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Abstract

Let X1,..., Xm, be independent random matrices of order N drawn from the polyno-
mial ensembles of derivative type. For any fixed n, we consider the limiting distribution
of the nth largest modulus of the eigenvalues of X = [[;% X, as N — oo where
mny /N converges to some constant 7 € [0, c0). In particular, we find that the limiting
distributions of spectral radii behave like that of products of independent complex
Ginibre matrices.
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1 Introduction and main results

Recently, Kieburg and Kosters [13] showed that there is a one-to-one correspondence
among the probability density functions of the so-called statistical isotropic matrices,
those of the square of their singular values and those of their eigenvalues. As a special
case of the statistical isotropic matrices they introduced the polynomial ensembles of
derivative type which can be determined by their eigenvalue distributions, see [8, 13, 14].

Definition 1.1. For a positive integer N, let X be a N x N complex random matrix with
probability density function P with respect to the Lebesgue measure on CN*Y . We say
that X is drawn from the polynomial matrix ensembles of derivative type if X is isotropic,
i.e. for any A € CN*Y and any unitary matrix U,V, P(UAV) = P(A), and the probability
density function of the eigenvalues of X is of the form

N

1 2 2

o I 12—zl []wlzl). (z.....28) € €Y, (1.1)
1<j<k<N k=1

where Zy is the normalisation constant. The function w : Ry — R is called the weight

function of X and satisfies that w(e®) is an Pélya frequency function of order N.

Let X;, X5 be two independent random matrices drawn from the polynomial matrix
ensembles of derivative type with weight function w;, wo respectively. Then X; X5 is also
drawn from such ensembles with weight w; * w, which is the Mellin convolution of w;
and ws. Moreover, if we normalize w; to be the probability density functions of some
independent nonnegative random variables, say (i, k = 1,2, then the weight function
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corresponding to X; X, is the probability density function of (;(>, see ref. [14] for details.
There are several known random matrices of this type, such as induced complex Ginibre
matrices [7] (particular the complex Ginibre matrices [9]) and their products [1, 2], the
induced Jacobi ensembles (also known as the truncated unitary matrices [21]) and their
products [1, 4].

Rider [15, 16] proved that the distributions of the appropriately shifted and rescaled
spectral radii of complex Ginibre matrices converge to the Gumbel distribution, refer
[17] for real Ginibre matrices. Later, Chafai and Péché [6] showed that this phenomenon
is also true for the random normal matrix with weight function

w(r)=e NV e Ry, (1.2)

where V (r) is called potential function and possesses appropriate differential and convex
conditions. On the other hand, if w(e") is a Pdlya frequency function of order N, (1.1)
also describes the eigenvalue distribution of a polynomial random matrix ensemble with
derivative type. For instance, we may take w(r) = e~V TQQ, a > 0. Recently, Jiang and
Qi [11] investigated the limiting behaviors of the spectral radii of truncated unitary
matrices and products of independent complex Ginibre matrices. Also, the distribution
of the smallest modulus was investigated [3, 5].

In this paper, we are interested in the order statistics of the moduli of the eigenvalues
of such product random matrices. Let {my}%_, be a sequence of positive integers.
Assume that the limit of my/N exists as N tends to infinity and denote it by 7. For
each N, let X I(N), ... ,Xf,f,vj\,) be independent random matrices of order N drawn from the
polynomial matrix ensembles of derivative type with weight functions

w;f(r)oce_NVk(‘ﬁ)7 reRy, k=1,...,mp, (1.3)
respectively. Denote the eigenvalues of the product matrix X = [[,-% X ,EN) by z1,...,2n
and the ordered statistics of the moduli of these eigenvalues by

\Z|(1) > 2 |Z|(N)' (1.4)

That is, for any fixed integer 1 <n < N, [z|,) is the nth largest of {|z[ : k =1,2,..., N}.
Particularly, |z|, is the spectral radius of X.

Our analysis is based on the following structural results of the moduli of the eigenval-
ues.
Proposition 1.2. Let {{;,, : 1 <1l <my,1 <n < N} be independent random variables.
The probability density function of each & ,, is

1
[T exp{—NVi(t)}dt

2 Lexp{—NVi(z)}[0,00) (2). (1.5)
Then, we have the following identity in distribution

(|Z|(1)73|Z|(N))i(£(l)77£(1\7))7 (1.6)

where {1y > ... > &) Is the order statistics of independent random variables &, =
H;n:q] fl,n,n: 1,...,N.

