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The Schrodinger equation with spatial white noise
potential
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Abstract

We consider the linear and nonlinear Schrodinger equation with a spatial white noise
as a potential over the two dimensional torus. We prove existence and uniqueness of
solutions to an initial value problem for suitable initial data. Our construction is based
on a change of unknown originally used in [13] and conserved quantities.
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1 Introduction

In this work we study a linear or nonlinear Schrodinger equation on a periodic domain
with a random potential given by a spatial white noise in dimension 2. This equation
is important for various purposes. In the linear case, it is used to study Anderson
localisation. It is a complex version of the famous PAM model. In the nonlinear case, it
describes the evolution of nonlinear dispersive waves in a totally disorder medium (see
for instance [9], [12] and the references therein).

If u denotes the unknown, the equation is given by:

d
Zditl = Au+ Mul|®u +ué, € T? t>0,

where T? denotes the two dimensional torus, identified with [0, 27]?, and ¢ is a real-valued
spatial white noise. Of course, A = 0 for the linear equation. A positive A\ corresponds to
the focusing case and A < 0 to the defocusing case. For simplicity, we take A = £1 in the
nonlinear case. The qualitative properties of the solutions are completely different in
these two cases.

We are here interested in the question of existence and uniqueness of solutions. This
is a preliminary but important step before studying other phenomena, such as solitary
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NLS with spatial noise

waves, blow up phenomena or Anderson localisation. The main difficulty is due to the
presence of the rough potential. Recall that in dimension 2, a white noise has a negative
regularity which is strictly less than —1. In the parabolic case (i.e. replace z’% by %)
renormalized solutions were recently constructed in [13]. However, their argument
relies strongly on the strong regularising properties of the heat semigroup which are not
available for the Schrodinger equation. Some smoothing properties for the Schrodinger
equation are known when it is set on the plane. For instance in [6], section 2.5, it is
shown that localized initial data yield smooth solutions. Further results are mentioned
in Remark 2.7.8 of the same book. See also [8, 14, 16, 18] for further results as well as
[4, 17] for deterministic nonlinear smoothing in the euclidean setting. In the periodic
case, considered here however, similar linear smoothing results do not hold. Some
deterministic nonlinear smoothing hold for the cubic NLS on the one dimensional torus
(see [10, 11, 15]), but there is no such deterministic smoothing for the quintic or higher,
and it is believed not to hold in dimensions bigger than 2 regardless of the nonlinearity.

Instead of using regularising estimates for the Schrodinger semigroup we rely on
the Hamiltonian structure of the equation and its conserved quantities. We use the
same transformation introduced in [13]. On the level of this transformed equation, the
conservation of mass and energy gives enough control to construct solutions taking
values in almost H?(T?), the standard Sobolev space of functions with derivatives up to
order 2 in L?(T?). Inverting the transformation this yields solutions in almost H*!(T?).
This is rather surprising since the regularity is comparable to what is obtained in the
parabolic case, when strong smoothing properties are available. However, we have to
assume more structure on the initial datum than is needed in the parabolic case: On
the level of the transformed equation the initial datum has to have H?(T?) regularity,
which translates to the assumption that the initial datum for the original equation is the
product of an H?(T?) function and a explicit function of regularity almost H*(T?) which
depends on the specific realisation of the noise £ .This may be surprising at a first glance
but, remembering that the domain of the linear operator appearing in the equation is
random ([1]), this is in fact natural.

As in the parabolic case, a renormalization is necessary and at the level of the original
equation, the renormalized equation rewrites formally:

d
Zditt = Au+ Mufu+u(é —o00), x € T2, t > 0.

The transformation u — e***y transforms the original equation into the renormalized
one. Therefore, the renormalization amounts to renormalize only the phase. A similar
remark was made in [3] in a related but different context.

We first consider the linear equation, A = 0. In this way the ideas can be explained in
a simpler setting. We use a transformation introduced in [13] in the parabolic case, it
transforms the equation into a less singular one. Conservation of the L?(T?) and H*(T?)
norm imply some bounds in these spaces, but these are not yet sufficient to construct
a solution. We then use conservation of the L?(T?) norm of the time derivative to get
bounds in H? on the transformed equation with a smoothed noise. The bound explodes
when the smoothing disappears but thanks to an idea reminiscent of interpolation theory
we show that this implies uniform H7, v < 2, bounds on the smoothed solutions. This
bound is sufficient to prove that they converge to a solution of our transformed equation.
Going back to the original equation yields a solution in H'.

For A < 0, we obtain global solutions for any initial data satisfying some smoothness
assumptions. For A > 0, as in the deterministic case, we need a smallness assumption on
the initial data. The ideas are similar but the estimates are more delicate.

We could of course consider the equation with a more general nonlinearity: |u|?7u
with o0 < 1. For ¢ < 1, no restriction on the size of the initial data is required for A > 0.
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Another easy generalization is to consider a general bounded domain and Dirichlet
boundary conditions, as long as they are sufficiently smooth and the properties of the
Green function of the Laplace operator are sufficiently good so that Lemma 2.1 below
holds.

The study of the linear equation is closely related to the understanding of the
Schrodinger operator with white noise potential. This is the subject of a recent very
interesting article by Allez and Chouk ([1]) where the paracontrolled calculus is used to
study the domain and spectrum of this operator. It is not clear how this can be used for
the nonlinear equation.

