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Abstract. Let M, be the length (number of steps) of the loop-erasure of a simple random walk up to the first exit from a ball of
radius n centered at its starting point. It is shown in (Ann. Probab. 46 (2) (2018) 687-774) that there exists 8 € (1, %] such that
E(M,) is of order nP in 3 dimensions. In the present article, we show that the Hausdorff dimension of the scaling limit of the
loop-erased random walk in 3 dimensions is equal to B almost surely.

Résumé. Soit M, la longueur (nombre de pas) d’une marche aléatoire simple a boucles effacées considérée jusqu’a la premiere
sortie d’une boule de rayon n centrée en son point de départ. Il est démontré dans (Ann. Probab. 46 (2) (2018) 687-774) qu’il existe
Be, %] tel que E(M,) est d’ordre nP en dimension 3. Dans le présent article, nous montrons que la dimension de Hausdorff de
la limite d’échelle de la marche aléatoire effacée en dimension 3 est égale a 8 presque stirement.
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1. Introduction
1.1. Introduction

Loop-erased random walk (LERW) is a simple path obtained by erasing all loops from a random walk path chrono-
logically (see Section 2.1 for the precise definition), which was originally introduced in [7]. In this article, we study
the Hausdorff dimension of the scaling limit of LERW in three dimensions.

It is known that the scaling limit of LERW in Z¢ exists for every d. Let S be the simple random walk in Z¢ started

at the origin and 7, be the first exit time from a ball of radius n. We write LEW,, = %ﬂ’r"]) for the rescaled loop-

erased random walk obtained by multiplying LERW up to 7,, by ,l—z (see Section 2.1 for the definition of LE). We think
of LEW,, as a random element of the metric space of compact subsets in the closed unit ball in R? endowed with the
Hausdorff distance. Then LEW,, converges weakly to a d-dimensional Brownian motion for d > 4 (Theorem 7.7.6 of
[8]), and converges weakly to SLE, ([13,17]) for d = 2 (actually, even in a stronger sense). For d = 3, the sequence
LEW,» is Cauchy in the metric space and it converges weakly to a random compact subset in the closed unit ball in R3,
see [6]. We denote the weak convergence limit by /C in d = 3 and call it the scaling limit of LERW in 3 dimensions.
It is also known that /C is invariant under rotations and dilations, see [6].

While the scaling limit of LERW for d > 4 and d = 2 are well-studied, little is known about KC when d = 3.
Recently some topological properties of &£ were studied in [16]. In [16], it was proved that /C is a simple path almost
surely, and that the random set obtained by adding the loops of the independent Brownian loop soup of parameter 1
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that meet /C (see [14] for the Brownian loop soup) to /C, has the same distribution as the trace of Brownian motion (see
Section 2.3 for details). Furthermore, bounds on the Hausdorff dimension of /C were also derived in [16]. Namely, one
has

2 — & <dimyg(K) < B, almost surely, (1.1)

where £ € (%, 1) is the intersection exponent for three dimensional Brownian motion (see [9] for £) and 8 € (1, %] is
the growth exponent for LERW in d = 3, i.e., if we write M,, for the length (the number of steps) of LE(S[O, 7,,]),
then [18] shows that the following limit exists in 3 dimensions:

log E (M,
lim CEEGM) _ o (1.2)
n—oo  logn
In particular, we have 1 < dimy(K) < % almost surely.
In the present article, we will show that dimg (/) > B, i.e., the main result of the article is the following.

Theorem 1.1. Let d = 3. We have

dimg(K) =B, almost surely. (1.3)

The exact value of § is not known or even conjectured. Numerical simulations suggest that § = 1.62 &£ 0.01, see
[4,19]. The best rigorous bounds are 8 € (1, %], see [11].

The Hausdorff dimension of the scaling limit of LERW is equal to 2 for d > 4 (Theorem 7.7.6 of [8]), and is equal
to % for d = 2 ([2,13]) almost surely. The exponent % is called the growth exponent for LERW for d = 2, that is, it is

known that E (M,,) is of order n;& in 2 dimensions (see [5,15] and [12]).
1.2. Some words about the proof

In order to show that the Hausdorff dimension of K is bounded below by 8, we will use a standard technique referred
to as Frostman’s lemma (see Lemma 5.1). We explain how to apply it to our situation here.

By Frostman’s lemma, we need to construct a positive (random) measure u supported on K such that its (8 — §)-
energy Ig_s(u) (see Lemma 5.1 for the B-energy) is finite with high probability for any § > 0.

With this in mind, we partition the unit ball D into a collection of e-cubes formed by b, = € ]_[,3: 1xi, xi + 1]
for x = (x1, x2, x3) € Z3. We first want to construct a random measure g which approximates p as follows. We
introduce a (random) measure . whose density, with respect to Lebesgue measure, is comparable to m on

each e-cube b, with % <lex| < % such that /C hits b, and assigns measure zero elsewhere (see Section 5.1 for the
precise definition of 1. ). Then the limit of the support of . as € — 0 is contained in /C almost surely. Therefore we
need to show that for every § > 0 and r > 0 there exist constants ¢, > 0, Cs,, < 0o, which do not depend on €, such
that

P(Ig—s(ie) <Csr) = 1—r, (1.4)
P(ueD)=c;)=1-r. (1.5)

for all € > 0. Once (1.4) and (1.5) are proved, it follows that there exists some subsequential weak limit measure p of
the we such that p is a positive measure satisfying that its support is contained in /C and the (8 — §)-energy is finite
with probability at least 1 — 2r. Using Frostman’s lemma, we get dimy(K) > 8 — § with probability > 1 — 2r, and
Theorem 1.1 is proved.

let i« be any weak limit of the u. Then the measure u is a positive measure satisfying that its support is contained
in /C and the (8 — §)-energy is finite with probability at least 1 — r. Using Frostman’s lemma, we get dimg(C) > 8 —§
with probability > 1 — r, and Theorem 1.1 is proved.

Next we explain how to prove (1.4) and (1.5). For (1.4), by Markov’s inequality, it suffices to show that the first
moment of Ig_s(ie) is bounded above by some constant Cs uniformly in €. In order to estimate the first moment, by
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definition of ji., we need to give an upper bound of the probability that X hits two distinct e-cubes b, and b, with % <
lex]|, ley] < % (see the proof of Lemma 5.2). Such a bound will be given in the important Theorem 3.1. Theorem 3.1
roughly claims that PO(KXNb, # @, K Nby # &) is bounded above by CP(KNb, # @) P(KN by # @), where P*
denotes the probability measure for /C started at z. Since the domain Markov property of X has not been established
up to now, we will consider the corresponding probability for LERW as follows. As LEW,« converges to XC by [6],
we can couple them on the same probability space such that the Hausdorff distance between LEW,, and /C is bounded
above by € for large n = 2% with high probability. Then the problem boils down to estimates of P (LE(S[0, 7,,]) N
nby # @, LE(S[0, 7,]) Nnby # @). It is crucial to control the dependence of these two events with the help of the
domain Markov property for LERW (see Lemma 2.3 for the domain Markov property). This key step will be done
in Theorem 3.1. In Theorem 3.1, we will show that the probability is bounded above by C P(LE(SIO0, t,]) N nb, #
@) P"* (LE(S[O0, 7,]) N nby, # &), and using some results derived in [18], we will derive a bound of this product in
terms of escape probabilities defined as follows. Let R; < R, and let S', $? be two independent simple random walks
started at the origin. We write r}é for the first time that S’ hits the boundary of the ball of radius R. We define the
escape probability Es(R1, R») by

Es(Ry, Ry) = Py ® Po(LE(S'[0, 7g,])s. ul N $2[0, 73,] = @),

where u is the length of LE(S 1[0, 7:11{2]), and s is its last visit to the ball of radius R; before time u (see Section 2.2 for
escape probabilities). In order for z to be in LE(S[0, 7,]), by definition of LE (see Definition 2.1), the following two
conditions are required: (i) S hits z before 7,,. (ii) The loop-erasure of S from the origin to the last visit of z does not
intersect the remaining part of S from z to S(z,,). Reversing a path, the probability for z to be in the LERW is equal
to the probability that with S1(0) = §2(0) =z,

e S! hits the origin before exiting the ball of radius 7,
e The loop-erasure of S from z to the last visit of the origin does not intersect S up to exiting the ball.

It turns out that this probability is comparable to n~! Es(0, n) if 3 < |z| < 5. Furthermore, a similar consideration
gives that the probability of LE(S[O0, t,]) hitting nb, is comparable to € Es(en n), which leads that the probability
of IC hitting b, is also comparable to € Es(en, n). (In fact, we will set m on each by hit by K for the density
of we, where we chose n as an arbitrary large integer so that the distance between LEW,, and K is small with high
probability as explained above. We also point out that for all large 1, Es(en, n) is of order €*T°() for some constant
o, see Theorem 2.7.) Finally Theorem 3.1 concludes that

P(KNby # 2, Kﬂb\,7é®)< € |Es(6n,n)Es(6n,€n|x—y|), (1.6)

which is a new result to our knowledge. Combining (1.6) with estimates for the escape probabilities obtained in [18]
(see Section 2.2), we get (1.4).

Next we consider (1.5). The definition of ©. immediately gives that ug(ﬁ) is equal to %, where Y€ stands

for the number of e-cubes b, with % <lex| < % such that /C hits b,. (Recall that we choose n large enough so that
the Hausdorff distance between LEW,, and K is smaller than € with high probability in the coupling explained as
above.) Therefore, in order to prove (1.5), it suffices to show that for all » > 0 there exists ¢, > 0 such that

P(Y¢>ce 2Es(en,n)) > 1—r, (1.7

for all € > 0.

Since the probability of K hitting b, is comparable to € Es(en, n), the first moment of Y€ is of order e ~2 Es(en, n).
Using (1.6), it turns out that the second moment of Y€ is comparable to the square of its first moment. So the second
moment method gives that Y€ is bounded below by ce ~2 Es(en, n) with positive probability for some ¢ > 0 (Corol-
lary 3.11). However this is not enough to prove (1.7) and we need more careful considerations that we will explain
below.

In order to prove (1.7), again we use the coupling of K and LEW,, explained as above. Then (1.7) boils down to
the corresponding estimates for LERW as follows. Let Y, be the number of en-cubes nb, with % <lex| < % such that
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LE(SI[O, t,]) hits nby. Then (1.7) is reduced to proving that for all » > 0 there exists ¢, > 0 such that
P(Yf >c,e 2Es(en,n)) > 1 —r. (1.8)

We will prove (1.8) in Proposition 4.5 using Markovian-type “iteration arguments” that we will briefly explain
here. In order to prove (1.8), we consider N cubes A; (i =1, ..., N) of side length % + % We are interested in a
subpath y; of y := LE(S[O0, t,]) which consists of y between its first visit to d A; and that to A, (see the beginning
of Section 4 for the precise definition of y;). We want to show that for all » > 0, by choosing N = N, and ¢, suitably,
the probability that at least one of y; hits ¢,e "2 Es(en, n) en-cubes is bigger than 1 — r. To achieve this, we prove
in Lemma 4.4 that given y1, ..., y; the probability that y;4 hits cre 2 Es(en, n) cubes is bigger than some universal
constant ¢ > 0 for each i. This enables us to show that the probability in (1.8) is bigger than 1 — (1 — ¢)" and finish
the proof of (1.8) by taking N such that (1 — ¢)¥ < r. To establish Lemma 4.4, it is crucial to deal with some sort
of independence of y;. The domain Markov property (see Lemma 2.3) tells that we need to study a random walk
conditioned not to intersect y1, ..., ¥;. We will study such a conditioned random walk in Section 4.1. Then we will
prove Lemma 4.4 and (1.7) by using results derived there in Section 4.2. To our knowledge the tail estimate of Y€
as in (1.7) is also new. This iteration argument is based on the same spirit of the proof of Theorem 6.7 of [1] and
Theorem 8.2.6 of [18] where exponential lower tail bounds of M,, were established for d =2 ([1]) and d = 3 ([18]).

Remark 1.2. As we discussed above, E(Y€) is comparable to €2 Es(en, n), which is of order e ~@=®+o(M for some
exponent o € [%, 1) (see Theorem 2.7). It turns out that 8 in Theorem 1.1 is equal to 2 — .

Remark 1.3. It is crucial that both the upper bound in the right hand side of (1.6) and the lower bound of Y€ are given
in terms of the escape probabilities. Since Es(en, n) = €%+ (see Theorem 2.7), one may suppose that in order to
prove Theorem 1.1, it suffices to show that for every § > 0, Y€ > ce~?~®13 with high probability instead of proving
(1.7). However this is not the case. Energy estimates as in Lemma 5.2 do not work if we rely on only such estimates
without using the escape probabilities.

1.3. Structure of the paper

The organization of the paper is as follows. In the next subsection, we will give a list of notation used throughout the
paper.

In Section 2, we will review known facts about LERW. We explain some basic properties of LERW in Section 2.1.
In order to show Theorem 1.1, the probability that an LERW and an independent simple random walk do not intersect
up to exiting a large ball, which is referred to as an escape probability, is a key tool. That probability will be considered
in Section 2.2. The precise definition and some properties of /C will be given in Section 2.3.

One of the key results in the paper is Theorem 3.1, which gives an upper bound of the probability that K hits two
small boxes. The proof of Theorem 3.1 will be given in Section 3.1. Using Theorem 3.1, we study the number of small
boxes hit by C in Section 3.2. By the second moment method, we give a lower bound of the number of those boxes
hit by K in Corollary 3.11.

To establish (1.3) almost surely, we need to show (1.7) which is an improvement of Corollary 3.11 in Section 4.
Following iteration arguments used in the proof of Theorem 6.7 [1] and Proposition 8.2.5 of [18], we study a random
walk conditioned not to intersect a given simple path in Section 4.1. Using estimates derived there, we will prove (1.7)
and (1.5) in Section 4.2.

We will prove (1.4) in Section 5.1. Finally, using Frostman’s lemma (see Lemma 5.1), we will prove Theorem 1.1
in Section 5.2.

1.4. Notation

In this subsection, we will give some definitions which will be used throughout the paper.

Let A =[1(0), A(1), ..., A(m)] be a sequence of points in Z4. We call it a pathif |A(j — 1) — A(j)| =1 for all j.
In that case we say A has a length m and denote the length of A by lenA. We call A a simple path if A(i) # A(j) for all
i#j.
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We use | - | for the Euclid distance in R?. For n > 0 and z € Z¢, define B, , = B(z,n) :={x € Z¢ | |x — z| < n}.
If z =0, we write By, = B(0,n) = B(n). We write D = {x € R? | |x| < 1} and D for its closure. For r > 0, let
D, ={x e R¢ | |x| < r} and D, for its closure.

For a subset A C Z9¢, we let A = {x ¢ A | there exists y € A suchthat|x — y| =1} and ;A = {x € A |
there exists y ¢ A such that |x — y| = 1}. We write A := A U dA. Given a subset A C Z¢ and r > 0, we write
rA:={ry|yeA}.

