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Abstract. We consider the parabolic Anderson problem with random potentials having inverse-square singularities around the points
of a standard Poisson point process in RY, d > 3. The potentials we consider are obtained via superposition of translations over the
points of the Poisson point process of a kernel & behaving as £(x) ~ 61x|~2 near the origin, where 6 € (0, (d — 2)2 /16]. In order to
make sense of the corresponding path integrals, we require the potential to be either attenuated (meaning that £ is integrable at infinity)
or, when d = 3, renormalized, as introduced by Chen and Kulik in (Ann. Inst. Henri Poincaré Probab. Stat. 48 (2012) 631-660). Our
main results include existence and large-time asymptotics of non-negative solutions via Feynman—Kac representation. In particular, we
settle for the renormalized potential in d = 3 the existence problem with critical parameter 8 = 1/16, left open by Chen and Rosinski
in (Chen and Rosinski (2011)).

Résumé. Nous considérons le probleme parabolique d’Anderson avec potentiels aléatoires ayant des singularités en carré inverse
autour des points d’un processus de Poisson standard dans RY, d > 3. Les potentiels sont obtenus par superposition de translations par
les points du processus de Poisson d’un noyau R satisfaisant fK(x) ~ 9|x|_2 pres de I’origine, ou 6 € (0, (d — 2)2/16]. Afin de pouvoir
définir les intégrales de chemin correspondantes, nous demandons que le noyau soit ou bien atténué (intégrable a I’infini), ou,en d = 3,
renormalisé au sens de Chen et Kulik (Ann. Inst. Henri Poincaré Probab. Stat. 48 (2012) 631-660). Nous montrons 1’existence et le
comportement en temps long des solutions positives par représentation de Feynman—Kac, en particulier dans le cas critique 6 = 1/16
laissé ouvert par Chen et Rosinski (Chen et Rosinski (2011)).
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1. Introduction and main results

Fix d € N and let W = (W;);>0 be a standard Brownian motion in R?. We denote by P, its law when started at x, and
by E, the corresponding expectation. Let V : R? — R be a random potential function, which we take independent of W.
The integral /Ot V (W) ds represents the total potential energy along the Brownian path up to time ¢, and is used to define
the quenched Gibbs measure

1 t
]Ex|:exp{/ V(Wy)ds}]l{We~}i|, where Z; , 1= Ex[exp/
Zt,x 0 0

describing the behaviour of W under the influence of the random potential.
A main feature in the study of Brownian motion in random potential is the connection to the (continuous) parabolic
Anderson model, i.e., the initial value problem

t

Orx () = V(Ws)ds}, (1.1

du(r, x) = %Au(t,x) +V@ut,x), (¢ x)e,00) xR, 12

u(,x)=ug(x), xe€ Rd,
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where A = Z?: 1 % denotes the (weak) Laplacian in L*(R%), and ug € leoc (R?) is some initial data. When V is e.g.in

the Kato class (cf. [24, page 8, equation (2.4)]), the unique mild solution to (1.2) (in the sense of [21, Definition 6.1.1]) is
given by the classical Feynman—Kac formula

t
u(t,x):Ex[uo(W,)eXp{/ V(Ws)ds”. (1.3)
0
In particular, u(t, x) = Z; x in (1.1) solves (1.2) with ug = 1.

In this paper, we are interested in Poisson (or shot noise) potentials, obtained by superposing translations of a fixed
function over the points of a Poisson cloud. To describe them, let w be a standard Poisson point process in R?, i.e., having
the Lebesgue measure as its intensity measure. Denote by P the law of @, and by P = {y € R? : w({y}) > 0} its support,
which is almost surely discrete. For a Borel-measurable shape function (or kernel) £ : R? — R, we define the Poisson
potential

V) =Vxe) =) Rx—y) = /dﬁ(x —yody), xeR
yeP R

Since the Gibbs measure in (1.1) favours paths with larger energy functional f(; V (W;) ds, the points of @ will under it
either attract the Brownian particle if £ is positive, or repel it if R is negative.

The study of the model of Brownian motion in a random Poisson potential is motivated by various applications from
physics and other fields. Think, e.g., of an electron moving in a crystal with impurities, cf. [5,17,19]. For an overview on
the mathematical treatment of the subject and further references, we refer the reader to the monographs [18,24]. In [24],
essentially two types of potentials are considered: the soft obstacle potential, where £ is assumed to be negative, bounded
and compactly supported, and the hard obstacle potential, where formally & = —ool¢ for some compact, nonpolar set
C C RY, i.e., the Brownian particle is immediately killed when entering the C-neighbourhood of the Poisson cloud and
moves freely up to the entrance time. The case of K positive, bounded and continuous (and satisfying a decay property)
has been considered in [6,15]. The works mentioned identify almost-sure large-time asymptotics for Z; , in (1.1).

It is of natural concern to study shape functions that are neither bounded nor have compact support. Kernels of the
form K(x) = |x|™P are physically motivated, e.g. p = d — 2 corresponds to Newton’s law of gravitation. The inverse-
square case p = 2 is of special interest both in mathematics and physics (cf. e.g. [1,2,11,14,16,23]), and is related to the
inverse-cube central force; in this case, K is not in the Kato class (cf. [24, Example 2.3, page 9]). It turns out however
that, when p <d, the corresponding Poisson potential almost surely explodes, i.e.,

/ lx —y| Pw(dy) =00 P-a.s. for each x € R, (1.4)
R4

cf. [8, Proposition 2.1]. Indeed, when p < d, the integrability in (1.4) is obstructed by the slow decay of the function |x|™?
at infinity. To solve this problem, Chen and Kulik have constructed a renormalized version V of the Poisson potential V,
formally written as

V(x) :/ |lx — y|_”[w(dy) - dy], xeR? (where | - | is the Euclidean norm). (1.5)
R4

The mathematical definition of V is as limit in probability of the same expression with integrable approximating kernels,
for which both integrals against dy and w(dy) are well defined; for details, we refer the reader to [8, Section 2]. This
procedure is natural since, at each step of the approximation, both V and V give rise to the same quenched Gibbs measure.
In [8, Corollary 1.3], it is shown that (1.5) is well-defined whenever d/2 < p < d, in particular when p =2, d = 3.

Even if (1.5) is well defined, the exponential moment Z; . in (1.1) (with V in place of V) may still be infinite. Indeed,
Theorem 1.5 in [8] states that, for d/2 < p <d and any 6, ¢ > 0,

r_ P-as. if 2,
Eo| exp 9/ Viwods ) |- TS0 Ps
0 =oo P-as.if p>2.
In the critical case p = 2 (and necessarily d = 3), the integrability depends on the value of the parameter 8: according to
[9, Theorem 2.1], for any 7 > 0,

t : 1
Eo[exp(Q/ ‘_/(Ws)ds>] {< oo Pasife < g, (1.6)
0

. 1
=00 P-as. if6 > 6
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The boundary case 6 = 11—6 is not considered in [9], and is included in our Theorem 1.7 below. The fact that 6 = 11—6 is
critical is related to the celebrated Hardy inequality (in d = 3)

LZ(Rd)’

(d—2)2/ 8% (x) [ | (Rd
dx < -||V e H (RY), 1.7
5 | e dv=51vel geH'(R) (1.7)
where H!(R?) is the Sobolev space of L2(R9) functions whose (weak) partial derivatives are also in Lz(Rd), and the
constant (d —2)%/8 is sharp.
Once finiteness of exponential moments is settled, our interest turns to large-time asymptotics. In the non-critical
regime d/2 < p <min(2, d), 6 > 0, it is shown in [7, Theorem 2.2] that

) 1<loglogt
lim —

2
2=p ' =
) " logBo[e? o VW& = c(d, p.0) P-as., (1.8)
t—oot \ logt

where c(d, p, 6) is an explicit deterministic constant depending only on d, p, 6. The case p = 2, d = 3, already considered
in [9], turns out to be rather different: after suitable rescaling, the log of the exponential moment does not converge to a
constant, but fluctuates randomly, cf. Theorem 1.10 below. Here we again extend the investigation to the boundary case
6 =1/16.

Finally, we do not restrict our analysis to the renormalized potential V, but also consider integrable versions of the
inverse-square kernel. For this class of attenuated potentials, cf. Definition 1.1 below, we show similar results as outlined
above in all dimensions d > 3; in fact, our asymptotic results for V in d = 3 are obtained via comparison to attenuated
potentials, cf. Theorem 1.9 below.

1.1. Main results

Let d > 3. We define next the class J of potential kernels we are after, whose elements have an inverse-square singularity
at the origin and are integrable at infinity.

Definition 1.1. We say that a measurable & : R? — [—o00, o] belongs to the class X if and only if

Yy > sup |ﬁ(x — y)| A1l belongs to Ll(Rd) (1.9)
[x|=1
and
limsupmaxx{a2 sup ]R(x) , sup |R(x) — — } < 00. (1.10)
al0 |x|>a |x|<a x|

We call KX the class of attenuated inverse-square potential kernels.
Given R € KX, we denote the Poisson potential with kernel K by

V) (x) :=/dﬁ(x—y)a)(dy), xeRIN\P. (1.11)
R

By [8, Proposition 2.1], V(% is a.s. well-defined and finite. Important examples are the truncated kernels £, (x) :=
x| 72141 <q}> @ > 0, in which case we abbreviate V@ := V (%),
To state our results for V& , denote by

d-2)7*
hg = ——— (1.12)
8
as in the form (1.7) of Hardy’s inequality, and set, for 6 € (0, h;/2],
ha
kg := 7 >2. (1.13)

Our first two results show existence of solutions to (1.2) via Feynman—Kac representation.
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Theorem 1.2. Foralld >3, R € K and 6 € (0, %"], it holds P-almost surely that

t
vV, x) =, [exp(@/o |V<ﬁ)|(Ws)ds>} <00 VxeR4\P,t>0. (1.14)

1

loc ®RY) for all t > 0. As a consequence, for all uy € L®(RY) the function

Moreover, véﬁ) (t,)eL
- t

uSHO (1, x) =K, I:MQ(WZ) exp(@/ V<f‘>(Ws)ds>] is well-defined for all x e R\ P, t > 0, (1.15)
0

and uéﬁ’"‘))(t, ) € LllOC (RY) for all t > 0. The same is true with |V®| in place of V.

Theorem 1.3. The function uéﬁ’"") defined in (1.15) is a mild solution to (1.2) with V = OV The analogous holds for
|V in place of V.

When 6 > hy/2, (1.14) is infinite even with V& in place of |V ™*V|; a proof can be obtained as in [9, Theorem 2.1].
In the following, when ug = 1 we write uéﬁ) instead of uéﬁ‘”").

Our next three results concern large time asymptotics of u(gﬁ) (z,0), starting with tightness.

Theorem 1.4. Letd >3, Re K and 06 € (0, h—"’]. For any t — g(t) > 0 with g(t) iy 00,

_kgtl t N
g(t)r Fo1 1ogE0|:eXp<9 / v(ﬁ>(wv)ds>}t—°>° oo in probability (1.16)
0
and
1 —w 4 ] =00
g) 't kol log]E0|:exp<0/ v )(Ws)ds):| —> 0 in probability. (1.17)
0

_kgFl
In other words, the processt %1 log uéﬁ) (t,0), t > 0 is tight on the open interval (0, 00).

The following two theorems provide almost-sure lim sup and liminf asymptotics.

Theorem 1.5. Letd >3, Re K and 0 € (0, %"]. For any slowly varying £: (0, 0c0) — (1, 00),

kgl 0 P-as.if [°-¥ <0,
limsups ™ %=1 £(1)" 7D logu$®(z, 0) = ffloo ey (1.18)
t—00 P-a.s. lffl iy = 00

Theorem 1.6. Forany d >3 and 6 € (0, h—d], there exist 0 < Cips < C < 00 such that, for all R € X,

kg+1

2 .
liminfs~ %~ (loglog 1) ™7 log uSP(1,0) € [Cint, C™]  P-acs. (1.19)
—> 00

Corresponding results also hold for the renormalized potential V when d = 3. We start with the analogues of Theo-
rems 1.2-1.3.

Theorem 1.7. Let d = 3. For each 6 € (0, 1/16], it holds P-almost surely that

t
Bg(t,x):z]Ex[exp<0/ |\_/|(Ws)ds>:|<oo Vx e R3\ P, >0. (1.20)
0

1

loc (R3) for all t > 0. As a consequence, for all ug € L*®(R>) the function

Moreover, vy(t, -) belongs to L
t

1 (1, x) ==K, [uo(W,) exp(@/ ‘_/(Ws)ds>] is well-defined for all x e R3\ P, t > 0, (1.21)
0

and ﬁéu(’)(t, ) e Ll (R3) forall t > 0. The analogous holds for |V | in place of V.

loc
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Theorem 1.8. The function L_téu()) defined in (1.21) is a mild solution to (1.2) withd =3, and V = OV. The analogous
holds for |V | in place of V.

