The Annals of Applied Probability

2019, Vol. 29, No. 5, 2613-2653
https://doi.org/10.1214/18-AAP1445

© Institute of Mathematical Statistics, 2019

NORMAL CONVERGENCE OF NONLOCALISED GEOMETRIC
FUNCTIONALS AND SHOT-NOISE EXCURSIONS

BY RAPHAEL LACHIEZE-REY

Université Paris Descartes

This article presents a complete second-order theory for a large class
of geometric functionals on homogeneous Poisson input. In particular, the
results do not require the existence of a radius of stabilisation. Hence they
can be applied to geometric functionals of spatial shot-noise fields excursions
such as volume, perimeter, or Euler characteristic (the method still applies
to stabilising functionals). More generally, it must be checked that a local
contribution to the functional is not strongly affected under a perturbation of
the input far away. In this case, the exact asymptotic variance is given, as
well as the likely optimal speed of convergence in the central limit theorem.
This goes through a general mixing-type condition that adapts nicely to both
proving asymptotic normality and that variance is of volume order.

1. Introduction. Let (2, </, P) be a probability space. Denote by ¢¢ the
Lebesgue measure on RY. Let 7 be a homogeneous Poisson process on R, and
{Fw(n); W C Z%} a family of geometric functionals. We give general conditions
under which Fy (1) has a variance asymptotically proportional to O'g |W| for some
oo > 0, and Var(FW(n))_l/z(FW — EFw(n)) converges to a Gaussian variable,
with a Kolmogorov distance decaying in |[W|~!/2, as |W| goes to co.

Marked processes. The model is even richer if one marks the input points by
random independent variables, called marks, drawn from an external probability
space (M, ., ), the marks space. It can be used for instance to let the shape
and size of grains be random in the Boolean model, or to have a random impulse
function for a shot-noise process. For A C R, denote by A = A x M the cylinder
of marked points x = (x, m) with spatial coordinate x € A. Endow R? with the
product o -algebra. The reader not familiar with such a setup can consider the case
where M is a singleton, and all mark-related notation can be ignored (except in
applications). By an abuse of notation, every spatial transformation applied to a
couple x = (x,m) € R is in fact applied to the spatial element, that is, X — y =
(x—y,m)foryeR? orfor ACRYxM,C CcRY ANC ={(x,m)e A:xeC).
Denote for simplicity by dx = dx(dm) the measure element on (R4, ¢4 x ).
Throughout the paper, 1 denotes a Poisson measure on R? with intensity measure
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24 x . We assume that 7 and all random variables introduced in the paper live on
the probability space €2, up to expanding it.

Functionals. Let A be the class of locally finite sets of R? endowed with the
topology induced by the mappings ¢ > |¢ N A| for compact sets A C R4, where
| - | denotes the cardinality of a set. Functionals of interest are not properly defined
on every ¢ € A, so we restrict them to some .4 C A such that P(n € 4) = 1, and
call .4 the class of configurations ¢ € A such that ¢ C n U ¢’ for some n € A
and finite set ¢’. Let F be the class of real measurable functionals on .4". Let
Qa = [—a/2, a/2)d, O, = Qa NZ a>0.For Wc Z% finite, we consider a
functional of the form

Fw(@) =Y FY@®, ¢ev, with
(1.1) kew

Y@ =FREnW—k, keW,

where Fo € F and W = Ukew (k + 01). It might also happen that all points of n
have an influence but only contributions of the functional over W are considered:
introduce the infinite input version

Fiy(©)=Y_ F(), teN, with
(1.2) kew

Fi(¢) = Fo(t —k), keZd.

A score function is a bi-measurable mapping & : M x .4~ — R such that

(1.3) Fy:crm Y &m,t—x),
x=(r,m)e¢NQ;
is well defined on ¢ € .47, which yields that Fy (¢) is the sum of the scores of all
points falling in W. Write £(¢) instead of &£(m; ¢) if no marking is involved (i.e.,
M is a singleton). It is explained later why some shot-noise excursions functionals
also obey representations (1.1)—(1.2). In this paper, we identify a functional F :
A4 — R with the random variable that gives its value over n : F = F (), even if
F will be applied to modified versions of n as well.
Nondegeneracy of the variance. Define for { CR?, 0 <a < b,

b ~ e Ac b 5
5 =¢N Q0N Qg ta=¢NQg, " =00 0p.
A condition that seems necessary for the variance to be nondegenerate is that at
least on a finite input and a bounded window, the functional is not trivial: for some

§>p>0,P(|Fg;(n°) — Fg, ()| > 0) > 0. We actually need that this still holds
if points are added far away from n”:

ASSUMPTION 1.1. Thereis y > p >0, ¢ > 0, p > 0 such that for § > y
arbitrarily large

P(|FQ5(77V) - FQs(np U’?y)| zc) Zp.
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Observation window. In many works (e.g., [20],[14], Chapter 4), the observation
windows consist in a growing family of subsets B,,, n > 1 of R?, that satisfy the
Van’Hoff condition: for all » > 0,

(1.4) ¢ (3B®")/t4(B,) — 0,

as n — 00, where B®" = {x e R? : d(x, B) < r} for B C R?. We rather consider in
this paper, like for instance in [24], a family # of bounded subsets of Z satisfying
the regularity condition

07a W
|04 |:0,

(1> B ]
where 9,4 W is the set of points of W at distance 1 from W€, and consider a point
process over W. In the large window asymptotics, condition (1.5) imposes the
same type of restrictions as (1.4), and using subsets of the integer lattice eases
certain estimates and is not fundamentally different. In the case where boundary
effects occur (by observing n N W instead of 1), stronger geometric conditions
will be required. To this end, let B,,r > 0, be a family of measurable subsets of
R? such that for some 0 < a_ < a4, B(0,a_r) C B, C B(0,a,r), where B(x, r)
is the Euclidean ball with center x € R? and radius r > 0. Let also B, (x) = x + B,
x € RY, We set similarly as in [20], Section 2,

By =|{W—k:ke W,BSN(W -k #2}, WcCZ

By, = |J By U{R?}.
Wew

Background. The family of functionals described above is quite general and
covers large classes of statistics used in many application fields, from data analy-
sis to ecology; see [14] for theory, models and applications. We study the variance,
and Gaussian fluctuations, of such functionals, under the assumption that a mod-
ification of n far from 0 modifies slightly Fy(n) (or £(0, 1)). Most of the general
results available require a stabilisation or localisation radius: it consists in a ran-
dom variable R > 0, with sufficiently fast decaying tail, such that any modifica-
tion of n outside B(0, R) does not affect Fo(n) (or £(0, n)) at all. By stationarity,
this behaviour is transferred to any Fy, k € Z%. This property is sometimes called
quasi-locality in statistical physics [22]. In the Euclidean framework, the results of
the present paper do not require stabilisation, but can still be applied to geometric
functionals; see Section 1.1.

We give general conditions under which functionals of the form (1.1)—(1.2) have
a volume order variance and undergo a central limit theorem, with a Kolmogorov
distance to the normal given by the inverse square root of the variance. We recall
that the Kolmogorov distance between two real variables U and V is defined as

(1.6) dy (U, V)=sup[PU <1) —P(V <1)|.
teR
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Specified to the case where functionals are under the form (1.3) and the score func-
tion is stabilising, our conditions demand that the tail of the stabilisation radius
R decays polynomially fast, with power strictly smaller than —8d, see Proposi-
tion 1.3.

Main result. The main theoretical finding of this paper is condition (1.8), which
is well suited for second-order Poincaré inequalities in the Poisson space, that is,
bounds on the speed of convergence of a Poisson functional to the Gaussian law,
and at the same time allows to prove nondegenerate asymptotic variance under
Assumption 1.1. The application to shot-noise processes in the following section
illustrates the versatility of the method. The results can be merged into the follow-
ing synthetic result, whose proof is at Section 3.2. For two sequences {a,; n > 1},
{bp; n > 1}, write a, ~ b, if b, # 0 for n sufficiently large and a,b, I 1as
n — o0o. Also, in all the paper, « denotes a constant that depends on d, «, a4, a_,
whose value may change from line to line, and which explicit optimal value in the
main result could be traced through the different parts of the proof. If it is well
defined, for Fy € F, let

(1.7) og = Y Cov(Fo(n), Fi(n)).
kezd

THEOREM 1.1. Let Fy € F, Fw be defined as in (1.1), # = {W,;;n > 1}
satisfying (1.5). Let My, My be independent random elements of M with law .
Assume that for some Co >0, a« > 2d, forallr >0,B e B, -ae. xi;,x eRY,
¢ C{(x1, My), (x2, M2)}

(1.8) (E|Fo((nU¢)N B, NB)— Fo((nu)n B)H)*

<Co(l1+nr)*,
and Assumption 1.1 is satisfied. Then 0 < o¢ < 00, and as n — 00,

law

Var(Fy,) ~ 05| Wal, (03 |Wal)™"*(Fw, —EFy,) —— N

where N is a standard Gaussian random variable. Furthermore, for n sufficiently
large,

Fw, —EFy, > . 2<c§ c3 cg>
1.9 dyl 22— "2 N)<k|W,| V{2420 )

Let us now give the version with infinite input, which is more simple to satisfy
due to the absence of boundary effects, except for the power of the decay:

THEOREM 1.2. Let Fy € F, FéV be defined as in (1.2), W = {W,;n > 1}
satisfying (1.5). Let My, M>, be independent random elements of M with law (.
Assume that for some Co > 0, a« > 5d/2, forall r > 0,04 —a.e.x;,x2 eRY, ¢ C
{(x1, M), (x2, M>)},

(1.10) (E|Fo((U )N B,) — FonuO)[M'* < Co1 + )7,



NONLOCALISED GEOMETRIC FUNCTIONALS 2617

and Assumption 1.1 is satisfied. Then 0 < og < oo (defined in (1.7)), and

law

—1/2
Var(Fiy ) ~ oG IWal,  (03IWal) ™ (Fjy, —EF} ) =5 N
as n — oo. Furthermore, for n sufficiently large
F, —EF; c> c3 ct
(1) do (e N ) <ew (254 204 2.

/N2 3 4
Var(Fy, )1/ o5 o5 0

REMARKS 1.1. 1. The application to score functionals (see (1.3)) goes as fol-
lows: let M;,0 <i < 6 bei.i.d. marks with 1aw_pL, and assume thaté : M x .4~ — R
satisfies forall r > 0, B € B, xo € 01, ¢ C R4 with at most six elements,

(E|& (Mo, (U ¢) N B A B, — x0) — (Mo, (nU¢) N B —xo)[)/*

<Co(l+r)"%,

(1.12)

then the functional Fy = Fg defined in (1.3) satisfies (1.8). To see it, let x; =
(xi, M;) be the elements of ¢. Fix ¢ C {(x1, M1), (x2, M>)}, apply Lemma 5.1
(withr =0) to

¥ ((x0, Mo), ¢') =1, .5, |€ (Mo, (¢" U £1) N B N By — xo)

—%‘(M(),(C’U{l)ﬂB—XQ), C’EJV,XQERd.

