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PERFECT HEDGING IN ROUGH HESTON MODELS

BY OMAR EL EUCH AND MATHIEU ROSENBAUM
Ecole Polytechnique

Rough volatility models are known to reproduce the behavior of histor-
ical volatility data while at the same time fitting the volatility surface re-
markably well, with very few parameters. However, managing the risks of
derivatives under rough volatility can be intricate since the dynamics involve
fractional Brownian motion. We show in this paper that surprisingly enough,
explicit hedging strategies can be obtained in the case of rough Heston mod-
els. The replicating portfolios contain the underlying asset and the forward
variance curve, and lead to perfect hedging (at least theoretically). From a
probabilistic point of view, our study enables us to disentangle the infinite-
dimensional Markovian structure associated to rough volatility models.

1. Introduction. It has been recently shown in [12] that rough fractional pro-
cesses enable us to reproduce very accurately the behavior of historical volatility
time series. More precisely, the dynamic of their logarithm is quite similar to that
of a fractional Brownian motion with Hurst parameter of order 0.1. Recall that
a fractional Brownian motion W# with Hurst parameter H € (0, 1) can be built
from a classical two-sided Brownian motion W through the Mandelbrot—van Ness
representation:

1 0
H _
LU T(HA+1/2) /—oo(

b [ haw
rH+12) b °

The fractional Brownian motion has Holder regularity H — ¢ for any ¢ > 0. Hence
fractional volatility models with small Hurst parameter are referred to as rough
volatility models.

Beyond historical data modeling, rough volatility models provide excellent fits
and dynamics for the whole volatility surface,! in particular for the at-the-money
skew, with very few scalar parameters (typically three); see [4, 11, 12]. One of
the only potential drawbacks of such models in practice is the difficulty to price
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In fact, this has been clearly established in [4, 12] for the so-called rough Bergomi model, where
the log-volatility follows a fractional Brownian motion. However, one can show that this remains
true for other rough volatility models such as the rough Heston model introduced in [10].
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and hedge derivatives with them. Indeed, although some promising approaches
have been recently introduced (see [5]), due to the non-Markovian nature of the
fractional Brownian motion, running efficient Monte-Carlo methods remains an
intricate task in the rough volatility context; see [19].

However, it is shown in [10] that in the specific case of the so-called rough Hes-
ton model, fast pricing of derivatives can be obtained. The rough Heston model of
[10] is a natural extension? to the rough framework of the classical Heston model
of [15]. Indeed, the dynamic of the price S on a probability space (2, F, F, P) is
defined as follows:

dS; =S/ Vi dW,,

V, =V, +L/t(t— Y In® - v, d
(1) t = Y0 F(O{) 0 u u)au

+L/t(z— )~ vy/V,dB
T Jo u vWV,dB,.

Here, the parameters A, 6, Vi, So and v are positive, « € (1/2,1) and W = pB +

/1 — p?2Bt with (B, Bt) atwo-dimensional F-Brownian motion and p € [—1, 1].
From [10], the fractional stochastic differential equation (1) admits a unique weak
solution and this solution has sample paths with Holder regularity o« — 1/2 — ¢
almost surely, for any ¢ > 0. Note also that in the case o = 1, we retrieve the
classical Heston model. Surprisingly enough, it is proved in [10] that a semi-closed
formula a la Heston also holds for the characteristic function of the log-price in the
rough Heston model. This formula is very similar to that obtained in the classical
Heston case, except that the classical time-derivative in the Riccati equation has to
be replaced by a fractional derivative. Indeed, we have

Elexp(ialog(St/S0))] = exp(gi(a, 1) + Voga(a, 1)),

where
t
gl(a,t)ze)»/ h(a,s)ds, gz(a,t)zll_“h(a,t),
0

and & is the unique continuous solution of the following fractional Riccati equa-
tion:

@ 1 2 . Voo
D%h(a,s) = 5(—61 —ia) + (iapv — Mh(a, s) + 7}1 (a,s),

I1'"%h(a,0)=0,

with 717 and D* the fractional integral and derivative operators defined in Ap-
pendix A. When « = 1, this result does coincide with the classical Heston’s result.

2Actually there is no really standard definition for the rough Heston model and other versions can
be considered; see [13].
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Furthermore, efficient numerical pricing procedures for vanilla options can be eas-
ily designed from it; see [10].

Thus, the relevance of the rough Heston model is twofold: it enjoys the nice
modeling properties of rough volatility models and, as the classical Heston model,
it offers a pricing methodology which does not rely on Monte Carlo simulations.
However, the interest of having a pricing procedure is of course limited if it does
not go along with a hedging strategy. Being able to build a hedging portfolio essen-
tially means computing conditional expectations of the form C; = E[ f(S7)|F:],
where f is a deterministic payoff function. In the classical Heston case, the Marko-
vian structure of the model is very helpful to do it. In the rough case, this task is
much more intricate since the variance process is neither a Markov process nor a
semimartingale.

To tackle this issue, we first study the conditional laws in rough Heston models.
We actually prove a very nice stability property. Indeed, we show that conditional
on F;, the law of the rough Heston model is still that of a rough Heston model, pro-
vided that the mean-reversion level 6 is replaced by a time-dependent one. Hence
we generalize our definition of the rough Heston model, allowing for the mean-
reversion level to depend on time. Then using Hawkes processes as in [10], we are
able to compute the extended characteristic function of the log-price in generalized
rough Heston models, that is,

(2) E[exp(zlog(S:/S0))]

for z=a +ib, with b € R and a in some subset of R to be defined later. From an
explicit expression of (2), we can deduce a semiclosed formula for C; following,
for example, the approach in [7].

Our most important result is the fact that we are able to identify the relevant
state variables in rough Heston models, namely the underlying and the so-called
forward variance curve: (E[V 4| F:])o<s<r—:- Indeed, we show that C; can be
written

C, = C(T —1,8, (E[Vs+t|]:t])szo)a

with C() an explicit deterministic function. The above formula shows rigorously
that the hedging instruments needed with rough models are the spot price and the
forward variance curve, an idea already emphasized in [4]. Such result is also in the
spirit of the approach developed in [6]. More precisely, we show that the dynamic
of the option price satisfies

dC, = d5C(T — 1, St (E[Vse|F])20) dSi
+ 3y C(T — 1, St (ELVsst|F]),20) - (AEVisr i) oo

where dgC is the derivative of C with respect to the underlying (the so-called delta)
and dy C is the Fréchet derivative of C according to the forward variance curve and
dy C - & denotes dy C applied on the curve &, as dy C is seen as a linear application.
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From this expression, we readily obtain hedging strategies in terms of underlying
and forward variance curve. Of course, in practice, one cannot really trade the
whole forward variance curve. However, approximations can be built using liquid
variance swaps or vanilla options.

Note also that using generalized rough Heston models enables us to perfectly
fit the initial forward variance curve through the time varying mean-reversion pa-
rameter. Thus, one reproduces the rough behavior observed in historical volatility
time-series, the whole implied volatility surface, including the at-the-money skew
and the forward variance curve, and has access to fast pricing and hedging meth-
ods.

The paper is organized as follows. In Section 2, we investigate conditional
laws of rough Heston models and introduce generalized rough Heston models
with time-dependent mean-reversion level. Using Hawkes processes, we derive
in Section 3 the characteristic function of the log-price in generalized rough Hes-
ton models, emphasizing the role of the forward variance curve. We also discuss
useful sufficient conditions for finite moments of the underlying price. Finally, we
design our hedging strategies in Section 4. Some proofs are relegated to Section 5
and some technical results are given in Appendices A—C.

2. Conditional laws of rough Heston models. The goal of this paper is to
understand how to price and hedge vanilla options with maturity 7 > 0 and payoff
f(ST) in the rough Heston framework (1). Thus, a first step is to characterize the
law of the process (S.°, V,%);>0 = (St++1» Vi+1y)e>0 conditional on F,, for a fixed
to > 0. Indeed, in order to derive the option price dynamic and to build hedging
portfolios, one needs to be able to compute E[ f(S7)|F:],0<¢t <T.

To state our result on conditional laws of rough Heston models, it is convenient
to introduce a generalized version of Model (1), allowing for time-varying mean-
reversion level.

DEFINITION 2.1 (Generalized rough Heston model). On a filtered probability
space (2, F, F, P), we define a generalized rough Heston model by

dSt = St\/thWt,

V, = V°+m/(t I (u) — V,,) du

_ona—1
r()/(t W)/ V,dB,.

Here, the parameters A, So and v are positive, o € (1/2,1) and W = pB +

3)

/1 — p2B~+ with (B, B1) atwo-dimensional F-Brownian motion and p € [—1, 1].
Moreover, 0° is a deterministic function, continuous on R% satisfying

Vo
—u
A1 — )

—
’

4) Yu > 0; Qo(u) > —
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and
) Ve> 03K, >0:Vue 1  [0%)] < Ku 27"

Condition (5) is a regularity condition on 6° at zero. It is a technical one already
used in [10]. Condition (4) enables us to ensure the nonnegativity of V. Remark
that Condition (4) and Condition (5) obviously imply that Vj is nonnegative. In-
deed,

Vo> —AT(1 —a)t%0%(p),

which goes to zero as ¢ vanishes since o > 1/2. Note also that under these two
conditions, the fractional stochastic differential equation (3) admits a unique weak
solution; see Theorem 3.1 and associated references.

