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We consider the Degree-Corrected Stochastic Block Model (DC-SBM):
a random graph on n nodes, having i.i.d. weights (d)u)Z:l (possibly heavy-
tailed), partitioned into g > 2 asymptotically equal-sized clusters. The model
parameters are two constants a, b > 0 and the finite second moment of the

weights @@ Vertices u and v are connected by an edge with probability

%a when they are in the same class and with probability %b otherwise.

We prove that it is information-theoretically impossible to estimate the
clusters in a way positively correlated with the true community structure
when (a — b)2¢>(2) <g(a+Db).

As by-products of our proof we obtain (1) a precise coupling result for lo-
cal neighbourhoods in DC-SBMs, that we use in Gulikers, Lelarge and Mas-
soulié (2016) to establish a law of large numbers for local-functionals and (2)
that long-range interactions are weak in (power-law) DC-SBMs.

1. Introduction. It is well known that many networks exhibit a community
structure. Think about groups of friends, web pages discussing related topics or
people speaking the same language (for instance, the Belgium population could
be roughly divided into people speaking either Flemish or French). Finding those
communities helps us understand and exploit general networks.

Instead of looking directly at real networks, we experiment first with models for
networks with communities. One of the most elementary models is the Stochas-
tic Block Model! (SBM) [12]: a random graph on n vertices partitioned into two
equal-sized clusters such that vertices within the same cluster are connected with
probability pi, and between the two communities with probability peyc. The ques-
tion is now: given an instance of the SBM, can we retrieve the community mem-
bership of its vertices?

Most real networks are sparse and a thorough analysis of the sparse regime in
the SBM, that is, pi, = ;—‘ and poy = % for some constants a, b > 0 will therefore
lead to a better understanding of networks.

Received September 2017.
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ISBM is standard terminology in the machine learning and statistics community, and is known as
the planted-partition model in theoretical computer science. The SBM is a special case of inhomo-
geneous random graphs; see [3].
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When the difference between a and b is small, the graph might not even contain
enough information to distinguish between the two clusters. In [8], it was first con-
jectured that a detectability phase-transition exists in the SBM: detection would be
possible if and only if (a — b)? > 2(a + b). The negative side of this conjecture has
been confirmed in [20]. The positive side has been recently confirmed in [17] and
[19] using sophisticated (but still running in polynomial time) algorithms designed
for this particular problem.

In this paper, we study an extension of the SBM: a Degree-Corrected Stochas-
tic Block Model (DC-SBM); see [13]. Our motivation is as follows: although the
SBM is a useful model due to its analytical tractability, it fails to accurately de-
scribe networks with a wide variety in their degree-sequences (because nodes in
the same cluster are stochastically indistinguishable). Indeed, real degree distri-
butions often follow a power-law [2]. Compare this to fitting a straight line on
intrinsically curved data, which is doomed to miss important information.

The DC-SBM on g communities is defined as follows: it is a random graph
on n vertices partitioned into g asymptotically equal-sized clusters by giving
each vertex v a spin o, drawn uniformly from {1, ..., g}. The vertices have i.i.d.
weights {¢,}_, governed by some law v with support in W C [@min, 00), Where
0 < ¢min < 00 is a constant independent of n. We assume that the weights are
possibly heavy-tailed with exponent 8 > 8: for all large enough «,

1
P(p1 2 k) = v([k,0)) < .

¢u ¢U
n
b otherwise. The model parameters a

An edge is drawn between nodes u and v with probability a when u and v

udv

have the same spin and with probability =

and b are constant.

We denote the kth moment of the weights by ®®, that is, %) = Jw x*dv(x).
We further introduce the following shorthand notation: o = (o1, ...,05,) and ¢ =
(¢1,...,¢n). Forasubset U C {1, ..., n} of the vertices, we define oy = {0}, }ucv
and ¢y = {Pu}ucv-

In the present paper, we extend results in [20] to the degree-corrected setting.
More specifically, we prove that when (a — b)2o® < q(a + b), it is information-
theoretically impossible to estimate the spins in a way positively correlated with
the true community structure based only on a single observation of the graph with-
out knowing the weights.

In a follow-up paper [10], we show that in the two-community setting above the
threshold [i.e., (a — b)>®@ > 2(a + b)], reconstruction is possible based on the
second eigenvector of the so-called nonbacktracking matrix. This is an extension
of the results in [4] for the ordinary stochastic block model.

We note that in the two-community setting there is an interpretation of the
threshold in terms of eigenvalues of the adjacency matrix A given the weights.
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Indeed, if Wl and v, are the vectors defined for u € V by ¢ (u) = and

Yo (u) = Gu ¢u, then

1
E ¢u

1
E[Alp1, ..., ¢n] = W1W1 W2W2 —a— d1ag{¢ }

Thus, fori = 1,2, ¥; = ”IZ’W are the “mean-eigenvectors” together with corre-

sponding “mean-eigenvalues” A; = ‘T2 ®® and 1, = 520 ?:

|ELAI@i, ..., i — Mithi |, — O,

in probability, as n tends to co.
We thus observe that the condition (@ — b)2®® < 2(a + b) is equivalent to
A3 <At

1.1. Our results. In the sparse regime, ®(n) vertices are isolated for which
random guess is the only possible reconstruction-algorithm. In this paper, we there-
fore consider the community detection problem where we ask for a partition posi-
tively correlated with the true community structure.

DEFINITION 1.1. Let G be an observation of the DC-SBM, with true commu-
nities {0, };,_,. Further, let {,,}7_, be a reconstruction of the communities, based
on the observation G. Then we say that {G,}!!_, is positively correlated with the
true partition {0, }!!_, if there exists § > 0 such that

1 < 1
P ;Zl{gu:{):u}zg-i_a _>1’
u=1
asn — oQ.

Our main result is the following.

THEOREM 1.2. Assume that (a — b)*?®® < g(a + b). Let G be an instance
of the DC-SBM. Let u and v be uniformly chosen vertices in G. Then, for any

sefl,...,q},

|
(1.1) P(o, = 5|0y, G) > =,
q’
as n — OQ0.