Throughout the paper, S, S!, $2, §3 and $* denote independent simple random walks on Z?. For the probability
law and the expectation of S started at z, we use P? and E? respectively. If z = 0, we write P’ = P and E® = E. For
the probability law and the expectation of S' started at z, we use P? and E; respectively. If z = 0, we write Pl.0 =P
and EY = E;.

Given n > 1, let 1, := inf{k | S(k) ¢ B(n)} and r,’; = inf{k | St (k) ¢ B(n)}. For z € 74, we write T, n :=1inf{k |
S(k) € 0B(z,n)} and Tzi’n :=inf{k | S'(k) € dB(z,n)}.

For a subset A C Z4, define Green’s function in A by G(x,y,A) =Ga(x,y) = EX(Z;;(I) 1{S(j)=y}) forx,ye
A, where T =inf{t | S(t) € 0A}.

We use ¢, C, Cq, - - - to denote arbitrary positive constants which may change from line to line. If a constant is to
depend on some other quantity, this will be made explicit. For example, if C depends on §, we write Cs. To avoid
complication of notation, we do not use || (the largest integer < r) even though it is necessary to carry it.

2. Loop-erased random walk

In this section, we will review some known facts about loop-erased random walk (LERW). In Section 2.1, we begin
with the definition of loop-erasure and LERW. Then we state the time reversibility and the domain Markov property
of LERW. All results in Section 2.1 hold for LERW in Z¢ (even in any graphs).

As we discussed in Section 1.2, the probability that an LERW and an independent simple random walk do not
intersect up to exiting a large ball, which is referred to as escape probability, is a key tool in the paper. We will define
and consider the escape probability for LERW in Z3 in Section 2.2. Most of estimates for escape probabilities stated
there are results derived in [18], and those results will be repeatedly used throughout the paper.

We will explain some known results about the scaling limit of LERW in 3 dimensions in Section 2.3.

2.1. Basic properties

In this subsection, we first define the loop-erasure of a given path in Definition 2.1. LERW is a (random) simple
path obtained by loop-erasing from a random walk. It satisfies the time reversibility (see Lemma 2.2). LERW is
not a Markov process by definition, but it satisfies the domain Markov property (see Lemma 2.3). Lemma 2.2 and
Lemma 2.3 hold for LERW in Z for all d.

We begin with the definition of loop-erasure of a path.

Definition 2.1. Given a path A = [L(0), A(1),...,A(m)] C 74, define its loop-erasure LE()) as follows. Let

so :=max{t | A(t) = 1(0)}, 2.1)
and fori > 1, let

S; = max{t | A(t) = A(si—1 + 1)}. 2.2)
We write n = min{i | s; = m}. Then define LE(X) by

LE(A) = [A(s0), A(s1)s .., A(sn)]- (2.3)

If & = [A(0), A(1),...] C Z% is an infinite path satisfying that {k > 0 | A(k) = A(n)} is finite for each n, then we
define LE(A) similarly.
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Throughout the paper, we are interested in the loop-erasure of random walks running until some stopping time, the
loop-erased random walk.

For two paths A1 = [A1(0), A1 (1), ..., A1(m1)] and Xy = [A2(0), A2(1), ..., A2(m2)] in Z4 with A(my1) = A2(0),
we write

A+ 22 o= [A(0), A1 (D), ..., A (m1), Aa(D), ..., Aa(mo)]. (2.4)

We will use repeatedly the following notation for LE(A] 4+ A3). Let u = min{¢ | LE(A1)(¢) € A2} and let s = max{z |
A2(t) =LE(A)(u)}. Define

LE"W = LE; (A1, A2) := LEQ.)[0, u], LE® = LE>(A1, A2) := LE(Rals, m2]). (2.5)

Then it is easy to check that LE(A| + A7) = LE() 4+ LE®@,

For a path A = [A(0), A(1), ..., A(m)] C Z¢, define its time reversal A% by A% := [A(m), A(m — 1), ..., 1(0)]. Note
that in general, LE(X) # (LE(A®))R. However, as next lemma shows, the time reversal of LERW has same distribution
to the original LERW. Let A,, be the set of paths of length m started at the origin.

Lemma 2.2 (Lemma 7.2.1 [8]). For each m > 0, there exists a bijection T™ : A,;, — A, such that for each A € A,
LE() = (LE((T2)")). (2.6)
Moreover, it follows that A and T™ ) visit the same edges in the same directions with the same multiplicities.
Note that LERW is not a Markov process. However it satisfies the domain Markov property in the following sense.
Lemma 2.3 (Proposition 7.3.1 [8]). Ler D C Z¢ be a finite subset. Suppose that A; (i = 1,2) are simple paths of
length m; with .1 C D, A1 (m1) = A2(0). Suppose also that L1 + Ly is a simple path from A1(0) terminated at dD. Let

Y be a random walk R started at A>(0) conditioned on R[1, crg] NAy = . Here 05 =inf{t | R(t) ¢ D}. Then we
have

PHO(LE(S[0, 0p]) = A1 + A2 | LE(S[0, 0p])[0, m1] = 41) = P(LE(Y[0,0}]) = 42). @7
where ap (resp. ag) is the first exit time from D for S (resp. Y).

Suppose that S is the simple random walk started at the origin. Since S is transient for d > 3, we can define the
infinite loop-erased random walk LE(S[0, c0)). Let R > 0. We write

y =LE(S[0, 14g]), ¥/ =LE(S[0, 0)). (2.8)
Let

tp =inf{k | y (k) ¢ B(R)}, r};/ =inf{k | y'(k) ¢ B(R)}. (2.9)
We write

AR)={xr| P(y[0,7x] =2) > 0}. (2.10)

for a set of simple paths which can be y [0, t};] with positive probability.

’
Itis clear that ¥ [0, r%] does not coincide with y'[0, t}; ]. However, the next proposition says that their distributions
are comparable.

Proposition 2.4 (Proposition 4.4 [15]). Let d > 3. There exists ¢ > 0 such that for all R > 0 and a simple path
A€ A(R),

’

cP(r[0.7g]=2) = P(y[0. 7k ] =2) = ZP(r[0, %] = 2).

—_
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where y,y’, r%, r%l and A(R) are defined in (2.8), (2.9) and (2.10), respectively.
2.2. Escape probabilities

As we discussed in Section 1.2, the probability that an LERW and an independent simple random walk do not intersect
up to hitting the boundary of a large ball is a key ingredient in the present paper. Such a probability is called an escape
probability. The escape probability was studied in order to estimate the length of LERW for d = 2 in [1,15] and
for d =3 in [18]. In this subsection, we will explain it. In this subsection we recall several results proved in [18].
Throughout this subsection, we will assume d = 3.

Definition 2.5. Let m < n. Suppose that S! and S? are independent simple random walks started at the origin on Z>.
Define escape probabilities Es(n), Es*(n) and Es(m, n) as follows: Let

Es(n) := P1 ® P>(S'[1, 7, ] N LE(S?[0, 72]) = @), (2.11)

i.e., Es(n) is the probability that a simple random walk up to exiting B(n) does not intersect the loop erasure of an
independent simple random walk up to exiting B(n). Let

Es*(n) := Py ® P2(S'[1, 7, | Nng, (LE(S?[0, 73,])) = @), (2.12)

where r);,n()\) = A[0, u] with u = inf{¢ | A(t) € dB(z, n)}. For Es*(n), we first consider the loop erasure of a random
walk up to exiting B(4n), then we only look at the loop erasure from the origin to the first visit to d B(n). Es*(n) is
the probability that this part of the loop erasure does not intersect an independent simple random walk up to exiting
B(n). Finally, let

Es(m,n) = P1 ® Po(S'[1, 7, | N 1§, (LE(S?[0. 7,1 ])) = @), (2.13)
where sz,,m,n()”) = Als, u] with s = sup{t <u | A(t) € B(z,m)} (u was defined as above). For Es(m, n), we first
consider the loop erasure of a random walk up to exiting B(n), then we only look at the loop erasure after the last visit
to B(m). Es(m, n) is the probability that this part of the loop erasure does not intersect an independent simple random
walk up to exiting B(n).

In the next proposition we collect various relations between the escape probabilities on various scales.

Proposition 2.6 (Propositions 6.2.1, 6.2.2, and 6.2.4 [18]). Let d = 3. There exists a constant C < oo such that for
alll <m <n,

Es*(n) < Es(n) < CEs*(n),

Es(n/) <Es(n) < CEs(n’), foralln <n' <4n,
(2.14)

~ Ql= al~

— Es(n) < Es(m)Es(m,n) < CEs(n),

-0

& Bs(.n) <Es,m)Es(m,n) < CEs(l,n).

The next theorem deals with the rate of growth for Es(n) and Es(m, n) in d = 3.

Theorem 2.7 (Theorem 7.2.1 and Lemma 7.2.2 [18]). Let d = 3. There exists o € [%, 1) such that

. logEs(n)
lim ——— =
n— 00 ]()gn

—a. 2.15)
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Furthermore, for all k > 0 there exists ¢, > 0 and n,. € N such that

(n)—ol—/( 1 <n)—a+K
cc| — <Es(m,n) < —| — , (2.16)
m

m Ci

foralln, <m <n.
The next lemma gives bounds of the ratio of escape probabilities, which will be used repeatedly in the paper.
Lemma 2.8 (Lemma 7.2.3 [18]). Let d = 3. For all k > 0, there exists C, < 0o such that forall 1 <m <n,
m*t€ Es(m) < Cen® ™ Es(n). .17

Furthermore, for | < m, by dividing both sides above by Es(l) and using Proposition 2.6, we see that for all 1 <1 <
m<n

m** Es(l,m) < C>Cen® T Es(l, n), (2.18)
where C is a constant as in Proposition 2.6.

Let 7, =inf{r | S(z) € dB(n)} and let M,, =len LE(S[O, 7,,]). The next theorem relates the length of LERW with
the escape probability.

Theorem 2.9 (Theorem 8.1.4 and Proposition 8.1.5 [18]). Ler d = 3. There exists a constant C < 0o such that for
alln > 1,

éans(n) < E(M,) < Cn’>Es(n). (2.19)

In particular, we have

log E(M,
lim 8L _,

(2.20)
n—00 logn

In the rest of this subsection, we will give some extension of Theorem 6.1.5 [18] which is referred to as the
“separation lemma”. Let R >4, n > 1 and Rn < L <4Rn. We are interested in the following event.

FL,R,n = {n(%,n,Rn (LE(Sl[O’ TI{])) n SZ[O’ leen] = @}, (2'21)

where 7> was defined right after (2.13) in Definition 2.5. Let

2R 3R
A};n = {x:(xl,xz,x3)€R3 ‘x1 > Tn} UB(—n>,

4
(2.22)
_ 3 2Rn 3Rn
AR’n = 1x = (x1,x2,x3) € R ‘xl < 3 UB )
Define
SepL,R,n = {n(z),n,Rn (LE(SI [O’ Tl]l])) C AI_?,n’ SZ[O’ tl%n] C A;,n}' (223)

The next lemma shows that when a simple random walk does not intersect an independent LERW, they are “well-
separated” with positive probability, i.e., the simple random walk lies in A;F’n and the LERW lies in Ay , with positive
conditional probability under the conditioning. The lemma will be used to compare escape probabilities on various
scales by attaching paths to the separated paths (see Lemma 2.11, Proposition 3.10 and Lemma 4.3 for the applications
of Lemma 2.10).
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Lemma 2.10. Let d = 3. There exists ¢ > 0 such that for all R >4,n > 1 and Rn < L <4Rn, we have

Py ® Px(Sepp g, | FL,R.#) = C. (2.24)

Proof. Throughout the proof of this lemma, let y := LE(S![0, tLl]) and y' = LE(S![0, 00)). Note that y' is well-
defined since S' is transient for d = 3. For m < k, let A, x be the set of pairs of two paths (1!, A?) satisfying that

e ! is a simple path started at the origin. A is a path started at the origin.
e A'[0,len)A'] C B(k) and A'(Ien\') € dB(k) foreachi =1, 2.
o Ny HNAT=2.

We write 7, = inf{t | y(t) € dB(m)} and define r,%, similarly. For RS N= A, Ru s let
G = {y’[r%,l, : ‘L'),;,;] NS 130 The | = @, )//[‘L'],;,; : r%,/,] N2 =02, [tk 72 | N1 = 2,
Py
(We define G and H by replacing y’ by y above.) Then (6.15) of [18] shows that there exists an absolute constant
¢ > 0 such that for all (kl, kz) €A, Rus we have
P@Py(G, H |y'[0, 7} ] =21, 82[0,72,] =2%) > cP @ P2 (G’ | [0, 7 ] =21, $2[0,73,] =22). (2.25)
T ® T T

Taking sum for (Al , Az) €A, rn,wWe have
° 8

= cP ® P2(Ghmp, 5 ([0, % ]) N 820,73, ] = 2), (2.26)

where

(Again we define G by replacing y’ by y above.)
But by Proposition 2.4, the distribution of ¥'[0, T¥, ] is comparable to that of y [0, t%, ]. Therefore,
T 3

>cP; ® (G, nf) v (v[0,7%,]) N %[0, 7%, | = 2) (2.27)
1, o
Once [0, 74, 1and $2[0, t2, ] are separated as in H, by attaching paths from BB(%) to 0 B(L), we see that
3 s
P1® Pa(Sepy g s FL.ra) 2 ¢PL @ Pa(G1u Hong g (v[0, 7, ) 01 S°[0, 75, ] = ), (2.28)
1, 8

for some ¢ > 0.
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Suppose that y[tk, , T4, 1NdB(n) = @. Then nf) ([0, T2, DUYI[Th, . T8 C 03, g, (V). Therefore if we write
K3 Mg s S Y

o :=max{t < ‘L’%n | y(t) € B(n)}, then
P ® P2(G1, nén,&(y[o, ‘L’%]) N 52[0, ‘L’%] = @)

> P ® Py [ar,an]maB(n) @15 5 gn () N S7[0, 73, ] = 2, ¥ [0, a]ﬁSz[tR,,, T | =2)

)

> Pt ® P2(1§ g0 () N S?[0, 7%, ] = @, ¥[0, 01N Sz[r%_s,,, r%] =09)

- P ® Py [an . Thn] NOB(n) # @)

C
> P1® Pa(15 5 ra () N S7[0, 7R, ] = 2,710,010 [tk T ] = 2) —
for some C < oo. Here we used Proposition 1.5.10 [8] in the last inequality. Let
q = max{k | v[0,0] C B(an)}.
Since y[0, 0] C B(Rn), we have g <log, R + 1. Therefore,
2 2 2 2.2 2 ¢
P ® Py(ng . gn(¥) N 870, 73,] =2.7[0,01NS [z%, r%] =0) - =
C
= P1@ Po(Firn) = P1® Pa(v10,010 %[ty T ] # 0) — & (229)
But by Proposition 1.5.10 [8],
2.2 2
P1@ Py(y[0.010 S, T ] # 2)
log, R+1
< Z Py ® Py(q =k, y[0, G]OSQ[TRH, Tk | # D)
k=1 ¢
log, R+1 log, R+1 k
2 ClogR
< Pi® Pa(q =k, B(2"n) N $?[13,, 1%, | # 9) < c2F <2 =
=< ]; 1 ® P2(q (2°n) [T% T¥]7’é ) < ]; RSTR

Combining this with (2.28) and (2.29), we have

CilogR
R

Py ® Py(Sepy gops FL.Rn) =1 P1 @ Pa(FL R 1) —

El

for some ¢ > 0, C1 < co. However, by Corollary 4.2 [10], it follows that there exist c; > 0 and & € (%, 1) such that
Pi® Py(Fr.ra) = P1® P2(S'[z), 7/ ] N $%[0,73,] = 2) = 2R,

where £ is referred to as the intersection exponent (see [10] for £). Since we know that £ < 1 (see [10]), there exists
C < 00 such that ¢cjc; R~ > 2< IOgR for all R > C. Then for all R > C, we see that Py ® P»(Sep; g, NFr,r.n) >
%‘Pl ® P>(Fr Rr,n), which ﬁmshes the proof for R > C. It is easy to check that the lemma holds for R < C, so we
finish the proof of lemma. (]

Once we show Lemma 2.10, using the same argument as in the proof of Proposition 6.2.1 [18], we get the following
lemma immediately. We shall omit its proof and leave it to the reader.
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Lemma 2.11. Let d = 3. There exists C < oo such that for all for all R > 4,n > 1 and Rn < L <4Rn, we have
épl ® Po(Fp,pn) <Es(n,L) <CP1 ® P,(FL,R 1), (2.30)
where Fy, g, was defined as in (2.21).