It yields
(E|Fo((nU )N BN B,) — Fo((nu ) n B)[H)*

(g ¥ x/f(x,n)r)m

xenn Qi
<kCo(l+r)~¢

for some Cp > 0, hence (1.8) is satisfied. In this framework, the asymptotic vari-
ance can also be expressed as

of =EeMo: ) + [ (E[&(Mo. U v, MDDE (M1 7 U {(0. M)} = )]

— [E[£(Mo; ]]?) dx:;

see, for instance, (4.10) in [14].

2. A variant of stabilisation, called strong stabilisation, occurs when the add-one
cost version of the functional is stabilising instead of the functional itself. Penrose
and Yukich derived variance asymptotics and asymptotic normality [20] in such
a context. Let us indicate how the current approach could be adapted to strong
stabilisation: let n’ be an independent copy of 7, and for r > 0, n, = (n N B,) U
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(n N BY). Assume that a functional has a strong stabilisation radius with the tail
decaying as a sufficiently low power of r. In this case, (1.8) needs to hold with the
left-hand member replaced with E(|Fo(( U¢) N B) — Fo((n, U¢) N B)|*). Then it
should be possible to adapt the proofs of Theorems 2.1 and 3.1 to be able to prove
that the Berry—Esseen bounds and variance upper bounds still hold, under this new
hypothesis.

3. Regarding variance asymptotics, recent results can be found in the literature,
but the assumptions are of different nature, either dealing with different qualitative
long range behaviour (i.e., strong stabilisation in [16, 20]), or different nondegen-
eracy statements [18], whereas Assumption 1.1 is a mixture of nontriviality and
continuity of the functional on large inputs. Penrose and Yukich [20] give a condi-
tion under which the asymptotic variance is strictly positive in Theorem 2.1. The
condition is that the functional is strongly stabilising, and that the variable
A(00) := lim [Fg,(nU{0}) — Fo, ()]

§—00
is nontrivial. It roughly means that for § sufficiently large, and p sufficiently small,

Var(| Fo, (1, Un”) — Fos(np)|[n”| = 1) > 0,

and this is very close to Assumption 1.1 in the particular case p = y. This par-
ticular case seems more delicate to deal with that when y is much larger than p,
because in the latter case the interaction between 7” and n, hopefully becomes
small.

4. Similar results where the input consists of m,, i.i.d. variables uniformly dis-
tributed in W,,, with m, = |W,|, should be within reach by applying the results of
[15], following a route similar to [16].

Shot-noise excursions. Let {g,;m € M} be a set of measurable functions
R? — R not containing the function g = 0 indexed by some probability space
(M, .#, ). Let n be a Poisson process with intensity measure ¢4 x  on R,
Introduce the shot-noise processes with impulse distribution p by, for ¢ € A,

(1.13) fe= > gmly—x), yeR"

x=(x,m)€e¢

Conditions under which f; is well defined on Poisson input are discussed in
Section 4, along with a proper choice for .4j. Given some threshold u € R, we
consider the excursion set {f; > u} = {x € R : fe(x) > u} and the functionals
¢ {fr = uy N W), ¢ > Per({f; > u); W), where for A, B C RY; Per(A; B)
denotes the amount of perimeter of A contained in B in the variational sense; see
Section 4.2. The total curvature, related to the Euler characteristic is also studied
in Section 4.3 for a specific form of the kernels.

A shot-noise field is the result of random functions translated at random lo-
cations in the space. It has been introduced by Campbell to model thermionic
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noise [10], and has been used since then under different names in many fields
such as pharmacology, mathematical morphology [17], Section 14.1, image anal-
ysis [13] or telecommunication networks [2, 3]. Biermé and Desolneux [5—7] have
computed the mean values for some geometric properties of excursions. More
generally, the activity about asymptotic properties of random fields excursions
has recently increased, with the notable recent contribution of Estrade and Léon
[11], who derived a central limit theorem for the Euler characteristic of excur-
sions of stationary Euclidean Gaussian fields. Bulinski, Spodarev and Timmer-
man [9] give general conditions for asymptotic normality of the excursion volume
for quasi-associated random fields. Their results apply to shot-noise fields, un-
der conditions of nonnegativity and uniformly bounded marginal density, which
can be verified in some specific examples. We give here the asymptotic variance
and central limit theorems for volume and perimeter of excursions under weak
assumptions on the density, as illustrated in Section 4. Still, a certain control of
the distribution is necessary, and we provide in Lemma 4.2 a uniform bound on
SUP,eRr. 5-0(8 ln((S))_lP(f,7 (0) e [v—46, v+ 4]) when f is of the form

(1.14) fe) =) g(llx —x)
iel

where ¢ € .4, and x;,i € I, are the (random) spatial locations of its points, with
g a smooth strictly nonincreasing function (0, co) — (0, co) with a derivative not
decaying too fast to 0. Our results allow to treat fields with singularities, such as
those observed in astrophysics or telecommunications; see [2].

Let M, be the space of measurable subsets of R?. The results of Section 4 also
apply to processes that can be written under the form

(1.15) fe@) =) Lilr_yxeny. xeRY
i>1

where the (L;, A;), i > 1 are i.i.d. couples of R x M, endowed with a proper o -
algebra and probability measure; see Section 4.3. Such models are called dilution
functions or random token models in mathematical morphology; see, for instance,
[17], Section 14.1, where they are used to simulate random functions with a pre-
scribed covariance.

To the best of our knowledge, the results about the perimeter or the Euler char-
acteristic are the first of their kind for shot-noise models, and the results about the
volume improve existing results; see the beginning of Section 4.1 for more details.

1.1. Stabilisation and nearest neighbour statistics. Let us transpose our re-
sults in the case where the functional stabilises.

THEOREM 1.3. Let # = {W,;n > 1} be a class of subsets of Z%. Let Fy be
defined as in (1.1) (resp., as in (1.1)—(1.3) with Fo = Fg for some score function ).
Assume that for x; € R, M; independent with law p,i > 1,7 C {(xi, M;);i =
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1,...,6},n =nUZ¢, there is a random variable R > 0 such that almost surely, for
r>R,BeB,,
(1.16) Fo(n' N BN B) = Fy(n' N B)

(1.17) (resp.&E(m,n' N B, NB —x)=&(m,n’' N B —x), (x,m) €n ﬂa)

Then (1.8) is satisfied if for some p,q > 1 with 1/p+1/qg =1, P(R >r) <
Cr—8dp—e¢ for some C, ¢ > 0, under the moment condition

sup  E|Fo(nNnBN Br)|4q <00
rzO,BEBfW
(1.18) .
(resp., sup E[§(Mi,n " BN B, —x0)|™ < oo).
rZO,BEB;/,X()Gél

For the infinite input version, “NB” should be removed from (1.16) (resp.,
(1.17)), the exponent —8dp — & should be replaced by —10dp — ¢, and then (1.10)
would hold.

PROOF. Forr >0, B € B,, if (1.16) holds,
E|Fo(n' N B) — Fo(y' N BN B,)|*
=Eljz-r)|Fo(n' N B) — Fo(n' N BN B,))[*
<P(R > r)'/P(E(|Fo(n’ N BN B,)| + |Fo(n' N B)|)*")"4,

hence (1.8) is satisfied. If Fy = FOS, and (1.17) holds, for r > R,

FE/nB.nB)= Y &m0 NB.NB—x)
(x,m)ennQ;
= Z E(m,n NB —x)
(x,m)ennQ;
— F;(n' N B),

and (1.16) holds. [J

REMARKS 1.2. 1. The variance nondegeneracy is a disjoint issue; Assump-
tion 1.1 has to be satisfied independently. Otherwise, if one is only interested in
asymptotic normality, the above requirements can be weakened; see Theorem 3.1.

2. The definition of a stabilisation radius often involves stability under the ad-
dition of an external set, here denoted by ¢. A nice aspect of (1.16)—(1.17) with
respect to classical results is that { does not depend on 7, that is, ¢ does not in gen-
eral achieve the worst case scenario given 1. On the other hand, in the finite input
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version, one has to deal here with the intersection with B € B/, . See Example 1.1
for an application to nearest neighbour statistics.

3. Asymptotic results for stabilising functionals have been derived in numerous
work; see the survey [14], Chapter 4, and references therein. In particular, Matthew
Penrose first proved such results under polynomial decay for the stabilisation ra-
dius.

EXAMPLE 1.1 (Nearest neighbours statistics). Let us develop the example
of nearest neighbour statistics for illustrative purposes. Given ¢ € .4, x € R?,
denote by NN (x;¢) the nearest neighbour of x, that is, the closest point of
¢\ {x} from x, with ties broken by the lexicographic order. Define recursively,
for k> 1, NNp(x;Z) =NN(x; ¢\ Uf;ol NN;(x;¢)), with x = NNgy(x; ¢), and
NN<(x; &) = U g NNi(x; ¢). Fix k > 1 and call neighbours of x within ¢ the
set Ni(x; ¢) consisting of all points y € ¢ such that x € NN<x(y, ¢ U {x}) or
y € NN<i(x;¢).

Let then ¢ be a real functional defined on finite subsets of R?, and define the
score function, for ¢ € .4/,

Ni(050)),
gy = | PN 0)
0 if |¢| <k.
Assume that for each j > k, the induced mapping on (R%)/, Qji(X1,...,xj)
@({x1,...,x;}), is measurable. The simplest example would be for k = 1 the func-

tional ¢(A) = % ZyeA Ivll, so that Fy (¢) = erg £(¢ — x) gives the total length

of the undirected nearest-neighbour graph for £ € W. Notice that no marking is
involved in this setup. Such statistics are used in many applied fields, in nonpara-
metric estimation procedures, or more recently in estimation of high-dimensional
data sets [19]. Many asymptotic results have been established since the central
limit theorem of Bickel and Breiman [4]; see, for instance, [16, 18, 20].

THEOREM 1.4. Forn>1, let

Go= Y. @(N(x:inn Q).

xennQ, 1
Assume that there is C, ¢ > 0, u < d /4 such that for all x1, ..., x, € R4,
(1.19) o({x1, . xm)) < Cexp(cml.jax i)
and that ¢ is not degenerate: ¢({x1,...,xr}) # 0 for (x1,...,xx) in a non-

negligible subset of (RY)X. Then Var(G,) ~ nod, with oo > 0 defined in Re-
mark 1.1, and n='%(G,, — EG,) converges in law to a centred Gaussian variable
with variance 002, with bounds on the Kolmogorov distance proportional to n='/?.
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PROOF. Call hypercube a set of the form x +[—a, a]d forsome x e R, a > 0.
For this proof, we choose B, = [—r, r]d, r >0 (hence a_ =1, ay = \/c_l). Let
ap € (0,1/4) and Q; = x; + [—ao, aol?, i =1, ..., q be hypercubes contained
in By \ B, J2vd such that the following holds: for all hypercube B that touches
Bl/zﬁ and Bf and y € BN B(0, 1)¢, there is i such that Q; C (BN B(y, [lyl)).