Notation

We use the classical LP = LP(T?) spaces for p € [1,00], as well as the L? based
Sobolev spaces H® = H*(T?) for s € R and the Besov spaces B, = Bj (T?), for
s € R, p,q € [1,00]. These are defined in terms of Fourier series and Littlewood-Paley
theory (see [2]). Recall that for s > % the space Bj  (T?) embeds into L>°(T?).

Throughout the article, ¢ denotes a constant which may change from one line to
the next. Also, we use a small parameter 0 < ¢ < e~ ! and K, is a random constant
which can also change but such that EK? is uniformly bounded in ¢ for all p. Similarly,
for 0 < e1,e9 < e~!, the random constant K., ., may depend on €1, but I[*]Kg’l’52 is
uniformly bounded in €4, 5 for all p.

2 Preliminaries

We consider the following nonlinear Schrodinger equation in dimension 2 on the
torus, that is periodic boundary conditions are assumed, for the complex-valued unknown
u = u(z,t):
du
T
It is supplemented with initial data

i Au+ MuPu +ué, z € T?, t > 0. (2.1)

u(z,0) = ug(z), © € T2

We need to choose the initial data of special form which depends on the realisation of
the noise £. This will be made precise below. In the focusing case A > 0 we need an extra
assumption on the size of ||ug|| 2 which has be small enough (see (4.3) below).

The potential ¢ is random and is a real valued spatial white noise on T2. For simplicity,
we assume that it has a zero spatial average. The general case could be recovered by
adding an additional Gaussian random potential which is constant in space. This would
not change the analysis below.

Formally equation (2.1) has two invariant quantities. Given a solution u of (2.1), the
mass:

N(u(t)) = /1r2 lu(z,t)|>dx

is constant in time as well as the energy:

H(®) = [ 519ule.0f = Jlu@. 0 - 3@t .

This is formal because the noise ¢ is very rough. In dimension 1, the noise has regularity
—1/2 and belongs to BS, , for any a < —1/2, therefore the product £|u|* can be defined
rigorously for u € H! and this provides a bound in H'. Existence and uniqueness through
regularization of the noise and a compactness argument can then be obtained.
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In dimension 2, the noise lives in any space with regularity —1~, that is any regularity
strictly less than —1, and the solution is not expected to be sufficiently smooth to
compensate this. In fact, the product is almost well defined for v € H' and we are in
a situation similar to the two dimensional nonlinear heat equation with spatial white
noise (i.e. the two dimensional continuous parabolic Anderson model). We expect that a
renormalization is necessary.

Inspired by [13], we introduce:
Y =AY

(note that this is well defined since we consider a zero average noise, we choose Y also
with a zero average) and v = ue¥ . Then the equation for v reads

z% = Av —2Vv - VY +0|VY|? + Ajv[Pve Y. (2.2)

The random field Y has regularity 1~ and VY is of regularity 0~. Thus this transformation
has lowered the roughness of the most irregular term on the right hand side. At this
point it is easier to see why we need a renormalization: the term |VY|? is not well defined
since VY is not a function. However, the roughness is mild here and it has been known
for long that up to renormalization by a log divergent constant this square term can be
defined in the second order Wiener chaos based on &.

Let us be more precise. Let p. = ¢ 2 p(;) be a compactly supported smooth mollifier
and consider the smooth noise &, = p, *£. We denote by Y. = A~'£.. Then it is proved in
[13] that for every x > 0, £ belongs almost surely to B;O{go“ and, as € — 0, . converges
in probability to £ in B3 ! "

Also, denoting by

Ce =E(|VY:]*)

the quantity : [VY.|* := |[VY|* — C. converges in LP(Q; By, ) foranyp > 1, x > 0to a
random variable : [VY|? : in the second Wiener chaos associated to &. It is easy to see

that C. goes to co as |Ine| as € — oo:
E ([VY:]?) ~ Ko|Ine]

for some K; > 0. By stationarity this quantity does not depend on z € T?.

This discussion is summarised in the following Lemma whose proof can be found in
[13, Lemma 1.1 and Proposition 1.3] in the more difficult case of the space variable in
R2.

Lemma 2.1. For1 > x’ > k" > 0 and any p > 1, there exist a constant c independent of
€ such that:

% "
[IE <||YE — Y||glﬂ,>} < ce® -3

1

and

P i
(1 wnp - aeveage )| s e

Remark 2.2. Using the monotonicity of stochastic L” norms in p, one can drop the
exponent —% in the right hand side. We state the result in this way because this is the

bound that one actually proves. Below, we use this bound with " — % = %
Note that for s < 5, p,r > 1, we have B;;OC C Bj ,. Thus, bounds in the latter Besov
spaces follow.
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Instead of solving equation (2.2) for v., we consider:

d
i chE = Av, — 2V, - VY: + 0. 1 [VYa]? : +A0e]2v.e2Ye 2.3)
and setting u. = v.e Ye:
.due _ 2 2
i = Aue + Mue|[“ue +uc (& — Co), z € T, ¢t > 0. (2.4)

Since Y; is smooth, it is classical to prove that these equations have a unique global
solution in C([0,T]; H¥) for any T > 0 for an initial data in H*, k = 1, 2, provided the
L? norm is small for A > 0 (see for instance [6], Section 3.6). More details are given in
Section 4.

The mass and energy are transformed into the two following quantities which are
invariant under the dynamics for v.:

NE(Ug(t)) - /2 |Us(l,7t>|2€—2Ys(x)dx
T

and
- 1 1 A ) .
Hg(vg(t)) = / (|Vv5(x,t)|2 + 7|v€|2 : |VY€|2 . _|U€(x7t)|4e—2Yg(z)) e~ 2Ye () 1.
T2 \ 2 2 4

Since the most irregular term : |[VY.|? : here is not as rough as &, this transformed energy
is a much better quantity than the original one. It is possible to give a meaning to it for
¢ = 0 and use it to get bounds in H'.