Proposition 1.2 can be deduced from [6, Theorem 1.2] by a similar argument for
products of independent complex Ginibre matrices (i.e. the potential function is given by
V(r) = r?) as in [5, 11]. Thus, we omit the proof.

Remark 1.3. Although we state Proposition 1.2 for the eigenvalues of product of random
matrices drawn from random matrix ensembles with derivative type where the weight
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functions wg(e”) given by (1.3) should be Pélya frequency functions of order N, the
analysis in this article also works for the particle system (1.1) on complex plane C whose
weight function is the Mellin convolution of wi,k = 1,2,..., my. Our analysis in this
paper works for the potential functions V possess the following conditions (a)-(d), but
does not need the weight function to be Pdlya frequency functions. Thus, we do not
require wy(e")’s to be Pélya frequency functions except for considering polynomial matrix
ensembles.

Hereinafter, we always suppose that potential functions V possess the following
properties:

(a) V is defined on R, and taken values in RU{oco} with domain D:={t € R, : V(¢) < cc}.
(b) V has continuous derivatives up to fourth order on its domain D.

(c) There is a unique minimum of F(t) := V(t)—2log t and denote it by ¢(°). Furthermore,
() is an interior point of D and for every ¢ > 0,

inf {F(t) ~F{t©):teDand|t—tO] > 5} > 0.

(d) F"(t©) > 0.

Remark 1.4. Let Ais an N x N random matrix drawn from the polynomial matrix en-
sembles with weight function w(r) = e~V (V7). Then the conditions listed above are
automatically satisfied for N large enough. We would like to point out that there are
random matrices which are drawn from the polynomial matrix ensembles with derivative
type but do not satisfy some of the above conditions. For instance, the truncated unitary
matrices in the weak non-unitary case and the spherical ensembles [11]. Consider ran-
dom matrix A~'B where A and B are independent complex Ginibre matrices of order N,
that is A~'B is a spherical ensemble of order N. The corresponding weight function is

1
2y _ _ _NVn(r
w(r)_(1+r2)N+1_e v,

where Vi (r) = (1+ N~1)log(1+7r?). The potential function Vy depends on N. If we treat

1 . r
w<7ﬂ2) = 1+r2€ M

)

where V(r) = log(1 + r2), then the potential function V' does not satisfy condition (c).

We would like to mention that the potential function V' does not need to be convex as
in [6]. Technically, condition (c) makes it possible to apply Laplace method and thus the
unique minimum point +(°) of F(t) is a stationary point.

By condition (c), we denote the unique minimum point of V;(t) — 2logt by tl(o). Let us
introduce o := (£°)2V/ (1) + 2 and 8, := (t{V)3V"(1\*) — 4. Set

1 my 1 my 5[
= — —_— d b = T 1'7
an . Z o an N Z o2 (1.7)
=1 =1 !

Theorem 1.5. Suppose that, for some ¢ > 0, Ufil{w(4)(t) NS (tl(o) - s,tl(o) +¢e)}
is bounded. For any fixed positive integer n, let |z|,, be as in (1.4). Also, recalling
T = limN*)OO mN/N
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(1) Ift =0, suppose thatinfy>i1{an} > 0. Furthermore, we always assume thatmy < N
and N is large enough such that

N
N = log — 2loglog — — log 27 (1.8)
mn

4mNaN

is positive. Then, for all x € R, the following holds pointwise

. |2 |n) MNAONYN\1/2 MNAN\1/2 o 1 .
i P (e < 1 (R (0 ) <ot} e

(2) IfT € (0,00), and if there exist ag € (0,00) and by € R such that limy_,o any = ag and
limy 00 by = bg. Then, for all x € R, the following holds pointwise

RER = (RS SRND S | (LN IR

ma 4
Hl 1% k=10<l1 < <lp<ooi=1

X T oo (s 2) 10,00 (),

k=0
where
3
Wy (isw) = ®((ur) /(2 + 5 + 3-) + (ur) 7/ log )
u
and ®(z) = ffoo \/%e‘%ﬂdt is the distribution function of the standard normal

random variable.