We now give our result for the conditional laws of generalized rough Heston
models [which Model (1) is a particular case of]. Let (S;, V;);>0 be defined by (3).
We have the following theorem, proved in Section 5.1.

THEOREM 2.1.  The law of the process (S;°, V*);=0 = (St419> Vitty)r>0 is that
of a generalized rough Heston model with the following dynamic:

dspP =spvieawp, S0 =S5,

1 t
/7 -1
V=Vt gy 0T 10w — Vi)

1 t
+%/0 (t—u)“_lv VLdeB;O,

with (W[, B0 = (Wiy+t — Wiy, Big+t — Biy)i>0 a two-dimensional Brownian
motion with correlation p, independent of F;, and

o 10
00u) =00 +u) + ————— A (to — v +u) 7%V, — V) dv

M1 —a)
(u+19)~*
+ m(vo — Vi),

which is an F,-measurable function continuous on R such that Conditions (4)
and (5) (where the index 0 should be replaced by to) are satisfied.

Hence the class of generalized rough Heston models is stable with respect to
conditioning. The conditional law of a rough Heston model is still that of a rough
Heston model. The only difference is a modification in the mean-reversion level
function. In particular, when considering the usual rough Heston model (1), the
constant parameter 6 becomes an F;, measurable function when taking conditional
law at time #y. This result will be crucial to derive hedging strategies in the rough
Heston framework, and more generally to understand the state variables associated
to rough Heston-type dynamics.
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3. Characteristic function of generalized rough Heston models. The goal
of this section is to derive the extended characteristic functions for the log-price
in the rough Heston model (3). This together with Theorem 2.1 will enable us to
derive conditional characteristic functions, leading to hedging strategies. The first
step to achieve this goal is to build a suitable sequence of processes converging to
the generalized rough Heston model of Definition 2.1. Then we will be able to do
computations on these processes (notably deriving characteristic functions), and
pass them to the limit to obtain results for generalized rough Heston models.

3.1. Generalized rough Heston models as limit of nearly unstable Hawkes pro-
cesses. In [10], a microscopic price model, based on two-dimensional Hawkes
processes, is built so that it converges in the long run after suitable rescaling to a
rough Heston log-price (with constant mean-reversion). Then, characteristic func-
tions are obtained from this result. Such method could easily be extended to obtain
a generalized rough Heston model in the limit. However, it would only enable us
to compute (2) with a = 0. This is not enough so that classical Fourier inversion
methods such as that in [7] can be rigorously applied to compute prices and hedg-
ing portfolios.

Thus, we use another approach in this section, quite similar to that of [16]. We
consider a sequence of one-dimensional Hawkes processes (NtT) >0, indexed by
T > 0 going to infinity, with intensity given by

t
M =ur+ [ argt—san!.

where pur and ar are positive constants with ar < 1 and ¢ : Ry — {0} — Ry is
integrable such that [;° ¢ = 1. In [16], it is shown that provided

o0 1
o
©) [ Tewds o pime @c/a,
and
T*(1 —ar) —> A, T'"ur — AV,
T—o0 T—o00

for some positive constants A and v, a suitably rescaled version of the intensity pro-
cess AtT asymptotically behaves as the variance process of a rough Heston model
with constant mean-reversion parameter such as (1) and with initial variance equal
to zero. To obtain a time-dependent mean-reversion level and a nonzero starting
value in the limit, we are inspired by an idea in [10], where it is shown that a time-
dependent w7 is a way to modify some parameters in the limit. More precisely, we
consider the following assumption, where f®! denotes the Mittag-Leffler density
function defined in Appendix A.1.
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ASSUMPTION 3.1. There exist A,v >0, @ € (1/2,1) and Vg > 0 such that
for T > 1/)»‘”“ and ¢ > 0,

f
A,T=uTcT(t)+/O o' (t —s)dN],
where
ar =1—AT7¢, UT = (A/vZ)T‘J‘_l, ol =arp,

with ¢ = f*! and

T () = V0<1 _laT <1 - /0‘¢T(z —s)ds> - /0’¢T(t = u)du)

/’ T, \n0
+ | o (t—u)b " (u/T)du,
0

where () satisfies the assumptions of Definition 2.1.

Note that we are working in the so-called nearly unstable case for Hawkes pro-
cesses since the L! norm of the kernel ¢” converges to one. Furthermore, remark
that (6) is satisfied; see Appendix A.1.

REMARK 3.1. Remark that 7 can also be written as follows:

T () = /tsoTu — 0%/ T)du
0

+ VO<TTO[ /tooq)(s) ds + AT~ /(;t(p(s)ds).

Therefore, using that 1'~%¢7 (1) = > ¢! (see Appendix A.1), together with Con-
dition (4) we get

T _L o ! T, _ -«
O i /0<p (t — )™ du
T (oo t
+ V()(T/t go(s)ds—l—)»T_“/(; w(s)ds)

VO o0 (22 o0 t
:—TT“/ (pT(s)ds—l—Vo(T/ go(s)ds%—kT‘“/ go(s)ds)
t t 0

o0 t
:VO(/t o(s)ds + AT /O(p(s)ds>.

This shows that ¢7 is a nonnegative function, and thus that the intensity process
Al is well defined.
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We define M = NI — [§ 2T ds and

1—a l1—a
xI =2 INT AT =02 AT as,
TN T Jo

[1—ar
T T
Zl =V WMtT.

Conditions (4) and (5) on the function #° allow us to adapt the proofs in [10, 16]
in a straightforward way to obtain the following result.

THEOREM 3.1. Let ty > 0. As T — o0, under Assumption 3.1, the process
(A,T, XIT, ZzT)ze[O,zo] converges in law for the Skorokhod topology to (A, X, Z),
where:

o Ar=X,= [} Vids.
o /= fot ' Vs d By which is a continuous martingale.
o V is the unique weak solution of the rough stochastic differential equation

V, =V, +sz(t— )1 (6°(s) — Vi) d
=W @) Jo s s s)ds

v ! a—1
+@/0(f—s) VV; dBs,

where B is a Brownian motion. Furthermore, the process V is nonnegative and
has Holder regularity o — 1/2 — ¢ for any ¢ > 0.

Theorem 3.1 will be one of the key results to obtain the extended characteristic
function of the log-price in generalized rough Heston models.

3.2. Conditions for finite moments in generalized rough Heston models. Re-
call that we aim at computing (2) with M(z) # 0. A preliminary step toward
this is to derive sufficient conditions for the finiteness of the moments of S; and
exp( fé Vs ds) in generalized rough Heston models. To obtain such result, we use
Theorem 3.1. Let a € R. First, note that

t t t
(S,>“=<So>“exp(ap [ vean =5 [ vias+afi—p2 JVsdBSL).
0 0 0

Consequently, we have

E[(S)?] = (S@“E[exp(ap /Ot VVsdBs + %(—a +a*(1 - ,02)) /Ot Vs ds):|.

Now define

t 02/02 t
M,=exp<a,o/ \/Vsst—T/ Vsds>.
0 0
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The process M; is a positive local martingale and actually, by Proposition B.1 in
Appendix B, a true martingale. Define the corresponding probability measure Q:

dQ
dP

By the Girsanov theorem, under Q,

t
B§@=Bt—apfo JVsds

is a F-Brownian motion. Consequently, under Q, V defined in (3) is still the vari-
ance process of a generalized rough Heston model, but with different parameters:

=M;.

Fi

1 t -
V,=Vo+ —/ (t —u)*A(6%w) — V,,) du
7 I'(a) Jo
1 t
—— | ¢t —uw)* vV, dBY,
+ o) /0 (t—u)*"vyV,dB,
where
s ~ A00(
A=A—pva, 00(t) = @) ,
A — pva
provided that A — pva > 0. Hence we obtain
1 t
(8) E[(5)"] = (S0)Eq |:eXp<§(—a +a) [, ds)]
Therefore, a sufficient condition on a for
1 t
) EQ[exp(E(—a + az)/ Vs ds)] <00
0

will readily imply a sufficient condition for the finiteness of E[(S;)%].

We now explain how to derive such condition. Recall that from Theorem 3.1,
va_Z“NZT} converges in law to fé Vs ds. Thus, we look first for a condition on
a € R for which

(10) Elexp(av’T 2 N1)] < oo,

for large enough 7 > 0 and fixed ¢ > 0. This is done using a population interpre-
tation of Hawkes processes; see Appendix C.1. It leads us to a sufficient condition
on a € R for (9). Furthermore, we are able to compute explicitly the expectation
in (10); see Appendix C.1. Thus, we can pass to the limit as 7 goes to infinity
and then obtain an explicit expression for the expectation in (9). More precisely,
we have the following result whose proof is given in Section 5.2, where ag(¢) is
defined for r > 0 by

t-i()M L)z
o) =35 M rae)
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THEOREM 3.2. Let V be the variance process of the generalized rough Hes-
ton model (3). For any t > 0 and a < ay(t),

E[exp(a /Ot Vs ds)] <00
E[exp(a /Ot Vs ds)] = exp(/ gla,t — s)<k90(s) + %) ds>,

where g(a, -) is the unique continuous solution of the following fractional Riccati
equation:

and

2
D Y v_ 2 < Il_a 0)=0
gla,s)=a—2rg(a,s)+ 28(0,3) , s <t, g(a,0)

For any O < s <t, this function satisfies

—C{

m “+ vy ao(s) — a)

for some constant ¢ > 0. Furthermore, for fixed 0 <s <t, a+> g(a,s) is nonde-
creasing and s +— g(a, s) is nonincreasing on [0, t] if a < 0 and nondecreasing if
a>0.

gla,s) < <)»+

Let S; denote the price in the generalized rough Heston model of Definition 2.1.
Using (8), we obtain the following corollary on the moments of S;.

