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BOUNDARY REGULARITY OF STOCHASTIC PDES

BY MATE GERENCSER
IST Austria

The boundary behaviour of solutions of stochastic PDEs with Dirichlet
boundary conditions can be surprisingly—and in a sense, arbitrarily—bad: as
shown by Krylov [SIAM J. Math. Anal. 34 (2003) 1167-1182], for any o >
0 one can find a simple 1-dimensional constant coefficient linear equation
whose solution at the boundary is not «-Holder continuous.

We obtain a positive counterpart of this: under some mild regularity as-
sumptions on the coefficients, solutions of semilinear SPDEs on C ! domains
are proved to be o-Holder continuous up to the boundary with some o > 0.

1. Introduction. We consider semilinear stochastic partial differential equa-
tions (SPDEs) on domains (where the assumptions and precise understanding of
the equation is postponed to Section 2) of the type

du = (aijDi Dju+ f(u,Vu))dt + (oikDiu + gk(u))thk onR, x G,
1 u=0 onR; x 0G,
ug =1y on G,

with the Einstein summation in place. The well-posedness in the variational sense
of a large class of such equations has been known since the 1970s ([18, 24]), and
interior regularity (at least for the linear ones) results are available from the 1990s,
starting from [10], which initiated a series of works; see, among others, [7, 8, 16,
17, 21, 23]. See also [3] for another approach. Concerning boundary regularity,
while the above works give some partial results, the theory is much less satisfac-
tory. Even in the linear case, the rather natural question whether the solution is
continuous up to the boundary (and, therefore, whether the boundary condition
is actually satisfied in the classical sense) has remained in general unanswered,
no matter how smooth the coefficients and the boundary of the domain are, “[be-
coming] a major challenge for the theory” according to Krylov [9]. Part of the
reason why analysing solutions near the boundary is problematic is the fact that
the boundary behaviour is indeed quite bad, as illustrated by the following result.
Recall that if in the formulation below the coefficient in the noise were greater than
V2, then the equation would become ill-posed.
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THEOREM 1.1 ([13]). There exists a Ao > 0 such that if 0 < A < Ao, ¥ €
C5°(Ry) is nonidentically 0, and u denotes the solution of

du=D*udt ++2—1DudW; onR, xRy,
u=0 on Ry x {0},
ug=1Y onR,,

then almost surely there exists a dense subset S C Ry such that for all s € S and
1

a>e 2

lim % = 0.
xlw ug(x)x

The main goal of the present article is to prove that solutions of (1) are Holder-
continuous up to the boundary, with some exponent. In light of the above, this
exponent of course has to depend on the equation itself, and as we will see, this
dependence is in fact only on through a few parameters of the linear part of the
equation. Since the precise statement requires a bit of technical setup, we postpone
it to the next section; see Theorem 2.6. Our proof is inspired by [14], where the
particular case of d = 1, f = g = Va = Vo = 0, was treated. Importantly, unlike
the above mentioned “partial” results, its approach relied neither on a “smallness”
nor on a “compatibility” condition on o .

To our best knowledge, the most general well-posedness results for (1) use the
variational theory, which however strongly restricts the growth of f. We prove a
more general existence and uniqueness result in Theorem 3.2. That itself requires
no growth assumption at all on f(u, Vu) in u, and this allows us to state also
Theorem 2.6 under mild (arbitrary polynomial) growth conditions.

The article is organised as follows. In the following section, after setting up most
of the notation, the main result is stated, which is followed by the aforementioned
solvability result in Section 3, and the rest of the paper is devoted to the proof
of Theorem 2.6. The proof has four main components: reducing the problem to
equations with linear structure and more regular data, transforming the simplified
equation to a PDE with random coefficients on a random domain, establishing cer-
tain geometric properties of this random domain and finally using these properties
to prove the appropriate decay at the boundary. Section 4 is structured according
to these steps.

2. Formulation. Fix a complete filtered probability space (2, (F;):>0, P)
carrying an infinite sequence of independent Wiener processes (W," )keN,r>0- The
predictable o-algebra on € x Ry is denoted by P. Whenever expectations are
taken with respect to a different probability measure P, it will be denoted by

EP. Let us also fix T > 0. Given a d-dimensional stochastic differential equation
(SDE),

) dXP =o' (X,)dt + B (X;) dWF, i=1,2,....d
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driven by W, the corresponding stochastic flow on [0, T'] is a continuous random
field (Xs,¢(x))o<s<s<7 rerd sSuch that for all s and x, the process (X ;(x))s<;<7 18
a solution of eqﬁa?i(;n (2) with initial condition X ¢(x) = x, and that furthermore
almost surely forall 0 <s <t <v<T and x € R4, the identity X; ,(Xs,/(x)) =
Xs.v(x) holds. When the stochastic differential in (2) is replaced by the backward

It6 differential d Wt, then one can correspondingly talk about the backward flow
(X1,5(xX))o<s<r<T.xerd- Often it turns out that for any 0 <s <7 < T, Xs,(-) isa
diffeomorphism from R to itself, in which case one can talk about the inverse
flow (X7 (¥))o<s<r<T,xerd

By B, (x), we understand the d-dimensional ball of radius » > 0 around x € R4,
and for x = 0 the x argument is often dropped. We denote by (-, -) the scalar prod-
uct in R¥. The distance between two closed sets A and B is denoted by d(A, B).
The Borel o-algebra on R” is denoted by B(R").

We fix a bounded C!-domain G c R (as defined in, e.g., [8]), denote G¢ = R4 \
G, 0=[0,T]xG,Gt =G+ B :={x€]Rd:Elx1 € G,xy € By : x = x1 + x2},
Ot =1[0,T] x Gt and for Ty > 0, 071, = [To,T] x G. Fix a C* function ¥
defined on G such that for all x € G,

d(x,9G) < N¥(x) < N'd(x,dG), d(x, dG) M| D VW (x)| < N (k)

for some constants N, N’, (N (k)), k running over all possible multiindices. For
the existence of such function see, for example, [22].

Derivatives in the direction of the ith unit direction in R? are denoted by D;. By
V., we denote the gradient, with the convention that for f : RY — R¥, (V /) =
D;f'.

For y €Rand p>1,by H Y =H J/(G) we mean the usual Sobolev spaces; see,
for example, [26]. By H V, we mean the closure of C;°(G) in the H) ¥ norm. For
y,0eRand p>1,by H 9 =H, v (G) we understand weighted Sobolev spaces.
An easily accessible deﬁmtlon of them is to first set for y =n € N,

©) el ZZ/ |Da -+ Dou|P (x)d (x, G)*~+P dx,

p' i=0|a|=i

and then extend this scale of spaces to noninteger and nonnegative values of y by
interpolation and duality, respectively; see [22] and [11] for more details, and also
for a more intrinsic equivalent definition of these spaces.

Holder spaces C¥(A) on some set A C R” for « € (0, 1] are defined with the
norm

lu(x) —u(y)l
lullce(ay := SuP|u(x)| + sup ————=".
xaéyeA lx =yl

For a > 0, u € C* if all of its kth derivatives, |k| < [«], belong to C¢T1—Tel,
All of the above spaces can easily be extended to />-valued (or (/»)"-valued,
for that matter) functions, by taking the appropriate operations coordinatewise and
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replace the absolute value by the />-norm. Hence the dimension of the function
spaces will not always be detailed; for example, the reader understands that requir-
ing the coefficient 8 of an equation like (2) to be of class C! is to require it to be
an element of C1 (R, (1,)9).

The understanding of the solution of (1) is the following.

DEFINITION 2.1. A solution of (1) is a continuous adapted L»-valued process
u that furthermore belongs to L (Q) N L2 ([0, T], H21 (G)) almost surely, such that
for all ¢ € C;°(G) the identity

(ur, ) = (Y, 9)

t .. ..
(4) +'[) (_DjuSs G;JDHP) + (fs(us’ vus) - (Dia‘éJ)Dths, 90) ds

ro
+/0 (0¥ Diugs + g uy), ) dWk
holds almost surely for all ¢ € [0, T'], where (-, -) denotes the L;-inner product.

Our assumptions for the main result are as follows (in particular, they are more
than sufficient to guarantee that all expressions in (4) make sense).

