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1. Introduction

Quantile regression is widely applied in various scientific fields such as economics
(Koenker and Hallock, 2001), biology (Briollais and Durrieu, 2014) and ecology
(Cade and Noon, 2003). By focusing on a collection of conditional quantiles
instead of a single conditional mean, quantile regression allows to describe the
impact of predictors on the entire conditional distribution of the response. A
properly scaled and centered version of these estimated curves form an under-
lying (conditional) quantile regression process (QRP, see Section 2 for a formal
definition). The weak convergence of QRP is useful in developing statistical infer-
ence procedures, such as hypothesis testing on Hadamard differentiable M and
L estimators (Fernholz, 1983, Chapter 7), testing on conditional distributions
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(Bassett and Koenker, 1982) and Wilcoxon test (van der Vaart and Wellner,
1996, Example 3.9.18). Applications in econometrics include detection of treat-
ment effect on the conditional distribution after an intervention (Koenker and
Xiao, 2002; Qu and Yoon, 2015) and testing Gini indices (Barrett and Donald,
2009). Please see Remark 4.2 for more details.

The asymptotic behavior of QRP depends on the model imposed for quantile
regression. Existing literature on QRP is either concerned with models of fized
dimension (Koenker and Xiao, 2002; Angrist et al., 2006), or with a linearly
interpolated version based on kernel smoothing (Qu and Yoon, 2015). How-
ever, this excludes many important cases such as linear models with growing
dimension and partial linear models. For such models, establishing weak conver-
gence of QRP becomes non-trivial since classical Donsker theorems (e.g. those
in van der Vaart and Wellner (1996)) may not be directly applied. An additional
challenge for partial linear models comes from the fact that their parametric and
non-parametric components converge at different rates.

In this paper we consider a general model which is of the following (approx-
imate) form

Q(z;7) = Z(x) Ty (1), (1.1)
where Q(z;7) denotes the 7-th quantile of the distribution of Y conditional on
X =2 € R"and Z(z) € R™ is a transformation vector of . As noted by Belloni
et al. (2016), the above framework incorporates a variety of estimation proce-
dures such as parametric (Koenker and Bassett, 1978), non-parametric (He and
Shi, 1994) and semi-parametric (He and Shi, 1996) ones. For example, Z(z) =
corresponds to a linear model (with potentially increasing dimension), while
Z(zx) can be chosen as powers, trigonometrics or local polynomials in the non-
parametric basis expansion (where m diverges at a proper rate). Partially linear
and additive models are also covered by (1.1). Therefore, our weak convergence
results are developed in a very broad context.

Models that can be expressed in the form (1.1) were previously studied by
Belloni et al. (2016) in a very general setting, which we also consider here. In
the following, we provide a detailed description of the main contributions in the
present paper, and compare them with Belloni et al. (2016).

1. Partially linear models: A key result in the present paper is obtained
for partially linear models

QX;7) =V alr) +h(W;7), (1.2)

where X = (VT,W)T € R** () is an unknown Euclidean vector and
h(W;T) is an unknown smooth function. Here, k and &’ are both fixed. In
the spirit of (1.1), we can estimate (c(7),h(-;7)) based on the following
series approximation

h(W3T) ~ Z(W) " B (7),

where Z(W) is a transformation vector of W. We provide joint asymp-
totic results for the parametric and non-parametric part in partially linear
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models [see Section 3 and Section 5.3], with a n'/? scaling for the para-
metric part and a scaling with slower rate for the non-parametric part [see
Theorem 3.1 and Theorem 5.4].

To the best of our knowledge, this is the first time that the joint asymptotic
as processes in 7 for quantile regression is established — in fact, even the
pointwise result is new. In particular, we prove that the “joint asymptotics
phenomenon” discovered by Cheng and Shang (2015) even holds for non-
smooth loss functions with multivariate nonparametric covariates.

This joint asymptotic result does not follow directly from the results of
Belloni et al. (2016), because of the specific centering sequence (defined in
their equation (2.2)) they consider and the matrix J~!(u) in their Theorem
2 where J(u) is non-diagonal with increasing dimension. To derive our
Theorem 3.1, it is necessary to choose an appropriate centering sequence
(see Remark 3.3), apply our new Bahadur representations in Section 5,
and provide a detailed analysis of the matrix J~*(u).

. Centering and tail bounds on remainder terms in Bahadur rep-
resentations: Theorem 2 in Belloni et al. (2016) provides a Bahadur
representation for the estimated coefficients 4,, centering at 3, with an
Op term on the remainders, where 3, minimizes a QR series approxima-
tion problem [see equation (2.2) in their paper]. In Section 5 we provide
similar expansions, with a main difference that we allow for more general
centering sequences that satisfy certain approximation conditions. This is
important in Section 3 of our paper where we consider partially linear
models. Moreover, we provide explicit exponential tail bounds on corre-
sponding remainders which is a somewhat stronger result compared to the
Op bounds in Belloni et al. (2016). This result is, for instance, utilized
in Volgushev et al. (2017). The findings in that paper cannot be obtained
from the Op bounds in Belloni et al. (2016).

. Approximation by a sequence of Gaussian processes v.s. conver-
gence to a fixed limiting process: All results in Belloni et al. (2016)
which are uniform in the quantile index 7 are stated in terms of approx-
imating the quantile regression process and weighted versions thereof by
a sequence of Gaussian processes which depend on n [see their Theorem
5, Theorem 11, Theorem 12]. In contrast, we show that there exists a
single Gaussian process which is the (weak) limit of the leading term in
the Bahadur representation. Showing convergence to this weak limit re-
quires proving asymptotic tightness of the leading term, which is a major
challenge in our proof [see Section A.4] and does not follow from the ap-
proximation by a series of Gaussian processes as in Belloni et al. (2016).
This is also a key ingredient in our Section 4 where we utilize the functional
delta method together with compact differentiability of the rearrangement
operator [established in Chernozhukov et al. (2010)]. Note that the appli-
cation of the delta method requires convergence to a fized limit, which does
not follow directly from the results in Belloni et al. (2016). On the other
hand, Belloni et al. (2016) provide approximations which are uniform in
x and 7 while we only consider results that are pointwise in x.
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4. New bounds for local basis functions: Last but not the least, in Sec-
tions 2.2 and 5.2, we provide results for models with “local basis structure”
(for instance B-splines). For such basis functions, we show that the con-
ditions on model dimension can be relaxed from m* = o(n'=¢) [required
by Theorem 12 of Belloni et al. (2016)] to m?(logn)® = o(n) in the case
of B-splines [see the discussion below Assumption (B1)].

Given the discussions above, we would also like to point out that Belloni et al.
(2016) discuss other aspects such as bootstrap approximations which are not
covered in our paper. In summary, both Belloni et al. (2016) and the present
paper consider the same model setup, but focus on different aspects of the
resulting theory, and none of the two papers is more general than the other.

