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We explore properties of the x2 and Rényi distances to the normal law
and in particular propose necessary and sufficient conditions under which
these distances tend to zero in the central limit theorem (with exact rates with
respect to the increasing number of summands).
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1. Introduction. Given random elements X and Z in a measurable space
(2, ) with densities p and g with respect to u, the x 2-distance of Pearson

Y
=[Py
q

represents an important measure of deviation of the distribution P of X from the
distribution Q of Z, which has been frequently used especially in statistics and
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information theory (cf., e.g., [29, 31, 48]). This strong distance-like quantity may
be included in the hierarchy of Rényi divergences (relative «-entropies)

1 P\“

D.Xl|2)= o [(2) qan  @>0)
a—1 q

or equivalently, the Rényi divergence powers/the relative Tsallis entropies T, =

alj[e("_lwa — 1]. The most important indexes are « =0, o« = % (Hellinger dis-

tance), « = 1 (Kullback—Leibler distance) and o = 2 (quadratic Rényi/Tsallis di-

vergence), in which case 7> = X2 and Dy =log(1 + Xz).

The functionals D, and T, are nondecreasing in «, so, for growing indexes the
distances are strengthening. In the range 0 < @ < 1, all D, are comparable to each
other and are metrically equivalent to the total variation || P — Q||Tv. However, the
informational divergence D = D = T} (called also the relative entropy),

D(X||Z) = / plog(p/q)dy.

is much stronger, and this applies even more so to D, with @ > 1. The difference
between the different D,’s appears in applications like the central limit theorem
(CLT for short), which is studied in this paper.

For i.i.d. random variables X, X;, Xo, ... such that EX = 0, EX? = 1, intro-
duce the normalized sums

Zy=X1+---+X)//n  m=1,2...)

together with their distributions F;,, which hence approach the standard normal law
® in the weak sense. For convergence in the CLT using strong distances, recall that
convergence in total variation was addressed in the 1950s by Prokhorov [39]. He
showed that || F;, — ®||v tends to zero as n — 00, if and only if F;, has a nontrivial
absolutely continuous component for some n = ny, that is, || F,, — ®|ltv <2 (in
particular, this is true, if X has density). A similar description is due to Barron [6]
in the 1980s for the Kullback—Leibler distance: D(Z,||Z) — oo for Z ~ N(0, 1),
if and only if D(Z,||Z) < oo for some n = ng. The latter condition is fulfilled for
a large family of underlying distributions, in particular, when X has density p with

/OO p(x)log p(x)dx < oo.

Different aspects of such strong CLTs, including the non-i.i.d. situation and the
problem of rates or Berry—Esseen bounds, were studied by many authors, and we
refer to [3, 5, 9, 10, 25, 26, 32, 42]. There is also an increasing interest to other
limit theorems in other strong distances such as the relative Fisher information; cf.
[11, 12, 44, 45].

As for convergence in the CLT with respect to D, with « > 1, not much is
known so far. This case seems to be quite different in nature, and here the distance
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restricts the range of applicability of the CLT quite substantially. When focusing
on the particular value « = 2, we are concerned with the behavior of the quantity

’

2 [ (pa(x) — p(x))?
x(Zn,Z)—f_oo L

where p, denotes the density of Z, and ¢ is the standard normal density. The
finiteness of this integral already requires the existence of all moments of X and ac-
tually the existence of a “Gaussian moment.” This condition is to be expected, but
the convergence to zero, and even the verification of the boundedness of x 2(Zn, Z)
in n is rather delicate. This problem was studied in the early 1980s by Fomin [20]
in terms of the exponential series (using Cramér’s terminology) for the density
of X,

P =) Y %sz(x)’
k=1 :

where H, is the rth Chebyshev—Hermite polynomial. As a main result, he
proved that Xz(Zn, Z) = O(%) as n — oo, assuming that p is compactly sup-
ported, symmetric, piecewise differentiable, such that the series coefficients satisfy
sup,-, ok < 1. This sufficient condition was verified for the uniform distribution
on the interval (_ﬁ, \/§) (this length is caused by the assumption EX 2=1).
However, for many other examples, Fomin’s result does not seem to provide ap-
plicable answers.

Fortunately, more or less simple necessary and sufficient conditions can be
stated for the convergence in x? by using the Laplace transform of the distribution
of X. One of the purposes of this paper is to provide the following characterization
of a class which may be called the “domain of y2-attraction to the normal law.”

THEOREM 1.1. We have x*(Z,, Z) — 0 as n — oo, if and only if x*(Z,, Z)
is finite for some n = ng, and

(1.1) Ee'X <o’ forall real t #0.

In this case, the x*-divergence admits an Edgeworth-type expansion

s—2

ci
(1.2) Xz(Zn,Z):Z—JI.—l-O( H) asn — oo,

— n. n

j=1
which is valid for every s = 3,4, ... with coefficients c representing certain poly-
nomials in the moments o = EX* k= 3,...,j+2.

For s =3, (1.2) becomes

2z Z)—a§+0<1)
X n» _6}’1 I’l2,
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and if w3 = 0 (as in the case of symmetric distributions), one may turn to the next
moment of order s = 4, for which (1.2) yields

2 _ (e —3)° <i>
(1.3) x*(Zn, Z) = Y +0 =)

The property x2(Z,, Z) < oo is rather close to the sub-Gaussian condition
(1.1). In particular, it implies that (1.1) is fulfilled for all ¢ large enough, as well
as near zero due to the variance assumption. It may happen, however, that (1.1)
is fulfilled for all 7 # O except just one value ¢ = fg, and then there is no CLT for
the y2-distance. Various examples illustrating these conditions together with the
convergence in x> will be given in the end of the paper.

A similar characterization continues to hold in the multidimensional case for
mean zero i.i.d. random vectors X, X1, Xp,... in R4 normalized to have iden-
tity covariance. Here, we endow the Euclidean space with the canonical norm and
scalar product. Moreover, one may extend these results to the range of indexes
o > 1, arriving at the following statement. Let us denote by a* = ~%5 the conju-

gate index, and by Z a random vector in R¢ having a standard normal distribution.

THEOREM 1.2. Dy (Z,||Z) — 0asn — oo, ifand only if Dy(Z,||Z) is finite
for some n = ngy, and

(1.4) EelX) < @ WP/2 foralir e RY, 1 £0.

In this case, Dy(Z,||Z) = O(1/n), and even Dy(Z,||1Z) = O(I/nz), provided
that the distribution of X is symmetric about the origin.

Thus, in addition to the strength of normal approximation, the convergence in
the Rényi distance says a lot about the character of the underlying distributions.
Thanks to the existence of all moments of X, an Edgeworth-type expansion for
D, and T, also holds similar to (1.2), involving the mixed cumulants of the com-
ponents of X. Such expansion shows in particular an equivalence

o
Do(Zn|1Z) ~ Ty (Zy || Z) ~ Exz(zn, Z),

once these distances tend to zero. Moreover, an Edgeworth-type expansion allows
to establish the monotonicity property of Dy (Z,||Z) with respect to (large) n, in
analogy with the known property of the relative entropy.

Note also that the restriction imposed by (1.4) is asymptotically vanishing as «
approaches 1. This means that we may expect to arrive at Barron’s theorem in the
limit, though this is not rigorously shown here.

As a closely related issue, and in fact, as an effective application, the Rényi
divergence appears naturally in the study of normal approximation for densities
pn of Z, in the form of nonuniform local limit theorems. Like in dimension one,
denote by ¢ the standard normal density in R¢.
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THEOREM 1.3. Suppose that Dy (Z,||Z) is finite for some n, and let the prop-
erty (1.4) be fulfilled. Then, for all n large enough and for all x € RY,

_ & —1xl?/ Qe
(1.5) | P (%) w(X)Ifﬁe ,

where the constant ¢ does not depend on n. Moreover, the rate 1/\/n may be
improved to 1/n, if the distribution of X is symmetric about the origin.

Thus, (1.5) is implied by the convergence Dy (Z,||Z) — 0. Nonuniform bounds
in the normal approximation have been intensively studied in the literature; cf.
[1, 2, 24, 36, 37]. However, existing results start with weaker hypotheses (e.g.,
moment assumptions) and either provide a polynomial error of approximation with
respect to x (such as lJr]W)’ or deal with narrow zones contained in regions |x| =

o(\/n).

The paper consists of two parts. In the first part results about the functional D,
are collected, including moment (exponential) inequalities and special properties
of characteristic functions. A number of algebraic properties of the x2-distance
will also be derived. They are related to the associated exponential series, the
behavior under convolutions and heat semi-group transformations, and in higher
dimensions—to the super additivity of x? with respect to its marginals. As a by-
product, we establish the existence of densities in terms of the so-called normal
moments. The second part is entirely devoted to the proof of Theorems 1.1-1.3.
Employing an Edgeworth expansion for densities (together with the results from
the first part), this proof heavily relies on the tools of complex analysis. To simplify
the presentation, almost all proofs will be stated for the one-dimensional case, def-
fering the modifications needed to extend Theorems 1.1-1.3 to higher dimensions
to separate sections.

2. Background on Rényi divergence. First, let us briefly review some gen-
eral properties of the Rényi divergences. More details can be found in van Erven
and Harremoés [49]; cf. also [21, 29, 41].

Let (2, ) be a measure space (with a o-finite measure), and let X and Z be
random elements in €2, having distributions P and Q with densities p = Z—ﬁ, q=

%, respectively. The following basic definition goes back to [40].

DEFRINITION 2.1. For « € (0, 00), @ # 1, the Rényi divergence of P from Q
and the divergence power (relative Tsallis entropy) of index « are defined by

1 o
Du(X(12) = Du(PIIQ) = — log/(§> qdu.

Ta(XHZ):Ta(PHQ):L[/‘(s) gdp — 1]

a—1
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These quantities do not depend on the choice of the dominating measure ©. The
divergence D, admits an axiomatic characterization via certain postulates. As a
natural generalization of the Kullback-Leibler distance, the definition of 7, was
introduced by Tsallis [46] (within the so-called “nonextensive thermostatistical
formalism™); cf. also [15]. Both quantities are related by monotone transforma-
tions:

1

log(1+ (@ — DTy), T, = _1[e(a—1)Da 1.
a J—

D, =

Ta—1

Thus, when they are small, D, and T, are equivalent. Both represent directional
distances: Dy (P||Q) > 0, and D, (P||Q) =0 if and only if P = Q.

The Rényi divergence with 0 < o < 1 possesses some unique features, like the
skew symmetry Dy (P||Q) = 12, D1-o(Q||P), where the coefficient is equal to 1
when « = % In this case, D, represents a function of the square of the Hellinger
metric:

1
Dia(Pl1Q) = ~2log 1~ el (P, 0))

Another remarkable property is the equivalence of all Dy, in this range:

a 1-p8

l_amDﬂ(PllQ)SDa(PIIQ)SDﬁ(PIIQ), O<a<p<lL
When « € (0, 1) is fixed, D, (P|| Q) is a continuous function of the tuple (P, Q)

with respect to the total variation distance in both coordinates. Conversely, it ma-

jorizes the total variation distance between P and Q. Gilardoni [22] has shown

that

Do (P||Q) > %IIP — 03y

This extends the classical Pinsker inequality for the Kulback-Leibler distance
(when o = 1), with best constant due to Csiszar; cf. [18, 27, 38].
The following property is important for comparing the Rényi divergences.

PROPOSITION 2.2.  For all probability measures P and Q on 2, the functions
o — Dy (P||Q) and a — T, (P||Q) are nondecreasing.

The monotonicity of D, is discussed in [49]. Let 0 < o < B, o, B # 1. The
functions ¢ — e® — 1 (tp > 0) and t — e”t—_l are nondecreasing in ¢ > 0 and
t > 1. Hence, in case o > 1, we get, using monotonicity of Dy,

T,(P||Q) = 1 [e@DDa(PIO) _ 1] < [e@DDs(PIIO) _ 1]
a—1 oa—1
1

B—1

=<

[e(ﬂ—l)Dﬁ(PHQ) _ 1] =Ts(P||Q).
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In case @ < 1, we use the property that the function ¢ — 1 —e~" is nondecreasing
l_efct
t

in ¢ > 0, while t —
yields

is nonincreasing on the half-axis —oo <t < 1. This

1
l—«o

1 - ! —_— a—
Ta(P||Q):m[1_e a a)Da(PIIQ)]E [l—e a a)Dﬂ(PHQ)]

< . 1 IB[l _ e—(l—ﬁ)Dﬂ(PHQ)] — Tﬂ(PHQ)-

The values 0 <o < 1 and 1 < @ < oo, for which the Rényi divergence was
defined explicitly, are called simple. The monotonicity of D, (P||Q) with respect
to « allows to extend this function to the missing (extended) values ¢« =0, o = 1
and o = oo:

Do(P||Q) = }11115 Dy (P||Q) = —log O{p(x) > 0},

D L _ p(x)
w(Pl|Q) = lim Dy(P||Q) =logesssup ;
a—>00 P qx)

and Di(P||Q) = limg41 Do (P[]Q). The extended index o = 0 may be used to
characterize an absolute continuity or singularity of two given probability distri-
butions: Dg(P||Q) = 0 if and only if Q is absolutely continuous with respect to
P, and Do(P||Q) = oo if and only if P and Q are orthogonal to each other. This
can be illustrated by the Gaussian dichotomy—the property saying that any two
Gaussian measures are either absolutely continuous to each other or orthogonal;
cf. [41], page 366.
The extended index o = 1 leads to the Kullback-Leibler distance

D(XHZ)=D(P||Q>=/plog§du,

also known as the relative entropy or an informational divergence. It may also
be defined as limy 1 Dy (P||Q), as long as Dy (P[|Q) is finite for some o > 1.
Motivated by works of Shannon and Wiener on communication engineering, this
quantity was introduced by Kullback and Leibler [28] under the name “the infor-
mation of P relative to Q.” Note that D1 =T} = D, and D(P||Q) = oo, once P
is not absolutely continuous with respect to Q.