Thus, it is already impossible to estimate the spin of a random vertex given the
spin of another vertex, which is an easier problem than reconstructing the group
membership of strictly more than a fraction 1/g of the vertices (as explained in
Lemma 4.2).
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THEOREM 1.3. Let G be an observation of the DC-SBM with (a — b)2p®@ <
g(a+b). Then no reconstruction {G,},, _, based on G is positively correlated with
{ou }Z: 1-

As a by-product of our proof, we obtain a precise coupling result for local neigh-
bourhoods in DC-SBMs to weighted branching processes, such that the weights
coincide exactly. This is an ingredient needed to prove a law of large numbers for
local functionals that map neighbourhoods in the graph, together with their spins
and weights to the real numbers. See Propositions 7.1 and 7.2 in [10] for more de-
tails. Further, we also establish that long-range interactions are weak in DC-SBMs
where the degrees follow a power-law with sufficiently large exponent.

1.2. General proof idea. We first note that reconstruction is impossible when
atlg=Db g2) < 1, because in this regime there is no giant component.? Note fur-

ther that ““‘fqi“”’cp@) < 1 already implies (a — b)2®?@ < g(a + b).

To establish (1.1) when “+<qqi—”bc1>(2> > 1 and (a — b)20? < g(a + b),
we note that Var(E[oy,|oyG,,0p, G]) is asymptotically an upper bound for
Var(E[oy |0y, G]), as conditioning on the boundary spins oj6, of an
R-neighbourhood around u is more informative. Now, we can approximate
Var(E[oy|oy, 035G, G1) = Var(E[o,|osGg, G]), because long-range correlations
in this model are weak (Lemma 4.1). Further, local neighbourhoods are w.h.p.
tree-like, so that calculating the latter variance is equivalent to a certain tree-
reconstruction problem discussed in Section 2. More specifically, we shall prove
(Theorem 2.6) that reconstruction of the spin of the root in a g-type tree (with
offspring following a Poisson-mixture) based on the spins at depth R (where R —
00), is impossible when (a —b)20? < q(a+b). Hence, Var(E[o, |03, G]) = 0
as R — oo.

1.3. Background. Without the degree correction (i.e., ¢; = --- = ¢, = 1), the
authors of [8] were the first to conjecture a phase-transition for the ordinary SBM
based on ideas from statistical physics.

CONJECTURE 1.4 ([8]). Consider a SBM on k balanced communities where
edges inside a cluster are present with probability a/n and between clusters with
probability b/n. Let M be the matrix with a/n on the diagonal and b/n on all
off-diagonal eleiznents. Let A1 and Ay be its first, respectively, second eigenvalue

R ()

and let SNR = = KatG=Db) the signal-to-noise-ratio.

2Indeed, the main result in [3] concerns the existence, size and uniqueness of the giant com-
ponent. In particular, in the setting considered here, a giant component emerges if and only if

W @@ > 1. We shall henceforth assume a giant component to emerge.
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For any k > 2, if SNR > 1 (which is generally called the Kesten—Stigum condi-
tion), communities can be detected in polynomial time.
For k > 4, it is theoretically possible to detect communities for some SNR < 1.

It is believed that for £ > 4, a double phase-transition occurs: Detection should
be easy (i.e., polynomial time) when SNR > 1, much harder (i.e., exponential time)
for SNR € (7, 1], for some 0 < t < 1, and information-theoretically impossible
when SNR < 7.

The conjecture has been settled in the case of two communities: First, in
[17] by using a matrix counting the number of self-avoiding paths in the
graph, and later, independently, in [19]. Further, [20] shows that for k = 2 it
is information-theoretically impossible to detect communities for SNR below 1.
We shall here extend their results for the DC-SBM by relying on similar tech-
niques.

In [14], the “spectral redemption conjecture” was made: detection using the
second eigenvalue of the so-called nonbacktracking matrix would also establish
the positive part. This has recently been proven? in [4], for any k > 2 such that A
is a simple eigenvalue of M.

More2 recently, [1] gave an algorithm that detects communities when
i

Determining the “hardness” of the intermediate regime (i.e., detection while
below the Kesten—Stigum threshold) remains an open problem.

Positive results of spectral clustering in the DC-SBM have been obtained by
various authors. The work [7] introduces a reconstruction algorithm based on the
matrix that is obtained by dividing each element of the adjacency matrix by the
geometric mean of its row and column degrees.

A slightly different extended stochastic block model is studied in [6]: an edge is
present between u and v with probability (1{s,=5,1¢ + l{o,%£0,10) - (Puv)/(Pn),
where ¢ = % "1 $u, the average weight. The main result is a polynomial time
algorithm that outputs a partitioning that differs from the planted clusters on no
more that nlog(¢)/$%*® nodes. This recovery succeeds only under certain con-
ditions: the minimum weight should be a fraction of the average weight and the
degree of each vertex is o(n).

The article [15] gives an algorithm based on the adjacency matrix of a graph
together with performance guarantees. The average degree should be at least of
order log(n). However, since the spectrum of the adjacency matrix is dominated
by the top eigenvalues [5], the algorithm does a poor job when the degree-sequence

is very irregular.

> 1.

3Theorems 4 and 5 in [4] are actually a bit more general.
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We propose in [11] an algorithm that recovers consistently the block-
membership of all but a vanishing fraction of nodes, even when the lowest de-
gree is of order log(n). It outperforms algorithms based on the adjacency matrix
in case of heterogeneous degree-sequences.

1.4. Outline and differences with ordinary stochastic block model. We con-
sider an associated tree reconstruction problem (see, for instance, [9, 18]) neces-
sary for our analysis: given a tree, can we deduce the spin of the root based on all
the spins at some distance R — oo from the root?

We shall see that the R-neighbourhood of a vertex looks like a tree labelled with
g colors denoted here by 77! and defined as follows. We begin with a single parti-
cle, the root o0, having spin o, € {1, ..., g} and weight ¢, € W C [¢min, 00) (Which
we take random). The root is replaced in generation 1 by Poi(§d>(1)¢0) particles

of spin o, and by Poi(gcb(l)qﬁo) particles of spin s for each s € {1,...,4} \ 0,.
Further, the weights of those particles are i.i.d. distributed following law v*, the
size-biased version of v, defined for x € [pmin, 00) by

k 1 X
(1.2) v*([0,x]) = Y0l /(;)mm ydv(y).
For generation ¢ > 1, a particle with spin o and weight ¢* is replaced in the next
generation by Poi(%dD(l)d)*) particles with the same spin and Poi(§d>(1)¢0) parti-
cles of each of the remaining ¢ — 1 spins. Again, the weights of the particles in
generation ¢t 4 1 follow in an i.i.d. fashion the law v*. The offspring-size of an
individual is thus a Poisson-mixture with mean =402 ¢ @)

Section 2 deals with branching processes where the offspring is governed by a
Poisson-mixture. The main theorem (i.e., Theorem 2.6) deals with a reconstruction
problem on these branching processes.