ASSUMPTION 2.2. There exists a k > 0 such that for all (¢, w, x) € [0, T] x
Q2 x (G + Biy2),

- |
a:=a——-oco >kl
2
holds in the sense of positive semidefinite matrices.

ASSUMPTION 2.3. (a) The coefficients a and o are P @ B(R%)-measurable
functions that vanish outside GT. There exist constants K > 0 and v € (0, 1) such
that for all ¢ and w,

”at()(w) ||C2+V(Rd) + ||0t()(w) ||C3+V(Rd) =< K.

(b) There exists a random variable H with finite moments of all order such that

for all w,

”U()(w) HC"([O,T],LOO(Rd)) =< H(a))

. ASSUMPTIpN 2.4. (a) The function f(u, Vu) talfes the form f(u, Vu) =
f(u) + V- (f(@)), with £(0) = 0. The functions f, f and g are P ® B(R?) ®
B(R)-measurable, with values in R, R¢ and I,, respectively, that vanish outside
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G™. The real-valued function ¥ is Fo ® B(R?)-measurable and vanishes out-
side GT. The function f;(x, y)(w) is continuous in y € R uniformly in #, x, ®
and there exists a constant K > 0 such that

= ¥)(fix, (@) = fi(x, Y) (@) < K|y —
| i, (@) = fi(x, y) (@) < K|y —y
|8 (x, Y)(@) — g (x, ¥ ) ()| < K|y — |

2

’

forallz,x,y,y, .
(b) There exists a constant m > 0 such that for all ¢, x, y, w,

| fi (x, v) (@) — fi(x,0) ()] < K|y|™.

ASSUMPTION 2.5. The functions ¥, f = f0(x) := fi(x,0) and g° :=
g:(x) = g:(x, 0) satisfy, for some v > 0 and for all p € [2, c0)

0 0
E(”‘MHE +1f ”Ld+4([0,T],H;+‘ﬁ) +1f ||L,,([0,T],H,;§,t3+2,,>

2
+ s ||Ld+4([0aT],H;+4$d_1 o | ||L,,([0,T],H,;i1i3+p>) =0

Let us finally denote d; := inf{k € N: 6/ (x)(w) =0 VI > k}.

These assumptions, unless one assumes further control of the growth of f in
u, are not quite enough to fit in the L;-theory ([18, 24]), and in fact as far as the
author is aware, no result on well-posedness in this scope is known. In the next
section, we prove some existence and uniqueness results that well cover the above
setting. The main result of the paper then reads as follows.

THEOREM 2.6. Let Assumptions 2.2 and 2.3 hold and suppose dy < co. Then
there exists an o = a(k, K, v,d,dy) > 0 such that for any Ty > 0 and V¥, f, g
satisfying Assumptions 2.4 and 2.5, a unique solution u of (1) exists and almost
surely

sup  |u(r, x)|d(x,9G)™* < o0.
(t.1)e0r,

Moreover, for fixed K, v,d, dy, there exists a co such that for sufficiently small k
one has o > e~€0/%

REMARK 2.7. Since v is not assumed to vanish at the boundary, one can in
general not take 7y = 0. Concerning the assumption d; < 0o, one could actually
do slightly better with essentially the same argument; see Remark 4.13 below.

REMARK 2.8. Assumption 2.5 is somewhat cumbersome. A stronger, but per-
haps more tractable condition would be

- 2
) E(”w”H[‘; + ” fOHLOO([O,T],H[;HG) + ”qj 1/(2(d+4))g0 HLOO([O,T],HI‘;’)) <
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with some fixed v > 0, p > d/V. As one can see from the basic properties of
weighted Sobolev spaces (which we recall in Section 4.1), (5) implies Assump-
tion 2.5, with v = U — d/p. One reason why one would not want to impose (5),
however, is that it assumes some pointwise decay at the boundary from go, while
Assumption 2.5 does not.

Combining Theorem 2.6 and some interior regularity, one easily gets the fol-
lowing corollary, which is proved in Section 4.1.

COROLLARY 2.9. Assume the setting of Theorem 2.6 and let & satisfy
ov

Then for any Ty > 0, the solution u of (1) belongs to c¥ (O1,) almost surely.

3. Existence and uniqueness of the solution. First we state the existence re-
sult under some reduced regularity and growth assumptions. Note that we momen-
tarily switch to equations in divergence form, but since in the rest of the article the
regularity condition Assumption 2.3 on the coefficients will be in place, switch-
ing between divergence and nondivergence form equations is harmless. We also
remark that for Theorem 3.2 one in fact only needs G to be a Lipschitz domain.

ASSUMPTION 3.1. The functions v, f°, and g° satisfy, for some p > 0,

Ko:= 1YL +| fo”Ld+2+ﬂ([0,T],Hd_J:2+h) + ”gO ”Ld+2+u(Q) =

almost surely.

Define also

Ki=1¥16 + 10 0.0 + 18 a0

THEOREM 3.2. Let Assumptions 2.2, 2.4(a) and 3.1 hold and assume that
a and o are P ® B(RY)-measurable functions bounded by K. Then there exists
a unique continuous L»-valued adapted process u that furthermore belongs to

Loo(Q)N Lo([0,T], H21 (G)) such that for all ¢ € C5°(G) the identity

t ..
e 9) = )+ [ (=D Dig) + (s, V). 9) ds
(©) t
+ /(; (O'lkDi”s + gf(us), (p)quk
holds almost surely for all t € [0, T]. Finally, the estimates

Ellull}_ o) < Nk, K, T,d, G, p)EK(,

2 2
E”u”Lz([O,T],Hzl(G)) = N(K7 Ka Tv d» G)EICI

hold with any p € (0, 00).
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PROOF. The proof closely follows those of Theorems 2.1-5.2 in [1] and (as,
in fact, indicated therein) one needs only make sure that the nonlinear terms do not
change anything essential. We therefore do not aim to repeat the whole argument,
but rather will only detail the verification of this.

Define for n,m € N,

My = fi, —nvyam), O, Vi) = FO @)+ V- (f@)).

Since f (.m) has linear growth, the results of [18] apply, and hence one has the
existence of a unique continuous L, valued adapted process u">"™) which further-
more belongs to L, ([0, T], H21 (G)) and such that (6) holds with u ™™ and f(’”")
in place of u and f, respectively.

Applying 1t6’s formula ([1], Lemma 3.2) to ||ut("’m) ”Z,,(G)’ p =2, one gets

/ |u§"’m)|pdx
G

= [ wirax
G
t .

+/0 /Gp|u§n,m)|P—2u§n,m)(assziu§n,m)+g£<(u§n,m)))dxdWsk
@ ! (n,m)|p—2 (n,m) ij (n,m)
+_/(; /AG_p(p_l)|us’ | Dl’us7 astjus’
+ p|u§n,m)|P—2M§n,m)ﬁ(n,m) (ugn,m))
— pp — Dfulm PRl )

=2 i 2

+(1/2)p(p = Dul™ 1P |o* D™ + g& (™)} dx ds.

Looking at the contribution of the nonlinear terms, we can write, by Assump-
tion 2.4(a)

ugn,m)f_s(n,m)(ugn,m)) < K|u§n,m)|2 +u§”’m)fso.
Recall that by Assumption 3.1, fO=h% + V. h°, where h°, h° € Lay24+,(Q)

and ||i_lO||Ld+2+M(Q) + ||iA10||Ld+2+M(Q) < 2K < oo. Therefore, by the above bounds,
integration by parts, and Young’s inequality we have, for any ¢ > 0,

/Gp|u§n,m)}p—2M§n,m)ﬂ(n,m)(u§n,m))dx

< [} P
G

x (K |u{""™ P + e Vu ™™ [P 4 |u"||7Y] + C @) [A]) dx
for some constant C(¢) depending only on ¢ and K. Next, we have

V) 0 )| < ol T o)

N
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allowing one to bound the second to last term in (7) As for the contribution of g,
one simply has

(o Da ™+ g g )
= (2ot Dt
k k k k
+ (85 (™) = (g9)") + (89) ) (85 (§™™) = (89)") + (85)")-

Therefore, by Assumption 2.4(a) we have, for any ¢ > 0,

> /G(1/2>p(p — D[u"™ P2 20 D™ + gk (™)) gk (u™) dx
k>0

< p2/G CE ™"+ C@)ul™ P72 + elul™™ [*|Vu ™| dx.