Taking my = 1 and V(r) = r?, the limiting distribution of |2|(,) for any given natural
number n was obtained by [15, 16]. In particular, after taking my = 1, the limiting
result of the spectral radii |z|(1) was obtained by [6] for general potential function V.

Taking Vi(r) = Va(r) = --- = r?, then each of the X,EN) is a complex Ginibre matrix

and X = [} X, (M) is the product of independent complex Ginibre matrices. The

corresponding 11m1t1ng distributions of the spectral radii of X were obtained by [11].
The strategies of the proof. With the notation in Proposition 1.2, set

Py i=P(& < fn(x) =P(>_log&n <log fn(z)),

=1

where fxy(z) is an function of + € R depending on N. Following Proposition 1.2, it is
easy to deduce that

P(linax |zn| < fn(x H Py .

We find a sequence of integers {jy}%_; such that limy_, H ﬂ” Py, =1 and
HTIL Nejn+41 Py ,, converges to some distribution function. To analyze the asymptotics
of the latter we show that {log¢;,, : 1 <! <mpy,N —jy <n < N} can be replaced by
a set of independent random normal variables with appropriate means and variances
by Talagrand inequality, see Lemma 2.2 and Proposition 2.3 for details. Then, using the
same arguments as in [15] for the Riemann sum approximation, we obtain the desired

results.
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2 Proof of Theorem 1.5

We would like to introduce some notation. Let

1+ N z , if 7=0,
QN(x) _ N/mnan + VNN /myan T (2.1)
21(0,00) (1), if 7€ (0,00),
where vy is given by (1.8). Set
mn 0
() = o (@) JTH°. (2.2)
1=1

For each [/ and n, introduce F} ,(t) = Vi(t) — 2’}\71 logt, denote its unique minimum
point by ;. Set ay,, == (¢{"))2F/, (")) and By, := (1] )P F/ (1),

ln
Because we just interest in the large N limits of moduli of eigenvalues, in this article
we always assume that N is large.

Next lemma provides some properties related to the potential function.

Lemma 2.1. Suppose V (t) satisfies the condition (a)-(d) stated in previous section. Set
F,(t) =V(t) — 2% logt and F(t) = V(t) — 2log t. Denote the unique minimum point of
F, by t, and set &, := t2F/(t,) and $3, := t3F""(t,). Similarly, we denote the unique
minimum point of F by to and set & := t3F" (to) and 3 := t3F"" (to).

Let {jn}~-, be a sequence of positive integers satisfying limy_, jn/N = 0. For
each N — jy <n < N and N large enough, we have

G :a+0(%), 2.3)
i — 3. o0y

ﬁn—B+O(N), (2.4)
tn . 2(N-—n)+1 in

=l (L OC). (2.5)

Proof. Equations (2.3) and (2.4) can be deduced form the mean value theorem.
Now, we are going to prove (2.5). Set g(t) = tV'(t). It is easy to see that g(t,,) = 2%-.
Because ¢'(tp) > 0, we know that g is invertible in some neighbourhood of 2. Thus,
ta—to =97 (Fo0) 7' (2)
1 , 2n—1
== @) 2~ —x)1+0(1)

 2(N-m)+1
- tOFH(tO)N (1+0(1)) O

Lemma 2.2. With the notation of Lemma 2.1, for each N — jy < n < N, let (,, be a
positive random variable whose p.d.f. is given by

1 2n—1_—NV(x)
f(;)o tQ"_le—NV(t)dtx € 1[0700) (z). (2.6)

Then, for N large enough, we have

(I) The following asymptotics hold,

Bn 1
Elog ¢, = logt, — — 1+ 251 +0(=)), 2.7
08¢y = loghy — 5= (14 2)(1+ O(5)) @.7)
E(<”>2—1+O(1) 2.8)
' = N .
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(IT) There exist a standard normal random variable n and a positive constant K de-
pending on the derivatives of V up to fourth order, such that

2 K
E(\/anN(logC” —Elog¢,) —n) < N (2.9)
Proof. (I) The statement (I) is a direct consequence of the Laplace approximation, see
e.dg. [20, Theorem 1, p.58].
(II) It is easy to check that the probability density function of /o, N (log (,, — Elog ()
is given by

e271(]Elog C"Jrﬁ)*NV(eEIOg C"*ﬁ)