In Section 3, we establish a coupling between the local neighbourhood and 7.
This result does not follow directly from the coupling in [3], because we need the
weights in the graph and their counterparts in the branching process to be exactly
the same.

Finally, in Section 4 we show that long-range interactions are weak. The proof
of Lemma 4.1 is based on an idea in the proof of Lemma 4.7 in [20]. Note, how-
ever, that (besides the presence of weights) the statement of our Lemma 4.1 is
slightly stronger than Lemma 4.7 in [20]; see below for details.

2. Broadcasting on the branching process. Here, we repeat without changes
the definition of a Markov broadcasting process on trees given in [9, 20]. Let 7 be
an infinite tree with root p. Given a number 0 <& < 1/(g — 1), define a random
labelling 7 € {1,...,q}7 as follows: first, draw T, uniformly in {1, ..., g}. Then,
conditionally independently given 7,, take every child u of p and, then with prob-
ability 1 — (g — 1)e set 7, = 1, and with probability (¢ — 1)e choose 7, uniformly



3008 L. GULIKERS, M. LELARGE AND L. MASSOULIE

from {1, ..., g} \ 7,. Continue this construction recursively to obtain a labelling T
for which every vertex, independently, has probability 1 — (¢ — 1)e of having the
same label as its parent and probability e for each of the remaining spins.

Suppose that the labels 757, at depth m in the tree are known (here, Ty = {7; :
i € U} and 97, are all vertices at distance m from the root). The paper [9] gives
precise conditions in the case of two spins as to when reconstruction of the root
label is feasible using the optimal reconstruction strategy (maximum likelihood),
that is, deciding according to the sign of E[z,|t57,, ]. Interestingly, this is com-
pletely decided by the branching number of 7 and the flip-probability ¢. The pa-
per [21] extends the results in [9] to the case of a general number of spins. For
completeness, we state both theorems here.

DEFINITION 2.1. The branching number of a tree T, denoted by Br(7), is
defined as follows:

e If 7 is finite, then Br(7) = 0;

e If 7 is infinite, then we define the branching number in terms of percolation.
Suppose that we retain each edge in the tree independently with probability p.
Then Br(7) is the unique number such that: if p < ﬁ, then all components

of the graph are finite a.s., while if p > ﬁ, then the graph has infinite com-
ponents a.s.

Remark that [9] does not deal with the trivial case of finite trees. On such trees,
Br(7) = 0 by convention. This makes sense because, for large m, 37, = @, and
consequently P(t, = +|137,,) = 1/4.

Theorem 1.1 in [9] and Proposition 1.3 in [21] read and are tailored to our needs.

THEOREM 2.2 (Theorem 1.1 in [9]). For g = 2, consider the problem of re-
constructing t, from the spins tyT, at the mth level of T. Define A,, as the dif-
ference between the probability of correct and incorrect reconstruction given the
information at level m:

Ap = |P(zp = +ITa7;,) — P(zp = —|7a7;,)|.

IfBr(T)(1 —2¢)? > 1, then lim,,_, oo E[A,,] > 0.
If, however, Br(T)(1 — 26)% < 1 then limy— oo E[A] = 0.

THEOREM 2.3 (Proposition 4.2 in [21]). For general q > 2, consider the
problem of reconstructing t, from the spins ty7, at the mth level of T. Define
P}, as the conditional distribution of ty7,, given that o, =s. Then lim,,_,  ||P}, —

; 2
Py llty =0 if Br(T) {42 < 1.




IMPOSSIBILITY RESULT FOR DC-SBM 3009

REMARK 2.4, Note that if Br(T) 2745 < 1, then

E[|[P(r, =ilta7;,) — P(r, = jlTa7;,)|]

=Y P(ta7, = A)|P(ry = ilTo7,, = A) = P(1p = jITaT, = A)]
2.1 A
1 . .
=—Z|Pjn(A)—P{n(A)| -0,
9474

as m — 0o. Thus Theorem 2.3 implies Theorem 2.2.

Note that in these theorems the tree is fixed, compared to the setting in this paper
where the multi-type branching process of Section 1.4 is considered. But, it can be
easily seen that the spins on a fixed instance 7~ of T7°! are distributed according to
the above broadcasting process.

We thus need to calculate the branching number of a typical instance 7.

PROPOSITION 2.5. Consider the multi-type branching process TT°, where
the root has spin drawn uniformly from {1,...,q} and weight governed by v.
Then, given the event that the branching process does not go extinct, Br(T?°) <

w ®@ almost surely.

PROOF. Denote the multi-type branching process by 7. Assume w.l.o.g. that
the root has D > 1 children denoted as 1, ..., D. Denote by 7, the subtree of all
particles with common ancestor u. We observe that if Br(7,*) < ¢ for all u, then
Br(T) <c.

Now, conditioned on the spin of the root, (Tu*);?:1 are i.i.d. copies of TP with
weight governed by the biased law v*. The latter is a Galton—Watson process with
offspring mean ”Jr(qqi_l)l’@(z). If it dies out, then Br(7}) = 0 by definition. Hence,

given that the process survives [and thus necessarily ‘H(qqi_l)bdl'(z) > 1], Proposi-
tion 6.4 in [16] entails that Br(7;") = “*4=120® a5, O

Note that it can in fact be easily proved that Br(7F°) = a+(qq7—l)bq)(2) almost
surely, given that the process survives.
We conclude with the main theorem of this section.

THEOREM 2.6. Consider the multi-type branching process TY°', where the
root has spin drawn uniformly from {1, ..., q} and weight governed by v. Denote
the branching process by T and its spins by t". Further, let R be an unbounded
nondecreasing function. Assume that (a — b)>*®® < q(a + b), then, for any s €
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{1,...,q},

=
|~

P(tp = $ITR(n): ToTren))

’

as n — Q.

. -, . 1—qe)?
PROOF. Since & = a+(+1)b’ Proposition 2.5 gives that Br(7) 1(_(6;1_%8 <1

almost surely. Theorem 2.3 (and Remark 2.4) then completes the proof. [J

REMARK 2.7. In (4.19), we use a coupling between the Poisson tree and the
local neighbourhood around a fixed vertex u, while we condition on the spins of
all vertices exactly distance R(n) away from u. If there are no such vertices, that
is, when the neighbourhood “dies out”, then this does not entail extra information.
Hence the convention that Br(7") = O for a finite tree 7T .