All of these are of precisely the same order as the contributions coming from the
lower order linear terms in [1]. Note also that the constants on the right-hand sides
do not depend on n and m. The resulting energy estimates are therefore virtually
identical to the ones in the linear case, and thus so is Moser’s iteration. One there-
fore obtains the bounds

() E ™ ”{C,O(Q) < NEKj

with N dependingon «, K, u, T, d, G, p but not on n and m. Also, applying It6’s
formula for ||ug ||%2 G) by the above and Assumption 2.2 one gets

T
/|u§?’m)|2dx§/ |w|2dx+MT—2K/ /IVM§”’m)|2dde
G G 0 G
T

2, 17012 , 17012 2
+/0 /(}C(e)(\uﬁ"’m)! + R+ A + [9])

+8|Vu§”’m)}2dxds

with some martingale M. Hence one obtains

2
©) Bl L 0.1 11 Gy) = VEKT

with N having the same dependencies as before, except for u and p.

Now we let n — 00. By the comparison principle [2], Theorem 3.3, one has
that u ™™ < ™™ for n’ > n, which, thanks to (8), implies that ™ not only
converges as n — 00, but is in fact constant in n after an index N = N(w). This
implies that the limit (> is a solution of (6) with f replaced by

£, vy = FOM )+ V- (fw),  FOM @ y) = filx y Am),

and moreover, usoo’m) also satisfies the bounds (8)—(9). One then passes to the

m — oo limit similarly, and the limit u := u(®>% is indeed the solution claimed
in the theorem.
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As for the uniqueness, take two solutions # and v and write It6’s formula for
2 o 2 .
”e”Lz(G) = lu— U||L2(G)-

t _ ..
</G|elf|2d)C=/0 /G_za;jDiesDjes+(us_Us)(fs(”mvus)_fs(USavvs))

+ 26 D (g — vy) (85 () — g5 (v5)) + | g5 (1) — g5 ()| > dx ds
+m;

with some martingale m. By Assumption 2.4(a), one has

—v)(f @, Vu) — f(v, Vv)) < Klu —v* + @ — v)V(f@) — f(v)).

After integration by parts, using simply the bound |g(u) — g(v)| < K|u — v| in the
terms involving g, and by Assumption 2.2, we get

t
/G|et|2§/0 /G—2K|VeS|2+C|es|2+C/|eS||Ves|dxds+m,

with some constants C, C’ depending on K. Hence, Young’s inequality, taking ex-
pectations, and Gronwall’s lemma yields (E| e; ||%2(G)),€[0’T] = 0. Since ¢ is con-
tinuous in L2(G), (e;)se[0,71 = 0 almost surely, as required. [J

4. Proof of Theorem 2.6.

4.1. Simplifying. As a first step, we reduce the statement to a version where
the equation is linear, f is regular and g is simply not present. To do that, however,
we need to derive some further properties of the solution of (1), based on L -
theory, and so we recall some notation from it.

We somewhat deviate from the standard convention of the literature in terms
of the spaces used, in that the integration exponent in time and in w may

differ (in fact the latter will mostly be 2), hence the slightly different nota-
. _ -2

tion. Set U};/,e,(q) = L, (R, Fo, ! 2/1?1-1;”9 /Py and let H;’Q’(q) be the space of
P ® B(G)-measurable functions belonging to L, (€2, L, ([0, T, HZ’Q)). Let fur-

y y . . . .
thermore $ 0. C \I’Hp’g’ @ consist of functions # for which there exists a

- -2 -1
VeUyg e f eV H, . and g € H} 5 ). such that for all ¢ € CF°(G)
the identity

t t
00 0) =0+ [ (£O.9)ds+ [ (0. g)aws
holds almost surely for all ¢ € [0, T]. We use the norm
= ¢! 7 [ o
lllgy, =19 ullsr, gy AN g2+ gl

Let us recall some useful properties of these spaces. First of all, ¥~ is an iso-

morphism from H ;/’ g to H ;/’ O+ap- The following property, while we did not find
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explicitly stated elsewhere, follows easily from the definition (3), interpolation,
and duality:
00 H)yCH) if6<d—(yvOp,

HYCH), if0>=d—(yn0p.

Finally, invoke from [11], Theorem 4.7, that for any r' > r > 2, « € [0, 1],
2/r<B<1,q€l0,r],0 €R and y € R, one has the continuous embedding
(1) 94 W TTHEDPL (@, P7VP (0, T, C7PP(6))),
provided

2/p<a<pB<Il, y—B—d/pe(,1).

The following is a particular case of the of the quite general L ,-theory for
SPDESs on domains from [8], Theorem 2.9.

THEOREM 4.1. Let Assumption 2.3(a) hold and assume that f and g do not

depend on u or Vu. Suppose furthermore that for some c € (0, 1], Assumption 2.2
hold with k = cK and fix p > 2 and 6 € R that satisfy

(12) d—l—l—p|:1— <0 <d—1+p.

p(l—0o)+ c}
Let g € [0, pl, y €10, 4], and assume € U;;ﬁ’(q), f0 € \P_IHZ;?(q), and g €
HZ,_O,I(q)' Then the solution u of (1) belongs to 55;9’@

u y <N y + Y -2 + -1 ’
lull Wl , + 1 F 2+l )

p.O.(q@) p.9.(q)

where N dependsonk,K,d, T, G, 0, pandq.
REMARK 4.2. Notice that (12) is always satisfied ifd —2+p <0 <d —1+p.

REMARK 4.3. Both (11) and Theorem 4.1 are actually only stated in the ref-
erences for the g = p case. However, one can easily deduce the ¢ < p case using
Lenglart’s inequality; see [25], Proposition IV.4.7.

THEOREM 4.4. Let Assumptions 2.2, 2.3(a), 2.4 and 2.5 hold and let u
be the solution of (1) obtained from Theorem 3.2. Then for any p € [2,0),
ue 'F-];,d—z—l—p,(Z)’ and in particular u is a continuous random field in Q.

PROOF. By Theorem 3.2, and (10), one has, for any p € [2, 00),
V. f) e La(Q, L,y(10,T1, Hy ') € La(, L, (10, T1 Hy gy )

C La(Q. Ly(10.TL W Hy Yy, )

—1qr—24+v
CYH, D)
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By similar reasoning and Assumption 2.4(b),
(f@) = %) € La(Q, L(10, T1, L))
0 —149
C La(Q, Ly(10,T1 Hy 4)) CH, ™0 o)
Invoking also Assumption 2.5, one can therefore conclude that f(u, Vu) €

lI’*I]I-};’ZdﬂL_‘_’Z +p.2) A similar (in fact, easier) argument shows that g(u) €

—14+v
Hp,d—2+p,(2)' Also,

V€ La(Q2, Hy) CUL 451, 2)

by Assumption 2.5 and (10). Viewing f(u, Vu) and g(u) as fixed free terms, we
can apply Theorem 4.1, with v in place of y, and 2 in place of g, to obtain u €
.6;’ d—2+p,(2) 38 claimed. The second claim in the theorem follows by simply using

an. o
Now that the basic interior regularity is quantified, we can prove Corollary 2.9.

PROOF OF COROLLARY 2.9. Let (¢,x),(s,y) € Qr, and denote |(t,x) —
(s,y)|=¢,dx,0G)Vvd(y,dG) =6. From Theorem 4.4 and (11), we can deduce
that for any @ < v/3 one has

|ty (x) — us ()| < nod~"e®

with some random variable 7ny. Theorem 2.6, on the other hand, yields that

s (x) — ug(y)| < m8®

with some random variable n;. If § > ¢, then this already gives the desired Holder
estimate. Otherwise set A = /(e + V) € (0, 1), and note that combining the two
above bounds give

e
| (x) — us(y)| < nhni "™

9’

as required. [
Introduce for 7o > 0, > 0, the spaces Loo o (Q1), of functions u € Loo(Q1,)
such that

Il ooz i= sup |u(t,x)|d(x, G)™ < co.
(t.2)€01,

It is easy to check that under the complex interpolation [, -]g (for its definition see,
e.g., [26]) these spaces behave as expected.