Below, we use the following simple results.

Lemma 2.3. For any « € (0,1) and any p > 1, there exists a constant independent on ¢
such that:

1
|:E (||€_2Y5 _ e—QYH%};&)} P < ek

Proof. Since B % is equal to the Hélder space C''~"(T?) we have:

,O0

||672Y5 _ 672Y”Bé;’;o — ||672Y(672(Y€7Y) _ 1) 72Y||Bé;go ||672(Y57Y

||B;;g° <lle ) — 1”3;;;-

Then we write:
le™ Nl < 2™l [Vl o, + e o,
||e—2(YE—Y) — 1“3;; < 2||e—2Y”LOo ”e—QYEHLoo Yz — Y”Béo‘,;

The result follows by Holder inequality, Lemma 2.1 (in the form of Remark 2.2 with
k" = k) and Gaussianity to bound exponential moments of Y and Y. O

Lemma 2.4. There exists a constant c independent of € such that:
E(|VY:[4:) < c|lnef?

and
E (|| : VY : |3:) < e(|ne]).

Proof. It suffices to write:

E (/T vy;(x)‘*d:c) - /T E (VY. (2)|") dx = 127°C2.

Similarly:
E </ || VYa(2)]?: |4dx) =F (/ (|VYz(x)]* - 05)4dx) =517C. O
T2 T2
EJP 23 (2018), paper 28. http://www.imstat.org/ejp/
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3 The linear case

In this section, we start with the linear case: A = 0. Then the equation for v. reads

dv,

7 = Av, — 2V, - VY. + 0. : [VYL|? 0. (3.1)

i

There exists a unique solution in C([0,T]; H?) if v.(0) € H?. Indeed, for ¢ > 0, Y; is
smooth so that u. o = voe~ Y« is also in H?. Existence and uniqueness of a global solution
in C([0,T]; H?) N C'([0,TY]; L?) of

du,
)
dt

= Aue +uc(ée — Co), 2 € T2, £ >0, u(0) = ue g, (3.2)

is easy to prove, for instance by a fixed point argument on a mild form of the equation
- recall that (¢*2), is a strongly continuous group of isometries on any H*. This mild
solution satisfies (3.1) as an inequality in L2, see for instance [7], chapter 4. Setting v. =
u.e¥= gives a solution in C([0, T]; H?) N C1([0, T); L?) to (3.1). Uniqueness of u. implies
uniqueness of v.. In fact, the same argument gives a unique solution in C([0, T]; H**2) N
CY([0,T]; H*) if v.(0) € H*, k € IN.

We take the initial data

v:(0) = vy = uge?

and assume below that it belongs to H2. Note that this gives an initial data depending
on ¢ for u. for (3.2), but we recover the good initial data at the limit ¢ — 0.
The mass and energy of a solution are now:

NE(Ug(t)) - /2 |Us(l,7t>|2€—2Ys(x)dx
T

and

1 1
H.(ve(t)) = /T <2|Vv5(x7t)|2 + Slvel”  [VYef? ;) e Wy,

They are constant in time under the evolution (3.1). This follows from standard computa-
tions. Since the solution is in C([0, T]; H?) N C([0, T]; L?), these can be done rigorously.
For instance, thanks to this property we have:

d

4 dve
dt T2

1
§‘VU€($at)|2€_2YE(w)d$ = Re Ave(z,t) e 2Y=(®) qq.

T2 d

Since Y. converges in B 5 for any x > 0 as ¢ tends to zero, we see that the mass
gives a uniform bound in L2 on v.. More precisely:

lve(ONIZ> < [le** [z lle™" [z voll72 = KellvollZ (3.3)

with
K. = [|e?% || poole™"% | oo (3.4)

The energy enables us to get a bound on the gradient.

Proposition 3.1. Let k € (0,1/2), there exists a random constant K. bounded in L? ()
with respect to € for any p > 1 such that ifvy € H*:

[ Vet < K (o) + ool )
T2
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Proof. Since B;’TQ is in duality with B, we deduce by the standard multiplication rule
in Besov spaces (see e.g. [2], Section 2.8.1)

’/ 0.2 5 VYL - de
T

< ||U?||Bf2H : |VY€|2 : HBO;*?2 < Ke”'USHsz < Ke”vz-:HQBg,?.
Then we note that |[v: %, = [|v-[|%~ so that by interpolation

< Kelloe |35 ve |1 %

/2 lv)? : |VYL|? @ da
T

It follows
/T Vee(e P de < KH(ve(t)) + Kello- ()1 72~ o= (1) 13
< K H.(vo) + K. [[v-(t)|22 + K [lo-(0)|[39 ™ Vo ||25
~ edle UO) 5 Us() L2 E||v€ ||Lz Vel L2
- 1
< KsHe(UO) + K6HU0||2L2 + §||VU6H%2

and hence, by absorbing the last term in the left hand side,
/ (Vo (z, D)Pde < K. (He(v0) + llwol3:) . O
T2

Since ﬁg(vo) is bounded for vy € H', we obtain a (random) bound on v, in H! using
similar arguments as above.

Corollary 3.2. There exists a random constant K. bounded in LP(2) with respect to ¢
for any p > 1 such for any vy € H':

[ve (Ol < Kellvollmr, ¢ > 0.