COROLLARY 3.1. Lett > 0. Assume

A —pva >0, a_(t)<a<ay(t),
where
= V2 —2pvX (1) + VAD) = V2 —2pvX(t) — VAQD)

CUETTna =y MU T a =y

with
_ 1 ) 2,4 43
X(t)_)”LiF(l—a)’ Al) =4 X)) +v" —4pv° X(1).
Then we have
E[(St)“] < 00

Furthermore,

B3] = o exp( [ e =) (36°6) + o ) ).
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where h(a, -) is the unique continuous solution of the following fractional Riccati
equation:
2 2

o _a —a U_ 2
D h(a,s)— _()\'_pva)h(aas)+ 2h(a’s) ’ s =t,

1" %h(a,0)=0.

REMARK 3.1. Note that if we formally take « = 1 in Corollary 3.1, our model
coincides with the classical Heston model. In that case, X () = A and, therefore,
a— and a4 do not depend on . Moreover, the set of a € R such that

A — pva >0, a_-<a<as,
exactly corresponds to that of @ € R for which
vt >0, E[(5)¢] < o0;

see [2] for further details on moment explosions for the classical Heston model.

PROOF OF COROLLARY 3.1. Recall that from (8),

E[(5)°] = (S0)"Eg [exp(%(—a +a?) /0 v, ds)]

From Theorem 3.2 and the fact that under QQ, V follows (7), this quantity is finite
if A — pva > 0 and

1( + 2) ~ (l’) 1 (5\*‘ + [_o{ >2 1 ()\‘ + -« )2
—\— < = — e = — — e .
A )= =S\t T ra—ey) T 22\ TP T T

This is equivalent to
2.2 2 2 2
av (1 —p°)+a(—v”+2X@)pv) — X(1)” <O.

The conditions on a € R stated in Corollary 3.1 follow. Finally, the expression of
E[(S;)%] is easily obtained using (8) together with Theorem 3.2. [J

3.3. Characteristic functions of generalized rough Heston models. We are
now ready to derive the characteristic functions of generalized rough Heston mod-
els. Let ¢t > 0. We want to compute

R(z,1) = E[exp(z1og(S;/S0))],
where z € C satisfies
(11 z=a+ib, a,beR, A —pva >0, a_(t) <a<as(t),

where a_ (t) and a4 (¢) are defined in Corollary 3.1. Recall that from Corollary 3.1,
(11) implies that exp(zlog(S;/Sp)) is integrable and, therefore, R(z, t) is well de-
fined.
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Using the same computations as in the preceding sections, we get
t 1 t
(12 R =Eg|ep(ibp [ VViaB+ (0 42 =) [ vads)].

As already seen, under Q, V still follows the variance process of a generalized
rough Heston model driven by the Brownian motion BY; see (7). Thus, we need
to study

t t
G(z,x,1) =E[exp<ix/ VVsdB; +Zf Vi ds)},
0 0

with x € R, z € C such that %(z) < ao(t), [ag(?) is defined in Theorem 3.2], and
V is the variance process of a generalized rough Heston model. To do so, we use
again Theorem 3.1. Indeed, (va_Z“NZT}, vT“"MlTT) converges in law as 7' goes
to infinity to (fé Vi ds, fé +/ Vs d By). Computing

Elexp(ixvT "M% +z20*T2*N1)]
and passing to the limit, we obtain the following result whose proof is given in

Section 5.3.

THEOREM 3.3. Let V be the variance process of the generalized rough Hes-
ton model (3). For any t > 0, b € R and z € C such that R (z) < ap(t),

G(z,x,t)= exp(/ot E(z,x,t — s)(k@o(s) + %) ds),

where £(z, x, -) is the unique continuous solution of the following fractional Ric-
cati equation:

2 2
X V
D%E(z,x,5) =27 — > + (ixv —A)é(z, x,s) + Eé(z,x, s)z, s <t,

1'"%€(z,x,0) =0.

The following corollary is readily obtained from Theorem 3.3 together with
(12).

COROLLARY 3.2. Lett > 0 and z € C satisfying (11). We have

R(z,1) = exp(/ot h(z,t— s)</\90(s) + %) ds),

where h(z, -) is the unique continuous solution of the following fractional Riccati
equation:

a 1, v? 2
D h(z,S)=§(Z —Z)+(va—k)h(z,S)-l-?h(z,S) . St

I'"%h(z,0) =0.
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3.4. Connection with the forward variance curve. 'We now show how the char-
acteristic function given in Corollary 3.2 can be written as a functional of the
forward variance curve (E[V;]);>0. This property will be crucial in the next sec-
tion when computing hedging portfolios. We first remark that the time-dependent
parameter 0° can be directly linked to the forward variance curve through the fol-
lowing result.

PROPOSITION 3.1. Let V be the variance process of the generalized rough
Heston model (3). For any t > 0, we have

t
(13) E[V;] = Vo(1 — F& (1)) +f0 FE it —5)0%(s) ds,

where F%* and f** are defined in the Appendix A.l. Furthermore, 6° can be
written as a functional of the forward variance curve as follows:

—

(14) 20%(1) + Vo; = D*E[V;]1+ AE[V;], t>0.
'l —ow)

PROOF. In the same way as in [16], we can show that for any ¢ > 0,

t
E[/ Vsds:| < Q.
0

So we have that t — E[V;] is locally integrable. Moreover, f** is square-
integrable; see Appendix A.l. Thus, we obtain that for any ¢ > 0,

/I FEM = 5)°E[Vi]ds < oo.
0

Therefore,

E[/ For e — s)/Vsst] =0.
0

Writing the dynamic of V under the following form as in [16]:
t t
(15) V; = Vo(1— F* (1)) +/ oM —9)0%s) ds + % / oMt —s)V Vs dB;,
0 0

we deduce (13). Now using the Fubini theorem and noting that /=% f** = x(1 —
F%*) (see Appendix A.1), we get that for any # > 0,

tl—oc
+
o)1 —a)
Using Fubini again, this can be rewritten

t
11—« _ A 0 _
IV, = Vo — /()A(l FeM (1 — 5))(0%(s) — Vo) ds.

l—«

1-—a)I'(1—w) +

t K
. A, 0 _
A/O /0 FOM s —u)(0°(u) — Vo) du ds.

I'™E[V,] =V,

fotx(eo(s) —Vo)ds
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Then from (13) we derive

tl—a
(1—-a)'(1—«a

t
I'™E[V,1=V, ) +/0 A(0%s) — Vo) ds

t
- k/ (E[Vs] — Vo) ds.
0
We finally obtain (14) by differentiating this last equality. [

REMARK 3.2. Assume that the forward variance curve ¢ — E[V;] is observed
on the market through the implied volatility surface or liquid variance swaps, and
that this curve admits a fractional derivative of order . Then the mean-reversion
function 6° can be chosen so that the model is consistent with this market forward
variance curve by taking

20°(t) = D*(E[V.] — Vo) (r) + AE[V;].

From Corollary 3.2 together with Proposition 3.1, we can eventually write the
characteristic function of the log-price as a functional of the forward variance
curve. Thus, it indicates that the forward variance curve is a relevant state vari-
able in generalized rough Heston models. Such type of phenomena also appears
in the class of models developed in [6]. More precisely, we have the following
corollary.

COROLLARY 3.3. Lett > 0 and z € C satisfying (11). We have

t
R(z,1) = eXp(/o x(z,t— S)E[Vs]ds>,

where
I 5 p2 )
x(z, )= E(z —2z) +zpvh(z, 1) + ) h(z, )7,

with h(z, -) the unique continuous solution of the fractional Riccati equation given
in Corollary 3.2.

Thus, characteristic functions and, therefore, conditional characteristic func-
tions of the log-price can be written in term of the forward variance curve. This
shows that this object plays the role of state variable in this infinite-dimensional
fractional setting. Actually, this result could probably be understood in a more
general framework of affine processes; see [1, 8].

PROOF OF COROLLARY 3.3. By Lemma A.2 in Appendix A, forany 0 <s <
t,

s
(16) h(z,s)zfo Xf“”\(s—u)x(z,u)du.
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Moreover, from (13) together with the fact that 1 1-e f @A =) (1 — F%*) (see Ap-
pendix A.1), we have

_ Sl A, 0 u* )
E[Vs]_/o )\f (s u)(k@ (u)—i—VoiF(l_a) du.

Then, using the Fubini theorem, we obtain
t ty opt—s ]
[ x@i—sEmids= | (f SR s —u)x(z,u)du>
0 o\Jo A
0 s
10 Vo———— )d
X( (s) + OF(l—a)) s

and, therefore,

p - o B 0 §T¢ )
/Ox(z,t s)]E[VS]ds—/Oh(z,t s)()ﬁ (S)+V07F(l_a) ds.