In the case o = 2, we arrive at the quadratic Rényi divergence and the quadratic
Rényi divergence power also known as the x2-distance:

p? p*
D2(X11Z) =log [ Pdn,  20.2=1x)12)= / Pt

In all cases, by the Csiszdr—Pinsker inequality for & = 1, we have the relations
1
SIP = Qlity = D(X112) < Da(X112) < X*(X, 2).

Another useful property of these distances is the contractivity under mappings.
Let €’ be an arbitrary measurable space.
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PROPOSITION 2.3.  For any measurable map S from Q to ',
(2.1) Dy (S(X)|S(2)) < Do (X1|Z) (@ >1).
PROOF. Suppose that D, (X||Z) is finite, so that the distribution P is abso-

lutely continuous with respect to Q. Introducing & = p/q, B = «/(a — 1) with
o > 1, one may write

(14 (@ — DTL(X]12))* = (Be®)/* = sup Epén

IEinggl
= sup Epn= sup En(X),
Egnf<1 En(Z)f<1
that is,
(2.2) 1+ (a — DTy (X||Z) = sup(En(X))“,

where the supremum is taken over all measurable n : Q@ — R, such that
I[-Zn(Z)/3 < 1. Similarly, 1 4+ (¢ — )T, (S(X), S(Z)) may be described as
sup  (En(S(X)))" = sup  (En'(X))*,
En(S(2)F<1 En'(Z)F<1
where the second supremum has been restricted to the class of functions " = n(S).

Hence, this supremum does not exceed the right-hand side of (2.2), thus proving
(2.1) for T, and, therefore, for D,. [

The property (2.1) is closely related to the so-called data processing inequality
in information theory, namely D, (Py|| Q%) < Dy(P]||Q), where Py and Qg de-
note restrictions of the measures P and Q to an arbitrary o -subalgebra 2l in €2 (cf.
[49], Theorem 1).

3. Pearson-Vajda distances. Writing x2(X,Z) = i % du, the x?2-
distance may be regarded as a particular member in the family of Pearson—Vajda
distances [34], described below.

DEFINITION 3.1. For a > 1, the x,-distance of P from Q is defined by

Xa(X. Z) = xa(P, Q>=/ p=4

o

_ o
q d,bL - ”P - q”L“(ql‘“du)‘

Here, X and Z denote random elements in (€2, 1), having distributions P and
0 with densities p = %, q= %. The quantity x, (P, Q) (which is often denoted
x %) does not depend on the choice of the dominating measure .

Clearly, the function Xal,/ *is nondecreasing in «, and when o = 1, we arrive at
the total variation distance between P and Q.

For our further purpose, it will be useful to relate the Rényi divergence power
Ty =Ty (P||Q) to xa = x«(P||Q). Both quantities are metrically equivalent, as

seen by the following elementary observation.
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PROPOSITION 3.2. Ifa > 1, we always have

o

(3.1) Taf%[(l—l—xl/“)“—l],

and conversely,

3
(32) Tuz femin{ye, x5} (I<e=2),  Taze3x  (@22)

PROOF. Toward (3.1), the triangle inequality in L (¢'!~* d ) yields

1
X" =P = alloigi=edy = 1P og=edyoy = 1l Leqi-s apo|

=(/ (§>aqdu)w —1=(1+@=-DT)" — 1.

For the opposite direction, put £ = p/q. Since d Q = q d ., we may write

1
—[E&g* — 1], =E|E —-1¢
B 1] xe=E -1

with expectations taken on the probability space (€2, Q). We have £ > 0 and
E£ = 1. Consider the random variable n =& — 1 > —1 and the function
vy =Ed+m*—-1, 0=r=1,
so that ¢ (1) = E£* — 1. This function is differentiable in > 0, with
¥ @O =aBn(1+m*~, ¢ =al@— DEp*(1+m)* 2.
Since ¥ (0) = ¥'(0) = 0, by the Taylor integral formula,

T, =

! 1
63 v = [ A=y Odi=ae- DB [ (1 =00 +m2ar

Case 1 <a <2.Since t — (14 ¢17)*~2 is convex on (0, 1), Jensen’s inequality
with respect to the measure dv(¢) = 2(1 —¢) dt on (0, 1) yields

/1(1 — (1 +)* 2dt = l/(1 +t)* 2 dv(t)

0 2
> 1<1 + n/tdu(t)>a_2 = l(1 + ln)a_z.
-2 2 3

1 1 a—2
vz Sale - 1)En2(1 + §n> .

Therefore,

On the set A = {|n| < 1}, the expression n%(1 + %n)"‘*2 is bounded from below
by () “n*,and on B = {5 > 1} by n* - (3m* > = (3)>~*n“. Hence

1 3 2—o
V()= Sala - 1)(1) E(r214 +n%15).
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For our range of a’s we may simply use o (3 3)2— > , so that

wnzgw—nwﬁu+mﬁw~

By Holder’s inequality,

1 ) 2/a

——En“lg>| —FE ,

By A‘(MA)M| y
s0 En?la > (Bln|*14)%*, and thus E(n?14 4+ 1%15) > U = ug/® 4 u1, where
uo = E|n|%14 and u; = E|n|lp. If u = ug + u; < 1, then u?® < 2a1 x
(ué/a + u%/a) < 2U, by Jensen’s inequality and since u; < 1. In the case u > 1,
we have 2U —u = Zug/a —2ug+u > 2u(2)/a — 2up + 1 which is positive for all
ug > 0. So, 2U > min(u, u*/*) in both cases, that is,

1 .
E(r*La+n"1g) = 5 min{Eln|”, (El|*)**}.
As aresult,

3
—min{xe, g/},

1 3 o
Ty = —— ¥ () = s min{Elnl*. (ElnI)”*} =

~ 16
which yields the first inequality in (3.2).
Case o > 2. Let us return to the Taylor integral formula (3.3). Restricting inte-
gration to the interval (%, %), we get

UE /ma+mw2m

Since n > —1,incase n <0, we have 1 +tn>1+ 577 > —§77- In case n >0, we
similarly have 1 4+ tn >tn > %n. In both cases, 1 +tn > %|n|, hence

aloe —1) 2/3/1 %2 ale—1_
vy = ey | (m@ dt =22 e,
1/3 \3 3

and, therefore, T, = ﬁlﬂ(l) >a37En|* =a37%y,. O

4. Basic exponential inequalities. 'We now focus on the case, where Q2 =R
is the real line with Lebesgue measure p, and where Z N(0, 1) is a standard

normal random variable, that is, with density ¢(x) = Fe -/ 2, x €R. Given a

random variable X with density p, the Rényi divergence and the Tsallis distance
of index o > 1 with respect to Z are then given by

_ © px)*
(= DDu(XIIZ)=log [ 5

_ [ pw)*
(a—l)Ta(X||Z)_/_oo e dx —1.
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If the distribution of X is not absolutely continuous with respect to w, then
Dy(X||Z) = Ty(X||Z) = oo. These quantities are finite, if, for example, p is
bounded and Ee@DX*/2 < 5o, In fact, the finiteness of Dy (X||Z) or T, (X||Z)

implies a similar property. In the sequel, we put = a* = =;.

PROPOSITION 4.1. If Ty = T4 (X||Z) < 00, then X has an absolutely contin-
uous distribution and finite moments of any order. Moreover,

EeX’ <C(1=28c)" %  forallc<1/(28)

1 2
with C = (1 + (« — D)Ty)*. It is possible that T, < 0o, while Ee?* = co.

PROOF. Let X have density p, and the integral C = ([ p(xX)%(x) =% dx)/
be finite. By the Holder inequality with dual exponents (8, ),

EecX* = P -€CX2<P(X)1/’3 dx
—o0 @(x)V/B

o 1/p 1
50(/ eﬁcxz(p(x)dx) —C(1-2Bc) %,

—0o0
This proves the first assertion. For the second one, consider a density of the form

a —oax? 1 x2
px) = T € 267 . Then Ty, < oo and Ee2?” =o0. [

An alternative (although almost equivalent) variant of Proposition 4.1 is the
following.

PROPOSITION 4.2. IfT, =Ty (X||Z) < 00, then for all t € R,
@.1) Ee'X < CeP’/2
_ 1,2
with C = (1 + (o — 1)T,) Ve, In particular, P{X >r} < Ce 2" (r >0).

Indeed, arguing as before, if p is density of X,

oo oo
EetX :f p(x)elx dx :/ p(xl)/ﬂ . etx(p(x)l/ﬂ dx
—00 —o0 9(x)

00 1/8
< C(/ eﬂtx<ﬂ(x)dx> —cePr2,
—00

This bound cannot be deduced from the bound of Proposition 4.1. In fact, the
coefficient C in (4.1) may be chosen to be smaller than 1 for large values of |¢|.
The next assertion will be one of the steps needed in the proof of the sufficiency
part of Theorems 1.1-1.2.
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. _Re2
PROPOSITION 4.3.  If To(X||Z) < 00, then limys| o0 Ee'Xe=F1"/2 = 0.

PROOF. Write Ee'* = [*_ ¢ p(x)dx in terms of density p of X. We split
integration over (0, co) into the two regions. By the Holder inequality,

pr/2 p2 22
/ e p(x)dx = / p(x)e? -e" 2P dx
0 0

o Wl Ve B2 2 \1B
< (/ p(x)¥e 28 dx) (f P dx)
—00 0

i BNVA 4o
< G+ @=Dm) () e

for any ¢ > 0, where Ty = T, (X||Z) and where we used the monotonicity of S¢x —

1x? in the interval 0 < x < Bt. Similarly,

o0 x2 t _i? 00 ax? /e o0 x2 178
p(x)e? . "% dx < ( p(x)¥e 2P dx) (/ P dx) ,

Bt/2 Bt/2 —o0
2
which is bounded by 8(t)e% with §(¢) — 0 as t — oo. Collecting the bounds, we
get
2 t 1/ﬁ 2
Ee'X 1ix=oe™F < 2m) YO (14 (@ — 1)%)”‘"(%) e 4 8(t) - 0.

Since also Ee!X lix<0y — 0 as t — oo, the conclusion follows. [

5. Laplace and Weierstrass transforms. Although in general the critical
constant ¢ = 1/(28) cannot be included in the statement of Proposition 4.1, this
turns out possible for sufficiently many normalized convolutions of the distribu-
tion of X with itself. Given independent copies X1, ..., X, of X, here we consider
“Gaussian” moments for the normalized sums

Zn:(X1+"'+Xn)/\/ﬁ-

The following statement is crucial both in the necessity and sufficiency parts of the
proof of Theorems 1.1-1.2. We always assume that Z ~ N (0, 1).

1
PropoSITION 5.1. If T, = T4 (X||Z) < 00, then Re?%n < oo foralln > «a,
and
1 2 n
(5.1) Ee? %t <2"(1+ (@ — 1)T,)«.
Moreover, putting xo = xo (X, Z), we have

(52) EeB% —Ee% 7| <27((1+ xY/7)" - 1).

o
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Thus, when X is close to Z in the sense of the Pearson—Vajda distance, we
also obtain closeness of the Gaussian moments of Z, and Z with fixed n > «.
Recall that x, in (5.2) can be estimated from above in terms of 7, according to
Proposition 3.2 (while these distances coincide in case o = 2).

One may equivalently rephrase inequality (5.1) in terms of the Laplace trans-
form of the distribution of Z,,. Let us state one immediate corollary.

COROLLARY 5.2.  Let Ty = To(Zyyl|Z) be finite for some ng. Then the func-
tion ¥ (t) = Ee!Xe=P1/2 i integrable with power kng for any integer k > «, and
moreover
K

(5.3) /oo Yy dr <21 4 (@ = DTy)e.

Indeed, representing (Ee'X)" = Ee! X1+ +Xn) — Fe!Znv  we find that

/ - V() dt = f B 2R 2 gy @Eeﬁzﬁ .
o —o0 VBn
If n = kno, then Z,, represents the normalized sum of k independent copies of Z,,,.
Hence, one may apply (5.1) to Z,, in place of X, which yields (5.3) with constant
252/ JaB < 2K+,

The argument leading to (5.1)—(5.2) uses the contractivity properties of the
Weierstrass transforms (a well-known heat semigroup of operators)

Wt (x) = — /Oo 5y d R,t>0
ulx) = e 2 u , xeR,t>0.
! N2t J—o0 Yy

In the sequel, we denote by L* the Lebesgue space L*(R, dx) of all measurable
functions u on the real line with finite norm

o0 1/a
||u||a=(/ |u(x>|"‘dx> L axl,
—00

with usual convention ||u||o = esssup, |u(x)|. We refer an interested reader to
[23] for a detail account on the Weierstrass transform, and here only mention one
property. Since W;u represents the convolution of u—with the Gaussian density

0 (x) = ﬁe—xz/@”, we have ||W;ully < |lullo for all @ > 1 and ¢ > 0. That is,

W; acts as a contraction from L% to L%,
This implies that W; is a bounded operator from L% to LY, y > «. Indeed, by
Holder’s inequality, [W,u(x)| < |l¢:llgllulle for all x (where B = o™), that is,

1 1
[Witlloo < Qrt) 2 2 |ullg-

More generally, given a < y < 0o, we have

00 00 —a o a—y a-y
/ |W,u(x)|ydx :/ |Wtu(x)|y }Wtu(x)| dx < (2mt) 2 B2 |lull}.
o0 o
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Hence

(5.4) |Woully < @ut) 57 B3 ulla. @<y <oo.

a—y 1 1

In fact, since == = -~ — - may vary from zero to —é, the latter bound can be

made independent of y. Namely, in the indicated range,
1L
IWeull, <max{l, 2mt)” 2 B2 }{|ully.