3. Coupling of local neighbourhood. This section has as its objective to es-
tablish a coupling between the local neighbourhood of an arbitrary fixed vertex in
the DC-SBM and TF°!. The main result is the following theorem, where we let T,
7 and ¥ be random instances of 77 its spins and its weights, respectively.

THEOREM 3.1. Let p be a uniformly picked vertex in V (G), where for each
n, G = G(n) is an instance of the DC-SBM. There exists an unbounded nonde-
creasing function R : N — N such that

” (GR(I”L) (10)» O'GR(,I) ’ ¢GR(n)) - (TR(n)7 TTR(n)s wTR(n)) ||TV = 1 - 0}’[(1)’
and,

P(IGramy| <n'®)=1—0,(1).

REMARK 3.2. In case the weights are bounded by some constant ¢my,x, we

. 1—log(4 .
can take R(n) = Clog(n), with C < Wm and show that the coupling
1

error is bounded by n~2198%4/€) See the version of September 2016 of this work
on Arxiv.

We defer its proof to the end of this section. It uses an alternative description of
the branching process in Section 2.

3.1. Alternative description of branching process. For notational conve-
nience, we restrict ourselves here to the case of two communities only. The proof
for a general number of communities follows then analogously. We obtain an al-
ternative description of the graph by considering a particle # with spin o, and
weight ¢, to be of type x, = ¢,0, € S = —W U W. We denote the law of x,, by
w, thatis, for A C S, u(A) = [, %dv(lxl). Two distinct vertices u# and v are then
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K(X” Xy)

joined by an edge with probability , where « : § x § — R is defined for

(x,y)e S x Sby
(3.1) K(x,y)= |xy|(1{xy>0}a + 1{xy<0}b)-

Analogously, we obtain the following equivalent description of the branching
process: We begin with a single particle o of type x, governed by u, giving birth
to Poi(A,, (S)) children, where for x € §,and A C S,

(3.2) A (A) = fA (e, ) dp(y).

Conditioned on x, the children have i.i.d. types governed by u}_ ,* where forx € S,
and A C S,

63w =20 = [ (ot o) el

Ae(S) PR SRS oM
For generation ¢ > 1, all particles give birth independently in the following way:
A particle with type x* is replaced in the next generation by Poi(1,+(S)) children,
again with i.i.d. types governed by u}..

In case of a general number of communities, we let u be the product measure
of the uniform measure on {1, ..., g} with the measure v, thatis, fors € {1, ..., g}
and A C [@min, 00), we have p({s} x A) = ; - v(A).

In [3], it is shown that local neighbourhoods of the graph are described by the
above branching process, if we ignore the types. (To be precise, the equivalent
description used in [3] is that a particle of type x gives birth to Poi(A, (A)) children
with type in A, for any A C §. Those numbers are independent for different sets A
and different particles.)

The coupling-technique in [3] uses a discretization of « as an intermediate step,
thereby losing some information: types in the tree deviate slightly from their coun-
terparts in the graph. We shall therefore use another coupling method, presented
below, so that the types in graph and branching process are exactly the same.

3.2. Coupling. We use the following exploration process: At time m = 0,
choose a vertex p uniformly in V(G), where G is an instance of the DC-SBM.
Initially, it is the only active vertex: A(0) = {p}. All other vertices are neutral at
start: U(0) = V(G) \ {p}. No vertex has been explored yet: £(0) = &. At each
time m > 0, we arbitrarily pick an active vertex u in .A(m) that has shortest dis-
tance to p, and explore all its neighbours in I/ (m), the set of unexplored vertices. If

4Note that if y haslaw p ¥, then forany A C W, P(sign(y) = sign(x), |y| € A) = a+b Ia qu\;((lz)) =

P(sign(y) = sign(x))P(|y| € A). Hence, we can identify sign(y) with the particle’s spin and |y| with
its independent weight.
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uv € E(G) for v € U(m), then we set v active in step m + 1, otherwise it remains
neutral. At the end of step m, we designate u to be explored. Thus,

E(m+1)=E(m) U {u},
Am+1) = (.A(m) \ {M}) U (N(u) ﬂU(m)),

and
Um+ 1) =U(m) \ N (u).

Our aim in this section is to show that the exploration process and the branch-
ing process are equal up to depth R(n) (defined in Theorem 3.1) with probability
tending to one for large n. We do this in two steps.

First, we establish that the types of the vertices in /() are i.i.d. with law ™
[defined in (3.4) below] such that

|1 = |y = O(n™P® 4 mn=/%).

This is the content of the following.

LEMMA 3.3. The following holds conditioned that all the weights are smaller
than n*, with o« = 1/8: Let 1,...,m be the vertices in £(m), with types X1 =
X1y .-, Xm = Xm. Then the vertices in U(m) have i.i.d. types with law ,u(m) =
i, ... xp,» Where

8()duqa(-)
fS g(Z) dua (Z) ’

with q denoting the measure of the types conditioned that all weights are bounded
by n*, and where

(3.5) g0 =](1-22)

i=I

(34) du™ () =

Further, for all (xy, ..., xm),

|57, s =ty = O™ + mn

2a—l) )

Second, if u has type X = x € S, then its D neighbours in U/ (m) [i.e., those ver-
tices that will be added to A(m + 1)] have i.i.d. types with a law ,u;(mﬂ) [defined in
(3.6) below], which is O(n~3/3) away from u} in total variation distance. Further,

the total variation distance between the number of neighbours D and Poi(A,(S))
is O~ 4.
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LEMMA 3.4. The following holds conditioned that all the weights are smaller
than n®, with o = 1/8: Assume u has type X = x. Let D be the number of neigh-
bours u has in U(m). Then the types of those neighbours are i.i.d. with law ,u;(m),

where
K (x, ) dp™ ()

3.6 dp*m () = .
G0 ) = e ) ™ ()

For large n and m = o(n'’*),

B = pE |y = O 4 mnPet p nmP2) = O,

X

Further,
(3.8)  |D —Poi(As(8))|py = OnITEDNB Ly =1 = O(n=1/4).

