? the probability measure for the Markov chain (Z})
started from Z, = x. Also, let E? and Varf denote, respectively, expectation and variance
with respect to the measure PZ. Assume that the following four conditions are satisfied.

(A) Monotonicity: For any z,y,z € Ny withz > y &,
Pl(Zy > 2) > P[(Z1 > z). (C.1)

(B) Expectation and Variance: There exist constants « > 0 and 8 < 0 such that

E%(Z))=xz+4aBf+0(x"Y3) and Var?(Z,) =20z + O(z*/?). (C.2)

(C) Single Step Concentration Estimate: There exist constants C,Cy > 0 such that:

PZ(1Zy — 2| > ex) < Oy (1 + €2/321/3)e=""=" " forallz € N and 0 < € < 1.

PZ(|Zy — x| > ex) < O1(1 + /321/3)e=C>"*="* forally e Nande > 1. (C.3)

(D) Exit Probability Concentration Estimates: There exist constants C3,Cy > 0 and
N € N such that for all x > N the following hold:

Cs(1 + y2/32=1/3)e=Cav® ™" foro <y <z
sup PZZ(ZTHZ+ >:U+y|Tf+ <7f) < { s(1+y ) =¥=

0<z<a C5(1 + y'/3)e=Cav'/? fory >z
(C.4)
. Z _ 2/3_—1/3 —C4y2/3m’1/3
sup P (Z.z rrz <z—y)<C3(l+y* 27" , for0<y<uz.
r<z<Ax N CIOR
(C.5)

Here, as usual, 77 = inf{k > 0: Z, = z}, and 7%, 77 are defined by 77, = inf{k >
0:Z; > a}, Tf_ inf{k >0: Zy < z}.

8Note that this condition (along with the Markov property) implies one can couple together versions of the
process (Zy) starting from two different initial conditions > y in such a way that Z ,(f> >7Z ,iw, forall k£ > 0.
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Then there exist constants C5, Cg > 0 such that, ast — oo,

zZ

70
PZ(rZ > t) ~ C5t#=V  and POZ(Z Z, > t) ~ CatB=1/2, (C.6)
k=0

Proof of Propositions 4.1 and 4.2. We simply apply Proposition C.1 to the (irreducible,
time-homogeneous) Markov chain (‘7k) x>0 With transition probabilities give by (2.14). We
consider this Markov chain under the family of measure PX s, T € INp, so that 170 =Vo==
deterministically. Thus, the measure PX o for (Vk) is the equivalent of the measure P?
for the Markov chain (Z) in Proposition C.1.

By construction the Markov chain (I7k) satisfies the monotonicity condition (A) of
Proposition C.1. Also, by Lemmas 2.12 and 2.13, condition (B) is satisfied with a@ =
ps > 0and S = (1 —J) < 0. Finally, condition (C) is satisfied due to Lemma 2.11 and
condition (D) is satisfied due to Lemma 2.14. Thus, the proposition is applicable and

N v
we have P} (7] > t) ~ c1ot™° and Pg;(Z;O:o Vi > t) ~ ¢11t7%/2 for some constants
C10,C11 > 0. O

Proof of Proposition C.1 (Sketch). Our proof of Proposition C.1 follows very closely the
approach used in [8] to prove Theorems 2.1 and 2.2, so we will provide only a rough
sketch. Throughout we will use italics when referring to all theorems, lemmas, sections...
etc. from [8], to distinguish from the corresponding items in our paper. For the sake of
comparison we restate Theorems 2.1 and 2.2 below explicitly.

Theorem C.2 (Theorems 2.1 and 2.2 of [8]). Let Pbea probability measure on cookie
environments satisfying (IID), (BD), and (ELL), and let (KN/k)kZO be the associated back-
ward branching process for ERW in this environment. Assume § > 0 (where § is given by
(1.2)). Then there exists constants 5‘17 52 > (0 such that

TV

Py () >a)~Cia™® and Py (Y Vi>w)~Co™l2 (C.7)
k=0

The Markov chain (Z;),>0 of our proposition is the equivalent of the process (Vk)kzol
under the correspondence 5 = 1—4. More precisely, if > 1 then (Vk) satisfies conditions
(A)-(D) of the proposition with =1 — ¢ and o = 1, and the decay rates in (C.6) and (C.7)
are the same with 8§ = 1 — §. The value of « does not effect the decay rates in (C.6), only
the constants Cs and Cj.

The main elements of the proof of Theorems 2.1 and 2.2 in [8] are Lemmas 3.1-3.3
and 3.5 in Section 3, and Lemmas 5.1-5.3 and Corollary 5.5 in Section 5. Lemma 3.1
establishes convergence of the discrete process (V) to a limiting diffusion (Y;), and
the other lemmas in Section 3 give properties of the limiting diffusion. The lemmas of
Section 5 then give tight estimates on exit probabilities of the process (IN/k) from certain
intervals. The entire series of additional lemmas and propositions used to establish
Theorems 2.1 and 2.2 in Sections 4, 6, 7 and 8 use only the results of Sections 3 and 5,
along with the fact that the process (17k) is an irreducible Markov chain on state space
INy that is monotonic in the sense of (C.1). Essentially the goal of these other sections
is to show that the discrete process (Vk) has the same type of scaling properties as the
limiting diffusion (fq), and to do this requires some technical work, using the estimates
of Section 5.