PROOF OF PROPOSITION 5.1. Let p be the density of X. The Weierstrass
transform can be applied to the function u(x) = go(x)_l/ B p(x), which has finite
norm [|ullq = (14 (¢ — 1)T,)!/*. Putting ¥ = X (x; + - - + x,) and using dx for
dxi - --dxy, the expectation we have to estimate is

Eew#Zn = [ %%
e =e px1) - p(xp)dx

:(271)_2%[ exp{iiz—L(xlz—i—--~+x3)}u(x1)-~-u(xn)dx
Rn

n 1~
= 2 7% / — 7 A d 9
(27) e eXp[ 4fn ;:1 Qi }M(}q) u(xn)dx
where Q; = 2?21 (xi —x j)z. Putting + = 28, by Holder’s inequality, we get

Ee#% <2 >‘Lﬂ1£[(f [ g0 uenu >d)l/"
e2pn T) 2 expy——0Q; ru(xy)---u(x,)dx
B i=1 VR Pl 4p 1

= @07 H T [ (W) uen dx,

where on the second step, inside the ith integral in the product we performed
the integration over the variables x;, j # i, which yielded the value (Znt)% X
(W;u(x;))"~'. By Holder’s inequality once more, and applying (5.4) with y =
B(n — 1), which satisfies y > « due to the assumption n > «, we see that the last
one-dimensional integral does not exceed

1
o0 B _
(/ (Wm(xl))ydxl) lalle = I Wrull "l

—00
ey o=y -1
< (Q@r)Z= 27 |lulla)" lulla-

1z )
Hence Ee2 < ¢, llu|l}, with constant

n n— n—1
no = Q) FQrn)"T Qrn)?

n—1oa—

n—la—y
B2 VB

noa-n n 1 n
=t%B % =2WPFD <22 e <2" n=>a>1).

o=y
ya

This proves (5.1). It is also interesting to note that ¢, o — 1 as o — 1.
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This argument can easily be extended to not necessarily equal positive func-
tions. Namely, for the integral

n =2
T=1(p1ccp) = [ 5 prean) o pa) da

we similarly obtain

n n 1/n
_n 1
1] < 2m) ﬂE(énexp{—ﬁgg}|u1<x1>|---|un<xn>|dx>

n n—1 n oo 1/n
=<2n>‘ﬁ(2m)71‘[(/_ |ui<xl~>|H(Wt|u,-|)<x,->dxi) ,

i=1 o J7i

where u; = o VBp j- An application of Holder’s inequality together with (5.4)
allows one to estimate the last integral by

oy oy
luille [T IWelujll, < luille [T@ro) 7= B2 ujlla

J# J#
n=la=y n—la=y
=Qnrt) 2 v B2 VP lupllg - lunlla-
This leads to
(5.5) 1(p1 e p)| < cnallitt o llitn

with the same constant as before (so that ¢, o < 2").
We use the latter bound to derive (5.2). Splitting the density of X as p = ¢ +
@'/Pv, such that lvlls = xa (X, Z), we get a decomposition

EewZ = [ %%
e = Jun € p(x1) -+ p(xp)dx
n
! n 2
= 7/62'“ p(x1) - (xx)

x VP (xpy Do (ies1) - 0P () v (x) dx.

We apply (5.5) with p; to pi replaced by ¢, and with px41 to p, replaced with
@'/Py, that is, uj = @'/ for j <k and u;j =v for j > k. Moving the last term
with k = n of this decomposition to the left, we then get the bound

n!

&kl —k)!

= cna((1+lIvlle)" = 1). [

e % —Rew | ot [ ol

A
o



RENYI DIVERGENCE FROM THE NORMAL LAW AND THE CLT 285

6. Connections with Fourier transform. In the next sections, we restrict
ourselves to the particular interesting index « = 2, that is, to the x >-distance from
the standard normal law,

% p(x)?

2(X,7) =
x°( ) o 90

dx —1, Z~N(@,1).

In this case, necessary and sufficient conditions for finiteness of this distance may
be given in terms of the characteristic function f (1) = Ee/'X, r e R.

PROPOSITION 6.1. The condition XZ(X, Z) < oo ensures that f(t) has
square integrable derivatives of any order. Moreover, in that case
1+ x%(X,2) = b i 1 /Oo | £ 0| dr.
' V27 n=0 n!J-co

PROOF. By the very definition,
2 — L[> 5 2
1+ x (X,Z):«/2nZ;/ x? p(x)*dx.
n=0"""7"%

We know that f has finite derivatives of any order given by

FM @) =EG@X)" "™ = /OO (ix)"e"™ p(x) dx.

—0o0

It remains to apply Plancherel’s theorem. [J

In view of Proposition 4.1, existence of x2(X, Z) does not guarantee existence
of the “Gaussian” moment Eexz/ 4 Nevertheless, it is true for the normalized con-
volution of the distribution of X with itself, as indicated in Proposition 5.1. In this
case, inequality (5.1) can be stated more precisely as

X+X\2
(7)

B

Ee <2(1+ x*(X. 2)),

where X is an independent copy of X. Equivalently, there is a corresponding re-
finement of inequality (5.3) in Corollary 5.2 (without any convolution).

PROPOSITION 6.2. For any random variable X,

1 o0
N f Fin?e ™ dy <1+ 12X, 2).
—0

The argument is based on the following observation of independent interest.
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LEMMA 6.3. Given a function p on the real line, suppose that the function
gx) = p(x)exz/ 4 belongs to L?. Then the Fourier transforms

F6) = f_ M peydr,  p() = f_ ¢ g (x) dx

are connected by the identity

6.1) f=— [T em)

. =— e u)du ,
V7 ) P

which may analytically be extended to the complex plane. Moreover,

(6.2) f £ Giy) e dy = f_ lp()[>e™2" ar.

Thus, the characteristic function f appears as the Weierstrass transform of the
Fourier transform of g. While Proposition 5.1 and its Corollary 5.2 are key ingre-
dients of the proof of Theorem 1.2, Proposition 6.2 can be used as an alternative
approach to Theorem 1.1 for the particular case o« = 2. Lemma 6.3 and Proposi-
tion 6.2 can be adapted to cover the range 1 < o < 2 by considering the Fourier
transform on the Lebesgue space LY. However, these results do not extend to in-
dexes a > 2.

Note that g does not need to be integrable, so one should understand p as the
limit p(¢) = limy_ o0 ff’N ¢/ g(x) dx in the norm of the space L2.

Let us also note that the second integral in (6.2) can be bounded by the squared
L?-norm of 0, which is, by the Plancherel theorem, equal to

) 2_2 o0 ) x2/2d
tlglR=27 [ [p)Pedx.
—0o0

If p is density of X, the last expression is /27 (1 + XZ(X , Z)), thus proving Propo-
sition 6.2.

PROOF OF LEMMA 6.3. First, assume that p is compactly supported; in par-
ticular, both p and g are integrable and have analytic Fourier transforms. By Fu-
bini’s theorem,

) = /OO e”xg(x)[% /OO g ixu—u’ du:| dx
1 0o 0o | 1 %)
~ T [ [/_oo o/ g (x) dx} W=z | e o,

. .. . 2 2
and we obtain (6.1). Rewriting the last integral as e™" [0 e24=4" 5 (u) du and
changing the variable, we have another representation

ﬁf(%)e‘ 24— /_O; FUC huydu  (z €R).
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Hence, the left-hand side represents the Fourier transform of the function
e o (u), and by Plancherel’s theorem,

1 [ ] 2 00
©3)  lepwli=; [ ‘f (EZ)‘ e Paz= [ | fe ay.

thus proving (6.2). In the general case, we have p € L' N L?, and arguing as in the
proof of Proposition 4.1 (for the case o = 2), we also get

> 1
/ ecxz}l?(xﬂdxfc(l—46)_1/4<oo forall ¢ < 7
—00

2
where C2 = [* 29 4y In particular, f is an entire function. Let py be the

@(x)
x2/4

restriction of p to [—N, N], gn(x) = py(x)e , and put

fn() = / M pydx, o) = / ¢ gy (x) dx.

—00 —0o0

According to the previous step, for all r € R,

1 o0
6.4) o= f_ T oy

By the Lebesgue dominated convergence theorem, we have fy(t) — f(¢) for all
real t and ||gy — gll2 = 0 as N — oo. By the continuity of the Fourier transform
on L2, we obtain loxy — pll2 = 0, which in turn implies

o0 2 o0 2
/ e~ =7 oy (u) du —>/ e~ p(u) du.
—00 —00

Hence, in the limit (6.4) yields the desired identity (6.1). Its right-hand side is
well defined and finite for all complex ¢, and clearly represents an entire function.
Moreover, as before, one may apply Plancherel’s theorem, leading to (6.3) and,
therefore, to (6.2). [

7. Exponential series. The yx2-distance from the standard normal law on the
real line admits a nice description in terms of a so-called exponential series as
well. Let us introduce basic notation and recall several well-known facts. By Hj,
we denote the kth Chebyshev—Hermite polynomial

He(x) = (=DF (e ) ®e2 k=0,1,2,... (x R).

In particular, Hyo(x) =1, Hi(x) = x, Hy(x) = x2 — 1, Hz(x) = x> — 3x. Each H;
is a polynomial of degree k with integer coefficients. Depending on k being even
or odd, Hj contains even respectively odd powers only. These polynomials may
be defined explicitly via Hx(x) = E(x + iZ)k, Z ~N(,1). Being orthogonal to
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each other with weight function ¢(x), they form a complete orthogonal system in
the Hilbert space L2(R, ¢(x) dx), with

EH(Z)? = f > Hi(x)?¢(x)dx = k!.

Equivalently, the Hermite functions ¢y = Hy¢ form a complete orthogonal system

in L*(R, dx)) with [0 “’g’;gﬁ; dx = k! Summarizing we have the following.

PROPOSITION 7.1.  Any complex valued function u with [°%, |u(x)|ze 2 dx <
oo admits a unique representation in the form of the orthogonal series

(7.1) u() = p(x) Y- 7 Hi(),
k=0 """

which converges in LR, 4 )) Here, the coefficients are given by

px

a=[ " wwHax,
—00

and we have Parseval’s identity

= w_/“’ u(x)[?

= dx.
k=0 k! —00 QD(X)

The functional series (7.1) representing u is called an exponential series. The
question of its pointwise convergence is rather delicate similar to the point-
wise convergence of ordinary Fourier series based on trigonometric functions. In
Cramér’s paper [17], the following two propositions are stated, together with an
explanation of the basic ingredients of the proof.

PROPOSITION 7.2. If u(x) is vanishing at infinity and has a continuous

derivative such that the integral f lu' (x)]%e* 22 dx is finite, then it may be de-
veloped in an exponential series, whlch is absolutely and uniformly convergent for
—00 <X < Q.

PROPOSITION 7.3. Ifu(x) has bounded variation in every finite interval, and
if the integral %3 |u(x)|e* 2Adx s finite, then the exponential series for u(x)

w
2

converges to uniformly in every finite interval of continuity.

Proposition 7.3 is illustrated in [17] on the example of the Gaussian functions

u(x) = e (A > 0). In this case, the corresponding exponential series can be
explicitly computed. At x = 0, it is absolutely convergent for A > }‘, simply con-

vergent for A = 41‘1 and divergent for A < %.
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8. Normal moments. Let X be a random variable with density p, and let Z
be a standard normal random variable independent of X. Applying Proposition 7.1
to p, we obtain the following: If

(8.1) /_ ()2 dx < o0,

then p admits a unique representation in the form of the exponential series
(8.2) p(x) =9(x) Z PHk (),

which converges in L*(R, (p‘g)) Here, the coefficients are given by

k= /_OO Hy(x)p(x)dx = EHy(X) =E(X +iZ)k,

which we call the normal moments of X. In particular, co =1, c; = EX.

In general, ci exists, as long as the kth absolute moment of X is finite. These
moments are needed to develop the characteristic function of X in a Taylor series
around zero as follows:

N
: 42 Ck .
(8.3) f()=Ee'X =¢ f/zgﬁ(zz)uo(wv), t— 0.

In particular, ¢y = 0 for k > 1 in case X is standard normal, similar to the property
of the cumulants
k

kdk =0

with k& > 3 [using the branch of the logarithm determined by log f(0) =
Let us emphasize one simple algebraic property of normal moments.

Vi(X) = o——log f ()

PROPOSITION 8.1. Let X be a random variable with EX =0, EX? = 1 and
E|X ¥ < oo for some integer k > 3, and let Z ~ N (0, 1). The following three prop-
erties are equivalent:

(@ yj(X)=0forall j=3,...,k—1;
(b) EHj(X):Qforallj:?a,...,k—1
(c) EX/ =EZ/ forall j=3,...,k—1

In this case,

(8.4) V(X)) =EHy(X) =Ex* — EZF.

PROOF The repeated differentiation of f(t)e’ 22 = ReltX+iZ) Jeads to
[£(t)e /]|, = E(X +iZ)/. Hence, cj=EH;(X), j <N,in (8.3).

l/a'tf
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Now, assuming that (b) holds, the expansion (8.3) simplifies to
(8.5) fy=e/ 2(1 " %(mk) +o(|]f),

so that log f (1) = —5 24 %(ir)k + o(|t|%). The latter expansion immediately
yields (a). The argument may easily be reversed in order to show that (a) = (b)
as well. Next, differentiating (8.5) j times at zero, j < k — 1, we get that EX J =
(—i) H;(0) = EZ/. Hence, (c) follows from (b). Moreover, differentiating (8.5) k
times at zero, we arrive at EX* = EZ¥ + ¢k, which is the second equality in (8.4).
Again, the argument may be reversed in the sense that, starting from (c), we obtain
(8.5) and, therefore, (b). Thus, all the three properties are equivalent.