Unfortunately, this regularity is not sufficient to control the product Vo, - VY. on the
right hand side of (3.1).

The next observation is that, w, = dé’; is formally a solution of:
dw, 2
i = Aw, —2Vw, - VY. + w : |VY|* 1, (3.5)

and since w, satisfies the same equation as v., it has the same invariant quantities. We
use in particular the mass: . 3
N(we(t)) = N(we(0)).
Hence: ~

lwe ()22 < KN (w:(0)) < Kellwe(0)]|7-. (3.6)
This formal argument can be justified as follows. We take a sequence (v ,(0)),>0 in
H* which converges to v.(0) in H2. Then, as noted above, the corresponding solution
ve  0f (3.2) lives in C([0,77]; H*) N C*([0,T], H?) and converges to v. in C([0,T]; H*) N
C'([0,7], L?). The argument above holds for w. , = %2 and

||w6777(t)|\%2 < KEN(U}EJ](O)) < Ka‘lwa,n(O)HZL?-

Letting 7 — 0, we obtain that (3.6) is true under the assumption that v € H 2,

Proposition 3.3. There exists a random constant K. bounded in L?(Q)) with respect to
¢ for any p > 1 such that ifvg € H?:

[vellr2 < eKe (Jlvollzz2 + [lvol| 2| Inef?) .
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Proof. From (3.1), we have:
w.(0) = —i(Avg — 2Vvg - VYz 4+ v ¢ |[VYZ]? 2),
so that, thanks to the embedding H'/? ¢ L*,
[we(0)l1z2 < ¢ (vollm= + [lvoll g2 [ V¥ellza + lvoll gzl = [VYel? 2 [114) -

By interpolation we deduce:

3/4 1/4 1/4 3/4
e O)llze < e (lleollie + lvol s ool IV Yellgs + looll i ooll 351 + 192l o)

4/3
< ¢ (Ilvoll 2 + leollz2 IV Yellga + ool 2 + VY2 < 17°)

< ¢ (llvoll = + Kelvoll 2| Inel?)
(3.7)

where:
K. = |VY|[taline| 2+ | : VY« |3 Ine| 2.

By Lemma 2.4 and gaussianity, we know that the moments of this random variable are
bounded with respect to .
It follows
[we(®)llz2 < Ke (|lvollz= + [lvoll 2| nef?) .

This in turn allows us to control ||v.|| g=. Indeed, from (3.1),
[Ave]lz2 < Jlwe(®)llz2 + 2l Vve - VYe|lg2 + [lve  [VYe]? : |2
and by similar arguments as above
1
1802 < lwe(®)ll2 + 51 Avel 2 + eKeJoe ()] 2 Ine]”
and finally
[Ave] 2 < Ke (llvoll 2 + llvoll 2| Ine[?) .
The result follows thanks to (3.3). O

This bound does not seem to be very useful since it explodes as ¢ — 0. To use it, we
consider the difference of two solutions.

Proposition 3.4. Letey > ¢; > 0 then fork € (0,1], p > 1 there exists a random constant
K., ., bounded in LP(Q2) with respect to 1,2 for any p > 1 such that if vy € H>

sup |oe, () = ve, (8)[172 < Koy e85 I 2% oo 2
t€[0,T]

Proof. We set r = v, — v, and write:
dr
i = Ar —2Vr VY., +7: VY., |?: =2V, - V(Yo = Yo,) + oo, |[VYL, [P — 1 [VYL, 2 0.
By standard computations, we deduce:

1d

- % ¢ 2 ,—2Y, (z)d

sai [, @ o z

= Im/ (=2Vve, - V(Yz, = Yo,) +ve, (VYL 20— 1 | VYL, [22) re Y Dy

T2

< 2[|Vue,re™ > B, IV (Ye, — YEz)HB;f2 + [|vz, e By, VY., |?: = VYL, |2 ||B;,72
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the first term of the right hand side is bounded thanks to interpolation and paraproduct
inequalities (see [2]) and we have

Ve, e gy, < cllveg e (lvey i + ey <) e |15,
Then, by Proposition 3.3 and interpolation:
1 2 1-k)/2 1—k)/2
Vel rien < ellvey 557 2 0, 157972 < Koy (lvoll e + llvoll 22| Inea2) 3972 g || (7

and, by Corollary 3.2, fori =1,2

1-k/2

Kk/2
2 ||U0||L2

lve, e < el llve, 112" < Ke,llvoll i lvoll =™ < K, llvoll 3

It follows

S5—K

_ _ 3 1
IVve,7e™ 1 || pp, < Koy ealle™ 1 |, llvoll 22 " (lvoll 2 + [lvoll 2| Ine2f*) ="

The second term is bounded by the same quantity and we deduce:

1d
2dt /T [, )]2e 2 @) da

S5—K

_ 2 1
< Ko, lle™® =[x, vl 25 " (ol a2 + [[voll 2| Inez[*) 2%

X (IV (e, = Ye)ll o, + 15 [V¥e, |2 = VY2 2 s s, )
The result follows thanks to integration in time and Lemma 2.1. For instance, we have:

IV(Yer =Yoo )llpr, < ellV¥er =Ye)ll —ze SellYe, =Yool hone < Keyenes

Boc,go

thanks to Lemma 2.1 with #' = 2, x” = 3 and p = £. O

By interpolation, we deduce from Proposition 3.3 and 3.4 the following result.