9(3) = \/mfooo 12n—1e—NV(2) ]y , sER. (2.10)
Taking change of variable
t= L exp(BlogCn + ——) 2.11)
= —ex og(p + —), .
t,  DUROBR T AN
we obtain
oo oo
9(s) 1 / NG (1)
s)lo ds = —=5 e n
/_OO 9(s)log ©(s) [ e NGal@)dz J
1 n
X <7NGn(t)JrlogtJrioan(logthElogf—)2 (2.12)

—log v ap,N +log vV2m — log/ e*NG"(“")dz> dt.
0
Here ¢(t) is the probability density function of standard normal random variable and
Gn(t) = V(tat) — %log t. Applying the Laplace approximation, there exists some
constant K > 0, depending on the derivatives of G,,(t) up to fourth order, such that

°° g(t) K
t)log —=dt < —. 2.13
| otree S0 < @19
By Talagrand inequality [18], one obtains
2 * g(t) K
W3 (VanN(log(, —Elog(,),m) <2 [ g(t)log Wdt <5 (2.14)
—o0 ¥

where W, is the 2-nd Wasserstein distance. The Kantorovich duality [19, p.19] implies
that there exists a standard normal random variable 7 such that

E(v/anN(log ¢, — Elog¢,) —n)° = W2(v/anN(log ¢, — Elog (), n).- (2.15)
The proof is completed. O

Motivated by the Lemma 2.6 in [11], we have the following replacement principle.
Proposition 2.3. Let {jy : N =1,2,...} be a sequence of positive integers satisfying
limN_mo CNjN/N = 0 where CN = YN log(N/mN) if T = 0 and CN — lifr e (0,00) With
notation in Proposition 1.2, there exist independent standard normal random variables
{mn:1<i<mpn,N—jy <n< N} suchthat

mpy
lim P (zvﬁvli)i o ; log &1, < log fn (x)>
mn ’I’]
= lim P 4 El <1 . 2.16
NS5 (erz{rli};<N§ (\/m +Elogtin) < ngN(x)) 210
ECP 23 (2018), paper 21. http://www.imstat.org/ecp/
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Proof. Recall that fy(z) is defined by (2.2). When 7 = 0, for large number N, we have

mn
<
P <N—ﬁvli§,§1\/;bg&’n = los fN(x))

mn
=P log&n <1 (1 z
(N-fﬂ?f@z S = o (H “\ S V)
Nyn (0)
= _ < ) ]
IP( m (N ]N<n<Nzlog€zn Zlogt ) v <z +0o(1) (2.17)

NAaN

To deduce the last equality, we have used that log(1 + y) = y 4+ o(y) for y in a small
neighborhood of 0. And for 7 € (0, 00), we have

my
P 1 <1
(N_ﬁvliﬁgzv; 0géin < 0gfw($)>

my
_ (0) <
P (NJ‘III\;Ii)r(L<NZIOg£l n Zlogtl logx> . (2.18)

To prove this proposition, by Slutsky’s theorem, it is sufficient to prove that there is a
set of independent normal random variables {7, : 1 <! <my,N — jy <n < N} such
that

NCN S - UIRD
log &1,n — A} Elog&,)) (219
i v 85 21088 = D (7 + Blost)) (19

converges to 0 in probability. Actually, according to Lemma 2.2, there is a set of
independent standard normal random variables such that (2.9) holds for some constant
K > 0 uniformly. For any € > 0, one has

mn

NCN M,n

P lo - —L 4Kl >

( myan N*jrzrvli}fzSNZ 08 &t.n gm<n<le; ( N + lLilog glm) 2 €
<P \/m max %(logfln—Elog&n_mi’") > e (2.20)
- myanN N—jn<n<N P ’ ’ \/W =

N my 2

1 NCN Mn

= E|) " (log&, —Elog&, — ——=—) (2.21)
— =2 Z M \n

ETMNAN L N1 1= VN

2K cnjN
Sz 2.22
- 52 N ( )

Here, the inequality (2.20) is a consequence of the fact that for any two sets of real
numbers {z;} and {y;},

|max x; — max y;| < max |x; — y| . (2.23)

To deduce (2.21), we first use the Markov’s inequality and then notice the fact that
maxy; < .y for any nonnegative real numbers {y;}. According to statement (II) in
Lemma 2.2 we have inequality (2.22).