Let Q) = x; +[—ao/2, a0/2]¢ and
R = min{r > 2/d(1+ 1/ag) : InNrQ;|>kforeveryi=1,...,q}.

The fact that R’ := +/d(R + 1) is a stabilisation radius in the sense of (1.17) is
implied by the following claim.

CLAM 1.1. Letr >R/, B € B, x € By. All elements of N;(0,n' N B — x)
are in B(0, VdR).

PROOF. Letyen N (B — x) besuchthat 0 € NN (y, (n' N B — x) U{0}).
Assume that y ¢ B(0, R), hence y € (B — x) N B(0, R)“. Since B N Bf # O,
(B—x)ﬂBrc_ﬁ;é@,and(B—x)ﬂB§#@.OeByields (B —x)N B, # & for

t > 1, hence fort = R/2«/E. It follows that there is i such that B(y, ||y||) N (B —x)
contains RQ;. Since 1 has (at least) k points in RQ; and RQ; —x C RQ; (using
Rag/2 > +/d), n — x has k points in RQ;, hence (n’ N B — x) N B(y, ||y||) con-
tains at least k points, and they are all closer from y than 0, which contradicts
0e NN<i(y, (N B —x)U{0}). This proves y € B(0, R).

For every i, RQ; contains k points of 7 that are in Bg, hence in B(0, R"), hence
NN« (0,7 "B —x)C Bg. O

The claim implies that Ny (0,7’ N B —x) = Nx (0, N BN B, — x) forr > R’.
We have for r > 0,

q
P(R>r) <Y P(nNrQ}| <k —1) <ark-Dde7
i=1

(for some A, A’ > 0), and a similar bound holds for R’. For the moment condition,
note that for » > 0, the neighbours of 0 in n N B, N B — x are at most at distance
R’, hence, in virtue of (1.19), uniformly in r, B, for ¢ > 0,

E|s(n' N B, N B —x)|*T* <CE[exp(cR")*""]

and this quantity is finite if ¢ is chosen such that (4 + e)u < d, and (1.17)—(1.18)
hold, hence (1.8) holds.

Let us check Assumption 1.1. Note that every result giving variance lower
bounds for such functionals requires some kind of nontriviality check, as in [20],
Lemma 6.3, and the following result could likely be deduced from it. We prefer to



NONLOCALISED GEOMETRIC FUNCTIONALS 2623

present a self-contained proof since this example is supposed to illustrate the cur-
rent method. Let A C (R9)¥ be such that @r >0on A and A C int( Q’;) for some
p > 1. Hence there is ¢ > 0 such that for § > p, p :=P(|Fo;(n”)| > ¢, |n’| =
k+ 1) > 0 does not depend on 8. It is clear that for y > 3p, x € n?,if |n?| =k +1,
NN<i(x;n” Un,) C n”. Reciprocally, if for x € n,, |B(x, x| — p) N ny| >
k + 1, x has its k nearest neighbours in 7,, and hence none in n”. If the two
latter conditions are satisfied, Fo,;(n° Un,) = Fo;(n”) + Fo;(n,), where § > y.
Hence

P(|Fg,(ny) — Fo,(ny Un”)| = c)
> P(|Fg,(ny) — Fo,(n, Un)| = c, [n”| =k + 1)
>P(|Fo;(n”)| z e, [n"| =k +1)

— X P(nNB( 1l - p+d)| <k)

J€Qs\Qy

o0
>p— Z km? 1 Cr(m — p +Vd) exp(—«(m — p + x/g)d).
m=y
For y > 3p sufficiently large (and any § > y), the last term is smaller than p/2,
hence Assumption 1.1 is satisfied. [J

1.2. Further applications and perspectives. An important part of the paper is
devoted to shot-noise excursions, but the results should apply also to most stabil-
ising models studied in the literature (packing functionals, Voronoi tessellation,
Boolean models, proximity graphs); see the example of statistics on nearest neigh-
bours graphs above.

In some models, the independent marking is replaced by geostatistical mark-
ing, also called dependent marking or external marking: let m(x; '), x € R? be
a random field measurable with respect to an independent homogeneous Poisson
process 1’ on R?, and consider the marked process {(x, m(x, 7)), x € n} instead of
the independently marked process. Such a refinement is necessary to model a vari-
ety of random phenomena, such as gauge measurements for rainfalls or tree sizes
in a sparse forest; see [23] and references therein. Labelling the points of 1 and n’
with two different colors yields that n U " has the law of an independently marked
Poisson process, hence our results could be applied to appropriate statistics.

In the nonmarked setting (M is a singleton), let a > 0 be a scaling parame-
ter, and consider the random field X = (Xy)yeza, where Xk = 1,410, 1)4)=2)
k € Z¢. X is an independent spin-model where the parameter p = P(Xo = 1) =
exp(—a) can take any prescribed value. Then all the previous results can be ap-
plied to functionals of the form

Fy(X)= ) FoXNW—k) or Fy(X)= )Y Fo(X—k),
kezd kezd
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where Fj is some functional on the class of subsets of 74, with finite second mo-
ment under i.i.d. Bernoulli input. Stabilising functionals and excursions function-
als yield possible applications, and our findings might apply for instance to the
results of [22], where more general classes of discrete input than Bernoulli pro-
cesses are also treated. Seeing Fy (or F{,V) as a functional of 7, the variance and
asymptotic normality results of Theorems 1.1-1.2 apply to Fy under conditions
of the type

(E|Fw(X' N B) — Fy(X'n BN B,)|HY"* < Co1 + 1),
where B, B, are like in (1.1), and X’ is obtained from X by forcing up to 2 spins

X, X to the value 1 (the bound has to be uniform over k, k' € /)

2. Moment asymptotics. In this section, we give results for second and fourth
moments of a geometric functional under general conditions of nontriviality and
polynomial decay. The fourth-order moment is useful for establishing Berry—
Esseen bounds in the next section. The Greek letter « still denotes a constant
depending on d, ¢, «, a—, a; whose value may change from line to line.

THEOREM 2.1. Leta>d, W CZ4, Cy>0. Let Fy € F.

Assume (1) that fork e W, GZV = FkW, (resp. (') for k € 74, GZV = Fy) and let
Gw =D jew G,ZV = Fwy(resp., Gy = F{)V) as defined in (1.1) (resp., (1.2)), and
forallr >0, B € By, U{R%},

@2.1) (E|Fo(n N B, N B) — Fo(n N B)[))/* < Co(1 + 7)™
(resp., for allr > 0,
2.2) (E|Fo(n N B,) — Fo(n)|*)

Then for k, j € W (resp., k, j € Zd),

2 < co14+1)79).

Cov(G}, GI') =k CF(1+ Ik — jI) ™

(2.3) 0'02 = Z Cov(Fp, Fy) < o0,

kezd

and og > 0 if also Assumption 1.1 holds. If W is bounded and nonempty,
(2.4) W[~ Var(Gw) — o | <« C3(10za W]/ |W])' /.
If furthermore o > 2d,

(2.5) E(Gw —EGw)* <« Co(E(Fy — EFp)*)** /w2,

The proof is deferred to Section 5.1.
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3. Asymptotic normality. We give bounds to the normal in terms of Kol-
mogorov distance, defined in (1.6), or Wasserstein distance, defined between two
random variables U, V as

dy (U, V)= sup |E[h(U)] —E[h(V)]
heLip,

El

where Lip, is the set of 1-Lipschitz functions & : R — R.

3.1. Malliavin derivatives. It has been shown in different frameworks [11, 15,
16, 18] that, through inequalities called second-order Poincaré-type inequalities,
Gaussian fluctuations of real functionals can be controlled by some second-order
difference operators defined on the random input. In the Poisson setting, this opera-
tor is incarnated by the Malliavin derivatives. We define it here as it is a central tool
in the theory backing our results: for any functional F € F, ¢ € .4, and x € R4,
define the first- order Malliavin derivative DxF' € F by

DxF(§) = F(¢ U{x}) = F(¢),
and for x,y € @, ¢ e N, F e Fy, the second-order Malliavin derivative is
Dg F(£) =Dx(DyF({)) = F(£ U{x,y}) = F(¢ U{x}) — F(C U{y}) + F(0).

One can use this object to quantify the spatial dependency of the functional F':

a point y € R? has a weak influence on a point x € R? for the functional F if its
presence hardly affects the contribution of x, that is, Dy F'(n) &~ DxF (nU{y}), orin
other words Din (n) = Dy(Dx F (n)) ~ 0. The proof of the following theorem is
based on the result of Last, Peccati and Schulte [18] that asserts that the functional
Fyw exhibits Gaussian behavior as W — R<, as soon as Dy y Fy is small when x,
y are far away, uniformly in W. The speed of decay actually yields a bound on the
speed of convergence of Fy towards the normal.

THEOREM 3.1. Let W C Z% bounded. Let Gy € {Fy, Fy,} as defined in
(1.1)«(1.2), with Fy € F, and let M, M’ ~ u independent. Assume that for some
Co > 0, either (i) Gw = Fw and for some o > 2d, forallk € W, a.a. x e W, a.a.

yeRY, 7 e {n,nU{(y, MH}},
GB.1)  [E|DaanFo((f nW) =&)< Co(1+ Ix]) ™%,  xeRY,

or (') Gw = Fy, and for some a > 5d/2, for a.a. x,y € R, o e{n,nuU
{(y, M)}},

(3.2) [E| D¢y Fo(n')[]
Then 0% := Var(Gy) < 00, and if o > 0, with Gy =o' (Gw —EGw),

Y4 < co(1+x)7% xeR9
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where a = 0 in case (i), and a =2(a/d — 2) in case (i’). Let v := supy (Gw —
EGw)*|W|=2 € Ry U {00}, then

dy(Gw,N) <ik(Clo™2/IW[+ Clo 3 |W| +v/*C3a~H W */?)

T )

Recall that (2.1) (or (2.2) in case (1)) is a sufficient condition for v < 0.

The proof is in Section 5.2.

3.2. Proof of Theorems 1.1 and 1.2. We prove Theorem 1.1 (resp., Theo-
rem 1.2) using Theorems 2.1 and 3.1.

Let n > 1 be such that W = W,, is bounded and nonempty, Gy = Fw (resp.,
Gw = Fy), o2 = Var(Gw). Assumption (1.8) (resp., (1.10)) clearly implies (2.1)
(resp., (2.2)) and, therefore, (2.4) holds:

W]~ 162 — 0| <k C2(105aW|/|W])' 47

LetyeR, ke W, xeW —k, x=(x,M), n € {n,nU{(y,M)}} as in (3.1)
(resp., (3.2)), n” =n U {x}, B=W —k (resp., B =R%), r = || x||/ay. Note that
x € B\ B,, hence

DxFy(n' N B) = Fo((n' N B) U{x}) — Fo(n' N B)
(0" U {x}) N B) — Fo(n' N B)
((n" U {x}) N B) — Fo((n' U {x}) N BN B,)
+ Fo((n' U{x}) N BN B,) — Fo(n' N B)
= Fo(n" N B) — Fo(n" N BN B,) + Fo(n' N BN B,)
— Fo(n' N B).