Corollary 3.5. Let 2 > €1 > 0 then for s € (0,1], v € [0,2), p > 1 there exists a random
constant K., ., bounded in L?(Q) with respect to €1, e, for any p > 1 such that ifvy € H?:

5(1-2
sup [[ve, (8) = vey ()30 < Koy opes 2 Ines|*uo| e
t€[0,T]

We are now ready to state and prove the main result of this section.

Theorem 3.6. Assume that vy = uge? € LP(Q;HQ) for some p > 1. Forany T > 0,
q <p, v € (1,2), when e — 0, the solution v. of (3.1) satisfying v.(0) = vy converges in
L1(Q;C([0,T); H)) to v which is the unique solution to

.dv 9

ZE =Av—2Vv-VY +v:|VY|": (3.8)
in C([0,T); H) such that v(0) = vy. Here, by solution, we mean that (3.8) holds as an
equality in C([0,T); H'~2)

Proof. Let us first prove pathwise uniqueness. Since the equation is linear, this amounts
to prove that a solution with v(0) = 0 is 0. Let us consider such a solution and write:

/ |v(m,t)|2e_2y(”)d$c = lim |v($c,t)|26_2ys(”’)dx
']I‘Q

e—0 T2
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as can be seen from Lemma 2.1. Then, v € C([0,T]; H”) implies that 2 € C([0, T]; H~2)
and we may differentiate for ¢ > 0:

d

- o) = 2(iAv — 2iVu - VY +iv: [VY 2 1 ve™2¥5),

,ve

d
lo(z,£)[2e2Y-@ gy = 2(22
T2 dt

where (-,-) has to be understood as the duality between H?Y~2 and H2~? - note that
2 — v < 7. Recall that:

(iAv — 2iVv - VY. +iv : |[VY.|? 1, 0e”2Y2) =0,

and deduce:

d

pn lo(z,t)|?e 2@ dy = (—2iVu - V(Y = Y2) +iv(: [VY? : — 1 |[VYL|?) 5, ve™ 2¥5),
T2

We then repeat the estimate of the proof of Proposition 3.4 but estimate the H'™* norm
by the HY norm and obtain

d 5
%/ lv(z,t))?e 2= dz| < K.e%.
T2

The random constant K. depends on the norm of vy, v, in C([0,7]; H”) and on Y.. We
take ¢ = 27%. By Lemma 2.1 and Borel-Cantelli, we know that sup, K-+ < 00 a.s..
Integrating in time and letting k — oo, we get [ [v(z,t)[2e2Y @ dz = 0.

Now let g5, = 27%, Corollary 3.5 implies that (v., ) is Cauchy in L(Q; C([0,T]; HY)). It
is not difficult to prove that the limit v is a solution of (3.8) and

telo,T

D ( up ||vek<t>|‘}p> < ¢E ([[vollz=)"""

te[0,T)

E( sup v<t>||zn> < B (o) "

Let € > 0 and k such that ¢ < . By interpolation, with v < 74 < 2,

sup ||ve(t) — Vey, (t)”%”

t€[0,T]
2(1— 2
<c sup [Joe(t) = e LS sup () — o, (D)5
te[0,T) te(0,T] }
<e sup Joe(t) = ve O3S sup (os (@)l gz + oo ()] 5)*7 .
te[0,T) te[0,T]

By Proposition 3.4, Proposition 3.3 and the above inequality, we deduce:

E( sup [vo(t) —va,ﬁu)ngw) < ce 31D | Ine 4 (|[vol|%.) " .
te[O,T]

Letting £ — oo, we deduce that the whole family (v.).~o converges to v in L9(;
C([0,T); H")). It remains to let ¢ — 0 in each term of (3.1) to prove that v is a solution. O

4 The nonlinear equation

We now study the nonlinear equation (2.2) and consider its approximation (2.3) with
initial condition
o Y
v:(0) = vg = uge
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and assume below that it belongs to H 2, Using the same argument as in [5], we can
prove existence of a solution to (2.4) in C([0,7*); H?) N C1([0, T*); L?) where T* is the
maximal time of existence. It is either infinite or finite and in the latter case the H? norm
blows up. This implies local existence and uniqueness for (2.3). Proposition 4.2 below
shows that, under condition 4.2, the H? norm is bounded on finite time intervals and
thus implies that T* = oc.

Again the solution is sufficiently regular to justify the computations yielding conser-
vation of the mass and energy.

The mass gives a uniform bound in L? on v,:

lv ()72 < KellvolZ2- 4.1

The estimate on the H' norm using the energy is similar to the linear case. Recall
that the energy is given by:

- 1 1 A
Hs(ve(t)) = /,]1,2 <2V’U5(l‘,t)|2 + §‘U8|2 . IVY;|2 . _4|U5(x7t)|4e—2Yg(z)> €—2Y5(:c)dx

and it can be checked that for all t > 0 we have H. (v.(t)) = H.(vp).
Proposition 4.1. There exists a constant K. bounded in L? () for any p > 1 such that if
vo € H! and

le™= 2o €*¥* || oe lwoll 2 < L ifA =1 (4.2)
then

loe@l7 < Ke (lvollz + lvollZzlvoll7) -

Moreover, the sequence (K}) = (K,-») is bounded almost surely, i.e. sup;, Ky« is almost
surely finite.