Finally, the ﬁrst equality in (8.4) is obtained when differentiating the expression
log f(t) = =5t + () + o(|t|*) k times. O

The moments of X may be expressed in terms of the normal moments. Indeed,
the Chebyshev—Hermite polynomials have the generating function

ZHk(x> L o

which follows from the identity Hy(x) = E(x + i Z)*. Equivalently,

) 00 l+2]
o7 — o7/ ZH(X)__ > Hi(x) ——— R
i=0 ! i,j=0

Expanding e*? into the power series and comparing the coefficients, we get x* =
(k/2
k!ZJ /0] mHk 2j(x). Hence, if E|X|* < oo, then

(k/2]
k -
(8.6) EX* =k! Z 2 o Hk=2 (0.

Now, let us describe the connection between the normal moments and the x2-
distance. The series in (8.3) is absolutely convergent as N — oo, when f is ana-
lytic in C. Hence, assuming condition (8.1), we have the expansion

o0
_ 12 Ck . \k
(8.7) f(t)=e > 7 (0, t eC.
k=0
Moreover, using the Parseval identity in Proposition 7.1, we have
=k _ [ p)’
(8.8) -k — dx =1+ x*(X, 2),
kg(:) k! —o00 @(x)

and hence arrive at the following relation.
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PROPOSITION 8.2. If x*(X, Z) < 00, then
o0

1
(8.9) X*(X,Z)= ; a (EH(X)) .

Recall that, if X2(X ,Z) < 00, then X has finite moments of any order, and
MOreover, EeX’ < 0o for any ¢ < }1. Hence, the normal moments EH; (X) are
well defined and finite, so that the representation (8.9) makes sense. We now show
a converse to Proposition 8.2.

PROPOSITION 8.3. Let X be a random variable with finite moments of any
order. If the series in (8.9) is convergent, then X has an absolutely continuous
distribution with finite distance XZ(X ,Z).

It looks surprising that a simple sufficient condition for the existence of a den-
sity p of X can be formulated in terms of moments of X, only. Note that if X is
bounded, then it has finite moments of any order, and the property x>(X, Z) < oo
just means that p is in L2,

COROLLARY 8.4. A bounded random variable X has an absolutely continu-
ous distribution with a square integrable density, if and only if the series in (8.9)
is convergent.

PROOF OF PROPOSITION 8.3. Let C? = Y.3°) L(EH(X))? be finite
(C =1). Then |EH>,(X)| < C+/(2k)! for all k > 0, and from (8.6) we get

‘ k
[EH—2; (X)) 3 !
EX2k<2k! —J<C2k' i
= (20 jgo(zk—zj')!jlzf =CE iV @k=2))1j12
k!

Using (2]((2_2'1.), < (2k)%, we obtain that

v (2k)!
EX* < C/(2K)! Z NI

< CV(2k)! Z < CV(2k)! Z = Cek\/(2h)!.

Thus, EX% < Cée*/(2k)! for all k, which means that Eecx < oo for some ¢ > 0.
In particular, X has an entire characteristic function f(¢) = Eei'X which admits a
power series representation (8.7), where necessarily ¢ = EH(X). Consider the
Nth partial sum of that series

k
fy(t) = ot /ZZ (lt) )
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It represents the Fourier transform of py(x) = ¢(x) Z,I{\;O ck% which is the

2
Nth partial sum of the series in (8.2). Since Y ;2 % < oo (by the assumption),

%), by Proposition 7.1.

In particular, py converge in LZ(R, dx), and by Plancherel’s theorem, fy also
converge in L?(R, dx) to the Fourier transform p of p. But fy () — f(t) forall ¢,
so f(t) = p(t) almost everywhere. Thus we conclude that f belongs to L*(R, dx)
and is equal to the Fourier transform of p. Hence, X has an absolutely continuous
distribution, and p is density of X.

It remains to use once more the series (8.2). By Proposigion 7.1, we have Parse-

val’s equality (8.8), which means that x3(X,Z) = Yo Z—", <o0. O

the functions py converge to some function p in L>(R,

The identity (8.9) admits a natural generalization for the random variables X; =
VX + /1 —=1tZ, where Z ~ N(0, 1) is independent of X.

PROPOSITION 8.5. If x*(X, Z) < oo, then for all t € [0, 1],
oo Lk

(X0, Z) =; %(Eﬂk(X))z.

This yields another description of the normal moments via the derivatives of the
¥ 2-distance:

k

d*t
EHX0) =70 (Xn2)| . k=12

t=0

PROOF OF PROPOSITION 8.5. The Hermite polynomials satisfy the binomial
formula

k
(8.10) Hi(ax +by) =) Cia' V" "Hi(x)Hi—i(y),  x.y€R,
i=0

whenever a2+ b%* =1.In particular, EHy (aX +bZ) = a*EH;(X), which may be
used in the formula (8.9) witha =+/t andb=+1—¢. O

9. Behavior of Rényi divergence under convolutions. The obvious ques-
tion, when describing convergence in the CLT in the D, -distance is, does it remain
finite for sums of independent summands with finite D, -distances? The answer is
affirmative and is made precise in the following.

PROPOSITION 9.1. Let X and Y be independent random variables. Given
o> 1,forall a,b € R such that a?+ b% =1, we have

Dy(aX +bY||Z) < Do(X||1Z) + Do (Y| Z),
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where Z ~ N(0, 1). Equivalently,
1+ (@— DT, (aX +bY||Z)

9.1
< (I+ (- DTXII2)(1 + (@ — DTa(Y]2)).

The statement may be extended by induction to finitely many independent sum-
mands X1, ..., X, by the relation

Dy(ar1 X1+ -+ anXyllZ) < Do (X11|Z) + -+ - + Do (X, || 2),
where a% +-+ a,% = 1. For the relative entropy, there is a stronger property,
D(a1 X1+ -+ +apyXnllZ) < max{D(X1]12), ..., D(Xxl12)},

which follows from the entropy power inequality (cf. [19]). However, this is no
longer true for D, . Nevertheless, for the normalized sums Z,, = (X1 +---+ X,,)/
/n with i.i.d. summands, Proposition 9.1 guarantees a sublinear growth of the
Rényi divergence with respect to n, that is,

9.2) Do(Zy11Z) = nDo(X1112).

PROOF OF PROPOSITION 9.1.  Let Z' be an independent copy of Z, so that
the random vector Z = (Z, Z) is standard normal in R2, By Definition 2.1, the
Rényi distance of the random vector X=X,Y)t0oZis given by

Do(X||Z) = Do(X||Z) + Da(Y1 Z).
Hence, by the contractivity property (2.1) (cf. Proposition 2.3), we have
Do(S(X)|IS(Z)) < Du(X11Z) + Da(Y1IZ)

for any Borel measurable function § : R> — R. It remains to apply this inequality
with the linear function S(x, y) =ax +by. U

Let us describe a simple alternative argument in the case o = 2, which relies
upon normal moments only. Assume that D,(X||Z) and D,(Y||Z) are finite, so
that X and Y have finite moments of any order. Without loss of generality, let
a,b > 0. From the binomial formula (8.10), it follows that

k
EHi(aX +bY) =) Cia' b "EH;(X)EH—; (Y).
By Cauchy’s inequality,

(EH; (aX +bY))* ch (a'b*7) Z Ci(EH; (X))*(EH;_;(Y))*
i=0 i=0
k
Z (EH; (X))*(EH;_; (Y))*.
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This gives
(EHi(aX + bY))? (EH (X))2 (EHi—i(Y))?

k! Z k=i

and summation over all integers k£ > 0 leads to

(EHi(aX + bY))? (IEH (X))2 > (EH; (Y))2
ST <y G 5 B
— iz

But, by Proposition 8.2, this inequality is the same as
1+ x*@X +bY.2) < (1+ x*(X. 2)(1 + x*(¥. 2)),

which is exactly (9.1) for o = 2.

One may also ask whether or not x%(aX + bY, Z) remains finite, when
x2(X, Z) is finite, and Y is “small” enough. If p is density of X, the density of
aX + bY represents a convex mixture of densities on the line, given by

q(x)——Ep( _bY), YR,
al a

By Cauchy’s inequality, WQ(X)Z IE

s P p(3=Y)2 Hence, applying

(ax 4+ by)? < x* 4+ y?, we get an elementary bound

©q(? 1o /00 px)?

x < — ———dx
—o0 @(x) lal| J-oco p(ax +bY)

—(1+ x(X, 2))Ee?" /2.

E/ V27 p(x)’e 2(x+Y)dx—||

That is, we arrive at the following.

B Ial

PROPOSITION 9.2. Let X and Y be independent random variables. For all
a,b € R such that a®> + b* = 1, we have

1
14 x2@X + by, Z)<ﬁ( 1+ 02X, 2)Ee" /2, Z~N(,1).
a

Let us now describe two examples of i.i.d. random variables X, X1, ..., X, such
that for the normalized sums Z,, = (X +- - -+ X,,) /+/n, and any prescribed integer
nog > 1, we have

93)  XZ12)=-=x Zn1, D) =00, x}(Zny, Z) < 00
EXAMPLE 9.3. Suppose that X has density of the form

o 1 —x2/202 2
9.4) p(x) =/ — e dn (o), x eR,
0 o+2m
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where 7 is a probability measure on the positive half-axis. The existence of
x%(X, Z) implies that o> < 2 for 7-almost all o2, that is, 77 should be supported
on the interval (0, 2). Squaring (9.4) and integrating over x, we find that

14+ x%(X,2) = / p(x)2 // \/ . d?T(UlZ)dT[(O’zz).
ol +0f —

01 (’2

It is easy to see that the last double integral is convergent, if and only if

bk

Ul d7T 02)

and

/ / m n(of)dn(o3)

are finite. These conditions may be simplified in terms of the distribution function
Fe)=n{o?<e},0<e<2, by noting that

F(e/2)? < (w @ m)|o} + 05 <&} < F(e)*.
Hence, the first integral is convergent, if and only if

| ) , 1 [LF(e)?
fo ﬁdF(e) =F(1-) +§/O S de

is finite. A similar description applies to the second double integral.
Thus, XZ(X, Z) < oo for the random variable X with density (9.4), iff 7 is
supported on the interval (0, 2), and its distribution function satisfies

9.5) de < o0.

/1 F(e)? /2 (1—F(e))?
0 1

Py de < 00, —(2 EACYE

Based on this description, we now investigate convolutions. Note that Z, has
density of a similar type as before

Pn(x) :/oo L 12" g (a?).
" 0 o421 "

More precisely, if &1, ..., &, are independent copies of a random variable & dis-

tributed according to s, then the mixing measure 7, can be recognized as the

distribution of the normalized sum S, = %(51 + -+ 4+ &,). Therefore, by (9.5),

x2(Zy, Z) < o0, if and only if P{S, <2} =1 and

/1 —Fn(8)2 de < o0 /2 7(1 _ Fn(s))2 de < o0
o £3/2 ’ I (2—g)32 ’
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where F, is the distribution function of S,. Since F(e/n)" < F,(¢) < F(&)",
which is needed near zero, and using similar relations near the point 2, these con-
ditions may be simplified to

/1 F(e)2 /2 (1 — F(e)*
0 1

7 de < 00, Gk

Now, suppose that 7 is supported on (0, 1), so that the second integral in (9.6)
is vanishing, and let F'(g) ~ &* for ¢ — 0 with parameter « > O (where the equiv-
alence is understood up to a positive factor). Then the first integral in (9.6) will
be finite, if and only if n > 1/(4«). Choosing k = m, we obtain the required
property (9.3).

(9.6) de < 0.

EXAMPLE 9.4. Consider a density of the form

Ak o2/
1+ |x| /2 ’

where ay, is a normalizing constant, k = ng — 1, and let f| denote its Fourier trans-
form (i.e., the characteristic function). Define the distribution of X via its char-

acteristic function f(t) = afi(t) + (1 — a)Sian—]t”) with a sufficiently small o > 0

and y = 3(1 +af{(0))/(1 — a))!/2. It is easy to check that f”(0) = —1, which
guarantees that EX =0, EX 2 — 1. Furthermore, it is not difficult to show that the
densities p, of Z, admit the two-sided bounds

px) = x eR,

b, —x2/4 " —x2/4
Tyt SO S e (e

up to some n-dependent factors. Hence, again we arrive at the property (9.3).

10. Superadditivity of x2 with respect to marginals. A multidimensional
version of Theorem 1.1 requires to involve some other properties of the x2-
distance in higher dimensions. The contractivity under mappings,

x2(S(X), S(2)) < x*(X, Z),

has already been shown in Proposition 2.3 in a general setting. This inequality
may be considerably sharpened, when distance is measured to the standard normal
law in € = R?. In order to compare the behavior of x2-divergence with often
used information-theoretic quantities, recall the definition of Shannon entropy and
Fisher information,
f / VPl
h(X)=— p(x)log p(x)dx, I1(X)= ———dx,
R? R p(x)

where X is a random vector in R¢ with density p (assuming that the above in-
tegrals exits). These functionals are known to be subadditive and superadditive
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with respect to the components: Writing X = (X', X”) with X’ e R%, X" € R%
(d1 + d» = d), one always has

(10.1) h(X) <h(X)+h(X"),  1(X)>1(X")+1(X");

cf. [16, 30]. Both A(X) and I(X) themselves are not yet distances, so one also
considers the relative entropy and the relative Fisher information with respect to
other distributions. In particular, in case of the standard normal random vector
Z ~ N(0, ;) and random vectors X with mean zero and identity covariance matrix
I, they are given by

D(X||Z) = h(Z) — h(X), 1(X|12) =1(X) = 1(2).
Hence, by (10.1), these distances are both superadditive, that is,
D(X12) = D(X'I1Z") + D(X"||1Z"), I[(XI12) = 1(X'11Z") + 1(X"11Z"),

where Z’ and Z” are standard normal in R% and R, respectively (both inequali-
ties become equalities, when X’ and X" are independent).