Now, let N tend to infinity, we get the desired result. O

We have the following simple but useful lemma.
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Lemma 2.4. For any fixed positive integer N, the probabilities

f0<t1..4 tl "'tmN)2n71€7NZ;1]¥ Vl(tl)dt

P&, <) = - 2.24
(€ B ) f]R’”N tl tm )Zn—le*Nleijz(tz)dt ( )

are nonincreasing in n.

Proof. Introduce

Jrrn Loay(te - tmy ) (b1 -ty e =N Vi) gy

P(¢, <x):=

< , y=0. (2.25)
meN .. mN)

Yo~ N 2N Vi) gt

Then differentiate this quantity with respect to y, by the Gurland’s inequality [10], we
obtain

@P(fy <z)=E [1(0796] (&) logfy] - [1(0,1] (fy)} E[log&,] < 0. (2.26)
O

Let ¢ > 2 be some constant, and set

(2 10g V) 2), it 7 =0,
jN - L4mNaN IOgNJ ifre (05 00)7 (227)

1, if impy 00 my /N = 0.

Here |z] denotes the largest integer less than or equal to z.

Lemma 2.5. Let¢,, n = 1,...,N — jn, be as in Proposition 1.2 and jy as in (2.27).
Then,
N—jn
lim P&, < fn(x)) =1.

N—oc0
n=1

foranyx € Rif 7 =0 and forz > 0 if 7 € (0,00).

Proof. CaseI: 7 =0. Let{mn_;y :l=1,...,mny} be a set of independent standard
normal random variables such that (2.9) holds. The following string of inequalities hold
=1 Van-jn N

]P (
1 % E(y/ain—jyNQog&,n_jy —Elog& n_jy) — Ul,N—jN)Z

~ log® GN(:c) — aN—jy N

mN

3 (log&n—jy — —2NIIN . Elogéyn-y)

> log 9]\[(1‘))

(2.28)

1
N4mNaN N2 ZOélN in
< 1 K
S N
logmN

Applying the Markov’s inequality we get the first inequality. Then, according to the
statement (II) in Lemma 2.2, there is a constant K such the third line holds. Finally,
notice that + ;"% arn - is bounded, thus there is a constant such that the last

inequality holds we still denote the constant by K.
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Recalling the definition of jy as in (2.27), also taking Lemma 2.1 and statement (I) in
Lemma 2.2 into consideration, we have

mn mn
N —jn (0)
P (7+E10g&71\;_j )> logt; )
=P LS, : N*lmN 190+ 1)(1+ O(2X
= (NZOKI,N*]'N) n> Zo‘l (278 +1)(1 + (W))

=t =1 (2.29)

=B j
St o)
=1

P
~— Nlog N

Applying Lemma 2.6 bellow, and then combining (2.28) and (2.29), we obtain

mn mnN
P <Z log&n—jy > 3 logt;” +log 9N(’I)>

=1 =1
o~ M,N—j - (0)
<P E _BVTIN 4B . logt
- ( (\/al,ijNN +Elog&,n—jy) > 1§=1: og i, )

=1
Z (log&n—jn — Ny Elog &, n—jy)

+P
( 1=1 Van-jn N
< 1 2K
SN N
logm N

(2.30)

mN

> log Oy (z)

According to Lemma 2.4, one has

N—jn

m [ P < f(@) > Jim (1— —— 28
n=1

— )V =1
N—oo N—oo logm N

Case II: 7 € (0,00). We have the following string of inequalities

my my (0) 1 mn t(N_jN) ) le A 2
l AV —IN
P (lljl SN—jn > lljltl x) <= H ( tl(o) ) E(tl(NjN)>

=1

277 (,_ 2nt1 vy (2.31)
(1- 2 a o)

2 2ijNaN 2

A

IN

The first line is a consequence of Markov’s inequality. While the second line can be
deduced from Lemma 2.1 and statement (I) of Lemma 2.2.
By Lemma 2.4, one has

N—jn

. j 2
Jim 1 P (& < fn(2)) 2 lim (1 - =77

W=1. O

Lemma 2.6. For any random variables X, Y and constant x, y, the following inequality
holds
PX+Y >z+4+y) <P(X >z)+P(|Y]| > y). (2.32)
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Proof. The desired result can be induced directly from the following string of relations,

{X+Y >z+y}
C{X+|Y|>z+y}

= (X + 1> e+ V> ) J (X > 2y = POV < o))
c{lY] >y J{x > 2} O

The following lemma will be used in the proof of our main theorem frequently.