When up = 1, we will write iy instead of u g,”‘)). Our next theorem provides a convenient comparison between potential
kernels, allowing us to concentrate on the truncated case K, (x) = |x|’21{|x‘§a}.

Theorem 1.9. Forany 0 € (0, hy/2], any a € (0, 00) and any R € K,

logug™ (1,00

lim =1 P-almost surely. (1.22)

1= Jog uéﬁ“) (t,0)
The same is true with vS™ in pl R When d =3, (1.22) also holds with either vy or iig in pl (%)
p place of u, . When d = 3, (1.22) also holds with either Vg or ug in place of uy .

Finally, using Theorem 1.9, we can transfer our results for VR to |V V and |V]:

Theorem 1.10. The statements of Theorems 1.4, 1.5 and 1.6 are true for vé()ﬁ> in place of u(gﬁ). When d = 3, these

statements also hold with either Vg or ug in place of uéﬁ).

We discuss next our results and provide some heuristics for the scale ¢ k¢ +1D/®ko =D
1.2. Discussion and heuristics

(1) Theorems 1.4—1.6 imply that there is no rescaling under which log uéﬁ) (t,0) converges almost surely as t — oo to a
non-trivial deterministic constant (and analogously for logiig (¢, 0) by Theorem 1.10). We conjecture that, after rescaling
by r%o+1/®& =D it converges in distribution to a non-degenerate random variable. We also conjecture that the liminf in
Theorem 1.6 is deterministic.

(2) As already mentioned, our main contribution in Theorems 1.7, 1.8 and 1.10 is the boundary case 6 = 1/16, left open
in [9]. The proof given in [9] that #y is well-defined for 0 < 6 < 11—6 cannot be extended to the case 6 = 11—6, as itis based on
the following strategy. Decompose the Brownian path according to which of the cubes Q,, = (—R,, R,)> has been exited
until time ¢, where (R,),enN 1S some properly chosen increasing sequence; i.e., setting 1o =0, 7, =inf{s > 0: W ¢ Q,},

write
t o r
EO[eXP(Qf V(Wv)d5>] ZZEO[eXP<9/ V(Ws)ds)]l{tn1<t<tn}]
0 =1 0

0 t
<> Pl sx]‘“’%[exp(q@ / V(Wods)ﬂ{w}]
0
n=1

1

1/q

by Holder’s inequality, where p,q > 0, p~! + ¢~! = 1. The last expectation cannot be controlled if g6 > 1/16, and
thus 6 < 1/16 is required to use this argument. In order to overcome this, we develop for our proof a more careful
decomposition of Brownian paths according to their excursions to and from certain islands whose principal eigenvalues
are large, cf. Section 3 below.

(3) Even though we only prove Theorems 1.2—1.3 and 1.7—1.8 for initial data ug € L>(R?), a close inspection of our

proofs will show that they may be generalized to ug € Lf&(Rd) satisfying e.g.

; loglog [luollzoo(gg) 1
imsup <z
R—o0 10g R k

The key step is to adapt the statement of Lemma 5.7 taking the above condition into account.
(4) Let E; y denote expectation under the law of a Brownian bridge between x, y € R< in time 7, and write p;(x —y) =

Qmr)~4/ 2e=Ix=¥I/C" for the Brownian transition kernel. Since the law of the Brownian bridge is a regular conditional
probability for the law of Brownian motion given W; =y (cf. e.g. [24, Appendix to Part I]), Theorem 1.2 implies that,
P-as., forall R > 0,

t
/ pe(x — VEL [exp(@/ }V(R)|(Ws)ds>} dxdy :/ vi® (%) dx < 00
BRX]Rd ’ 0 Bg
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and thus, for all # > 0 and almost every x, y € R4, the function
t
(t.x) > pi(x — EL [exp(e f v<ﬁ><ws>ds)] (1.23)
0

is well-defined and, by Theorem 1.3, solves (1.2) with initial condition ug = §y. In d = 3, the analogous is true for %
by Theorems 1.7-1.8. Using the techniques of Section 3 and Section 2.2, we could extend the definition of (1.23) to all
X,y € R4 \ P; in the interest of brevity, we will not pursue this here.

(5) We provide next some heuristics for the scale r*¢+1/% =1 appearing in Theorem 1.4. The main point is that
the logarithmic order of uéﬁ) (z,0) is the same when restricting the expectation to Brownian paths that reach by time
s <t aregion D C R containing precisely ks 4+ 1 Poisson points, and afterwards stay there until time 7. Spectral
methods show that the reward for staying in D for time 7 — s is approximately e ~$)*maxwhere Amax is the principal
Dirichlet eigenvalue of A + V¥ in D. Asymptotics for this eigenvalue may be estimated with the help of multipolar
Hardy inequalities as in [4] (see also Section 2.4 below), yielding that its order roughly equals diam(D)~2. Now, if R
is the distance of D to the origin, Poisson statistics dictate that it may be chosen with diam(D) 2~ R~!/*but not much
smaller. On the other hand, the probabilistic cost for Brownian motion to reach D by time s is roughly e~R*/s The total
contribution is thus about exp{(r — s) R?>/% — R?/s}; optimizing the exponent over s and R, we obtain R = t%¢/*é+1 and
loguéﬁ)(t, 0) ~ tko+1)/(ko=1)

1.3. Outline and notation

The rest of the paper is organized as follows. After introducing some notation, we develop in Section 2 upper and lower
spectral bounds on the Feynman—Kac functional (1.3) in the setting of deterministic point clouds. The upper bounds are
extended in Section 3 using a path decomposition technique. Section 4 presents some elementary geometric properties of
the standard Poisson point process. The proofs of the main theorems are completed in Section 5.

Notation and terminology. We write B, (x) = {y € R%: |x — y| < r} for the open ball with radius r € (0, co) around
x € R? with respect to the Euclidean norm | - |; when x = 0 we abbreviate B, := B, (0). For D C R?, we write B, (D) =
{xeR?: 3y e D, |x —y| < r} for the r-neighbourhood of D. We denote by | D| the volume of a Borel measurable subset
D c R?, and by tp :=inf{t > 0: W; € D} the entrance time of Brownian motion in D. A subset D C R4 is called a
domain if it is open and connected. For a real-valued function f, a positive function g and a # 0, we write f(x) ~ ag(x)
as x — oo to denote that limy_, o, f(x)/g(x) = a; when a = 0, we write f = o(g) instead, or equivalently | f| < g or
g> | fl. We write f = O(g) as x — oo if there exists a constant C € (0, co) such that f(x) < Cg(x) for all large enough
x. We write logt x :=log(x Ve), x € R.

2. Deterministic spectral bounds

In this section, we consider Brownian motion in R?, d > 3, moving among a deterministic point cloud. Our goal is

to obtain lower and upper spectral bounds in L' and L™ for relevant Feynman—Kac formulae. First we collect some

basic tools from the theory of Schrodinger operators (Section 2.1), which are then applied to derive upper bounds on

both time-dependent and stopped Feynman—Kac functionals (Section 2.2). After that, we obtain a lower bound for the

time-dependent functional (Section 2.3), and conclude the section with a multipolar Hardy inequality (Section 2.4).
Define the family of non-empty, locally finite subsets of R?

y:{yCRd:y;ég,#Kﬂy<ochompactKCRd}, 2.1)
as well as the family of non-empty, finite subsets
Yr={YVe¥Y:#Y <oo}. (2.2)

Note that the support P = {x € R?: w({x}) = 1} of the Poisson point process w belongs almost surely to Y. For ) € Y
and a € (0, oo] satisfying either ) € Y s or a < 00, let

11—
ARGEDY 7&)6_”;';‘}, xeR\Y. (2.3)
yey

When a < oo, V! = V&) asin (1.11) with £ (x) = x| 21| <a). For Y € Y 5, we write Vy = V{7°.
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2.1. Preliminaries on Schrodinger operators and the Feynman—Kac formula

The content of this section is classical and has been treated by many authors. Our major references here are the books
[12] by Engel and Nagel and [10] by Chung and Zhao.

Let D C RY be an open subset. By HO1 (D) we denote the Sobolev space on D with zero-boundary condition, i.e.
the closure of the space C2°(D) of smooth, compactly supported functions on D with respect to the Sobolev norm
I f g1 py = Zlii <a 19i fll2(py> where “9;” denotes differentiation with respect to the ith coordinate. For a potential
q e LIIOC(D), we define

1
Amax (D, q) 1= sup {/ q(x)g(x)zdx — E/ |Vg(x)|2dx} € RU {4o0}. 2.4)
geH (D), ligll 2.y =117 D D

Note that Amax (D, g) > 0 if g > 0; more generally, the following monotonicity property holds.

Remark 2.1. Let D; C D> C R? be open and g € L} (D1), q2 € L} (D7) with g1 < g2 on Dy. Then

loc loc

Amax (D1, q1) < Amax(D2, q2). (2.5)

When ¢ has some regularity (e.g. when it is in the Kato class), Anax (D, ¢) is the supremum of the spectrum of the
Schrédinger operator Hy = A + g in L?(D) with zero Dirichlet boundary conditions, where A is the weak Laplacian
whose domain is dense in HO1 (D). This holds in particular when

g€ L®(D), 2.6)

in which case Amax(D,q) < oo and H, is a closed self-adjoint operator generating a strongly continuous semigroup

(T))iz0= (e’Hq )i>0 on L2(D) (see e.g. [10, Proposition 3.29]). We will assume (2.6) in the remainder of this subsection.
An important fact about A, is that it controls the growth of 7; via the inequality

IT: fll2py = W fll2py exp{tkmax(D,q)} Vi >0, (2.7)

cf. e.g. [10, Equation (30), Section 8.3]. From this we get the basic but crucial bound for the resolvent of the operator H,,
(cf. e.g. [12, Theorem I1.1.10]): for y > Amax(D, q),

[ Flg =) 20y 220y = m (2.8)
The semigroup (7;);>0 can be used to solve the initial boundary value problem

ou(t,x)= %u(t,x) +qg(x)u(t,x), (t,x)e[0,00)x D 2.9)

u(t,x)=0, (t,x)el0,00)xaD (2.10)

u,x)=up(x), xeD 2.11)

with initial data ug € L?(D), as follows. We want to consider solutions to (2.9)—(2.11) in the mild sense (cf. [21, Defini-
tion 6.1.1]), i.e., we demand that

t
//p,,s(x—y)’q(y)u(s,y)’dyds<oo VxeD,t>0 (2.12)
0 JD

and

t
u(t,x) =uo(x) +/ / Pi—s(x —V)g(»)u(s,y)dyds VxeD,t>0, (2.13)
0 JD

where p;(x) is the Gaussian density
pr(x) := Qut)~Zexp{—|x|*/(21)}, (2.14)

i.e., the transition density of Brownian motion at time ¢ started from O.
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The next proposition characterizes the mild solutions to (2.9)—(2.11), connecting Schrodinger semigroups and Brown-
ian motion via the celebrated Feynman—Kac representation:

Proposition 2.2 (Feynman—Kac formula). Under (2.6), the unique mild solution to (2.9)—(2.11) is given by

t

u(t, x) = Truo(x) =Ex [uo(Wz) eXP(/O q(Wy) dS)Jl{rD»z}]- (2.15)

Proof. Follows from e.g. [12, Proposition I1.6.4]) and [10, Theorems 3.17 and 3.27]. O

Additionally to the time-dependent Feynman—Kac formula (2.15), we will use a stopped Feynman—Kac formula as
follows. Consider the time-independent Schrodinger equation

A
Eu(x) +g@ux) =yu(x), xeD,

(2.16)
ux)=fx), xeadD,
with f: 9D — R continuous and y € R. A function u € LlloC (D) is called a weak solution to (2.16) if
/ u(x) A (x) dx = —2 / (4(x) = ¥)u(x)p (x)dx 2.17)
D D

for all ¢ € C2°(D), and u is continuous on D with u = f on dD. Recall that D is called regular if P, (tpc = 0) = 1 for
all x € dD. The next result follows from [10, Theorems 4.7 and 4.19].

Proposition 2.3. Assume (2.6). If D is a bounded regular domain and y > Amax(D, q), then

u(x) =Ky [exp</0 ’ (g(Wy) _V)ds>f(WrDc)i| (2.18)

is the unique weak solution to the boundary value problem (2.16).
2.2. Upper bounds

Let D C R9 be a bounded regular domain. Recall h; = (d — 2)2/8. Fix0 € (0,hy],Y € Yy with)y C D and put M :=#)).
We give next L! upper bounds for both stopped and time-dependent Feynman—Kac functionals with potentials of the form
(2.3). We note that, by [4, Theorem 1], AmaX(Rd, 0Vy) < oo; by Remark 2.1, also Amax (D, QVJ()“)) < oo for any a > 0.