2.3. Scaling limit of LERW in three dimensions

In this subsection, we will review some known facts about the scaling limit of LERW in three dimensions. As we
explain in Section 1.1, the scaling limit of LERW for d = 3 exists [6], and some properties of it were studied in [16].
We will explain the details here.

Let D ={x € R?||x| < 1} and D be its closure. Let

LE(SIO, ©,])
—

LEW, = (2.31)
Here S is a simple random walk started at the origin on 73 and 7, = inf{ﬂ S(t) e 0B(n)}.

We write (D) for the metric space of the set of compact subsets in D with the Hausdorff distance dy. Thinking
of LEW,, as random elements of H (D), let P™ be the probability measure on (D) induced by LEW,,. Then [6]

shows that P") is Cauchy with respect to the weak convergence topology, and therefore P converges weakly. Let
v be its limit probability measure. We call v the scaling limit measure of LERW in three dimensions. We write K for
the random compact subset associated with v. We call K the scaling limit of LERW in three dimensions. It is also
shown in [6] that K is invariant under rotations and dilations.

Some properties of IC were studied in [16]. In [16], it is shown that /C is a simple path almost surely (Theorem 1.2
[16]). Furthermore, if we let Y be the union of X and loops from independent Brownian loop soup in D which intersect
KC, more precisely,

Y:=KU{eBS|¢{NK+#o), (2.32)

then Y has the same distribution in (D) as the trace of three dimensional Brownian motion up to exiting from D
(Theorem 1.1 [16]). Here BS is the Brownian loop soup in D which is independent of /C (see [14] for the Brownian
loop soup).

We denote the Hausdorff dimension by dimy(-). Bounds of dimyg (XC) were given in Theorem 1.4 [16] as follows.
Let & be the intersection exponent for three dimensional Brownian motion (see [9] for £). Let 8 =2 — «, where « is
the exponent as in Theorem 2.7. Then Theorem 1.4 [16] shows that

2 — & <dimyg(K) < B, almost surely. (2.33)

In particular, since & € (%, 1) (see [9]) and B € (1, %] (see [11]), we have

5
1 <dimyg(K) < 3 almost surely. (2.34)
The main purpose of the present paper is to show that

dimyg(K) > B, almost surely, (2.35)

which concludes that dimy (K) = 8 almost surely.

3. The number of small boxes hit by /C

From here to the end of the present paper, we will assume d = 3. In this section, we will give bounds of the number
of small boxes hit by . To do it, we will first estimate the probability that C hits two distinct small boxes (see
Theorem 3.1), which is one of the key result in the paper. We will show Theorem 3.1 in Section 3.1. Then using the
second moment method, we will give some bounds of the number of boxes hit by /C in Section 3.2.
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3.1. Probability of K hitting two small boxes

Recall that D = {x € R? | |x| < 1} and D is its closure. For r > 0, we write D, = {x € R? | |x| < r} and let D, be its
closure. For x = (x1, x2,x3) € 73, let

3
By = [ixi.x; +11. 3.1)
i=1

In this subsection, we will establish an upper bound of the probability that /C hits both € B, and € B, with % <

lex], ley] < % and x,y € Z> (see Theorem 3.1). The upper bound will be given in terms of escape probabilities

defined in Section 2.2. In the proof of Theorem 3.1, we will repeatedly use several properties of escape probabilities
explained in Section 2.2 as well as Proposition 4.2, 4.4 and 4.6 in [15].

Let LEW, = W. Here S is a simple random walk started at the origin on 73 and 1, = inf{r | S(¢) € dB(n)}.
Since LEW,; converges weakly to /C (see Section 2.3), we can define {LEW,,};>1 and K on the same probability
space (€2, F, P) such that

lim dy(LEW,;, ) =0, P-almost surely, (3.2)

Jj—>00

where dy is the Hausdorff metric on (D) (see Section 2.3 for H.(D)).
Take € > 0. By (3.2), for P-a.s., w, there exists N (w) < 0o such that

du(LEW,;, K) < €2, forall j > Ne.
Since P(N¢ < 00) = 1, there exists j. such that

P(Ne < jo)>1—¢€' (3.3)
On the event {N, < j.}, if we write n. := 2/<, then

dg(LEW,,, K) < €2. (3.4)

From now on, we fix n = n, = 2J¢ for each € > 0 such that (3.3) holds.
One of the key results in this paper is the following theorem.

Theorem 3.1. Fix € > 0 and take n = n = 2J< such that (3.3) holds. Suppose that x # y € 7> satisfy
EBXCD%\D% and EByCD%\D%. (3.5
Let | :== |x — y|. Then there exists an absolute constant C < 0o such that

P(KNeB, # 2 and KNeBy # @) < CEs(en, len)Es(en, n)%. (3.6)

Remark 3.2. Since the proof of Theorem 3.1 is quite long, we explain some of its ideas here. Take n = n = 2/< such
that (3.3) holds. Since €% « Es(en, len) Es(en, n)%, we may suppose that dy(LEW,,, K) < €2. In that case if K hits

both € B, and € By, then y := LE(S][0, 7,,]) hits both en B} and enB’{,, where B, = H?:l [zi —2,zi +2]. So we need
to estimate

P(yNenB, #@,y N enB, # @) <P(t"* <t <o0) + P(r7Y <7 < 00). 3.7
Here t7°% :=inf{t | y (1) € enB’}. We want to show that

P(IV’X <t < oo) < CP(IV’x < oo)P””‘ (ry’y < oo) (3.8)
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Note that if y were S[O0, 7,,], (3.8) would hold because of the strong Markov property. However, since y = LE(S[O0, t,,])
is not a Markov process, the distribution of y[tV*, 7¥-Y] strongly depends on the shape of y[0, t7*]. We need to
control such dependence and this will be done in Lemma 3.6, Lemma 3.7 and 3.8. Then we will prove (3.8). Once
(3.8) is proved then Theorem 3.1 immediately follows because

P (17" < 00) P (7Y < 00) < CEs(en, len) Es(en, n); (3.9)
and the second probability in RHS of (3.7) can be estimated similarly.

We will split the proof of Theorem 3.1 as follows. Since we want to estimate the probability in LHS of (3.8) in
terms of escape probabilities, we first rewrite the probability in terms of independent random walks by reversing paths
in Lemma 3.3. Such independent random walks consist of three walks S L ..., 83 with S1(0) = $2(0) € d(enBy) and
$3 0) e B(GI’ZB;) (see Figure 1). In order for y = LE(S[0, 7,,]) to hit enB)’C, the loop erasure of the time reverse of

st say (S R does not intersect a composition of two walks $2 and S3. In addition, in order for y to hit enB/,

the loop erasure of a composition of two walks (S')® and S? does not intersect 3. To control the independence,
we will replace the latter event by events that the loop erasure of (S%)® up to some stopping time does not intersect
$3 in Lemma 3.6 (S* corresponds to (S2)® up to that stopping time in Lemma 3.6). The distribution of the loop
erasure of (S2)% up to the stopping time will be studied in Lemma 3.7, which allows us to think that the latter event
is independent from the former one, and to estimate the probability of the latter event in terms of escape probabilities.
Finally in Lemma 3.8 we will estimate the probability of the former event using escape probabilities, and then prove
Theorem 3.1.

Proof. It suffices to show (3.6) for [ > 10°. Indeed, Es(en,len) > ¢ forl < 10° and we already showed that
P(KNeBy # ) < CEs(en,n)e.
(See the proof of Lemma 7.1 [16] for this inequality.) Therefore,

P(KNeB, # 2 and K NeBy # @) < CEs(en. n)e < CEs(en, len) Es(en, n)%,

for [ < 109,
Thus we may assume that 100 <Il< % Note that by (2.16),

100 < CEs(en,len)Es(en, n);
So by (3.3),
P(KNeB, # 3, KNeBy # 3, du(LEW,, K) > €*) < P(CNeB, # &, K NeBy # 3, Ne > je)
< €100 < CEs(en, len)Es(en, n);
Therefore it suffices to show that

P(IC NeB, #3,KNeBy #3,dy(LEW,, K) < 62) < CEs(en,len)Es(en, n); (3.10)

Suppose that K Ne B, # @, KNeBy # &, dy(LEW,, K) < 2. Let B, = [[;_, [xi —2.x; +2] and B}, = [],_, [y; -
2, y; + 2]. Then

LEWnﬂeB)’C;AQ, LEWnﬂeB;;EQ. (3.11)
So we have to estimate

P(LEW, NeB; # @, LEW, NeB,, # &) = P(LE(S[0, 7,]) NenB; # @, LE(S[0, 7,]) N en B, # @).
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r
/
enb;,

!
enBy

Fig. 1. A simple path from O to C stands for y = LE(S[O0, 7,]). Points A and B stand for last visits of y to enBj and enBZV. Then

A = 5'(0) = 52(0) and B = $3(0). We let S! run until it hits O, let S? run until it hits B, and let S run until it hits C. The simple path
from O to A corresponds to the loop erasure of the time reverse of S 1 say (S )R The simple path from O to B corresponds to the loop erasure of
(SHR + S2. Finally, y corresponds to the loop erasure of (SHR + S2 483,

Suppose that LE(S[0, 7,]) N enB), # &, LE(S[0, 7,]) N enB; # @. Then clearly S[0, 7,] N enB, # &, S[0, 7,1 N
enB) # @. So we may define

T* =max{r <7, | S(t) € d(enBy)}, TY =max{r <7, | S(t) € a(enB;)}.
Then
P(LE(S[0, 4]1) Nen B, # @, LE(S[0, 4]) N enB;, # 2)
< P(LE(SIO, 7,]) NenB, # @, LE(S[0, 7,]) NenB), # &, T* < TY)

+ P(LE(SI0, 7,]) NenB; # @, LE(S[0, 7,]) NenB, # @, T* > T7). (3.12)
We will deal with only the first probability in the right hand side of (3.12). The second probability can be estimated
similarly.
Define
ol =max{t <7, | S'(t) =z}, (3.13)
and

o1 :=inf{r |LE(S'[0,0)])(t) € 3(enB})},
(3.14)
o2 ==inf{t |LE(S'[0,0)] + §?[0.0,])(t) € 3(enB})}.
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The estimate of the first probability in the right hand side of (3.12) will be carried out below, but it is quite long.
So we will split it into shorter claims (Lemma 3.3, 3.6, 3.7, and 3.8).

In order to estimate the first probability in the right hand side of (3.12) in terms of the escape probabilities, we need
to decompose the simple random walk path into three parts; S from the origin to the en cube around x, S from the
en cube around x to the cube around y, and S from the cube around y to the boundary of B(n). By using a standard
technique called “last exit decomposition” (see Proposition 2.4.1 [8] for details), Lemma 3.3 below deals with this
decomposition. In the Lemma 3.3, these three parts in the decomposition correspond to ', §2, and S3 respectively.

Lemma 3.3. There exists a C < oo such that

P(LE(SIO, 7,]) NenB, # @, LE(S[0, 7,]) NenB), # &, T* < TY)

<C Z Z P)® P;® PY (0} <1, 02 <12,
z€d(enBY) we&(enBQ

S*[1Log]N(enB;) =2, 8([1,7,]N (enB}) =@
LE(S'[0, 0! ])[0,711n ($*[0,02] U S*[0,7])]) = 2,
LE(S'[0,0,]+ 57[0,0;])10,521N S°[0, T . ] = ). (3.15)

Proof. Suppose that LE(S[0, 7,]) NenB,, # &. Let

eln
P

of =inf{r |LE(S[0, 7,])(t) € d(enB})}, @) =inf{r |LE(S[0,T*])(t) € d(enBy)}. (3.16)
Note that
LE(S[0, T*])[0.@} ] N S[T*, 0] = 2. (3.17)

To see this, we let LE() = LE; (A1, A2) and LE® = LEs(A1, A2) where A1 = LE(S[0, T*]) and A» = S[T*, 7,,] (see
(2.5) for LE®). Then LE(S[0, 7,]) = LED +LE®. Let u = inf{r | A1(f) € A2} and s = sup{A2(r) = A;(u)}. Then
LEW = 1[0, u] and LE® = LE(A,[s, lenA2]). If LE(S[0, T* ][0, 5] N S[T*, 7,] # &, then u < &. By defini-
tion of @, this implies that LE(S[0, T*])[0, u] N enB), = &. Moreover, since S[T*, 7,] N enB;, = &, we see that
LE® Nen B!, = &. This implies that LE(S[O0, 7,]) N en B, = & and we get a contradiction. Therefore (3.17) holds and
&) <u. Thus LE(S[0, 7,])[0, 5] =LE(S[0, T*])[0,7)] and o] =77.