We now establish a similar property for the y2-distance, which can be more
conveniently stated in the setting of a Euclidean space H, say of dimension d,
with norm | - | and inner product (-, -). If X is a random vector in H with density
p, and Z is a normal random vector with mean zero and an identity covariance
operator I, then (according to the abstract definition),

p()? dr— 1= [ PO —p(x)?

2(X,Z) =
1 ) H ¢(x) H @(x)

dx,
where ¢(x) = (27r)_d/2e_"‘|2/2 (x € H) is the density of Z.

PROPOSITION 10.1. Given a random vector X in H and an orthogonal de-
composition H = H' ® H" into two linear subspaces H', H” C H of dimensions
dy, dr > 1, for orthogonal projections X' = Proj g (X), X" = Proj g, (X), we have

(10.2) KX, Z2)= (X, Z2) + (X", 20,
where Z, 7', Z" are standard normal random vectors in H, H', H" , respectively.

Note, however, that (10.2) will not become an equality for independent compo-
nents X', X”.

PROOF OF PROPOSITION 10.1. Let H =R% and X = (&1, ..., &;). Note that
x2(X, Z) is invariant under orthogonal transformations U of the space, that is,
x2(U(X), Z) = x*(X, Z). Hence, without loss of generality, one may assume that
X' =(1,...,&) and X" = (§4,+1, - - ., £&4). Moreover, to simplify the argument
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(notationally), let d;j = dy = 1. The finiteness of XZ(X , Z) then means that the
random vector X = (&1, &) has density p = p(x1, x2) such that

00 oo 2 ()2
/ / p(x1, x2)7e" 122 dx) dx; < o0.
—o0 J—o00

The Hermite functions g, k,(x1, x2) = @(x1)@(x2) Hy, (x1) Hi, (x2) form a com-
plete orthogonal system in L%(R?) (where now ¢ denotes the one-dimensional
standard normal density). Hence, the density p admits a unique representation in
the form of the exponential series

(103)  plxi.x)= so(xmo(xz)Z Z ";k"Z,Hh(xl)sz(xz),
=0ky= :

dxy dxy

converging in L (R, e(xDe(x2)

), with coefficients (mutual normal moments)

Chy ky =/_ /_ Hy, (x1) Hi, (x2) p(x1, x2) dx1 dxo = EHy, (§1) Hi, (62).

Moreover, we have Parseval’s equality

(o Ol o]

p(x1,x2)? Ck] ko
(104) 14+ x*(X,2)= / /oo<p(x1)<p(x2) x1dxy = kZOkZO PP

Now, integrating (10.3) over x; and separately over x1, we obtain similar repre-
sentations for the marginal densities

p1(x1) = @(x1) Z qu (x1),  pax)=0(x2) Y 02,21? Hy (x2).
ko=0 :

Hence, by Proposmon 8.1,

00 2 oo .2

1.0 2 _ N 0k -
Z k,, X (éz,é)—kZZ:] o LE~YNODL

X8 =

But, the quantities x2(£1, &) and x2(&>, £) appear as summands in (10.4). O

11. Asymptotic expansions and lower bounds. Let X, X, X5, ... be inde-
pendent identically distributed random variables such that EX = 0, EX 2 =1, with
characteristic function f(t) = Ee' X The normalized sums

Zn:(xl+“‘+xn)/\/"_l

weakly converge in distribution to the standard normal law: Z,, = Z for Z ~
N (0, 1). In this connection, the following question arises: When is it true that
Dy(Z,1|Z) — 0 or equivalently T, (Z,||Z) — 0 as n — 00? And if so, what is the
rate of convergence?
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We shall give a complete solution of this problem in the next sections. First,
we shall describe here asymptotic expansions for “truncated” 7, -distances, which
yield reasonable lower bounds for 7,,(Z,||Z). More precisely, given M > 0, we
have an obvious estimate

(11.1) To(Zul|Z) = ﬁ(I(M) —1)

with

(11.2) I[(M) = <pn(x))a¢)(x)dx,
lx|<M \ @(x)

where p, denotes the density of Z,. We will see that, under suitable conditions,

while choosing
M=M,(s)=,/2(s — 1) logn

with a fixed integer s > 2, inequality (11.1) can be reversed up to an error term of
order o(n~“~1). This reduces our task to the study of the asymptotic behavior of
the integrals 1 (M, (s)), using the following result due to Petrov (cf. [8, 36, 37]).

PROPOSITION 11.1. Let X have a finite absolute moment of order k > 3, and
Z, admit a bounded density for some n. Then, for all n large enough, Z, have
continuous bounded densities p, satisfying uniformly in x € R

2 gy (x) 1 1
(13)  pul) =) +9() Z e ol ) T
In this formula,
ym+2 km
(11.4) 0o = 3" Hypa () 1‘[ (m) ,
where the sum extends over all nonnegative integer solutions (k, k3, ..., ky) to

the equation k; + 2k + - - - 4+ vk, = v. Here, y, denotes the rth cumulant of X,
and we put/ =k; + ko + --- + k. The sum in (11.3) defines a polynomial in x of
degree at most 3(k — 2). For example, for £k = 3 (11.3) yields

1
Hy(0)p(x) + o( Y —EX?,

1

3'f N ) L [x 3
where H3(x) = x> — 3x. More generally, if y3 =--- = y_1 = 0, that is, the first
k — 1 moments of X are the same as for Z ~ N (0, 1), then (11.3) simplifies

1
1+ |x|k

Proposition 11.1 with k£ = 2s (s > 2) may be used to derive the following ex-
pansion. We use the standard notation (&), = a(a — 1) --- (¢ — m + 1).

pa(x) =@(x) +

(11.5) Pa(x) = () + T Hi () (on ™7 +o(n™'7)
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LEMMA 11.2. Under the assumptions of Proposition 11.1,

s—1

(11.6) I(My(s)) =1+ bin~ +o(n ")
j=1

with

o0
(L7)  b; =Z(a)’:’+—+’”2,f QU™ - a1 ()" () dx.
mil---moj_1! Jooo
Here, the sum extends over all integers my, ..., ma;j_1 > 0 such that my + 2m; +
4+ Q2j—Dmyj_1 =2j.Inparticular, when y; =0for j =3,...,5s —1 (s = 3),
we have
2

(11.8) [(My(5)) =1+ a(x — 1) +0(n=67h).

sl ns— -2

Using (11.4), one can evaluate the integrals in (11.7) and rewrite them as poly-
nomials in the cumulants ys, ..., y2;41, which in turn may be expressed polyno-
mially in terms of the moments o, = EX", r <2j 4+ 1.

PROOF OF LEMMA 11.2. The representation (11.3) with £ = 25 may be writ-
ten as

Pn(x) — en(x) 1 _2s—2 v (x)
px) b Ra )+ ns=l (o) (14 x|2%)’ Ry (x) = ; vz

where sup, |, (x)| = o(1) as n — oo. Since every polynomial g, has degree at
most ¥ = 3(2s — 2), we have |R,(x)| < %(1 =+ |x|") up to some constant C. It
follows that

Pn(x) ‘ C .

| =—=0+Ix")+ ———75=
o (x) \/ﬁ( ) @) (1 + |x]%)
as n — oo uniformly in |x| < M, (s). Using the Lipschitz property of the power
function near the point 1, we thus obtain that

o(n=¢Vy<s, -0

1

Pn(ﬂ)OZ « —(s—1)
=(1+R, —_———— )
() =+ R+ ol
so that

— o —(s—1)
(11.9) I(My(s)) = /|x|§Mn(s)(l + R,(x))%p(x)dx +o(n ).

Using a Taylor expansion for (1 + x)* around zero yields

(4R =1+ ﬂR " (1 )

m=1
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with sup, |C,(x)| < C (where C is a constant). Thus, integration in (11.9) leads to
the representation of I/ (M, (s)) in the form

2s—2
o 1
/ p(x)dx+ @/ Ry (x)"p(x)dx + 0<s_—1/2)-
[x|<Mp (s) m=1 m: [x]|<Mp (s) n

Here, the integrals may be extended to the whole real line at the expense of an
error = o(n_(s _1)). Indeed, with some constant C; depending on [ > 0,

[ o) dr = bty 6/ T2 = 0=V 10g T )

which we use in the polynomial bound on R, (with factor 1/4/n). Thus,

252 )
[(My(s)) =1+ Z (oz)'m f Ry(x)"p(x)dx + o(n_(s_l)).
m=1 m! —00

Now, using a multinomial formula, write

m!
—N/2 _
Ry(x)" = > N ()™ o ()2,
ml‘;.-mz 2'
mi+---+mpys_o=m : S—at

where N =m 1 +2my+ -+ (25 —2)mos_>. Hence, up to a o(n_(s_l))—term, one
can describe I (M, (s)) — 1 as the sum

(11.10) ZLKW/ g1 ()™ - qas 2 ()" 2p(x) dx

mp!---mog_»p!

overall my,...,mo;_p>0suchthat l <m=m|+ ---+mo_p <25 — 2. This
representation simplifies due to the next property of Hermite polynomials [43]:

[ Hu @ By (e dx =0 1+ s 0dd)

It follows from (11.4) that a similar property holds for ¢g; as well: the integral
in (11.10) is vanishing, as long as N is odd. Restricting ourselves to the values
N =2j, we necessarily have m; =0 for [ > 2j, and (11.10) becomes

. poo
(11.11) Z%nf/ qr(x)™" - q2;(x)" p(x) dx,
m1!---m2_,-! —00
where the summation extends over all my,...,my; > 0 with my +2mp + --- +

2jmyj =2j and m =my + --- + my;. Finally, we may exclude the case my; =1,
where again the above integral is vanishing. As a result, we arrive at the required
expansion (11.6) with coefficients (11.7). As for the last assertion, we necessarily
have b; =0 for j =1,...,5 — 3, while by_» = a(a — 1)y3,2/(2s!) and then we
arrive at (11.8). [
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The integral in (11.11) is zero as well for m = 1 (when only one m; = 1). Also,
for @ = 2, the factor («),, is vanishing unless m < 2. Hence, we are reduced to
tuples my, ..., mpj_1 such that m; = 1 for two different indexes, say, / = vy and
I = vy, and also for tuples where m; = 2 holds for one / only. Hence, the descrip-
tion of the coefficients is simplified to

b= Y /_ g @emdx @=2).

vi,v2>0
vi+vy=2j

Recall that if T,,(Z,||Z) is finite, then Ee¢Zi < 00, and hence EeX” < 0o for
some ¢ > 0 (so that X has finite moments of all orders). In addition, Z,, must have
a density in L2, and then Z, | has a bounded density. Therefore, all conditions of

Proposition 11.1 are fulfilled, and in view of the lower bound (11.1), Lemma 11.2
yields the following.

PROPOSITION 11.3. For every fixed s =3,4, ..., we have, as n — o0,

T zall2)> —— 324 oL
a(Znll )_ﬁgﬁ—i_ (ns—l)

with coefficients as in (11.7). In particular, if y; =0 for j =3,...,5 — 1, then

z o 1
11.12) To(ZullZ) = a XS — 1+ 0
(1. o T 2s!ns2 ns=1)

The last lower bound extends to D, as well (which is equivalent to 7, when
these two distances are small). Hence we get the following.

COROLLARY 11.4. Ifliminf,_ % < —K for some integer K > 1,
then y; =0 forall j =3, ..., K. In particular, the random variable X is standard
normal, if and only if

.. JdogDy(Z,||2)
liminf =——— = =
n—o00 logn

Combining the lower bound (11.2) with the upper bound (9.2) yields the fol-
lowing.

COROLLARY 11.5. Let Dy(X||Z) < oo withy; =0for j=3,...,s — 1 and
ys #0 (s > 3). Then as n — 00,

1 ySZ 1
I1+0(-) )= < Dy(Znl|Z) <nDy(X||Z).
n/))2s!ns—2
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12. Necessity part in Theorem 1.2 (d = 1). Again, let X, X, X2,... be
i.i.d. random variables with characteristic function f(t) = Ee''X, and let Z, =
(X1 + -+ + X,)/+/n. The necessity part in Theorem 1.2 does not require any
moment assumptions on the mean and variance. As a preliminary step, the next
lemma provides a sub-Gaussian bound on the Laplace transform f(iy) = Ee X
subject to the sublinear growth of Dy (Z,||Z). Recall that ¢ > 1, and we denote its
conjugate value by f = o/(ax — 1).

LEMMA 12.1. Ifliminfn_mo[%Da(ZnIIZ)] =0, then
(12.1) fliy)<efP™ 2, yeRr.

PROOF. By Proposition 4.2, applied to Z,, in place of X, forall y e R,

Fliy/Nm)" < (1+ (a — DT,) V%P2,
where T, = T,(Z,||Z). After a change of the variable, we then get

JFiy) = em{% log(1 + (a — 1)Ta)}eﬂy2/2.