Lemma 2.4. For any measurable D' C R4, any a € (0, 00] and any y > Amax (D, HVJ(;Z)),

(a) .
/ Ex[ef(;(evy Wo=ndsq,~n]dx </|D' N D|IDI. (2.19)

Morveover, there exists a constant ¢ = c(d) € (0, 00) independent of D, 8, ), v, a, D' such that

e (@) M? 4+ 9)dist(D¢, V) ~2
/ B[l @V -0 4y < |p/| 1 e fipi|pr 0 p| Lo M+ OdisK (a);v) . 220
/ Y — )\maX(DsQVy )

Proof. Fix D’ C R measurable, a > 0 and Y > Amax (D, OVJ(,‘Z)). Note that, when x € D€, the integrands in (2.19) and
(2.20) are respectively equal to 0 and 1, and thus we may assume that D’ C D.

We start with (2.19). Form € N, let F;,, = min(V(a), m) and write (T,(m) )meN for the Schrodinger semigroup associated
with the potential ¢ = 6 F,, as in (2.15). Note that, for all m € N,

t
/ , Ex [ef() OFn(Ws)—y) dS]l{TDc >t}] dx = e_ty(le/, Tt(m)ﬂD>L2(D)

- (m)
<e |1ipl2mp|T ”LZ(D)_)LZ(D)HJID”LZ(D)

<tV /|D,||D|etkmax(D,0V§f)/\m)E /|D/||D|, (2.21)
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where we used the Cauchy—Schwarz inequality and Amax (D, 0 ) < Amax (D, OVJ(;Q)) < y by Remark 2.1. Letting m —
00, (2.19) follows by monotone convergence.

Consider now (2.20). By Proposition 2.3, the function u,, (x) = E,[exp fOtDC (6 F,,(W;) — y)ds] is the unique weak
solution to the boundary value problem

A
<—+9Fm—y>u(x):0, xeD
2 2.22)

u(x)=1, xe€adD.
Abbreviate § := dist(D¢, )), take g: R — [0, 1] smooth with g(r) =0 for r < 1/2 and g(r) =1 for r > 1, and put
¢(x):= ]_[yey g(]x — y]/8). We may check that ¢ € C2(R%),0<¢ <1onD,¢=1on D and there exists a constant

c=c(d) € (1, 00), not depending on D, 6 or ), such that |A¢| < 2eM?572% and pVy < 82 uniformly on RY. Moreover,
U = Uy — ¢ solves

A A
<—+9Fm—y>vm(x)=—<—+9Fm—7/)¢(x), xeD,
2 2 (2.23)

vp(x) =0, xe€dD,

ie., v, = —R)(/m)(% + 60 F, — y)¢ where Rl(,m) is the resolvent of %A + 0 F,, at y. Hence

A
lomll L1 ¢pry =<‘—R§m><3 +0F, — y)qs ,1Df> z
L“(D)
<IPNRY |- 20| (5 +0Fn =7 )
14 L“(D)—L*(D) 2 L2(D)

+c(M? +6)872
< JIp|¥ e LT (2.24)

Y — Amax (D, 0 Fp)

by the bound (2.8) on the resolvent and the pointwise bounds on ¢, A¢ and Vy,¢. Noting now that, since F, < Vj(,a),
Amax (D, 0 Fy) < Amax(D, 0V5”) by Remark 2.1, we obtain

Y+ (M2 +0)§72
letmll 1y < Mol 1oy + 101 L1 oy < €4/ [D]1D] ONRR LA (2.25)
]/_)\max(DaHVy )

Now (2.20) follows by monotone convergence since Fy,; 1 V)(,“) as m — oo. (|
From the L'-bound above we derive two pointwise estimates that will be useful in Section 3.

Lemma 2.5. Fix x € D\ and set ¢, = %dist(x, V). Assume that 0 < a < &x and y > Amax (D, GVJ(}Q)), and let ¢ = c(d)
be the constant from Lemma 2.4. Then

e D M? +0)dist(D¢, Y) 2
Ex[exp/ (9V§a)(W;)—y)dsi|§2+c DI y + (M” +6) dist( ()y) . (2.26)
0 1Bl y — Amax(D, 6V3)")
Moreover, for all t € (0, 00),
t D + (M? 4 6) dist(D¢, Y) 2
Ex|:]l{rDc>,}exp/ (9v§“>(wg)—y)ds}§2+ |B| <1+cy ( ) disK (a)y) ) (2.27)
0 | €x| Y — Amax (D, GVy )

Proof. Fix 0 < r < &, and abbreviate I! := exp f; © Vi,a)(Wu) —y) du. We begin with the proof of (2.26). Since VJ()“) =0
on B (x), using the strong Markov property we may write

E[I57 ] < 14 Ex [Ty, e <tpellrmpne ] < 1+ Ex [EWraBrm [157]]. (2.28)
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Since Wy, , . is uniformly distributed on the sphere 9 By (x),

E [l ] <1+ /83 ( )EZ[I§D°]a(dz), (2.29)
4 (x

Gdrd_l

where o denotes surface measure on d B, (x) and oy is the area of the d-dimensional unit sphere. Multiplying both sides
of (2.29) by o4r?~! and integrating over r between 0 and ¢, leads to

|Be, |(Bx[ 157 ] = 1) < / E.[1;7]dz. (2.30)
Be, (x)

Now apply the L'-bound from Lemma 2.4 to the right-hand side with D’ = B,_(x), which gives

|D| (y + (M? +0) dist(DS, y)—2>}

E.[10* szlel{H-C @3
/Be.m 7] ) Beel\ = A (D, 0V

This yields (2.26), and we continue with the proof of (2.27). Again, by the strong Markov property and since Vj(f) =0on
BSX ('x)’

E, [I(g]l{rDc >t}] <1+E, [eiyraBr(x)]l{fz)B,(x)<t}EWzaBr(x) [I(Z)_S]l{rl)c >I_S}]S=T38r(x)]' (2.32)

Split the event {tpc >t — s} according to whether Tpec > ¢ or not to write, using y > 0, Vj(}a) >0,
_ t—s (a) _ C

Ié S]]-{rDc>t—s} = es)/efg OVy (Ws)ds ty]]-{rDc >t—s} = e’ {Ié:ﬂ-{TDc >t} + I()TD } (2.33)
Substituting this back into (2.32), we obtain

Ex[IgLizpesn] <1+ —5= / E[I{L(epesr) + 15> Jo (d2), (2.34)

o4qr 3B, (x)

and the same calculation as between (2.29)—(2.30) gives

Bl Ealtitepenn] =) = [ Elfgen]det [ B[] @.39)

B, (x) B, (x)

To conclude, apply (2.19) with D" = B, (x) to the first integral above, and (2.31) to the second. O

2.3. Lower bound

We derive here an L' lower bound (cf. Lemma 2.8 below) on the Feynman—Kac functional in (2.15) with g =6V,
YelYr. Recall hy =(d — 2)?/8. Define the truncated potential

~ 1, if x| <1
Veoy={" ' Il = (2.36)
|x|7=, else.

Lemma 2.6. For any ¢ > 0, there exists K, € [1, 00) such that, for all K > K,

~ 1
sup (ha —I—e)/ g2 V(x)dx — §||Vg||iz(BK) > 0. (2.37)
8EH) (Bi). I8l 25, )= Bk

Proof. Taking, forn € N,

1 when |x| <1,
|x|~@=2/2 when 1 < |x| <n,

2.38
n=42@2n —|x|) whenn < |x| <2n, (2.38)

gn(x) =

0 when |x| > 2n,
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it follows that, for all K > 2n, g, € H} (Bk) and

~2 ad
&, (x)V(x)dx 8¢ c
h Bk 1+—)(1-— 2.39
T |V§n<x>|2dx2< +<d—2>2>< logn> 239

for some constant ¢ € (0, 00). Letting g, := &x/lgnl 2(5,), We Obtain

~ 1 2¢
2 2 2
(ha +€) /B & OV@ =S IVE g 2 g Va2, > 0 (2.40)
for n large and K > 2n. ]

Let Y € Y s with M =#) > 2 and fix 6 € (U2, @-27) We define

1 h
8, =8,(d, M,0) = —<1 - —d> (2.41)
4 oM

Lemma 2.7. If |y| <6, forall y € Y, then
OVy(x) = (hg +20M8,)V(x) VxeRI\ V. (2.42)
Proof. Follows from a simple computation using |x — y|? < |x|> + 2|x]||y| + |y|>. (Il
The following is the key lemma to obtain a lower bound on the total mass.

Lemma 2.8. There exist constants K > 1 and cy, ¢3 > 0 depending on d, M, 0 such that, for any a € (0, c0) and any
x € RY\ Y such that Y C B, (x),

/ E, [efotevy(ws)dsﬂ_{l’BKa(X)c > t}] dz > cladeczt‘fz Vit=>0. (2.43)
Bga(x)

Proof. By translation invariance, we may suppose that x =0 and Y C B,. Set b =6,/a, K = K, /8., where K, is given
by Lemma 2.6 with ¢ := 20 M ,., and write

/ Ez[eféWy(Ws)dSn{fB; >t}]dz=b_d/ Ez/b[efé@Vy(WﬂdSﬂ{zB% > 1}] dz. (2.44)
BKa a a

Bk,

By Brownian scaling, the integrand in the right-hand side of (2.44) equals
_ 2
E [eh 00T W)y fepe o g2 )] =B [el O Wby 5 )] (2.45)
where b)Y :={by: y € V}. Since |y| <, for all y € b)Y, (2.45) is at least
b2t N
E, [exp{f (hg + S)V(Ws)ds}]l{rg;-( > bzt}i| (2.46)
0 *

by Lemma 2.6. Now using a Fourier expansion as in [15, Equation (2.33)], we obtain
v 7 2 b2 2
t max
/BK* Ez[exp{/(; (hd—l—s)V(Ws)ds}]l{rB;(' >b t}j| dz>e ||el||L1(BK*) (2.47)

where Xmax ‘= Amax(Bk,, (hg + ¢€) V) is the principal Dirichlet eigenvalue of %A + (hg + 8)\7 in Bk,, and ey is the
2
L'(Bk,)

= SEXmaX, which is strictly positive by Lemma 2.6. [l

corresponding eigenfunction normalized so that | e ||L2(BK*) = 1. Now (2.43) follows with c¢; = 8| e1|| and
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2.4. Multipolar Hardy inequality
We provide in this section upper bounds for Jomax (RY, q) in (2.4) with g =0Vy, Y € Y and 6 € (0, hy] (recall hy =
(d — 2)2/8), which will be useful to control (2.26) and (2.27).
When #) = 1, Hardy’s inequality (1.7) states that
Amax (Rd, GVy) =0 if0<6 <hy, (2.48)

which clearly extends to #)) > 2 in the sense that, with M = #)/,
d . hy
Amax(R ,9Vy)=0 1f0§9§M. (2.49)

More general bounds, known as multipolar Hardy inequalities, are considered for example in [4]. The next proposition is
obtained by combining results and methods from [4], and offers in some cases an improvement of Theorem 1 therein.

Proposition 2.9. Fix Y € Y ;. Assume that M :=#Y >2 and 0 € ("4, 4] Let

M -T)
.= inf{r >0: B-()) is connected}. (2.50)
Then
Amax(RY, 0Vy) < w 2.51)
Proof. Fix r € (0, T") and choose Y C Y such that Y # @, N :=#) < | M/2],
B,()) is connected and B, (V) N B,(Y\ V) =2, (2.52)

ie., B, (f) is a connected component of B,())) containing at most half of the points of ). Define a partition of unity (cf.
definition after Theorem 1 in [4]) with 2 terms as follows. Set

0, 1€[0,1/2],
J(t):={ —cos(zt), te[l/2,1], (2.53)
1, t>1,

put J1(x) :=[] 5 J(Ix — yl/r) and J2(x) :=[1 — J1(x)?1'/2. By Lemma 2 in [4],

2 2
Olu] == /Rd{é‘Vy(x)u(x)z — |Vu@)*}dx =Y Ol ul + /Rd u(@)? |V dx (2.54)
i=l1

i=1
for all u € H'(R?). Note that, by (2.52) and the definition of J, Ja,
M

Vy(x)J2(x)* < V3 (x) 2 (x)* + r_z vx e R\ Y (2.55)
while, for all x ¢ Y := Y\ 9,
1 xX—=y|=r
Vy ()i (x)? = {v3~,(x> +y %}h )’
yey Y
, N J(1)? , 2N
S VWA + 15 swp Zam < V5@ hG) + (2.56)

where for the last step we used sup;» J()*/1? = supte[l/z’”cos(nt)2/t2 < 2 (see the proof of Lemma 3 in [4]).
Applying (2.48)—(2.49), we obtain

2
M+ N
> 0lJu] < 9,—2||“||iz(Rd) Vu e H'(RY). (2.57)
i=1
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Next we claim that
2 2
2 T d
Z|VJi(x)| <N=— VxeR% (2.58)
r
i=1

Indeed, we may restrict to x € B, (?), in which case we note that

|VJl W x?
Z|wl( W=1""s <= sup F(p, (2.59)
J1(x) T pel0,z/2)N

where, for n = (11, ..., nn5) € [0, 7/2)",

N 2
F(n):= (1 — Hsin(m) ) (Z cos(n;) Hsm(n, ) . (2.60)

i=1 J#

Let us show that SUP;,e(0,7/2) F(n) < N. First note that, if min; n; =0, then F(n) <1 < N, and thus we may restrict to
n € (0, 7/2)N. In the latter set, F = f/g where

N 2 N

[ = (Zcot(m)) g i=] Jesem)® — 1. (2.61)
i=1 i=1

Using csc(nl-)2 =1+ cot(n,-)2 and expanding the product in the definition of g, we obtain g(n) > ZlN=1 cot(n,-)z. On the

other hand, by the Cauchy-Schwarz inequality, f(n) < N Z,N:1 cot(ni)2 < Ng(n), finishing the proof of (2.58). As a
consequence,

[M/2]n
/ u(x)? me dx </7||L,||L2 ®) Vu € H'(RY). (2.62)
Collecting now (2.54), (2.57), (2.62) and letting » 1 I", we conclude (2.51). O

3. Path expansions

In this section, we provide an upper bound for the contribution to the Feynman—Kac formula of Brownian paths that leave
a large ball. This is achieved by means of a path expansion technique that splits the Brownian path in excursions between
neighbourhoods of the Poisson points, cf. Section 3.1 below.