The result follows from Corollary 3.2. [

4. Hedging under generalized rough Heston models. We consider a gener-
alized rough Heston model with the additional assumption that p < 0. We show
in this section how to compute explicitly hedging portfolios for vanilla options
in such model. We treat here the case of a European call option with maturity
T > 0 and strike K > 0. Nevertheless, the approach can be easily extended to
other vanilla payoffs.

It is easy to see that we can find a > 1 such that the conditions of Corollary 3.1
are satisfied for any ¢ > 0. Therefore, for any 7 > 0,

E[(S)“] < oo.
We define the call option price process
C, =E[(S7 — K)+|F], 0<t<T.
We write
X; =log(Sy), t>0
and

gx)=e " (e* — K) xeR.

+5

We have g € LY(R) NL%(R) and, therefore,

1 .
g(x)= —/ g(=b)e'’* db,
2w JheR
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where ¢ € L!'(R) N L2(R) is the Fourier transform of g. Note that we are able to
compute explicitly g:
e(l—a-i—ib) log(K)

SO=G o —arn %

We then deduce by Fubini theorem that

1 R .
(17) C, =E[g(X1)e*XT|F,] = Z/l; Rg(—b)PtT(aJrzb)db,
S

where
Pl (a+ib) =E[exp((a +ib)X1)|F1].

Using the fact that conditional on F;, S still follows a generalized rough Heston
dynamic together with Corollary 3.3, we obtain

E[exp((a + ib)log(St/S)|F7)]

T—t
—exp( [ x4 ib T —1 = 9EVIF1ds ).
0
where y is defined in Corollary 3.3. Thus,

Pl(a+ib)= exp((a + ib)log(S;)
(18) .
+/0 x(a+ib, T —t— s)IE[VH,l}',]ds).

Hence, from (18), we deduce that PIT (a + ib) is a deterministic functional of
the underlying spot price S; and the forward variance curve until maturity 7':
E[Viqul 5, 0O<u <T —1.

Let

—

t
Vi = {s Ry RLE0 = [ FOM1 — 5)06(s) ds.

0 A'(l—a)
f¢ is continuous on R+}.

The space V,; is a metric space containing
V(IA ={& € V5,0t > 0and forany ¢ > 0, 6z (1) = &£(0) + t*AT (1 — a)@é)(t),
9? satisfies (5)},

which is the set of all possible forward variance curves produced by general-
ized rough Heston models. Note that from the same computations as for Propo-
sition 3.1, we get the uniqueness of the function 6;: for each & € V, ; since we
have

Og (1) = (DY6(t) + 2&(1))T (1 — a)t*, t>0.
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We equip V. with the following complete metric:

o1 (8. 0) = |10 — 6| A1 .

From (17) and (18), we get that the spot price and the forward variance curve
are the relevant state variables for the call price process. Indeed, there exists a
deterministic functional C : Ry x R x V5 = R such that

Cl = C(T — 1, Sl! (]E[VS-FTLF.I])(ZO)’ te [Ov T]v

where forany t >0, S € Ry and & € V,
1
(19) C(t,S5.6) = — / 3(—b)L(a +ib.1, S, €)db,
27 JheR
with
t
La+ib,t,8,€) = exp((a +ib)log(S) +/ x(a+ib,t— s)g(s)ds>.
0

In the following proposition, proved in Section 5.4, we give some useful regularity
properties of the functional C.

PROPOSITION 4.1. Leté& € V(IA’ S >0,t>0andassume |p| < 1. The func-
tion C(t, -, §) defined in (19) is differentiable in S and its derivative is given by

1 b
aSC(t,S,s>=Efb R”Sl #(=b)L(a+ib.1, S, &) db.
S

Moreover, the function C(t, S, -) is differentiable in the sense of Fréchet in &, with
derivative such that for any ¢ € Vg 3,

aVC(t’ S’ 5) . {

t/ )
:/0 (E/I;GRg(—b)L(a—i-ib,t,S,S)X(a+ib,t—s)db){(s)ds.

We end this section by stating our result showing how one can build a hedging
portfolio by trading the underlying and the forward variance curve.

THEOREM 4.1. For any time t € [0, T], we have
t
C,=Co+ [0 dsC(T —u, Sy, E[V.4y|Ful) d S,

t
+/0 0y C(T — ut, Sur E[V.sul Ful) - (dELV. | Ful).

where

dvC(T — u, Su. ElVsul Ful) - (dELVou| F))
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denotes

T—u 1 R )
A (E bERg(—b)L(a +ib, T —u, Sy, E[V.4y|Ful)

X xa+ib,T —u—s) db) dE[Vy4u|Fulds,

with dE[V,|F,] the Ito differential at time u of the martingale M,, = E[V,|F,],

u<x.
REMARK 4.1. Using (15), we show that

1
dE[VeruLFu] = Xfa’k(s)v\/V»udBu.

The proof of Theorem 4.1 is given in Section 5.5. This result shows that in an
idealistic setting where the underlying asset and the forward variance curve can
be traded (in continuous time), perfect replication can be obtained in generalized
rough Heston models. Of course, in practice, this strategy will be discretized and
one will use liquid variance swaps or European options instead of the forward
variance curve.

REMARK 4.2. It is interesting to remark that the price function C(z, S, &) is
solution of a Feynman—Kac-type partial differential equation. Let us define the
following derivative according to time ¢ > 0:

0C(t,S,8)= h%l+ é(C(r —&,8,&4+)—C(,S,8)).

We easily have that L(a + ib,t,S,&) is solution of the following infinite-
dimensional PDE:

1 1 1 1
0=29L + 5(5\/5_0)23§L + 5(u\/sT))a%L : (xf‘”, xf‘“)

1
+ VBN WER L (15°).

with the initial condition L(a + ib, 0, S, £) = §eFb.

As in Proposition 4.1, we can show that C is twice differentiable in S and in V
(in the sense of Fréchet for V), and that 0,C is well defined. So we can deduce that
C satisfies the same PDE:

1 1 1 1
0=20,C + 5(S\/s’o)zagc + E(v\/s_o)a%c : <Xf‘“, Xf‘”)

1
+ PSRN VER /- (117,
with the initial condition C(0, S, &) = (S — K)+.
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Note that 8‘2,C . (%f‘“, %f‘“) [resp. 8§’VC . (%f‘“)] is the second Fréchet
derivative of C (resp., the first Fréchet derivative of d5C) applied on (% for, % £

(resp., % f%*) which is well defined even though % f%* does not belong to the
metric space V, ;.

5. Proofs. The notion of fractional integrals and derivatives are heavily used
in the proofs. Notation, definitions and useful results related to them are given in
Appendix A.

5.1. Proof of Theorem 2.1.

Finding the dynamic of Vtto conditional on F;,. Using the stochastic Fubini
theorem, we can show that /'=%V is a semimartingale and for > 0,

t —a t t
l—«a s 0 /
(I V)Z=V0/0 mds—f—'/(; )\.(9 (S)—VS)dS‘i"/O V VSdBS-
Therefore,

t+ty
)/ t+ty—u)"*V,du

rda-
is equal to
1 /1‘0( ) ay 4 v t+1o 1 oy
—_— fo—u) u+ / ——u du
Trd—a)Jo 0 ! 0 n TI'(d—a)
t+to t+19
+ A(0%w) — V) du + vV, dB,.

fo 0]

Using a change of variable, this can be written
: fzo(z )"V, d +vft ! (to+u)~*d
- _ —Uu u — u u
Td—a)Jo 0 g Jo T —a) °
t t
+/ A(Qo(u+t0)—VLf°)du+/ v/ Vi d B,
0 0

where (B,to),zo = (Bi+4 — By)i>0 is a Brownian motion independent of F,.

Moreover, remarking that

'y = / (t —u) @V dy = b WO(: + 10— u) "%V, du
' r(l — ) Tl —a) Jq !

is equal to

e —ay,d L/ —ay,d
- 41— - (10—
F(l—a)/o (¢ o = )™ Vi du F(l—a)/()(+0 u) = Vudu
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and that

—o —o) __ o ! _ —l—a
(to—u)™ =@ +10—u)y*%) = (1_a)/0(t0 u+v) dv,

I —a) r

we derive

I]_“Vtto - ¢ /to /t(to —u+ v)_l_“deu du
F(l—a)Jo Jo
+/l;(to+u)_°‘duvo

o 'l —aw)

t t
+/ A(0%(u +19) — V;O)du+/ v/ V> d B,
0 0

This can be written as follows:

11—«

(20) Vig (1—a)l'1 — ) +

t t
/ A6 (u) — V) du +f v/ Vi’ dBD,
0 0
with (6% (u)),>0 a function which is Fi, measurable and defined by

o 1 1_
QIO(M)ZQO(IO—FM)—Fm/(; (to—v+u) 1 O{(VU—V,O)dU

(u+19)™@
+ m(vo — Vi)

Properties of 0. It is clear that 6 is continuous on R’ . Moreover it is easy
to see that for any u > 0:
fo

0% (1) = 0°(4 — % [ T- —l-ay g
(u) (0+u)+u,(1_a) A (to—v+u) v dv

1
— (Vi 10)”% — Viyu™ ).
+AF(1_O{)( 0(u + o) o)

Since V is a nonnegative process and 09 satisfies (4), we obtain that 67 also satis-
fies (4). Finally, for fixed ¢ > 0, V being o — 1/2 — ¢ Holder continuous, there ex-

ists for almost each w € 2 a positive constant ¢, (w) such that for any x, y € [0, to]:
Ve = Vyl < cel@)|x — y|*71/27E

Thus, by integration by parts, we obtain for any u € (0, #o]
fo
V (to—v+u)"""*(Vy — Vi) dv
0

fo
S%W%A(m—v+M‘“%m—vw*ﬂ%dv
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= cg(a))u—l/Z—g fto/u(x N 1)_1—axa_1/2_8dx
0
<ce(wu™'*7° _/OOO(X + 1)~ lmexel/2=e gy,
Thus, 67 satisfies Condition (5) almost surely.