Lemma 2.7 (Kallenberg [12, Lemma 5.8]). Consider a sequence of constants cy; € [0,1),
and fix any c € [0, 00|, then limy o Hj(l —c¢nj) > 0 if and only if imy_, o Zj cnj < 00.
Furthermore, if limy_, sup; cn; = 0, then limy oo Hj(l —¢nj) = e~ ¢ if and only if
Iimpy oo Zj cnj = c. In the later case, we have

k
. Lk
A}l_r}réo E I | CNI; = Ec . (2.33)

l1 <<l =1

Proof. Here, we just give a proof of the last assertion. Notice that

k k—1
(eny)' =k 3 [lem+0( 30 A [Lem)- (2.34)
J i=2

<<l i=1 Il lk—1
For sup; cx; tends to 0, the big O item tends to 0. Thus the desired result is obtained. O
Proof of Theorem 1.5. We split the proof into two steps.
Step 1 is to the study the limiting distribution of the spectral radius |z\(1). Let jn be

as in (2.27). Proposition 2.3 and Lemma 2.5 imply that there are independent standard
normal random variables {9, : 1 <! <mp,N — jy < n < N} such that

dim P (|2l < fv (@)

N
=Jim  J] P <fy) (2.35)
n=N—-jn+1

mn
= lim P (N_ max lzzl (\/% + Elog&,,) < log fN(x)> .

Applying Lemma 2.1 and statement (I) in Lemma 2.2, we have

n Bl n 1
Elog &, = logt!™ — 1+ 21+ 0(= 2.36
0g&in = logt, 2OMN( +al7n)( +0(5) (2.36)
2(IN—-n)+1 o +0 iN
=logt!” — 1 ). 2.37
Recalling the definition of fx(z) given by (2.2), we obtain
i P (J2lo, < (o)
JnN—1 1 my 1 my N
. —1 —1 —1
= Jm [] P ((N;al,m) n<N ;al (2k+1)(1+O0())
mn .
_ ar + B JN
Nt 14+ 0(5)) +logd 2.38
+ l:zl 5oz (1 + O(Fp)) +1og N(x)> (2.38)
jn—1
= lim P(n <Enx(x)), (2.39)
N—o0
k=0
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where 5 b
= __/mnyan N MNAN\—3%
Enk(@) = ( ~ ) (2k + - 5 + %an )+ ( ~ ) 2logbn(x) (2.40)
and 7 is a standard normal random variable. Lemma 2.1 is used again to deduce (2.39).
If 7 = 0, by a similar argument as in [15], applying the Riemann sum approximation,

we obtain

jn—1 in—1 .o 1 -
lim P(n>ZEnk(z)) = lim / e 2t dt (2.41)
N—o0 kZ:O N—o0 o S (2) 2T
.1 myan,-1 /EN’jN(f) /Oo 1T 12
= lim — 2 ——e 2" dtds (2.42)
N—o0 2( N ) En.o(@) s V2
.1 myan,-2 1 _1m2 _
= lim = 2 Eno@) = g7, 2.43
a5 (N ) =2,@° ¢ (2.43)
According to (2.39) and Lemma 2.7, we have
lim P < = —e 7). 2.44
NS (12%XNZ"| - fN(x)) exp(—e™) ( )
As a byproduct, we also have
jn—1
lim P&, > fn(x) =e™". (2.45)
N —oc0 o

If 7 € (0,00), by Lebesgue dominated convergence theorem and Lemma 2.7 we obtain
that

3

lim IP< max_|z,| < fn(z > HCID a07)1/2(2k+ 5

N—o00 1<n<N 0
holds for every x > 0. Here ®(x) is the distribution function of the standard normal
random variable.