Recall hy = (d — 2)? /8 and fix Y € Y (cf. (2.2)). Given r > 0, we denote by C’(r) the set of connected components
of B,(Y). Fora € (0,r),0 € (0, hg] and C € €}, let

Ne=#YNC.  A¢:=tmax(C.0Vy") = Amax (C.OV5ie) = 0, 3.1)

where VJ(,“) is as in (2.3) and Amax (D, V) as in (2.4). Note that A¢ < 0o by [4, Theorem 1]. Define

N = max Nc¢, Ag?,a,r) = max Ac¢ 3.2)
Ceeg) Ceeg)

and, for measurable D’ C RY,

n) (D) :=1v\/#{CeG§§): D'NC+#o). (3.3)

The following is the main result of this section.
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Theorem 3.1. There exist constants K € [1, 00) and c, ¢, € (0, 00) such that the following holds. Let Y € Y ¢, 0 € (0, hy],
ae0,1landr > 4a. Fory > Agj’“’r), let

d
2 -2
L=LQ.6.arp) :=K(N¥>>5/2<£>2(1+m),

a y — A" (3.4)
o=0,0,a,r,y) = Lexp{—ac./v}.
Assume that 0 < 1/2. Then
oy@ 1
sup supkE,|exp {QVy (W) — y}ds <—x<2 3.5)
2€B, (V)¢ >0 0 -0
and, for all measurable D' C R4,
‘ 4LNY) (D)
supf Ez[expf {ovy” (wy) —y}ds:| dz< —2Y—"2(|p'| v/|D]). (3.6)
t>0JD’ 0 -0
Moreover, for all R > 8rN§;r) andall t > 0,
R
! (a) R _ &2 4N
sup  E;| Lz, (1<) EXP {GVy (W) — y}ds <2KL{—e "t +p07Y 3.7
2B, (V)° R 0 r
and
E,[1 eV W -r1as1 4z < ag L (') (|0’ v /| D ) B e e (3.8)
[ Bl Jaz <429 (0) (D v D] R 4075 ] -

3.1. Proof of Theorem 3.1

We start with auxiliary results that will be needed in the following, and that will allow us to identify the constants in
Theorem 3.1. The first lemma concerns standard bounds for Brownian motion.

Lemma 3.2. There exist K, = K,(d) € [1,00) and c, = c4+(d) € (0, 00) such that

Cx 2
IP’0< sup |Wy| > R) <K.e=“"  forallt,R>0, (3.9)
0<s<t
and
Eole ™% ] < Kye V"  forall a,u > 0. (3.10)

Proof. Follows from union bounds and standard estimates for one-dimensional Brownian motion, e.g. Remark 2.22 and
Exercise 2.18 in [20]. U

The next lemma is a consequence of the bounds in Lemma 2.4 and Lemma 2.5.

Lemma 3.3. There exists a constant Ky € [1,00) such that, for all Y € Yy, 6 € (0, hql, a € (0,11, r > 2a, C € egj),

y > A¢, and all measurable D' C RY,

d

t (a) 2
sup / E[eh @y WGy dr < |D’|K1Né/2(:—z> (3.11)

t>0JD

and

d
ToC a 2 -2
[ EehT O @4 < (] v |D/|)K1Ng/2(i>2(1+—”;l+f)r ) G.12)
/ a —_ c
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Moreover, for all x € C \ By, ()),

d
Tec 7 14+6 -2
E, [exp f BV (W) — ) ds} < K1N§/2<5) (1 - M) (3.13)
0 a Yy —Xc
and
d
Ly @ z 146)r2
supE, [efo(evy (WS)_y)dS]l{‘[Cc>t}] < K]Ngﬂ(l) (1 + M) (3.14)
>0 a Y —AC

Proof. By [10, Proposition 1.22], each C € @Sf) is a bounded regular domain. Noting that VD()“) (x) = Va(,‘gc (x) for x €
C\ Y, apply Lemmas 2.4-2.5 with D = C and use |C| < |B;|Ncr?, N¢ > 1. O

Corollary 3.4. Forany Y € Y.0 € (0.hgl, a € (0,00),r >4a,C €€, y > Ac and x €C N Br_o(V) \ B3a(V),

d
ree 2 1+6)r2
E, |:exp/(; OV W) —y) ds] < KK N2/2<£> e—f*“ﬁ<1 + %) (3.15)

where K, ¢y are as in Lemma 3.2 and K as in Lemma 3.3.
Proof. Use the strong Markov property at the exit time of B, (x) and apply Lemma 3.3 and (3.10). (|
With these results in place, we may identify the constants K, ¢ in Theorem 3.1 as

K :=2K.)2K|,  c:=*

=, 3.16
16 (3.16)

where K, ¢4 are as in Lemma 3.2 and K as in Lemma 3.3.

Fixnow YV € Yr,0 € (0,hy],a€(0,1],r >4a and y > Agg,a,r)- In the following, we fix K, c as in (3.16) and let L,
o be defined by (3.4).

The core of the proof of Theorem 3.1 is a decomposition of the Brownian path according to its excursions to and from
neighbourhoods of ), which are marked by the following stopping times. Let Ty = 7o := 0 and, recursively for n > 0,

. 00 if T, = o0,
Tn+1 =Y. N _— .
inf{t > 7,: W, € B3,())} otherwise,

(3.17)
~ o0 if 'En+1 =00,
Tn+l =3 . .
inf{t > t,41: Wy ¢ B.())} otherwise.
For ¢t > 0, define
E; :=inf{n >0: 7,41 > t}. (3.18)
In the following we will abbreviate, for 0 < sy < 52 < 00,
2
2= exp{/ (Vv (W) — y)ds}. (3.19)
S1
Lemma 3.5. Foralln € Ny,
sup supEy[I{1(g,—n] < 0" (3.20)
x¢Br(Y) 120
Morveover, for all measurable D' C RY,
sup/ B [151(5,=n)] dz < 2005) (D) (|| v |/ |D'|) Lo V™. (3.21)
t>0 D’
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Proof. Note first that, if n = 0, both (3.20) and (3.21) hold since then VJ()a) (W) =0forall 0 <s <t.Letus prove (3.20)
by induction in n. To treat the case n = 1, fix x ¢ B,())) and ¢t > 0. There are two cases: either T| <t < 7|, 0r 7| <f < B.

Let C; € €1} such that Wy, € Cy. Using the Markov property, y > A(ﬁ’a’r) and Lemma 3.3, we may bound, Py-a.s. on
the event {7] <1},

EX [1-‘[{1 jl{ﬁ <t<71} |fl s (Wﬁ)sﬁﬁ ] = ]EW{I [I(t)_s]l{‘rcc >t—S}]S:.E1’c=cvl
<L/(2K}) <L/QK,) (3.22)

and, using that V(“>(Wx) =0forall s € [7], 7] when 7] <t < T, and Corollary 3.4,

Ex [Iél jl{fl §t<1‘2}|%1 ’ (Ws)sg%l] <E, [IVTI 71, (Ws)sgfl]
T c
=Ey, [ ¢ ]czc“l
<0/(2Ky) < L/(2Ky). (3.23)
Since r > 4a and x ¢ B, (), 1| > TBe(x) and thus
B [I0 1z, <] < Bole 7 ™8] < Kye o7 (3.24)
by Lemma 3.2. This together with (3.22)—(3.23) gives
B [1§1e,=1)] = B[ g 1z, < B [ 1L, Lz =1y [F1, (W)=, ]]
<Le WV =p (3.25)

by (3.4), concluding the case n = 1. Suppose now by induction that (3.20) has been shown for somen > 1. If E;, =n + 1,
then 71 <t and we can write

EX[Iéﬂ{Etszrl}] =By [I(;] ]l{flft}]EWfl [Ié_sﬂ{Etfs:n}]S:fl] = QnEX[Ig' l{flit}]
<Q"Ex[I{' 15, <n] ="'/ (2K (3.26)

by the induction hypothesis, (3.23) and (3.4). This concludes the proof of (3.20).
We turn next to (3.21). Assume first that n = 1. There are again two cases: either 7| <t < 71, or 7] <t < 7. In the
first case,

/ E, [10]]- E;=1, r|<t<rl} d)C— Z / I()]]-{ch>t}]d
D'NB,(Y) G(,) 'NC

< #CelCy,:DNC#Y D'NB.(Y)|L/(2K; (3.27)
g) 2

by (3.11) and the Cauchy—Schwarz inequality. In the second case,

/ B[ 1515, =1.4) <1<ty ] dx
D'NB(Y)

< r' Jdx = / 1,¢]
/.D’OB, (8%) Z 'NC

@(r)

<|D NB(Y)| +\/#{Ce(?(’) cmD/¢@}\/|D/mB,(y)|)L/(2Kf) (3.28)

by (3.12). Combining (3.27), (3.28) and (3.20) we get

/Ex[lgn{E,:u]dxs|D/\Br(y)|g+(|D’mB,<y)|+2mg?(D’) DN B, (W)|)L/2
D/

<o (D)(|D'| v |/|D|)L. (3.29)
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This concludes the case n = 1. To deal with n + 1, n > 1, note that the first line of (3.26) is valid for any x € D’. Then we
may write

/DEx[lél{Ef:"“}]dx5@"+1|D/\Br<y)|+e” > fD JEs[fg e
/ /ﬂ

Ce@éﬁ)
<om)(D)(|D'| v /| D)) Le". (3.30)
This finishes the proof (3.21). O

The next result is the key lemma for the proof of Theorem 3.1.
Lemma 3.6. Forall R >0,n €Ny, and z € RY,

Eu[ 1L =n.rys ] = 2L0" 7 Po( sup Wy =21 > R—=2N'nr) V¢ B,(D),1 20, (331)

0<s<t

If moreover R > 2r Ny, then, for any measurable D' C R,

sup/ ) By [I(;H{EF”JB;(x)S’}] dx

t>0

<4 (D)(|D'| v 1/}0/\)@"—1)*1@0( sup |Wy|> R — 2N§§)nr). (3.32)

0<s<t

Proof. Fix z € R and R > 0. Note that, when n = 0, both inequalities hold since then Vj(}a)(WS) =0forall0<s <t.
Let us prove (3.31) by induction in n. Define the events

£(2) ::{ sup |Ws—z|zR—2nrN3(,r)}, neNp,u>0. (3.33)

0<s<u

For the case n = 1, fix x ¢ B,()) and ¢ > 0. Consider first the case TR () < 71. We claim that, on this event, Sfll (2)
occurs. Indeed, if TBe (o) < 7 this is clear, and if 7; < B (r) < 71 then |Wy — z| > R — 2r Ny as the diameter of any

component C € Gg) is bounded by 2rN§,r ) Thus
Ex []6]1{73%(1)5'?1’Et:1}] = Ex []lgfll (2)N{7; SZ}EX [I‘Lg'l IL{El:1}|f1 ’ (WS)SS%I ]]
< LP: (¢! (2)) (3.34)
by (3.22)—(3.23) above. If > T8 (o) > 71, then 7] <t < T2, and thus
4 0
Ello8 i <rpe (<. E=n ] S Eallg' Lo P, (625(),s, ] (3.35)
Note now that, since 7| < 7j and |W; — Wy | <2rNy),

P, (E2,)

and thus (3.35) is at most

<Pw, (£,),_; (3.36)

S=f] -

Ey []l{f] Sf}]PWfl (5t1—s (Z))

sS=T|

Ew, (1% ]eze,] < gpx (£ @) < LP,(£}(2)) (3.37)

by Corollary 3.4 and (3.4). Collecting (3.34)—(3.37), we conclude the case n = 1.
Assume now by induction that (3.31) holds for some n > 1. There are two possible cases: either TR (;) = 71 or not. In

the first case, we conclude as before that £ fll (z) occurs. Then we may write

T —
Ex[181{E1=n+1,r3;(z)sf1}] < B[l Let it <nEws, (1o LiE—o=m ]z, ]
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<o"E; []lé‘fll (z)ﬁ{flgt}]EWfl [I(;CC ]C:él]

<o" %IPX (£ ) < Lo"P. (£ ) (3.38)

by Lemma 3.5, Corollary 3.4 and (3.4). Consider now the case 7| < TES(2) and write

t 3 t—
]Ex[lojl{Ef:nH,fl<r3%(z)§z}] = IE)C[IOl Lz, fT}EWf| []0 S]l{El—::"’TB%(Z)ft_s}]s=fl]

<2L0""Ex[ 15" 113, < Pw;, (€1-,)),_; ] (3.39)
by the induction hypothesis. Reasoning as for (3.36), we see that

Pw, (£',@),_; <Pw, (6% @),_; .