The rest of this paper is organized as follows. Section 2 presents the weak
convergence of QRP under general series approximation framework. Section 3
discusses the QRP in quantile partial linear models. As an application of our
weak convergence theory, Section 4 considers various functionals of the quantile
regression process. A detailed discussion on our novel Bahadur representations
is given in Section 5, and all proofs are deferred to the appendix.

Notation. Denote {(X;,Y;)}™ ii.d. samples in X x R where X C R%. Here,
the distribution of (X;,Y;) and the dimension d can depend on n, i.e. triangular
arrays. For brevity, let Z = Z(X) and Z; = Z(X;). Define the empirical measure
of (Y;,Z;) by P, and the true underlying measure by P with the corresponding
expectation as E. Note that the measure P depends on n for triangular array
cases, but this dependence is omitted in the notation. Denote by ||b|| the L?-
norm of a vector b. Apin(A) and A\pax(A) are the smallest and largest eigenvalue
of a matrix A. 0 denotes a k-dimensional 0 vector, and I be the k-dimensional
identity matrix for k£ € N. Define

pr(u) = (1 = 1(u < 0))u,

where 1(+) is the indicator function. C"(X’) denotes the class of n-continuously
differentiable functions on a set X. C(0, 1) denotes the class of continuous func-
tions defined on (0,1). Define

V(Y;, Zi;b,7) = Z;(1{Y; < Z] b} — 1),
(b, 7) :=E[W(Y;, Zi; b, 7)] = E[Zi{ Fy|x(Z]b|X) — 7}],
and for a vector v, (7) € R™, we define the following quantities
gn 1= gu() i= 50D [|6(ya(7), )| = sup [E[Z:{ Py x (Z] 7a(r)]X) = 7}] |
TET TET
(1.3)

Let S™ ! := {u € R™ : ||u| = 1} denote the unit sphere in R™. For a set
Z C{1,...,m}, define

R? = {u = (u1, ..., un) €R™:uj#0if and only if j € T}
Sl i={u= (U, s up) " € 8™ i uy # 0 if and only if j € T}
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Finally, consider the class of functions

ANX,T) = {fT ecl(x):ireT, sup sup |DIf(x) <ec
lFI<In] «,TeT

|DJfT(£C) _Djf'r(y)|
sup  sup —Tn]
l7|=|n] e#y,7€T |z —yll7—tn

< c}, (1.4)

where |n] denotes the integer part of a real number 7, and |j| = j1 + ... +
ja for d-tuple 5 = (j1,...,ja). For simplicity, we sometimes write sup, (inf,)
and sup, (inf,) instead of sup 7 (inf c7) and sup, ¢y (inf,cx) throughout the
paper.

2. Weak convergence results

In this section, we first present our weak convergence results of QRP in a gen-
eral series approximation framework that covers linear models with increas-
ing dimension, nonparametric models and partial linear models. Furthermore,
we demonstrate that the use of polynomial splines with local support, such as
B-splines, significantly weakens the sufficient conditions required in the above
general framework.

2.1. General series estimator
Consider a general series estimator Q(z;7) := 5(7)T Z(xz), where for each fixed
-

(7)== argmin > p-(Y; — v Z;), (2.1)

and m is allowed to grow as n — oo, and assume the following conditions:

(A1) Assume that ||Z;|| < &, = O(n®) almost surely with b > 0, and that
1/M < /\min(E[ZZT]) < )\maX(E[ZZT]) < M holds uniformly in n for
some fixed constant M > 0.

(A2) The conditional distribution Fy|x (y|z) is twice differentiable w.r.t. y. De-
note the corresponding derivatives by fy|x(y|z) and f{/lX(y|m) Assume
that f := sup, , |fy|x(ylz)| < oo and [’ := sup, , |fy x(ylz)] < oo uni-
formly in n.

(A3) Assume that uniformly in n, there exists a constant fii, > 0 such that

-:Ielg'uzlf fY|X(Q<:Ea T)‘LL') 2 fmin~

In the above assumptions, uniformity in n is necessary as we consider triangular
arrays. Assumptions (A2) and (A3) are fairly standard in the quantile regres-
sion literature. Hence, we only make a few comments on Assumption (Al). In
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linear models where Z(X) = X and m = d, it holds that &, < /m if each
component of X is bounded almost surely. If B-splines fi(x) defined in Section
4.3 of Schumaker (1981) are adopted, then one needs to use its re-scaled version
B(z) = m'/2B(z) as Z(x) such that (A1) holds (cf. Lemma 6.2 of Zhou et al.
(1998)). In this case, we have &, =< y/m. In addition, Assumptions (Al) and
(A3) imply that for any sequence of R™-valued (non-random) functions v, (7)
satisfying sup, ¢ sup, |vn(7) T Z(x) — Q(z;7)| = o(1), the smallest eigenvalues
of the matrices

Tn(7) = E[ZZ" fy1x (v (r) "ZIX)], T (7) = B[ZZT fyx (Q(X;7)|X)]

are bounded away from zero uniformly in 7 for all n.
Define for any u € R™,

X (1.2) = sup [0 (1) E[Z(1Y: < QX 7))~ 1Y < 2] 7)) |

We are now ready to state our weak convergence result for QRP based on
the general series estimators.

Theorem 2.1. Suppose (A1)-(A3) hold and m3¢&2,(logn)® = o(n). Let v, () :
T — R™ be a sequence of functions such that g, := gn(Yn (7)) = o(n=?) (see
(1.3)), ¢n = cn(Vn) := sup, rer |Q(z;7) — Z(x) "0 (7)| and mey logn = o(1).
Then for any u,, € R™ satisfying X~, (Un, Z) = o(||u,||n"1/2) and F(1) defined
in (2.1),

n

T(J(1) = n (T :—lu—r 7)1 ; ; T —T)+o0 [l |
W) =) = () Y B £ Q) =) wor (1)

(2.2)
where the remainder term is uniform in T € T. In addition, if the following
limat

H(m,T2;u,) := lim ||un||_2u:;Jn_11(Tl)E[ZZT]Jn_ll(TQ)un(Tl ATy —TT2)
n— o0

(2.3)
exists for any 1,72 € T, then
(T30 w9 ()) = GO in €(7) (2.4

where G(-) is a centered Gaussian process with the covariance function H defined
as (2.3). In particular, there exists a version of G with almost surely continuous
sample paths.

The proof of Theorem 2.1 is given in Section A.l. Theorem 2.1 holds un-
der very general conditions. For transformations Z that have a specific local
structure, the assumptions on m,¢&,, can be relaxed considerably. Details are
provided in Section 2.2.
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In the end, we illustrate Theorem 2.1 in linear quantile regression models
with increasing dimension, in which g, ¢, and x, (u, Z) are trivially zero. As
far as we are aware, this is the first quantile process result for linear models
with increasing dimension.