But liminf,— o[+ Dy (Z,112)] = 0, iff liminf,_, c[1log(l + (¢ — 1)T,)] = 0.
Hence, we arrive at the required conclusion by letting n — oo along a suitable
subsequence. [J

In other words, if f(iyg) > eﬂyg/z for some yg € R, then Dy (Z,||Z) > cn with
some constant ¢ > 0. In this case, Dy (Z,||Z) has a maximal growth rate, in view
of the sublinear upper bound (9.2).

The assumption of Lemma 12.1 is fulfilled, when Dy(Z,||Z) — 0, which pro-
vides a slightly weakened variant of the necessary condition (1.4) in Theorem 1.2
for dimension d = 1 (replacing the strict inequality with a nonstrict inequality). To
arrive at a more precise condition, we have to add another preliminary step.

LEMMA 12.2. Iflim,_ o Dy(Z,||Z) =0, then for any integer k > o /2,
o
(12.2) lim / Fly VI e B dy = /(e — 1).
—o0
PROOF. The integral in (12.2) is

% (=Y Zuk\2,— By % =Y (ZuAZ) ,— By
/ (Ee™ )" dy :/ Ee™ Y\ nkT4ni) ¢ dy
—0oQ

—o0

— foo Ee—ﬁyzznke—ﬁyz dy
—00

1 52
— Z}Ee 28 Zan ,
B
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where Z,’lk is an independent copy of Z,i. But Z, is a normalized sum of k in-
dependent copies of Z,, so we may apply Proposition 5.1 with X replaced by Z,
and with n replaced by 2k. In this case, by (5.2), whenever 2k > «,
1 52 1 2
[Ee2 7k —Re28 | <4 (1 + xo(Zull2)V)* = 1), Z~N(O, D).
Since, by the assumption, x,(Z,, Z) — 0 as n — oo, the limit in (12.2) is equal
1 52
to \/%Eeﬁz which is the same as the right-hand side of (12.2). O

PROOF OF THE NECESSITY PART IN THEOREM 1.2 FORd =1. Assume that
Dy(Z,11Z) — 0 as n — oo and fix an integer k > «/2. Given a fixed number
8 > 0, let us decompose

/ T iy Nk e B dy

(12.3) =I+1

_ +f ) iy k)2 e =B gy,
</|ysam sy VR T dy

The characteristic function f is entire, with f(0) = 1, hence it is nonvanishing
in some disc |t| < R on the complex plane. Define g(¢) = log f(¢) for || < R,
choosing the standard branch of the logarithm. The function g is analytic in the
same disc and admits a power series representation

1 0
g(t) = _Etz + > ant™.

m=3

For a suitable r € (0, R) and a constant C, we have Y > 5 |a,t"| < C|t)? in the
disc || <r, so

fiy/Vnk)*™* = expy* +6y* //n} for y € [—r~/nk, ra/nk]

with 8 =6(y), |#| < C. Assuming that § < min{r, (8 — 1)/(2C\/E)}, this relation
allows us to rewrite the integral /; as

I :/ e~ B=Dy*+05° [V gy,
lyl<8+/nk

Here, the term 0 y3 /+/n may be removed at the expense of an error of order O (ﬁ).
This is justified by the bounds

(B—1)y2 0 CIvIP _(g_1yy2e CP
e (B=Dy™+" 7 _e—(ﬂ—l)y2|dy§f |yl e (B=Dy™+=7 dy
lyl<svnk /1

ly|3e=B=Dy%/2 gy,

-/I‘yer«/ﬁ

<—
NORUVENGT:
=o(—2)
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Hence
1
I = e B0 gy 4 0(—)
RN Y NG
1
=\/7T(ot—1)+0(7>, n — oQ.
n

In particular, I} = /(o — 1) + o(1). Applying this result in (12.3), the equality
(12.2) implies that I — 0, or equivalently

(12.4) /|| 8(f(iu)e*ﬂ“2/2)2”kdu :0(%) as n — 0o,

which holds for any sufficiently small § > 0, and hence for any § > 0.

Now, the function ¥ (1) = f(iu)e*ﬂ‘ﬂ/2 is analytic, and 0 < 1 (#) < 1 on the
real line; cf. (12.1). In order to show that ¥ (u) < 1 for all u # 0, suppose for a
moment that ¥ (1) = 1 for some up > 0. Obviously, uq has to be local maximum
point, which implies v’ (1) = 0. Hence the power series representation at this
point, that is,

0
) —1=cu—u))+ > cj—up)
j=i+1
starts with a nonzero term ¢; # 0 for some [/ > 2. Since ¥ (u) — 1 <0 for all
u € R, necessarily / = 2m is even (m > 1) and ¢; < 0. Hence, in some neighbor-
hood |u — ug| < ro < ug and for some constants cy, cg > 0, we have Y (u) > 1 —
c1(u—ug)* > e—c0—ug)*" Choosing 6 = ug —ro, this neighborhood is contained
in (8, 00), and with some constant ¢ > 0 we get

/ (f(iu)e_ﬂuz/z)znk du > f v w)?™* du
lu|>38

lu—up| <38
> f exp{—2nk - co(u — uo)zm}du
|lu—ug|<s

< C
= prem”

)
:2/ exp{—2nk - cox®™} dx
0

which contradicts to the asymptotic relation (12.4). The case ug < 0 is similar, and
thus we necessarily arrive at ¥ (u) < 1 for all real u #20. U

13. Pointwise upper bounds for convolutions of densities. Before turning
to the sufficiency part in Theorem 1.2, we shall derive several upper bounds for the
densities p, of the normalized sums Z,,. In general, bounds for the density p(x) of
X at individual points x cannot be deduced using the condition Dy (X||Z) < oc.
However, this is possible after several convolutions of p with itself, and even under
a weaker condition Dy (Z,,||Z) < oco. The following observation holds without as-
suming that X has mean zero and variance one. Let f be the characteristic function
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of X, and define
V) = fliw)e P2 =Ee X P02y eR,
o

where 8 = oo As usual, Z denotes a standard normal random variable.

PROPOSITION 13.1. If Ty = Ty (Zy,l|1Z) < 00 for some ng > 1, then for any
n >ng =max(B, 2)ng, Z, has a continuous bounded density p, satisfying

Aaﬁ ) x \"7"8
13.1 xX) < ——e¢ " /(2B) <——) s x eR.
Here, Aq = (1+ (o — ) T,) with kq = 5 fora € (1,2] and ky = 2 for o > 2.

In particular, under the condition (1.1), that is, when ¥ < 1, we arrive at the

sub-Gaussian pointwise bound
pn(x) < Aa_ﬁefxz/@ﬂ),
N 2mng

which is effective for |x| > /logn. It can be sharpened for larger values of |x| by
virtue of Proposition 4.3. Being applied to Z,, in place of X, it gives

lim (Ee'X/Vi0y"0=F"/2 g,

[t]— 00
that is, ¥ (u) — 0 as |u| — co. Combined with (13.1), it immediately provides an
exponential pointwise bound (with respect to n).

COROLLARY 13.2. If Ty(Z,,11Z) < o0 for some ny, then there exist xo > 0
and § € (0, 1) such that, for all n large enough,
by

B/n

Here, the last ir-term is (13.2) will become crucial for bounding 7, (Z,||Z).

n/2
(13.2) Pn(x) < S”e_xz/(zﬂ)¢<— ) whenever |x| > xo/n.

PROOF OF PROPOSITION 13.1. By the assumption, Z,, has a density p,, in
L*(R, dx),and hence inall LY (R, dx), 1 <y < «.In particular, if « > 2, both p,,
and f,, are in L2(R, dx) (by Plancherel’s theorem), so f, is integrable whenever
n > 2ng. In the case 1 < o < 2, according to the Hausdorff—Young inequality, f,,
must belong to LA (R, dx), and then f,, is integrable whenever n > Bng. Thus, f,
is integrable for every n > ng, in which case Z,, has a bounded, continuous density
given by the Fourier inversion formula

P = [ e gy = i " e p ) d
" 27 J-oo 2w T—ooJ_T )

2
By Proposition 4.3, Ee %m0 < 0o, and hence Ee"X2 < 00 _for some ¢ > 0.
In particular, f(¢) and all characteristic functions f,(t) = Ee''%" = f(t//n)"
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are extended as entire functions to the complex plane. Moreover, since the map
h — " p,(x) for a fixed n > Bng is continuous from R to L'(R), the fam-
ily (e Pn(x)}o<h<y 18 compact in L'(R). Hence, fn(?) tends to zero at infin-
ity uniformly in every strip |Im#| < y < oo (by the Riemann-Lebesgue lemma).
Applying Cauchy’s theorem to the rectangle contour [—7,T]1 U [T, T + iy] U
[T +iy,—T+iy]U[—T +iy, —T], the inversion formula may therefore be written
as

x ] > —itx : n
(133) Py =" — [ (@ + i) ds

for any fixed y > 0. Without loss of generality, let x < 0.
Case a > 2,n > 2ng. Using | f(t +iy)| < f(iy) (¢, ¥y € R) and changing vari-
able in (13.3), we get

n —2n 1
(13.4) pn<x)fey"f 0 /:o/ Jt— \l})

The function £ — f;,,(t +iy//n) = Ee'' %m0~ %m0/ v represents the Fourier trans-
form of gy(u) =e™” u//n Pno(u). Hence, by Plancherel’s theorem,

NI

2ng

dt.

2ng

1 o0 .
l=2—/ |fn()(t+ly\/n0/\/’;)‘2dl
T J—o00
0
_ / eI ()2 du,
—0o0

We factorize the latter integrand as (e 2yu/no/Nn () 2/ By Lo "3;2/)ﬂ and apply

Holder’s inequality with exponents r = r* =%. It gives that, up to the factor

2 9
(14 (o — 1)Ty)?/?, the last integral can be estlmated from above by

1 _ ~ 2 2,
(/oo —2ryu\/7§0(u) B du) = —1 (705 2 )2 eﬂ)n 0 < . eﬂ)n—o.
—00 V2 \20 =2 V2

Therefore,

s Ll (G )l

and (13.4) results in the upper bound

pn(x) < IZL(I + (@ — I)Ta)z/aeyx+ﬂy2n0/"f(iy/ﬁ)”_zno
mno

= g 1+ = DT 2 2y 20,
TN

Choosing here y = —x /8, we arrive at (13.1).

2n0

(14 (@ — DT, )2/‘1 By? no/n

_\/_
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Case 1l <o <2,n> Bng. Again using | f (¢ + iy)| < f(iy) and changing vari-
able, we obtain from (13.3) that

1 [n [ t iy
13.5)  pulx) < e f(iy//n) o /_/ ’ <_ _>
(135 pu(®) e fliy/v/m)" " — oy =t
Since B > 2, we are allowed to apply the Hausdorff—Young inequality to get
1 00 ¢ . Bno 1 1 00 . B 1
(e Lol (G e G ) = G L 20 ) )
27 J -0 \/% ﬁ 21 J o0 ﬁ
= ||gym||a

1
= (/ e—OlyM«/VTO/\/ﬁpnO (u)ot dlxl) ¢ .
—00

We factorize the latter integrand as (e~%” uy/no/ ﬁ(p(u)“_l) 5’;2)(331 and bound the
r2n

oa— ap
last integral by (27)™ e

Bno
dt.

Jno (t +

*This gives

Bno _1 epy?n

1 > ] a—1 )
g/—oo'f<\/Ll’To+%> dt < ((27‘[)77(3%(14_(“_1)7"“))5
2.2,
= % I (14 (o — DT,
s

Hence, (13.5) results in the upper bound

1
Pn(x) =< \/;no(l + ((X — I)Ta)meyx+,32y2n0/2nf(iy/ﬁ)n—ﬂno

= e (1 (= DTy) 7T A7 2 (3 iy =,

Again choosing y = —x /8, we arrive at (13.1). U

14. Sufficiency partin Theorem 1.2 (d =1). Let X, X1, X», ... bei.i.d. ran-
dom variables such that EX = 0, EX2 = 1, with characteristic function f@) =

Eei'X. As before, put ¥ (u) = f(iu)e P/, g = ¢ and let Z ~ N(0,1). As-
suming that ¥ (u) < 1 for all real u #£ 0, here it will be shown that the normalized

sums
Zn=X1+ -+ Xn)//n

satisfy T4 (Z,]|1Z) — 0 as n — oo, as long as Ty (Z,,||Z) < oo for some ny. We
also derive an asymptotic expansion for this distance generalizing (1.2) in case
o = 2. Recall that, by Proposition 13.1, Z,, have densities p, which are continuous
and bounded whenever n > ng.



RENYI DIVERGENCE FROM THE NORMAL LAW AND THE CLT 309

According to Lemma 11.2, the integrals of the form

o
Io= Pn(X) dx with M, =,/2(s — 1)logn (s =3,4,...)

x|<M, @(x)*~!

admit an asymptotic expansion in powers of 1/n up to 1/n*~!. Hence, for the proof
of Theorem 1.2 (in dimension one), it remains to bound the integral of p% /%!
over the complementary region |x| > M, by a polynomially small quantity with
respect to n. More precisely, it will be sufficient to show that, for any large enough
s > 3 and some constant « > 0,

(14.1) /| Pn” o(i), 1 — oo.

x> M, ()= T ks
To this aim, we need to properly estimate p,(x), which can be done using the
pointwise bounds of the previous section. For definiteness, let us consider the half-
axis x < —M,,, which we split into three intervals reflecting the possible different
behavior of these densities. Namely, define

—xo/n o —x14/n @

I = Pn(x) ldx, 12:/ Pn(X) ldx,
—o0  @(x)*T —xo/n P(X)*
—M, pn(x)a

13: -y X
—x1/n @(xX)*

with parameters 0 < x; < x¢ and assuming M,, < x| /n (otherwise, I3 = 0).
Using (13.2), we get that, for all large n, with some § € (0, 1), xg > 0,

1 27)°T 5" o . an/Zd
< 2
1=0em /_oo 1”( ﬂﬁ) *
n

< <2n)“7”3“"ﬂﬁ/_°° Vo du, w9

where on the last step we used i < 1. By Corollary 5.2, the last integral is conver-
gent whenever m = kng, k > «. One may take, for example, k = [«] + 1, which
ensures the condition m < % for all sufficiently large n. Hence I} < C8Y (n > ny)
with some constants C > 0, xo > 0 and § < §; < 1, depending on the density p
only.