§s=T] —
and hence (3.39) is at most
2L0" B[ Lz <nPw,, (67 @) s, Bai [15% Jog, ] < 2L0" 0/ 2P (67 (2) (3.40)

by Corollary 3.4. Combining (3.38) and (3.40) we conclude the induction step and the proof of (3.31).

Fix now a measurable D’ C R? and consider (3.32). Letn=1and x € D'’ N B,()). Since R > 2r Ny, we must have
T < TS (D)) IP,.-almost surely, and if E; = 1 then 7] < t < T, as well. Note that (3.35) still holds in this case (with z = x).
Since |W; — x| < 2rNy Py-as.,

Pw,, (£ () =P (] (1) =Po(£/(0)
and thus

1

<Py(£ @) > /D E.[1;% ] dx

'nC
(r)
Ce@y

<Ro(e/ O)(|D' 0 B )| + e e p'ne o)y n B0 L/CK) (3.41)
by (3.12) and the Cauchy—Schwarz inequality. Now (3.41) and (3.31) imply
fD/ Ex[lgﬂ{E,zl,fBW)S,}]dx

<2LP (£} O){|D'\ B, + D' 0 B, D)|/4+ 95 (D),/|D' 0 B ()] /4)

< 4LPy(£ )M (D) (|D'| v /|’

), (3.42)
finishing the proof of the case n = 1. The general case is analogous, using (3.39) instead of (3.35). ]
We are now ready to finish the:

Proof of Theorem 3.1. Items (3.5)—(3.6) follow from Lemma 3.5. To show (3.7), fix z € B, ()))¢ and write

e¢]

Ez[léll{r%@g}] - ZEZ[Iél{’Bﬁ}(z>5”EI=”}]
n=0
o0
gzLZQ("*U*PO( sup |Ws| > R—2N3()r)nr) (3.43)

n=0 0=s=t
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by Lemma 3.6 and the translation invariance of Brownian motion. Split the sum in (3.43) according to whether 4N§; ) (n—
1)r > R or not to obtain

g, [ ]<2“*;§5)+ R o)e W= R

R R &
< K{Q“’NJ’ + —e'f} (3.44)

r

using ¢ < 1/2, R > 8rN5,’, Lemma 3.2 and (3.16). This concludes the proof of (3.7).
For (3.8), we have instead

o
/D/ EZ[ISH{TB%(:)?}] de=) /D, Ez[léjl{fB?a(z)f”Ef:”}] dz
n=0

o0
§4Lm$)(D/)(|D/| v/ D) ZQ("_1)+IP’0< sup |Ws| >R —2N§§)nr>
n=0

0<s<t

so we may conclude as before. |

4. Small distances in Poisson clouds

We collect some elementary facts concerning the probability to find Poisson points close to each other. With the help

of Proposition 2.9, this will allow us to control in Section 5.1 the growth of the maximal principal eigenvalue A(J(j’a’r)
appearing in Theorem 3.1 with ) =P N Bg.

Lemma 4.1. For any measurable D C Rd, any r € (0, 00) and any k € Ny,

- |B,*
P(EI distinct yo. ... yi € P yo € D, max |yi — yi-i] < r) <IDlg +’ o @.1)
Moreover,
P(supw(B,(x)) >k + 1) <|B.(D)] Bl (4.2)
xeD (k + 1!

Proof. We start with (4.1). We may assume that |D| < oco. First note that, if yo € D and |y; — y;—1| <r for 1 <i <k,
then {yo, ..., yx} C Dk := B, (D). Let (X;);>0 be i.i.d. random vectors, each uniformly distributed in Dy. Note that, for
any fixed N € N, Dy NP has under its conditional law given that w(Dy) = N the same distribution as {X1, ..., Xn}. For
N >k + 1, estimate with a union bound

P(EI distinet jo. ... ju € {1..... N}: Xy € D, max X, = X, §r>
<i<
N
< P(Xo €D, max [X; — X;_i| < r)
k+1 1<i<k

(e oo (s
= —_— X0 IEEE Xp = —_— . .
k+1) D+ Jp . (x0) By (xk_1) k+1) |Dy[k+!

Since |P N Di| has distribution Poisson(| Dy |), splitting the left-hand side of (4.1) according to whether [P N Dy| = N >
k 4+ 1 and using (4.3), we get the bound

o0 k N k
$ ( N )|1D||Iir|l DY iy _ |y B! s
+ ! !
Nt k+ 1) |Dg] N! (k+ 1!
as advertised. Now (4.2) follows from (4.1) with D, r substituted by B, (D), 2r. O

Next we provide a lower bound on the probability to have close Poisson points.
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Lemma 4.2. For all measurable D C R?, all k € No and all r € (0, 00),

pkdg—1B| }

24 (k 4 1)! *5)

P(Elx eD: a)(B,(x)) =k+ 1) >1-— exp{—|D|
Proof. Note that there exists a finite ' C D such that B, (x) N B, (y) = @ for all distinct x, y € F and #F > [|D|/|Ba,|],

which can be proved e.g. by induction on [|D|/|Ba,|]. Then the family w (B, (x)), x € F, is i.i.d., and we may estimate

P(w(B,) =k + 1)}
|BZr| ’

P(Vx e D: (B, (x)) £k +1) < (1 -Po(B) =k + 1)) < exp{—|D|

where we also used 1 — x <e™*. Since w(B,) has distribution Poisson(| B, |), (4.5) follows. O

We now apply the bounds in Lemmas 4.1-4.2 to derive several asymptotic results. As a first consequence of
Lemma 4.1, we can show that, for fixed a > 0, the maximal number of Poisson points in a-neighbourhoods of points
in Br grows at most logarithmically in R:

Corollary 4.3. For any a € (0, 00),

Jim (log R) ™' sup w(Bu(x))=0 P-as. (4.6)
—00

X€Bg

Proof. Fix a € (0, 00) and K > 1. By (4.2), there exists a constant ¢ € (0, o) such that

)SC(Ka)”.

P( sup w(Ba(x)) =n —

XEBKn
Since this is summable in 7, the Borel-Cantelli lemma yields sup, . Byn w(By(x)) <n a.s. eventually. For R € (1, 00),

take ng € N such that K"®~! < R < K"®_Then limg_ o0 g = 00 and

limsup(log R) ™! sup w(Ba(x)) < lim MR (logK)~! P-as.,
R—oo log R

R— o0 x€BR

and we complete the proof letting K — oo. |

Next we show that the number of points in neighborhoods with radii decreasing sufficiently fast to O are bounded by a
constant. Recall the notation P = {x € R¢: w({x}) = 1} for the support of .

Lemma 4.4. Fix k € N and a function g : (0, 00) — (0, 00). Let R(t), r(t) € (0, 00) satisfy
R()— 00, r(t)—=0 and ROr@f~gt)™1 ast— oc. “.7)

Assume that R(t) is eventually non-decreasing, r(t) is eventually non-increasing and Zg’; 1 g(2”)_l < 00. Then, for NJ(; )
as in (3.2) and Pr =P N Bg,

limsup sup o(B(x)) <k and limsup Nglg;))) <k P-as. 4.8)

100 |x|<R(1) 100
Proof. Applying (4.2) and our assumptions we get, for some constant ¢ > 0 and all n large enough,

P( sup a)(Br(zn)(x))zk—i—l)gcg(Z")_l. (4.9)

XEBR(2n+1)

Now the Borel-Cantelli lemma implies that sup, . Bt ®(Brom(x)) < k almost surely for all large enough n, and the

on+1
first inequality in (4.8) follows by interpolation and monotonicity. To see that the second inequality follows from the first,
note that, for any R, r > 0,

[3ceey): Ne>k+1} C {3x € Br: o(Bur (1)) = k+ 1}, 0

The following corollary is immediate from (4.5).
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Corollary 4.5. Fixn € N and let R(t), r(t) € (0, 00) satisfy r(t) — 0, R r(t)f — 0o as t — co. Then

tl_i)IglOP(Hx € Br: w(Br(t)(x)) =k+ 1) =1. 4.10)
The next lemma is needed for the results on the lim sup-asymptotic.

Lemma 4.6. Fix k € N. Let R(t),r(t), g(t) € (0, 00) satisfy (4.7) and anl 22"~ =00. Then

limsup sup w(Brp(x))>k+1 P-a.s. 4.1

1=00 |x|<R()

X

Proof. Let A, := Brony—rom) \ Bron-1y4r@nys 1 € N. Using (4.5), our assumptions on R(¢), 7(¢) and 1 —e ™ ~ x as

x — 0, we find a constant ¢ > 0 such that

oo
> P(sup w(Bran) zk+1) = e Y g(2") ' =oc.
neN XEA, o
Noting that sup, 4, @ (By(gr)(x)), n €N, are independent random variables, the second Borel-Cantelli lemma yields the
result. g
In the remaining lemmata we investigate the lim inf behaviour.

Lemma 4.7. Fix k € N. Let R(¢), r(t) € (0, 00) such that R(t) — oo and r(t) — 0 eventually monotonically as t — o0.
Assume that

S (ROrOHT 29k + 1)
f >

c:=limin , 4.12)
t—oo  loglogt | B1]
and furthermore that, for any € > 0, there exists B € (1, 00) such that inf, N Rf;fi)l) >1—e¢.Then
liminf sup (Byp(x)) =k+1 P-as. (4.13)
t—00 xeBgr()

Proof. For ¢ > 0 satisfying 6 := c¢(1 — &) B/ (k + 1)) — 1 > 0, choose 8 € (1, c0) as in the statement. By (4.5) and
our assumptions on R, r, for all n large enough,

|Bi](1 — &) +1\d _( gn1ykd —|B, (8" 148/2
]P’(xezlzin)w(Br(ﬂ,l+1)(x))§k> Sexp{—mR(ﬂ" ) r(lgn ) e <n .

Now (4.13) follows by the Borel-Cantelli lemma, interpolation and monotonicity. (]

We state next an improvement of (4.2). For D C R and r > 0, we denote by

(D) := min[n eN:3z,...,zueRY, D C U(zi + [0, r]d)} (4.14)

i=1

the minimum number of boxes of side-length r needed to cover D.

Lemma 4.8. For any k,m € N, any measurable Dy, ..., Dy, C R4, and anyri,...,ry € (0, 00),
m d kN U (D)
2r;)%| By i
P( sup sup (B, (x)) < k) > ]_[<1 _ w) . (4.15)
1<i<mxeD; (k+1)!

i=1

Proof. We first note that sup, . D; @ (By;(x)), 1 <i < m,isafamily of associated random variables (cf. [22, Proposition 4],
see also [13, Theorem 5.1]), i.e.,

m

P( sup sup o(By, (x)) < k) > HP<sup (B, (x)) < k). (4.16)

1<i<mxeD; i=1 xeD;
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Consider the case m = 1, and write D = D1, r = ry. Then, with z1, ..., z7 € R4 as in 4.14),

L
(k + 1)!)

P(supa)(Br ) < k) > P(ﬁs’&Dp) sup @ (By(x)) < k) > (1 — @)

xeD i=1 xez;+[0,r]¢

by (4.16) and (4.2). Now (4.15) follows from (4.16)—(4.17).
The following lemma uses ideas from [9, Lemma 5.2].
Lemma 4.9. Let k > 2 and R(t), r(t) > 0 satisfy
R(t) ~ tk T(loglogt) =y D, r(t) ~ t_ﬁ (loglogt)ﬁ ast — 0.

Let b, > 0,n €N, such that

o0

bn) = QIBT

Let p > 0and z(t) := | ploglogt]. Then

z(t)
liminfsup  sup w(anr(l)(x))fk P-a.s.