Thus,

P(LE(S[0, t4]) NenB,, # @, LE(S[0, 7,]) N enB; #0,T" <T”)
< P(LE(S[0, T*])[0. T} | N S[T*, ] = &,
LE(S[0, T°])[0.75] N [T, 7] = 2, T* < T¥ <), (3.18)

where o7, = inf{¢ | LE(S[0, T'])(z) € 8(enB;)}.
Next we will decompose S[0, 7,] into three parts, S[0, T*], S[T*, T”] and S[T”, 7,,]. Note that by the Markov
property at time k1 and kj + k2, we have

P(LE(S[0.T*])[0.7,] N S[T*. ] = . LE(S[0. T°])[0.53] N S[T? . 1] = 2. T* < T* < 1)

= Z Z Z Z P(T* =ki,Stk1) =2, T" =ki + ko, Stk + ko) =w, k1 + ko < 7,
kq >0k2>0268(enB‘,’c)we(’)(enB;,)
LE(S[0, T*])[0.3}] N S[T*, t] = @, LE(S[0, T*])[0,55] N S[TY, 7] = @)

=Y > > > PeP(S'kn=zk <1, SPk)=wky <1,

k1>0k2>0z€d(enB) wed(enBy)
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S’[1.17]N(enB}) =2. S’ [ka+ 1.7, N (enB)) = @
LE(S'[0, k11)[0,511N S?[0, 7] = @, LE(S'[0, k1] + S%[0, k21)[0, 521 N $*[k2, 77| = @)
11

= Y Y ——PeP;eP (0! <1,.00 <1,
z€d(enB}) wed(enB)) Pz Pw

S1o]n(enBy) = 2,815 0 (@nB) U (enBy)) = 2

LE(S'[0, 0. ])[0, 711N (87[0, o] U $7[0. 7 ]) = &,

LE(S'[0, 0]+ $%[0,02])[0, 721N $*[0, 7] = ©)

(where p, = P*(z ¢ S[1,741)) (3.19)

which finishes the proof of Lemma 3.3. ]

Remark 3.4. There are six events in the probability in the right hand side of (3.15). We want to say they are “inde-
pendent up to constant”. Namely, we will show that the probability in RHS of (3.15) is comparable to the product of
six probabilities coming from each of six events. Then we need to estimate each of those probabilities. The first four
events are easy to estimate. The fifth event corresponds to the probability that the loop erasure of a random walk from
the en cube around x to the origin does not intersect a random walk from the cube around x to the boundary of B(n).
This probability is comparable to Es(en, n). Similarly we will see that the sixth event corresponds to Es(en, €ln).

With the strategy in Remark 3.4 in mind, we introduce some notation before going to the next lemma.
We write

Fl= {azl <1l o2 <12 Sz[l, auz)] N(enB,) =2, S3[1 r3] N (enB;) =0
LE(S'[0,0}])[0,711n (%[0, 02] U S*[0. 7)) = @,

>'n

LE(S'[0,0}] + §%[0,02])[0,521 N [0, 7] = 2} (3.20)

By Lemma 3.3, we have to estimate Pl0 ®P;® P3w(F1). To do so, define A7 = B(z,2"en) \ B(z, 2'Len) for
r>1and AY = B(z, en). Let u'") =lenLE(S'[0, 0! ]) and

gV = max|r > 0| LE(S'[0,0]])[71.u V] N AL # &}. 321

(g1 is well-defined because LE(S'[0, o1 )[71, uV] N A? # @) We will first deal with the case of ¢V <log,! — 3
so that 29" en <27 3len. So suppose that g1 =r < log, ! — 3. Let

2 . 5 len
T2, = inf t‘S (1 edB(z. 5 )i (3.22)
<) 2

Then by the strong Markov property for S at T% len s

&7
Pl P;® Py (F'.q" =r)

Y Here (g —nsr,) =)
Z€dB(z, 'S
= Y PePeP ®P(c!<t).oh <1,

€dB(z, e

(S2[l, Tzz,l%”] U S4[O, a;t]) N (enBjc) =0, 53[1, r,?] N (enB;,) =g
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LE(S'[0, o/ ])[0, 11N (S*[0, Tz,m]us“[o op]US’[0,7)]) =2
LE(S'[0, 0. ]+ 5?[0, TZ%”] + 540,05 ])10,521Nn 85[0, 7} | = 2.4V =1, Sz(Tjan) =7/).
We define an event F2 by
F={o! <7 S[1.T2,,]N N(enB) =2,

LE(S[[O 01])[()’ o1ln 52[0, TZ’Z”] @, q(l) = S2(

1 0y 1) =7}

Define a sequence of stopping times 7; by Ty = 0 and

St e 8B<w, d—”)}
4

I
Ty = inf{t > Ty ‘ st e BB<w, 6—") }

Thiy1= inf{t > Ty

800

Let

!
wy=u},; = inf{t ‘ LE(S*[0, Ti111)(1) € 9B <w7 —16630> }

o4 =0}, :=max{t <uy | LE(S*[0, Tri41])(1) € dB(w, 8en)}.
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(3.23)

(3.24)

(3.25)

(3.26)

Remark 3.5. Recall that z and w are points in the en neighborhood of x and y. By reversing paths of S' and 2
in the probability in RHS of (3.23), S! is a random walk from z to the origin, S? is a random walk from z to 7/, §*
is a random walk from w to z/, and S> is a random walk from w to 3 B(n). We want to deal with eight events in
the probability of (3.23) as if they were independent. Some technical issues arise when we deal with the fifth, sixth,
and seventh events. We will first deal with the sixth event in the next lemma below, by using entrance and exit times

defined as in (3.25).

We have to estimate the probability in RHS of (3.23). With the strategy in Remark 3.5 in mind, we first deal with
the sixth event of the probability in (3.23). The sixth event is written in terms of the loop-erasure of three walks S',
S% and §*. We want to replace it by the loop-erasure of S* only. In the next lemma, we will do the replacement by

using entrance and exit times defined in (3.25).

Lemma 3.6. Suppose that r <log, — 3. Then there exists C < oo such that

PP@ P @ Py (F.q"V=r8(T"4)=2)
> 2
SCE?®E§{1F2

C

Cc 1 .
* (En eln Z P’ ® P{ (Tait1 < 7, LE(S*[0, Toi11)[07, uj] N 570, TS’GT] =)+

x  max  PYY(LE(S'[0,0)])[0, 711N S*[0,7)] = )

wi€d B(w, €)

(See (3.25) and (3.26) for T;, EZ, and uﬁt.)

(eln)?

(3.27)
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Proof. Condition on S'[0, 7] and S2[0, T2 ]on F2, let

len
y =LE(s'[0.0)]+ 5°[0.77,,,]).

—LE, (SI[O, O_ZI]’ S2[O’ TZZRJ])’ (3.28)
D.

so that y = y; + y». Since LE(S'[0, o11)[0, 711N $?[0, TZIM]_@on F?, we see that leny; > o, LE(S'[0, o/ ])[0,

o1]Cy, n0) e LE(S (0,0 D1, uD] and yr(leny,) = 2.
Conditioning S'[0, T, 11 and S2[0, T2 ] on F?, we will deal with $* and S3. Suppose that LE(S'[0, o, D0, 71N

540,041 = 2. Let

y2=LEy(5'[0,0.]. $?[0. T,

Len
7

167!

A =LE(s'[0, 0. ] + 5?[0, Tzk,,]+S4[0 ap).
2 =LE (, $*[0,52]), (3.29)

A2 =LEx(y, $*[0,0,]).

so that A = A + A3. Since LE(Sl[O, azl])[O, o1lN S4[0, 63)] =g, weseethatleni; >0, A2(0) € y1[o1,leny]Uy,
and LE(S'[0, 6! 1)[0, 511 C A1.
Letuy =leni; andlet 7/ = max{t < o | $*(t) = A1 (u2)}. We see that SHT') =11 (u2) = M (0) € y1[71, leny U
¥. Suppose that ¢V = r <log, 1 — 3. Then yle1, lenyi] C LE(S'[0, 0 D71, uV] C B(z,2"en) C B(z, ). Thus
SH(T') € B(z, *).
Note that up = inf{r | y (1) € S*[0, 04]} and 7' = max{t < a;‘) | $*(1) = y(u2)}. Conditioning s'o, r,}] and
S210, T2 ] on F2, we are interested in

Ien

pri=P{ @ PV (T <o <), SY(T") e yilG1, len 11U ya, $3[1. 73] N (enB)) = @,
LE(S'[0, 0 ])10.7110 $°( T o T 7] = 2, LE(S*[T',0,])10,5410 $°[0, T, ] = @)
L
(where 574 := inf{1 | LE(S*[T", 05y ]) (1) € d(enB})})

<P @ PY(T <ol <1}, SY(T) e yila1, leny ] U,

s’ T ,e,l] (enB}) = @, LE(S*[T, 0, ])[0.541 N S0, Tli’,%] =)

x max  Py'(LE(S'[0,0!])I0, 711N S*[0,7}] = 2). (3.30)

wi€dB(w, <)

We will consider the time reverse of $*[0, o*fb]. Note that for each SRW path n = [5(0), ..., n(m)] with n(0) = 7’
and n(m) = w, we have PZ’(S“[O, otl=n) = B 2 P (5410, 0] = n®). Suppose that $4(0) = w and o7, < 7,/ (this
is equivalent to 7: < 14) Define u/, := inf{z | y(t) € 540,02 oy} and T” := inf{r | S*r) = y(u))}. Let o 04 = max{z |
LE(S%[0, T”])(t) € d(en By)} and uy :=len LE(S*[0, T"']). Then by the time reversibility of LERW (see Lemma 2.2),
the distribution of LE(S*[T”, a,jt])[O, G 4] under Pj/ is same to that of (LE(S*[0, "oy, us])® under P’ Therefore,

PY @ PY(T' <ol <}, SY(T') e yila1, leny 1 Uy,

S3[1, TS},I%] N (enB}) =@, LE(S*[T', 0, ])[0.541 N1 S0, Tj,,%] =)
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Pw

Pz

S[1,T) 1] N (enBy) = 2, LE(S*[0, T"]) [774, ua] 0 S°[0, Tj’an] =2)

s

—=pe Py (T”<a,<r S4( "Yeyilor, leny Uy,

c —
" waed Baw,6en) Py ® P (T" <o) <7, S(T") e pilo1, len 1 Uy,
LE(S*[0,7"])[54, ua] N S°[0, T ] = 2), (3.31)
>4

where &7} := max{z | LE(S*[0, T"'])(z) € dB(w, 8en)} and we used Py (S°[1, T, ¢.,1N (énBy) = @) < & in the last
inequality (see Proposition 1.5.10 [8] for this). By the Harnack principle (see Theorem 1.7.6 [8)),

RHS of (3.31) < %Pf ® Py (T" <o) <7, SYT") e yi[o1,lenyi 1 Uy,
LE(s*[0, 7"])[e4, ua] N S*[0, T2 ., ] = 2). (3.32)
!

Let ¢/ := inf{r > T4

Therefore,

| S4(t) € 9B(w, 8en)}. Then Pl (' < o < 14) < 12— (see Proposition 1.5.10 [8]).

€ln_ n

P @ PY(T" <o) <1y, SHT") e nila1, leny1] Uys, LE(S*[0, T"]) [775, ua] N S°[0, T, ] = ©)

2
<P/QPy(T" < o;/ <th > aﬁ, S4(T”) eyilor,leny]U y2,
C
4 _ 3 3
LE(S*[0, T"])[o}. us] N S°[O0, ngl%] =0)+ B (3.33)

Suppose that ¢V =r < log, I —3,T" < O’Z4, < t,‘,‘ and S*(T") € y1[@1,lenyi]1U y». Then S*(T”) € B(z, 617”) C
B(w, )¢ Let io be the unique index i such that T»; | < T” < min{T»; 12, a?,}. Suppose that 7/ > of,. Since Trjy+1 <
T" < Taiy2 and S*[Taiy11, T"10 B(w, E%’6) = &, we have

&y = max{t | LE(S*[0, Tiy111)(t) € dB(w, 8en)}.

(Recall that EX = max({t | LE(S*[0, T"1)(¢t) € dB(w, 8¢n)}.) Furthermore, if we let

. eln
uy =inf{s ’ LE(S4[0, T2i0+1])(t) € 8B<U), 16()0) }’

then & 04 < u4, EX =max{t < uZ | LE(S*[0, Tig+1D (1) € 0B(w, 8€n)} and

u4 —infls ‘ LE(S4[O, T//])(l) € 8B<w, %g())}

Therefore we see that LE(S*[0, T"1)[5}, u}] = LE(S*[0, Toiy+11)[5}, u}] and
The first term of RHS of (3.33)
< ZP4 ® P3’ (Tz, 1< 04 < r,f, T >0 ,,LE(S [0, T21+1])[a4, u4] N Sg[O T3 16,,] = @)
i=0

(Recall that 5 and uﬁt were defined as in (3.26))

< Z =P @ Py (Taig < 7, LE(S*[0, Toi111)[7%, uy ] N S°[0, ij,%,,] =92), (3.34)
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where we used the strong Markov property and the fact that max eln Pj", (r;, <o) < d% in the last inequality

w' €dB(w,
(see Proposition 1.5.10 [8]), and we finish the proof of Lemma 3.6. U

Recall the strategy in Remark 3.5. By Lemma 3.6, we replaced the sixth event in (3.23) by the event the loop-
erasure of S* up to some stopping time does not intersect S°>. We want to show that the probability of that event is
bounded above by an escape probability, i.e., we want to prove that

o0
> P ® P (Toiq1 <1, LE(S*[0. Tai 1) [75. uy] 0 S3[0, Tjsl%] = @) < CEs(en, eln). (3.35)
i=0
In order to show (3.35), we need to study the distribution of LE(S4 [0, T5;+1]). The next lemma compares the dis-
tribution of LE(S4 [0, T2i+1]) with that of LE(S4 [0, T1]). Note that the probability of 75,41 < oo is bounded above

by ci for some ¢ < 1. The next lemma shows that conditioned on 7541 < oo, the distribution of LE(S*[0, T»;+1]) is
comparable to that of LE(S*[0, T ]).

Lemma 3.7. There exists a ¢ € (%, 1) such that for all i > 0 and for every simple path n = [n(0), ..., n(m)] with

n(0) =w and n C B(w, 1661(’)10)’ we have

P (Tis1 < 7, LE(S*[0, Toi411)[0, m] = 1) < ¢ P (LE(S*[0, T11)[0, m] = 1), (3.36)
where T; was defined as in (3.25).

Proof. We will show this sublemma by induction. Take a simple path n = [1(0), ..., n(m)] with n(0) = w and

n C B(w, 1561610). The inequality (3.36) trivially holds when i = 0. So suppose that (3.36) holds for c € (%, 1)andi—1.

Note that

PP (Tais1 < T}, LE(S*[0, Ti411)[0, m] = 1)
= P}’ (Toi < 7y, LE(S*0, T2i111)[0, m] = n)
= PP (T < 7, LE(S*[0, Toi+11)[0, m] = n, S*[T2i, Toit11N 1 = @)

+ Py (Toi < 1, LE(S*[0, Toi411)[0, m] = 0, $[Toi, Tai1 1N # D). (3.37)

n’

Suppose that To; < 7, LE(S*[0, T5;+11)[0,m] = n and S*[Ta, Toit1]1 N n = @. Let LEY = LE; (A1, A2)
and LE® = LEy(A{, A2) where Ay = LE(S*[0, Toi_1]) and Ay = S*[Thi_1, Thit1] (see (2.5) for LE®). Then
LE(S*[0, T5i41]) = LE® + LE® . Let u = lenLE") = inf{r | A1(t) € A2}. Then u > m. Indeed, if u < m, then
LEM (u) = LE(S*[0, Toi4+11)(u) = n(u). This implies n(u) € A. Since S*[Toi_1, Toi]1 N B(w, {42) = @, we see
that n(u) € S4[T2i, Tri+1], and we get a contradiction. Thus u# > m. Therefore n = LE(S4[0, Ti+1D[0, m] =
LEM[0, m] = LE(S*[0, T»_1 1[0, m]. So

PP (Toi < 7, LE(S*0, Toi11)[0, m] = 0, $*[Toi, Toip11N 1y = ©)

< P (i1 < T LE(S*0, T 1)[0,m] =) x ~ max  PY (e <<, $*[t', 2] nn=2), (3.38)

w’eBB(w,%)

where 1! = inf{t | $*(t) € dB(w, §&&)} and 1*> = inf{r > 1! | $*(t) € dB(w, <))}.