Now, let us compare to our situation for the process (7). Lemma C.3, given below in
Section C.1, is the analog of Lemma 3.1, and Lemma C.4 in Section C.1 is the analog of
Lemmas 3.2, 3.3, and 3.5. Also, Condition (D), which we assume to hold for the process
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(Zk), is the analog of Lemma 5.1 in [8], where the corresponding property of the process
(Vk) is proven. Finally, Lemmas C.7, C.8, and C.9 in Section C.2 are, respectively, the
analogs of Lemma 5.2, Lemma 5.3, and Corollary 5.5 in [8].

With the analogous results to the lemmas in Section 3 and Section 5 of [8] established,
the proof or our Proposition C.1 for the process (Z;) proceeds almost the same way, line
by line, as the proof of Theorems 2.1 and 2.2 for the process (‘N/k) So, we will not repeat
it. However, for the sake of completeness, let us point out the few small differences in
our analog lemmas from the originals.

1. The bound of exp(—a™/'°) in our Lemma C.7-(i) is instead exp(—a™/*) in Lemma
5.2-(i). This is irrelevant for how the lemma is applied; a bound of exp(—a“"), for
any ¢ > 0, would be sufficient.

2. The concentration bounds (C.4) and (C.5) in our condition (D) are instead the
following in Lemma 5.1:

sup PV (v, v > syt <) <O/ +emv) | y > 0. (C.8)
0<z<z

sup PZ (V V oAy <= y) < Ce=ov’ /= ,0<y<uz. (C.9)
r<z<4z (4z)+

The latter bounds are slightly stronger than ours. However, when x is large, with either
(C.8) and (C.9) or with (C.4) and (C.5), the right hand sides become small only when
Y>> z/2, In [8] the inequalities (C.8) and (C.9) are applied either when y is of order x or
larger, or in other instances when y is of order z%/3, giving respectively bounds on the
right hand side which are O(e~¥) or O(e*“m). If instead (C.4) and (C.5) are used these
bounds reduce to, respectively, O(e‘y1/4) and O(e“”l/m). But, again, this is irrelevant
for how the estimates are applied; any sort of stretched exponential decay would be
sufficient. With our weaker estimates slightly larger error terms arise in the proofs, but
they always remain negligible in comparison with all other terms. O

C.1 Diffusion approximation lemmas

In the statement of the following lemma (Z});> is an irreducible, time-homogeneous
Markov chain on state space Ny satisfying (A)-(D), as in Proposition C.1.

Lemma C.3 (Diffusion Approximation, Analog of Lemma 3.1 from [8]). Fix any 0 < € <
y < oo, and let (Y (t));>0 be the solution of

t) = afdt++/2aY (t)TdB(t), Y(0) =y (C.10)
where (B(t));>0 is a standard 1-dimensional Brownian motion®.  Also, let Y.(t) =
Y(tATY). Foreachn € N, let (Z, x)x>0 be a process with the distribution of (Zy)k>0

when Z, = |yn|, and define Y, ,,(t) =
In addition, let 7., = Ken/n. Then:

Zn n K
& where k., = inf{k > 0: Z,, ), < en}.

(1) (Yen(t))e>o0 N (Ye(t))e>0, as m — oo, where %, denotes convergence in distribu-
t1o11 with respect to the Skorokhod J; topology.

(ii) Ten—>7' ,asn — oo.

(iii) [y Yen(t)dt A [0 “(t)dt, as n — oo.

9Note that the process (¥ (¢ ))t>o0 defined by Y (¢) = 2Y(t)/a is a squared Bessel process of generalized
dimension 24, since it satisfies dY( ) = 26dt + 2\/Y(t)+dB(t).
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The following properties of the diffusion Y'(¢) are established in [8] for the case a = 1,
with 8 = 1 — §, but generalize to any o > 0. Indeed note that if Y* is the solution to
(C.10) with a given value o and Y1 is the solution to (C.10) with o = 1 (both with the
same value of § and initial value y) then (Y*(¢)):>0 Z (Y'(at))i>o. All properties of Y
follow from the corresponding properties for Y'! and this relation.

Lemma C.4 (Properties of Limiting Diffusion, Analog of Lemmas 3.2, 3.3, and 3.5 from

[8]). Let P) (-) be the probability measure for the process (Y (t));>o in (C.10) with given
initial value Y (0) =y > 0.

Y
(i) 3 K1, Ky > 0 such that PY (1§ > z) ~ K127~ and P ([,° Y (t)dt > 2%) ~ Kya®~!,
as T — oo.
(i) For0 <a <y <b, Py (7} <7))= 0" =y =F)/(b'~F —a'~P).

(iii) The process (Y (t)):>o when Y (0) = 1 has the same law as the process (Y(;y))tzo
when Y (0) = y.

In the remainder of Section C.1 we will use the generic probability measure P and
corresponding expectation operator I for all random variables, including the Markov
chains (Z, ;)k>0 of Lemma C.3. The proof of Lemma C.3 is based on the following result
from [9].

Lemma C.5. ([9, Lemma 7.1]) Letb € R and D > 0, and let (Y(t));>0 be the solution of

dY(t) = bdt + /DY(t)TdB(t) , Y(0) =y > 0 (C.11)

where (B(t));>0 is a standard 1-dimensional Brownian motion. Let (Z,, i)r>0, n € IN, be
integer-valued (time-homogenous) Markov chains such that Z,, o = |ny, |, where y, — y
as n — oo, and such that conditions (i) and (ii) below are satisfied.