Corollary 2.2. (Linear models with increasing dimension) Suppose (A1)-(A3)
hold with Z(X) = X and Q(x;7) = 2" v,(7) for any  and T € T. Assume that
m3¢&2 (logn)? = o(n). In addition, if v, € R™ is such that the following limit
Hy(my,m2;uy) = ILm W] ~2w,) J (r)EX X T () (11 A 7o — T172)
(2.5)

exists for any 71,70 € T, then (2.4) holds with the covariance function H
defined in (2.5). Moreover, by setting u,, = xo, we have for any fized xq

NG

o]

{Q(wo;+) = Q(z0;-)} ~ G(wo;-) in £(T),

where G(xo;-) is a centered Gaussian process with the covariance function in
(2.5). In particular, there exists a version of G with almost surely continuous
sample paths.

2.2. Local basis series estimator

In this section, we assume that Z(-) corresponds to a basis expansion with
“local” support. Our main motivation for considering this setting is that it allows
to considerably weaken assumptions on m, &, made in the previous section. To
distinguish such basis functions from the general setting in the previous section,
we shall use the notation B instead of Z. Let B(7) be defined as

~

B(r) := argmianT{}Q ~b'B;}, (2.6)
beR™

where B; = B(X;). The notion of “local support” is made precise in the follow-
ing sense.

(L) For each x, the basis vector B(z) has zeroes in all but at most r consecu-
tive entries, where r is fixed. Moreover, sup,, , E[|B(z) " J,, (1) 'B(X)|] =
O(1).

The above assumption holds for certain choices of basis functions, e.g., uni-
variate B-splines.

Example 2.3. Let X = [0, 1], assume that (A2)-(A3) hold and that the density
of X over X is uniformly bounded away from zero and infinity. Consider the
space of polynomial splines of order ¢ with k£ uniformly spaced knots 0 = ¢; <
... <t =1 in the interval [0, 1]. The space of such splines can be represented
through linear combinations of the basis functions Bi, ..., By—q—1 with each basis
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function B, having support contained in the interval [t;,t;1q+1). Let B(z) :=
(B1(), ..., Bx—q—1(z)) ". Then the first part of assumption (L) holds with r = ¢.
The condition sup,, , E[|B(z)TJ (r)B(X)|] = O(1) is verified in the Appendix,
see Section A.2.

Condition (L) ensures that the matrix J,,(7) has a band structure, which is
useful for bounding the off-diagonal entries of j;ll(r). See Lemma 6.3 in Zhou
et al. (1998) for additional details.

Throughout this section, consider the specific centering

Bn(7) = aigglinE[(BTb - Q(X;7))? frix (Q(X;7)|X)], (2.7)
€ m
where B = B(X). For basis functions satisfying condition (L), assumptions in
Theorem 2.1 in the previous section can be replaced by the following weaker
version.

(B1) Assume that &, (logn)® = o(n) and letting ¢, := sup, . |B.(7) 'B(z) —
Q(x;7)| with @2 = o(n~1/2), where |B(X;)|| < &, almost surely.

Note that the condition ¢ (logn)® = o(n) in (B1) is less restrictive than
m3¢2 (logn)® = o(n) required in Theorem 2.1 under many situations. For
instance, in the setting of Example 2.3 where &,, =< +/m, we only require
m?2(logn)® = o(n), which is weaker than m*(logn)® = o(n) in Theorem 2.1.
This improvement is made possible based on the local structure of the spline
basis.

In the setting of Example 2.3, bounds on ¢, can be obtained provided that
the function z — Q(x;7) is smooth for all 7 € T. For instance, recall the class
of functions A”(X,7T) defined in (1.4). Assuming that Q(:;-) € A7(X,T) with
X = [0,1] and a positive integer 7, Remark B.1 shows that ¢, = O(m~ ).
Thus the condition &2 = o(n~'/2) holds provided that m—2") = o(n'/2). Since
for splines we have &,, ~ m!/2, this is compatible with the restrictions imposed
in assumption (B1) provided that n > 1.

Theorem 2.4. (Nonparametric models with local basis functions) Assume that
conditions (A1)-(A3) hold with Z = B, (L) holds for B and (B1) for B, (7).
Assume that the set I consists of at most L consecutive integers, where L > 1 is
fized. Then for any u,, € RY, (2.2) holds with ¥(7), ¥n(7) and Z being replaced
by B(T), Bn(7) and B. In addition, if the following limit

FI(ﬁ,m;un) = li_>m ||11nH_Quzgﬁzl(Tl)]E[BBT]J;Ll(Tg)un(Tl/\7'2—7'17'2) (2.8)

exists for any 11,70 € T, then (2.4) holds with the same replacement as above,
and the limit G is a centered Gaussian process with covariance function H de-
fined as (2.8). Moreover, for any xo, let Q(zo;7) := B(z0) " B(7) and assume
that ¢, = o(||B(xo)|[n~"'/?). Then

NG

B (z0)| {Q(x0;-) — Q(z0; ) } ~ G(wo;-) in £2°(T), (2.9)
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where G(xo;-) is a centered Gaussian process with the covariance function in
(2.8). In particular, there exists a version of G with almost surely continuous
sample paths.

The proof of Theorem 2.4 is given in Section A.2.

Remark 2.5. The proof of Theorem 2.4 and the related Bahadur representation
result in Section 5.2 crucially rely on the fact that the elements of J,,(7) ! decay
exponentially fast in their distance from the diagonal, i.e. a bound of the form
|(Jin (7)™ Y] < O+l for some v < 1. Assumption (L) provides one way
to guarantee such a result. We conjecture that similar results can be obtained
for more general classes of basis functions as long as the entries of J,,(7)*
decay exponentially fast in their distance from suitable subsets of indices in
(4,7") € {1,...,m}?. This kind of result can be obtained for matrices J,,(7) with
specific sparsity patterns, see for instance Demko et al. (1984). In particular,
we conjecture that such arguments can be applied for tensor product B-splines,
see Example 1 in Section 5 of Demko et al. (1984). A detailed investigation of
this interesting topic is left to future research.

We conclude this section by discussing a special case where the limit in (2.9)
can be characterized more explicitly.

Remark 2.6. The covariance function H can be explicitly characterized under
u, = B(z) and univariate B-splines B(z) on z € [0,1], with an order r and
equidistant knots 0 = ¢; < ... < ¢, = 1. Assume additional to (A3) that

sup
teX,TeT

3x|z:tfy‘X(Q(x;7)|x)‘ < C, where C' > 0 is a constant, (2.10)

and the density fx () for X is bounded above, then under ¢, = o(||B(zo)||n~/?),
(2.9) in Theorem 2.4 can be rewritten as

\/B(xO)TE[B%T]_lB(JSO) (B(xO)TB(,) — Q(o; )) ~ G(+20) in £2°(T),
(2.11)

where the Gaussian process G(+; o) is defined by the following covariance func-
tion A
= T1L/\NT2 — T1T2
H(Tl,TQ;{Eo): .
fyix (Q(zo; 11)[20) fy|x (Q(z0; T2)|20)
Although we only show the univariate case here, the same arguments are ex-
pected to hold for tensor-product B-spline based on the same reasoning. See

Section A.2 for a proof of this remark.