PROPOSITION 4.5. Leta #a',0 €(0,1), and Ty > 0. Then
Loo,(l—@)a—i—@o/(QTO) = [Loo,a(QTo)» Loo,a/(QTo)]g-
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PROOF. Denote by I (L) the set of sequences with elements from Lo (Q7,)
such that

| (Fdnz0lie (1) = uP2%" Il full Loc(@1y) < 00
e n>0

Then the linear operators S : Loo,o(Q71,) = 15 (Loo), R 115 (Loo) = Loo,o(Q1;)
(Su)u(t,x) = ld(x,ac)e[zfnfl,2fn].diam(c)uz(x), (R(f))t(x) = Z (2, x)
n>0

are bounded and satisfy RS = id. The interpolation properties of the spaces
1%, (L) (see [26], Theorem 1.18.2) then imply the claim, by [26], Theorem 1.2.4.
O

The setting of the aforementioned simpler version of Theorem 2.6 is then as
follows.

ASSUMPTION 4.6. The function f does not depend on u and Vu, g =0, and
almost surely

K=l  +| f0||Loo<[0,TLHJ+3> =%

THEOREM 4.7. Let Assumptions 2.2 and 2.3 hold and suppose d; < co. Then
there exists an o = a(x, K, d,dy) > 0 such that for any Ty > 0 there exists an
almost surely finite random variable ng, such that for all , f, g satisfying As-
sumption 4.6, the unique solution u of (1) belongs to Lo (QT,), and one has the
bound

)l Log o (07y) < N1, K2-
Moreover, for fixed K, d, dy, there exists a cqo such that for sufficiently small k one
has o > e~€0/%

LEMMA 4.8. Theorem 4.7 implies Theorem 2.6.

PROOF. We only detail that the existence of the positive decay exponent « in
Theorem 4.7 implies the corresponding statement in Theorem 2.6, the analogous
implication concerning the exponential lower bound follows very similarly.

Fix To > 0 and set, for ¢ € [0, 00], Q¢ := {n7, < c}. Let, for C > 1 and ¢ €
[0, oc], denote by SL,C (1}, f, g) the random field v1g_, where v solves

dv=(Ca’D;Djv+ f)dt + (o™ Djv + g¥) awF onRy x G,
v=0 onR; x 0G,
vo =V on G.

When C =1 and/or ¢ = 00, the corresponding index will be dropped.



816 M. GERENCSER

Theorem 4.7 implies that for any ¢ < 0o, Sc(y, f, 0) is bounded as an operator
from Loo(S2, Hj,3) X Loo(2, Loo([0, T, Hj,3)) t0  Loo(S2 Looa(Q17)).

Theorem 3.2 implies that S(¢, f,0) [and hence obviously also S.(v, f,0) for
any ¢ < oo] is bounded

from L,,(Q, Lo (G)) x L,,(Q, La+3([0, T, derl3)) to L,,(Q, Loo0(Q1y)),
for any p € (0, o0). Hence, by interpolation, Sc(l/_/, f , 0) is also bounded

from Ly (S, H},4) % L2(S2, La44([0. T1, Hy,{ 7)) to La(S, Looa (Q1)),

where y <V A 1/(4(d +4)), &’ > 0 depends only on «, v and d. Note now that
one has the identity

(13) Se(, f.8)=Sc(¥. [+ (C— 1)a’ DiD;(5°(0,0,2)),0) + 50,0, 2).
By Theorem 4.1, for sufficiently large C = C(d), S€ (0, 0, g) is bounded

v I+y
fromHy 4y 100 1© NDgiaa—12.0)-

Notice that
1+y 1+y _ qrlty
5d+4,d—1/2,(2) - ‘I’Hd+4,d—1/2,(2) = IHId+4,—4—1/2,(2)

1
C La(S La44([0, T1, Hy 1Y),
where for the last inclusion we used (10) and the condition on y. It is known (see

[22], Theorem 3.1) that aD; D j maps H ;_tf( to H d_ Jrl: ¥ Therefore, the first term
in (13) is bounded

from Lo(S2, HJ,4) % La(S. Lata(0. T1 Hy,37) x By 1 )

to LQ(Q, Loo,a’(QT()))'
I+y

Finally, (11) implies that for a sufficiently small e = ¢(d, ) > 0, ;.4 4 /2,2) is
embedded into W* L, (2, L (Q)), and thus (possibly after lowering the value of
«’) the whole solution map S.(¥, f, g) has boundedness in property in (14).

Since on Q¢, u =S, f(u, Vu), g(u)), and by assumption ¢ € Lo (2, HZ,/+4),
it suffices to check that

-1
(15) f(u,Vu)e LZ(Q, Ld+4([0, T, Hd_;_4+y (G))), gu) e HZ+4,d—1/2,(2)'
The first of these inclusions already follows from Theorem 3.2: by assumption,

£ € La(Q, La4a((0, T1, H, {7 (G))), we have already seen that | f(u) — fO| <

Klu|™ € Lr(R2, Loo(Q)), and note that
V- fu) € La(. L2(Q)) N La(R, Lo ([0, T1. HL'(G)))
implies, by interpolation, V - f(u) € Ly(2, Lg+4([0, T1, de:y (G))). The sec-

ond inclusion on (15) is a consequence of the Lipschitz continuity in u of g(u), the
assumption g° € ]HIZ Ad—1/2,2) and that by Theorem 4.4,

(14)

Y Y
U €N 4a-2vd+4.2 CHaraa—2.0): U
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4.2. An Ito—Wentzell formula. In light of Lemma 4.8, we consider
duy(x) = (a! (¥)D; Djuy (x) + f;(x)) dt
+ ok (x)Dju; (x)dW*  onRy x G,
u;(x)=0 on Ry x 0G,
ug(x) =¥ (x) onG.
Consider the flow (X;(x)), x)co+ given by the SDE
(16) dX, =—oF(X,)dwF,

which exists under Assumption 2.3(a) by the general theory of stochastic flows;
see, for example, [19], Theorem II.3.1. Here and below ok stands for the column
vector (o '%, ..., 09). Since the coefficients are assumed to vanish outside G,
the flow X, and in fact any flow appearing below that is built from the coefficients
a and o, are trivial outside GT. Formally applying the Itd—Wentzell formula, the
field v, (x) := u; (X, (x)) is expected to satisfy

vy (x) = a (X,(x))(D; D juy) (X, (x)) — (07 Dio!™) (X, (0)) (D jus) (X, (x))
(17) + f1(X:(x))
= (¥)DiD;jv,(x) + B} (x) Divy (x) + 1 (x).
on the (random) domain
0:={(t,x):t€(0,T], X,(x) € G},
where here and in the following we use the notation
() = o (x) (@) = (VX () '@ (X, 0) (VX (x0) )7
Bi(x) = B () (@) = (VX () (Z4(X,(x)) — V2(X, ()t (),
@1 (x) = @ (x) (@) = fi (X; (%)),
2 (x) = (Vo (x))o, (x).

Unfortunately, no version of the [t6—Wentzell formula known to the author is ac-
tually applicable here, so we should confirm that the above formal computation is
correct. It is worth noting that (again due to [19], Theorem I1.3.1) the coefficients
« and B are both almost surely uniformly (in ¢) bounded in C?>*"/2? and C!*V/2,
respectively.