End of the proof. We complete the proof noting that from (20) and the stochas-
tic Fubini theorem we have that

t 1 t
/ V;Oczs=—f (t —s)* =2y s
0 ['(x) Jo
is equal to

L rrs _ a—1 to vyt
Vt°t+1"(a)_/o./(.)(s W) (00 w) — VO)duds

1 t s
+—[ / s —u)* '/ VO dBo ds.
I'(x) Jo Jo ( ) u

Hence by differentiating the previous equality, we conclude that the dynamic of
(8%, V0) is given by

t 1 rt
sh=s, exp( /0 Vo dwi — 3 /0 Vu’odu>,

1 t
Vo=V, + m/o (t —uw)* 16" ) — V) du

1 t
— | ¢—w* v V/oaBn,
+ @) ./0 (t—uw)* vy V, b

where (W,to)tzo = (W44 — Wyy)r>0 1s a Brownian motion independent of F;, and
with correlation p with B,

5.2. Proof of Theorem 3.2. We work here with the sequence of Hawkes pro-

cesses N7 defined in Section 3.1 such that the intensities satisfy Assumption 3.1.
Recall that for 7 > 0, from Theorem 3.1, V27T ~2¢ NIT}, converges in law as T goes

to infinity to
t
/ Vids,
0

where V is solution of the fractional stochastic differential equation (3). A key step
for the proof of Theorem 3.2 is to show that for suitable a € R,

(1) Elexp(av’T 2 N1)] e E[exp(a /(;t Vi ds)]
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Applying (31) in Appendix C.1 on the Hawkes process N', we write

t
E[exp(avZT_zaNtz})] = exp(/ A(T(T(t - s))gT(a, s) ds),
0
with
gl (a,1) = v_zT“(exp(ava_zo‘)E[exp(ava_Z“NtJ;T)] -1),

where N/'T is the Hawkes process of children cluster (with migrant rate ¢” and
kernel ¢7); see Appendix C.1 for details. Moreover, from Lemma A.S5, 2T (Ts)
converges pointwise as T goes to infinity to

—u

Vos
26° _ 0 <t.
(s)+F(1— %)’ <s <

Therefore, it is left to study the convergence of the function g’ .
Uniform boundedness of g. From now on, ¢ denotes a positive constant that

may vary from line to line.
From (30) in the Appendix C, for each ¢ > 0,

(22) gl(a, 1) <0

tT tT
av2T 2 5/ el —1— log(/ goT).
0 0
Moreover note that

tT tT T2a tT 2
Tz"‘( (pT —1- log(/ (pT)) ~ —<1 —/ (pT> .
0 0 T—oo 2 0

Using 7 = (1 — AT~%) f*! and I° f*! =1, we obtain

2a & T i T T2a a,l 0[1
T ¢ —1—1log f 1 / SO AT / ,
0 0 T—>oo 2

which converges to
1 o 2
—(r+—),
2( + ra-— a))

thanks to Appendix A.l. Thus, Property (22) is satisfied for large enough 7 >
To(a,t, A, v) and a < agp(t) with

1 N 7% \?
aO(l)—X( +m) .

provided
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Furthermore, as N/-T < NooT (which is the Galton—Watson process defined in
the Appendix C.2), using (34) in Appendix C.2, we obtain

vT(t)ne_vT(Z)(n+1) (n + l)n—leavafzan

Efexp(av?T Nth’T)] <>

|
=0 n!

with vy (t) = féT <pT. It is also easy to see from (34) [by takinga =0and v =1 in
(34)] that

| Z e—(n+1)( 1y
P . .
Consequently, we obtain
T N n—1
gi(a, ) <v°T*>" - (n+1)

n>0
x (vp (1) 170 V4D g T2l

1 T n—1( xp(t)(n+1)
—_ - T _
= vsz(t)T E o (n+1)""(e vr (1)),

n>0

where
x7(t) = 1 —vr(r) + log(vr (0)) + av?T 2,

which is nonpositive for T > Ty(a, t, A, v). Therefore,

gl(a, 0 <

Usz(t)T“(l —vr (D).

Assume now a < 0, we use again NIT < N°°T and (34) to get

e—(n—f—l)
v—zT(X Z ' (n + l)n—l(exr(l‘)(}’l-‘rl) _ 1) < gT((l, t) < 0.
n.

n>0

By the Stirling formula,

e—(n+D . 1
(/= ) eV
n! n—00 2w (n+1)3
Thus,
1 1
_ TO[ 1 _ XT(Z‘)(}’I-FI) < T , 1) < O
Vr ;)(nﬂ)m( ‘ )=g @n=

We deduce from Lemma A.7 that

C
~ (t)\/ —T2%xr (1) <" (a,1) <0.
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Therefore, for any a < ag(t),

1
|gT(a, t)| < Cl)sz(t) (Ta(l — vT(t)) + ,/—TZaXT(t)).

Finally, note that

T(1—vr() = 1+ I“(lija)
and

T x7(t) = v?(aop(t) — a),
as T goes to infinity. Eventually,

(23) limsup|g” (a, )] <cv™ <,\ + r(i;—aa) + v/ (ao(t) — a)>.

T—o00

Uniform convergence of g7. We now fix fo > 0 and a < ag(tp). The function
t— gT(a, t) being monotone and such that gT(a, 0) = 0, we have that for any
0=<t=r,

T T
&' (a,0)] < |g" (a, 10)].
Moreover, from the previous section, there exists Ty(%p, a, A, v) > 0 such that

sup |g” (a, t0)| < oo,
T>Ty

Hence, gT(a, -) is uniformly bounded in 0 < ¢ <ty and T > Tp. We now assume
that T > Tp.

Applying (31) in Appendix C.1 on the Hawkes process N/>T, we obtain that for
any t € [0, to],

t
VT % @, )+ 1= eXp(\)zT—z"‘a +v27! / 0T (Ts)g  (a,t — s)ds).
0
By taking the logarithm of the previous expression, we write

t
va_zo‘a+v2T1_“/ ol (Ts)g" (a,t —s)ds
0

4
v
=T @, 0) = =T (@, =] (1),
where |T3“81T| is uniformly bounded in ¢ € [0, 9] and T > Ty. Hence

t
gl(a, = T/ o1 (Ts)gT (a,t —s)ds +aT ™
0

v? —a T 2  TY 7
+7T g (a,1) +?61 (2).
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Thanks to Lemma A.1,

1
gT(a, 1) = ClTl_a/ WT(TS) ds
0

2 t
+%T1_°‘f v (Ts)gT (a,t —s)*ds + &1 (1),
0
where
v2 T%
&1 () =aT ™" + - T7¢ (@, + —&[ (1)

Tot—H
+

t
/0 v (Ts)el (¢ — 5)ds

2
and YT = D k> L (@T)** 3 Note that T"‘eQT is uniformly bounded in ¢ € [0, fy] and
T > Tp. Recall also that using Laplace transform computations as in [16], we get

(24) AT "y T (Tt) = ar f*4(1).

Thus,
T "1 v? T 2 T
g <a,r>=/0 SOk —)(a+ g (@5 ) ds + e (),

withel (1) = el (t) =T~ [ f¥*(t —5)(a+ ";gT(a, 5)%) ds. As done in the proof
of Proposition 6.5 in [10], using that T%7T and gT(a, -) are uniformly bounded
int €[0,1t] and T > Ty, together with Lemma A.3, we deduce that gT(a, ) is a
Cauchy sequence on C([0, fp], R). Therefore, it converges to a continuous function
g(a, -) solution of the following equation:

11 2
gla,r) :/(; Xf‘x’)‘(t — s)(a + %g(a, s)2> ds.

By Lemma A.2, it is equivalent to the fractional Riccati equation

DO{ _ _ U_Z 2 11—« _
gla,t)y=a—xrg(a,t) + 2g(a,t) , I'"%g(a,0)=0,

which admits a unique continuous solution (the uniqueness being an obvious corol-
lary of Lemma A.3). Finally remark that from (23)

+ vy ao(t) — a>.