To establish the desired coupling, we need to show that certain events happen
with high probability. To define those events, we need some notation. For u € 0G,
(we identify G, = {1, ..., [0G,|}), put

Dy, =|Nw)NU(Gr=1]|+u—1)|.
Conditioned that u has type X, = x,, let
D, =Poi(Ay,(S)).

Further, forv € {1, ..., D,}, let Uy, denote the type of child v of vertex u and let
ﬁuv be a random variable with law ,uj’;u. We assume that {ﬁuv}v are independent
conditioned on X, = x,,.

We put the function g : s > 2° — 1 and define the events

A1 ={¥Yu €3G, : D, = D},
Br+1 = {VM (S aGr, v e {17 sy DM} : UMU = Auv}’
Cr = {10G,| <log*®(n) Vs < r},

and their intersection

,
E, = {As N BN Cy).
s=1
Further, we let K, be the event that no vertex outside G, has more than one neigh-
bour in G, and that there are no edges in dG, (this implies that the neighbourhood
is indeed a tree).
The events E, and K, happen with high probability.

LEMMA 3.5. The following holds conditioned that all the weights are smaller
than n®*, with o« = 1/8: Fix R > 0. Then, forr < R,

P(Er11Er) =1 —op(D).
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LEMMA 3.6. The following holds conditioned that all the weights are smaller
than n®, with o« = 1/8: fix R > 0. Then, for r < R,

P(Kr|Cr) =1 —0a(D).

PROOF OF LEMMA 3.3. Recall that we assume that all weights are bounded
by n*. Consider vertex v € U (m) with type Y. We show first that, conditioned on
ve N(,...,m)and X; =x1,..., X,y = X, ¥ has law M)(c'?)xm From Bayes’
theorem, we have, for y € S,

PY <ylvgN,....m), X1 =x1,..., Xm = Xm)

(3.9) P =yPENA,...m)Y <y, Xi=x1,..., X =Xn)
B Pw¢N,....m)| X1 =x1,..., Xm=Xm) ’
since P(Y < y| X1 =x1,..., Xm =xu) =P(Y <y).Recall (3.5) and observe that

gO =P e N, ....m)|Y =, X1 =x1,..., Xpu = Xp).
Hence, the denominator in (3.9) is just [ g(z) di(z) and evaluating the numerator
yields [ g(z) du(z). We thus obtain (3.4).

Since for |y| < On%), duy(y) = %, it follows that ||uq — ullTv =
Omn=).

To bound ||te — w™|ITv, note that [in view of (3.1)] g(y) = 1 — O(mn**~1),
for |y| < O(n%). Thus, I := ng(z) due(z) =1— (Q(mn%l—l). Therefore,
— - l‘dua(y) = O(mn**").

[ = el st ;

We finish by invoking the triangle inequality. [J

g(y)

PROOF OF LEMMA 3.4. Putn, = |U(m)| and let Y1, ..., Yp denote the types
of the neighbours of u.

Let fi, ..., fu be arbitrary measurable functions. The first claim follows if we
prove that

d
(3.10) E[e—Zle fj(Yj)|D =d]= 1‘[ (/S e fin du;(m)(y)).
j=1

Now, abbreviating conditioning on N'(«) NU(m) = F by F, we have

Ele~ i L0 4]

. 1 nm—d
= ¥ E[e-zfeFff<Yf>|F]-(1—— / K(x,y)du(’”)(y)>
nJs

FClnp],|F|=d

(% [ xtn du("“(y))d.
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We have

Hp=0= (’Zn) (1 - %/SK(X’ y)du(’")(y))nm_d

1 d
(L (m)
<n/SK(x,y)dM (y)) :