LEMMA 4.9. Let Assumptions 2.2, 2.3(a) and 4.6 hold. Then with the above
notation, for almost all w € 2, the function (v; (x))(t )0 () (w) is the probabilistic

solution of (17) on Q(a)), with initial condition W and boundary condition 0.
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PROOF. Recall a Feynman—Kac formula for SPDEs with Dirichlet boundary
conditions from [5]. Let (B]),=1,...4,:>0 be the canonical d-dimensional Wiener

process on the standard Wiener space (Q, (]t',),zo, 13). Fix for now and for the
rest of the paper p to be a C>*"(G) square root of 2a. Introducing the flow
Y given by the SDE given on the completion of the probability space (2 x €2,

(F ®-/—:;‘)t20» P® 16),
dY, = (o/*Diok + pi" D; pl) (Y,) dt — o (Y,) dWF — p! (Y,)d B!
and the exit time of the inverse characteristics

vix =sup{s €[0,71: (s, ¥, ' (x)) ¢ (0, T1 x G},

> s, t
one has by [5], Theorem 2.1, for all ¢ € [0, T], dx ® d P-almost everywhere
N t
) =B (W0 )0+ [ A @)ds).

yf,x

For a fixed s € [0, T'], consider w = (w(l), e, w(d)), the solution of the (system
of) fully degenerate SPDEs

dw? (x) =d (x)D; D;jw (x) dt + o/* () Diw (x) dW}
+pir (1) Diwy” (x) d By

on [s, T]x RY, with initial condition w{’ (x) = x',1 =1, ..., d, which exists and is
unique by [6]. Now we may apply the [t6—Wentzell formula [15], Theorem 1.1, and
verify that the differential of w,(l)(Ys,,(x)) is 0, and hence wt(l) (x) = (sttl ().
Applying the [t6—Wentzell formula again, one sees that zﬁl) (x):= w,(l) (X;(x)) sat-
isfies, with the notation 5, (x) = (VX;(x)) ™ p;(X; (x)),

d=" (x) = [l (X,(0)) Dy Djw® (X, (x))

) — (0/*Dio*) (X, )) Djw (X, (x))] dt
+ " (X, () Diw" (X, (x)) dB!

= [ )DiD;z" (x) + B (x) Diz (0)] dt + 5" (x) iz (x) d B!

on [s, T1 x R? with initial condition z§l) =X IY (x). Note that (due to again [19],
Theorem 11.3.1) the coefficients «, 8, p are almost surely bounded processes in
C2Hv/2 C1H+v/2 and C?V/2, respectively. So (see, e.g., [12]) one can find processes
Bl and 5" which are step functions in the sense that they are of the form

kI

Z Z 1[Ti—1ati)1Aj.hi,j

i=1j=1
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with some k = k(m), [; = [;(m), some partition 0 =19 <] <--- <fx =T, some
Fi,_,-measurable events A’j, and some deterministic smooth functions #; ;, and
such that furthermore

(19) 18" = B)lervs + 16" = £) |25 — 0

as m — 0 in measure with respect to dt ® d P. One can of course also assume that
the left-hand side above never exceeds 1. Denote by z™ the solution of (18) with
o = pp*, B and p replaced by pl"I(plmy* glml and sl respectively. If we set
T, = inf{r > 0: [(VX,(x)) "' + | De X, (x)| < n,V|k| <3} AT, then up to t,, the
coefficients are bounded in the appropriate spaces, and the existence an uniqueness
of such solution on [0, t,] follows again from [6], along with the fact that

(20) 1" =201, o013y = O

as m — oo, for any p, g € [2, 00).
Now introduce the flow Z!"! given by the SDE on the probability space (£ x
Qv (‘E@Fl‘)tZO’P®P)

Q1) dz!™ = (g™ + g p ey (Y ar — g™z a By

For almost all fixed w, Z [’"](a)), as a function of @, s, ¢, x, is the flow given by
the SDE (21) on the probability space (fZ, (.73,) >0, f’), with “deterministic” coef-
ficients Bl (w), p!™ (w). Moreover, the convergence (19) (at least along a subse-
quence) holds for almost all w in measure with respect to dt. So by the limit the-
orems of flows (see, e.g., [20]), the limit Z := lim ZI"] exists (e.g., in C*/#(Q™)),
and is on the one hand the flow corresponding to the equation

(22) dZ; = (=B + p," Dip;)(Z,)dt — p| (Z:) d B

on (2 x Q, (F; ® F,)i=0, P ® P), and on the other hand, also on (2, (F;),>0, P),
for almost all w € 2. One more application of the Ito—Wentzell formula then yields
that the differential of z"1(Z!" (x)) is 0, that is, z/™1(Z!")(x)) = X, (x). After

passing to the limit using (20), and using the fact that both sides are continuous in
all arguments, we therefore obtain that almost surely forall0 <s <t <T,x € R,

Yo (Xi(Zs () = X5 (0, or, Y (Xi(0) = Xo(Z5] ().

By [19], Theorem I1.6.1, for each fixed w the inverse flow of Z(w) can be given
explicitly: Z;tl (w) = U; 5(w), where the flow U = U (w) goes backwards in time
and is given by the SDE (parametrized by w € €2)

(23) dU; = B;(Uy)dt +p (Ut)dBr

Furthermore, almost surely
Trx '= Yi.X,(x) = sup{s € [0, ¢] : (s, XS(Z;}(X))) ¢ (0,T] x G}
= sup{s €[0,7]: (s, Z;; (x)) ¢ O}
0}

™ |

=sup{s €[0,¢]: (s, U; 5(x))
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is indeed the exit time of U from Q. Hence

v (x) = u (X4 (x))

Er <W(Yr_l (X1 ()L, x, =0 +

t

£y (Xz(X)))ds>

Y, X (x)
t

= Eﬁ <W(Ut,0(x))1r,,x=0 + @s(Us.5) ds>,

Tt x
and the right-hand side is indeed the probabilistic solution of (17) with initial con-
dition v and boundary condition 0. While the above equality is a priori only justi-
fied for all t € [0, T'], dx ® d P-almost everywhere, since both sides are continuous
in (t,x) € Q the equality holds P-almost surely for all (¢, x) € Q [l

4.3. Krylov’s square root law for inverse flows. Define, for (x;):ci0,7] €
C([0,T], V), where V is some normed vector space, for ¢ € (0, c0), and r € [0, T']
the quantity

Ny (x., e, 1) =#{k=0,...,n o x> c2—k/2}’

where the convention x; = xg for t € [—1, 0) is used. We will need a generalization
of the following square root law.

THEOREM 4.10 ([14]). Let (w;);>0 be a 1-dimensional Wiener process. Then
forall c, T € (0, 00), almost surely

limsup sup Ny(w.,c,t) =m(c)

n—oo ref0,71 1 + 1

with a deterministic function m(c) that converges to 0 as ¢ — 00.

First we prove the following auxiliary lemma. For deterministic o, similar es-
timates often appear in rough path theory, but we could not find a version that
implies this form. We therefore provide a proof (using in fact less regularity re-
quirement on ¢ than in, e.g., [4], Proposition 8.3).

LEMMA 4.11. Let A € (0,1/2). Let o be a bounded predictable process with
values in C'(RY) that vanishes outside Gt and such that ||o ler (0,71, Lo (RY)) haS
finite moments of any order. Then with the flow X given by (16), any ¢ > 0 and
p =0,

E( 1X, () — Xs(3) + o X (X (0)(WE — Wh] )P
s, tE[

sup -
0.T]:yeG+ |t _ S|(1+2A)/2 2¢e

<N

for a constant N depending on p, A, e,d, T, G and the bounds on o .
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PROOF. We apply Lemma A.15 with V = C(G+,R?),
Dys = X;() = Xo() + oF (X, () (WE = Wh),

Ess 0= (of(Xs(-)) - C’sk/ (XS’(‘)))(Wzk - Wzlf)
Condition (37) is clearly satisfied. As for the bounds (38), first, using also the usual
version of the Kolmogorov continuity theorem, we can write, for any p > 1 (up to
constants depending on p, d and G)

' p
EID, |’ =E mp/oﬂ&@w—oﬂm@»mw
S

yeGt

t )4
sE/ﬁwwM—ﬁMMMMW

N

E| [ ok(X, (3) — X (X, () — cX (X5 () + ok (X (y))) dWF|P
(24) + sup |y _ y/|d+1

y,y'eG*t

p/2
<E

t
/ |Ur(Xr(y0)) - Us(Xs(yO))|2dr

sup E| [ 10, (X, () — 0, (X, (7)) — 05 (X () + 05 (Xs () |[* dr|P/?

+
v,y'eGt ly —y’l“””

where yg € G is arbitrary. Fix ¢ € (0, 1/2 — 1) and denote
K =llollL@xio.11.0' @)

m=lolecqorermay.  n2=MXllerz—e qo, 11,01~ G+

The latter random variable has finite moments of any order due to [19], Theo-
rem II.2.1. One has

|0 (X, (0)) — 05 (X5 (30))| < milr — s1* + |0y (Xr (300)) — 05 (X5 (30))|

<mlr —s|* + K|X,(v0) — Xs(30)]
(25)

<mlr —s|* + Knplr —s|'/>7¢

<(m+KTm)lr—s/.