—

g0 = 5 (ht s
v r'ia—aw)

3Recall that (p7)*! = ¢ and (pT)* (1) = [fp(t — 5) - (@71 (s) ds.
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REMARK 5.1. Note that for a > 0, t — g(—a, t) is nonincreasing and since
g(—a, 0) =0, we obtain the following inequality:

t] 2
g(—a,r)= /0 Xf‘“(t — s)(a + %g(—a, s)z) ds

< lF‘”(t)( n v ( t)z)
—F* —a+ —g(—a, :
< >8

From this inequality, we get for ¢ > 0

2
1— /14 250 pai(p)2

2
L FaA (1)

g(_a7 t) =<

End of the proof. 'We know that for any ¢ € [0, #p] and for fixed a < ag(tp),
t
Elexp(av*T~*NL)] = exp(f AT —9))g" (a, ) ds).
0

Then, from the uniform convergence of gl (a,-) to g(a,-) together with Lem-
ma A.4, Lemma A.5 and the dominated convergence theorem, we obtain

t Vos ™
E[exp(ava_zaNz?)] — exp(/(; gla,t—ys) (AQO(S) + ﬁ) ds)

as T goes to infinity. By the Fatou lemma, we deduce

efesp(a [ )] <o

We complete the proof by showing (21). The case a < 0 being obvious, we assume
that 0 < a < ag(fg). Let € > 0 such that a(1 + €) < ag(fg). From the computations
above, there exists Ty(¢, a, A, v, &) such that

sup E[exp(a(l + )T 2*NL)] < 0.

T>Tp

Therefore, (exp(a p2T 2 NzTT))Tz 7, 1s uniformly integrable and we conclude that
t
Elexp(av?T~2*N1)] — E[exp(a/ Vs ds)]
0
This completes the proof of Theorem 3.2.

5.3. Proof of Theorem 3.3. In this section, we place ourselves in the frame-
work of generalized rough Heston models (3) and compute for 0 < ¢ < #g,

t t
G(z,x,t):IE[exp(z/ Vsds—i—ix/ \/Vsstﬂ,
0 0
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with x € R and z € C such that R (z) < ap(t) [ag(t) is defined in Theorem 3.2]. It
has been shown in the proof of Theorem 3.2 that there exists Ty > O such that

exp(zv? T 2 NL +ixvT~*M})
is uniformly integrable for fixed  and T > Tj. We have that
(25) E[exp(zv?T 2*N}L +ixvT M%)

is equal to

tT s
E[exp((zva_Z“ +ixvT )N — iva_“/ / ol (s —u)dN! ds
0 0

1T
—iva_“MT/ ;T(s)ds>:|.
0
Let
t
fl() =T +ixvT % — iqu*“/ ol (s)ds.
0
Using the Fubini theorem, we get that (25) is also equal to
tT A [t
E[exp( fT(tT—s)stT—ix—/ ;‘T(sT)ds)]
0 v Jo

Hence we deduce from Lemma A.4 and Lemma A.5 that

G(z,x,t)= Tli_)mooE[exp(zva_z‘”th +ixvT*M)]

ix (! Vos ™%
= —— | 26° —d )
exp( 5 /0 (s)+ rd—w s

1T
x lim E[exp( fT(tT—s)stT)]
T—o00 0

Passing to the limit. Applying (35) in Appendix C.3 on the Hawkes process
NT with the function £, we have that for large enough T,

1T
exp( frar — s)stT>
0
is integrable and
tT t
E[exp( fT(tT —5) dNST)] = exp(/ AgT(T(t — s))kT(z, X,s) ds),
0 0
where

1 : : £.T
K zoxit) = =T/ DE[e o' STUT—wdNETY ),
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Furthermore, from Lemma A.5, MT (T's) converges pointwise as 7" tends to infin-
ity to

0 V()Sia
A0s) + —2 s <y
(1 —a)

As in Section 5.2, we show the uniform boundedness of k7 and then its uniform
convergence.

Uniform boundedness of kT. We start by noting that for ¢ € [0, 7],
7 .0 < 5T/ DR /TN
 NTADIR[ I LT AT —wldN T
U T DIl SUT aT—wland Ty )y,
Using that R[ 7] = R (z)v>T~2* together with the following inequality,
|efT(tT)E[e T fT(tT—u)dNuf‘T] _ ei?v[fr(tT)]]E[e 5Ti3[fT(tT—u)]dN[*T]|
< | M ADIR[ " M AT -01aNET ] )

we derive
kT (z,x,0)] < [kT (R(2), 0, 1) + kT (i3(z), x, 1))

In Section 5.2, we have already shown that kT(ER(z), 0, ¢) is uniformly bounded
in t € [0, tg], for large enough T'. It is now left to show the uniform boundedness
of kT (i3(z), x,1). So now we take z = ia where a € R. First, remark that f7
becomes

() =iav*T=2* + iva“(l - /Ot ol (s) ds)
=i(av? +xvA)T ™2 +ixvT ™ ‘/t-oo o (s)ds.
We write
xT :fT(tT)+/OtT frar —s)dnyT.
It is easy to see that

1fTaT)| < |a?T~2 + |x|vT ™%,

Furthermore,

tT
E[ A frar —s)stf’T]
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is equal to

T2 (av? +)\xu)f

tT ) tT o0
E[A/T]ds + iva*“/ </ wT(u)du>E[A{’T]ds,
0 0 tT—s

where 17T is the intensity of the cluster of children Hawkes process N/T; see
Appendix C.1. We recall its definition:

u
A£T=¢TW)+Z;¢Wu—def?
Using Lemma A.1, we know that
u .
T =T [T s amfT
0

where M/ T = N/-T — fo )usf’T ds is the martingale associated to N/T  Thanks to
(24), we obtain

anm*a>Ta_1

T
E[)‘sz ] = 3

Therefore,

(T Feh(; Fe(;
f E[»/T]ds < /\( )T"‘ < A( 0) T% < cT?.
0

Moreover, using that y € Ry — y* fyoo ¢! is uniformly bounded in y and T and

11*0‘f‘17X =A(1 — F**) (see Appendix A.1), we obtain

t oo - c [t

T/(; /T(t_s) o7 (u) a’uIE[)»{’T lds < Xfo (t —s) " f"*(s)ds <c.
We deduce then that

IE[XT]| < cT~%(la]v? + |x|v).
Using that there exists ¢ > 0 such that for any y € R,
e — 1 —iy| <cy?,
we get
[E[eX —1]] < e(BX] ]|+ B{X] ).

We have

E[| X/ ] <2/f" 0] +2EH/OIT F1GT —s)dNST

1
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]

tT
< 2<EH frar —syam)T
0

and

EH/IT FTGT — 5)dN{T
0

1

2 tT
}—HEH frar —s)nd T ds
0

Since (MFT, MS Ty = Jo 15T (s)ds, we obtain

2} = E[/OIT|fT(tT — )Pl ds}

<cT™%(|alv? + |x|v)2.

tT
EH frar —syaml’
0

Using the Fubini theorem, we derive
tT tT
/ frar —s)n/Tds = / fratr — )y (s)ds
0 0
tT ptT—s
+/ / frar —s—wy T wydudm]T.
0 0
]
tT
< 2‘ F1aT — sy () ds
0

t1
0

tT .
<c(ja|v? + |x)* T~ (1 +/ ]E[)Lsf’T]ds)
0

Therefore,

tT
IEH] frar —snd T ds
0

2

s 2 _
/0” frar —s —wy! w)du| B[ALT]ds

<c(ja|v? + |xv)* T,
We eventually deduce

C
kT (ia, x,1)| < ﬁ(C(a,X) + c(a, x)?), c(a, x) =v?|a| +v|x|.

End of the proof. Using the same computations as in Section 5.2, we show that
for fixed z € C and x € R such that R(z) < ap(t), k' (z, x, -) is a Cauchy sequence
in C([0, #9], C) and therefore converges uniformly to k(z, x, -) solution of

1 1oy v2 )
k(z,x,t):zx——i—/ —f% (t—s)<z+—k(z,x,t) >ds.
v 0 A 2
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Therefore, we deduce

t —a
G(z,x,t)= exp(/(; E(z,x,t — s)(wo(s) + %) a’s),

where £(z, x,t) = k(z, x,t) — ix/v, which is solution of the following equation:

L B X2 v? 2
$(z,x,t):/0 xf ’ (t—s)(z—7+lbv§(z,x,s)+35(z,x,s) )ds.

By Lemma A.2, this is equivalent to the following fractional Riccati equation:

x2 v2
D%(z,x,t) =z — 5 + (ixv—MA)E&(z,x,t) + ES(Z’ X, t)z,

1'"%¢(z,x,0)=0.

We end this section with the following remarks which will be useful in the proof
of Proposition 4.1.

REMARK 5.2. From the definition of k7,
RkT (z,x, 1)) <kT (R(z),0,1).
Passing to the limit as 7" goes to infinity, we get

R(E(z, x, 1)) <EM@),0,1) =gR(2), 1),
with g defined in Theorem 3.2.

REMARK 5.3. From the proof of uniform boundedness of k7 and using the
inequality for g in Theorem 3.2, we get that for any ¢ € [0, 7¢],

£z, x, )| < c(14+/|R@)| +3(2)* +x?),

where c is a positive constant, x € R and z € C such that 31(z) < ap(ty).

5.4. Proof of Proposition 4.1. We fix $ >0,1>0, & € V:,x and a > 1 such
that E[(S;)¢] < co. Using the same computations as in the proof of Corollary 3.3,
we get

L(a+ib,t,S,&) = exp((a +ib)log(S)

t S—O{ .
) et - ).

where £ is the unique continuous solution of the fractional Riccati equation in
Corollary 3.2. Moreover, thanks to Remark 5.2, we have that for any # > 0 and
beR,

R(h(a+ib,s)) <q(b,s), s <t,
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where ¢ (b, -) is the unique continuous solution of the following fractional Riccati
equation:
2 _ 2 2

—(1=p°) 5 =G —pva)g(b,s) + —qb,9)",  s=t,

D (b, s) = =
2

1'% ((b,00=0

Note also that for large |b|, “22_ 4 — (1 - ,02)% is negative and, therefore, using
Remark 5.1,

1_\/1+ 21— Pi)bz (az—a)szk pva(s)Z
q(b,s) < M(b.s) = s . os<t.