Step 2 is to analysis the limit of ‘Z|(n) for any fixed positive integer n. The probability
that &,,) less than or equal to fx () is the sum from k& = 0 to n —1 of the probabilities that
there are exactly k of {¢; : 1 <4 < N} larger than fy(x). Thus, applying Proposition 1.2,
we know that

P(|z] ) < fn(@) = P(§n) < fn ()

Al P(&, > fn(z))
- Lpe s WL Y P, <iv) 7

k=0 1<I1<l2<...<lp <N =1

+ Qb—) + (agT) "2 logx) (2.46)

The prefactor in (2.47) is just the probability that the spectral radius is not more than
fn(z) which can be found in the previous step. So we just need to investigate the limit
of the summation in (2.47).

CaseI: 7=0. Ifl, < N — jy for some integer » > 1, we have

5 ﬁ P(&, > fn(@))
<l SNl <otz it E & S IN(E)
P (PEn—jn > In(@)\" P&, > fn(2))
<N (2.48)
e =) R H P&, < fv (@)
1 ‘ jn—1 ‘
< (17]\;)7( Z P(én—; > fn(2))F (2.49)
08 Tin i=0
0. (2.50)
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Inequality (2.48) can be deduced from Lemma 2.4. Then applying inequality (2.30) we
obtain (2.49). Finally, (2.45) implies this quantity tends to 0. Thus, we obtain

. ~(2))
oY R

> f
< fn(2))
1<l <2 <. <l <N i=1

N —oco
N—jn<li<..<lp<Ni=1

P (&,
P&,
Sgm Y ez
k k
+A}gn ;1<ll< <l <N %<l1+1< <lk<N1j[1W
Spn Y [[REeezhl)

0<hh<...<lp<jn i=1

= lim_ > HIP(gN_Z- > fn(x)) (2.51)
0<ly <...<lp<jn i=1
1 —kx
= e (2.52)

Equation (2.51) is a consequence of the fact that for any 0 < i < jy, P(En—; > fn(z)) <
P(¢n—jy > fn(x)) and the later converges to 0, see (2.30). Then, applying Lemma 2.7,
we obtain (2.52).

Case II: 7 € (0,00). Following a similar reasoning as in the previous case, we have

. P&, > fn(x) P&, > fn(x))
m Z H P&, < fn(x)) N Z H P&, < fn(z))

1<l <l2<...<Ip <N i=1 N—jn<li<..<l[p<Ni=1

N—o00

=: lim / hn(l1,la, ...l x)dp.
]Nk
Here p is the counting measure on IN*, and

k- P>En,(z) . .. ]
Hi:lm’ if0o<lh <ly<- <l <Jn, (2.53)

0, otherwise.

hN(ll,lg, N ,lk;{L‘) = {

By the conditions limy_,o my/N = 7 € (0,00) and limy_, any — ag, there are some
constants Cy > 0,Cy(z) independent of NV such that

k

P(n > Col; + Ci(x))
An(ly, Do, .. o) <
Nl o, o) < LLPpn < Coly + Ci(2))

=:h(ly,lo, ..., ;) (2.54)

hold for N large enough. It is easy to check that

0o k
/ h(ly,lo, ... e x)dp = <Z ﬁ(” > Col + Cl(m») < 0. (2.55)
N* 1=0

(n < Col + C1(x))

Application of the Lebesgue dominated convergence theorem gives the desired result. O

3 Concluding

In this paper, we have investigated the asymptotic behavior of the kth large modulus
of the eigenvalues of products of my independent complex random matrices drawn

ECP 23 (2018), paper 21. http://www.imstat.org/ecp/
Page 12/14


http://dx.doi.org/10.1214/18-ECP124
http://www.imstat.org/ecp/

Order statistics of the moduli of the eigenvalues of product ensembles

from the polynomial random matrix ensembles with derivative type where k is a fixed
positive integer. It was shown that the limiting distribution of kth large modulus of the
eigenvalues is the same as that of the single complex Ginibre matrix [16] for my/N — 0
(particularly my is a constant), while for my/N — 7 € (0,00) the results are general-
ization of the results for the spectral radii of products of independent complex Ginibre
matrices [11]. Our analysis suggests that the distribution of the kth large modulus
is determined by jy (2.27) independent random variables. When my/N — 0 the jy
independent random variables are nearly identically distributed according to Gaussian
distribution, so the limiting distribution of spectral radii is Gumbel distribution. When
mpy/N — 7 € (0,00) the jy random variables are just independent, thus the distribution
of largest spectral modulli is the products of distributions of these random variables
whenever the latter is indeed a distribution.
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