=00 ;1 xean,lR(l)

(4.17)

(4.18)

(4.19)

(4.20)

Proof. We may assume that p > 1. Abbreviate £(¢) := loglog?. Take #y € (1, co) large enough such that £(79) > 1, and

define a growing sequence (%;) jeN, recursively by
tj =tj,1exp{p€(tj,1)}, jeN.
For j e Nandn € N, set

z(t))

Ajn = Bon-1r@;) \ BRatj_1) Xj:=sup sup  @(Bp,r)(x)),
n=1 X€B2"_1R(tj)
~ z(t}) v
X :=sup sup a)(anr(, )(x)) Xj:= sup a)(Bblr(,j)(x)).
n=1x€Aj, X€BR(;_y)

Note that X ; = max()v(j, )A(j). Thus it will be sufficient to show that P-a.s. both

limsupX; <k and liminfX; <k.

j—o0 J—>00

To obtain the first inequality, note that by (4.2) there exists a constant ¢ € (0, co) such that

dkp(1— £j

P(X; 2 k+ 1) < (Rt r(ept)? < 2ce™ Ertdoti-n—ioztiyn) < pee==r 40

4.21)

4.22)

(4.23)

for all large enough j, where we used £(¢;) < 2¢(tj—1), and €; — 0 as j — oo. To conclude with the Borel-Cantelli

lemma, note that (4.23) is summable in j since, for any o > 1,

°°1 j+l l
00 > e M qr = / e D dr > log(t; 1/tje” altjvn) o et
[ > > out 5

j=0

Consider now the second inequality in (4.22). By (4.15), for all j € N,

logP(X; <k) > logP(X; <k) =Y Iburt;) (Bar-1 gerj)) log | 1

n=1

(k+ 1)!

i (  @burt)))1Bap,rip

)
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Using (4.18), log(1 — x) ~ —x as x — 0 and 9, (Bg) ~ |Bg|/r? asr | 0, R 1 oo, we obtain

Q4| B !

logP(X; <k)>-(1 —i—q)w

o
) Y @A) > —(1 - 8)ea))
n=1
for large j by (4.19), where ¢; — 0 as j — oo and § € (0, 1). Since, for some ¢ € (0, c0),

i - W) - N —(1-5)E))

—L(t —L(t; —(1-8)€(t;

00 = —-e dr < E pl(tie "V <c E e i,
/’0 t =0 ! =0

we deduce Zc;ozo P()A(j < k) = co. Note now that, since R(t;11) > 22(’1')R(tj) as j — 0o, there exists a jp € N such that

both ()A( 2j)j=jo and ()A(z j+1) j=j, are families of independent random variables, allowing us to conclude the proof with an
application of the second Borel-Cantelli lemma. ]

5. Proof of the main theorems

Throughout this section, we fix d > 3 arbitrary in general, but d = 3 whenever we treat the renormalized potential V. We
also fix 0 € (0, 4] and set k = kg = | %4 |, where hy = (d —2)?/8.

The section is organized as follows. In Sections 5.1-5.2 below, we provide some preparatory results concerning re-
spectively bounds for principal eigenvalues and estimates of the error introduced when substituting either V™ or V
by a truncated potential V(¥ Section 5.3 contains the proofs of Theorems 1.7 and 1.2 as well as of the upper bounds
for Theorems 1.4, 1.5 and 1.6. Corresponding lower bounds are proved first in the special case of truncated potentials
in Section 5.4. The proofs of Theorem 1.9 is given in Section Section 5.5, as well as the completion of the proofs of
Theorems 1.4, 1.5, 1.6 and 1.10. Finally, Theorems 1.8 and 1.3 are proved in Section 5.6.

5.1. Bounds for principal eigenvalues

In order to make use of the upper bound given in Theorem 3.1, we study the almost-sure asymptotics as R — oo of

A% defined in (3.2) with Y = Pg = P N Bg. To this end, we will combine the multipolar Hardy inequality from
Section 2.4 and the Poissonian asymptotics stated in Section 4.
Fix 0 < a < r < oo and recall (3.1)—(3.2). For s > 0, write

©.a.r) ©.a,r) ) )
(A7 > sy c{ap®” > s, Np) <k+ 1} U{Np) > k+2}. G5.0)
The second event in (5.1) can be controlled by
(NS) = k+2} C {3x € Br: o(Bsy (1)) = k +2}.
To control the first event in (5.1), write, for C € Ggi,

re):= inf{s > 0: Bs(PrNC)is connected}
and set

72436
emp = (k+ 1) ———. (5.2)

Note that Ac =0 for each C € @gi with N¢ <k due to the Hardy inequality (cf. (2.49)) and Remark 2.1. Then, by the
multipolar Hardy inequality (2.51),

©.a.r) ") oF _
{Ap"" > s, Np) <k+1}C{3CeCp : Ac>s Ne=k+1}
c{Icecy) : T(C)* <cmp/s. Ne=k+1}

k+1
C {3 distinct yq, ..., yk+1 € Pr: U B(Cmp/s)l/z (i) is connected

i=1

C {Hx € BR: C()(BZk(Cmp/s)l/Z(.x)) > k + 1}
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Combining these results, we get

(AR > s} € { sup ©(Bayyy2 ) 2 k+ 1} U sup o(Binr ) = k+2]. (5.3)

X€BgR X€BgR

With this inclusion at hand, we derive next several consequences of the results from Section 4.

Lemma 5.1. Let0<a<r <R <ooand 8 € (0, h—“]. There exists a constant ¢ € (0, 00) depending only on 6 and d
such that, for all s > cR72,

P(AGA" > 5) < cRY (s~ 8k 4 46D, (54
Proof. We can assume ¢ > 4k2cmp. Using (5.3), (4.2) and 2k(cmp/s)‘/2 < R, we get

P(Agg)l,aa,r) > s) < P( sup w(B2k(cmp/s)1/2 (x)) >k+ 1) + P( sup a)(B(k+1)r(x)) >k+ 2)

X€BR X€BR

Y (|B11(4k (cmp/s) /P D)k 4 (IB1] 2Kk + Dyr)dk+!
(k+ 1)! (k +2)! '

This shows (5.4). U

< |B1l(2R

+|B11(2(k + DR)

Lemma 5.2. Fixa > (k+ 1)"! and let R(t) — o0, g(t) — 00 as t — 0o. For any c1, ¢ € (0, 00),

. AR@) . . (0,c1R~%,c2R™)
— Y Ap:= AT 2 . .
Jim S ORI 0 in probability, where A g P (5.5)

If moreover y_,° g2 ~%/2 < 00, R is regularly varying with positive index, and g is either eventually non-decreasing
or slowly varying, then (5.5) holds almost surely.

Proof. (5.5) follows directly from (5.4). For the second statement, note that, for n € N, (5.3) yields

[Aray > n g RN} ¢ { sup @(Br()) >k + 1} U { sup (B, gy gy« (¥) = k+ 2},
(x| <R(0) x| <R ()

where r(t) = 2k /cmpng(t)_l/ZR(t)_l/k. By [3, Theorem 1.5.3], we may assume that R(¢) and r(¢) are eventually
monotone. By (4.8), limsup,_, , AR(,)/(g(t)R(t)z/k) < 1/n almost surely, and to conclude we let n 1 co. O

The following lemma will be used in the proof of Theorem 1.6.

Lemma 5.3. Let R(t) as in (4.18) and o > (k + 1)~'. Forn > 1, let a,(t) :== (2"~ 'R(¢)) ™ and, for A > 0,

Al n — A(Qﬂn(t)jan(t))

2=l R(t)+1

2
. Oun(A) = Ay — Al d" 1 ET (loglog ) TET .
Let p > 0and z(t) := | ploglogt]|. For any A > 0, there existsa C = C(A, k,d) € (0, o0) such that

2
litm inft_k%l (loglogt)d&=Dn Iil(%( O;n(A) <C P-almost surely. (5.6)
—00 n=

Proof. Fix A, p > 0. Let x; := (k+ 1)!/(|lek+1) as in (4.19) and cyyp as in (5.2), and pick

kN 2/(=1)
C > (4A)V <W<T VCT/‘;) ) . (5.7)
Xk

Define b, > 0, n € N by setting

1
b1 =2k(cmp/C)/* and by = 2k(cmp/ )2 (1+(A/C)4" 172, n>2.
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Let us verify that b, satisfies (4.19). Indeed, setting ng := [log,(C/A)]| > 1, we may write

o0
—kd — d
(2k(emp/©)'2) D (2" by)
n=1
no+1 [ele}
< Z 2(n—1)d + (C/A)kd/Z Z 2—(k—1)d(n—1)
n=1 n=no+2

< 2n0d+l + Z(C/A)kd/Zz—(k—l)dn() < de(C/A)d/Z
= (Zk(cmp/C)l/z)‘kd(@k rmp)kA—l/zc—(k—l)/z)d - (2k(cmp/c)l/2)—kdxk
by our choice of C. This shows (4.19). Let now r(¢) := T (loglog [)ﬁ and use (5.3) to write
z(1) 2 2
{mai( ®; ., (A) < Ct¥T(loglogt)™ 4&=D }
n=

z(1)
= ({Ain <)@k femp)*b, )
n=1

2(1)

D ﬂ{ sup w(anr(t)(x)) < k} n { sup w(BS(l+k)an(t) (x)) <k+ 1})
n=1 1xI<2""TR(1)+1 [x|<2n=1R(t)+1

z(1)
> {max sup @(Bp,ry(x)) < k] N [ sup o(Bs(1+ka0 ) (X)) < k + 1}.

=1 <=1 (R(1)+1) IX|<22O(R@®+1)
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The first event on the right-hand side above occurs a.s. infinitely often by (4.20), and the second event occurs eventually

by (4.8). This yields (5.6).

5.2. Truncation of Poisson potentials

O

In this section, we control the error that occurs when replacing either an attenuated potential V@ as in (1.11) or the
renormalized potential V by a truncated potential V(@ = V) where &, (x) = |x|_2]1{| x|<a)- We first state an auxiliary

result.
Lemma 5.4. Let R — R(R) € L' (RY) N L®(R?) satisfy

C:= limsup“ﬁ(R) ||L00(Rd) <00 and limsup/ sup |ﬁ(R)(x — y)|dy < Q.
R—o0 R

R— o0 4 |x|<1

Then

loglog R
lim sup 0808 max |V(ﬁ(R))(x)} <dC P-as.
Rsoco lOgR |x|<R

Proof. Using (5.8) and [8, Proposition 2.7], one can follow the proof of [15, Lemma 2.6].
Our comparison lemma reads as follows.

Lemma 5.5. Letd >3, R € K and a € (0, 00). Then, P-almost surely for all bounded D C R,

sup |V (x) — V@ (x)| < 0.
xeD\P

Moreover, for any R — ag > 0 such that limsupp_, ., ar < 00,

a2

im sup [V =V ()| =0 P-as.
R—o0 lOgR |x|<R: X¢77

When d =3, (5.10)=(5.11) hold with either V or |V| in place of VY.

(5.8)

(5.9)

(5.10)

5.11)
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Proof. Note that, for all x € R? \Pandalla >0,

(V@) = V@O @) < w(By(x)) sup

|z|<a

R(z) —

e +a_2/az|ﬁ(x — VL {r—y|=ay@(dy),

proving (5.10). With a = ag as in the statement, (5.11) follows by (1.10), Corollary 4.3 and Lemma 5.4.
Consider now d = 3. Fix a > 0 and let o : RT - [0,_1] be a smooth truncation function with a(X) =1 on [0, 1],
a(L)=0for A>3 and —1 <a’(X) <0. Decompose V = V| + V, by setting

_ 1— -1y, _ _ -1y, _
Vicoi= [ ean - @) Vao= [T @ - ). (5.12)
R3 |x —y| R |x—yl

Note that V| exactly matches \_/a,,,; in [9, Eq. (3.5)] with ¢ = 1. Thus, by [9, Eq. (3.6)],

sup Vi(x) <oo P-as. (5.13)
xeD

for any bounded D C R3 while, by Lemma 3.3 in the same reference,

lim (logR)~" sup |Vi(x)|=0 P-as. (5.14)
R—o0

[x|<R

Furthermore, since the integrand in the definition of V5 is in L' (R?), we may separate the integration in terms of w(dy)
and dy using [8, Proposition 2.5], i.e.,

-1, -1,
\_/2()6) :f Mw(dy) _/ Mdy. (5.15)
R =l R3

|x x — yI?