Fy
Fo

Applying (1.8) (resp., (1.10)) twice with x| = x, x, = y yields
(E|DxFo(n' N B)|H)'* < Co(1 4+ 1),

hence (3.1) (resp., (3.2)) holds, and (3.3) holds. Since furthermore Assumption 1.1

holds, Theorem 2.1 yields op > 0, and for n sufficiently large, o %< 2| W|_100_ 2,

hence, with GW = (Gw—EGw)(Var GW)_I/ 2 forn sufficiently large, using also
(1.5),

dy (Gw, N) <k |W|™V2(C3oy2 + Cioy>).
Since (1.8) (resp., (1.10)) holds with @ > 2d, we have furthermore by (2.5):
v=limsupE(Gw, — EGw,)*/|W,|*> < kCo(E(Fo — EFp)*)**.

n>1
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Applying (1.8) with »r =0, B = R4 gives E(Fp — EFy* < ch. The bound on
Kolmogorov distance (1.9) (resp., (1.11)) follows easily by (3.4).

It remains to prove that G’y := (ag|W|)*1/2(GW — EGw) follows a central
limit theorem. We achieve it by proving that its Wasserstein distance to the normal
goes to 0. The triangular inequality yields

dy (G, N) <E|GYy — Gw|+dy (Gw, N)
1 1

< —
oo/ IW] - V/Var(Gw)
which indeed goes to 0 by (2.4).

E|Gw —EGw|+dy(Gw, N)

4. Application to shot-noise processes. Let the notation of the introduction
prevail. For the process f; (see (1.13)) to be well defined, assume throughout the
section that for some 7t > 0,

@.1) I/ oo dxiatam) < oo,

and let .4 be the class of locally finite ¢ such that 3, ,)er [8m(X)] < 00, x € RY.
The fact that n € .4 a.s. follows from the Campbell-Mecke formula.

We study in this section the behaviour of functionals of the excursion set { f;, >
u}, u > 0. We use the general framework of random measurable sets. A random
measurable set is a random variable taking values in the space M, of measurable
subsets of R?, endowed with the Borel o-algebra B(M,) induced by the local
convergence in measure; see Section 2 in [12]. Regarding the more familiar setup
of random closed sets, in virtue of Proposition 2 in [12], a random measurable set
which realisations are a.s. closed can be assimilated to a random closed set.

4.1. Volume of excursions. Foru € R fixed, W C Z¢, ¢ € .4, define
Fw @) =t'({fiap=ud0 W),  Fp@=t'({fe zu}nW).

A central limit theorem for the volume of a certain family of shot-noise excursions
has been derived in [9], under the assumption that f;(0) has a uniformly bounded
density and [ |g,, (x)|u(dm) decreases sufficiently fast as ||x|| — oo, using the
associativity properties of nonnegative shot-noise fields. In some specific cases,
the bounded density can be checked manually with computations involving the
Fourier transform. In this section, we refine this result in several ways:

e A general model of random function is treated, it can in particular take negative
values, allowing for compensation mechanisms (see [17]). For u > 0, to avoid
trivial cases we assume

4.2) u({m e M: g, >0}) #0.

e The precise variance asymptotics are derived.
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e Weaker conditions are required for the results to hold, in particular bounded
density is not needed.

e The likely optimal rate of convergence in Kolmogorov distance towards the nor-
mal is given.

e Boundary effects under finite input are considered, in the sense that only points
falling in a bounded window (growing to infinity) contribute to the field. The
case of infinite input is also treated.

The application to shot-noise excursions is a nice illustration of the versatility of
the general method derived in this article. We give examples of fields with no
marginal density to which the results apply, such as sums of indicator functions, or
of kernels with a singularity in 0. Controlling the density of shot-noise fields is in
general crucial for deriving results on fixed-level excursions. The case of indicator
kernels is treated in Section 4.3.

ASSUMPTION 4.1. Let f, be of the form (1.14) with g such that [g(x)| <
cllx|I=*, x|l > 1 for some A > 11d, ¢ > 0. Assume that there is ¢ > 0, ¢ > 0 such
that

rp=2 A p2d=1)

(4.3) E 28 dp<cexp(er?™®), r>0.
0 —g'(p) p( )

Lemma 4.2 below yields that if f), satisfies this assumption, we can somehow
control its density: for a € (0, 1), there is ¢, > 0 such that

4.4) sup P(f,(0) € (v—38,v+3)) <c,8

veR,§>0
This result might be of independent interest, and is proved after Lemma 4.2. Here
are examples of functions fulfilling Assumption 4.1 (and hence satisfying (4.4));
note that nothing prevents g from having a singularity in 0.

EXAMPLE 4.1. Theorem 4.1 below applies in any dimension to g(p) =
Cp™"1ip<1y+81(pP)1{p>1}, p > 0 and g1 (p) is for instance of the form exp(—ap”)
or p~* witha,v>0,1> 11d,y <d, C > 0. Such fields do not necessarily have
a finite first-order moment, and are used for instance in [2] to approximate stable
fields, or for modelling telecommunication networks.

To give results in the case where boundary effects are considered, we need an
additional hypothesis on the geometry of the underlying family of windows # =
{W,;n > 1}. For 6 > 0, let Cy be the family of cones C C RY with apex 0 and
aperture 0, that is, such that HI-N(C NS >0, Let Cor={CNBO,R):CEe
Cp} for R > 0. Say that # has aperture 8 > 0 if for all W € #  with diameter r > 0,
W has aperture 0 : for x € W, there is C € Co.1n(ry1/24 such that (x + C) C w.
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THEOREM 4.1. Letu > 0. Let Gy = F{,V, or Gy = Fy if W is assumed to
have aperture 6 > 0. Assume that Assumption 4.1 holds. Then as |07a W|/|W| —
0, Var(Gw) ~ 002|W|, (Gw —EGw)(oo/TW]) ! satisfies a central limit theorem,
with

4.5) of = Aéd [P(f7(0) > u, fr(x) >u) —P(f,0) > u)z] dx > 0.
Also, the convergence rate (3.3) in Kolmogorov distance holds for G .

This result requires f to be under the form (1.14) mainly because of the density
estimates provided by Lemma 4.2, but under general density assumptions, it could
apply to more general models of the form (1.13). Let us state a lemma that will be
required in the proof, and in other results concerning the nontriviality of shot-noise
excursions.

LEMMA 4.1. Let f, be of the form (1.13). Assume that
(4.6) for some M C {m e M : 4(g1((0, 0))) > 0}, wM)=>0.

Then there is p > 1 such that for g > 1, E(ﬁd({f,]p >u}Nn Qﬂ)) > 0.

PROOF. Basic measure theory yields ¢ > 0, p > 1 such that
w({m 04 (g, ((e,00) N Qp_1) >0}) > 0.

Letr e Ql, k>u/e,and X; = (Y;, M;),i < kii.d. couples of Qp x M, and U; :=
gm; (t —Y;). We have P(U; > ¢) > 0, hence

P(fo (1) = u) ZP(fyr (1) = ke) = P(In” 0 Q| =k)P(U) = &) > 0.
Then Fubini’s theorem yields for § > 1
Ecd({re Qp: fur(t) = u})
>Ee({t € O1: fixy...xpy @) = u})P(|n”| =k) > 0. 0

PROOF OF THEOREM 4.1. The decay assumption on g yields that (4.1) holds
for T = 1, and the left-hand member of (1.10) is uniformly bounded for r < 24/d.
From now on, we take r > 2+/d. We wish to prove the the conditions of Theo-
rems 1.1 and 1.2 are satisfied with the functional Fy(¢) = le l{f{ n=uydt. Let
us start by proving Assumption 1.1. Let M = {m e M : g, > 0}. For p > 0, let
", be the event that n” C Qp x M (i.e., all functions of n” are nonnegative).
Since u(M) > 0, P(I'y) > 0. Lemma 4.1 yields p > 0, p > 1 such that for 7 € Ql,
P(fpo(t) > 2ull'y) = p. Also E|f;, (1)] - 0 as y — oo uniformly in 7 € 01,
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hence for y sufficiently large, € Q1, P(] Jn, O] <u) > % Conditionally on ',
Jo,une = fop + fy, = [y, - Hence, for § >y > p,

L,y | Fo; (ny Un®) = Fo,(ny)| = 1ir,) /Q L fyo0n, >0, fyy )<uy d = 1r,) G
8
where G := /Q 1{|fny(t)|<u,fnp(t)>2u}dt-
1

E[G|T,] > fQ P(fye (1) > 2u|Fp)P(|f,,y ()] <u)dt > g
1

Since G <1, P(G > p/4|T",) > p/4 > 0. Hence P(|Fg,(n, Un”) — Fo,(n”)| >
c)>PT,)P(G > p/4T,) =: p’ > 0, hence Assumption 1.1 is satisfied.

Let us now prove that (1.8) holds in the case Gw = Fw (or (1.10) in the case
Gy = F")V). Let x1,x2 € RY, My, M» independent marks with law u, r >0, ¢ C
{(x1, M), (x2, M2)},  =n U . Let B =R in the case of infinite input (Gy =
Fy,), and let B € B, otherwise (Gw = Fw). Jensen’s inequality yields

|Fo(n' N B) = Fo(n' N B, N B)|*
4
= |:/Ql (l{fn/ﬁB(f)ZM} - l{fn/mBrmB([)Zu})d[]

< /Q |1{f,]/m3(t)2u} — l{fn’ﬁB,nB(l)Zuﬂdt,
1

and for ¢t € Ql, r>24d,

{fn/ﬂB(t) - fn/mB,ﬂB(f){ =

> gm(t — x)

x=(x,m)e(n’NB)\ B,

<O i= Z ’gm(f—X)’.
x=(x,m)en’\B(t,a_(r—+/d))

Note that §,; is independent from n N B(¢, a_r/2) and its law does not depend on

te Ql. Since B = Z forsome Z C Z¢ and0 € B, € B.Let R = lAln(a_r)d*ils/?,
where ¢ is from Assumption 4.1. Since B intersects By, it has diameter at least
a—_r and since W has aperture 0, there is a solid cone C; € Cy g such that, with
D; = (C; +t), Dy C B. In the infinite input case, the latter trivially holds with
B=R% 0 =04_1:=H1(S? "), D; = B(t, R). We have

E|Fo(n' N B) — Fo(y' N B, N B)|*

=< sup P(fr)’ﬂB(t) €lu— Sr,t’ u—+ (Sr,t])
tGQl

< sup P(funp, (1) + fun\D) (@) + fenp (@) € [u — 8r1, u + 8141)
teQ)
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< sup E(P(fynp, (t) € [ — fyun\D) (1) = fenp () £ 8r1]l
teQ
o(¢,nN(B\ Dy))))

< sup E(sup P(fynp, (1) € [v = 8.1, v+ 8,110 (5,)) )
tGQI veR

@7 <E( sup sup[P(finc(®) € v = bro.v -+ bro])lo (Bro)]).
€Cy,R VE

To bound this quantity, we need to study the density of the shot-noise field.
LEMMA 4.2.  Assume that f is of the form (1.14). Let § > 0, R > 1. Then for
veR, Celypr,
P(fync(0) € [v—8,v+8],InNC]|
R (p=2 A o2d=Dy g
>2) < k8 / (p a )dp
0 —g&'(p)