Proof. We proceed as in the proof of Proposition 3.1. We first have

‘/ V2 VYL da 20 x
T2

< Ko |loe |35 ve |1 %

and
/ Vo, (x, 1) 2dz
T2
< Ko (0 (6)) + Koo (025 o 03 + / e e @By
< K.H.(vo) + Kcl|vo|22 + %stniz n 2 /T o (. D) 22V gy
For A = —1, the result follows after dropping the last term and using

/2 [oo(@)|*e™ P da < K. |lvol|zs < Kellvoll3p/z < Kellvoll 2z llvoll 7

thanks to the Sobolev embedding H'/? ¢ L* and interpolation.
For A\ = 1, Gagliardo-Nirenberg inequality (see for instance [5] for a simple proof
with the constant 1/2 used below):

/ [ve (, )| *e 4= (@) dg:
T2

IN

e e [ o)

1
Sle e [ oo Pde [ (Vo)
T2 T2

IN

IN

L, _
slle™ = = e o vollZe /T Vo (e, 1) de,

EJP 23 (2018), paper 28. http://www.imstat.org/ejp/
Page 11/16


http://dx.doi.org/10.1214/18-EJP143
http://www.imstat.org/ejp/

NLS with spatial noise

where we have made use of [[v.(¢)[|2. < [|e?¥=||Le||e2¥*||L=||vo||2. according to (3.3).
The result follows easily under assumption (4.2).
The constant K. is a polynomial in || : |[VY,|? : ||B_m2,

|€_2YE ||Loo and ||€2YE HLoo .

By Lemma 2.1 and Lemma 2.3 and Borel-Cantelli, we know that : VY, «|? : and

Y-+ converge almost surely in B, and B;; ~ so that K}, is indeed bounded almost

surely. O
We now proceed with the H? bound.

Proposition 4.2. There exists a random constants K. bounded in L?()) with respect to
¢ for any p > 1 such that if vg = uge~Y € H? and (4.2) holds:

[[ve (£)]] a2

K (1o ll2 NT-ERTIT
< ek (1 -+ fooll s -+ [oll el Il ol + o3 gl )= (ol ol ol o),

Moreover K, = K, is bounded almost surely.

Proof. As in Section 3, we set w, = dé’; which now satisfies:
d
i ;1;5 = Aw, —2Vw, - VY. 4w, : |[VY]? : +A (|U5|2w6 + 2Re(vgw5)v5) e 2Ye,

From (2.3), we have:
w.(0) = —i(Avg — 2Vg - VYz +vg : [VYL|? 2) + Awg[Pvoe 2=,
and as in Proposition 3.3 and using the embedding H! C LS:
Je(llze < elfvollr + vollza (IFYlbe + 12 [VX < 122) + e e ol
By Lemma 2.4:
P(IVYlds + 1 VY2 1 |42 > | nel®) < el Ine|~2

it follows that
[we (0)llz2 < ellvoll = + Kelvoll 2| ne|* + K- [lvol[7:
with K. having all moments finite and such that K, is almost finite by Borel-Cantelli.We
have taken |In¢|* instead of |In¢|? in the estimate above in order to have this latter
property. Recall that Y;-» converges a.s. in L.
We do not have preservation of the L? norm but:

1d

— t 2 72Y5(I)d

2t Jy, DI z

= 2)\/ Re(ve(z, t)we (., t)) Im(ve(, t)we (z, t))e ™=@ dy

T2
< Kool [ oo 0ds
"H‘2

S KEHUE(t)HiIl (]. + h’l(]. + H’Us(t)HH2)) /2 |ws(x’t)‘2672Yg($)d$

T

< Ke (wollzn + llvollZ2llvoll3 ) (1 + (1 + [|ve(t)] r2)) /T? jwe (@, )] e~ da

thanks to the Brezis-Gallouet inequality ([5]) and to Proposition 4.1.

This computation is not rigorous. We proceed as in the linear case to justify it. We
take a sequence of smooth initial data, say in H*. In this case, using Theorem 5.4.1 in
[6], we know that the solution is sufficiently regular to do the computations above. This
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theorem is proved in the R? framework but the proof in fact works on any domain. The
estimate above is obtained at the limit for an initial data in H?.
Then as above we have:

[Ave(B)]|rz < 2llwe ()2 + eKellve(t)l| 2] nel* + Al foe () Pvee™¥ || 2
< 2ljwe ()| z2 + Kellve(8) ]| 2 ne|* + K f|ve (£)][|6-
By the embedding H! C L° and Proposition 4.1, we deduce
lve(W)llrr2 - < cllwe(®)llrz + Ke (Jvoll 2| nel* + ool + [lvollZ2llvollF) -

Again, the almost sure boundedness of the different constant K}, is obtained thanks to
Lemma 2.3, Lemma 2.4 and Borel-Cantelli.
To lighten the following computation, we use the temporary notations:

We = wee™ |72, 0= = Ke (lvollF + llvollZ2llvoll7: ) ,
Be = K (|lvoll 2| nel* + [lvollF + llvoll3zlvollF:) -

Then we have:

We

IN

d -
at e (1+In(1 + [Jve] r2)) e

IN

ae (1+In(1 + ¢||lwe|| 2 + Be)) we
< e (1 +1In(l + Kobe + ) .
Hence

D001 K1) £ 82)) < ac(L4 In(L 4 Keb®) + 5.).

By Gronwall’s Lemma we deduce:
1+ 1In(1+ Kw:(t) + Be) < (1 +1In(1 + K.w:(0) + Be)) exp(aet)
and taking the exponential

[we(®)llze < Kb (t) < eKe(1+ Kb (0) 4 o) Pt
< Ko (14 Kel|we (0)]| 2 + 8o)P(*<?
< Ke(1+ Kelfvo| = + Be) =P,

The result follows. O

We see that this H? bound is not as good as in the linear case. Due to the double
exponential, we do not have moments here. However, this is sufficient to prove existence
and uniqueness. We now state the main result of this section.