Next we will deal with the second term in the RHS of (3.37). Suppose that T5; < t,‘,‘ , S4[T2,-, Ti+11Nn # < and
LE(S*[0, T5i+1])[0, m] = . On this event, we may define u’ := inf{r | n(t) € S*[T2;, Tri+11}. Then u’ < m. Note that

P} (Tyi <1y, LE(S*[0, T2i411)[0, m) =, S*[Tai, Toiy1] N # )

m
=Y PY(Ty <t1,.u' = j.LE(S*[0, T3 411)[0. m] = n). (3.39)
j=0
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Suppose that T5; < t4, u’ = j and LE(S*[0, T2 +11)[0, m] = 7. Since S*[T2;_1, T»;+1] does not intersect 5[0, j —
1], in order for LE(S4[O, T5;+1]D[0, m] to be n, n[0, j] must be contained in the loop-erasure of s4 up to Tr;_1. The
rest part of n, say n[j + 1, m], is constructed by the loop-erasure of ST, T»i+1]- Therefore, we have

o LE(S*[0, T5-1D[0. j1= 1[0, /1.

o Ifwelett* e =inf{r > Tri_1 | $*(t) = n(j)}, then T»; < T*
o LE(S*[7} ). Toit1DI0,m — j1=nlj. m],

o STy D1 1NNI0, j — 1= 2

So the probability in RHS of (3.39) is bounded above by the probability of four events above as follows.

vy < Taiv1 and S4[Toi, 75 ) 10900, j — 1] = 2

PP (Ty <t u' = j, LE(S*[0, Toi+11)[0, m] = 1)
<Py (Tyi < r,f,LE(S“[O, Toi—11)[0, j1=nl0, j1, Toi < 2y < Tt S4[T2i, T;(j)] Anl0.j— 1] =2,
LE(S*[13), Tt )10, m — j1=nlj,m], $*[3 . Toia ] A l0, j = 11 = 2)
= Y PP(Tu_i <1, SY(Toi—1) = w',LE(S*[0, Toi—11)[0. j1= [0, j])
w'edB(w, 4r)
x P (" <l < SUr o [0 - 1= 2,
LE(S*[z, ;) )10, m — j1=nlj, m], $*[x;) ;) 7] Onl0, j — 11 = @), (3.40)

where r:)l(j) =inf{r | $*(r) = n(j)}. Since n C B(w, 1600) in order for $* to hit 7, $* must intersect d B(w, §(I)’(’J)

before r;‘(j). So by using the strong Markov property at ! first, then using it again at ‘L’n(j), we have

PP <ol <A S Tnml0. - 11=2
LE(S* [y D10, m — j1=nlj.m1. $*[z) ;). )] N nl0, j — 1] = 2)

— Z w/(S4(tl)=w”)
w”€dB(w, &)

x PPty <12 810, 7y ] nnl0. j — 11 =2
LE(S* (15, 2])10.m — j1=nLj,m], $*[z; ;). ] N 0l0, j — 11 =2)

— Z PY (s4(t') =w") x p4w”(,n(j) <12, 5%, rn(])]ﬂn[o,j —11=09)

w”€d B(w, §45)

x PJY (LE(S*[0. 2])[0.m — j1=nlj.m], $*[0.2] N 90, j — 1] = 2). (341)

By the equation in line 10, page 199 of [11], we can write the distribution of LERW in terms of Green’s functions and
non-intersecting probabilities of 7 as follows.

P9 (LE(S*[0, £2])10, m — j1=nlj, m], $*[0, 2] Nnl0, j — 11= )

m—1

H (1(@). n(q). B\ nl0.q — 1) P}V (5*(1) = (g + 1)) G (n(m). n(m). B\ n0.m — 1)

x Pj(”” (S*[1, 2] N nl0, m] = @), (3.42)

where B = B(w, efT”) and G (-, -, -) is Green’s function defined in Section 1.4.
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Take w, € dB(w, <) and w(] € I B(w, §&) such that

Wo od (1Y iy Trad( 1
PO (S*( )_wO)_w/eag(w,%ﬁeamw,% Py (SH(r') = w").

Then by using Proposition 1.5.10 [8], we see that
6400

w6 Ao\ _
Py (S7() =wo) < 7 (3.43)
By (3.40)—(3.42), and by definition of w;, and wy,
PP (Ty <7}, u' = j,LE(S*0, Toi411)[0, m] = n)
< Y PY(Tuo1 <t S* (M) =w', LE(S*0, Ty 11)[0, j1 =1nl0, j])
w'ed B(w, 4)
x Y PY(SH() = w) x PP (e < 12 8Y[0. T T nl0, j — 1] = 2)
w”€d B(w, §4%)
m—1
< [T G(n@). n@). B\nl0.q — 11) PV (5*(1) = n(g + 1) G(4Gm). n(m). B\ [0, m — 1)
q=J
x P} ($*[1,12] N[0, m] = 2)
< P (Tai—1 < 1, LE(S*[0, Toi1])[0. j1 = [0, j1)
x 3 RIS () = wp) x P (e, <12 840,74, 10, j — 11=2)
w”€d B(w, §4%)
m—1
x [T G (@), n(@). B\nl0.q — 11) P}V (5*(1) = n(g + D) G (n(m). n(m). B\ n[0.m — 1])
q=J
x P ($*[1,12] N nl0, m] = o). (3.44)

In order to estimate the RHS of (3.44), now we use the assumption of the induction for [0, j]. By using it as well as
the equation in line 10, page 199 of [11] for the distribution of LE(S4[O, T1DI[0, m], we see that

<Py (LE(S*[0, T11)[0, j1= 1[0, j1)

x Y RS =) x P (g <2 S0t ] N0, - 11 = 2)
eln

w€d B(w, E)
m—1
x [T 6@, n@). B\ni0.q — 1) P} (8*(1) = n(g + )G (nm). nm). B\ nf0.m — 11)
q=J
y Pf(”’)(S“[l, t2] Nnl0, m] = @)
= ¢/~ P (LE(S*[0, T11)[0, m] = n[0, m1)

xRS =) x P (g <2 S0t ] N0, — 11 = 2)
w”’€d B(w, )

x G(n(j), n(j), B\nl0, j — 11) P} (s*[1,2] N[0, j]1 = @). (3.45)
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Let u* :=inf{z | n(r) € $*[0, #%]}. In order for u* to be j, first S* hits 5(j) before > and intersecting [0, j — 1],
then $* does not hit n[0, j — 1] from rf;( 7 to the last visit of 7(j), and finally it exits B(w, 6fT”) without intersecting
n[0, j — 1]. Thus we have

Py (u* =)

o0
=D P (5 < 1" =1y + 2k, U0, 7] Nnl0, j — 11 = )
k=0

(Where = max{t <2180 = n(j)})
o
=> PP (k) <1280, 7 ] Nl0. j — 11 =)
k=0

x PV (8*2k) = n(j). $410,2k1 N[0, j — 11= @, $*[0,2k1  B) P} ($*[1.22] [0, j1 = @)
=P () ;) <12 80 7k 1 Nnl0. j — 11=2) G (n()). n(j). B\ 0. j — 11)
x PV ($*[1, 2] nnlo, j1=2).
Combining this with (3.45), we have
PP (Toi <7}, u' = j,LE(S*0, T2i411)[0, m] = n)

<c 7' PP (LE(S*0, T11)[0, m] =n[0.m]) Y Pz:% (*(e") = wg) P (u* = J). (3.46)

1
w"€d B(w, gog)

Clearly events {u' = j} are disjoint, and the same thing holds for events {u* = j}. So taking sum for j in (3.46), we
have

P (T < Al LE(S4[O, Ti411)[0, m] =1, S*[Tai, Toip11N 1 # 2)
< 1Py (LE(S*[0, T11)[0, m] = [0, m])

xS RISy = wy) P (58]0, 2] N onl0, m1 £ ). (3.47)

7" €ln
w"€d B(w, g55)

The estimate of the case that S*[7;, Thi+11Nn # & was given as in (3.47). For the case that ST, Dit11Nn =g,
by (3.38) and the assumption of the induction,

Py (Tyi < 1, LE(S*[0, Toi111)[0, m] =1, $*[Toi, Toit1 1Ny = ©)
<P (LE(S*[0, T11)[0, m] = n[0, m])

xS RISy = wy) P (58]0, 2] N nl0, m] = ). (3.48)

14 €ln
w"€dB(w, gy5)

But (3.43) shows that P: "0 (S4 thH= w(/)/ ) is small enough compared with the number of lattice points in d B(w, §IT'(')).
Since we assume ¢ € (%, 1) in the assumption of the induction, this leads to finish the proof of the induction as follows.
P} (Tait1 < 7, LE(S*[0, T2 411)[0, m] = n)

n’

< 1Py (LE(S*[0, T11)[0, m] = [0, m])
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x Y RISy = wi) [P ([0, 2] N nl0, m1 £ @) + P ($*[0. 2] N nf0, m] = 2) )

w’€dB(w, §)

6400 50(eln)?
(eln)? 640,000

< ¢ PP (LE(S*[0, T11)[0, m] = n[0, m1), (3.49)

< =1 P (LE(S'10. 731)10. m] = 5[0, m])

which finishes the proof of Lemma 3.7. O

Recall the strategy in Remark 3.5. Since LE(S4[O, Tiv1)loy, uﬁl] C B(w, 1561(’)10), by Lemma 3.7, Lemma 2.11 and
(2.14)

o0
Y P ® P (T < 7, LE(S*0, Toig1) 65, 4] 0 S°[0, 70, ] = 2)

7

i=0
o
<Y PP e PyY(LE(SY0, 1)) [5, 1]n S°[0, T ]=9)
i=0
.. 4 €ln
where 17 i=inf{ | LE(s*[0, T11)(1) € 0w, =

and 1 1= max{t <t LE(S4[O, T1])(t) €dB(w, 8en)})
< CEs(en, €ln). (3.50)
Therefore, by (3.33),

P} @ Py (T" <o} <1, SHT") e nilor, leny11Uys, LE(S*[0, T"]) [05, us] 0 $°[0, T ., ] = @)

P

C
< — Es(en, €ln), 3.51)
€ln

where we used /' < Es(en, €ln) in the last inequality (see (2.16)).
Thus by (3.30),

5= S L Esteneiny  max Py (LE(S'[0, 0 ])[0. 711N $%[0, )] = ). (3.52)
€n eln wy €0 B(w, 1)

Combining (3.52) with (3.23), we have
PP P;® Py (F'.q"V =r, SZ(T;,%,,) =7) < EV® E(p11p2)
(Recall that F2 was defined in (3.24))

< 5% Es(en, eln)E}) ® EZ{le max P! (LE(S'[0,0.])[0,511n $*[0, 7, ] = @)}. (3.53)

€n €in wleaB(w,EfT”)

We need to estimate the expectation in RHS of (3.53). Using the time reversibility of LERW (see Lemma 2.2), we
can replace the loop erasure of S! from the origin to z by the loop erasure of S' from z to the origin. Therefore we
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have

o1 max  PYLE(S'[0,0/])10.5110 80, 7] = 2) |

wi€dB(w, <)

=Ef®E§{1I;2 max Py (LE(S'[0, 79])[@1, 2] N $°[0, r,ﬂ:@)}, (3.54)
wi€dB(w, <)
where
it :=max{r | LE(S'[0, 75 ])(t) € 3(enB})}, i :=lenLE(S'[0, 74 ]). (3.55)
and

F?.= {tol < rnl, Sz[l, TZ,{T,,] N (enBjc) =0, SZ(TZ%an) =7,
LE(S'[0, 7 ])lit1, ii] N %[0, TZI%] =2, LE(S'[0, 7 ])[0, it 1N AL # @,
LE(S'[0, 70 ])[0, it1] C B(z.2"€n)}. (3.56)

We have to estimate the expectation in RHS of (3.54). As we discussed, we want to deal with all events in F2asif
they were independent. That will be done in the next lemma. In order to control the independence of LERW, we will
use Proposition 4.6 [15], which states that n(l), 2 (S10, 7, ]) and n% ar.n (810, 7,]) are “independent up to constant”.

Lemma 3.8. Suppose that r <log, [ — 3. Then there exist universal constants C < oo and & > 0 such that

Ei@Ei {1, max  PY(LE(S'[0, i)l il N 5°[0, 7] = 2))

wi€dB(w, 4)

=<

Ei —ér 2(Q2(T2 .
. en2 Es(en,n)P2(S (Tz,l%")_z)' (3.57)

Proof. Throughout the proof, let
k(L) == Als, ul,

where u = inf{r | A(t) € 0B(z, R)} and s = sup{t < u | A(t) € d(enB,)}. Suppose that LE(S'[0, 74 [0, ii;] N AL # &
and LE(S'[0, 101])[0, 1] C B(z,2"en). Since r <log, ! — 3, we see that

7 (E(' [0, 5]) C LE(S [0, ) iaial, 2, (LB(S'o. ) € LE(S'[o, 4 i, )
Therefore, if we write
F3 .= {1:01 <t} Sz[l, T:,ﬂ,] N(enB,) =2, Sz(TZZIﬁ) =7,
th) 02
e (LE(S'[0.7])) N %[0 774, ] = 2,

(12 2ren (LE(S'[0. 7)) \ 1] 51, (LE(S'[0. 7]))) N (en By ) # 2}, (3.58)
(recall that 771 was defined as in Definition 2.5) then we can replace LE(S 110, t(} DIy, u] as follows.

Ei@Ei{lpng  max  PY(LE(S'[0. %))l il N S°[0, 7] = 2) ]

wy€d B(w, <)

|=

< Ef@E {150 max P (LE(S'[0.7]) ns°0. 73] = 2) . (3.59)

wi€d B(w, <L) I

o
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By Proposition 4.2, 4.4 [15] and Proposition 1.5.10 [8], the distribution of the loop erasure of a random walk con-
ditioned to hit the origin before exiting B(n) is equal to (up to multiplicative constants) the distribution of the loop
erasure of S up to exiting B(z, 7)- So we have

Ei@Ei{lpng  max PV (nh (LE(S'[0.3])) N $°[0, %] = 2) |

wi€d B(w, )

=<

c
z 7)1, wi
“Ef@E {15 max P

n w1 €0B(w, <)

(LE(S'[0. 7}, 1) ns°[0. 73] = 2) . (3.60)

where

o (1,72, )0 (enB) = 2. 8272, ) = £, (LES'[0.72, 1) 1 520,72, ] = 2
(12 (LE(S'[O0. Ty D) \ 0!y, (LE(S'[0.72, ) 1 B # 2. Gon

We will estimate the expectation in the RHS of (3.60). To do it, let y := LE(S 1o, Tz1 »]) and r% =inf{t | y(t) €
'
dB(z, R)}. Suppose that F* and y[rﬁ, rzf] N B(z,2" Ten) # & occur. Then S! returns to B(z, 8en) after hitting
16 4

dB(z,2" 'en). After S! returns to B(z, 8en) and goes to dB(z, 1”—6), S must return to B(z, 2" en). By Proposi-

tion 1.5.10 [8], that probability is bounded above by C z =t = Ce. Thus by the strong Markov property, Proposi-
tion 1.5.10 [8], and (2.16),

%Plz ® PZZ(I:““,y[rz,rﬂy]ﬂB(z,Z’Hen) #0) < %GIHPZ(SQ( /en) =7) xe
2

=

9 2 " Es(en, n)PZ(SZ(T 15,1) =7), (3.62)
n 2

for some ¢ > 0. So it suffices to consider the case that y[ré, r;] N B(z,2" ™en) = @. With this in mind, define
16 4
ko := min{k | j/[‘l,'); , r,, Y1N B(z,27%n) = @}. Then we may assume that 2~ kop > 24 en. Now we consider two cases.
16
Case-1: 2= kop > 4len.