To bound /5 (with any fixed 0 < x1 < xg), we employ Proposition 13.1. By the
condition (1.4), the function i is bounded away from 1 on any compact interval

in (=00, 0), s0, 82 = max_y,<,<—x, ¥ (u) < 1. Hence, by (13.1),

I < Aan“/z /-—x1ﬁ 1p(_ X )n—nﬂ I
B —Xo/n Bv/n
n—ng

apl [TX1/2 _ atl
= A%n" f V()" du < A%Bn*F (xg — x1)8" "

—x0

which again decays exponentially fast like /7.
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It remains to estimate /3 with some x; > 0. In order to estimate p,(x) in
[—x14/n, —M,], we use the bound (13.1) once more. As discussed in Section 12,
the function A (u) = log f(iu) is analytic in some disc |u| < r, and since h(0) =
h'(0) =0, A"(0) = 1, we have h(u) ~ Lu? near zero. Hence |h(u)| < 42 |u|?
throughout this disc, when r is sufficiently small, implying | f (iu)| < e+Pul/4,
Hence ¢ (u) < e_(/3_1)|”|2/4 for u real, |u| <r, so,

W(— ) _W< ) Eexp{——_}:ex /(Bap)
pvn NG 4 282
for all n > 2ng and —Br/n < x < 0. Therefore, by (13.1), in this interval

Pn ()" < A%/ 2/86)

p(x)e=t ~
which results with x; = Br in the bound
My 2
I < A%n®/? f —2/8B) g
—xlf

s—1 «
=< \/%Agna/Zefo/(Sﬂ) — 277,314371_(@_7)’

where we used a well-known inequality [, ¢(x) dx < ie*M 22 (M > 0).
Collecting these bounds, we get I} + I + I3 = o(n /%) for a sufficiently
large s. A similar relation holds for x > M,,, which proves (14.1).
Since Ty, (Z,||Z) = ﬁ(lo + I1 4+ I, 4+ Iz — 1), and using the expansion (11.6),
we conclude that, for any sufficiently large s and hence for any s > 3,

1 s—2 b]
— ' —(s—1
(14.2) T(Z,l12) = — ;nj +0(n=6=D)

with coefficients b; as in (11.7). In particular, by (11.8), (14.2) simplifies to

Vf

(14.3) Tu(Z,l1Z) =

(n—(s—l)) ifyijforjz?),...,S—l.

Since D, and T, are equivalent (when these quantities are small), the last relation
holds true for the Rényi distance Dy (Z,||Z) as well. Thus, Theorem 1.2 is proved
in dimension one. [

A. Marsiglietti pointed us that expansions like (14.2) have to do with the mono-
tonicity properties of the functionals under consideration.

COROLLARY 14.1. Given a random variable X (EX = 0,EX? = 1), there
exists ny > 1 such that the sequence Dy (Z,||Z) is nonincreasing for n > nj.
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Indeed, assuming that X is non-Gaussian, let Dy(Z,,||Z) be finite for some
ng. In particular, X has finite moments of any order. Let y; be the first nonzero
cumulant of X (s > 3). Then, according to (14.2)—(14.3),
ysz 1 bS—l

TO{(ZI’IHZ) :az_s!nsiz I’lsil

+0((n™*).

Hence, the increments

2
Y
To(Znl1Z) — TO!(Zn—H”Z) =a(s — 2)2_;‘

1
on=*
ns—l + (I’l )

are positive for all sufficiently large n (and we know also the rate).

It is interesting to know, whether Corollary 14.1 is true with n; = 1, which
would generalize the monotonicity of the relative entropy along normalized con-
volutions; cf. [4, 33, 47].

15. Nonuniform local limit theorem. We prove Theorem 1.3 in dimension
one in a more precise form, using the cumulants y; of X. We keep the basic as-

sumptions EX =0, EX? = 1 and remind that 8 = o7 (@ >1).

THEOREM 15.1. Suppose that Dy(Z,||Z) is finite for some n = ng, and let

the condition (1.4) hold. If y3 = --- = ys_1 =0 for some s > 3, then
1Pn(x) =) aslysl _s2 sl

15.1 = 2 ) 2),

(> i TR T o)

where ag = sup, g [o ()% |Hy(x)|].

In case s = 3, we thus obtain the inequality (1.5), and if EX 3 =0 (and hence
y3 = 0), one may turn to the next moment of order s = 4, which yields the rate
1/n in (15.1). As for the cumulant coefficient, let us recall that y; = EH(X) =
EX* -EZ°.

To compare this result with Proposition 11.1, note that, assuming the existence
of moments of order s, and that Z,, has a bounded continuous density p, for large
n, the Edgeworth expansion (11.5) with k = s allows to derive a weaker statement

aé|ys| _s=2
—nNn

sup(1 + [x[*) [ pa (x) — ¢ ()| = 51 F o™ T)

xeR

with ag = sup, g (1 + [x[*) [ Hs (x) ¢ (x).
Note in addition that the condition (1.4) is almost necessary for the conclusion
such as (15.1) and even for a weaker one. Indeed, suppose that

(15.2) liminf sup(p, (x) — @(x))p(x) " < o0,
n—oo xeR
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so that p,(x) < p(x) + C<p(x)1/ B for infinitely many n with some constant C.
Multiplying this inequality by e’* and integrating, we get

(Eetx/ﬁ)" =Ee'%r < o2 + BCeﬂtz/z, B = (2m)Y/?» /B.

Now substitute 7 with ¢,/n and raise the above inequality to the power 1/n. Letting

n — oo along a suitable subsequence, we arrive in the limit at Ee/X < P12 for
all + € R. Thus, this sub-Gaussian property is indeed implied by the local limit
theorem (15.2).

PROOF OF THEOREM 15.1. In contrast with the proof of Theorem 1.2, we
need to consider a decomposition into a smaller number of zones, Ag : |x| < M,
A1 x| > x14/n, and Ay : My, < |x| < x14/n, with x; > 0 and

M, =,/2(l —1)logn, [=2aB(s—1)+1.

It will be sufficient to restrict the supremum in (15.1) to Ag and to bound

Ji=sup [pa(0)e) V], = sup [pa(x)p(x) /7]
XEA] xXeAr
by O(nf%), assuming that M, < x;/n (otherwise, J, = 0). Recall that, as
shown in the proof of the sufficiency part of Theorem 1.2,

Pr@)p(0) P < Ag/ne P <,
for some x; > 0, which we take for the definition of the zones. This gives
Iy < AgfrieMalGeB) = g n~Gap=D = A p=*3"
Next, we again invoke the bounds of Proposition 13.1 and Corollary 13.2. By the

assumption (1.4), ¥ (u) = EeXe—Pw*/2 satisfies Y(u) < 1 for all u # 0. Hence,
the bound (13.2) yields, for all n large enough,

Pn()e(x) 1P < 5", x| > xo/7,

with some § € (0, 1), xo > x1. Moreover, since §, = max,, <|u|<x, ¥ (u/B) < 1, the
bound (13.1) yields for xj4/n < |x| < xos/n
Pn()e(x) VP < Ay/nsy, P =0(87)  [n>ng=nomax(8,2)]
if max(é, 82) < 81 < 1. Both estimates imply J; = O(8]) as n — oo.
Finally, in order to study the asymptotic behavior of
Jo= sup |pa(x) —p(0)]ex)""/,

PASVAY))

we invoke the expansion (11.3) of Proposition 11.1. After division by ¢(x)!/#,

) . sl . _
the remainder term there will be O (n B ) uniformly on Ag, as soon as % —
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% > s — 1. Pick up such an integer k (necessarily k > 3). As a result, we may

replace p,(x) in the definition of Jy by the Edgeworth approximation described
on the right-hand side of (11.3). The first (potentially) nonzero term in it has the
form %ys H; (x)go(x)n_%, while all remaining terms are ¢(x)q, (x)n""/? with
v > s — 1. After division by ¢(x)!/#, such terms may therefore contribute in the

supremum a quantity which is O(n_%). This means that we are left with the
leading term, resulting in (15.1). [

16. The multidimensional case. Let us now turn to the multidimensional
variant of Theorems 1.1-1.3. We will denote by Z a standard normal random vec-
tor in R?, that is, having mean zero and an identity covariance matrix. Given i.i.d.

random vectors X, X, X2, ... in R4 with mean zero and identity covariance, con-
sider the normalized sums
Xi1+--4+X
Zy=———"" n=1,2,...).

N
We need to show that Dy (Z,||Z) — 0 as n — oo, if and only if D, (Z,||Z) is
finite for some n = ng, and

(16.1) EeX) < PIP/Z forallr e R, 1 £0.

Moreover, in this case Dy(Z,||Z) = O(1/n), and Dy(Z,||Z) = 0(1/n2) when
the distribution of X is symmetric about the origin. In fact, a more precise
Edgeworth-type expansion holds for 7, (Z, || Z) in powers of 1/n similar to (14.2)—
(14.3), with the coefficients being polynomials of mixed cumulants of the compo-
nents of X.

As for the proof of the theorems, much of the analysis developed before about
the convergence in Ty (or Dy), as well pointwise upper bounds on the densities p;,
of Z,, may easily be extended from dimension one to an arbitrary dimension d.
Actually, the contractivity property of the functional D, (Proposition 2.3) allows
one to reduce the necessity part in Theorem 1.2 to the one-dimensional case using
a standard Wold-type device. Indeed, consider the i.i.d. sequence (X;, ) with unit
vectors 6. Then, assuming that Dy (Z,||Z) — 0 as n — oo, we get

Do ((Zn, 0)I(Z,0)) < Do(Znl1Z) — 0.
Since E(X;,0) =0, E(X;,0)> =1, and (Z,8) ~ N(0, 1), we may apply the one-
dimensional variant of this theorem which gives
Ee’ (X:0) < oBr?/2 for all r # 0.

This is the condition (16.1), thus proving the necessity part in Theorem 1.2.
Like in dimension one, the finiteness of Dy (Z,,||Z) guarantees the existence of
bounded continuous densities p, for Z, for all n > ng = max(8, 2)no; cf. Proposi-

. .. 2 . ..
tion 13.1. In addition, Ee/XI” < 0o for some ¢ > 0. In particular, the characteristic
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function f(t) = Ee!tX:1) extends as an entire function to the d-dimensional com-
plex space C?. Most important properties of the densities p,, rely upon the function

V() = f(iuye P02 = BemXwe= Pl e RY),
LEMMA 16.1. If Ty = To(Zpy||Z) < o0 for some ng, then  vanishes at in-

finity and lies in L¥"0(R?) for any integer k > a. Moreover, up to some (k,d)-
dependent constants cy 4,

Q>

(16.2) /Rd Y @) du < crg(1+ (@ — DT,)@.

The first assertion is a multidimensional analog of Proposition 4.3; it can be
proved with very similar arguments as in dimension one. The second assertion
generalizing Corollary 5.2 can be proved by using the contractivity properties of
the d-dimensional Weierstrass transform

[x—y

2
Wtu(x)z(zm)*dﬂ/de*fzi‘ u(y)dy, xeRe1>0.
R

In particular, (5.1) takes the form Ee%lz"l2 <ckd(l+ (¢ — l)To,)é in R4, from
which (16.2) easily follows. In case @ = 2, one may adapt Lemma 6.3 as well
to the multidimensional situation with its Parseval identity in R?. Furthermore,
Proposition 6.2 is extended as

Q)2 [ ww?du =1+ 27X, 2).

thus refining (16.2) for k = 2 and ng = 1. Repeating the arguments as in Section 13,
one may also extend the upper pointwise bounds on the densities.

LEMMA 16.2. If Ty(Zy,||Z) < 00 for some ng, then for all x € R4,
472 —1x2/@ x A\
(16.3) Pu(x) < Ag an®/Ze I/ %(—m) . n=ng,

where Ay 4 depends on (a, d) only. In particular, there exist constants xo > 0 and
8 € (0, 1) depending on the density p such that for all n large enough

X

B/n

PROOF OF THEOREM 1.2 (SUFFICIENCY PART) AND THEOREM 1.3. We
need to explore the asymptotic behavior of

n/2
(16.4) pn(x) < (Sne_‘xlz/(zﬂ)w <— ) whenever |x| > xo /1.

(0 = DTu(Zul|Z) = /R wy)dy =1, wa(0) = pa)e) 7,
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where ¢ is the standard normal density on R?. To this aim, we split the integration
into the four shell-type regions. The behavior of the integrals

Iy 2/ w,, (x)dx, M, =,/2(l — 1)logn,
|x|<Mpy

may be studied as in dimension one (Lemma 11.2) by virtue of the Edgeworth
expansion for p,(x) on the balls |x| < M, with a nonuniform error term. To this
aim, a multidimensional variant of Proposition 11.1 is used as stated in [7], Theo-
rem 19.2: Uniformly in R,

o(n—6-2/2 S=2 o (x
(165) pn(X):ws(X)‘i‘(lTxls), gos(x)z(p(x)%—w(x); ank—(/Z)’
where each g represents a polynomial whose coefficients involve mixed cumulant
of the components of X of order up to k + 2. In particular, if the distribution of
X is symmetric about the origin, then ¢;(x) = 0 and there is no 1/4/n term in
(16.5). In this way, we will arrive at the Edgeworth-type expansion for /o similar
to dimension one, which implies that [p — 1 = O(1/n) in general, and Ip — 1 =
O (1/n?) when the distribution of X is symmetric.