Theorem 4.3. Assume that vy = upe® € H? and
le 2113 < 1€®Y | |Jvoll e < 1if A = 1. (4.3)

ForanyT >0,p>1,v € (1,2), when ¢ — 0, the solution v, of (2.3) satisfying v.(0) = vy
converges in probability in C([0,T]; H")) to v which is the unique solution to

d
idi; = Av—2Vu-VY +v: VY] +A|vve2Y (4.4)

with paths in C([0,T); H") such that v(0) = vy.
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Proof. Pathwise uniqueness is proved as in the linear case. Let v1, vo be two solutions of
(4.4) with paths in C([0,T]; H") and starting with the same initial data. We set r = v; — v
which satisfies

d
Zditn = Ar —2Vr-VY +7: |[VY 21 (o1 201 — |v2|2v2)e_2y.

The following computation can be done thanks to the regularity of v; and vs:

dt T2
d
= Z(d—;,mszE)
= —2(iAr — 2iVr - VY +ir : [VY|? : +X(Jv1]?v1 — |va|?v2)e™ 2, re2Ye)
< (=2iVr - V(Y = Y2) +ir(: [VY)? : = |VYL]?) : +A(v1 201 — |vo)?v2)e™ Y re2Ye),

After similar manipulations as above:

d
7/ |r(m,t)|2e_2yf(””)dx§K€(5“/2+/ r(z,t)[?e” ") dz)
dt T2 T2

with K. such that sup, K,-» < oo a.s.. It remains to use Gronwall Lemma, take ¢ = 27"

and let £ — oo to conclude that » = 0 a.s.
Under assumption (4.3), we know that (4.2) holds for € small enough. Thus we may

use Propositions 4.1 and 4.2.
We take 5 > €1 > 0, set r = v, — v., and write:

dr
iy = Ar—=2Vr- VYo 47 VY, 12 =2V, - V(Y = Yo,) + 0, (0 [VYo, 71 — 1 |[VYL, 2 0)
+A|ve, \2re_2Y51 — M|ve, |* — |v51|2)0526_2Y€1 + A\|ve, [Pve, (e72Yer — 7 2¥en)),

By the same arguments as in Section 3 and standard estimates we obtain;

1d
23t Jpa |r(,1)]

< clle™ ||y, , lvey ()l (Jvey (Ol e + [lve, (8|72

X (IV (e, = Vel + 5 [9Ye |2 = VY2 2 2], )

26—2Y51 (alc)dm

+K€1(HU61 HL°° + ||U€2||L°°>||v€2||L°° /1?2 ‘r(x7t)‘26_2ygl(w)dx

—2Y,

K ve, 7o (ve, 122 + ([0, [[22) [le™2Y5 — e |12
< Koy ey [[vey (D2 ([oe, (8) | + v, (8)]] )25
FEy ([[vey [+ [ L) 2 (1 + (L 4 v, [[72) + (1 + [Joe, || 2))
x/ |r(x,t)|?e™ 21 (@) g
T2
Ko, o v, |3 (L4 (1 + (o, [12))%* (Joe, | 2 + [|vey [|22)eS,
by the Brezis-Gallouet inequality. We have used for « € (0, 1):
le®Yer —e™®e |2 < 2|¥e, = Yo, [lra([le™ e | + [le2¥e2 L)
< clea| Y Iy, (e 5 [[zoe + le2¥e2 1)
< K¢, o, le2]".
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Again, the constants K., K., ., above have all moments bounded independently of ;, €2
are almost surely bounded in k for e; = 2= *+1), ¢y = 27k,
We deduce from Gronwall’s Lemma:

In |72 < K., ey P(vo)(1+1InP(vg) + In | Ing|)PEKerco Pvo)t)

K
+rexp(Key e, P(v0)t)(In K¢, -, +In Pvg) +1n|lne|) — §| Ines|,
where P(vg) denotes a polynomial in ||vg||g=. By interpolation, we have
v 2 .
Inflrllgy < e+ 1 =) rlze + 5 ]

so that a similar estimate holds for In ||7| g+, v < 2.
The constants K., ., are bounded almost surely when g; = 2~ (*+1) ¢, = 27F 50 that

[ -4y — vk [ v < C(vg)|In 27 FFD|C 0I5 (kD)

where now C(vy) is a random constant depending on ||vg||gz. It follows that vy« is
Cauchy in C([0,T], H").

Finally, we reproduce the estimate above for ||v.(t) — vg- | 12 but bound ||vy—x ||~ by
|va—x|| 7~ instead of using Brezis-Gallouet inequality. We obtain:

I {[ve(t) — vl < KegxP(vo)(1 + In P(ug) + In | In g]) e 2-r P(e0)0)
+rexp(K. o r P(vo)t)(In K, 5 + In P(vg) +1In|Ing|) — g\ Inel,

where IN(EQ_;C are constants with moments bounded independently on € and k. Again,
a similar bound holds for the H” norm thanks to an interpolation argument. Letting
k — oo yields:

In|[v-(t) —v|ze < K.P(vo)(1 + In P(vg) + In | Ine|)*P(KP(w0))
+rexp(K.P(vo)t)(In K. +In P(vg) +In|Iney|) — g| Inel,

where again K. are constants with bounded moments.
The conclusion follows. O

Remark 4.4. Condition (4.3) is probably not optimal. It can easily be weakened to
AK3 _Ki c|lvol|2 < 2, but this is probably not optimal either.