(i) There is a sequence of positive integers (N,,),>1 such that N,, — oo with N,, = o(n),
a function f : N — [0,00) with f(z) — 0 as x — oo, and a function g : IN — [0, 00)
with g(x) \, 0 as x — oo, such that:

(E) [E(Znk+1 — ZnklZnp =m) = b < f(mV Ny).
V) ‘ Var(Z, k41|Znr = m)

mV N,
(ii) ForeachT,a > 0

- D‘ < g(mV Ny).

E [ max  (Znk — Zn,k_l)z] = o(nz) , asn — oo
1<k<(Tn)At,

where t,, = inf{k > 0: 2, ,, > an}.

J
Then (Y (t))i>0 — (V(t))i>0, as n — oo, where YV, (t) = Z, | 1) /1.
We will also need the following lemma, which is a minor extension of Lemma 3.3 in
[12] where the same result is stated in the case D = 2.
Lemma C.6. For a function f in the Skorokhod space D0, ), define 7/ = inf{t > 0 :

f(t) < €}, and define p.(f) € D[0,0) by (¢.(f))(t) = f(t A7f). Let 1 be any of the
following three mappings defined on D[0, o) :

.
ferrd el0,00), £ pulf) € D0, o), fw/0 ()t € [0, 00,

Denote by Cont(y)) = {f € D[0,00) : ¥ is continuous at f} the set of continuity points of
. Then the solution Y = (Y(t)):>0 of (C.11) satisfies P() € Cont(¢)) =1, forany b € R,
D>0,and0 <e<y<oo.

EJP 23 (2018), paper 43. http://www.imstat.org/ejp/
Page 47/60


http://dx.doi.org/10.1214/18-EJP155
http://www.imstat.org/ejp/

Excited random walk in a Markovian environment

Proof of Lemma C.3. For concreteness take N,, = Lnl/ 2J and define, for n € IN, integer-
valued (time homogeneous) Markov chains Z,, = (2, x)k>0 by

Zn0=|yn] and

P(Zyx41 =+ 2|Zpy =2), z€ Zand z > N,
P(Zpkt1 = Nn+ 2|Zpi, = Nyp), 2 € Zand x < N,,.
(C.12)

P(Zn,k-i-l =z + Z|Zn,k = :l?) = {

Thus, 2,0 = Z,,0 = |yn], and if the Markov chain (2, ;)r>0 is currently at level z > N,,,
then it has the same transition probabilities as the Markov chain (Z, ;)r>0. On the
other hand, if the Markov chain (2, ;)r>0 is currently at some level < N, then the
difference (Z,, x+1 — Zn 1) between the current value and next value has the same law as
the difference (Z,, k+1 — Znk) when Z,, , = N,,.

With this construction the chains (Z, ;)r>0 and (Z,x)r>0 can be naturally cou-
pled until the first time £ that they fall below level en (for all n large enough that
N, = |n'/?| < en). Thus, by Lemma C.6 and the continuous mapping theorem it will
suffice to show the following claim to establish the proposition.

Claim: Define (V,(t))i>0 by Vn(t) = 2, |ntj/n. Then (Vu(t))i>o i (Y (t))i>0, where
(Y(t))>0 is the solution of (C.10).

Proof of Claim: We apply Lemma C.5 with b = a8 and D = 2«. By definition (Z,, x)r>0 has
the distribution of (Zj),>0 when Zy = |yn], where the Markov chain (Z);>o is originally
defined in Proposition C.1. It follows immediately from condition (B) in the statement
of this proposition and the definition (C.12) that the Markov chains (Z,, ;)r>0 satisfy
conditions (E) and (V) in (i) of Lemma C.5. Indeed, f(x) and g(z) are both O(z~'/3). To
show (ii) of Lemma C.5 we define M,, = max;<i<(rn)art, |Znk — Z, k—1] and write the
expectation as

E { max  (Z.h — zn,k_l)Q] = E(M?) :/ P(M? > z)dx :/ P(M, > z'/?)dz.
1<k<(Tn)Aty, 0 0

The last integral may be decomposed as

3/2 oo

/ P(M, > 2'/2)dz — / P(M, > o'/%)da +/ P(M, > &/)dz.  (C.13)
0 0 n

3/2

The first integral on the right hand side of (C.13) is at most n?/2. Using the definition

(C.12) along with condition (C) in the statement of Proposition C.1 and the union bound
estimate

P(M, > 1:1/2) <Tn {max IP(\ka — Zpk-1| > xl/Q‘ka._l = m)}

m<an

one finds the second integral on the right hand side of (C.13) is o(1), as n — oo. This
establishes (ii) of Lemma C.5, and, hence, the claim. O

C.2 Exit probability lemmas

In the statement of the following lemmas (Zj)x>o is an irreducible, time-homogeneous
Markov chain on state space INy satisfying (A)-(D), as in Proposition C.1.
Lemma C.7 (Analog of Lemma 5.2 from [8]). Fix any a € (1,2], and define Z,, = [a™ —
a3, a" +a3"] and v, = inf{k > 0: Z;, € (a"1,a™*')}. Then, for all sufficiently large n
the following hold:
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2

(i) P? (d1st( s (@ ")) > a3 1)) < exp(—a™/1Y), foreachz € T,.

(ii)

Z2(Z,, <a"l) —al=F /(1 + )’ a~"/4, for each z € T,,.