3. Joint weak convergence for partial linear models

In this section, we consider partial linear models of the form

Q(X;7) =V Ta(r) +h(W;T), (3.1)
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where X = (VT,WT)T e R¥* and k,k’ € N are fixed. An interesting joint
weak convergence result is obtained for (a(T),/f;(U}(); 7)) at any fixed wy. More
precisely, a(7) and iAz(w;T) (after proper scaling and centering) are proved to
be asymptotically independent at any fixed 7 € T. Therefore, the “joint asymp-
totics phenomenon” first discovered in Cheng and Shang (2015) persists even
for mon-smooth quantile loss functions. Such a theoretical result is practically
useful for joint inference on a(7) and h(W;7); see Cheng and Shang (2015).
Expanding w ~ h(w;7) in terms of basis vectors w — Z(w), we can ap-
proximate (3.1) through the series expansion Z(z) "~/ () by setting Z(z) =
(vT, Z(w)T)T In this section, Z : R — R™ is regarded as a general basis ex-
pansion that does not need to satisfy the local support assumptions in Section
2.2. Estimation is performed in the following form
() =@’ Bl = argmin > o (Yi—a'Vi = b Z(Wy)). (3.2)
acR* beR™

For a theoretical analysis of 47, define the population coefficients ~(7) :=
(a(r)T,Bi(r)")T, where

BL(r) 1= exminElfy x QUG D)X (h(W37) ~ BTZON) (339

similar to (2.7); see Remark 3.3 for additional explanations.
To state our main result, we need to define a class of functions

Ur = {w — g(w)‘g measurable and E[g*(W) fy | x (Q(X; )| X)] < o0, w GR’“/}.
For V € R¥, define for j =1, ..., k,
hvw,(57) »= argmin E[(V; — g(W))* fyx (Q(X;7)|X)] (34)

gEU-

where V; denotes the j-th entry of the random vector V. By the definition of
hvw,j, we have for all 7 € T and g € U,,

E[(V — hvw (W3 7)g(W) fy x (Q(X: )| X)] = 0. (3.5)

The matrix A is defined as coefficent matrix of the best series approximation of
hvw(W; T):

A(7) i= argmin B[ fy)x (Q(X )| X) 1w (W3 7) — AZ(W)|?). (3.6)
The following two assumptions are needed in our main results.
(C1) Define cf, := sup,.,, |Z(w) " B},(r) — h(w; 7)| and assume that
Emeh, = o(1); (3.7)
jggE[fY\x(Q(X; DX hvw (W) = ADZW))IP] = 0(N,),  (3.8)

where ), satisfies &,A2 = o(1).
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(C2) We have max<y |V;| < C almost surely for some constant C' > 0.

Bounds on ¢, can be obtained under various assumptions on the basis ex-
pansion and smoothness of the function w — h(w;7). Assume for instance
that W = |0, 1]’“/, that k() € AW, T) and that Z corresponds to a ten-
sor product B-spline basis of order ¢ on W with m?/ K equidistant knots in
each coordinate. Assuming that (V,W) has a density fyw such that 0 <
inf, o fv,w(v,w) < sup, , fr,w(v,w) < co and g > 7, we show in Remark B.1
that ¢, = O(m~/*"),

Assumption (3.8) essentially states that hyy can be approximated by a series
estimator sufficiently well. This assumption is necessary to ensure that a(7) is
estimable at a parametric rate without under-smoothing when estimating h(-; 7).
In general, (3.8) is a non-trivial high-level assumption. It can be verified under
smoothness conditions on the joint density of (X,Y)) by applying arguments
similar to those in Appendix S.1 of Cheng et al. (2014).

In addition to (C1)-(C2), we need the following condition.

(B1’) Assume that
2/3 3/4
(mfmnlogn> + %, = o(n~1/?).

Moreover, assume that cf A, = o(n='/2) and mcf logn = o(1).
We now are ready to state the main result of this section.

Theorem 3.1. Let Conditions (A1)-(A3) hold with Z = (VT ,Z(W)T)T, (B1’)
and (C1)-(C2) hold for Bl (1) defined in (3.3). For any sequence w,, € R™ with
E([lw, My(72)YZ(W)|] = o(||wn||) where

My(1) = E[Z(W)Z(W) " fyx (Q(X;7)X)].

If
Toa(r1,7m2) = lim [ wi ||~ w,y Ma(0) ' E[Z(W)Z(W) | M(r2) " w (3.9)

exists, then

( n\/ﬁ(r(%?r ()) 10)) ) > (G1(+), e, Gi (), GR(-) T im (£°(T))*H,

o[ W

(3.10)
and the multivariate process (G1(+),...,Gi(+), Gn(+)) has the covariance function

I'i1(m1,m2) (V3 )

3.11
0, Loo(71,72) (3.11)

L(71, 123 Wp) = (11 ATo — T172) (
with

Ti1 (11, 72) = My (1) 'E[(V — hyw (W5 7))(V = hyw (Wi 72)) | My g ()
(3.12)
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where My p(7) = E[(V — hyw (W5 m)(V — hyw (W3 7)) T fyx (Q(X; 7)|X)]. In
addition, at any fixed wy € Rk/, let w,, = Z(wyg) satisfy the above conditions,
h(wo; T) = Z(wo) " B1(7), cf, = o(||Z(wo)|[n~"/?), then

< f{a —a()}

\Z<wo>u{ wo; ) = h(wo; )}

T

) ~ (Gl('),...7Gk('),Gh(wO§'))
n (£°(T))F,  (3.13)

where (G1(-), ..., Gi(+), Gp(wo; ) are centered Gaussian processes with joint co-
variance function T'y,(T1,72) of the form (3.11) where T'a2(m1,72) is defined
through the limit in (3.9) with w,, replaced by Z(wo), In particular, there exists
a version of Gp(wo; ) with almost surely continuous sample paths.

The proof of Theorem 3.1 is presented in Section A.3. The invertibility of the
matrices My j,(7) and Mz (7) is discussed in Remark 5.5. In general, &(7) is not
semiparametric efficient, as its covariance matrix 7(1 — 7)I'1; does not achieve
the efficiency bound given in Section 5 of Lee (2003).

The joint asymptotic process convergence result (in ¢°°(7)) presented in
Theorem 3.1 is new in the quantile regression literature. The block structure
of covariance function I' defined in (3.11) implies that &(7) and h(wp; T) are
asymptotically independent for any fixed 7. This effect was recently discovered
by Cheng and Shang (2015) in the case of mean regression, named as joint
asymptotics phenomenon.