For— pva(s)

A— pva

By the dominated convergence theorem, we have
Vvi— pr ot s
—|b / Os (s) ds.
D] 5 ) T —a) £ (s)ds

Consequently, there exists c(¢, §) > 0 such that for any b € R,
|L(a+ib,t,S,&)| < S%exp(—c(t,&)(—1+1b])).

Moreover, it is easy to see that for any b € R, L(a +ib,t, -, £) is differentiable in
S and that

" ue d
7M ,F— 9 ~
/o T =1 = 9 )ds =

b
dsLia+ib,1, 8,8 =41

Using (17) together with the dominated convergence theorem, we conclude that C
is differentiable in the first variable S and that

1 . a-+ib .
dsC(t, S,&) = —/ g(—=b)——L(a+ib,t,S,&)db.
21 JheR S

Now let ¢ € V5 and g9 > 0 such that 6z (s) — £0|0; (s)| > O for any s € [0, 7]. We
have that for any € # 0, € € (—e&y, €9),

(26) £|L(a+ib,t, S,&+e¢)—L(a+ib,t,S,§)|

is equal to

9 ex p(/ ri—o R(h(a+ib, 1t —s))(0e(s) — 8|9;(s)|)ds>

s .
xp(/o meh(a +ib,t —5)0(s)— ds)

g
— —e¢h ib,t —
Xp(/o F(l—a)g (a+1i s)

X_

9§(S)|ds)|.
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Recall that for large |b|, % (h(a + ib, s)) is nonpositive for any s < ¢. Since there
exists ¢ > 0 such that for any z, z/ € C such that %(z) <0 and R(z") <0,

exp(2) — exp(z')| < ez — 7

’

we conclude that (26) is dominated by

t S*O{ .
os”( [ g lhta+ bt =lloc(s)|s)

t —Q
X exp(/o ﬁiﬁ(h(a +ib,t —5))(6:(s) — &0|6: (s)]) ds).

Using the same arguments as previously, we get that there exists c(¢, &, ¢, &9) > 0
such that

t —o
exp(/o ﬁm(h(a +ib,t —5))(6:(s) — €0|6: (5)]) ds)

<exp(—c(t,&,¢,80)(—1+b])).

From Remark 5.3, we know that there exists ¢(¢) > 0 such that for any s € [0, 7]
and b e R,

\h(a +ib,s)| <ct)(1+b?).
Moreover, note that
1
lim —L(a+ib,t,S,&€+¢e¢)—La+1ib,t,S,§&)
e—>0¢&
is equal to
t
L(a+ib,t, S,é)f x(a+ib,t —s)ds.
0

Consequently, by the dominated convergence theorem, C(z, S, -) is differentiable
in £ in the direction of ¢ in the Fréchet sense and

aVC(tv S’s) é‘

1 t
= g(—b)L(a+ib,t,S,é)(/ X(a—}—ib,t—s);sds)db.
21 JbeRr 0

5.5. Proof of Theorem 4.1. We first show that

T—t
[ xt@+iboEve 1 ds
is equal to
T 1
/ X(a—i—ib,s)E[VT_s]ds—/ x(a+ib, T —s)Vids
27) , ’
+/0 h(a+ib, T —s)vy/VsdBs.
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Recall that from equation (15) we get

V, =E[V,] + /Os %f‘“(s —u)vy/V, dB,.
This together with the Fubini theorem give

t
/X(a+ib,T—s)Vsds
0
t
=/ x(a+ib, T —s)E[V,]ds
0

t t—u 1
+/ (/ Xf‘”(s)x(a +ib, T —u— s)ds)v\/VudBu.

0 0

We also have that for s € [0, T — 1],
t]
(28) Enmﬂuu=mwuu+£Xf“uww—uw¢de.
Then similarly,
T—t
A x(@+ib, )E[Vr_,| Filds

is equal to

T—t
/ x(a+ib, YE[Vr_]ds
0

t T—t 1
+f (/ xf‘”(T —s—u)x(a+ib, s)ds)u,/vudBu.
0 \Jo
This can also be written
T
/ x(a+ib, T —s)E[V,]ds
t
t T—u 1
+/ (/ Xf“’l(s)x(a +ib, T —u —s)ds)v\/VudBu.
0 t—u
Finally, we obtain that
t T—t
/ X(a+ib,T—s)Vsds+/ x(a+ib,s)E[Vr_s|Filds
0 0

is equal to

T
/ x(a+ib, T —s)E[V,]ds
0

(L e ib, T ds \v/V, dB
+‘/0(/0 Xf ) xla+ib, T —u—s) s)v wdBy.
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Thus, (27) is directly deduced from the last relation and (16). Now using (27)
together with the Itd formula, we derive

t
Pl (a+ib)=P] (a+ib)+ / (a+ib)P[ (a+ib)y/ Vs dW;
0

t
+f Pl(a+ib)h(a+ib, T —s)vy/V,dBs.
0

Then by (17) together with the stochastic Fubini theorem and Proposition 4.1, we
get
t
Ci=Co+ [ 95C(T —u. Su.EIV.0u| F) S,

1 t
— f ( §(=b)Pl (a+ib)h(a+ib, T — u)db)v\/vu dB,.
27 Jo \Jber
Furthermore, using again (16) together with Fubini theorem, we obtain that

1

t
—/ ( g(=b)Pl(a+ib)h(a+ib, T — u)db)v\/Vu dB,
2 Jo \Jber

is equal to

t 1 T—u
/ (—/ §(—b)PMT(a+ib)X(a+ib,T—u—s)dbds)
0 \2m Jo beR

1
X Xf“’k(s)v\/ V.dB,.
This last quantity can be expressed in term of the forward variance curve thanks to
(28).
APPENDIX A: FRACTIONAL CALCULUS

We define the fractional integral of order r € (0, 1] of a function f as

o =— ["¢—sy'fs)d
fo—ﬁﬁﬁ(—w £(s)ds.

whenever the integral exists, and its the fractional derivative of order r € [0, 1) as

D= [ =97 fs)d
=—— — s)ds,
I'd—r)dtJo
whenever it exists.
We gather in this section some useful technical results related to fractional cal-
culus.
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A.1. Mittag-Leffler functions. Let (o, 8) € (]Rj)z. The Mittag-Leffler func-
tion E, g is defined and for z € C by

Eqp(n)=)

n>0
For (o, 1) € (0, 1) x Ry we also define
FOM) = M Ey o (—12%), t>0,

Zn

'(an +B)’

Fo (1) = / t fE*(s)ds t>0.
A >

The function f%* is a density function on R, called the Mittag-Leffler density
function. The following properties of f** and F** can be found in [14, 17, 18].
We have
A o
o,k a—1 o, —(a+D
t) ~ ——t , t)y ~ —/———t
S )t—>0+ I'(o) U )t—>oo Al — @)

and

o
’

A
FOr (1) =1 — Eg 1 (—At%), FO ) ~ —— ¢
® 1 (ZH1%) ® Tt

1—F**(t) ~ ——— 7@
t—o0 AT'(1 — @)
Note also that from obvious computations, we get '~ f%* = x(1 — F%*). Fi-
nally, for o € (1/2, 1), f** is square-integrable and its Laplace transform is given
for z > 0 by

A

Atz

ro, _ *° o, A —zs _
f <z>—/0 FE (5)e ds =

A.2. Wiener-Hopf equations. The following result enables us to solve
Wiener-Hopf-type equations; see, for example, [3] for details.

LEMMA A.l. Let g be a measurable locally bounded function from R to R?
and ¢ : Ry — MA(R) be a matrix-valued function with integrable components
such that the spectral radius of [y° ¢ (s)ds is strictly smaller than 1. Then there
exists a unique locally bounded function f from R to RY solution of

t
f(t)=g(t)+/0 St —s)- f(s)ds,  1>0
given by

t
f(r)=g<r)+/0 Uit —s)-g(s)ds, 120,

where ¥ =3 ;> ok A

“Recall that ¢*! = ¢ and ¢ (1) = [ ¢ (1 — 5) - ™~ (5) ds.
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A.3. Fractional differential equations. We now give some useful results
about fractional differential equations. The next lemma can be found in [20].

LEMMA A.2. Let h be a continuous function from [0, 1] to R, « € (0, 1] and
A € R. There is a unique solution to the equation

D¥y(t) =ry(t) + h(1), y©0)=0
given by

t
(1) :/ (t — ) Eqy o (Mt — 5)*)h(s)ds.
0
We also have the following result whose proof can be found in [10].

LEMMA A.3. Let h be a nonnegative continuous function from [0, 1] to R
such that for any t € [0, 1],

h(t)<e+C /Ot FOMt — s)h(s)ds,
for some ¢ > 0 and C > 0. Then for any t € [0, 1],
h(t) <C'e,
with
=1+ cx/ol 59 Eq o (M(C — 1)5%) ds > 0.
In particular, if e = 0 then h = 0.
A.4. Further results.