Lemma C.8 (Analog of Lemma 5.3 from [8]). For each a € (1,2] there is some {, € N
such that if £, m,u,x € IN satisfy ¢, < { < m < u and z € Z,,, (wWhere Z,, is as in Lemma
C.7) then

h, ,(m)—1 ht,(m)—1
Zall S o pZ (2, s 2 ) < et
hy(w)—1 =" (e > 7laye) < h (w) — 1

where h¥,(i) = [T;_,,,(a'™# ¥ a~>), i > ¢, and X is some small positive number not
depending on /.

Lemma C.9 (Analog of Corollary 5.5 from [8]). For each x € Ny there exists C = C(z) > 0
such that

PZ(t% <1f)<C/n'"P | foralln € N.

x

Moreover, for each € > 0 there exists ¢ = c(e¢) > 0 such that
PZ(rg’ > 7{iy+) <€, forallneN.

We will prove Lemma C.7 below. The proof is similar to the proof of Lemma 5.2
in [8], but the remainder term 7} in (C.17) must be bounded differently, because we
do not have the same explicit form for the transition probabilities of the Markov chain
(Zk). The proofs of Lemmas C.8 and C.9 are essentially the same as the proofs of their
counterparts in [8], and are therefore omitted.

Proof of Lemma C.7. Part (i) follows directly from condition (D) in the statement of
Proposition C.1 where the Markov chain (Zj) is defined. To prove (i), fix a € (1,2] and
let g € C°([0,00)) be any non-negative function such that g(t) = t'# for t € (&, 32).
Then, for each n € IN, define a process W™ = (W}*)x>0 by

Z
Wi = g(ZE0e).

an

Let F, = 0(Zy, ..., Zx) 2 o(W§,...,W}'). At the end of the main proof we will establish
the following two claims.

Claim 1: There exists some B; = Bjy(a) > 0 such that
EZ(v,) < Bya", foreachn € Nand z € Z,.

Claim 2: The process (W}!);>o is “close” to being a martingale, when n is large, in the
following sense: There exists some By = By(a) > 0 such that

\BZ(W | Fi) — Wi < Bsa™5" a.s., foreachk € No, n € N, and z € Z,,.

We now show how these two claims can be used to prove the lemma. Assume
Zy = x € T,, and define a process (R})i>0 by

kAYn
=0 and R} = Z {Ef(an‘fjfl) -Wi)|, k>1
=1

EJP 23 (2018), paper 43. http://www.imstat.org/ejp/
Page 49/60


http://dx.doi.org/10.1214/18-EJP155
http://www.imstat.org/ejp/

Excited random walk in a Markovian environment

Observe that (W' — R} )r>0 is a martingale with initial value W'. Moreover, by Claims 1
and 2,

Tn
|EZ(R2 )| < BZ [ SO |EZWEFim) = WI)| | < EZ(v,) - Baa™ 3" < Bsa™5". (C.14)

j=1

Since |Rj| < ;’;1 |E3:Z(Wj”|]-"j_1) —Wj' )|, for all k, this shows that (R})k>o is uni-
formly integrable, and (W}"),>o is also uniformly integrable, since |W}'| < | g||c with
probability 1. Thus, the martingale (W' — R} )i>o is itself uniformly integrable, so we
may apply the optional stopping theorem to conclude

Wi = EZ(W2) — EZ(RZ). (C.15)

x

i . . _ 2 3a
Combining (C.14) and (C.15) and using the fact that g(t) is equal to t=7 on (Z,3%)
shows that

PZ(Z,, € [a"*,a"*1 + a8 D)) - (a4 a5 (F2))1=5
W§ — Bsa™3" < EZ(WJ.) < § +PZ(Z,, € (a" ' — a3 (=1 a7 1)) a9
+EZW2 - 1{Z,, & (a" ' — a3 " 4 a3

and

P(Z, € [, am* +ale)) i
wg + B3a_%n > Ef(WW") > +P#(Z,, € (a1t — ag("_l),a"_l]) (a7t - a_%("'*‘z))l_ﬁ
CEZIWE - 1{Z,, ¢ (@ 030D, @ 4 gd ey

Using part (i) and the fact that W' is bounded by ||g[|~ gives
Wi =0-p)-a'™? + p-a 7P + 05"

uniformly in the initial value Z, = x € Z,,, where p = PZ(Z,, < a™~!). Now, using the
definition W = g(Zy/a™) = g(x/a™) shows also that W' = 1 + O(a~3"), uniformly in
x € 1,. So, we have

1=(1-p)-a"™? + p-a 9 + 0@ ")
uniformly in 2 € Z,. Solving for p gives p = a' /(1 + a'~#) + O(a~3"), which implies
(ii).

Proof of Claim 1: It will suffice to prove the claim for all sufficiently large n. Assume
n is large enough that Z,, C (a"~!,a"*1), and define v, = inf{k > 0: Z; < a""'}. By
monotonicity of the process (Z;),>0 with respect to its initial condition

PZ(y, <a") > PZ(y, <a") > P@nﬂj(’y; <a"), forall z € (a"* a™ ).

Further, by Lemma C.3-(ii), lim inf,,_, o PLZ"“J (v, < a™) > 0. So, there exist some ¢ > 0
and ng € IN such that

PZ(y, <a") >c, Vn>ngand z € ("1, a"). (C.16)

Let tg = 0 and tiv1 =t + fa’ﬂ, 1 > 0. By (C.16) P:I/,Z(’yn > ti+1h’n > ti) <1-—g¢ forall
n>ng, ¢ € IL,, and ¢ > 0. Thus, foreachn >ng, x € Z,,, and m > 0

P (v >m-[a"]) = Py (Y0 > tm) < (1 =)™
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This implies the claim.