The second integral above is a finite constant independent of x. For the first integral, we get

a(@|x —y) a(a|x -y
/ 72}}w(dy) =v®(x) +/ 72)}1{|x_y|2b}w(dy) (5.16)
RS |x—yl RS |x—l

for any b € (0, a]. Now note that, since o(1) =0 for A > 3,

alax —y|) _
sup /11%3 Tﬂzyﬂ{\x—y‘zb}a)(dy) <b 2 sup a)(Bga(x)) <oo P-as. 5.17)

xeD xeD

Combining (5.13) and (5.15)~(5.17) with b = a, we obtain (5.10) with V in place of V. To obtain (5.11), take a >
limsupy_, o, ar, b =ag, D = Bg and apply additionally (5.14) and Corollary 4.3. The statement for |V| is obtained with
the inequality ||x| — |y|| < |x — y|, x, y € R. O

5.3. The upper bounds

We introduce next some notation and a key result that will be used in the following proofs of the upper bounds. Fix
ae( 1{1?7 %) and recall (3.2). Throughout the section, we will use the notation

Ag = AGRTOSRT)

PrBr, » R>0. (5.18)

Note that, for any a € (0, 1] and z € Bgy1, V@ (2) = V7(Jar%BR+2 (2).
In the proofs below, we will work with certain radii sequences R, (?) € [1, 00), n € N, t > 0, which we keep arbitrary

for now. According to the choice of R, (¢), we introduce
an(t) = Ry(t)™, ra(t) = San (1), Ro(1) =8(k + 1)ri (1), (5.19)
as well as the hitting times

Ta(x) =T, (¢, x) := TB;H(”

() =inf{s = 0: W ¢ Br,y(x)}, neNo,xeRY. (5.20)
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Fix K € X and define the error terms

Su(t):= sup |[VW®(z) - v@ (| Sa(t):= sup |V(z)— V@D ()| (5.21)

2€BRy (n+1 2€BRy(1+1

Recall (3.2) and define, for ¢t > 0,

¢ =inf{n e N: Npip) - <k+land Ry—i (D) 2 8ry(D(k + 1)} (5.22)

and, for x e R4\ P,
&(x):=¢° vinf{n € N: x ¢ By, () (P)}. (5.23)

When x = 0, we write 7, ¢ instead of 7,,(0), ¢;(0). The next lemma provides conditions on R, (¢) guaranteeing the
finiteness of ¢, £;(x).

Lemma 5.6. Let R, (t) > 1,n € N, t > 0 satisfy

R, (1
Vip>1>0: lim R,(fj)) =00 and liminf inf Ru® >0
n—00 n—>oo t,selty, ] Ry (s)

(5.24)

Then, P-almost surely for all x € R4 \Pandt>0,1<¢ <¢(x) < oo and there exist 0 < t(‘)’ < to(x) < oo such that
¢o=1forallt > 15 and & (x) =1 for all t > tp(x).

Proof. If (5.24) holds, then, for any € > 0,

. : : : (rn (1))
lim sup r,(t) =0, lim inf R,_;(#{)=o0c0 and limsup sup N. <
naooeﬁtflz,l " n—>00 ¢ <f<e—! " "ﬁoopengls)*l PNBar, )
almost surely by (4.8) (with R(#) =t). Similar estimates hold whenn =1, r — oo. O

We are now ready to state the key estimate of the section.

Lemma 5.7. There exist deterministic constants x € [1,00) and cy, c2 € (0, 00) such that, for any R, (t) > 1 satisfying
(5.24), the following holds P-almost surely for all t > 0. Let

Vu(t) = max{2Ag, o), x Ra()**}, neN. (5.25)

Then, forall R € X and all 0 < A1 < Ay < 00,

LoV (W) ds
E. efOHV Ws ﬂ-{r ¢ (W S<t<Tpc (.} dx
Ll [ BA|(")7 BAz(X) ]

0 OV (W) d R
5/}; Ex[e'/O Sﬂ{rBil(x)gt<r;to,1(X)}]dx
1

+v1VI|PN By Z Clet0Sn(t>+tyn(t)+10g+(ﬁRn(t)‘*)—can_l(t)min{t”Rn_u(t),«/yn(t)}. (5.26)

n>¢0:
A1<R,(t)<A;

Moreover, for all x € B1 \ P,

Jo 0V (W) ds
Ex[e ﬂ{thl(x>§t<thz(x>}]

;e
o0V E (Wy)ds A
< Ex [efo s 1 1321(">SZ<T{‘(X)_I(X)}]

+ Z 1! 0Sn O+ (OFH0g " (VR (D) =e2 Ryt () min{t ™! Ry (1), /7 D} (5.27)

n=¢(x):
A1<R,(t)<Ay

The same bounds hold with |V(ﬁ)| in place of V& and, when d = 3, with V], S, (t) in place of VRS, (1).
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Proof. Fix x € Bj. Splitting according to whether ¢ > f;[o_ 1(x) or not and, if so, according to which n > ¢ satisfies
Tyu—1(x) <t < T,(x), we may decompose

Jo 0V (W) ds
Ex[e ﬂ{tBi‘x](x)St<thz(n}]

"oV (W) ds
<E, [efo ﬂ{fle(X)gxf{f,l(x)}]

t
+ > IE,{exp(/O ev(@(Ws)ds)ﬂ{fn_l(x)ﬁdn(x)}}. (5.28)

n>g0:
A1<R,(t)<Ay

Set Y, (1) := P N By, (1742 and note that, if < 2, (x), then V@ ®) (W) = V)(,j"(g”(ws) for all s € [0, 7]. Recalling (5.21),
we see that the integral over B; of the series in (5.28) is bounded by

e ¢]

t
Z e@ts;z(t)/ E, [eXp(/O GVJ(,‘:"(S))(Ws)dS)]l{TB; o0 = t}:| dx. (5.29)
B n-

n>¢f Aj<R,(t)<As
We wish to apply the bound (3.8) to the terms of (5.29), with parameters chosen as follows:
Y=V, R=R,_1(1), a=ay(t), r=ry(t), Y =vu().

It is straightforward to verify that we may (deterministically) choose x € [1, co) large enough such that, with this choice
of parameters, whenever y, (¢) satisfies (5.25) and n > ¢/, the function L = L(Y,(t),0, a,(t), ra(t), y»(t)) in (3.4) is
uniformly bounded by a deterministic constant, and

Cxay (t)\/yn(t) > 2log(2L) (in particular, o < 1/2). (5.30)

We may thus apply (3.8) to the terms in (5.29), obtaining

o0V (Wo)=yu(t)ds
/ L[5 Uegy, o <]de
QRy_1 (02 )
<N BO{VIR, ()%™ T e VnOR-0)

e . 2
for some deterministic constants c1, ¢z € (0, 00), where we also used sup,.oxe™" /b < 4/b/2 for any b > 0. Together

with the bound (5.29) and sng;:g;)(Bl) < JTVTP N By, this shows (5.26).

To show (5.27), we split instead according to whether 7, (x)—1 <t or not and, if so, according to which n > & (x)
satisfies T,_1 (x) <t < 7, (x). Arguing analogously as before, we obtain

Jo 0V (W) ds
Ex[e ﬂ{thl(x>§t<thz(x>}]

t
OV (Wy)ds .
<E, [efo S} rle (x)gz<r;t(x)_1(x)}]

t
+ > eetS"(’)]Ex[exp< / 9v§,j';§§”(wv)ds>ﬂ{r3; 1(,)(x)§t}]~
0 n=

n=g(x):
A1<R,(t)<Ay

Note that, when n > ¢,(x), x & By, (Vu(1)) and R, (1) > 8r, (1) N3"(\)". Applying (3.7) to the terms in (5.29), (5.27)

follows analogously as for (5.26). The proofs for |V |, | V| are identical. ([l

5.3.1. Proof of Theorems 1.2 and 1.7

Proof. We start with Theorem 1.2. Fix £ € K. Note that véﬁ) (, x) is non-decreasing in ¢, and thus it will be sufficient
to show that, for each y € RY and each 7 > 0, P-almost surely,

/ vVt x)dx <00 and v§V(1,x) < 00 Vx € By (y) \ P.
Bi(y)
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By the homogeneity of w, it is enough to consider y = 0. To this end, we will apply Lemma 5.7 with

k+1
k—1
b

Ru()=1v (2" 1) ya(t) = max{2Ag, ), xRV}, A1 =0, Ay = oo. (5.31)

Note that R, (¢) satisfies (5.24) and, by (5.19) and the choice of «, (5.25) is fulfilled.
Let us first control the first term in the right-hand side of (5.26). Recall Lemma 5.6, (5.21) and write

o1V (W) d 0tS.0 1 (t) LoV (W) ds
/B]Ex[e./o VOO ] < /BJEx[efO S o] d, (5.32)
1 1

where ), ;=P N BR[o_l(t)+2’ a; = age—1 (1) and we used that, if 1 < f;to_l(x), then V@) (W) = V)(Z’)(Ws) forO0<s <t.
t

Since P € Y a.s., the multipolar Hardy inequality in [4], Theorem 1, implies that P(VR > 0: Apax (R4, OVpnpg) < 00) =
1, and thus (5.32) is finite by (5.10) and (2.19). For the first term in the right-hand side of (5.27), let ¢, := %dist(x, P)
and fix a, € (0, &) to write

t
E, [exp{/ eyv(f‘);(ws)ds}ﬂ{t < f;l(x)l(x)}:|
0

~ t ~
< exp{@t sup [V (2) - V(“X)(Z)HIEX [exp{/ QVJ(;:’(‘;)(WS)ds}]l{t < f;,(x)_l(x)}},
0

ZEBR{,—I(’)(X)

where Vi (x) ;=P N BRQ_1 (t)+a, (x), so the latter is again finite by (5.10) and (2.27).
Consider now the series in (5.26) and (5.27). The term for n = 1 is bounded by

c1exp{0181(0) + 1y1 (1) +log™ (ViR (1)) }. (5.33)

For some constants c3, ¢4 > 0 and using y, () > R, (t)2/ k we bound the terms for n > 2 by

k+1
c3 exp{GtSn(t) + 1y, (t) — C4(2"t) B } (5.34)
Note that, P-almost surely and as n — oo, S,(¢) = o(R,(1)** log R,(¢)) by (5.11) and, for any B > 1/k, y,(¢) =

o(R, (1)%P) by Lemma 5.2 (applied with R(¢#) = t). Therefore, the sum over n > 2 of (5.34) is finite. This finishes the
proof of Theorem 1.2. The proof of Theorem 1.7 is completely analogous. O

Lemma 5.7 and the estimates in the proof above also allow us to show the following.

Lemma 5.8. For any f € X and any y € (0, 00) such that y (k — 1) > 2/d,

¢ k
Jlim Eo[exp{/ |V®|(Ws)ds}ll= sup |Wj] Z(logt)ytkl}:| =0 P-as. (5.35)
— 00 0

0<s<t
When d = 3, the same holds with V in place of V&

Proof. Take R, (), y,(¢) as in (5.31). Using the bound (5.34) for the nth term of the series in (5.27), we bound the
expectation in (5.35) by

w [~
3 Z exp{108, (1) + tyn (1) — C4(2”t)% },  wheren, := L
n=n;+1

y(k —1)log, logtJ' (5.36)

k

Let B € (0,1) with 2/d < kB < y(k — 1). Then g(¢) := (log 1)P satisfies the conditions of Lemma 5.2, implying that
Yu() = 0(gR" 'R, (1)*5). Using additionally the bound S, (t) = o(R, (1> log R, (t)) which holds almost surely by
Lemma 5.5, we may check that, when ¢ is large enough, the exponents of the summands in (5.36) are smaller than
—c3(2")*+D/ =1 for some constant ¢3 > 0, from which (5.35) follows. The statement for V is obtained analogously,
considering S, (7). O
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5.3.2. Upper bound in Theorem 1.4
Proof of (1.17). Let R, (t), y,(¢) as in (5.31). Recall (5.23) and that, by Lemma 5.6, {; = 1 a.s. for all large enough .