Before proving this result, let us conclude the proof of Theorem 4.1. Assume
without loss of generality r > 2rg/a_. By Assumption 4.1, (4.7) is bounded by
supcec, r PUN N Cl <2) + ek (Eldr0 exp(cRd*S)]). The decay assumption on g

yields that E(§,0) <« (1 + r)~**4_ Hence (4.7) is bounded by

d—e
(1 +k RY) exp(—kOR?) + c exp(ck In(r) @72 (1 4 )=+
<k(l+r)~*=

for any A" € (11d, 1). Hence (1.8) and (1.10) hold with @« = (\' — d)/4 > 5d /2.
0

PROOF OF LEMMA 4.2. Let A = (;d,;i‘ , ng = |[n N C| be the number of germs

(Poisson variable with parameter (C) = Rd/)»), and let gr(x) = g(llxID1xecy,
so that f,nc(0) = Z?:Rl gr(X;) where the X; are uniform i.i.d. in C. Call pg the
distribution of the gg(X;). We have for every b > a > g(R), since g is one-to-one
and continuous

A
wr(la, b)) = Rd fc La<g(xly<b) dx

A e l@
— 0 d—ld
R4 /g—1<b> peoar

_ 94d-1
deRd

(g '@ —g )7,
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041 (g (@ !
VeaRT\ =g/(g"T(@))
®" the density g convoluted with itself n times on the real line,

whence g has density gr(a) = 1iz>g(r)) ). Then, denoting by

P(fync©) elv—68,v+38],InNC|=>2)

<Y Pg= n)P<ZgR(Xi) elv-é,v +5]>

n=2 i=1

<> Pr=n)|pF"| 28

n>2

(4.8) <2sup|pR" | 8
n>2

Due to convolution properties, for n > 2,
102" oo < 190870

< chplzg(a)da =Eor(gr(X1))

== [ orletin) s

T X! ogidx
=~ RY Je —g'(g7 1 (g(Ix])) «aR?

_ <Ud—1 >2/R L aw-ny
- d P P
kaR 0o —8'(p)

2(d—1) -2
0d—1 P Rp dp)
S( Kd ) (RZ"/ g(p) 1 —g'(p)

which concludes the lemma after reporting in (4.8).

PROOF OF CLAIM (4.4). Letv>0,d>0.Let R=Rs:=1A |1n(8)|d+8/2.
Introduce the events As , = {fnR(O) e(w—96,v+90)}, A:S,v ={f,0) € (v -,
v+38)}, Bs = {|n®| = 2}. Since Assumption 4.1 holds, Lemma 4.2 yields P(A;5,N
Bs) < c48¢ for all v > 0. Let Us = f;,(0) — fnR(; (0). Note that U; is independent
from fnR5 (0). We have

P(As.,) <P(As, N Bs) +P(Bf) < 8% + 0(8%) < ¢, 8%,
P(A5 ) =E[P(f,z(0) + Us € (v — 8, v+ 8)|Us)]
<E(P(As.v—u;|Us)) <E(c,8) = c,8%,

hence the claim is proved. [J]
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4.2. Perimeter. We use in this section the variational definition of perimeter,
following Ambrosio, Fusco and Pallara [1]. Define the perimeter of a measurable
set A C R? within U c R? as the total variation of its indicator function

Per(A; U) := sup / 1a(x)dive(x)dx,
peCl (U RY): gl <1 /R?

where Cg (U, R?) is the set of continuously differentiable functions with compact
support in U. Note that for regular sets, such as C! manifolds, or convex sets with
nonempty interior, this notion meets the classical notion of (d — 1)-dimensional
Hausdorff surface measure ([1], Exercise 3.10), even though the term perimeter is
traditionally used for 2-dimensional objects. It is a possibly infinite quantity that
might also have counterintuitive features for pathological sets ([1], Example 3.53).
The main difference with the traditional perimeter is that the variational one ob-
viously cannot detect the points of the boundary whose neighbourhoods do not
charge the volume of the set, such as in line segments for instance.

For any measurable function f : R? — R and level u € R, the perimeter of
the excursion Per({f > u}; U) within U is a well-defined quantity. To be able
to compute it efficiently, we must make additional assumptions on the regular-
ity of f. Following [7], we assume that f belongs to the space BV (U) of func-
tions with bounded variations, that is, f € LY(U) and its variation above U is
finite:

V(f,U):= sup / f(x)dive(x)dx < oo.
peCl (U Rl <1V

The original (equivalent) definition states that f € LY'(U) is in BV(U) if and
only if the following holds ([1], Proposition 3.6): there exists signed Radon mea-
sures D; f on U, 1 <i <d, called directional derivatives of f, such that for all
@ €CP(RY),

d
fU f(X)dlw(X)dx:—; /U ¢i () Di £ (d).

Then there is a finite Radon measure || Df|| on U, called total variation measure,
and a S?~!-valued function vr(x),x € U, such that Df =), D; f = ||Df||vy.
According to the Radon—-Nikodym theorem, the total variation can be decomposed
as

(4.9) IDfIl=Vft¢+ D/ f+D°f

where V f is defined as the density of the continuous part of || Df || with respect to
¢4, D f + DJ f is the singular part of || Df|| with respect to Lebesgue measure,
decomposed in the Cantor part D€ f, and the jump part D/ f, that we specify
below, following [1], Section 3.7.
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For x € U, denote by H, the affine hyperplane containing x with outer normal
vector v¢(x). For r > 0, denote by BT (x,r) and B~ (x, r) the two components of
B(x,r)\ Hy, with v¢(x) pointing towards BT (x,r). Say that x is a regular point
if there are two values £ (x) > f~(x) such that

r—0

1imr—d/B+( )|f+(x)—f(y>|dy

(4.10) = lim r_d/ () = f~(x)|dy=0.
r—0 B~ (x,r)

It turns out that the set of nonregular points has H¢~'-measure 0 ([1], Theo-

rem 3.77), and the set J¢ of points where fT(x) > f~(x), called jump points,

has Lebesgue measure O ([1], Theorem 3.83). Then the jump measure of f is rep-

resented by

DY f(dx) =1pespn(f1(x) = £~ (0)H ™ (dx),

where 7~ stands for the (d — 1)-dimensional Hausdorff measure.

In the classical case where f is continuously differentiable on U, Df =V f£9,
vr(x) = ||Vf(x)||_1Vf(x) (and takes an irrelevant arbitrary value if V f(x) =
0) and V(f;U) = [y IVf()lldx. If f =1 for some C! compact manifold
A, vy(x) is the outer normal to A for x € dA, Vf =0, D°f =0 and D/ f =
1{3 A}'Hd_l.

Denote by SBV (U) the functions f € BV (U) such that D¢ f = 0. Assume here
that for m € M, g,, € SBV (R%) and that

fM[fRd(lgm(t)\ + [ Vem(®)]) dr +/J |8 (1) — g,,:(t)!%d—%dn]u(dm) < oo,

Let .4g be the class of configurations ¢ such that the corresponding shot-noise
field f; is of class SBV (U) on every bounded set U, finite a.e. on R, its gradient
density defined by (4.9) is a vector-valued shot-noise field, defined a.s. and £“-a.e.
by

Vi)=Y Vgut—x),
(x,m)eg
and its jump set J is the union of the translates of the impulse jump sets: Jy =
Uw,myec (X + Jg,,), and the jumps of f are
= frM= Y Nexty (@m0 =0) =g, (v =), yeJy.
(x.m)eg

[7], Theorem 2, and the previous assumption yield that n € .4( a.s. Let & be a test
function, that is, a function & : R — R of class C' with compact support. Let H be
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a primitive function of /. Biermé and Desolneux [7], Theorem 1, give for W C 74,
(eN,

FliiPerry .= /R h)Per({ fy > u}; W) du = Fiy " ©) + F "™ (),
where

) = [ (e )][V fe )] dx.

h.j — —
FP @ = [ (H ) = B @) R @,
Jrnw
Their expectations under » are computed in [7], Section 3:

E[Fy " ()] = IWIE[A(£,0)[V £,0]],
by )
E[FI9 ()] = [w| / /J (/ (s+fn(0))]ds)Hd Ldy)u(dm).
8

m(Y)

Let us now give their second-order behaviour. It is difficult to give sharp necessary
conditions for nondegeneracy of the variance if the function & changes signs, so
we treat the case 2 > 0, but it is can clearly be extended.

THEOREM 4.2. Let W = {W,; n > 1} satisfying (1.5). Assume that (4.6) holds
and that P(thV’Per(n) * Fé’V’Per(Q)) > 0 for some W C 74 . Assume that for some
a>5d/2,c>0,

@1 (Elgn@[H <+ x) "
@12) B[V | <1+ x4,

4\ 1/4
) — o d—1
(4.13) (E[fJgMn(H[OJ)J)(l Vg — gy O)H (dt):| )

<c(1+ [x])~4

Then the conclusions of Theorems 1.1, 1.2, 2.1 and 3.1 hold for Fy := F {%}Per. In

particular, FW Per has a variance proportional to |W| and follows a CLT.

EXAMPLE 4.2. Assume M = R is endowed with a probability measure ©
with finite fourt moment. Let f be a function of the form

frx)y= > mg(lx—yl)
(y.m)es

with g € SBV (R). Conditions (4.11) and (4.12) hold if |g(r)| < C(1 4+ r)~¢4~
and |g'(r)| < C( + r)~4=% y > 0. Then (4.13) holds if Jg is countable and for
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some C > 0, for every r > 0

Yoo o(vgt—g ) =ca+r)
teJN[r,r+1)

PROOF. First, (4.11)—(4.12) imply that the shot-noise process and its gradient

) hj
measure are a.s. well defined. The functionals F &';C(’m, Fy""™ are under the form

(1.1)—(1.2), with Fy defined respectively by, for ¢ € .4/,

Mo = [ h(f @)Y few]ar,

1
R = [ (o) i o),
e

where H is a primitive function of .

Let x; = (x;,m;) € RY, i =1,...,6. Let r > 0, { C {x1,%2}, and let n; =
nNAj, j=1,2, for some Aj C Ay C R that coincide on B;. By the triangu-
lar inequality,

|[Fo ™ ) = Fo ™ (m2)|

< [ Wl @ = oIV 0] at

+ /Ql Wl |V £y (8) = ¥ £ ()] it

IA

S WLV 5 Ollnts =01+ bl Van(x = )] .

(x,m)en’\ B,

Define for {y € N, X = (x, m) e@,

v (x, §o) = /Q A N |V fieouerna, @] |gm x — )| + I hlloo | Vgm(x — 1) | ]dt.

For ¢’ C {x;,3 <i <6}, Jensen’s inequality yields for x = (x, m) € R4
Ey (x,nU¢)*

< [ Bllants =0BIV S0 O]+ E|Van s =0 Jar.