Proof of Claim 2: Since |W}'| is bounded by ||g|/, for all n, k, it will suffice to show
the claim for sufficiently large n. Throughout we assume n is sufficiently large that

n—1

2n  n 2n
(—a— ¢ BT e (£,3%) and that Zy = = € Z,,. All O(-) estimates stated will be

am™

uniform in x € Z,, and k € INy. By Taylor’s Theorem,

Zr41 Zy ,
(%) = o(Z) 4
where ¢ is some random point between Z; /a,, and Zy1/a™. Thus, on the event {7, > k},
we have

(é) Zk+1_Zk+1g//(é> (Zk+1—Zk)2+lg . (Zis1 — Zi,)?

"
am am 2 am™ a2n 6 ( ) a3n

EZ(Wk+1|fk) - Wi = EIZ{ (Zkﬂ)’}—k} - (f:)
1 (Zk
an a™

:aingl(fnﬂaﬁ‘LO(a Uik azn (*:) 202,40 (ai") | 471 (€17)

by (C.2), where the remainder r} satisfies

1 Zy;
)EZ[Zk+1 Zy,| Fi] + ﬁg”(a—k)EZ[(ZkJ'_l = Z)*|Fi] + i

1 Zix1 — 233
1< g oo [P 2 B 7).

Now, fort € (£,32), tg"(t) = —Bg'(t). So, for k < v,,, Ztg"(2:) = —Bg'(Z:). Plugging
this relation back into (C.17) and simplifying we find that, on the event {v, > k},

EZ (Wi | Fe) — Wi = aing'(%) 0, (a_én) + 2(11%9”(%) .0 (a%") +on

~0 (a—%") +rn, (C.18)

The remainder term r; can be bounded as

19" lloo Z 3
max EI (‘Zk—&-l — Zk| ’Zk = Z)

n
e <
‘ k‘ -~ 6a3" z€(an—1,antl)

_ 9"l , ;
T e @ B (120 = 2I°). (C.19)

We split this last expectation into three pieces:
EZ(|2) = 2") = BZ (M{Z < 2/2} - 121 — 2*) + BZ (1{2/2 < 71 < 22} - |21 — 2P
+ E? (11{21 > 22} |Z) — z|3).
By (C.3) the first term on the right hand side is O(e‘zm), and using (C.3) and calculations
exactly as in the derivation of (B.5) and (B.10) shows that the second and third terms

are, respectively, O(z°/3) and O(e*'zm). Plugging these estimates back into (C.19) gives
[ri| = O(a—3™), and combining that with (C.18) shows also that

EZ(W | Fe) = Wit = O(a’%") , on the event {v, > k}.

Of course, on the event {v, < k}, W}, = W' (deterministically), so this proves the
claim. O
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D Proof of Propositions 4.3 and 4.4

In this section we use Propositions 4.1 and 4.2 to prove Propositions 4.3 and 4.4.

It is assumed throughout if not otherwise specified, that Ry = s and V[ = 0. Thus,
70 =0, VO =0, and 00 =T i, (where (Tk)k>0 is as in (2.10)). The details of the proofs are
somewhat technical, but the general ideas are fairly simple, so we will present these
first before proceeding to the formal proofs. First, for Proposition 4.3, observe that if

1y = m, for some large m, then

m

oy =Ty = Z(Tk — Tk—1) R M+ [g.
k=1

So, by Proposition 4.1, for large x,
Py (00 > a) = Pyu(rg > w/ps) = cro - (@/ps) ™ = crz -2

Next, for Proposition 4.4, note that if Eﬁo Vi, is large, generally it will be the case
that o) is large as well, and also that V. will be relatively large for most times k between
0 and o) (because the Vj, process is unlikely to remain close to 0 very long without hitting
0). Thus, by Lemma 2.11, the IA/J process, and also the V; process, will not fluctuate too
much too rapidly, relative to their current values. So, very roughly speaking, we should
expect that

k=0 =0  k=r; =0 k=r; j=0 =0

when either the sum on the right hand side or left hand side (equivalently both sums)
are large. Therefore, by Proposition 4.2, we should expect that, for large x,

\4
90 To
ngs ZVk>x %P(Ys ZVj>x/us ~ ey (2 ps) % = eg - 2702
k=0 j=0

Proof of Proposition 4.3. Fix any € > 0. It will suffice to show that

limsup n?’ - Py (of >n)<cia+e (D.1)
n— oo
and
lim inf n° - Py, V(o) >n)>crp —e (D.2)
n—oo

Proof of (D.1): Choose p > 0 sufficiently small that (14 p)°u(cio + p) +p < cropl + € =
ci12 + €. Forn € N, let m = m(n) = (1 + p)usn (it is not assumed that m is an integer).
Then {0} >m} C {7y >n}U{r, >m}. So,

m5P3,/S(a(‘)/ >m) <md [P&/S(TOV >’I’L)—|—P(})/S(Tn >m)|. (D.3)

By Proposition 4.1, for all sufficiently large n,

~ m6 ~
m’ Py (g >n) = = [nép(}fs(rov > n)} (1 +p)°ul - (c10 + p). (D.4)
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Also, by Lemma 2.5, Py, (r, > m) = Py, (31 (1 — Ti—1) > (1 + p)usn) decays exponen-
tially in n, since the random variables (7; — 7,_1);>1 are i.i.d. with exponential tails and
mean . Thus, for all sufficiently large n,

m Py (1, > m) < p. (D.5)
Combining the estimates (D.3), (D.4), and (D.5) shows that, for all sufficiently large n,
mﬁp(},/s(”(‘)/ >m) < (1+ P)éﬂg(cw +p)+p<ci2+te

which proves (D.1).