Using Lemma 5.7, Lemma 5.8 and the estimates (5.33)—(5.34) for the terms of the series in (5.27), we see that it is enough
to show that, as t — oo,

t
logIEo|:exp<9 / V(ﬁ)(WS)ds>]l{t<f0}:|=(’)(t) P-as., (5.37)
0

g~ 1 FT{081() + 11 ()} > 0 in probability, (5.38)

and that, for any p > 0,

ket
g(t)*lt_% max {t60S,(t) + tyn(t) — c4(2"t)="} - 0 in probability. (5.39)
2<n<|ploglogt]

We start with (5.37). When ¢ is large, Ry(¢) < 1. Let g9 := é dist(0, P) and set ag := é(so A 1). Note that, when 1 < g,

V@) (W) = V(aO)(W ) for 0 < s < t. Moreover, Amax (B2, OV(ZO)) < oo and dist(BS, Py) > 0. Applying Lemma 5.5 and
(2.27), we find (zrandom) constants Cp, Ca € (0, 0o) such that, a.s. for all large enough 7, the expectation in (5.37) is at
most

£ 7 4 N
Pt sUPxen, [V (x)—v ¢ oJ(X)\EO [exp{‘/(; 9V7(36;0)(Ws) ds}ﬂ{t<r85}:| < Cre™,
Thus (5.37) follows, and we move to (5.38)—(5.39). Note first that, by (5.11),

lim  max  FTS,()=0 P-as., (5.40)

t—00 1<n<|ploglogt]

and (5.38) follows by Lemma 5.2. To control the remaining term in (5.39), fix ¢ > 0 and estimate with a union bound

P(mal t)/n(l)—C4(2”t)A i 8) SZP(Vn(I)>t%(€g(t)+c4( )%)) (5.41)
"= g n=l

Now note that, since g(¢) — 0o, when 7 is large enough, it is impossible to have y,,(t) = x R, ()% % if y,(¢) satisfies the
inequality in (5.41); thus in this case y, (1) = 2A g, ). Applying (5.4), we obtain deterministic constants cs, c¢ € (0, 00)
such that (5.41) is at most

CSZR ORE kdl(gg(t)+c4(2n)ki)_% + Ry(r) @4+ D)

n=1

> (2")% 7 - — k(o (k4 1)—1) 1—00
<cs ( . ) —l—%Z(Z"I) T — 0
n=1 V8g(t) +cq(2") T T

since @ > (k+ 1)~L. Together with (5.40), this shows (5.39), completing the proof of (1.17). U

5.3.3. Upper bound in Theorem 1.5

Before we proceed to the proof, we recall that, when £ is slowly varying, £(Ar) ~ £(r) as r — oo uniformly over X in
compact subsets (cf. [3, Theorem 1.2.1]). It is then straightforward to translate the integrability condition in (1.18) into a
summability condition, namely,

/wi«m if and only if ie(zn)*‘mo (5.42)
RTI0) L | |

Proof of the upper bound in (1.18). Fix t — £(¢) slowly varying with f - K(r) < 00, and set

2

Ra(t):= (2"t )kLz(z" 1 )d(kgl)’ Yu(t) := max(zARn(t),R,,(t)%e(z"*lt)dk). (5.43)

When ¢ is large, R, (t) > 1, & = 1 and (5.25) holds, so we may apply Lemma 5.7.
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Note that (5.37) still holds as Rp(¢) is given by (5.19), and thus the first term in the right-hand side of (5.27) is
controlled. For the term with n = 1, note that, by Lemma 5.2 (with g(¢) = E(t)ﬁ ), (5.42) and (5.11), (5.38) holds almost
2
surely with g(¢) = £(t)9%-D . It is thus enough to show that, P-a.s.,

hmsupZexp<6tS (t) + tyu(t) +log(t R, ()*) — c2Ry—1 (1) min { n—tl(t)7 T;(ﬂ}) - oo, (5.44)

11— 00
n>2

To this end, use the slow variation of £ to find a constant ¢ > 0 such that, for ¢ large enough,

R,_1(¢ 2 2
R,—1(®) min{ . tl( ),\/y,,(t)} > c2"_lt(2"_lt) k=1 E(Zn_lt)‘“k‘”, n>2. (5.45)
Applying Lemma 5.2 (with ¢ substituted by 2"~ 1¢), we obtain ¢’ € (0, 00) such that

tyn(t) <tc'Ry (z)kz(z" 1)dlzc/t(2”_1t)"%6(2”_lt)d<’%”, n>2.

Noting that, by (5.11), the remaining terms are of lower order, we can choose ng = ng(c, ¢’) sufficiently large so that, for

2
any n > no, the n-th term in the series in (5.44) is bounded by the exponential of —c37 (2"~ 1) %2(2”’1 t)d&=D for some
constant c¢3 > 0, showing (5.44). This finishes the proof. ]

5.3.4. Upper bound in Theorem 1.6

Proof. Let A :=c¢y A1 with ¢ as in Lemma 5.7, and set

2

1 A
R,(1):= 2”_1t%(loglogt) dk=1) | Yu(t) := max{ZARn(,), Tt

“Rui (r)z}.
Applying Lemma 5.7, Lemma 5.8, Lemma 5.5 and (5.37), we see that we only need to find a constant C™™ € (0, c0) such
that, for all p > 0,

1) — Alpsot YRy 1 () min{t ~ R,_1 (), /Vu .
liminf max Y (1) {(n>2}"" Ry—1(¢) min{ n—1(1), v/ Yn (1)} < cinf (5.46)

t—00 l1<n<|ploglogz] (loglogt) dk— 1);%

2
Abbreviate s; := t% (loglogt)~ @&  Note that t "' R,_1 (1) = 2"_1\/5 and, since A <1,

min{r ' Ry 1 (), v/ya (D} = S17 Ry () = 2" 't (5.47)
Hence, as t — oo,

A2

T RO = ALyt ™ Ry (O min{r T Ry (0, V(0] s (5.48)

On the other hand, Lemma 5.3 provides a constant C € (1, co) and a subsequence ¢ j — o0 as j — oo such that, for all
jeNandalll <n<|ploglogt;],

2
AR, j) = ) —Ln=2yt; n—1(tj)2 + Csy;. (5.49)
Now (5.47)—(5.49) and the definition of y, (r) imply (5.46) with C'" =2C. O

5.4. The lower bounds

In this section, we will prove the lower bounds in Theorems 1.4, 1.5 and 1.6 for the truncated potentials V@ = V(%)
where R, (x) = |x|_2]l{|x| <a}- The proof of the theorems will be finished in Section 5.5 after the proof of Theorem 1.9.
The following lemma will be used in all the proofs of this section:
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Lemma 5.9. There exists c € (0, 1] such that the following holds P-almost surely. Fix a € (0, 0c0) and let R(t), r (t) satisfy
e «r(t) K 1<K R(@®) ast — oo, and R(t)r(t) < \/ct for all t large enough. Define

A :={3x € Br(y: o(Br(x)) = k+1}. (5.50)
Then, for all large enough t, on Ay,

t
log Eg |:exp(9 / V@ (W) dsﬂ R@) (5.51)
0 r(t)

Proof. On A;, we pick x; € Bg(; such that w(B,)(x;)) > k + 1. Choose distinct y, ..., yk+1 € P N By(1)(x;) (for
example, according to lexicographical order) and set ), := {y1, ..., yk}. Clearly y@ > VJ(Z)’ and Vy), — VJ(Z) < #ytll_z =
(k + Da=2 =: ¢p. Thus

t t
logIEo|:exp<9 / V(“)(Ws)ds)] > —9c0t+1og1E0[exp(0 / Vyt(Ws)ds)]. (5.52)
0 0

Letnow K, ¢y, ¢ as in Lemma 2.8, and set ¢ :=c¢y A 1. Write, for 0 <ty <t¢,

. , o 0Vy, (Ws)d
Eo[e_/o QVyI(WA)ds] > Eo[efto yz( S]]-{WYEBKYU)(X,)VSE[I(),I]}]- (553)

Denote by p(0, y, t) = 2mt)~4/2e1Y /@0 the probability density of Brownian motion at time ¢ started at 0. Applying
the Markov property, we see that (5.53) equals

o
/ p(o y, [())]E [ 9]0 Vyt(Wy)dA:ﬂ_{ Bc (X - t()}]d
BKr(r)(Xt) !

R(1)2

_ 11
> (2]‘[[‘)_76 ) / Ey [ef() OGV)}[ (Ws)dsﬂ{rgc (Y - 10}]dy, (554)
By (xt) !

where we used |y|> < (|x;| + Kr(1))> < 2R(1)? for large ¢. The integral above can be identified with the integral in (2.43)
with a =r(t), x = x;, implying that (5.54) is at least

2

c1@rn) " tr () exp{— + oot — to)r(t)_2}. (5.55)

Maximizing the exponent over g € (0, t) we obtain o = R(¢)r(t)/./ca <t, which yields

R(t)

IOgEo[ o Jo Vyr(WS)dA] > 2\/— +log(c1(2n't) 2r(t) ) (5.56)

(;)2
Now (5.51) follows from (5.52), (5.56) and our assumptions on R(t), r(¢). O

With Lemma 5.9 at hand, we are ready to complete the proofs of Theorems 1.4, 1.5 and 1.6 in the special case of the
truncated kernels 8 = R,.

Lemma 5.10. For any a € (0, 00), (1.16) holds with R(x) = K,(x) = |x|_2]l{|x|§a}.
Proof. We may assume that g(¢) = 1D as t — o0o. Take ¢ as in Lemma 5.9, let A > 0 and

R(t) = 2,/§Ag(t) HET, r@) =,/%CA*1g(t)fﬁ.

Lemma 5.9 implies that, on the event A, defined in (5.50),

t
g()r 1og]E0[exp<9f V<“>(Ws)ds)} > A—o(l).
0

Since lim;—, o, P(A;) = 1 by Corollary 4.5 and A is arbitrary, we conclude (1.16). U
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Lemma 5.11. For any a € (0, 00), the lower bound in (1.18) holds with R(x) = R,(x) = |x|_2]l{‘x|§a}.

1
Proof. Let () > 1 be slowly varying with floo rlfi(’r) = 00. Fix A > 0 and set R(¢) := \/gtkkflﬂ(t)d(k-”, r() =

1
JLeA=1tTFT ()T with ¢ as in Lemma 5.9. On A,
2kl !
0() " TNk 1ogEo[exp<9/ V(“)(Ws)ds)} > A —o(l).
0

Now Lemma 4.6 and (5.42) provide a sequence ¢; — 00 as j — 0o such that .A,j occurs, and we conclude by taking
A1 oo. |

Lemma 5.12. For any a € (0, 00), the lower bound in (1.19) holds with R(x) = R, (x) = |x|_2]l{‘x|§a}.

Proof. Let ¢ as in Lemma 5.9 and pick w, v > 0 satisfying

24k +1)!
wv < /c and (,uvk)d > % (5.57)
1

1 1
Set R(t) := ,ut% (loglogt) d&=D and r(t) := vt_k_ll (loglog?)4®-1, By Lemma 5.9, on A,

2 T yr(a o
(loglogt)d(k—l)t% logEo[e(’fo v )(Ws)ds] . % _ 2\/Eﬁ —o(1).
v v

On the other hand, by Lemma 4.7, A; occurs for all large enough ¢, and thus we may take Ciyr as the maximum of
cv - 2./cu/v over , v > 0 satisfying (5.57), which turns out to be

Cinf :=

k 2
T (k — 1)( 1B )d—<kl>

o+ DT \29G+1)!

5.5. Proof of Theorems 1.9, 1.4, 1.5, 1.6, and 1.10

Proof of Theorem 1.9. Let [V :=exp [ 6V (Wy) ds and I :=exp [;; 0V @ (W) ds. Let R(¢) := (log 1) x t*/*+D
with y as in Lemma 5.8, and put §; := SUP, € B\ P |V(ﬁ)(x) — V@ (x)|. Then

R
log 1[«:0[1}“)11{132(0 > 1}] - 018, <logEo[ I )1{132(” > 1}] < log EO[I}%{TB;(” > 1] + 61,

Now, by Lemma 5.12 and (5.11) with ag =a, tS;/log IEO[I,(a)] tends a.s. to 0. To obtain (1.22), note that, by Lemma 5.8,
]EO[It(“)Jl{rB;m >t} ~ IEQ[I,<“)], and the same can be concluded for I,(ﬁ) by taking into account the first inequality above.

The proofs for |V |, V or |V| are identical. O
As anticipated, this allows us to finally give the:

Proof of Theorems 1.4, 1.5 and 1.6. For & = R, the results follow from the upper bounds in Section 5.3 together with
Lemmas 5.10-5.12. The other cases then follow from Theorem 1.9. (]

Proof of Theorem 1.10. Follows from Theorems 1.9, 1.7, 1.2, 1.4, 1.5 and 1.6. |
5.6. Proof of Theorems 1.3 and 1.8
Proof. We follow [8, Proposition 1.6]. We start with Theorem 1.3. Fix R € X. Let m € N and F, := [0V | Am €

L (R?). By Proposition 2.2, w,, (t, x) :=E, [elo Fm(Wf)dS]l{ch -] satisfies

t
wy(t,x) =1 +/ /de(x — V) Fn(Mwp (s, y)dyds, (t,x) € (0,00) x B, \ P (5.58)
0 JR
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with p;(x) as in (2.14). Letting m 1 oo and applying the monotone convergence theorem, we see that (5.58) still holds

true with F,, and vy, replaced by |6 V(ﬁ)| and véﬁ) (t,x) =E,[exp fot 0| Vﬁ|(WS) ds], both sides being finite almost surely
by Theorem 1.2. In particular,

t
/ / Pi—s @ = VO3 [0§ (5, y)|dyds <00, (1.x) € (0,00) x R\ P. (5.59)
0 JRA

Noting that ¢ > e* Jo 0V (W) ds

t t t
exp<f OV(R)(WS)ds>=1+/ OV(R)(WY)eXp</ OV(R)(WY)du)ds,
0 0 K

which we use to write, for all (¢, x) € (0, 00) X R4 \ P and all ug € L“(Rd),

are absolutely continuous, the fundamental theorem of calculus gives

t .
ug™" (1, x) = / pe(x = uo(y) dy + / B [0V Wyl 0V M dr) g
0
t
= / pe(x = uo(y)dy + /O E [0V Woui® -5, y)]ds

t
= / pi(x — y)uo(y)dy +f0 fRd Prsc = OV )l (s, y)dyds,

where we used Fubini’s theorem (which is justified by (5.59)), the Markov property of W, and time reversal. The same
argument works for |V |, and thus we complete the proof of Theorem 1.3. Theorem 1.8 is proved analogously. ]
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