An easy application of Lemma 5.1 with ¥/(x, m) = ||Vgu,(x — 1)||, r = 0 yields
that E||meu§r(t)||4 < ¢ < oo where ¢ does not depend on ¢ € R?, A; or the x;.

Therefore, Assumptions (4.11) and (4.12) yield for x = (x, m) € R4

E[y(x,nu )] < (1 + [lx])~*@F,
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and Lemma 5.1 with (4.14) yields that
(4.14) (E[| hcont( ﬂAl) hcont( NA )| ])1/4§C(1+1’)_a,

h,cont

where C does not depend on the A;. Hence, (1.8) is satisfied by F{y
ical points of ¢ \ B, have to be treated separately).

(hypothet-

Let us now prove that it is satisfied by the jump functional Fg U Since it
has to hold only for ?9-ae. x1, x», and the Jg,» Jg, have finite H9~! measure, we
assume that S, — X1 and Jgm, — X2 have a 7~ !-negligible intersection. They

also a.s. have a H¢~!-negligible intersection with each Jg,, —x, (x,m) € n. Call

fl :fm= f2:fnzv
h.j h.j
|Fy "™ (1) — Fy "™ ()|

[(H (f] 1) = H(fi 1))

(x,m)en; JenN01

—(H (f;(r)) — H(f{)(t))]H"‘l(dt)
fj H(f5H () — H(f5 (0))]H4 (dr)

(x, m)Gﬂz\m

5/ IIhI|(|f2 ) = fTO|+ 1 O — fr ONH " (dr)
I

+ > / IIh|||g (x = 1) = g x —D[H 1 (d1)

(x,m)en’\ B,
< ¥ ||h||(2/ gm e — R )
(x,m)en’\ B, Iry Q1
=1 ((x,m),n)
(4.15) +/~ |gm(x—t)—gm(x t)|’Hd_1(dt)>.
01NJg,
= (x,m)

We have E[y(x, Mg)*] < C(1 + ||x||)~*@+9) by (4.13), and Jensen’s inequality
yields for ¢ C {x3,..., X6}, f3 = fiyue, after expanding the fourth power of the
integral as a quadruple integral,

Evy((x, Mo). nU ')

b g o ) )
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SE(( /J - (EgM0<x—r>4)”“Hd—1(dz>>4‘6(n,M’))

3N01
—4(d+a) d—1 A4
< C(1+Ilx]) E[H (Jp N O]

by Assumption (4.11). Then (4.13) yields E[H?~!(J; N 01)*] < 0o with an ap-
plication of Lemma 5.1, where Lemma 5.1 again yields that Fé’ JUP also satisfies
(1.8) (here again the points of ¢ U ¢’ have to be considered separately). Hence
Fo= F"*™ 4 F"P" satisfies (1.8).

It remains to prove Assumption 1.1. Assume wlog Fp(@) = 0. Since a set
with positive volume has positive perimeter, Lemma 4.1 and Assumption (4.6)
yield p > 1, ¢ > 0, p > 0 such that for g > p, P(|FQﬁ(17’°)| > ¢) > p. Then for
s>y >p,

U:= |FQ8(77V Unf) — Fos(ny) — FQﬁ(”p)|

< [Fou(ny Un®) — Fo,(n")| + |Fon0s(n” Uny) — Fosno, ()|
+ ‘FQﬁ(nV)‘
)
EU < «f'(y =B+ Y km?™ m—p) ™ +xpl(y — )™

m=p
< By =BT+ Cp(B - p)' 7,
the last estimates are obtained by choosing adequately Aj, A, in (4.14), (4.15).
We can arbitrarily increase B such that C,(8 — )~ < pc/8, and then for y
sufficiently large k8% (y — B)?~% < pc/8 as well, from where
P(|Fo,(ny Un®) — Fo,(ny)| > ¢/2)
= P(|Fo,(n")| > ¢) =P(IU] > ¢/2)

>p—EU/(c/2)zp—p/2=p/2>0.

That proves Assumption 1.1 and concludes the proof. [l

4.3. Fixed level perimeter and Euler characteristic. Let B be a measurable
subset of My, and let the marks space be M = (R \ {0}) x B, endowed with the
product o-algebra and some probability measure . This section is restricted to
shot-noise fields of the form

(4.16) fr)= > Llg_yeay, ¢CR!xM,xeR”
(v,(L,A))e¢

Such fields are used in image analysis [6, 7], or in mathematical morphology [17],
sometimes with L = const., and their marginals might not have a density. The
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article [8] uses the asymptotic normality result below for the Euler characteristic
when B is the class of closed discs in R? (Example 4.5).

The current framework allows to give general results for a fixed level u € R, for
a large class of additive functionals, including the perimeter or the total curvature,
related to the Euler characteristic. For the latter, the main difficulty is to properly
define it on a typical excursion of the shot-noise field, as it is obtained by locally
adding and removing sets from . The general result only involves the marginal
distribution ug(+) := u(R x ).

We call B’ the class of excursion sets generated by shot-noise fields of the form
(4.16) where all but finitely many points of ¢ in general position have been re-
moved. Formally, given a measurable subclass B’ C My, a function V : B’ - R
such that V (A) only depends on AN Ql ,and a function |V|: B — (0, 00), say that
(B,B',V,|V|) is admissible if for Ay, ..., A, € B, for a.a. yi,...,y, € RY, any
set A obtained by sequentially removing, adding or intersecting the A; 4 y;, i =
1,...,q,belongs to B/, and |V (A)| < Z?:l [V|(A;). We consider below the func-
tionals, for W C Z4, e N,

Fw@) =Y V({fiaw zu) =K. Fy@) = V({fe zu)—k).

kew keWw

THEOREM 4.3. Let u € R, (B,B',V,|V|) be an admissible quadruple, let
f be of the form (4.16) and let W = {W,;n > 1} be a sequence of subsets of
74 satisfying (1.5). Assume that for some p, p,c > 0, P(|Fg,(n”)| = ¢) = p for
B> p, that [ |V|(A)8MB(dA) < 00, and that for some A > 28d, C > 0,

@17 ps({AeB:(x+AN01#£2}) <CA+|x])", xeR%

Then the conclusions of Theorems 1.1 and 1.2 hold: Fw and Fy, have variance of
volume order and undergo a CLT.

Remark that nothing prevents the typical grain of B to be unbounded with pos-
itive pp-probability.

PROOF. In this proof, .4 is chosen to be the class of ¢ such that for any
bounded set D, {[D] :={(y, (L, A)) € ¢ : (y + A)N D # &} is finite. Assumption
(4.17) implies that n € .4 a.s. Let the notation of (1.8) prevail. Let » > 0. Introduce
the independent variables

S, = ) Vi, St = > IVI(A).
0. (L,A)em'NB)[01] (v.(L,A)em\B)[Q1]
We have a.s.
|Fo(n'N B) — Fo(n’ " BN B,)|

(4.18) =|V({fynsns, = u}) = V({fiyn = u})|
<1520 2(S; +87) <21 50,5, +25]
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Define ¥ (y, (L, A)) = 1{(y+A)ﬂQ17é®}|V|(A)‘ Let (Lo, Ap) be a random variable
with law . We have by Cauchy—Schwarz, for y € R?,

E(W (v, (Lo, A))* < VEIVI(A0)P((y + Ag) N 01 # 2)
=C(1+1Iy) ™"
Hence Lemma 5.1 yields sup,_,E(S7)* < E(Sy)* < oco. The same method
yields (E(SHMH /4 < (1 +r)~*/3+4_ The same method again but this time with
Yy, (L, A) =1, ayng,—g) Yields P(S #0) < C(1 + r)~**4. Taking the
fourth moment and plugging these estimates back in (4.18) yields that (1.8) and

(1.10) hold.
Let us show that Assumption 1.1 holds. For 8 > p, P(|Fg,(n”)| > ¢) > p. If

ny[Qpl =D, Fo,(n” Uny) = Fo,(n°) and if np[ng] =3, Foano,” Uny) =
Fos\ 05 (ny). Hence, with Us , := Fo,(n”) — Fo;(n” Uny) — Fg,(n°),
P(|Fg,(n") = Fo;(n” Uny)| > ¢/2)
>P([Fos(n°)| > ) = P(IUs.y | > ¢/2)
> p—P(n’[ Q%] # 2) — P(n, [Qp] # 9).

Since at fixed p, l{np[Q%]#g} — 0 a.s. as 8 — o0, fix B such that P(np[Q%] #*

@) < p/4. Then for y sufficiently large and any 6 > y, P(n,[Qg] # @) < p/4,
hence Assumption 1.1 is satisfied. [J

EXAMPLE 4.3 (Volume). The simplest example is the class B = M, of mea-
surable subsets of R?, endowed with Lebesgue measure V(A) = (AN Q1). We
have Fwy(n) := Iz ({fmw >uln W) a.s. This example has been treated in a dif-
ferent framework at Section 4.1.

EXAMPLE 4.4 (Perimeter). Let B be the class of A € My such that
H?1(9A) < oc. Define V(A) =HI"1 (AN Q1), we prove below that Fy (1) =
HI1({ fnﬂW > u} N W) as. Assume for the moment condition that

JsHI1 (@A) up(dA) < co.

EXAMPLE 4.5 (Total curvature). Letd =2, BB be the class of nontrivial closed
discs of R?. A set A C R? is an elementary set in the terminology of Biermé
and Desolneux [6] if A can be decomposed as a finite union of C? open curves
Cj,j=1,..., p with respective constant curvatures «; > 0, separated by corners
xi €0A,i=1,...,q (with 0 < g < p) with angle «(x;, A) € (—m, ). The fotal
curvature of A within some open set U is defined by

p q
TC(A; U) =Y k;HN(C; NU) + ) i evyalxi, A).
j=1 i=1
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Therefore, we define V(A) TC(A; Ql) Via the Gauss—Bonnet theorem, for
W c 79, TC(A; 1nt(W)) is strongly related to the Euler characteristic of A N
W, in the sense that they coincide if A C int(W), and otherwise they only
differ by boundary terms; see [6]. We will see that Fw(n) = TC({ fnﬂ

u}; int(W)) a.s. Assume also that the typical radius has a finite moment of
order 8d.

PROPOSITION 4.1. In the three previous examples, assume that (4.17) holds,
and that P(f,(0) > cu) ¢ {0, 1} for some ¢ > 0. Then the functionals Fy, F{)V
satisfy the conclusions of theorems 1.1, 1.2, in particular, they have variance of
volume order and undergo a central limit theorem as |07« W|/|W| — 0.

PROOF. All proofs rely on defining an admissible quadruple that satisfies the
assumptions of Theorem 4.3, and show that the variance assumption holds. We
only treat the case u > 0, the case u < 0 can be treated similarly. Let Ty =k + O,
keZ.

(Volume.) Defining B = My, |V|(A) = £ (A) yields an admissible quadruple
(B, B, V,|V]). In the case u > 0, the fact that 1{f,,(0)>0} is not trivial yields that
(4.6) holds, and hence using Lemma 4.1, P(Fg,(n”) > ¢) > P(Fg,(n") > ¢) =
p > 0 holds for some p,c > 0, and for 8 > p. The case u = 0 can be treated
directly and is left to the reader.