Remark 3.2. We point out that IE[|WIM2(7'2)_1Z(W)H = o(||wy])) is a crucial
sufficient condition for asymptotic independence between the parametric and
nonparametric parts. We conjecture that this condition is also necessary. This
condition holds, for example, for w,, = Z(wg) or w,, = dy, Z(wo) at a fixed wy,

j=1,.., kK, where Z( ) is a vector of B-spline basis. However, this condition
may not hold for other estimators. Consider for instance the case W = [0, 1],

B-splines of order zero Z and the vector Wy, = fo w)dw for some A > 0. In
this case ||w,|| < 1, and one can show that E“WIMQ(TQ) 1Z(W)|] = 1 instead.
A more detailed investigation of related questions is left to future research.

Remark 3.3. A seemingly more natural choice for the centering vector, which
was also considered in Belloni et al. (2016), is

Yn(7) = (@ (7), B (7)) := arg min Elp,(Y —a'V-bTZ(W)),  (3.14)

n
a7

which gives g, (v (7)) = 0. However, a major drawback of centering with (1)
is that it is impossible to find a good bound for the difference o (1) — a(7)
without imposing restrictive assumptions. However, such a bound is needed to
show that the bias of o’ () is of order o(n~'/2) which is required establish
(3.10) in Theorem 3.1.
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4. Applications of weak convergence results

In this section, we consider applications of the process convergence results to
the estimation of conditional distribution functions and non-crossing quantile
curves via rearrangement operators. For the former estimation, define the func-
tional (see Dette and Volgushev (2008), Chernozhukov et al. (2010) or Volgushev
(2013) for similar ideas)

@.{ >((rz, 7)) = L=(R)
S(f)y) = T+ [TV < yhdr

A simple calculation shows that

TL if Fy‘X(y|{L‘) < TL
(Q(z;-))(y) = Fyix(yle) if 70 < Fyx(ylr) <7v
U it Fyx(ylz) > 7v.

The latter identity motivates the following estimator of the conditional distri-
bution function

TU

ﬁyp{(y\x) =TL +/ 1{@(:0;7) < y}dr,

TL

where Q(z;7) denotes the estimator of the conditional quantile function in any
of the three settings discussed in Sections 2 and 3. By following the arguments in
Chernozhukov et al. (2010), one can easily show that under suitable assumptions
the functional ® is compactly differentiable (see Section A.5 for more details).
Hence, the general process convergence results in Sections 2 and 3 allow to easily
establish the asymptotic properties of Fy |y - see Corollary 4.1 at the end of this
section.

The second functional of interest is the monotone rearrangement operator,
defined as follows

v { (e, v)) — £2(12,70))
’ U(f)(r) = inf{y:®Qz;-)(y) =7}

The main motivation for considering ¥ is that the function 7 — U(f)(7) is
by construction non-decreasing. Thus for any initial estimator @(x, 1), its rear-
ranged version W(Q(z;-))(7) is an estimator of the conditional quantile function
which avoids the issue of quantile crossing. For more detailed discussions of
rearrangement operators and their use in avoiding quantile crossing, we refer
the interested readers to Dette and Volgushev (2008) and Chernozhukov et al.

(2010).

Corollary 4.1 (Convergence of F(y|z) and ¥(Q(z;7))). For any fized o and
an initial estimator Q(xo,-), we have for any compact sets [y, 7] C T,Y C

Vo1 =1y : Fy|x(ylzo) € T}

an{ﬁy|x('|$o) — Fyix(zo)} ~ —fyx (-]20)G(z0; Fy|x (-]z0)) in £2(Y),
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an{¥(Q(z0;)(") — Qwo; ")} ~ Glao;-) in (11, 71)),

where @(mo, -), the normalization a,, and the process G(xo;-) are stated as fol-
lows

1. (Linear model with increasing dimension) Suppose Z(X) = X, Q(zo, ) =
A()Txo and the conditions in Corollary 2.2 hold. In this case, we have
an = v/n/l|xol|l. G(zo;+) is a centered Gaussian process with covariance
function Hy(71,72;x0) defined in (2.5).

2. (Nonparametric model) Suppose Q(zo,-) = B(-) TB(xo) and the conditions
in Theorems 2.4 hold. In this case, we have a, = /n/||B(zo)|]. G(xo;-)

is a centered Gaussian process with covariance function H(11,72;B(z0))
defined in (2.8).

3. (Partial linear model) Let x4 = (vg ,wq ), Qzo,") =5(1) T (vT, Z(wy) )T
and the conditions in Theorem 3.1 hold. In this case, we have a, =
Vi /| Z(wo)||. G(xo; ) is a centered Gaussian process with covariance func-

tion Tag (71, T2; Z(wp)) defined in (3.9).

The proof of Corollary 4.1 is a direct consequence of the functional delta method,
combined with the process convergence results established in Section 2 and Sec-
tion 3 and Hadamard differentiability results of certain functionals established
in Chernozhukov et al. (2010). Details can be found in Section A.5.

Remark 4.2 (More Statistical Applications of Corollary 4.1). In practice, many
quantities of interest can be written as Hadamard differentiable functionals of
distribution functions such as some M and L estimators (Fernholz, 1983, Chap-
ter 7), conditional distributions (Bassett and Koenker, 1982), the Wilcoxon test
statistics (van der Vaart and Wellner, 1996, Example 3.9.18) and Gini indices
(Barrett and Donald, 2009). Based on the chain rule of Hadamard derivative,
Corollary 4.1 can be applied to prove the asymptotic normality of these sta-
tistical estimators. Moreover, detection of treatment effect on the conditional
distribution after an intervention (Koenker and Xiao, 2002; Qu and Yoon, 2015)
is often based on Kolmogorov-Smirnov or Cramér-von Mises statistics, whose
asymptotic distribution can also be found by applying Corollary 4.1.

5. Bahadur representations

In this section, we provide Bahadur representations for the estimators discussed
in Sections 2 and 3. In Sections 5.1 and 5.2, we state Bahadur representations
for general series estimators and a more specific choice of local basis function, re-
spectively. In particular, the latter representation is developed with an improved
remainder term. Section 5.3 contains a special case of the general theorem in
Section 5.1 that is particularly tailored to partial linear models. The remain-
ders in these representations are shown to have exponential tail probabilities
(uniformly over T).
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5.1. A fundamental Bahadur representation

Our first result gives a Bahadur representation for 4(7) — 4, (7) for centering
functions «,, satisfying certain conditions. Recall the definition of 4(7) in (2.1).
This kind of representation for quantile regression with an increasing number of
covariates has previously been established in Theorem 2 of Belloni et al. (2016).
Compared to their results, the Bahadur representation given in Theorem 5.1 has
several advantages. First, we allow for a more general centering. This is helpful
for the analysis of partial linear models (see Sections 3 and C.2). Second, we
provide exponential tail bounds on remainder terms, which is much more explicit
and sharper than those in Belloni et al. (2016).