As a result, it remains to establish a polynomial smallness of the integrals

I =/ w,) (x)dx, 12:/ wy (x)dx,
|x|>x0/n x14/n<|x|<xo/n

I = / w,) (x) dx

My <|x|<xia/n
with x1 > 0 being any fixed small number, and xo > x| depending on the density p.
The bounds (16.2)—(16.4) allow us to properly estimate these integrals as functions
of n, by modifying the arguments from the previous section. Using (16.4) and
(16.2) with k = [a] + 1 and assuming that i < 1, we get for all n large enough

X an/2
1<ca“"/ (— ) d <ca“"f kno gy < C,8"
1 <C \x|>x()ﬁw NG x<Cy RdW(u) u < Cé

with some constants C;, xo > 0 and 0 < § < §; < 1 not depending on 7.
For the region of I, thanks to (1.4), 2 = maxy,<ju|<x, W(%) < 1. Hence, by
(16.3), putting n; =n — ng, we get that with some constants C; > 0

I < Cynder?

[r s i)

— Cznd(ol+1)/2/ w(u)nl du < Csnd(oe+2)/2x61831’
xiv/n<|x|<xoy/n
which is decaying exponentially fast like /. Finally, using the analyticity of f, we

have ¥ (1) < e~ (B=DIP/4 i 5 sufficiently small ball |u| < r, so that

w(‘;ﬁ)nl < w(-/f—ﬁ)"/z <GB x| < Brou,n > 2ng.
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Therefore, by (16.2), in this ball w,(x) < Ag’dnd"ﬂe_'x'z/(go‘ﬂ), which gives

Is < Cyniel? / o—IX12/Bep) 4
My <|x|<xi/n

2 2
< Cznd“/ZIP{|Z|2 > &} < C3nda/2e_3}f\’4_“ﬁ‘3 = an_(“[d__alﬂ_%)
8dap ) — i
with x; = fr. Collecting these bounds, we get that I1 + I, + I3 = o(n~1/8doBY for
all sufficiently large /, thus proving Theorem 1.2.
For the proof of Theorem 1.3 in R?, we need to investigate the suprema

Jo= sup |pa(x) —@s(x)|p(x)" VP,
|x‘§Mn

Ji= sup p,(ex) VP h= sup  pu(x)e(x)"V/P
|x|>x1/n M, <|x|<x;/n

with some x| > 0 and assuming that M,, < x|+/n. An application of (16.5) implies
that Jo = O(1/4/n) in general and Jy = O(1/n) when the distribution of X is
symmetric. The polynomial smallness of J; and J, (for sufficiently large values of
[ in the definition of M,) follows from Lemma 16.2, by repeating the arguments
of the proof of Theorem 15.1. [J

17. Some examples and counterexamples. Given a random variable X with
EX =0, EX? = 1, consider the function ¥ (1) = e Re!X (t € R). As before, put
Zy=(X1+---+X,)/+/n, where X ; are independent copies of X. One immediate
consequence of Theorem 1.1 (with ng = 1) is the following characterization. As
usual, Z denotes a standard normal r.v.

THEOREM 17.1. Let the random variable X have a density p such that

o 2
(17.1) / p(x)?e* ?dx < 00.
—oQ

Then x*(Z,, Z) — 0 as n — oo, if and only if V(1) = e RetX satisfies
(17.2) v <1 forallt #0.

The assumption (17.1) is fulfilled, for example, when X is bounded and has a
square integrable density. We now illustrate Theorem 17.1 and the more general
Theorem 1.2 with a few examples (mostly in dimension one).

Uniform distribution. Let X be uniformly distributed on the segment
[—+/3, +/3]. The characteristic function of X is given by f(t) = sin(7+/3) / (tV/3),
and for imaginary values ¢ = iy, we have the simple estimate

sinh(y+/3) ey
3

17.3 y) =
(17.3) fy) 3

, yeR (y#0),
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so that (17.2) holds. In this case, the first moments are given by ay = 1,
o3 =0, ag = %. Therefore, by Theorem 17.1, XZ(Zn, Z) — 0 as n — 00. More-
over, Theorem 1.1 provides an asymptotic expansion (1.3) which becomes

2(Zn Z) = —s + 0<i>
X AEm 2= 5002 n3)’

In fact, the property (17.3) means that the condition (1.4) of a more general
Theorem 1.2 is fulfilled in the whole range of indexes o > 1. Using the formula
(14.3), we therefore obtain a stronger assertion T,,(Z,||Z) = %XZ(ZH, Z)+ 0 (n%)
and a similar one for D, .

Convex mixtures of centered Gaussian measures. Consider the densities of the
form

p(x) = /oo B dm(o?) xeR
0 o2m ’ ’
where 7 is a probability measure on the positive half-axis with f;* o2dn(c?) =1.
The random variable X with this density has mean zero and variance one, and its
distribution is equal to that of \/€ Z, where & is independent of Z and is distributed
according to 7. As in Example 9.3, x%(Z,,, Z) < oo for some n = ng, if and only if
7 is supported on the interval (0, 2), and its distribution function F'(g) = 7 ((0, €])
satisfies the condition (9.6).
On the other hand, the distribution of X has the Laplace transform

Ee'X = /oo 1/ drn(0?) = Eef!*/2, reR.
0

Hence, the condition x2(Z,, Z) < 0o guarantees that (17.2) is fulfilled. With-
out that condition, Ee'X < ¢'° for all ¢ # 0, if and only if P{& <2} =1 and
P{& =2} < 1. Here, P{€ =2} = 1 is not possible in view of EX?> =& = 1.

Hence, x2(Z,, Z) — 0 as n — oo, if and only if the measure 7 is supported
on the interval (0, 2) and satisfies the condition (9.6). In this case, we obtain the
expansion (1.3) which reads

3(m —1)2 1 o0
2 _ _ 4 2
X (zn,Z)_T+o(n—3), m= [ o*dn(o?).
Distributions with Gaussian component. Consider random variables
X=a&+bZ (a2+b2=1,a,b>0),

assuming that E€ = 0, E& 2 =1, and where Z ~ N(0, 1) is independent of £. The
distribution of X is a convex mixture of shifted Gaussian measures with variance
b*. It admits a density

pw=3mp(*5E), xer



318 S. G. BOBKOV, G. P. CHISTYAKOV AND F. GOTZE

To ensure finiteness of finiteness of XZ(Zn, Z) with some n, the random variable
& should have a finite Gaussian moment, or equivalently, the Laplace transform of
the distribution of & should admit a sub-Gaussian bound

(17.4) Ee'f <eo'/2,  1eR,

with some finite o > 0. Let o be an optimal value in this inequality (necessarily

o > 1). It then follows that Ee<t * < 00 whenever ¢ < 1 /(202).
Squaring p(x), we easily find an expression for the y2-distance,

ﬁEexp{ 20 _Zaz) (1 —faz E+n)?— (52 + 172))}

with 7 an independent copy of &. Using (£ + 1)? < 2&2 + 252, we get

1+ x%(X,Z2) =

1 a2,
14 x%(X, Z) < ——(Be20+a)” )%,
Tl )
Hence, x%(X, Z) < oo whenever a < a, = \/%, which is automatically ful-

oc—1

filled in case o2 < 2. Moreover, for all ¢ # 0, from (17.4),
Ee' X :Eeat$eb2t2/2 < 6(02a2+b2)12/2 =e((az—1)u2—1)z2/2 < e’2

under the same constraint a < a, . Thus, XZ(Z,,, Z)— 0asn— oo,ifa <

1
Jol-1 '
In case o2 < 2, this convergence holds for all admissible (a, b).
Distributions with finite Gaussian moment. If a random variable X with mean
zero and variance, one has ﬁmte M = EecX* (¢ > 0), then (17.4) is fulfilled for

some o > 1, in fact with o2 < ilﬁ)ggl‘z/[ This means that (1.4) is fulfilled for any

oa>1 such that B < 2. Therefore, if Dy (X||Z) < 00, then Dy (Z,||Z) — 0 with
any o < ——.

Condmons in terms of exponential series. Consider a symmetric density of the
form

p(x) =p(x) Z Hy(x),  x€R,
k=

2"k'

with og = 1 and o7 =0 (i.e., EX? = 1 for the random variable with density p). In
view of Section 6, condition (17.1) is fulfilled, if and only if the series
(2k)!

XZ(X’ Z) Z4kk|2 ZNZ

is convergent (which is fulfilled automatically, when pis compactly supported and
bounded). Assuming additionally that sup;., ox < 1, we also have

(o] t2 k 2 12 2 2
tX t2/2 1 k< ) < of /2< /2 _ ) t , t 0.
Ee'" =e +k22k! 5 e > <e #
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Hence, in this case, by Theorem 17.1, XZ(Zn, Z) — 0 as n — o0o. Moreover, ac-
cording to the expansion (1.3), we have XZ(Zn, Z) = O(I/nz). This assertion
strengthens the result of [20] (under weaker assumptions).

Log-concave probability distributions. More examples including those in higher
dimensions illustrate the multidimensional Theorem 1.2 within the class of densi-
ties p(x) = e~V ™ supported on some open convex region 2 C R¢. Let V be a
C?-convex function with Hessian satisfying V" (x) > cly in the sense of positive
definite matrices (¢ > 0). The probability measures with such densities are known
to admit logarithmic Sobolev inequalities (via the Bakry—Emery criterion). In par-
ticular, they satisfy transport-entropy inequalities which in turn can be used to get
a sub-Gaussian bound

Ee ¢ < erz/(zc), reR.

Here, g may be an arbitrary function on R? with Lipschitz semi-norm || g lLip <1,
such that Eg(X) = 0 (cf. [13, 35]). In particular, if EX = 0, one may choose an
arbitrary linear function g(x) = (x,6) with |#| = 1. Hence, the condition (1.4)
will be fulfilled, as long as ¢ > % Moreover, the property Dy (X||Z) < oo will

also hold in this case, since necessarily
/ ¢ 2
V() 2 V(x0) +{V(x0), x —x0) + S |x — ol

for all x, xo € Q. Applying Theorem 1.2, we get the following.

COROLLARY 17.2. If a random vector X in R with mean zero and identity
covariance matrix has density p = e~V such that V" > clg (0 < ¢ < 1) on the
supporting open convex region, then Dy(Z,||Z) — 0 as n — oo, whenever a <

1

m.

18. Convolution of Bernoulli with Gaussian. One might wonder whether
or not it is possible to replace the condition (1.1) in Theorem 1.1 with a slightly
weaker requirement Ee'X < e’ (hoping, e.g., that the strict inequality would au-
tomatically hold, in view of the assumption EX? = 1). The answer is negative,
including the D,-case as in Theorem 1.2 with its condition (1.4). Put 8 = a"‘j for
afixed o > 1.

PROPOSITION 18.1. There exists a random variable X with EX = 0,
EX2 =1, and D, (X11Z2) < oo for Z ~ N(0, 1), such that the inequality

(18.1) Ee'X < P1*/2

is fulfilled for all t # 0 except for exactly one point to # 0.
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Since (18.1) is violated (although at one point only), Theorem 1.2 implies that
convergence Dy (Z,||Z) — 0 does not hold.

Let us describe explicitly one family of distributions satisfying the assertion
of this proposition. Returning to one of the previous examples, consider random
variables of the form X, =a& +bZ (a, b > 0), assuming that & takes two values
q and —p with probabilities p and g, respectively (p,qg > 0, p +¢q = 1), while
Z ~ N(0, 1) is independent of &. Then EX ;, = 0, and we have the constraint

(18.2) EX; = pga®+b*=1.
The density w of X, is a convex mixture of two shifted Gaussian densities,
_ P (x—aq q (x+ap
o = b(p( b >+ b"’( b )

and the condition D, (X||Z) < oo obviously holds (since necessarily b < 1).
Let 02 = 0%(p, q) denote the smallest positive constant in the inequality

(18.3) Ee's = pe?! + ge P! < 602’2/2, teR.

This is the so-ca%lg:d sub-Gaussian constant for the Bernoulli distribution. Since
Ee'Xr = FeeP7/2 (18.3) yields

2.2 12,2
EelXp Se(o‘ a“+b-)t /2, Z‘GR,

with an optimal constant o2a? + b? in the exponent on the right-hand side. Thus,
according to the requirement (18.1), we get another constraint o2a> + b*> = f.
Combining it with (18.2), we find that necessarily

2 p—1 2_02_,3Pq
a = 27, b = 27,
o —pq o°—pq
which makes sense if 02 > Bpg. According to [14], Proposition 2.3, the sub-
Gaussian constant for the Bernoulli distribution is known to be
2 pP—dq
oc-=—7.
2(log p —logq)

It is easy to see that (18.3) becomes equality for 7o = —2(log p — log q¢), which is
a unique nonzero point with such property, as long as p # g. Hence, the random
variable X, satisfies the assertion of Proposition 18.1, if and only if

P—4q -
2(log p —logq)
This inequality does hold, provided that p is sufficiently close to O or 1, although
it is not true for a neighborhood of 1/2 (since at this point the inequality becomes
1 > B). More precisely, for some constant p, € (0, %), (18.4) holds for all p from

the set (0, py) U (1 — py, 1), while for p from (py, 1 — py) it holds with an opposite
inequality sign.

(18.4) Bpq.
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