(Perimeter.) Let B’ be the class of A € B such that H¢~'(dA N dTx) = O for
k € Z¢ For A € B, for a.a. y € RY, H4"1(3(A + y) N dTx) = 0. Hence for
Ay,...,A; € B, for aa. yj,...,y, € R4, any set A obtained by sequentially
adding, intersecting or removing the A; + y; is in 5/, using dA C J7_; (0 A; + yi).
Defining |V |(A) := H?~1(dA) yields an admissible quadruple (3,5, V,|V]).
The justification that Var(Fg ﬁ(np)) > 0 holds is the same as for the vol-
ume (above), because a set with positive volume has positive boundary mea-
sure.

(Total curvature.) Let B’ be the class of sets obtained from finite unions, in-
tersections and removals of discs Ay,..., A, such that for i # j, A; and A;
are not tangent and dA; N0A; N ATy = & for k € Z%. Every A € B’ is elemen-
tary, and defining |V| = 1 yields that (B, B, V,|V|) is an admissible quadru-
ple. Let X; = (Y;, (L;, D;)),i > 1, i.i.d. marked couples of discs with i.i.d. uni-
form centers Y; in B(0,1). Let k € N be such that the event I' = (Zl 1 Li =
u, Z L < u) has positive probability. Conditionally on I', {f(x,. . x,) =

ﬂ _1(Yi + D;). Since the D; have positive radii, the probability that the
Y,,l =1,..., k are sufficiently close to O such that this set is nonempty is also
positive. In this case, it is the intersection of discs, hence its total curvature
is equal to 1, and P(FQﬂ(np) > 1) > p > 0 is satisfied for some p > 0 and

B>p. U
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With a similar route, the previous example can likely be generalised to more
general classes of sets B in higher dimensions, such as the polyconvex ring, pro-
vided one can estimate properly the curvature or the Euler characteristic on sets
from B’.

5. Proofs. Recall that « denotes a constant which depends on d, «, a_, a+
and whose value might change from line to line. The following lemma is useful
several times in the paper.

LEMMA 5.1. Let o> d,Cyp >0, M;, 0 <i <4 be independent marks with

law w. Let r > 0, ¥ : R4 x AN — Ry be a measurable function such that for
tlae x; e R0 <i <4, and & C{(xi, M),i =1,...,4}, By ((xo, Mo),n U
OHVA < Co(1 + [lxol) @4, Then

<E D oY)

xen\By
PROOF. Let n, = n \ B,. Let x; = (x;, M;). Let P4 be the family of or-
dered tuples of natural integers which sum is 4. The multivariate Mecke formula
yields

E[Z ¥ (x; n)]4

XENr

4\ 174
) <Cok(1+r)~“.

q
E|:l_[ w(xl, n U {xy, ""Xq})m’]dxl"'dxq

q
=k _ H(El//(X[,?]U{X],...,Xq})4)ml/4dx]...dxq
(my,....mg)EPy (B 14

q
<« ¥ ]‘[Kchcg”(H||xl||)‘"”<"‘+d)dx,

(my,....mg)€Py =1

q 00
p Z an"/ r(l 4 p)~milatd) d=1 gy

(mi,...mg)ePy  I=1 “¢

<kCq Y (L) HerDHd <1+ )M

IA
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5.1. Proof of Theorem 2.1. We prove (2.3) under Assumption (2.1) (i.e., in

case (i)). Remark first that (2.1) trivially holds also for B € By, \ By, s < r. Also,
if (2.1) is satisfied, with B = R9, (2.2) is also satisfied. Assume without loss of

generality Fo(2) = 0, then (2.1) with r = 0 yields
my == sup E|FY (p)|?
keW

ksuv%E\Fo((n NW) —k) — Fo(((nN W) — k) N By)|?

< KC§<oo.

The following inequality is useful several times in the proof: given some square-
integrable random variables Y;, Z;,i = 1,2 on 2, and a o-algebra Z C <7,

E|COV(Y1, Y»|Z) — Cov(Z;, Z2|Z)|
<E(\2E(1712)2E((Z> - 1221 2)
(5.1)
+2E(2312) |/ 2E((Z, - 11)212))

< 2<\/EY12\/E(22 —¥2)? + JEZ3\E(Z, — Y1)2).

Let B (k) =k + B, fork e Z¢,r > 0. Letk, j e W, r = |k — jlI/Bay), n's 1"

independent copies of 1, and

ne = (nN Br-(k)) U (n' N B (k)°), nj=mNB.(j))U(n" NB(j)),

which are processes distributed as 5, independent since B, (k) N B,(j) = @. Since
1 N B (k) =i N B, (k), (2.1) yields
FY oy — FY ) = FY ) — FY (n 0 B (k))
+ FY (me 0 B () — FY (i),
E[FY () — FY ol? < 2(E|Fo((n — k) N (W —k))
— Fo((n—k)yn(W —k) N B,)|?
+E|Fo((k —k) N (W — k)N B,)
— Fol(ne — k) N (W = ) )

<kCIA+r)7,
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@

because ny —k =n—k @ n. A similar bound holds for F ]-W. Then (5.1) yields

[Cov(FY (), F}Y () — Cov(FY (i), FY (n)))]

=0
(5.2) < JEFY 2 EIFY () — FY ()2
+ K,/E(FkW<nk>)2\/E|F,W<n> —FV @yl
<i/may CE(1+ )2 < Ca(1 + Ik — jII) ™.

Hence (2.3) is proved in case (i). If G,?/ = F} and (2.2) is assumed instead of (2.1)
(case (i')), replacing W by Z¢ in the computation above yields the same bound for
Cov(Fg, F}). The finiteness of o follows from o > d.

Let us now assume |W| < oo and show (2.4). Let k € W, r = d(k, Wc)/a+, SO
that B, N (W — k) = B,. We have if (2.1) holds

EY — Fo=Fo((n — k)N (W —k)) — Fo((n —k) N (W — k)N B,)
+ Fo((n — k)N B,) — Fo(n — k),
E|FY — Fi|* <«C21+r)"2 <«C3(1 +d(k, W)™

We hence have by (5.1), for k, j € W, recalling also (5.2),
|Cov(FY, F}') — Cov(Fy. F))|
(5.3) < kC(1 +min(d (k, W€),d(j, W)™
<k C(1 4+ max(||k — j||, min(d (k, W), d(j, W¢))))~“.

Denote by [x] the integer part of x € R. Let dw € N\ {0}, W, ={k € W :
[d(k, W)] = m}form € N, Wy = {k € W : [d(k, W] < dw} = U W,
Wine = W \ Wj. We have, using (2.3) and (5.3),

|Var(Fw) — og|W|| =

Z COV(FkW,FJW)— Z Cov(Fy, Fj)

keW,jew kew,jezd

< Y |Cov(Fi, F))|

keW,jew

+2 > |Cov(F, F}') — Cov(Fy, Fj)|

k,jeW:d(k,We)<d(j, W)

< fj > [Z kCH(1+ NIk —jl) ™

m=0keW,, ~jeWw¢



NONLOCALISED GEOMETRIC FUNCTIONALS 2645

+2 3 kCH(1 + max(|lk — j||,m))_a:|
jew

Céi 2(3 Yo (k=47

m=0keW,, jeB(k,m)¢

+2 > +m)“>

jeB(k,m)

A

o0
<kC; Y. > B 4+m) 4 2em (1 +m)™*)
m=0keW,,

<KC0(|W3|+d ord |Wmt|)
hence |% — o}l < KC%(dWlldv%,TW‘ + dv_v"”rd). Equation (2.4) follows by tak-
ing dy = [(|W|/|8de|)é]. The same computation where FkW is replaced by Fj
(hence with no second term on the second line), treats the case (i'), without requir-
ing (2.1).

Let us now prove that under the current assumptlons Assumption 1.1 im-
plies op > 0. Recall the notation n, = n N Q , na =1y N Op, a,b > 0. Let
6 > 0, and decompose W in the finite disjoint union of subparts with side-
length 8: W = Uycze W® where W& = W N (8k + Q). Decompose accord-
ingly Fw = > jcpa F® where F® = Zjew(k) Fj. Let y < 8, and condition
by the points of 1 y-close to the boundary of a W®: =nnN Q* where

d
Q;j = ]R. \ (Uk'ezd (6k + Qy)).' Denote. by Enj’ Varn; and Covn;; the conditional
expectation, variance and covariance with respect to n;j. We have

Var(Fy) > E[Varn* (Fw)]
5.4) > Y E[Vary ( (F -3 E|Covy; (F®O,FD)].
kezd k#j
We claim (and prove later) that for k € 74,
(5.5) EY |Covy (FO, FD)| < C'8%(6 — ).
j#k
For the first term of (5.4), among the k € 74 such that w® #+ @, call Wint thoge
such that W& — ks = Qs, and W99 the others. We have, using also (5.1),

2
S E[Vary; (F®)] = Y E[Vary (F®)] -2 Y E[(F®)’]
(5.6) kezd kewd.int keWs:d
> |W5,int|E[Varn;;(FQ5)] _ 2|W5,()|8dm2
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because by stationarity, for k € W int, E[Var, (F ®] = E[Vary: (Fg,)]. Recall
that any real random variable U satisfies Var(U) = inf,cgr E(U — z)%. Since Q; C
»» My, € 0 (1), hence for p € (0, y),

E[Var): (Fg,)] = E[Var,, (Fg,)]

E[mf E,, (Fg, — )2]

> E[inf By, [1,7_,(Fo, —2) 1]

K
P(n) = 2) [me (Fos,( pUny)—z)z]]
=P(n)

n, = 2)E[Vary, [Fo,(n” Uny)]]

where the second equality is true because 75, n”, ny are independent and
'l{r,};:g}FQs'= l{n;:g}fjﬁgg(n'p U n,). Up to increasing §, le.t 0 < p <y be like
in Assumption 1.1, which yields v, > 0 such that for arbitrarily large § > y,
E[Var,, (Fg, m”Uny)]=>v,.By(5.5),(5.4) and (5.6) for § > y sufficiently large

Var(Fy) > W™ [P(n} = @)v, — 2|W*?|89m;

_ (|W6,int| + |W6’8’)C/82d(5 _ J/)—oc
Z|W‘3’im|(P(n% — Q)UV _ C/82d(8 . y)—a)

— [W?|(289my + C'82 (8 — ) ™9).

Since a > 2d, given any y, one can choose § =: §, such that C'82d5 —y) @ <
gy :=P(n) = @)v, /2. Hence Var(Fy) > W Mg, — |[W59(28%m; + &,). To
conclude, let a sequence {W,; n > 1} be such that lim, |37« W, |/|W,| = 0. Since
100 Waal /| Wl = W21/ 64 (IW3 ™) 4+ [W2))), (2.4) yields

00 = lirr}linf|Wn|_1 Var(Fy,) > lirr’llinf((Sd (W)~ var(Fy, ) > 0.