As for the other term, first, using the same bound as above, with yg replaced by y
and y’,

o7 (X, (1) — 05 (Xs )] + low (X () — 07 (X, (v) ] < 2001 + KT i) |r — 51
On the other hand, one also has

’Ur(Xr(y)) - Ur(Xr(y,))| + ’Us(Xs(y)) - Us(Xs(y/))‘ =< 2K772‘y - y,’1_8 .
Therefore, we also have
|Ur(Xr(y)) - Ur(Xr(y/)) — Oy (Xs(y)) + o5 (Xs(y/))}

(26) A(1—g) rd—¢"e
— s ly =]

<n3lr
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with some random variable 73 with finite moments of any order. Choosing p large
enough so that p(1 — &’)e > d + 1, the second term on the right-hand side of (24)
is bounded by a constant times

|S . t|p(l/2+k(1—s)),
and hence, combining this with (25), we get
E|Dy|” < Cls — 1P/
uniformly in s and ¢#. Moving to the second bound in (38), we have

E|E,g 0P <|t —1'|P/*E? sup [0y (X (»)) - oy (Xy ).
veG

The second component on the right-hand side can be estimated exactly as above:
the only difference is that since one does not integrate in time, there is no factor
|s — s'|P/? appearing. One hence has

E|Ey P <Clt — t/|p/2|s _ s/|p)»(l—g)’

and so one can set y = (1 +2A)/2 — ¢ in Lemma A.15: for large enough p, the
conditions on the exponents are satisfied and we get the claim. [J

We can now prove the desired square root law.

LEMMA 4.12. Let o satisfy Assumption 2.3 and assume d| < 0o. Then, with
the flow X given by (16), for all c € (0, 00), almost surely

1

limsup sup Nn((VXt_l)f xte, 1) <7(c)

n—oo te[0, 711 + 1

with a deterministic function 7t (c), that depends only on K and dy, and that con-
verges to 0 as ¢ — oo, where for each t, (VX,_I)*IX,*1 is viewed as a process
with values in C(GT,R%).

PROOE. First note that

Agy = sup |Xs(y) — Xi ()]
yeGt

= K|W; — W]
_|_ |t _S|(1+V)/2

|Xt’(y) - Xs’(y) +Gs/(Xs/(Y))(Wt’ - Ws/)l

X sup 1t/ — s/|(1+v)/2

s',t’e[0,T);yeGt+
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Denote the second term on the right-hand side by B; ;, and let

Sf(c):[neN: 0sc W,i>c2_”/2}, i=1,...,d,
[t—277,¢]
S,O(c)={neN: sup By >c2_”/2}.
se[t=2-11]
Since, due to Lemma 4.11, B ; < |t — s|(1+")/2n for all s,t € [0, T] with a fi-

nite random variable 7, the quantity sup, (o 7y #S,O (c) is also a.s. finite. By Theo-
rem 4.10,

limsup sup
n—>00 tef0,T] "

1 i
1#(S, ()N [0,n]) =7 (c).

Note that one has
X700 = X7 = X7 (X (X @) = XN (X (X ()
= VX ) (X (X7 (0) — X (X7 (0)) + Cyr,
where one has the estimates
(X (X 0) = X (X7 )] = A,

ICoil < sup  |V2X7 0| X (X7 () — X (X7 ()P
(t,x)eQ+
SAE,t sup |V2X;1(x)|-
(t,x)eQ+

Hence, for all t € [0, T],
sup  sup [(VXT@)) T (X0 = XTT0) < sup (Agr 4+ A2L6)

se€[t—=2"",t1xeGt s€[t—27",¢]

with some finite random variable £. So whenever n ¢ U?lzo Sf (¢) and c27?* <
1/£, the right-hand side above is bounded by 2(Kd; 4+ 1)c27"/? for all s €
[t — 27", ¢], and so setting 7 (c) = di7(c/(4Kd, + 4)) completes the proof of
the lemma. [

REMARK 4.13. The square root law above is the only instance in the proof
where the assumption d; < oo is used. As mentioned in Remark 2.7, a slight ex-
tension is available: for any sequence (c¢;)ien, if n ¢ S :=J72; S} (ci), then one
has

0
sup  [Ags — Bog <277 sup Yo (Xi(x))er.
se[t—=2"1] x€GT |

If ¢; — oo sufficiently fast so that ) 72, 7(¢;) < oo, then the upper density of
S; with the choice ¢; = C¢; can be made arbitrarily small by choosing C to be
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sufficiently large. Hence if the decay of o is so fast that > 0! ¢ < oo uniformly
over all choice of arguments, then we obtain the square root law as before. Note
however that this decay condition is far stronger than requiring o to be in [, or
even /.

Our final lemma, which will essentially allow us to utilize the above square root
law, is the following estimate for hitting probabilities.

LEMMA 4.14. Let p >0 be an intgger,_(é,)tzg be a d-dimensional Wiener
process on a filtered probability space (2, (Ft)i>0, P), and let

s s _
& =/ bs/ds/-l-/ ay dByg
0 0

with a; and b; being bounded predictable processes with values in R4*4 and R?,

respectively. Fix c > 1, r > ¢, denote 0F:=10,2"7] x By pp,. fix (t,x) € Qf“

and assume that on {(s, ®) : (t +s, x + &) € QF} the bounds |bs(w)| < C2P/? and
§I <ag(w)a} (w) < Al

hold, the latter in the sense of positive semidefinite matrices, with some
C,8, A > 0. Let furthermore n € RY be a unit vector, and A C Qf be a closed
set such that {(s, y) : (y,n) > c27P/?yN QF C A. Finally, set
Ty =inf{s >0:(t+s,x+&) € AUIQF}.
Then one has
(27) P((t+ T, x+&,,)¢A) <y(crd s AC) <l

for some function vy, depending only on the indicated parameters. Moreover, for

fixed c,r,d, A, there exists a co such that for sufficiently small § one has 1 — y >
e—¢0/8.

PROOF. By rotational symmetry, we may assume that n = (—1,0,...,0) and
by Brownian rescaling we may assume p = 0. It is also clear that if A is replaced
by A, N Q(,), where

Ac={(s,y):ye A} =1{(s,y):y1 < —c},
both in the definition of 7 and on the left-hand side of (27), then the left-hand side
of (27) increases, so it suffices to prove the statement for A = A, N Q(r). One can

also trivially assume x ¢ intA, since otherwise the left-hand side of (27) is just O.
Let ¢, ¢ be smooth functions on R such that

1
(@)= ——F——.
v c+r?—a?
for |a| > 6/7r, pla)=1, Y(a)=c+1;

for |a| <5/7r, Y(a)=c;

for |a| € [5/7r,6/7r],  ¢(a) € [ V() ele,c+1].

7’1 b
c+r?—a? i|
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Denote y := (y2, ..., Ya), and introduce the function f(y) = ¢ (|y])(y1 + ¥ (|¥])),
the process

A § ~ $ ~ D
& = f(x) +‘/0 bs’dsl"i_/(‘) ag dBy = f(x + &),
and the stopping time

t:=infls > 0: (t +s,&) €[0,1] x {0, 1} U {1} x [0, 1]}.