References

[11 R. Allez and K. Chouk, The continuous Anderson Hamiltonian in dimension two,
arXiv:1511.02718v2.

[2] H. Bahouri, J.-Y. Chemin and R. Danchin, Fourier analysis and nonlinear partial differential
equations, vol. 343 of Grundlehren der Mathematischen Wissenschaften. Springer, Heidel-
berg, 2011. MR-2768550

[3] J. Bourgain Invariant measures for the 2D-defocusing nonlinear Schrédinger equation, Comm.
Math. Phys. 176 (1996), no. 2, pp. 421-445 MR-1374420

[4] J. Bourgain, Refinements of Strichartz inequality and applications to 2D-NLS with critical
nonlinearity, IMRN, 5, p. 253-283, 1998. MR-1616917

[5] H. Brezis and T. Gallouet Nonlinear Schrodinger evolution equations, Nonlinear Analysis,
Theory, Methods & Applications, vol. 4, no 4, pp. 677-681. MR-0582536

[6] T. Cazenave, Semilinear Schrodinger equations, Courant Lecture Notes in Mathematics,
American Mathematical Society, Courant Institute of Mathematical Sciences, 2003. MR-
2002047

EJP 23 (2018), paper 28. http://www.imstat.org/ejp/
Page 15/16


http://arXiv.org/abs/1511.02718v2
http://www.ams.org/mathscinet-getitem?mr=2768550
http://www.ams.org/mathscinet-getitem?mr=1374420
http://www.ams.org/mathscinet-getitem?mr=1616917
http://www.ams.org/mathscinet-getitem?mr=0582536
http://www.ams.org/mathscinet-getitem?mr=2002047
http://www.ams.org/mathscinet-getitem?mr=2002047
http://dx.doi.org/10.1214/18-EJP143
http://www.imstat.org/ejp/

NLS with spatial noise

[7] T. Cazenave and A. Haraux, An introduction to semilinear evolution equations, Oxford Lecture
Series in Mathematics and its Applications, 1998. MR-1691574
[8] H. Chihara, Gain of regularity for semilinear Schrodinger equations, Math. Ann. 315, no. 4, p.
529-567, 1999. MR-1731461
[9] C. Conti, Solitonization of the Anderson localization, Phys. Rev. A, 86, 2012.
[10] M. B. Erdogan and N. Tzirakis, Talbot effect for the cubic nonlinear Schrédinger equation on
the torus, Math. Res. Let., 20, no. 6, p. 1081-1090, 2013. MR-3228622
[11] M. B. Erdogan, T. B. Gurel and N. Tzirakis, Smoothing for the fractional Schrodinger equation
on the torus and the real line, arXiv:1703.00946
[12] N. Ghofraniha, S. Gentilini, V. Folli, E. DelRe and C. Conti, Shock waves in disordered media,
Phys. Rev. Letter, 109, 2012.
[13] M. Hairer and C. Labbé, A simple construction of the continuum parabolic anderson model
on R2. Electron. Commun. Probab. 20 (2015), no. 43, pp. 1-11 MR-3358965
[14] A. Ionescu and C.E. Kenig, Well-posedness and local smoothing of solutions of Schrédinger
equations, Math. Res. Lett. 12, no. 2-3, p. 193-205, 2005. MR-2150876
[15] T. Kappeler, B. Schaad, and P. Topalov, Scattering-like phenomena of the periodic defocusing
NLS equation, preprint, arXiv:1505.07394. MR-3696604
[16] C.E. Kenig, G. Ponce and L. Vega, Smoothing effects and local existence theory for the
generalized nonlinear Schrodinger equations, Invent. Math. 134, no. 3, p. 489-545, 1998.
MR-1660933
[17] S. Keraani and A. Vargas A smoothing property for the L? critical NLS equations and an
application to blowup theory, Annales de I'Institut Henri Poincare (C) Non Linear Analysis
Volume 26, Issue 3, p. 745-762, 2009. MR-2526400

[18] H. Mizutani, Global-in-time smoothing effects for Schrodinger equations with inverse- square
potentials, Proc. Amer. Math. Soc. 146, no. 1, p. 295-307, 2018.

Acknowledgments. This work was started during the Fall semester 2015, while the
authors were in residence at the Mathematical Sciences Research Institute in Berkeley,
California, supported by the National Science Foundation under Grant No. DMS-1440140.
A. Debussche benefits from the support of the French government “Investissements
d’Avenir” program ANR-11-LABX-0020-01. H. Weber is supported by the Royal Society
through the University Research Fellowship UF140187.

EJP 23 (2018), paper 28. http://www.imstat.org/ejp/
Page 16/16


http://www.ams.org/mathscinet-getitem?mr=1691574
http://www.ams.org/mathscinet-getitem?mr=1731461
http://www.ams.org/mathscinet-getitem?mr=3228622
http://arXiv.org/abs/1703.00946
http://www.ams.org/mathscinet-getitem?mr=3358965
http://www.ams.org/mathscinet-getitem?mr=2150876
http://arXiv.org/abs/1505.07394
http://www.ams.org/mathscinet-getitem?mr=3696604
http://www.ams.org/mathscinet-getitem?mr=1660933
http://www.ams.org/mathscinet-getitem?mr=2526400
http://dx.doi.org/10.1214/18-EJP143
http://www.imstat.org/ejp/

	Introduction
	Preliminaries
	The linear case
	The nonlinear equation
	References