Hence,

E[e_zle L) p = d] = 3 E[e_zjeF ualyal

n 1)
d FcClnnl,|F|=d

~~~
—

Conditioned on F' C [n,], the types (Y;) jeF are i.i.d., thus

d
E[e~ Zier i F] = [] (fS
Jj=1

e fi» @ du ™ (y) )
[ KD gy 0m ()

which combined with (3.6) gives (3.10), our first claim.
Further,

de™ () du(y))
I,

som — HTvifox(y)‘ A0
X

(3.11)

’

1
=— [S Fe ™ (5)(1+ O™ — 1)) — du(y)

where fi(y) = (Ipy=0)a + Ley<o)lyl, K" = [ fe(2)du™(2) and I, =
[s fx(z) du(z). Now,

17~ 1] < 0()

|z|<n

4w @) = du@|+ [ 1zl
(3.12) ‘ lz|>n?

— O(na—otﬂ + mn3a—1 + n—aﬁ/Z),

where we used the proof of the previous lemma to bound the first term and
Cauchy—Schwarz inequality for the second term. Now, the right-hand side in (3.11)
is thus of the same order (since the weights have expectation).

For the last claim, observe that D = Bin(n,, p), where p = % /. gk (x,
y) dp ™ (y). Hence, since the weights have bounded first moment,

Ny

IBin(n,,, p) — Poi(n, p) HTV < sz = (’)(n_3/4).
i=1
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Standard bounds for Poisson random variables entail the existence of a constant
Cpoi > 1 such that || Poi(i) — Poi(A)|ITv < Cpoi| it — A|. Consequently,

Cpoi [PoiGtm p) = Poi(3x(8)) | py < Inm —nlp + |x|[L{"™ — L]
01

o

[nm —n|
—nNn

n
+ O(nza—()lﬂ + mn40{—1 + no{—a'B/Q).
Thus, by the triangle inequality,
IBin(,u, p) — Poi (A (5)) | py = O(nI—F/D1/8 1 p=1/4, -

PROOF OF LEMMA 3.5. Write n, = |0G,|. We have
]P(Er—{—l |Er) = P(Br—i-l |Er) - IP)(_'Ar—i-l IEV) - ]P)(_‘Cr—i-l |Er)
Now,

(3.13) P(Brt1|Eny) = 1 — ZIP’( -B",

u=1

()
ﬂ Br+1 ) El‘) 1)

v=1

where Br(+)1 ={Vwe{l,...,D,}:Uyy = ﬁuw}. Denote the already explored ver-
tices by 1,...,m (where m = |G,_1| + u — 1) and their types as Xi,..., X,.
Conditioned on those types, the vertices in U/ (m) are i.i.d. with distribution 1™,

Hence,
(u)
(Br-H

(3.14) =P(BY,1X1, ..., Xm)

ﬂ sz):l,Er’nraX]""’Xm)

> P(B", 1D, <log(n)1og® " (n), X1, ..., Xpn)
-P(D, <log(n)log" (n)|X1, ..., Xm).

d Ky
Now, D, < > Ber((a + b)%), where ¢* is governed by the size-biased
law v* and {¢;}; are i.i.d. and bounded by n*. Hoeffding’s inequality gives that
% ¢ < 200 wp. at least 1 —exp(—n'=2%), and ¢* < log8") (n) w.p. at least
1 — O((log®") (n))'~#) (note the exponent B — 1 of the size-biased power-law).
Conditioned on those events, we use a multiplicative Chernoff bound to obtain

(3.15)  P(D, <log(n)logt® m)|X1,..., Xm) = 1 — O((log?” (m))'F).
Lemma 3.4 entails, since m = o(n'/%),

logg(r)—l-l (n)
n3/8 )

(3.16)  P(B™, Dy <logt™* (), X1, ..., Xp) =1~ (9<
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Then (3.14)—(3.16) together give

u—1
]p(Bfffl N BY,. Er. X1, Xm) >1—O((log*” (m))' 7).

v=1
Now, since conditioned on E,, n, <log# "(n), (3.13) gives
P(By411Er) 2 1 — O((logs ™ (m))* 7).

The growth condition (C,) follows also from (3.15).
We take a similar approach to quantify

ny u—1
G171 P(ArilE,n) 21— ZP(w&ﬁQJ N AL, En)

u=1

where A(u+)1 ={D, = Dy, D, <log?"*1(n)}. Now,
(u) (v)
(Arb-tl—l ﬂ Arl—}i-l’ )

1 O(n(l—ﬂ/2)1/8 + a4 1ogsOU=B) (1))

(3.18)

due to Lemma 3.4, since n — |/ (m)| = o(n'/*) when r is fixed. Thus, (3.17) gives
P(A,411Er) = 1 — Ologt ) (m)n I =A/DYB Ly =1/4 4 10g8MC=P ()). O

PROOF OF LEMMA 3.6. Fix u, v € 0G,. The probability of having an edge
between « and v is smaller than O(n>*~!). For any w € V(G \ G;), the probability
that (1, w) and (v, w) both appear is smaller than O (n**~2). Now, Lemma 3.5
implies that

G| <log(m)*® R =log> ' (n)R.

Hence, the result follows from a union bound over all triples u#, v, w. O

PROOF OF THEOREM 3.1. We can assume that all weights are bounded by
n“. Indeed, by a union bound over all vertices, this happens with probability 1 —
Om'=*P) =1—0,(1). For a fixed integer R > 0, we have

R
P(ﬂ K, ER) =1—o0,(1).

s=1

We construct a sequence { Ny ]2, inductively as follows: put Ny = 0 and for each
k, N; > Nj_; as the smallest number such that

k
1
P ﬂ Ki,Ex]>1—— and logzk_l(n)k < nl/g,
s=1 k
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for all n > Ng; put for N <n < Nig41, R(n) = k. Then, for n > N,

=~

R(n) 1
P( ﬂ K, ER(n)» |GR(n)| = n1/9) >1——.

s=1 0

4. No long-range correlation in DC-SBM. In this section, we establish the

main Theorem 1.2, from which Theorem 1.3 then follows. To this end, we first

condition on both the spins of dGg(,) and all weights in G. Lemma 4.1 below

shows that we then can remove the conditioning on o, and the graph structure
outside the R-neighbourhood (including the weights):

“4.1) P(oy = +losGg, 0v, G, ¢) =P(oy = +|03Gx, GRr, PGx) + 0n(1).

We established in the previous section that a neighbourhood in G looks like a 77
tree with a Markov broadcasting process on it. Hence, the right-hand side of (4.1)
converges to 1/g in probability, establishing (1.1). We show in Lemma 4.2 below
that this contradicts the existence of a reconstruction that is positively correlated
with the true type-assignment.

We begin by preparing an auxiliary lemma to prove (1.1), it establishes that
long-range interactions are sufficiently weak. Its proof is inspired by Lemma 4.7
in [20]. However (besides the additional complication of weights), the result stated
here is stronger in the sense that the o, (1) terms converge uniformly to 0 and that