By construction, on B, \ intA., f is nonnegative, and on {y : |y| =r, y1 > —c},
one has f(y) > 1. Therefore,

28)  {t+Ta,x+E,)¢EANQY C{t+2,8)¢10,1]1x {0}}.
Note also that

1
VIO [Dif )] = inf p@) = —.

8 It is also clear from It6’s formula that

there exists a C = C(r, ¢, d) such that sup; (g 171bs| < C(C + A). Next, we claim
that there exists an m = m(r, ¢) < 1 such that for y € B,-1,2, f(y) < m. Indeed,
we can write

and so |a|? is bounded from below

max  f(y)= ~ max —Ee
V2 +[FPR<r2)2 ViHIP=r2 ¢ 4 2 —|5)2
- max L Fe
YiHFP=r2/2 ¢ 4 m
yitc

= max ———==: max g().
W22 e [r2j2 492 =2

Trivially, limy,  +o0 g(y1) = %1, so it suffices to show that g’ > 0. Direct calcula-
tion shows

29) ‘o) e Jr2/2+y? —cy1 +12/2
g W)= .
S22+ RG22+ v+ o2
If the numerator were O for some y;, that would imply
(/24 y7) =yt —erfyi+ /4,
which gives y; = M
quantity, we get the claim. A
Let us now set to = (1 —m)/(2C(C + A)), so that one has

s A
/ by ds’
0

, but since substituting this back to (29) gives a positive

sup
s€[0,19]

= —-m)/2.
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Define

o= 0+ /0 Gy dBy,

~ ; z l—-m 14+m
t:=1nf{s>0:(t+s,.§s)e[O,t+t0] X {—T,T}U{t_HO} x [0, 1]}
and notice that

N _ 1—
(30) {(+1%.&)¢[0,11x{0}} C {(t—l—f,gf) ¢ 10, + o] x {_Tm”

The latter event is now in the scope of [14], Lemma 3.7: the process whose hitting
time we are considering is a 1-dimensional continuous martingale with quadratic
variation uniformly bounded from below, and the starting point (¢, f(x)) is strictly
separated from the right boundary [0, 1] x {HT’"}. From (28), (30) and the appli-
cation of [14], Lemma 3.7, one thus has

1= P((t+ 710, +84,) ¢ A) = P sup w, <ad™'/%, inf w, <bs™'72),

1€[0,7] 1€[0,19]

where w is a 1-dimensional Wiener process, and the numbers 7y, a, —b > 0 depend
onr, c,d,A,C.The right-hand side is clearly positive and the lower bound e €0/
bound follows from standard properties of the Wiener process. [J

4.4. Proof of Theorem 4.7. Throughout the proof, we work with a fixed
o € Q. By linearity, we can assume that ¥, f > 0, and hence also u, v > 0. We
will throughout the proof often use the shorthand z = (¢, x).

Define v? as the probabilistic solution of (17) on

0f :=1{z:1€[0,T1, ({3 * X.(x)), € (G + By)},

with initial condition v and boundary condition 0, where ¢ € C5°(R4) and
Ze(s) = ez (e7s). Simply by the uniform in x 1/2-Hélder-continuity in time
of X, there exists an gy = go(w) such that for all 0 < ¢ < gg, one has Q C Q’S
and, therefore, v < v®. Moreover, v® agrees with the classical solution of (17)
with the same initial-boundary conditions and, therefore, it is continuously differ-
entiable in time and twice continuously differentiable in space on the closure of
{z:te[Tp/2,T], x € Qf}, where Qf ={x:(r,x) € Q%).

Using Lemma 4.12 and the notation in Lemma 4.14, fix a co such that
1/2 > 7t(co) =: 1 — 7 and a rog > 72Y%co + 1), and set y := y 2%y + 1,
ro,d, k212 K212 1) v (1/2) < 1. Since M(z) := VX, (x) is uniformly contin-
uous and separated away from zero, there exists a §o = do(w) > 0 such that when-
ever |z — /| < 8o,

27V < MM <241
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Take any 7 € [Ty, T]. Let p1, pa ..., be the nonnegative integers such that
(31) sup sup |M(T XN 0) (X 00 = X7 0)| < 27 P2,

xeGt s te[f—277i 1]
and introduce, for integers j > —log,(1 A (1p/2)),
S(G)i={z:te[f—277,7],x € Qs,d(M(2)x, M(2)d Q7) < ro2~7/?)

and M?(j) :=sup S; |vé|, where for brevity we suppress the 7-dependence of these
objects. Of course, (M?®(j)) is a decreasing sequence. Suppose now that there
exists 7-independent indices jo = jo(w) and j; = ji(e, w) such that j; — oo as
& — 0 almost surely and that for all j; > p; > jo

(32) ME(pit1) <27PIC, + y ME(pi).
By iterating the above, we get
ME(piy1) Sy Ka+y M (pi) <y 0(iKa + M*(0)) < CP' K2+ T)

with y =y /2+1/2 and some C = C(y, w). Denote by j,» = jo(w) the index such
that for all j > ja,

(33) #i:pi<j}=jn/2,

which exists and does not depend on 7 by the definition of 77. We therefore obtain,
for j1 > j = jo,

ME() < ME(pja) < CQR+THKa(7772).
Denote C = C(2+T), y = 77/2. Note that for any x € G, with
fi= sup [M@)|M~'@),

z,77€Qt
one has the trivial bound
d(M (7, X7 @)X ), M(T, X771 (0))8 07) < d(x, 3G)ja

_ ,,02—[210g2<mﬁ+6),1)1/2.

If210g2(d(xr#)ﬁ) > jo, choose ¢ < g¢ such that j;(g) > 210g2(d(xi%), so that
we can write

up(x) = vz(X: ') < vy (X7 ) =M (Plogz(mﬂ)
- é,CZJ;Lzlogg(d(x,r%)ﬁ)J

A~ o _ ~
< Clop 8w 2g(x, 9G) Mo 7

Note that—as claimed in the theorem—the exponent « := —2log,y > 0 of
the decay depends only on «, K,d,d;. Moreover, the exponential (in 1/x)
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lower bound on « follows from the corresponding statement of Lemma 4.14. If
210&(@%) < j2 we can use the trivial bound

2212
ui(x) < supv < Ka(T + 1) < Ko(T + 1)(
A 4

)ad(x, 9G)*.
0

Since 7 was arbitrary, this yields the claim, so it would suffice to prove (32). By
virtually the same argument, it is also enough (and will be more convenient) to
prove

(34) ME(pit2) <27P o + y ME(pi-1)-

Recall that for any bounded C' domain there exists a function g () : (0, 1) —
(0, 00) such that for any o € (0,1) and x € 9G one has Bg;q)(x) N {y :
(ﬁ, ny) > a} C G where n, is the normal derivative of dG at x. Let then
Jjo be the smallest integer such that for all j > jo:

(@) 2r027/2 < 1/(32r0), where i =sup, e o+ [VZX, ()M~ ()%,

(b) 2rg277/? < eg(1/16ry),

(€) 277+ supy;_<a-i+1 SUpycpa | X Xy — vl + iro2 7972 < 8o,

(@) isup, ) ov 1B (0] < 27972
That is of course equivalent to saying that jp is the smallest integer that satisfies
(a)—(d). Clearly, jo has no dependence on ¢.

Fix now i such that p; > jp as well as 0 < ¢ < gy and fix also zo = (tg, xg) €
S(pit2). Let 2/ = (, x), where x” € dQ; is a minimizer of the distance between
M (zp)xo and M (z9)0 Q;. Recall the definition of the flow U from (23) and intro-
duce, with My := M (7)),

Qo = {Z ite [l() — 2P, t()], d(Mox, M()x/) < 1’02_pi/2},
Ag:= Qo\ OF, 70 :=sup{s < 10: (s, Upy.5(x0)) € Ao U3 Qo).
One has zg € Qy, in fact, even
(35) | Moxo— Mox'| < 2'/*|M (z0)x0 — M (z0)x'| < rg27 Pix2/2F1/% < 0= (Pix1)/2,

Since v¢ is sufficiently smooth on the closure of Q¢ N Qf, by Itd’s formula one
has

A fo
vi (x) =EF </TO @5 (Urg,s(x0)) ds + v (Usy. 7o (xo)))-

If z4, := (70, Uy, 5y (x0)) € Ao, then v®(z4) = 0. If however z,, ¢ Ao, then we
claim that z,, € S(p;—1). Indeed, first note that since one cannot exit Q without
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exiting QS first, if z4, ¢ Ao, then one has Uy, 1, (xo) € Qm. Next, by property (c)
of jo, one has |z, — z'| < 8o, and hence

d (M (z2) Usy, 7o (x0). M (22,)9 Q7) < 2'/*d (MoUsy =, (x0), M09 O7)
< 24| MoUyq, ¢ (x0) — Mox'|
< 24pg27Pi/2 < g Pi-1/2,
As for the time-coordinate, one simply has
0>t —2 P> =27 —27Pi > 27Pi-1
as required. Hence,
vf, (x0) < 277K + P((20, Urg, 1 (x0)) # A0) M” (pi-1).