In this case, we have ni%ln% (y)= 17 n (n?
(see Theorem 1.7.6 [8]),

c
—Ej® E{liincuer  max PV (nh )0 8°0,73] = 2)]

wi € B(w, 4)

n (y)) (see Definition 2.5 for ni ). Thus by the Harnack principle

z,4€ln,

C
= ;Ef ® Eé{lﬁ“ﬁCase-l max ein P3wI (nzl,% (n§,4eln,% (7/)) n S3 [O’ tr?] = @)}
wleaB(w,T)
C
S;Ef®E§{1F4ﬁCase1PZ(77 ,16( z4eln—(y))ﬂs3[ ]:@)}_ (3.63)

But by Proposition 4.6 [15], the distribution of y from z to dB(z, €/n) and the distribution of y after last visit to
B(z, 4¢€ln) are independent (up to multiplicative constants). Therefore the RHS of (3.63) is bounded above by

C ~
C p @ Py () x Pi @ P (n] (7 400y )1 S°[0. 53] = 2). G364

By Lemma 2.11, Proposition 2.6, and the strong Markov property, we see that (3.64) is bounded above by

c1

—cr z(c2 o
——2""Es(en,n) P; ($5(7; ,Zn)_z). (3.65)

So we finish Case-1.
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Case-2: 2" T4en <2 %0 < 4len.
Suppose that kg = k with 2"t*en < 27%n < 4len. Note that n2 2k (y) = n 2 (”zz . ,,(y)) and

(niz,kn’%(y) \ 77 n (nz 2k, (y) N B(z,2~ (k= D) # &. So by similar arguments using Pr0p0s1t10n 4 6 [15] a
above, we see that

C
CE @ Ly max PR 000 $'[0.5)] =2)
n wi€d B(w, <) 16

C

S;PIZ®PZ(( 7,2~ knﬂ(y)\n %(nzz kn n()/)))ﬁB(z 2" (k—=1) )#@ Fk)
C _

< —PE@ PE((n 5t g D\ (020, 4 ) N B (2274 0n) £ 2) x P] @ P3(F)

< g13s(2*’<n,n)2*0’<10f ® P;(F), (3.66)
n

for some ¢ > 0. Here 1:",? is defined by
E} :={52[1,TZ,€T,,]O(enB’) @, 8%(T ,62,1)—z M- gsm, (V) N 7[00, T2,m]=@,

(1 yren I\ 1L 51, (1) 0 (enBY) # 31}
But by Lemma 2.11, Proposition 2.6, and the strong Markov property, RHS of (3.66) is bounded above by
c1

nen

— 27k~ Eg(en, n)PZ(Sz( ,m) =7), (3.67)
2

for some ¢ > 0. Taking sum for k, we have

C 2 31 3
;E% ® E§{1F4ﬂCase—2 max P3wl (7’1"7) ()/) ns [O’ Tn] = Q)}

wi€d B(w, <L)
C
<= —2 “Es(en,n)P5(8*(T2 1) = 7). (3.68)
n 2
So we finish Case-2, and Lemma 3.8 is proved. |

Now we return to the proof of Theorem 3.1. Using Lemma 3.3, 3.6, 3.7, and 3.8, by (3.53),
PleP;®PY(F',qV =r, SZ(TQ,Q,) =7)

<EV® Ei(p11p2)

_Cc 111
— ————2"""Es(en, n) Es(en, eln) P} (S*(T*

o
en elnnen ) =z ) (3.69)

2l
Taking sum for 7’ € dB(z, 617") and 0 <r <log, ! — 3, by (3.23), we see that

cC 111
Pl0 ®P;® P3w(Fl, q(l) <log,l — 3) < ————Es(en,n)Es(en, €ln). (3.70)
enelnnen

(Recall that F! was defined in (3.20).) For the case that ¢! > log, ! — 3, by the same argument as above, one can
prove that

c 111
P)® P;® PY(F',qV >log,1 —3) < aa;;Es(en n)Es(en, eln). (3.71)
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(We shall omit the proof of (3.71) and leave it to the reader.) Taking sum for z € d(enB.) and w € d(en B;,), by (3.19),
we have

P(LE(S[0, T*])[0.7,] N S[T*, 7] = 2. LE(S[0, T*])[0.55] N S[T7 1] = 2, T* < T* < )

c
< Te Es(en, n)Es(en, eln). (3.72)

(Note that ft{z € d(enB}) N 73} < C(en)?) Combining (3.72) with (3.12) and (3.18), we finish the proof of Theo-
rem 3.1. O

3.2. Estimates of the number of boxes hit by K

Now we are ready to estimate the first and the second moment of the number of cubes hit by K. For € > 0, let
Y€ ::n{er3|eBch%\D%,ICﬂeBx7é®}. (3.73)

(Recall that B, was defined in (3.1).) In this subsection, we will give a lower bound of Y€ in Corollary 3.11. In order
to prove it, we first estimate the second moment of Y (see Corollary 3.9 below) using Theorem 3.1. Then we also
give a lower bound of E(Y€) in Proposition 3.10, and using the second moment method we get Corollary 3.11 in the
end of this subsection.

Theorem 3.1 and estimates of escape probabilities introduced as in Section 2.2 immediately show the following
corollary, which gives a second moment estimate of Y €.

Corollary 3.9. Take € > 0 and fix n = n. = 2J< such that (3.3) holds. Then there exists an absolute constant C < 00
such that

E((Y)?) < Cle 2Es(en, m)}’. (3.74)
Proof. By Theorem 3.1, we have

E(r))< Y P(KNeB #2.KNeBy#2)
Il Iylelse. %]

2

€ 2 e
<C Z Zl Es(en,len)Es(en,n)?+ Z P(KNeB, # )
Ixlel4, £] =] Ixlel+. £1
2

< Ce 2Es(en, n) ZlEs(en, len). (3.75)
=1

By Lemma 2.8, for any § > 0 there exists C = Cs < oo such that
(eln)* T Es(eln) < Csn®+® Es(n).
Dividing both sides by (eln)**9 Es(en) and using (2.14), we have

Es(en, €ln) < Cse %317 % Es(en, n).
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Fix § > 0 so that 1 —a — § > 0. Combining this with (3.75), we have

2

¢ 2Es(en, n) ZlEs(en, len)
=1

2

< Cse %Es(en, n) 2:16_"‘_‘31_"‘_‘S Es(en, n)
=1

2

= Cse 2% 3 Es(en, n)? le—H < Cse 7% Es(en, n)?e 2 = Cs5e " Es(en, n)?, (3.76)
=1

which finishes the proof. O

Take € > 0. Fix n = n. = 2/ such that (3.3) holds. Recall that B = H?:l[xi — 2, xj + 2] was defined just before
(3.11). In the proof of Lemma 7.1 [16], it was shown that

P(LE(S[0, t,]) NenB, # @) < CeEs(en, n),
for x € Z3 with % <lex| < % Using this and (3.3), we have
P(KNeB, # @)
< P(KNeBy # @, da(LEW,, K) < €?) + P(K NeBy # @, du(LEW,, K) > €?)
< P(LEW, NeB, # 0) + €' < CeEs(en, n).
So we see that
E(Y€) < Ce *Es(en, n). (3.77)

In the next proposition, we will give the lower bound of E(Y€). As Remark 7.2 [16] states, its proof is almost
included in the proof of Lemma 7.1 [16]. However we will give the proof for completeness.

Proposition 3.10. 7ake € > 0 and fixn =n¢ = 2Je such that (3.3) holds. Then there exists an absolute constant ¢ > 0
such that

E(Y€) > ce ?Es(en, n). (3.78)
Proof. Take x = (x1,x2,x3) € Z3 with % < lex| < % Let x' = (x1 + %,xz + %,x3 + %) be the center of By. Let
y = enx'. We write By = B(y,ren), By = B(y, §) and B3 = B(y, &) throughout the proof, where 0 < r <« 1 is a

small constant which will be fixed later.
Using (3.3), it suffices to show that

P(LE(S[0, 7,]) N B3 # @) > ce Es(en, n), (3.79)
Let T :=max{t | S(t) € By} and 7 := min{¢ | LE(S[0, T])(¢) € B3}. Then we have

P(LE(S[0, 74]) N B3 # @) > P(T < 7, LE(S[0, TT)[0, T1 N S[T + 1, 7,,] = @).
By the decomposition as in (3.19) and reversing a path, we have

P(T <, LE(S[0, T1)[0, 11N ST + 1, 7,] = @)

> Y Pi®Pi(1g <1,.8*[1.77] N B =2.LE(5'[0. 74 ])[01. 021N $*[0. 77| = ).

>'n
ZEa,’B]

where 7} =inf{t | S(t) = 0}, oy = max{r | LE(S'[0, 7} 1)() € B3} and 0, = lenLE(S'[0, 7/ ]).
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Let t3 :={r | $?(1) € 3 Ba}. Then for each z € 9; B,
Pi® Pi(ty <7, S*[1, 7] N B1 = @, LE(S'[0, 79 ])[o1, 021N $*[0, 77 ] = @)
> Pi($°[1,23,] N Bi = o)

x Ef[l min P}’ (5[0, z7] N By = @, LE(S'[0, 7y ])[o1, 021 N %[0, 77] = g)}.

i
{to<tl yeam,

However, by the Harnack principle (see Theorem 1.7.6 [8]), there exists ¢; > O such that for any w € 9 B>,
Py (s%[0,z2] N By = @, LE(S'[0, 74 ])[01, 021N 82[0, 7] = @)
= P’ (LE(S'[0, 73 ])[o1, 021N $2[0, 7] = @)
— Py (S%[0,77] N By # @, LE(S'[0, 4 ])[01. 021N $%[0, 7] = @)
> ¢1 P (LE(S'[0, 7y ]) (o1, 021 N $%[0, 7] = @)
— Py($%[0, 7] N By # @, LE(S'[0, 79 |)[o1, 021N 820, 77 ] = ©).
On the other hand, by Proposition 1.5.10 [8] and the Harnack principle again, there exists C» < oo such that
Py ($%[0,72] N B1 # @, LE(S'[0, 74 ])[o1, 021N $2[0, 7] = @)

< Cor max P (LE(S'[0, 7d])lo1, 021 N S2[0, 2] = @)
7'e 1

< Czr%Pf (LE(S'[0, ¢ ])[o1, 0210 $2[0, 7] = @).
Now we take r > 0 sufficiently small so that Cor = < &. Then we have
Py ($%[0,72] N B1 = @, LE(S'[0, 74 ])[o1, 021N $2[0, 7] = @)
> TP (LE(S[0. %) ])lo1. 21N 7[0. 7] = 2).
Thus,
Pi® Pi(ty <7, S*[1, 7] N B1 = @, LE(S'[0, 79 ])[o1, 021N §2[0, 77 ] = @)

> £ P Pi(e) <o LE(S'[0.7])lo1. 0211 80, 7] = 2).

Let B = B(z, %) and 7; = inf{z | Si(t) e dB} fori=1,2. We write y = LE(S'[0, 71]) and let o := max{t | y(t) €
B3}. We define events F and G by

—

F= {dist(y(lenw, $00. 2]) = 5. disi(y 0. leny). $%(x2)) = 12}

G= {V[O,a]mB<y(1eny), 1"—2> :@}_

By Proposition 1.5.10 [8], we have

Ce

Pi® P;(G°) < —



Dimension of the scaling limit of 3D LERW 821

By the strong Markov property,

Pf ® P (101 < rnl, LE(S1 [O, rol])[al ,on]N SZ[O, 7:,12] = @)

n

= Pi® Py (f& <17,.F.G.ylo.leny) N $*[0. ] = 2, §'[11. 7| N $*[m2. 7] = &,

(s'[m.7g]NB) C B(sl(n), 1"_2> (82[r2. 2] N B) C B<S2(r2), %))

> —P{ ® P;(F,G,ylo,leny) N S?[0, 1] = @)

o

N

c
> ~P{® P;(F.ylo.leny) N $°(0.72] = &) — —.

However, by Lemma 2.10 and 2.11, we have
P{ ® P}(F,ylo,leny) N S0, 2] = @) > cP} ® P§(ylo,leny) N S?[0, 1] = @) > cEs(en, n).
Combining these estimates, we see that
c1
P(LE(S[0, 7,]) N B3 # @) > Z — —Es(en, n) > ce Es(en, n), (3.80)
eEnn
zeB,-B.

which finishes the proof. (]
By Corollary 3.9, Proposition 3.10 and the second moment method, we get the following lower bound of Y¢.

Corollary 3.11. Take € > 0 and fix n = ne = 2J¢ such that (3.3) holds. Then there exists an absolute constant ¢ > 0
such that

P(Y€ > ce*Es(en,n)) > c. (3.81)

. Y€
4. Tightness of 79
As we discussed in Section 1.2, in order to show that the Hausdorff dimension of K is equal to 2 — « almost surely («
is the exponent as in Theorem 2.7), we need to improve Corollary 3.11, i.e., we have to prove that for all » > 0 there
exists ¢, > 0 such that

P(Y¢>c,e 2Es(en,n)) > 1 —r, 4.1)

where € > 0 is an arbitrary positive number and n = n = 2/ is an integer satisfying (3.3).