LEMMA A.4. There exists a positive constant ¢ such that forany T > 1/1~1/¢

andt € (0,1):
T =
ar) =e(1+ i )

PROOF. Note that by Remark 3.1, we have
T
char) :/ T (tT —u)0°u/T)du
0

T« 00 tT
+ Vo(—/ go(s)ds+AT_“f (p(s)ds>.
AJiT 0

Thanks to Appendix A.1, we have that for each ¢ € (0, 1]:

Ta /oo P
o <ct .
tT
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Moreover, by using condition (5) and the fact that o > 1/2, we write that for each
t e (0,1]

0%(t) < ct™.
Thus,

T
cTar)<e Ot (Tt —uw)(u/T) “du+c(1+177%).

Using Appendix A.1, we obtain

tT 00

(Tt —uw)(u/T) *du=T(1—-a)T* /T @ <ct %,
t

which completes the proof. [J

LEMMA A.5. Foreacht € (0,11, as T tends to infinity, ¢ T (tT) defined by
Assumption 3.1 converges to
¢ 0
Vo—"—+67(?).
T —w) +07(1)
PROOF. Lett > 0. We have

t
T _ _ 0
ch@aT) _aT/O To(T(t—s))0"(s)ds

T 00 tT
+ V()(—/ o(s)ds + kT_“/ (p(S)dS).
A tT 0

Moreover, from Appendix A.1,

T 00 tT
Vo(—f o(s)ds +AT™“
AT 0

(p(s)ds)

converges to
t—O{
Vo———.
MMl —a)

Moreover, since 6° is continuous in 7, for any ¢ > 0 there exists n > 0 such that
for any s € [t — n, t],

109(s) — 6°(n)| < e.

Hence from Appendix A.1 together with the fact that ¢ is nonincreasing, we obtain

‘/Ot To(T(t —5))(0°(s) —0°(1)) ds

T —
= 8/0 n¢+/0 "To(T (@ - 9)(6°0)] + 6% ds

t
<o+ Ty [ (6°0)] +]6°)]) ds <2

for large enough 7. Thus, fé To(T(t — $)0%(s)ds converges to 0. O
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LEMMA A.6. If6°:(0, 1] — R satisfies Condition (5), then for any 0 < & <
a—1/2,
f
> / FOME —$)0%(s) ds
0

has Holder smoothness « — 1/2 — & on [0, 1].

PROOF. Using Proposition A.2 in [16], we obtain that for any n € (0, o),
t t
/ FEMr —5)0%s)ds = / D" f4* (@t — s)1"0%(s).
0 0

Taking n = 1/2 + &, we have that 170° is a bounded function. Then, using Propo-
sition A.3 in [16], we obtain that our function has Holder regularity equal to
a—n=a—1/2—¢e. O

Let x > 0. We define

1
= _ —x(n+])
5@ _nZO (n+ 1)3/2(1 ¢ )-

We have the following lemma.

LEMMA A.7. There exists ¢ > 0 such that for any x >0
S(x) <ca/x.

PROOF. We have
1

S(X):Zm(l—e_x) Z e_kx.

n>0
This can be rewritten
S@)=(1—e) ) ge ™™,
k>0
with & = 3,54 m, which is equivalent to 2/+/k + 1 as k tends to infinity.
Thus, there exists ¢ > 0 such that, for any x > 0,

S(x)<c(l—e” e~ kDx,
0 e

We conclude using that
Lty /k“ vegy_ L0/2)
k=0 Vk+1 k=0 Vx

together with the fact that

1 —e* <cx. O
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APPENDIX B: MARTINGALE PROPERTY OF THE PRICE IN THE
GENERALIZED ROUGH HESTON MODEL

PROPOSITION B.1. The process S defined by the generalized rough Heston
model in Definition 2.1 is a F-martingale.

PROOF. Let 79 > 0 such that 1/2 < ag(ty). Thanks to Theorem 3.2, Novikov’s

criterion holds:
1 o
E[exp(—/ Vs a’s)] < 00.
2 Jo

Therefore, (S,)o<u<s, 1S @ martingale and E[S; ] = So.

Now, assume that for a given n € N, E[S,,,] = So. Recall that conditional on
Foto» the law of (87, V,""°)1=0 = (Sy4ntg» Visntg)i=0 is still that of a rough Heston
model with the following dynamic:

dStnlO _ S;lto tht() thnlO’

1 ? _
V' = Vi + r@ /0 (t —u)* A (0" (u) — V) du

1 t
- f— a—1 an() dBntO,
+ F(oc)/o (t—u)* vy Vy, N

where 6" is a F,,,-measurable function satisfying almost surely Conditions (4)
and (5), and (W"0, B"0) = (W.1 1y — Waty, B-4nty — Bny,) is @ Brownian motion
independent of F,,. Since 1/2 < a(#p), we have again Novikov’s criterion

E[ex (l /-to Vo g )
p 2o s

Therefore, IE[SZ;OI}",,,O] = Suz, and so
ElS+1)10] = El[Sns 1 = So.

Fnlo] < Q.

Consequently, for any n € N,
E[Snzy] = So,

which completes the proof. [J

APPENDIX C: MOMENTS PROPERTIES FOR HAWKES PROCESSES

Here we consider a one-dimensional Hawkes process N with intensity

t
xtzu(m/o o(t — ) dN,
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such that u, ¢ : Ry > Ry are locally integrable and [;° ¢ < 1. We are interested
in a sufficient condition on a > 0 so that

(29) E[e*] < o0.

We will show that (29) holds provided

30) af/otga—l—log(/ot(p).

To do so, we recall the branching structure of Hawkes processes.

C.1. Branching structure of Hawkes processes. We recall that the Hawkes
process N can be viewed as a population process in which migrants arrive accord-
ing to a nonhomogenous Poisson process N° with intensity . Each migrant gives
birth to children according to a nonhomogenous Poisson process with intensity ¢
and each child also gives birth to children according to a nonhomogenous Poisson
process with the same intensity and so on.

Therefore, it is easy to see that the cluster of children created by a migrant has
the law of a Hawkes process N/ with the same kernel function ¢ but with migrant
rate ¢. So, the intensity of N/ is given by

. t .
A =¢(z)+/0 o(t —5)dNy .

Using the branching structure of the Hawkes process, we can see that we easily
derive the following equality in law:

k
Nt :Nto—"_ Z Ntf_Tks
1<k<N?

where the (T )r> | are the arrival times of the migrants and (N [k )ik>1 are indepen-
dent copies of N f, independent of N 0. Then we can show that, for a > 0,

(31) E[e*N] = exp(/(;l it — s)(e“E[e“st] — 1)ds>;

see [10]. This is smaller than

exp</0t M(s)ds(eaE[eaNif] — 1))

Consequently, a sufficient condition to obtain (29) is

(32) E[eafo ] < o0.
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C.2. Galton—Watson structure and exponential moments. Let us consider
now the Hawkes process N/ . Using the population interpretation given in the pre-

vious section on this process, N,f is the number of migrants and children arrived
up to time 7. Let 1 > 0. We define the process N°° from N/ as follows:

e We consider N,(O) the number of migrants arrived up to time #, which is a Poisson
variable with parameter v = [; ¢.

e For each migrant arrived at time 7} < ¢, we consider the number of children of
first generation made by the migrant during a period of time ¢, which is also a
Poisson variable with parameter v, independent of N,(O). We denote by X tl the

set of all those children and N,(l) =#(X ,1) their total number.

e For each child of nth generation of the set X}, we consider the number of its
children that are made during a period of time ¢, which is also a Poisson variable
with parameter v, independent of the previous generations. We denote X' *1 the

set of all those children and N,(”+1) = #(X} *1) their total number.

It is clear that X; = (J,>o X contains all the individuals of the Hawkes process
N/ arrived up to time 7. So,

NE=#X)=Y N" =N/

n>0
Thus, a sufficient condition to obtain (32) is
(33) E[e*N7] < cc.
Now remark that (N,("))nzo is a Galton—Watson process. Indeed,

1
NI = Y &t n>0,
1§k§Nt(")

where (§k.,)k.n>1 are i.i.d. Poisson random variables with parameter v, indepen-

dent of the N,(k).
We classically have (see, e.g., [9])

~ vnefv(n+1) el
P[N° =n]= T(n + D"

Consequently,

~ vne—v(n—H)
(34) E[eN =3 ——(n+ 1"

e n!
Using the Stirling formula, we get
1)nefv(nJr]) (ve17v+a)n L

n—1 _an
n! (n+ 17 n— 00 27n3
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Hence (33) holds if and only if

vel—v—l—a <1,

t t
af/(p—l—log(/ (p).
0 0

C.3. A useful equality. Let us consider g :—~> Ry — R continuous and @ € R
satisfying (30). We know that exp(fé f(t — s)dNjy) is integrable, where f =a +
ig. Using the branching structure of Hawkes processes presented in Appendix C.1,
we deduce the following equality in law:

which is equivalent to

ftf(t—s)stzftf(t—s)dNO—l— > /t_ka(t—Tk—s)de’k.
0 0 s 0 s

1<k<N?

Therefore, we can show that

ofon( [ r0-5)

(35) t < 7
= exp(/ ju(t — s) (e OE[elo F6—wdNi] _ l)ds).
0
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