We now want to estimate the probability appearing on the right-hand side by y,
which is indeed enough to infer (34). First let us transform the whole space by My:

Q1 := (id, My) Qo. Ay = (id, Mp) Ao,

and note that 7o = sup{s <19 : (s, MoU,,,5(x0)) € A1 U Q1}.
Let us now apply Lemma 4.14 with the following choice of parameters:

P =Dpi,t :ro,c:2l/4co+ 1;

(éz)tzo = (Bto—t - Bto)tzO’ (Q’ (]:—t)tzO, P) = (Q, 0((Bs)se[0,t])zzo, ﬁ),
A={(t,x):(=t,x) € Al — (to, Mox")}, n = ny.(xy;

(t, x) = (0, Moxo — Mox');

& = MoUyy,1y—s (x0) — Moxo

s N _
= /(; MOﬂtofs’(Uto,tofs/(xO)) dS, + /(; MOl(_)lofs’(Uto,tofs/(XO)) st’;

o 5 =212 A=K2!/2

Let us verify the assumptions of Lemma 4.14. The measurability conditions are
satisfied by construction. The bound on the drift is satisfied due to property (d) of
Jjo- Concerning the bounds on the diffusion, first note that as seen above, property
(c) of jo implies that whenever (s, Uy, s(x0)) € Qo, |2" — (s, Uy s (x0))| < 80, and
SO

Moy (Usy.s (x0)) = Mo(V X (Usy.5 (x0))) ™" s (X5 (Usg.s (x0)))
= M(ZYM ' ((s, Uyy,s(x0))) ps (X5 Uy, s (x0))),

and the definition of §y along with the assumed bounds on 2a = pp* implies the
claimed bounds. The condition on (¢, x) is straightforward and follows from (35).
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As for the condition on A, first note that with denoting X := X;(x") € 3G,
R:={y:(y—Mox',n)> 2_”"/2_1} N BZrOTpi/z(Mox’)

y — Moyx’
{ ‘ <m ”> > 1/(4ro>} N Byyy-ri2 (Mox')

_1-
[~ MoX; X —1=
{y : <m, n> = 1/(4”0)} N Bzrozfm/Z(MOX; x).

Denoting further x := MOXI-_I)E, since one has V(X,—Mo_l)(i) =1, each y in the
latter set satisfies

XiMy'ly —i=y—i+e,
where
lel <1y — %P < |y = %[22 "2 < |y — X1/ (32r0)
by property (a) of jo. In particular, a very crude application of this bound implies
ly—=xl/2=<ly —X+e|l=2|y— x|,
and hence

XiMy'y — % —F
|X;My 'y — X| ly —x +e ly —x +el

1< y—X > 1 1
> — —,n)— > :
—2\|ly — x| 16rg — 16rg
Hence we can write

mem (|

—x _
Ii — n> > (1/16r0)} N Bzmoz,,,./z(x)>

C MoX:'(G),
where for the last inclusion we used property (b) of jo. Let us now take an arbitrary
Ve {yly = Mox',n) = (2o +1/2)27 72 N By pyoonin (Mox')

and an s € [tg — 2771, fy]. Denote y := XsMo_ly* and y := MoXt-_ly. Then one

has
56 §—y*=Mo(X:'5 - X;'5)
=MoM (1, X7 )M (7, X7 '9) (X715 — X[719).

We have
X715 — x| < X7 XMy Y = My | (Mg = |

< sup |X; ' Xy — y[+ o2 P/% < &
yeRd
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by property (c) of jg. Hence, using the defining property (31) of p;, from (36) we
get

5 y¥| 522 P2
It follows that y € R C MOXI-_I(GC) = My Q;-, and so
v =MoX; ' X;My 'S € Mo Q.
Hence
[t() —27h l‘o]({y : (y — Mox/, n) > (21/46() + 1/2)2_1)[/2}ﬂB(rO_H)prl-/z (M()x/))
C (id, Mo) Q°.

Let now ji = ji (¢, w) be the largesp integer such that the Hausdorff distance be-
tween Q and Q¢ is smaller than 2=/1~!. Then if p; < j;, we get

[t() —27h t()]({y : <y — Mox/, n) > (21/4C0 + 1)2_p[/2}ﬂBr027pi/2 (M()x/))
C (id, Mo)(Qo \ 0°).

By a simple translation and reflection, we get the desired property of A. Also notice
that 7, y =ty — 79 and

{(70, Uty 70 (x0)) ¢ Ao} = {(t0, MoUyy,5y(x0)) & A1} = {(tr,x, x +&1,,) ¢ A}.
Applying Lemma 4.14 therefore yields
P((10, Uny, 5y (x0)) ¢ Ao) <y

as claimed and the proof is concluded. [

APPENDIX

The following lemma is a variation on Kolmogorov’s Holder-estimate, with the
difference being that the two-parameter family we estimate here is not necessarily
represented as increments of a (one-parameter) function.

LEMMA A.15. Let (V,|:|) be a normed vector space and let (Ds 1)s,tc[0,T]
and (Es s 1.1')s.s'.1.1'¢[0,T] be two families of V -valued random variables, satisfying
|Ds,t| f IDs,rl + |Dr,t| + |Es,r,r,t|,
|ES1,S2,S3,S4| S (|ES1,I,S3,S4| + |Et,S2,S3,S4|) AN (lEsl,SQ,S3,t| + |El‘,sz,t,S4|)

for all choice of arguments. Suppose furthermore that D is almost surely continu-
ous in both arguments and that for some p > 1, C > 0, o, a1, ap > 0 the bounds

E|Dy P <Cl|s —1t|*,

(37

(38)
E|Egs  po|? <Cls —s'|*" |t —1'|*?
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hold uniformly in s, s, t,t". Then, if 0 < py < (¢ — 1) A (] + ap — 2), then

— p
(39) E( sup |s—1]7"Dgl)" <CN(T,y,a a1, p).
s#£1€[0,T]

PROOF. We assume without loss of generality 7 = 1. Introduce the notation
Dy =2"%7ZN[0,1]and D = UzrZ Dk for the dyadic numbers and note that due to
the continuity of D, it suffices to take supremum over s, ¢ € D in (39). For fixed
s,t €D, letn € Nbesuchthat 277! < |s — ] <27". Let (Sk)k>n and (tx)x>n be
two sequences such that s, tx € Di, |sp — ty] <277, [Sk41 — Skl V |te+1 — ] <
2k+1 "and that for some large enough N, |sy —s| V |ty —t| =0forall k > N. One
then has, due to (37),

|Ds,t| f |Ds,s,,| + |Dsn,t,,| + |Dtn,t| + |Es,s,,,s,,,t| + |Esn,t,l,tn,t|

N N
<> IDgrsel + Y Es st isisrosel + 1Dsy,]
k=n k=n
N N
+ Z |Dtk,tk+1 | + Z |Elk,lk+1,tk+1,t| + |E575n75nvt| + |Esn,tn,tn,t
k=n k=n

7
= Z I i-
i=1
Clearly, each of 11, I3 and 14 is bounded (up to a universal constant) by

277" sup sup |D, , o [2"F =277 A,
k>0reDy

Choose vy, y2 > O such that y; +y> =y and py; <«o; — 1 fori =1, 2. Then each
of I, Is, Is and I7 is bounded (up to a universal constant) by

—yn WkAaymk' _ . A—yn
27 kslggo Squ lEr,r+2’k,r/,r/+2*"/|2y 27" =:277"B.
T rr/EDZ/

This can be easily seen, for example, in the case of I, (the other terms can be
treated similarly), from

N N 00 00
KV ~A—k —
L < Z Z |Esysprsinnose] < B Z Z 2~kvig—krs < pop—nnitr)
k=n k'=k+1 k=n k'=k+1

Therefore,

E( sup Is—tI7IDyl)" <TPE(A VB,
s#£1€[0,T]
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and it remains to bound E(A Vv B)?. Using the bounds (38) and the conditions on
the exponents, one has, up to constants depending on p and the exponents,

E(AV B)? <E sup sup |D,, o «|P2""" +|E |Povikpoyak'p

rr2=k 2K

k,k'>0 reDy
r/GDk/
k
3 Y EID, a2
k>0reDy
/
+ Y Y EIE,, ok pwP2NP27EP
k,k’>0 reDy
r’eDk/
<C Z ykn—akyykp 4+ C Z 2/<+k'2—0!1k2—012k/21/1k17272k/l’ <C.
k>0 k.k'>0 u
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