Theorem 5.1. Suppose Conditions (A1)-(A3) hold and that m&2, logn = o(n).
Then, for any v, (-) satisfying gn(vn) = 0(€,,1) and ¢, (vn) = o(1), we have

A(r) = al7) = = 7)™ S (Vi Zis (), 7)
i=1

+ 71 (T) + 1n2(T) + 70 3(T) + 70 a (7).
The remainder terms ry, j’s can be bounded as follows:

1 mém
n < .S. 5.1
Egg ||T ,1(7_)“ = lnfTET )\min<Jm(T)) n a.s ( )

Moreover, we have for any k, < n/&2,, sufficiently large n, and a constant C

independent of n

P((sup [Ira (7] < CRj (k) = 1= 2675, j =2,3,4,

TET
where
Ra(kn) = fm((% logn) 2 + (2—")1/2 + gn)2, (5.2)
it () () () () )
(5.3)
Ra(kin) = cn((% 10gn)1/2 n (‘;—")1/2) + gn. (5.4)

The proof for Theorem 5.1 can be found in Section C.1.

5.2. Bahadur representation for local basis series estimator

In this section, we focus on basis expansions B satisfying (L) and derive a
Bahadur representation for linear functionals of the form u,! (3(7) — B,.(7)),
where the vector u,, can have at most a finite number of consecutive non-zero
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entries. Such linear functionals are of interest since the estimator of the quantile
function itself as well as estimators of derivatives can be represented in exactly
this form - see Remark 5.3 for additional details. The advantage of concentrating
on vectors with this particular structure is that we can substantially improve
the rates of remainder terms compared to the general setting in Theorem 5.1.

Theorem 5.2. Suppose Conditions (A1)-(A3) and (L) hold with Z(x) = B(x).
Assume additionally that m&2,(logn)? = o(n) and that ¢, = o(1) and that
T C {1,...,m} consists of at most L consecutive integers. Then, for 3,(7) defined
as (2.7) and u,, € SF~* we have

] (B(r) = Bu(7)) = —ul Ju(r) 0 S Bi(1{Y; < Bu(r) B} - 7)

i=1
4
+ ZTn,k(Ta un)v (55)
k=1
where the remainder terms Ty, ;’s can be bounded as follows:

m 1

sup  sup |[rp1(mun)| S Em logn a.s. (5.6)
unES;"*lTET n
1— ~
Ef/gi sup &(u,,B) a.s. (5.7)

1
sup  sup [rpa(7 un)] < =+
n uneS’I"‘l

UHES;”_l TET B

where E(u,,B) := sup, Elu,J, ()" B|. Moreover, we have for any k, <
n/€2,, all sufficiently large n, and a constant C independent of n

m?’

P( sup sup r (7, ua)| < CRyln)) = 1= nPe™™, j=2,3

uneS}”’l TeT

where
-~ = m(lo n+ k2 2
Ray(kn) = C sup 5(un,B)(€(g1—/2) —i—gfl) ; (5.8)
uneS}""l n
1/2 1/2, 1/2 3/2
~ _ _ Kkn " Vlogn m (kn'” Vlogn)
Ra(kn) = C(cn 7 i ) (5.9)

Theorem 5.2 is proved in Section C.2. We note that by Holder’s inequality and
assumptions (A1)-(A3), we have a simple bound for
sup E(u,,B) < sup  sup (ul—J;ll(7')1E[BB—'—]JW_11(7’)un)1/2 =0(1).

u, €Sy u,eSm-t T

Remark 5.3. Theorem 5.2 enables us to study several quantities associated
with the quantile function Q(z;7). For instance, consider the spline setting of
Example 2.3. Setting u,, = B(x)/||B(z)|| in the Theorem 5.2 yields a repre-

sentation for Q(z;7), while setting u, = B/(z)/||B’(x)| yields a representation
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for the estimator of the derivative 0,Q(x;7). Uniformity in x follows once we
observe that for different values of z, the support of the vector B(z) is always
consecutive so that there is at most n!, [ > 0, number of different sets Z that
we need to consider.

5.3. Bahadur representation for partial linear models

In this section, we provide a joint Bahadur representation for the parametric and
non-parametric part of this model. Recall the partial linear model Q(X;7) =
h(W;T) +a(r)TV.

Theorem 5.4. Let (A1)-(A3), (C1)-(C2) hold with Z = (VT ,Z(W)T)T and
assume mé2 (logn)? = o(n). Then

Aa(T)ia(T) = — T_ln_ln ; ; ATz —
< ﬁT(T)*ﬂIL(T) > - Jm( ) ZZ:;ZZ(]'{Y; < {7n( ) } Zz} )

4
+ Z Tn,j (1),
j=1

where the remainder terms vy, ;’s satisfy the bounds stated in Theorem 5.1 with
Gn = fmc}?. Additionally, the matriz J,,* (1) can be represented as

. My (r) ! My (1)L A(r)
I (7) = ( CAM M) My(r) "t + ()T My (r) LA ) (5.10)

Mi(7) = E[fyx (Q(X; 7)|X)(V = A(MZW))(V — A(T)Z(W)) ],
Ma(r) = E[Z(W)Z(W) T fyix (Q(X;57)|X))],

and A(T) is defined in (3.6).

See Section C.3 for the proof of Theorem 5.4.

Remark 5.5. We discuss the positive definiteness of M;(7) and M (7). Fol-
lowing Condition (A1) with Z = (VT,Z(W)T)T, we have

1/M < inf Apin (M1 (7)) < sup Apax (M1 (7)) < M; (5.11)
TET TET

1/M < inf Apin(Ma(7)) < sup Apax(Ma(7)) < M, (5.12)
TET TET

for all n. To see this, observe that M;(7) = (Ix| — A(7))Jm(7)(Ix| — A(7)) T
where I is the k-dimensional identity matrix, [A|B] denotes the block matrix
with A in the left block and B in the right block, and

( My(7) + A(T)Ma(T)A(T) T A(7) Ma(7) >

Jm(r) = My(r) A(r)T M(r)
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whose form follows from the definition and the condition (3.5) (see the proof for
Theorem 5.4 for more details). Thus, for an arbitrary nonzero vector a € R¥,
by Condition (A1),

0<1/M<a'M(r)a=a' [T — A(T)] I () [ 1] — A(T)]Ta <M < oo

by the strictly positive definiteness of J,,,(7) for some M > 0.
The strictly positive definiteness of Ms(7) follows directly from the observa-
tion that

0<1/M <b"My(r)b=(0{,b")Jn(7)(0],b")T < M < o0,

for all nonzero b € R™ and some M > 0.