In order to prove (4.1), again we use the coupling of K and LEW,, explained as in Section 1.2. Then (4.1) boils
down to the corresponding estimates for LERW as follows. Let Y, be the number of en-cubes nb, with % <lex| < %
such that LE(STO0, t,]) hits nby. Then (4.1) is reduced to proving that for all » > 0 there exists ¢, > 0 such that

P(Y) > cre 2 Es(en, n)>1-r. 4.2)

To show (4.2), we will use “iteration arguments” as in the proof of Theorem 6.7 of [1] and Theorem 8.2.6 of [18]
where exponential lower tail bounds of M,, were established for d =2 ([1]) and d = 3 ([18]). We explain it here. Take
integer N. Define a sequence of boxes A; by A; =[—% — 2, 2 + 213 for 0 <i < ¥. We write y = LE(S[0, 7,])
and let 7(i) = t¥ (i) be the first time that y exits from A;. It turns out that the expected number of en-cubes hit by
yi .= y[t(@), (@ + 1)] is of order (e N)"2Es(en, %) for each i. Conditioned on ¢ [0, 7(i)] = A for a given path A, we

are interested in the probability that the number of en-cubes hit by y; is bigger than cj(e N )2 Es(en, %) (we denote
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this probability by p(1)). The domain Markov property (see Lemma 2.3) tells that we need to study a random walk
conditioned not to intersect A. We will study such a conditioned random walk in Section 4.1 and show that there exists
a universal constant ¢; > 0 which does not depend on A such that the probability p(A) above is larger than c; for every
i (see Lemma 4.4). Using this and the domain Markov property, we have

P(Y; §c1(eN)_2Es<en, %)) <(—¢)5. (4.3)

Since Es(en, %) > ¢ Es(en, n) for some absolute constant ¢ > 0, taking N = N, such that (1 — cl)% < r first, then
letting ¢, := clcer_z, we get (4.2) and (4.1) (see Proposition 4.5 and 4.6).

4.1. Loop-erasure of conditioned random walks

Given a box and a simple path y contained in the inside of the box except the end point y (leny) which is lying on
the boundary of the box. Following same spirits of Theorem 6.7 [1] and Theorem 8.2.6 [18], we are interested in a
random walk X staring from y (len y) conditioned that X[1, ] Ny = & for some stopping time t. Estimates of such
a conditioned random walk X are crucial to prove (4.1). In this subsection, we will study X.

We begin with some notation.

Definition 4.1. Let M > 20. Fix € > 0 and take n = n. = 2/ such that (3.3) holds. Define

1 i ) M
ki=_+_ forl:Ovls"" ’
3 M 20 -

D) = [—ki, ki, A()=D(@ + 1)\ D(i), D;, =nD(i)NZ, Ain=nAG)NZ.

Take i € {0, 1, ..., %}. Suppose that y = y; is a simple path in 73 with y(0) =0, y[0,leny — 1] C D;, and
y(eny) € 0D;,.Let v=y(leny). We denote a face of 0 D; ,, containing v by ;. Let £; be the line segment starting
at v and terminating at d D; 1 , which is perpendicular to d D; ;. We denote the middle point of £; by o;. We define a
set F/, by F) = (o1 +[—i7. 537 N Z°.

Let X = XV be the random walk conditioned to hit d B,, before hitting y, i.e., X is the simple random walk S
started at v conditioned on {S[1, t,] Ny = &}.

Suppose that x, y € VA satisfy en B C Flyn and enB;, C Fi),’n. (B, was defined just before (3.11).) Let/ := |x — y|.
As in (3.12), we are interested in

Px(LE(X[0.7,}]) NenB, # @, LE(X[0, 7,X]) NenB;, # @), (4.5)

where we write Px for the probability law of X and let rnX :=inf{t | X (t) € 0B, }. For this probability, we have the
following lemma, which is an analog of Theorem 3.1 for the probability that the loop erasure of X hits two distinct
cubes.

Lemma 4.2. Let X be the conditioned random walk defined in Definition 4.1 and suppose that x,y € 73 satisfy
enB.. C Fi’jn and enB;, C Fl.yn (see Definition 4.1 for Fiy »)- Then there exists an absolute constant C < 00 such that

Px(LE(X[0,7}]) NenB, # @, LE(X[0,7X]) NenB), # @) < CGTM Es(en, eln) Es <en, %) (4.6)
where | = |x — y|.

Proof. Throughout the proof, we will use same notation defined in the proof of Theorem 3.1.
Define

Ty :=max{r < XX e d(enBy)}, Ty :=max{r < XX e 3(6)’13;)}. 4.7)
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As in (3.12), it suffices to estimate
Px(LE(X[0,7,]) NenB, # @, LE(X[0.7,\]) NenB, # @, Tx < Ty)

_ PY(LE(S[0, m]) N enBy # @, LE(S[0, t,)) NenBy # 2, T* < T*, S[1, 1,1 Ny = @)
B PY(S[1, 7,1 Ny = @) ‘

(4.8)

By the last exit decomposition as in (3.19), we have
PP (LE(S[0, 7,]) NenB, # @, LE(S[0, 7,]) NenB, # &, T* < T*, S[1, 5,1 Ny = 2)

<C Z Z Pl@P;® PP (F' S [1,6)]ny =2,5%0,5)]ny =), (4.9
z€d(enB}) wed(enBy)

where azl and F! were defined as in (3.13) and (3.20), respectively.
Let

Woe (o1 [— 2T\ nz (4.10)
A\ 4M’ aM ’ '

where 01 was defined in Definition 4.1. Then
PP P;® Py (F', s 1,a!]ny=2,50,7)]ny =92)
<P'®P;®PY(FLs' [0} ]ny =2, 8[t)y. 1] Ny =92), (4.11)
where ‘1,'33W ={t|S3(r) € W} and

Fli={o} <700 <7, S[1. T2, | N (enBy) = 2, S°[1, T3 6, ] N (enBy) = &
LE(S'[0,0}])10,711n (5%[0,02] U S*[0. 73 ]) = 2.
LE(S'[0,0.] + §%[0,0,])[10.521N S*[0, 73\ ] = @} 4.12)
(See (3.14) for &1 and 7».) By the strong Markov property,
Pl P;®PY(F.S' (1o} Ny =2.8[t)y. 5] Ny =92)

< P/ ® P ® P} (F},

s'[1,0}]ny =2) max. P (s*[0, 7] ny = 2). (4.13)

Recall that q(l) was defined as in (3.21) (we use the same notation here). Suppose that 0 < r <log, ! — 3. We will
first deal with P! ® P ® P{(F}, S'[1,0]1ny = 2,4V =r). However, as in (3.53), we have

Pl PPy (FL s [1,ollny=2,4 =r)

Cc 1
< ——Es(en, €ln)
en €ln

x Y B ®Elpnsiey-s mx  PY(LE(S'[0.0!])10.500 50,5y ] = 2) |,
7 €eln ) wleaB(wa%)
7/€dB(z,55")
(4.14)

where

F*2 = {ozl < ‘rnl, 52[1, Tzzle_n] 0@2 9,
)

LE(S'[0,0.])[0,511N $?[0, Tj,%,l] =2,q" =r,8*(T?)=7}. (4.15)

> 2
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(Recall that in order to show (4.14), we have to estimate p; defined as in (3.30). Note that we don’t need to care about
the “non-intersecting with y” conditions as long as we deal with p;.)
Using the time reversibility of LERW (see Lemma 2.2) as in (3.54), we see that

Ei)®E§{1F3ﬂ{51[1,azl]ﬂy=@} max P3WI(LE(SI[07UZI])[O’51]ﬂSS[O’fzg’w]=®)}

w€d B(w, <)

=Ej® Eé{lﬁ}ﬂ{Sl[O,rJ]ﬂ(y\{v}):@} w}é;g?;"%) Py (LE(S'[0. 7 )11, @21 0 $[0. 25y ] = Q)}’ (4.16)
where
it :=max{t | LE(S'[0,7,]) () € 3(enB,)}, iz :=lenLE(S'[0,7,]). 4.17)
and

F2:={t! <7}, 871, TZ,ET,,] N (enBl) =2, SZ(TZ%,eTn) =7,

LE(S'[0, 7, ][, ii] N %[0, TZ%an] =2, LE(S'[0, 7, ])[0, 11N AL # @,

LE(S'[0,7,])[0, 1] C B(z,2"en)}. (4.18)
Let 8 = LE(S'[0, rvl]) and tzﬁL :==inf{t | B(¢) € 9B(z, 1337)} - Since r <log, [ — 3, on ﬁf, we have
12M
B ~

. Liix|N(enBl) = 2. 4.1
,B[tz’ s 2] N (enBy) (4.19)
Indeed, if Blt” , .ii]N(enBy) # @, thent’ , < iiy, which implies that [0, ity 1N B(z. t157) # @. Since en B},

> 12M > 12M

Fl.)’/n and enB; C F? , we have lenx —eny| < ¥/3n which implies that e/ < %. Thus

in’ 4M
\/§n n
< < S
—32M  12M

1
en <20 3¢y < —¢ln
which contradicts [0, #1] C B(z, 2"en). Therefore, we get (4.19). Thus if we define u} by

i} i=max{r <7’ , |LE(S'[0.7)])(t) € 8(enB})}.
M

12

»_]-measurable, by Proposition 4.2 and 4.4 [15], we see that
2M

then iiy = ii}. Since B[O, &}] is B[O, T/

Ei @ E3f1 max Py (LE(S'[0, 7))l ] 0 5°[0, 73y ] = 2))

F20(81[0,7} 1Ny \(v)h =27} w1€dBo, 4)
<CP{(r) <7,,8'[0,5,]N (r \ {v}) = 2)
x B2 ® 55{1[52[1, 72,0 (enB)) = 2. 8}(T2,,) =2
) »72
Bliiz, iia]1 N S0, Tf,f_n] =, Bl0,ii3]1 N AL # @, Bl0, i3] C B(z,2en)]
2

x  max YAl dal 0 5[0, 75y ] = 2) ], (4.20)

w€d B(w, <)

where 8 = LE(S'[0, TZIL]), iy =inf{t | B(t) € 9B(z, 7))} and i3 = max{t <y | B(t) € d(enB.).
'3M
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However, as in (3.69), we have
(RHS of (4.20))
< CPf(rl} < rnl, Sl[O, rl}] N (y \ {v}) = @)

1 n
— Pi(S*(T?,.,) =7 )ES(en, €ln)2~%" Es| eln, — ). 421
x — 3 (zl%”) Z')ES(en, €ln) s eln. o 4.21)
Therefore, by (4.14),

P'®P;@ PY(F)!,S'[1,0} Ny =2,4" =r)

c 11
< a552—5’155(611, eln)Es(en, %)Pf(r,} <7, S0, 7, N (¥ \ {v}) = 2). 4.22)

Taking sum for r <log, ! — 3, by (4.13),

P/ ®P§®P3W(FJ,SI[1,UZI] Ny =g, S3[rgw,r,?] Ny :@,q(l) <log,! —3)

c 11 n
< G_HEEES(EH’ eln)Es(en, M)Pf(rl} <t 51[0, rl}] N(y\{v})=02)
X max P (S*[0, 7] Ny = 2). (4.23)

Similar argument gives that

P @ P @ Py (FL. S [Lol]ny = 2.8y )] ny = 2)

c 11 n
< oo ES(en, eln)Es(en, M)Pf(rl} <75, S0, 7y N (¥ \ {v}) = 2)
x max, P (s3]0, 7} Ny = 2). (4.24)

By reversing the path, we see that
2(1 1 ¢l 1 M ,,
Pi(ry <7,.8'[0, 5, ] N (¥ \{v}) =2) < —=P (SIL T, 21Ny =2).

Recall that £; was defined in Definition 4.1. Note that £, intersects with d B(v, gj;) at only one point. We call the point
v'.Let A :=0B(v, gj;) N B(V', 1¢57)- By Proposition 6.1.1 [18] and by the Harnack principle (see Theorem 1.7.6 [8]),

P“(S[l,t,,]ﬂy:@)
2PU(S[I,Tu,gLM]mVZQ,S(T,ﬁ)EAFEBW<Tn,S[Tu,sLM,Ti)W]mVZQyS[TBW7Tn]mV=@)
v _ Wy [ 03 3 _
>cP (S[l,T,%]ﬁy_Q)wr'neaa)évP3 (S [O,rn]ﬂy_g). 4.25)
Thus by (4.24),

P/ ®P22®P3w(F*1,Sl[l,azl] Ny :@,S3[I§W,r,§] Ny :@)

C1 1M ImE n V(0] .
55557ES(6}1,€ l’l) S GH,M P (S[ ,Tv,ﬁ]ﬂy—g)
Py (S[0.5 Ny =2
x max Py (8°[0.7,]Ny = 2)
C1 1M n v
<————ES(en,eln)Es| en, — | P (S[l,rn]ﬂyzg). (4.26)
enelnen n M
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Taking sum for z € d(enBy) and w € 8(enB;), by (4.9),
PP (LE(SI0, 7,]) NenB, # @, LE(S[0, 7,]) NenB, # &, T* < T*, S[1, 1,1 Ny = 2)

CeM
< ET Es(en, eln) Es(en, %)P”(S[l, Ny =2).
Combining this with (4.8), we finish the proof. ]

Next we will consider the lower bound of the probability that LE(X [0, rnX I)NenBy # &. Assume that y is a simple
path and X is a conditioned random walk defined as in Definition 4.1. Let

1, = inf{r | LE(X[0, 5 ]) (1) € 8D 11,0}, (4.27)

where D; 1, was defined in Definition 4.1. Then we have the following lemma, which is an analog of (3.79) for the
probability that the loop erasure of X hits a cube.

Lemma 4.3. Suppose that x € 7 satisfies en B, C Fiyn (see Definition 4.1 for Fiyn). Then there exists an absolute
constant ¢ > 0 such that

Px(LE(X[0,7,X])[0.#),] NenB, # @) > ceMEs(en, %) (4.28)

>Ti,n

Proof. Take w € 9; B(enx, 1555)- Throughout the proof, we write

Bi=Benx,—2 ),  By=B(w. <), By :=B(w —). (4.29)
1000 8 aM

Suppose that §' and $? are independent simple random walks started at w. Let
t':=inf{t | $'(t) € dB3}, (4.30)

for each i =1, 2. Recall that the line segment £; was defined in Definition 4.1. We define random sets A; as follows.
Let ¢! be the line segment started at y; := S'(¢') and terminated at v. Define A; by A; := {y | dist(y, £!) < 5007 )+
Let w! be the intersection point of the line segment connecting v with w and 3 B3, and let w? € 3 B3 be the point
such that M = w. Let £2 be the line segment starting from w? terminated at d B(v, %) which is parallel to
£1. Here L is a (large) constant which will be defined later. Define A, by A, := {y | dist(y, ) < 2(;1M }. Let 05 :=
dA> N {y | dist(y, dB(v, %)) < 57} Foreach i = 1,2, we write u’ :={r > ' | §(t) € 9A;}. Finally, let H' :=
B(w, g7) U B(w', gy7) foreachi=1,2and 9 :=9B3 N B(w', )
We write

o' :=max|r |[LE(S'[0,#'])(t) € B} and o?:=lenLE(S'[0,7']).
Let
Tj,n :=inf{t | LE(S[0, 7,1)(t) € dDig1,n}-

Then we have

PP (LE(S[0, 7,))[0, 1,01 NenB, # @, S[1, 1,1 Ny = @)
PY(S[1, ] Ny =2) '

Px(LE(x[0, X ])[0,1) | nenB, # @) = (4.31)

’Ti,n
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By considering the last exit from B; and by reversing a path, we have
P”(LE(S[O, rn])[O, tialNenB. #2,S[1,t,]Ny = @)

= le®P2w<Sz[1,t2]ﬂBl:@,LE(Sl[O,tl])[al,az]052[0,t2]=®,
weod; By

LquaﬂDpaaqcHﬁLuyﬁquQaan(waé%):@anﬂ]cﬂa
St cArn (y \ {v}), $2(u?) € &, S*[u*, ] Ny = 2, S*[u?, ¢ ]ﬂB( 1’;) =@>. (4.32)
By using Lemma 2.10 and 2.11 as in (3.80) and by the strong Markov property, we have