Proof of (D.2): Choose p € (0, 1) sufficiently small that (1—p)°ul(cio—p) —p > cropl —e =
c12 — €. Forn € N, let m = m(n) = (1 — p)usn (again, it is not assumed that m is an
integer). Then {oy > m} D {7y > n}n {7, >m}. So,

Po‘,/s(UX >m) > PO‘,/S(TSA/ >n, T, >m) > P&/S(Tg/ >n)— P(},/S(Tn <m). (D.6)

Now, by Proposition 4.1, P()YS(T(}A/ >n) >n"%(cio — p), for all sufficiently large n. Also, by
Lemma 2.5, Py (7, < m) = By (>1, (1 — 7i-1) < (1 — p)usn) decays exponentially in
n. So, Pg{s(Tn <m) < p-m~9, for all sufficiently large n. Plugging these estimates back
into (D.6) shows that,

mA &
m Py (o8 >m) > () (ew0—p) —p= (1= p)ullcro—p) = p > 1 — ¢
for all sufficiently large n, which proves (D.2). O

Proof of Proposition 4.4. Fix any €; € (0, 55) and e, € (0, 1¢1). Then, for n € NN, define
the following random variables:

e Ty=0and Tppy = inf{k > T; + [n“] : Ry = s}, i > 0.

* imax = max{i > 0:T; < o}, kmax =
Timax = Kmax-

e K;={T,\, Ty +1,....Ti}and J; = {j € Ny : 7; € K;}, i > 1.

o jMaX —max{j:j € J;} and j™* = min{j: j € J;}.

o 0= I and Ty = (LG (200 ),

« K = K;\{T;} and
K;, = {Tj;nin,Tj;nin +1,..., Tj;x)ix)+L2nelJ} = {Tz’—lvTi—l +1,... s Tjmin 4| 2pe1 | }

and jmax is the unique j such that

Tmax’

Also, denote Viyay = max{V; : 0 < k <o)} and Ar;=17; —Tj_1, for j > 1, and define the
following events:

* B, = {maxyex, |Vr,_, — Vi| > 2n€1n%(1+€1>}, 1> 1.

s F; = { ‘ng}?(ﬂs - Ar,j-&-l)‘ > n%€1+62}' i > 1

o Ay = {0y >nalte)

o Ay = {Vipax > 2n3(0He2) )

e A3 = {31 <i < imax such that F; occurs}.

* Ay = {31 < i < ipax such that F; occurs}.

e As = {31 <i <ipax+ 1suchthatT; — Tj_, > 2n<}.
G = AN A5 N A5 N A5 N AE (the “good event”).
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At the end of the main proof we will establish the following claim.
Seg )

Claim 1: For all sufficiently large n, P}, (G¢) < 5n~(3+7%

By the triangle inequality,

max

oy ol i ol

> Vi—pe Y V| < ka—ZVTHT L)+ D Vi (T =Timy) — s YV

k=0 j=0 i=1 j=0
‘kaax Ezmax Vr, (T — Ti—l)‘ + Zk k

e T
;(1)+(H)+(IH)+(IV)‘

We now show how each of the terms (I), (II), (III), and (IV) can be bounded on the event G.
Bound on (I): On the event G,

Tmax Tmax

=2 2 V=) ) Vo,

kmax— Tmax

Z Vk—ZVTHT T 1)

i=1 keK? i=1 keK?

@ kS € (1+€1) €1, +(14€1) \%4 €1, 2 (14€1)

< g E oIncins YV = kmax - 2ntn3 YV <og - 2nfin3 1
i=1 keK?

b
(<) nzte2)gpery3(itea) (2) onstieer,

Step (a) follows from the fact that G C A$, step (b) follows from the fact that G C A¢,
and step (c) follows from the fact that e; < €;.
Bound on (II) and (IV): First note that (V) = ”S'Z;(ijmax V; < us-ZZUVk

=FRmax Vk = MS ’ (II)'
so it will suffice to bound (II). Now, on the event G,

@ b
(1) < Vinax|0 = Fmas] (S) onz(1te)  gpa (g) Ap 3 (1+3e1)

Step (a) follows from the fact that G C A5 and G C Ag, and step (b) follows from the fact
that €5 < €.

Bound on (III): On the event G,

Jmax— Imax

(II1) = Z sV — ZVT ATy —Ti_y)

Tmax Tmax

=12 2wV = D) Vi Angn

i=1 jeJo =1 jeJ?
imax imax
- Z Z MS(‘/] - VTi—l) + Z Z VTi—1(MS - AT,j-‘rl)
=1 jeJ? =1 jeJ?
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imax imax

<Z ZMS‘V Vr, | + ZVT1 1 Z NS_AT,j+1)

i=1 ]eJO ]EJO

(a) imax Tmax

< E § LLs 2n61n3(1+61) + § 2n2(1+62 _n61/2+62
=1 jeJ?

® v
< Tg/'ﬂs'2n51n%(1+51) + 90_gp3Qite)pa/zre

[nt]
(g n3(1+e) T oncipsd+e) 4 (n%(1+62)2n*61> . op3(1+e) e /24e

(d)

< 2M n6+ €1 + 4n1+2€2 61/2

Step (a) follows from the fact that G C A5, G C A§, and G C Aj. Step (b) follows from
the relations jmax < 7V and imax < kmax/ 2] < 0/ [n°t]. Step (c) follows from the
inequality 7-0 < 00 and the fact that G C A{. Finally, Step (d) follows from the fact that
€o < €71.