Appendix

This appendix gives technical details of the results shown in the main text. Ap-
pendix A contains all the proofs for weak convergence results in Theorems 2.1,
2.4 and 3.1. Appendix B discusses basis approximation errors with full technical
details.

Additional Notations. Define for a function z — f(z) that
Gu(f) i= 12 [ f(a)(dP,(z) - dP(a)

and || f||r,p) = ([ |f(x)[PdP(x))"/P for 0 < p < oc. For a class of functions
G, let [|P,, — Pllg := sup;cg [Pnf — Pf|. For any ¢ > 0, the covering number
N(e, G, Ly) is the minimal number of balls of radius € (under L,-norm) that is
needed to cover G. The bracketing number N, [ ](e, g, Lp) is the minimal number
of e-brackets that is needed to cover G. An e-bracket refers to a pair of functions
within an e distance: ||u — ||z, < e. Throughout the proofs, C,C1, Cy ete. will
denote constants which do not depend on n but may have different values in
different lines.

Appendix A: Proofs for process convergence
A.1. Proof of Theorem 2.1
A.1.1. Proof of (2.2)

Under conditions (A1)-(A3) and those in Theorem 2.1 it follows from Theorem
5.1 applied with x,, = clogn for a suitable constant ¢ (note that the conditions
gn = 0(&,;}) and ¢, = o(1) in Theorem 5.1 follow under the assumptions of

Theorem 2.1) that

W G) — () + ul Jn(1) S Z(UY: < QX)) — 7)

i=1
= I(r) + op(|[uy|[n~*"?),
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where the remainder term is uniform in 7 and

n

I(t) == —n"'u,} J,(r)* Z Z;(1{Y; < Z] v, (1)} — 1{Y; < Q(X;;7)}).

i=1

Under the assumption X, (W, Z) = o(||u,[|n~1/2), we have sup, o1 [E[I(7)]| =
o(||u,||n=1/?) and moreover

sup |1(7) = E[I()]| < [[un|[inf Ain (S (1)) [P = Pllgs,
TET TE

where the class of functions G5 is defined as

Gs(Z,yn) = {(X,¥) = 2 Z(X)(1{Y < Z(X) '7u(7)} = L{Y £ Q(X;7)})
HIZ(X)|| < &n}|r e Tracs™ 1},

It remains to bound ||P,, — P||g,. For any f € G5 and a sufficiently large C, we
obtain

fl<1a’Z] < &m,
||f||%2(P) < 2fcn)‘maX(E[ZZT]) < Cen.

By Lemma 21 of Belloni et al. (2016), the VC index of G5 is of the order O(m).
Therefore, we obtain from (D.2)

~[/mcp En Y2 mé&n Em
E|[P, - Pllg, < C|( - log\/a) + = log\/a}. (A1)

For any x, > 0, let

mcy, m 1/2 mém " en 1/2 -
TEV,3(“n) = C[( " log %) + % log jc_ + (Zﬁn> + %nn}

for a sufficiently large constant C' > 0. We obtain from (D.3) combined with
(A1)

P{sup 110 > i) + sup [8[1(7)] | < e
TET T€T
Finally, note that under condition mc, logn = o(1) and

m’¢;, (logn)® = o(n)

we have that 7y 5(logn) = o(n~'/2). This completes the proof of (2.2). O
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A.1.2. Proof of (2.4)

Throughout this subsection assume without loss of generality that ||u,| = 1. It
suffices to prove finite dimensional convergence and asymptotic equicontinuity.
Asymptotic equicontinuity follows from (A.33). The existence of a version of
the limit with continuous sample paths is a consequence of Theorem 1.5.7 and
Addendum 1.5.8 in van der Vaart and Wellner (1996).

So, we only need to focus on finite dimensional convergence.

Let

Gn(1) = —uIJ ZZ (H{Y; <Q(Xy7)} — 1),
\/_ i=1

and G be the Gaussian process defined in (2.4). From Cramér-Wold theorem,
the goal is to show for arbitrary set of {r,...,7.} and {\1,..., AL} € RE, we
have

L L
> ANGu(n) E > AG(n)
=1 =1

Let the triangular array V,, ;(1) := n=Y2u} J,,(7) 7 Z;(1{Y; < Q(Xi;7)} — 7).
Then for all 7 € T, we have E[V;, ;(7)] = 0, |V,.s| < n~1/2¢,, and var(V, ;(1)) =
n=tu,) Jp (1) E[Z;Z, )T (7) " u,7(1 — 7) < 0o by Conditions (A1)-(A3). We
can express G, (1) = Y., V,,.;(7) and EzL:1 NG (1) =30, ZZL:1 A Vii(T1).
Observe that var(3 ", S5 \Vii(n)) =: oy, where

L
or =Y NN T (1) T EIZZ] | T () T (i AT — ).
Li=1
If 0 = lim, oo O’?LL = ZZL,I/:1 N A H (1, 150,) = V&I‘(Zl 1 MiG(m)), then by
Markov’s inequality > ., Zlel AiV,,i(m) — 0 in probability, which coincides

with the distribution of Zle M G(7), which is a single point mass at 0. Next,
consider the case 0721’ ., — 02 > 0. For sufficiently large n and arbitrary v > 0,
Markov’s inequality implies

n

o3 ZIE[(ZL:)\an,i(Tl)>21(iAan,i(n) > vﬂ
i= = | =1
nlafLZE[ (;Alvnyi(n) > v)]

L
<& n_1072Lv 2 Z N T (1) T R(ZZ] ) T (1) TR (1 AT — mmyp)
LI'=1

since £2n~! = o(1) by the assumption mé2 logn = o(n). Hence the Lindeberg
condition is verified. The finite dimensional convergence follows from Cramér-
Wold devise. This completes the proof. O
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A.2. Proofs of Theorem 2.4, Example 2.3 and Remark 2.6

We begin by introducing some notations and useful preliminary results. For a
vector u = (uy,...,un)" and a set T C {1,...,m}, let u@ € R™ denote the
vector that has entries u; for ¢ € Z and zero otherwise. For a vector a € R™,
let k, denote the position of the first non-zero entry of a with ||a||p non-zero
consecutive entries

I(a, D) = {i: i = ka| < [lallo + D}, (A.2)
T'(a,D) :={1<j<m:3ieZ(a D) such that |j —i| < ||allo}, (A.3)
Lemma A.1. Under (L), for an arbitrary vector a € R™ with at most ||al|o

non-zero consecutive entries we have for a constant v € (0,1) independent of
n,T

ka+llallo
(@' T, ()] < Cillallee Y Al (A4)
q=ka
la” Tt () = @"J (1) FEPY|| < Jla] oo [lalloy® (A.5)
la" g, 7) = (aT I () TPV < lallollalloy” (A.6)