“conditioning on G may now be replaced with “conditioning on G sup”.

LEMMA 4.1. The following holds conditioned that all the weights are smaller
than n®, witho = 1/8: Let G be an instance of the DC-SBM. Let s € {1, ..., q}. Let
u be an uniformly picked vertex in V(G). Let A= A(G), B=B(G),C=C(G) C
V be a (random) partition of V(G), with u € A, such that B separates A and C
in G. Assume that |AU B| < n'/® for asymptotically almost every realization of G.
Then there exists a sequence of events (2,,), and a sequence of nonnegative real
numbers (en)y,, such that P(2,) =1 — 0,(1), and e(n) = 0,,(1) and further, for
eachn,

4.2) |P(oy =sloguc. G, ¢) — P(oy =slop, Gaur, paus)| < e(n),
on .
PROOF. For a fixed graph g, spin-configuration t and degree-configuration v,

we make a factorization of P(G = g, 0 = t|¢ = ) into parts depending on A, B
and C. We claim that the part that measures the interaction between A and C is
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asymptotically independent of 7. Put

a%;f” if (u,v) € E(g) and 7, = 1,
b‘/’“‘”” if (u,v) € E(g) and 1, # 1,
\Ijuv(gafa 1//): n w w
| —a2t2 if (u,v) ¢ E(g) and 7, = 1o,
n
1—b‘/’”nw” if (u,v) ¢ E(g) and 1, # 7.

We define for arbitrary sets Uy, U, C V,
QU1 U, — QU1 Ug(g T, W) — QU] Uz(gUlUUzv TUUU, » ¢U1UU2)

= 1_[ lI’uv(gv T, 1//)’

uelUy,vel;

where the subscript indicates restriction of the corresponding quantities to Uy U Us.
Then we have

(4.3) P(G=glo=1,¢=9Y) = Qaup,auBQpuc,cQa,c-
We begin by demonstrating that O 4 ¢ is asymptotically independent of 7: Write

oncern= T (1_awmv> M (1_bwmv>’

n n
ueA,veC:t,=1, ueA,veC:t, #1,

since A and C are separated by B (there are thus no edges between A and C). The
first product may be rewritten as

I (1_aw2wv):exp( 5 10g<1_aw2wv))

ueA,veC:t,=1, ueA,veC:t,=1,

:exp( T (—awi;pv—l—(’)(n““_z)))

ueA,veC:t, =1,

=eXp<_g Z Yuy +O(nAn4a_l))-

ueA,veC:ty=1y,

Now, the sum %ZMGA’%CW:H Yu Yy tends to ”A”q) ,if (7, ) € Q(n), where

1Al =" Y.

UEA

and where

1 oM
(4.4) Q(n)={(r’,w’):‘— > wu—T

Tu=k,ucV

<n~ 1 ,Vk e {1, ..,q}}.



3020 L. GULIKERS, M. LELARGE AND L. MASSOULIE

Indeed,
1 il 1
- Z Vuy = Z Z 1{1’,,:1{}1//14_ Z l{ru:k}l//v
(4 5) n ueA,veC:t,=1y, k=lueA n veC
AlloD
q

since |V| — |C| <n'/® and ¥, <n'/8.
As a consequence,

I1 (1 _allfu‘//v) =exp (O(n_%)) -exp(—a

n
ueA,veC:t,=1,

||A||c1><1>>
q

’

(D
= (14 o0,(1))exp (—am>

where the o, term is uniform for all (z, ) € Q(n). We carry out a similar calcu-
lation for the other product. Together we obtain

— Db
(4.6) Qa.c(g . ¥)=(140,(1))exp G%”A”@(l))’

uniformly for all (z, ¥) € Q2(n). This proves that Q4 c(g, 7, ¥) is indeed essen-
tially independent of t for most pairs (7, V).
We use the above to prove that, foru € V,

P(ow = tulopuc =tBuc, G =8, 90 =V, (¢,0) € Q(n))

4.7) = (1+0,(1))P(0y = tulop =8, GAUB = gAUB.

$auB = Vaup, (¢, 0) € 2(n)) +on(1).
Fix (t, ¥) € Q(n). Then

P(G=g,o=1l¢p=¥,(¢p,0) € Qn))
(4.8) =P(G=glo=1,0=v)f(.n),
where f(y¥,n) =P(oc =71l =, (p,0) € Qn)) = P(((i),a)gs;(ln)w:w)' Hence,
plugging (4.3) and (4.6) in (4.8),

P(G=g,0=1lp=1,(p,0) €Qn))

4.9) = QauB,auB(8. T, ¥)Qpuc,c(8, T, ¥)

— b
MnAncD(“)f(w,n).

(I +o0n(1)) exp (—
Put, for U C V,
Quin)=Qu,w,n)={t" 7, =w, (', ¥) e Qn)},
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then, invoking (4.9),
P(G=g 0v=twlp =1, (9, 0)€Q(n))
= Y PG=go=1lp=19.(¢.0)€Qn))

'eQy(n)
= Z Qau,aug(g. 7', ¥)QBuc,c(g. T/  ¥)
t'eQy(n)
(4.10) —
(14 on(1)) exp (—MnAncD(”)f(w, n)
= (1+ 0,0 exp (~ =22 410 0 ) )

> Qaus.aus(g. . ¥)Qsuc.c(g. T’ ¥).

'eQu (n)

where we could interchange the order o, (1) term and the sum because the former
holds uniformly for all (¢, o) € Q(n).
We apply (4.10) with U = A and U = A U B, to rewrite the right-hand side of

Plos=talog =15,G =g, =, ($,0) € Q(n))
@.1D) _P(G=g,0a08 = Tausld = ¥, (§.0) € 2(n))
P(G=g,08 =T8¢ =V, ($,0) € 2(n)

as
Z‘[/EQAUB(n) QAUB,AUB(ga T/’ W)QBUC,C(gv T/v W)
> reapm Qaus.auB(g, T, ¥)Qpuc.c(g. T/, ¥)
= (14 0x(1))
§ QauB.auB(8, T V) Xreq upm @Buc.c(g, T’ ¥)
Zr”’eQBUC(n) QAUB,AUB(g, T, ) Zr”eQAUB(n) QBUC,C(ga T/, 'ﬁ)’

where we used that Qu, v, (") depends on t’ only through 77, ;;, to rewrite the

numerator. Factorization of the denominator is justified as follows: for an arbitrary

' € Qp(n), put v’ = (taus, 1) € QLaup(n) and " = (7}, Tuc) € Lpuc ().

Then

Qau,aug(g. 7', ¥)OQsuc,c(g. T/, ¥)
= Qaus,aus(g. ", ¥)0suc,c(g. ", ¥).

This proves that the double summation is at least as large as the single sum.

Equality follows upon putting t/ = (), T, 7/*) for arbitrary t” € Q4up(n) and

(4.12)
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" € Qpuc(n): (4.12) is then again satisfied. Hence, (4.11) is equivalent to

Ploa=talop=18.G =g, 0=V, (¢,0) €Q(n))

4.13) ,T,
— (1 +0n(1)) 0auB,AuB(g, T, V) —
Y repuem Qaus.aus(g, T, W)

We shall rewrite the right-hand side of (4.13) to obtain on the one hand
Ploy =tulop=15.G =g, ¢ =V, (¢,0) € 2(n))

(4.14) N
= (1 + On(l))F(gAUB’ TuUB» wAUB)’

for some function F () < 1. And, on the other hand,
P(oy = tulos = 5. G = g.$ =¥, (§.0) € 2(n))
(4.15) = (1+0x(1))
x P(oy = tulopuc = tBuc, G =g, ¢ =¥, (¢, 0) € Q(n)).

To do so, note that

Z QauB,aug(g, ", ¥)

t"€Qpuc(n)

= Z QauB.aug(gaus, (t4, T8), YauB).
) e{l, ...}t

Therefore, (4.13) is equivalent to