(The probability in RHS of (4.32))

crL n
Z—Es en, —
€n ( M)

x min _ P'(S'[0,7)] c Ain(y\ {v}))

Y1€D1,y2€0,
x PW(SZ[O 2Ny =2, 570, ]ﬂB( A’;) :@). (4.33)

But by reversing a path and by Proposition 6.1.1 [18], we see that for each y; € 91,

M
PY(S'[0, 7] c A1 N (¥ \ {})) = CTP”(S[I,TU’“?M ). (4.34)

On the other hand, by Lemma 6.1.2 [18] and the Harnack principle (see Theorem 1.7.6 [8]), there exists an absolute
constant Co < oo such that

max PY ( [0, t,]Ny = @) < Cpmin P)( [0, t,]Ny = @). (4.35)

yeB(v. 1) yed,

Now take Lg such that 2C° % Then by the strong Markov property and Proposition 1.5.10 [8], we see that for each
y2 €02,

Py2<S2[Or]ﬁy @SZ[O‘E]QB< Z):@)
> P2 (S*[0, 7] Ny =2) — Py2<52[01]ﬁy @52[01]03( );e@)

2 o
>Py2(52[0 T ]ﬂy g)_L_oyeIJI?lg)X )P} (S[O,rn]ﬂy=®)
M

Py2(52[0 T ]ﬂy @)—?ml{? P (S[O Ny =92)
0 Y€d

= PP(57[0, 2] Ny = 2) — 22 P(S10, mIny = 2)
0

> 1 min P2 (%[0, 72 ] Ny = 2). (4.36)

2 yred
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Again by Lemma 6.1.2 [18] and the Harnack principle (see Theorem 1.7.6 [8]), we have

max ( [0,7,]Ny = @) < C min PyZ(SZ[O T ]ﬂy @) (4.37)

yeB, 5557) Y20,

Combining these estimates, we have
PY(LE(S[0, t])[0, Tin] NenBy # @, S[1, 1, ] Ny = @)

n ,
ceMEs(en,M)P”(S[I,T’wLM]ﬁyzﬁ) max  PY(S[0,7,] Ny = @)

yeB, 5557)
n
ceMEs(en, M)P”(S[l,r,,]ﬂy:@), (4.38)
which finishes the proof. O
4.2. Proof of (4.1)

Suppose that y is a simple path and X is a conditioned random walk not to hit y as in Definition 4.1. Let

7/ =t{xeZ’|enB] c F/, . LE(X[0,7,}])[0.1], | NenB; +# @}, (4.39)

in

where Flyn and th were defined in Definition 4.1 and (4.27), respectively. We are interested in the lower bound

of len Using Lemma 4.2, 4.3, and the second moment method as in Corollary 3.11, we will prove Lemma 4.4

below. Lemma 4.4 is an analog of Corollary 3.11 for X. Then using iteration arguments as in Theorem 6.7 [1] and
Proposition 8.2.5 [18], we will prove Proposition 4.5 which immediately concludes (4.1).

We begin with the following lemma, which shows that the number of cubes hit by the loop erasure of the condi-
tioned random walk is bigger than the expected number of such cubes with positive probability. We may think of the
next lemma as an analog of Corollary 3.11 for the number of cubes hit by the loop erasure of X.

Lemma 4.4. There exists an absolute constant ¢1 > 0 such that
Py <an > ci(eM)” 2Es(en M)) > ci. (4.40)

Proof. By Lemma 4.2 and (2.16)

Ex((47,)°)
< > Py (LE(X[0,7,}]) NenB} # @, LE(X[0, 7,1]) NenB), # o)

x,y€Z3,enBy enB;, cF’

in

ar eM n
<C Z ZIZT Es(en, €ln) Es(en, M)

3 Vo=
xeZ3,enByCFl, 1=1

1

eM
n
=C Z eMEs(en, M) ZlEs(en,eln)

xeZ3,enB,CF], I=1

<C Z eMEs(en )(GM) o= ‘;Es<en >le_°‘_5

3 y
X€EZ ,enB,’chi,n



Dimension of the scaling limit of 3D LERW 829
n
<Here we used (2.16) to say that Es(en, eln) < C(eM) % 3 %% Es <en, M)
for some 6 > 0)

fn2es(en. )|
<Cy(eM)Es(en, )1 . 4.41)

On the other hand, by Lemma 4.3, we have

N

Px(LE(X[0,7,X])[0,#7,] NenB # @)

>L,n
3 / 14
xX€L ’GanCFi,n

n
> c(eM) ?Es( en, — |. 4.42
> c(eM) s(en M) ( )
Therefore, we see that E X((an)z) <C(E X(Jl.},’n))z. By the second moment method, we finish the proof. U
Let
3 , 2n n ,
Jen:=t\xe T’ |enB, C B )\ B(5 ). LE(SI0. w)) nenB, £ 2 1. (4.43)

Now we use iteration arguments explained in the beginning of Section 4. Using the iteration argument, we prove
next proposition which gives (4.2).

Proposition 4.5. For every r > 0, there exists ¢, > 0 such that
P(Jen > cre *Es(en,n)) > 1 —r, (4.44)

for all € > 0 and n = n, = 2J¢ satisfying (3.3).

Proof. Take r > 0. Let M, be an integer satisfying (1 — cl)L%J < r where ¢; > 0 is a constant as in Lemma 4.4. We
write N, := LZI—(;J.

Let B := LE(SI[O, t,]) and recall that 7; , = inf{¢ | B(¢) € 9D; 11} where D;, was defined as in Definition 4.1.
Foreachi=1,..., N,, define

Ji=t{x e Z? |enB, C FO" ) Bt 1w tinl NenB, # o). (4.45)

(See Definition 4.1 for Flyn)
Then by the domain Markov property of LERW (see Lemma 2.3) and by Lemma 4.4,

n
P(J M) ?Es( en, —
( €n <c1(eM;) S(En Mr>>

< P(J,» <ci(eM)? Es(en, Mi> foralli=1,..., N,)

r

Ny—1 ; .
< E{ O {Ji <ci(eM)™? Es(en, M)}P(JM < cl(eM,)—ZEs(en, M) } B0, Ter,n]>}

i=1
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N, —1
_ n
<(1- cl)P< ﬂl {Jl- <c1(eM,) 2Es<en, E)})
1=
<(d—c)V <. (4.46)
Since Es(en, ML,) > cEs(en, n) for some ¢ > 0, if we let ¢, := cclM,’Z, we finish the proof. O

By Proposition 4.5, we get the following proposition immediately. Recall that Y€ was defined in (3.73).
Proposition 4.6. For all r > 0, there exists ¢, > 0 such that
P(Y¢>ce?Es(en,n)) > 1—r — €', (4.47)
for every € > 0 and n = n, = 2/¢ satisfying (3.3).

Proof. Note that cY€ < J., < %YG for some absolute constant ¢ > 0 on {dg(C, LEW,,) < €2}. Thus if n = n, = 2Je
satisfies (3.3), by (3.4) and Proposition 4.5,

P(YG > ccye 2 Es(en, n))
> P(Y€ > ccre 2Es(en, n), du(LEW,,, K) < €?)
> P(Jen > cre 2Es(en, n), du(LEW,_, K) < €?)
> P(Jen = cre 2Es(en, n)) — P(du(LEW,,, K) > €?)
>1—r—e® (4.48)

which finishes the proof. |

Remark 4.7. By (3.77) and Markov’s inequality, we see that for all » > 0,

C E(Y€
P(Yf > —¢ ?Es(en, n)) < C# <r (4.49)
r “€~2Es(en, n)

where C is a constant as in (3.77).

5. Lower bound of dimpg (/C)

In this section, we will prove that

dimy(K) >2 —«, almost surely. 5.D
Combining this with Theorem 1.4 [16], we have

dimyg () =2 —«, almost surely. (5.2)
In order to prove (5.1), we will use a standard technique so called Frostman’s lemma (see Lemma 5.1). We will review

that lemma in Section 5.1. We then give some energy estimates for suitable sequence of measures whose supports
converge to K (see Lemma 5.2). Using Lemma 5.2, we will prove (5.1) in Section 5.2.
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5.1. Preliminaries

In order to give a lower bound of the Hausdorff dimension of a set in RY, the Lemma 5.1 below is a standard criterion
referred to as Frostman’s lemma. In this subsection, we first state it. Then in Lemma 5.2, we will estimate B-energy
for suitable measures uy defined below.

Lemma 5.1 (Theorem 4.13 [3]). Suppose that K C D is a closed set and let |1 be a positive measure supported on
K with u(K) > 0. Define B-energy 1g(u) by

Is(w) = /_ /_ = 3P du() dp(y). (5.3)
DJD
If I5(1) < 00, then dimy (K) > B.

According to Lemma 5.1, we need to construct a positive (random) measure p supported on /C such that its (8 — 8)-
energy Ig_s(u) is finite with high probability for any § > 0, where B :=2 — « (see Theorem 2.7 for «). With this
in mind, let € = ¢; = 27 for k > 1 and let n = ne = 2/< be an integer satisfying (3.3). Now we define a sequence
of measures p; which approximates p as follows. Let p; be the (random) measure whose density, with respect to
Lebesgue measure, is TEsterm o0 each box € B, with x € Z* and €B, C Dz \D1 or eB, N 8D #*gfori=1,2

such that IC N e By # &, and assigns measure zero elsewhere. Then it is easy to check that supp(/Lk+1) C supp (k)
and with probability one ("7, supp(ux) C K.

Therefore, as we discussed as in Section 1.2, we need to show that for every § > 0 and r > O there exist constants
¢ >0, Cs » < oo which do not depend on € such that

P(lg—s(ur) < Csr) =1—r, (5.4)
P(uk(D) = ¢, ) =1—r. (5.5)

for all k > 0. Once (5.4) and (5.5) are proved, it follows that there exists some subsequential weak limit measure u
of the uy such that the measure p is a positive measure satisfying that its support is contained in /C and the (8 — §)-
energy is finite with probability at least 1 — r. Using Lemma 5.1, we get dimpg(K) > 8 — § with probability > 1 —r,
and Theorem 1.1 is proved.

For (5.5), we have the following. Take an arbitrary » > 0. By Proposition 4.6, with probability at least | —r — ¢
we have

100
b

€2 €2

D) > 1{KNeB, # @ =Y >c,, 5.6
(D) > > {KNeB, # }Es(en p B 2 (5.6)
x€Z3,eBXCDg\Dl
3 3

for all k, which proves (5.5).
For (5.4), we start with the following lemma which gives a first moment estimate of /g_s(ux) for an arbitrary
positive number §.

Lemma 5.2. For every § > 0, there exists Cs < 0o such that

E(Ig—s(m)) < Cs, (5.7
forall k. Here B :=2 — «.

Proof. Recall that we write € = ¢4 = 27% for k > 1 and let n = n. = 2/ be an integer satisfying (3.3). Then by
Theorem 3.1,

E(Ig—s(1x))

< { f f —w|"P D dp(z) dmw)}
By JeBy

x,y€Z3,€By eB CD2\D1
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= E (GES(En,n))fzf / |Z_w|7(ﬂ75)dzdwp(lcr763x#@and}CﬁeBy;ég)
x,y€Z3,€By,eByCDy\D €B, JeB,
303

2
<C Z le(e Es(en,n))_2(el)_(’3_5)e6Es(en,len) Es(en,n)%
xEZ3,eBxCD2 \D =1
3 3

e 3 (eEs(en,n))‘2/ / 1z — w|"®=D dz dwEs(en, n)e. (5.8)
€B, JeBy

XEZS,éBchz\Dl
3 3

But RHS of (5.8) is bounded above by

2

-1 N 1-8-9) Ceo®?
<Ce“ '™ 'Y E 1 e —
=t Es(en, n) ; s(en, len) + Es(en, n)
2
b=y L N I=(B-8) gy —a—n Cert?
<Ce ™'~ ') TE ,
=t Es(en, n) ; (el) s(en, m) + Es(en, n)
8
(Here n:i= 3 and we used (2.18))
2
) —~1-(5-5) Cet?
< Ce~~P7o)=an [T <C
=te ; +Es(en,n) =0
(Here we used (2.16)), (5.9)
which finishes the proof. (]
5.2. Proof of (5.1)
Now we are ready to prove the following theorem.
Theorem 5.3. Let d =3. Then
dimg(K) >2 —«, almost surely. (5.10)

Proof. Recall that » > 0 is an arbitrary positive number. Let § > O be an arbitrary positive number also. Define
Csri= % where Cj is a constant as in Lemma 5.2. Take a constant ¢, > 0 as in Proposition 4.6. Let 8 :=2 — «. By
Lemma 5.2 and Markov’s inequality,

C
P(Ig—s(ur) = Cs,r) < > =, (5.11)

~ GCs,r
for all k. Combining this with (5.6), we have

P(u(D) = ¢y, Ig—s(ui) < Cs ) = 1 —2r — 2710,
for all k. By Fatou’s lemma, this implies

P(uk(D) = ¢y, Ip—s(ui) < Csp i.0) = 1 =27,
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On the event above, there exists some subsequential weak limit measure p of the py such that u is supported on /C,
u(K)=>c,,and Ig_s(u) < Cs . By Lemma 5.1, we have

P(dimH(IC) >2—o— 8) >1-2r.
Since this holds for every r > 0 which is independent of § > 0,
P(dimy(K) =2 —a —3) =1.
Since this holds for every § > 0, we see that
P(dimH(IC) >2— oe) =1,
which finishes the proof. (]

Remark 5.4. We expect that
Es(n) <xn™¢, (5.12)

in 3 dimensions. Here we write a, =< b,, if there exists ¢ > 0 such that ¢b,, < a, < %b,, for all n.
This is proved for d = 2 [12]. The main steps in [12] are

e Write Es(n) in terms of simple random walk quantities.
e Estimate the simple random walk quantities.

The simple random walk quantities as above come from the random walk loop measure which is related to the winding
number of loops (see [12]). In [12], by estimating such simple random walk quantities carefully, not only the relation
as in (5.12) but the exact value of « were also obtained in two dimensions (o = % in two dimensions).

Is it possible to find suitable simple random walk quantities to calculate Es(n) and to compute the exact value of «
ford =37

Remark 5.5. Recall that we write Y for the union of X and loops from independent Brownian loop soup in D which
intersect /C, see (2.32). Theorem 1.1 of [16] shows that Y has the same distribution as the trace of three-dimensional
Brownian motion. In Conjecture 1.3 of [16], we conjectured that the law of C would be characterized uniquely by
this decomposition. Namely, if the union of a random simple path K and loops from independent Brownian loop soup
in D which intersect K has the same distribution as the trace of three-dimensional Brownian motion, then we expect
that K has the same distribution as K. Thanks to Theorem 1.3, in this characterization, we may add one additional
assumption for K, i.e., dimg(K) = 8 almost surely. We believe that this might be useful to prove the conjecture.
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