Let us finally prove (5.5). Letk # j € Z80eW® mewD r=|j—k|6—
v)/Qay). Let ', n” independent copies of 1, and define

n =N B-D) U (n N B-(1)°), nm = (n N Br(m)) U (n” N B (m)°).

Since B,(l) N B.(m) C Q’;, n; and n, are independent conditionally to n;,
and we have by (5.1), with a computation similar to (5.2), E| Covn; (F, Fp) —

Covys (Fi(1), Fn (nm))| < k C3(1 +r)~%. It follows that

E[Cov,: (F®, FO) <E 3" [Covys (Fi, Fy)| <C38* (1 +1r)""
lew® mew )
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and, for some C’ not depending on W, for k € W,

o.¢]
E Y |Covy (FO, FD) <kCgs® > p*Hllpl©s —y) ™
jezi\(k) p=l

<C'8% (s —y)e.

This concludes the proof of (5.5), and hence of oy > 0.

It remains to prove (2.5). Assume that (2.2) holds with « > 2d. The proof
when instead (2.1) holds is exactly the same with FkW instead of Fj, and it
is omitted. For k € Z4, let Fy = Fi(n) — EFi(n). We have E(Fy —EFy)* =
i jkiew EFiFjFF. Let I ={i, j k,I} C W. Assume that i is [-isolated,
that is, 6 := [d(i, I \ {i})] = max,,¢s[d(m, I \ {m})] (let this quantity be O if
i =j=k=I).Let ny,,m € I, be independent copies of n, and Hy, = Bs/24, (m),
m, = (N Hy) U my N HES). Note that n), is distributed as 7, and that for
m e I\ {i}, H N Hy, =_®, h_enf:e_nl/. i_s indi:pfind_ent from {77;., M n;_}. Introduce
F, =F,m,) —EF,, F=FjFF, F' = FJ’.FIQFI’, independent of F/. We have,
using Holder’s inequality,

[EF;F —EF/F'| <E[|(F; — F{)Fj FeFi| + | F{(Fj — F}) Fc Fi|
—0
+|F/Fj(Fc — FQ)Fi| + | F{ Fi Fg(Fi — F])|]
<4 Y (BF)EIF, - £
mel

<KkCo(EF$)*(1+8)

by (2.2) (or (2.1) for the proof with the F; kW). Notice that one point among {j, k, [}
is between distance § and § + 1 from i, call it a, and there are at most (841
possible values for a, given i. If there are two points remaining in {j, k, [} \ a, they
are at mutual distance at most 35. We have

E(Fy — EFy)*
<4 > 1y isotatedyc Co(EFG) (1 + [d (i, {j, k, 1})]) ™
i jkleWw

o0
— 47 3/4 _
<k Co(EF)) DA+ > Ly isolated and [d(i,{j.k.I})]=5)
5=0 i j ke leWw

o0
< kCo(BFg) S 1WA +8)"s471(38)4 <k Co(EFS) /W2
=0

where ¥ < 0o because o > 2d.
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5.2. Proof of Theorem 3.1. W is fixed. For simplicity, in all of the proof,
we use the notation G = Gy, G = GW. If (3.2) is satisfied, put Gy = F; and
A = R4, If instead (3.1) is satisfied, put Gy = FkW and A = W. Assume with-
out loss of generality that F is centered. Theorem 1.2 from [18] gives general
Berry—Esseen bounds on the Poisson functional G: provided n E(D G)?dx < 00
(1mphed here by Assumption (3.2) or (3.1) and o > d), dy/(G N) < Z —1Yi»
dx(G,N) < Y%, v;, where the y; are quantities depending on the first- and
second-order Malliavin derivatives of G, whose values are recalled later. Let
x,yeEA x=x,M),y=(y,M"). Call n”* =nU{x}, n¥ =n U {y}. We have,
using Holder’s inequality at the last line,

|Dx yG(1)|

< Y min(|DxGr ()| + | DxGi ()],
keW

E]Din(n)\“

()

).

4
<E

ZZmin sup |DxGi(n')|, sup |Dka(n’)|>
keW n'€{n,n¥} n'e{n,n*}

<2t 3 Enmin( sup | DxGy, ()|, sup |Dkai(n')})

ki,...kseW i=1 n'e{n.n¥} n'e{n,n¥}
4 . ni4 INANNYE 4
<2 (Z(Emln( sup |DxGi(n)|", sup |DyGi(n')| )) ) )
keW n'e{n,n¥} n'e{n,n*}

Let k € W. Note that, with B=W —k, forx ¢ W, y e R¢,
DY (n) = FY (f uix)) — FY ()
=Fo((WUx)NW —k) — Fo(n' "W —k)
= Fo(((n —k) N B) U {x —k}) — Fo((n" — k) N B)
= Dx_kFo((T[ — k) N B).

Since n — k @ n, applying either (3.2) or (3.1) with y — k instead of y yields

4
E|D{ G < KCS‘(Z min((1+ lx = &J) ™, (1+ [ly - kll)_“)> .
keW

Consider case (i’) (the following is valid but irrelevant in case (i)). Sum-
ming in a radial manner around x yields that the previous sum is bounded by
K Co (m—tacewy M4+ m)™ ) <k CH(1 + d(x, W))*¥=%), and the same
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holds for y. We can also work on the first-order derivative with a similar tech-
nique:

4
E|DG|* < ch( S+ 1Ix - k||)‘“) <k C(1+d(x, W)=,
keW
Noting I, = {k € W : It — x|| = [lk — yl|}.

4

E|Dy,G(p)|* < KCS|:< 3 (14 x _k”)—a)

kely,y

+( > 1+ ||y—k||)‘°‘)4]

kely x

=il X (k)

keZA\B(x,|ly—xI/2)

4
I ||y—k||)‘“]

keZA\B(y.llx—y/2)
4(d—
< Cie(1+Ilx — yll/2)* ",
where finally
(5.7 E|DxyG)|* <eCi(1+max(llx =yl dCx, W), d(y, W)™,

Let us start with a few geometric estimates, useful in the case (i').

LEMMA 5.2. Let W C Z%, bounded and nonempty, dy = (|W|/IBZdW|)1/d,
W ={keZ¢ dk, W) <dw)}. We have

(5.8) |W'| < kW],
(5.9) f (14d(x, W))*dx < k,|W|dSy, a<—d
(Whye
1(x) = /Rd(1 +max(d(x, W), lx — y[))*~*dy

(5.10) e
< k(l+dx, W)™, xeR?

PROOF. Since each point of W'\ W is in a ball with radius dy centered in
d7a W, (5.8) is proved via

(W'| < |W| 41874 Wkds, < k|W|.
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Let ¥ (x) =d(x, W), x € RY, h(t) = 1jy>4,)(1 + 1), t > 0. The Federer co-area
formula yields

— d—1(,—1
Ly @lar= [ non'= = @)

We have |V¢(x)|| =1 fora.a. x € we. According to [21], Lemma 4.1, for almost
allr >0,

H W () = TR (),
and the latter is bounded by x77¢~! |07¢ W]. Since a +d < O,

o
/~ h(¥ (x)) dx s:c/ (140997 Yo,aW|dt
W) dw

< ka|07a WdSdS, = ka|W|dS,,
which yields (5.9). The left-hand member of (5.10) is equal to
I(x) = €4 (B(x,d(x, W)))(1 + max(d (x, W)))*

d—
+/ (1+ llx — yI)* ™ dy
B(x,d(x,W))¢

o
<k(l4dx, W)* ™+ / (14 r4%erd=tar,
d(x,W)
from which the result follows. [

Writing x; = (x1, M1), X2 = (x2, M2), x3 = (x3, M3), with My, M>, M3 i.i.d.
distributed as ., denote by E the expectation with respect to (M1, M>, M3), and E,,
the expectation with respect to n, such that E = EE,. We have, bounding EDi G

by KCS' and using the Cauchy—Scwharz inequality several times,

y1 =402 [ /A E[VE,[(Dy 62Dy, 6]

x\/En[(DZ G)Z(D2 G)Z]]dxldedX3]1/2

X1,X3 X2,X3

<4072 [/As \/E[En[(Dxl G)*(Dx,G)?]]

x\/E[En[(DZ G)*(D2 G)z]]dxldxde3:|1/2

X1,X3 X2,X3

172

X1,X3 X2,X3

§KC00_2|:/3(E(D2 G)"H'*(E(D2 G)4)1/4dx1dx2dx3]
A

d—a
SKC(%UZ\//A</A(1+maX(d(x,W), ||x—x3||))> dx)?dxs
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using (5.7). Similar techniques to integrate out the marks yield the same bound

X1,X3 X2,X3

12
2 <kCoo~ [/3(E(D2 G) )1/4(E(D2 )4)1/4dx1dx2dX3]

d—a
</cC0cr \// 1 + max(d (x, W), ||x—x3||))> dx)?dx;.

In the case (1), A = W and & > 2d. We have

2
max(y1, y2) < xc(%a—z\/ﬂd(vv)( A; S+ dx) <kCio VW,

In the case (i'), A =R?, o > 5d /2. Using successively (5.10), (5.8) and (5.9) yield,
with 2(2d — o) < 2(—d/2) = —

max(yi, y2) SKCSG_Z / I(x3)%dx
A

5KC§02\/K£d(W/)+ ) (1+d()C,W))2(2d_a)dx
(W)¢

_ 212d—
<KkCo2\JKkIW| + ko2d—a) | Wdi 2™

<kClo 2 /IW[(1 +dp ™),

which gives the power a in (3.3)—(3.4). Let us keep assuming we are in case (i’).
Since A =R? and « > 2d, (5.9) yields

ys < 0—3/d(c5‘/<(1 +d(x, W) gy
R

§C8/ca_3<£d(ﬁ/’) (1+d(x, W)= ax )

( / c
<kClo3WI(1 +dp ™).
In case (i), the same bound holds after removing d%d_“). Reporting back gives
(3.3).
Introduce G = G — EG. Using (5.8) and (5.9),

1 _ —
v 50 (BG) [ o7 (Chie(1 +dte w0 ax
R

<o~ /TW] c3(zd )+ / +d(x,W))3(d_°’)dx>

o CH WP A (1 4 d) )
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where v 1= sup |

%%G)A‘). Let us conclude the proof: (5.9) yields

1/2
ys < /d o4 Ce(1 4 d(x, W)= dx]
R

<o 2Ck/IWI(1 4 dy =) 1/2,

Y6 = /(-Rd)2o_4(6C8K(l Fd (e, W)X (1 4 fxg — xa]])24T

1/2
+3CHc (1 +d(x1, W)* (1 + ||x1 — x20)*“®) dx, dxz]

IA

0o 2Clk U (1 +d(x, 114)
R(

172
x </Rd(1 Y dxz) dx1:|

o 2CReyTWI(1 +d34) 2,

A

In case (i), A = W, all the same inequalities still hold after removing terms of the
form dy;,. Reporting back gives (3.4).

Acknowledgements. 1 am thankful to J. E. Yukich, who brought valuable in-
sights on topics related to asymptotic normality of geometric functionals.
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