P(UA =TA|GB =TB,G=87¢=W, (¢90) EQ(H))
= (14 0,(1))F(gauB> TAUB> YAUB):

for some function F(-) < 1. If we fix u € A and integrate over all possible values
of T4\, while keeping Tpuc and ¥ constant, we obtain (4.14).
To establish (4.15), we multiply both denominator and enumerator of (4.13) by

Qpuc,c(g, T, ¥):
P(oa=talop=18,G=g,0 =V, (¢,0) € 2(n))
QauB,AuB(g, T, ¥)OBuc,c(g, T, )
2 t'eQpuen) QauB,auB (8, T/ ¥) Opuc.c(g. T/, ¥)
P(G=g,0=1lp=1,(p,0) €Q2(n))
P(G =g,0uc =tBUC|P =V, (¢, 0) € Q(n))
= (1 +0,(1))P(oa =talopuc =TBUc. G =8, 9=V, (¢,0) € 2(n)).

Integrating again over T4\, gives (4.15).
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We use (4.14) to obtain

P(ow = tulop = T8, GAuB = 84UB, PAUB = VAuB, (¢, 0) € 2(n))

=Y Plou=rtulop =18.G=8,¢=(Yaug ¥¢). (¢,0) € Q(n))
8. vc
-P(G=8,¢c =vclop =18, Gaur = gAUB.
dauB =Vaus, (¢,0) € 2(n))

= (14 0,(D)F(gauB, TuB, Yaup) + 0n(1)

=(1+0y(D)P(oy = Tulop =15. G = g. ¢ =¥, (¢, 0) € 2 (n))
+0,(1).

(4.16)

Combining (4.15) and (4.16) gives

P(ow = tulosuc =tBuc, G =8, 9 =V, (¢,0) € 2(n))
=(I4+o0,())P(oy =tylop=18,G=¢, ¢ =V, (¢,0) € Qn))
= (1+0,(1))P(0y = tulop =78, GAUB = gAUB.

bauB = Vaup, (¢,0) € 2(n)),

that is, the claim (4.7).

Our last step consists in removing the condition (o, ¢) € Q(n): Put e(n) =
1 — P((0,¢) € Q(n)), then lim,ce(n) = 0. Indeed, > ,cc lio,=k1Pu =
> uev Lou=kyPu + On'7/72), where the sum over V has n% as a mean. The
claim thus follows upon applying Hoeffding’s inequality (the weights are assumed
to be bounded by n%).

Consider the random variable P((¢p,0) € Q1n)|op, Gaus, PauB) =

Ell,0)em)loB, Gaus, #ausl. It has expectation 1 — &(n), so that
4.17) P(E[1(p,0)em|oB. Gau, paupl = 1 —Ven)) =1 —2\/e(n).

Indeed, if contrary to our claim f :=E[l (4 0)eQm)loB, Gaup, Paupl = 1—+/e(n)
with probability at most 1 — 2./e(n), then

E[f1<1-(1=2Vem)+ (1 —yVem)) 2y/em) <1 —en).
Similarly, for BU C,

(4.18) P(E[1(p,0)e@mloBuc. G, #1 =1 —e(n)) =1 —2/e(n).
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It follows that, with probability at least 1 — O(/e(n)),
P(oy = +lop, Gaus, $auB)
= (1 = O(em))P(ou = +lop, G aup, $aus, ($,0) € 1))
+O(Vem)P(ow = +lop, Gaus, paus, ($,0) ¢ 2(n)

= (1 +o0n())P(0y = +losuc, G, ¢, (¢,0) € (1)) + 04 (1)

= (1+0,(1))P(0,, =+losuc, G, ¢) + 0,(1),
where we used (4.17), (4.7) and (4.18) in the first, second, respectively, last equal-
ity. O

We are now in a position to prove Theorem 1.2.

PROOF OF THEOREM 1.2. Put A=Gg_1, B=0Ggr and C =G\ Gg. We
use the monotonicity property of conditional variance® to obtain that, for any s €

{1,...,9},
0=< Var(E[l{cu:s}|Uva G]) = Var(E[l{Uu:sHUBUC, G, ¢]) +on(1)

since v € B U C w.h.p. It suffices to show that the right-hand side tends to O,
because this implies that P(o,, = s|oy, G) E) 1/q.

To show that the right-hand side tends indeed to O, it suffices that P(o, =

P

slopuc, G, ¢) = 1/q.

Now, by using the partition A U B U C of V(G) in Lemma 4.1, we have, since
Gr <n'® wh.p., and all weights are bounded by n® w.h.p. (this follows from a
union bounded over all vertices),

h.p.
P(o, = slopuc, G, #) " =" P(o, = 51036 Grs $GR) + 0n(1).

Theorem 3.1 entails that the local neighbourhood is w.h.p. equal to TP Let T" be
an independent copy of 7F° with root p, spins 7" and weights y". Note that we
stress the dependence on n, because the Poisson-tree is sampled again for each n,

P(ou =slosGr. GRr. PG ) + 0n(1)

h.p.
(4.19) =Pl = s1t5pn. TRs ¥ry) + 0u(1)

= P(Tg :Slfngsa Tﬁ) + On(l),

SFor random variables X,Y,Z, we have Var(E[X|Y]) < Var(E[X]Y, Z]). Indeed, put z =
E[X|Y, Z], then by Jensen’s inequality IE[z|Y]2 < E[zzlY]. So that, after taking expectations on
both sides, E[E[X| Y]z] < E[E[X]Y, Z]z]. Writing out the definition of the variance then establishes
the claim.
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due to the coupling from Theorem 3.1. By Theorem 2.6, the right-hand side of
(4.19) tends to 1/g in probability. [

Using the following auxiliary lemma, Theorem 1.3 follows from Theorem 1.2.

LEMMA 4.2. Assume that (a — b)*®® < g(a+b). Let G be an observation
of the DC-SBM, with true communities {o0;}7_,. Let u and v be two uniformly
picked vertices. Let {G;}]_, be a reconstruction of the communities, based on the
observation G. Assume that there exists 5 > 0 such that

1 & 1
= — ligi—gr > — 496,
fn) n; o=5) 2 +

with high probability. Then there exists s € {1, ..., q}, such that P(o, = s|oy, G)
does not converge in probability to 1/q.

PROOF. Assume for a contradiction that for every s, P(o, = s|oy, G) tends
to 1/¢ in probability. Since &, depends on o, only through G, we have for any

sel{l,...,q},
(4.20) Var(E[1(5,=s)|0v, G]) = Var(E[1{5,=5)|6u. 0. G])
: > Var(E[1(5,=s} (0],

where the term on the left tends to zero by assumption. By definition of f(n),

/g +8+0(1) <) P(oy =545, = $)P@, =)

Hence, for large enough n, there must be an s such that P(o, = 6,|5, = s5) >
1/g +8/2 and P(G, = s) > %. As a consequence, the term on the right of (4.20)
does not tend to zero. [

We summarize these results in Theorem 1.3:
PROOF OF THEOREM 1.3. Combine Theorem 1.2 and Lemma 4.2. [

Acknowledgement. The authors would like to thank Joe Neeman for an in-
spiring discussion.
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