Now, let @ = max {(2 + te1), (1+2e2 — §)}. By the choice of €; and ¢;, we have
%(1 + 3¢1) < @ and « < 1. Combining the estlmates on the terms (I)-(IV) we find that, on
the event G,

’ ivk ~ s zo:fg‘ < (I)+ (II) + (III) + (IV)
k=0 7=0

< 2n% +4n® + [2usn” + 4n®] + dpn® < 16pn”

Using this estimate along with Claim 1 and Proposition 4.2 we can now establish the
proposition.

Given any € € (0,1):

* Choose N; € IN such that P}/, (G¢) < 5n~(5+°3), for n > N, (possible by Claim 1).
* Choose N; € IN such that 16usn® < en, for n > N5 (possible since a < 1).
¢ Finally, choose N3 € IN such that, for all n > Ng,

Tg/A 1—ce¢ 1—ce¢ —o/2
POS(Z > n) < (en —i—e)( n> and

7=0 Hs Hs
v
o 1 1 —6/2
ngs( > +E~n)2(cn—e)< +€-n> .
ot s s

This is possible by Proposition 4.2.

Then for each n > Ny = max{Ni, N2, N3} we have

V

POS(ZVk>n) <P0e(ueZV >(1—¢) )JrP(Ys(

k=0

< (e te) <1

Hs

oy o
ZV’“ —,uSZVj‘ > en)
k=0 =0

B —5/2 )
‘ n> + 53+
Hs

—5/2 )
Tl> + PXS(GC) < (e11+¢€) (
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and
O'[‘)/ T(? v \A/
P0‘/6<2Vk>n)>ngs<us I7J>(1+e)n) Pové( ZV’“_'“SZVJ >en>
k=0 §=0 = j=0
—8/2 —6/2 -
1 1 se
2(611—6)< +6-n> —POVS(GC)Z(CH—€)( +€~n) — 5 (3+7F),
Hs 7 Hs
Since € € (0,1) was arbitrary it follows that
<
. §/2  pV _ ,8/2 . .
nh_}rrgon Po,s ( kz_o Vi > n) we' < e = cis.

This concludes the main proof of the proposition, and it remains only now to show Claim
1. To do this, though, we will first need to establish some auxiliary claims that will be
used in its proof.

Claim 2: For all sufficiently large n,

Py (Ei|Vr,_, =) < e""” foreach 0 < z < n2(1+%) and i > 1.

S

Proof. By Lemma 2.11, we have that for all sufficiently large n

Po‘,/s( max [V, — Vi| > ns(ten)

A (14e)
v, — x) <e Y g < g <opira) (D7)
T <k<Tjt1 ’

For i > 1, define Ty = T,_; and T\ = inf{k > T\, : Ry = s}, j > 1. Then, let

) 1
A = { max Voo — Vil < n§(1+51)}.
! TV <k<TV i1
J—i—="—="

Observe that, for all sufficiently large n and 1 < j < 2n“, if Vi, | < nz(+e) and
Agl), .. ,A;l) all occur then V) < nz+ea) 4 . pslta) < 2p3(+e) Thys, by (D.7), for
J

all sufficiently large n and 0 < x < nz(+€) we have

1
P(‘)/S(Inaix |VT1‘_1 - Vk| > 2n61n3(1+61)
’ keK;

Vo, = x)

< P(YS (Ell <j<2n® (A;i))C occurs ‘VTi_1 = x)

[2n°1

< X AL ()
j=1

7n1179(1+51)

Agi), cey AW Vi, . = x) <2n e

j—1

(D.8)

Also, since |K;| > |2n | (deterministically) and the event {K; ¢ K;} is independent of
the value of V7, , it follows from (2.26) that, for any z,

PY (K ¢ Ki|Vr,_, = 2) = PY((K; ¢ K;) < Py J(IK;| > [2n7]) < cze” "™ (D.9)

Combing the estimates (D.8) and (D.9) shows that, for all sufficiently large n and 0 <
1
x < p3liten),

1% €1 —nTlg(H"l)
F)(),S(Ei|VTi71 = :L‘) <2n"e

4 CS€_C4|"”€1J < e_nﬁl/Z'
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Claim 3: For all sufficiently large n,
Po‘,/s(Fi) <e ™' foreachi > 1.

ymax

Proof. Define jy = j7
process is Markovian,

=inf{j:7; > |n |} =inf{j: >, A;, > [n]}. Since the (Ry)

POS(F) POsFl POS(

> n2‘1+‘2) , foralli>1.

Jo
Let N = [(n + nz(ate))/y | and N, = |(n —nz(at<))/p |, Define events B, and
BQ by

:{)ngm—usNﬁ[ S(N{f)%ﬂz} and BQZ{‘ZAJ N S(Nn_)%Jm}.
=1

Since the random variables (A, ;);>1 are i.i.d. with mean p, and exponentials tails (due
to (2.26)), it follows from Lemma 2.5 that there exist some constants C7,Cs > 0 such
that

> (s

Jj=1

)<Clefc2””, forall0 < e < 1andm € IN.

Ry (

Using this with m = N, N;- and e = (N;F)~1/2+e2 (N )~1/2%<, respectively, shows that
PY(Bf) < Cre= @MD" and B (Bs) < Cre=C2Wa)™,
Hence, for all sufficiently large n,
BYL((B1 1 Ba)e) < Crem GNP 4 0o CaV)* o gmnte2,

So, it will suffice to show that, for all sufficiently large n,
Jo

Now, since €; < 1/2, n1% < niee, Using this fact and a little bit of algebra it follows
from the definitions of B; and B, that, for all sufficiently large n, on the event B N B,

3t on the event By N By. (D.10)

N N,
1 1
n < g A, <n® 42np2@te)  and pa - 2pzlate) < E Arj <n®
=1 =1

Together these inequalities imply N,; < jo < N,I. So, by the definitions of N, and N,
Jo ) )
Z(AW — ps) < [nF + 2n5(€1+€2)] — N, ps < 4pz(ate) gng

j=1

Z(AW — pg) > [0t — Qn%(eﬁm)] Nfps > —dp3(erte)

on the event B; N B,, for all sufficiently large n. Since 4n3(eites) < nieite for all
sufficiently large n, this shows that (D.10) holds for all sufficiently large n.
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Claim 4: Denote ?max = max{f/j 0<j < 737}. There exists some c;5 > 0 such that
Py (Vinax > t) < c15t™°, forallt € [0, 00). (D.11)

Proof. As noted above in the proof of Propositions 4.1 and 4.2 in Appendix C, the Markov
chain (‘7k) x>0 satisfies all conditions (A)-(D) of Proposition C.1 with & = pt; and =1 — 4.
Thus, all the lemmas in Appendix C which hold for a Markov chain (Z}) satisfying these
properties apply to (‘A/k) We will use Lemma C.9. By this lemma there exists some
constant C' = C(0) such that

PY (Vi > 1) = B (1010 <70 ) < C(n+1)7%, forallne .
This implies (D.11).

Proof of Claim 1. We will show that Py, (4;) < n=(3+°#), for each i = 1,...,5. The
estimate for A; follows directly from Proposition 4.3. The bounds for the other events
are given below.

Bound for Ay:
We decompose Py, (Viax > 2n2(17)) as

BY (Vinax > n30+) Vo > 2n30+e))

Pf},/s (Vmax > Qn%(lJrQ)) = JrPOV,s(Vmax < n%(lJrﬁz), Vinax > 2n%(1+62),7'(§7 >n)
+P(§,/S(‘7max é n%(1+62)7 Vmax > 2TL%(1+62)77—(§/ S n)

= (I) + (II) + (I11).

By Claim 4, (I) < P(};(Vmax > nz(te)) < ¢ (nz(1+e))=3  Also, by Proposition 4.1,
(II) < Py (ry’ > n) < 2¢10n~°, for all sufficiently large n. Term (I1]) is estimated as
follows:

(I1I) < Py, (3 0<j<n—1:V;=V,, <n?**)and  max |V, — Vi > n5<1+€2>>

! 7 Sk<Tj41

n—1
< Pg,/ <VT. < nz(+e) and  max Ve, — V| > né(1+€2)>

\% 1
< P, max Ve — Vi| > pz(lte)
—= 0,s
TSkt

max PXS ( max |V, — x| > né(l'“z))} . (D.12)

0<z<n?(1+e2) Ok<T

By (2.49) the right hand side of (D.12) is at most ne*"w, for all sufficiently large n
(note that although (2.49) is not directly applicable when =z = 0, P&i q(ma,XOSkSTSR Vi >
t) < PKS(maXOSkST&R Vi > t), for any t > 0, so the bound still holds in this case as well).
Combining these estimates on terms (I), (II), and (I17) we find that, for all sufficiently
large n,

PO‘fs(Az) = P(Ys (Vmax > 271%(1“2)) < 015(71%(1“2))75 + 2c10n0 + ne ™"’ < p(0/2F0e/d)
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Bound for As:
By construction, i, < 7'3/ . So, by Proposition 4.1, for all sufficiently large n

Py (imax > 1) < PYy(r >n) < 2c10n7". (D.13)
Combining this with Claim 2 and Claim 4 shows that, for all sufficiently large n,

= 1 =~ 1 .
Po‘;(Ag, Vinax > n§(1+62)) + POYS(ASa Vinax < n§(1+62), Tmax > ’I’L)
+P0‘,/s (Ag, Vinax < n%(1+€2)7 Tmax < n)

POYS(AS) = {

< P(}fs(‘?max > n%(1+62)) + P(Ys@max > n)
+PY (31 <i<n:Vp_, <nz(*+%) and E; occurs)

€1/2

IN

c15(n2 ey =0 4 90, in=0 4 e
< = (8/2+5e2/4)

Bound for Ay:
By (D.13) and Claim 3 we have, for all sufficiently large n,

]D(Ys (A4) = P(Ys (A47 imax > TL) + F)[YS (A47 imax S TL)
< P(}fs(imax >n)+ ngs(EIl < i< n: F; occurs)

— —ntl€2
< 2c10n % +ne "

< - (6/2+0e2/4)

Bound for As:
By (D.9), PO‘fS(|Ki| > 2n1) < cze~ "], for each i. Using this along with (D.13) shows
that, for all sufficiently large n,

Py ((As) = Py (As, imax > 1) + Py (As, imax < 1)
< Py (imax > n) + Py ,(31 < i <n+1:|K;| > 2n7)
<2c10n0 + (n+1) - cgemesm]
< = (0/2+de2/4) -
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