Proof for Lemma A.1. Under (L) the matrix Z(x)Z(z) " has no non-zero entries
that are further than r away from the diagonal. Thus jn_ll is a band matrix with
band width no larger that 2r. Apply similar arguments as in the proof of Lemma
6.3 in Zhou et al. (1998) to find that under (L) the entries of J,,}(7) satisfy

sup |(J,,1 (7)), < 1y H

T,m

for some v € (0,1) and a constant C; where both v and Cy do not depend on
n, 7. It follows that

ka-+lallo
(@ T ()] < Chllallee Y Al

q=ka
and thus (A.4) is established. For a proof of (A.5) note that by (A.4) we have

ka+llallo
(@T T, (7)) < Cillallee D A1 < Cilfal|ollaf|gyFe 1l
g=ka

By the definition of Z(a, D) we find
la” g (7) = @" T H () FEPY| < Cllaloollallon™

for a constant C' independent of n. The proof of (A.6) is similar to the proof of
(A.5). |
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Proof for Theorem 2.4. By Theorem 5.2 and Condition (B1), we first obtain

w! (B(r) - Br) = —ul n(r) Y Bi(1{Y; < B(@) B,(7) -~ 7)

=1
+ op([lunln=1/2). (A7)

Let ﬁl,n(T) = ntu) g, (1) > Bi(1{Y; < B(z)'B,(1)} — 7). We claim
that

u) (U1 (1) = Un (7)) = op(|un|n=/?), (A.8)

where U, (1) := n~tu) J,, ()71 Y0 By (1{Y; < Q(Xi;7)} — 7). Given (A.8),
the process convergence of u, (B(T) — B(T)) and continuity of the sample paths
of the limiting process follows from process convergence of u,! U,,(7), which can
be shown via exactly the same steps as in Section A.1.2 by replacing Z by B
given assumptions (A1)-(A3).

To show (A.8), we proceed in two steps. Given u,, € SP'™ ', let Uy ,(7) :=
g T (1) I Bi(1Y; < QX5 7)) - 7).

Step 1: sup,cr ’ul (l~]17n(7') — ULn(T))’ = op(n~1/?), for all u, € S%”_l.
Let Io(7) == E[u, (ﬁln(T) — Uy ,»(7))] and observe the decomposition
u, (ﬁln(T) —Uin(r)) = L(7) + I(7) + Io(7).

where

Li(r) = (UIJﬂ(T) - (uzjrgl(f))(z(“nﬂ)))

(B, = P){B.(1{Y; < B(x) T8, (r)} — 1{Y; < Q(Xair) D)},
Io(r) =

(@, = P){ (u] 71 (1) TP B (1Y < B(o) T Bu(1)} - 1Y < QXD |-
For sup,cr [Io(7)|, by the construction of B8, (7) in (2.7),

sup ‘f()(r)‘
TET

wl T (r)E[Bi(1{Y; < Q(Xi )} — 1% < B gu(n)) |
<@ sup Elu'J,'(r)B|<&f sup (uTj;f(T)E[BBT]J;(T)u)1/2

ucsSm—1 ueSm—1

where the final rate follows from assumptions (A2) and &2 = o(n~'/2) in (B1).
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By (A.5) in Lemma A.1, let D = clogn for large enough ¢ > 0, we have
almost surely

€ TET v
<— || ”HOOHLITIHOn ’Yém = O(n /2)

For bounding sup, ¢ |I,(7)|, observe that
Z(UIJJf(T))(I(u”"D))Bi(l{Yi <B/ Ba(1)} - 1{Y; < Q(Xii7)})

—ZuTJ PBI PN (Y < B Bu(7)} - HY: < Q(XiT)))

= Y wl i mBIEPI Ay < B B (1)} - 1{Y; < QX))

{i:supp(B;)N
Z(un.D)#0}

= > A @By < BIB(n)} - 1{Y: < Q(Xis 7))

n-m

(B (D)) _gy

—ZuTJ PBEE 1y, < (BE )18, (n)} - 1Y < QX))

—ZuTJ (MBI (1fY; < B B, (r)F P} - 1{Y; < QX 1)},
(A.9)

where the third equality follows from the fact that BEI(U"

B (4n:D))

D)) # 0 can only

happen for ¢ € {i : = 0}, because B can only be nonzero in r
consecutive entries by assumption (L), where Z'(u,, D) = {1,...,m}—Z'(u,, D)
is the complement of Z'(u,, D) in {1,...,m}. By restricting ourselves on set
{i: BEI (D)%) 0}, it is enough to look at the coefficient B, (1) (Wn:2) in
the last equality in (A.9). Hence,

f161£;|]2(7)| < ||]P)n - PH55(1(11,,“13),1'(“,”,13))

where for any two index sets Z; and Z}

G5(11, 7)) = {(X,Y) = a"B(X) ™) (1{y < B(X) b} - 1{y <Q(X;7)})
|7' eT,beR™ ac Sm_l}.
With the choice of D = clogn, the cardinality of both Z(u,,, D) and Z'(u,, D)

is of order O(log n). Hence, the VC index of G5(Z(uy,, D), ' (u,, D)) is bounded
by O(logn). Note that for any f € Gs(Z(u,,D),Z'(u,, D)), |f| < & and
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[ fllzo(Py S €n- Applying (D.3) yields

P(supfa(r)| < O (20EIE ) EnllOBn] (St 2, o)

reT n n n n

>1—e.

Taking ,, = C'logn, &2 = o(n~/?) and £, (logn)® = o(n) in (B1) implies that
sup, 1 | To(7)] = op(ni/?).

Step 2: sup ¢y |u) (Uin(7) — Un(7))| = op(n=1/2), for all u, € SP~".
Observe that

u) (Ui (1) = Un(7))

= %({uz(jm(ﬂ’l _ Jm(r)*l)} - {ul(j‘m(T)ﬂ _ Jm(T),l)}(I(un,D))>

S TUBi({Y: < Q(Xi57)} - 7)

i=1

] () = ) )} S B < QX)) - 7)

i=1

=: E,(T) + T4(7').

Applying (A.5) and (A.6) in Lemma A.1 with D = clogn where ¢ > 0 is chosen
sufficiently large, we have almost surely

sup |F3(r)| < (sup [ul T () = (u] T (7)) PP
TeT TET
- sup [[ul i (r) = (] g (1) Fee PV g
TET

< 2||unH00HunHOnClogﬁyfm =0(n_1/2). (A.lO)

Now it is left to bound sup,c+ ‘:7;(7')| We have

B(r) = 23 {ul () = I )} F PB4 < QX - 1)

= %iul (T ()7 = T () ) B PV (AY; < Q(Xi 7)) - 1),
i=1

Hence,
525‘14(7)‘ < 51619 Huz (Jm(q-)—l _ Jm(r)—l) HHP” - PHgg(z(un,D))-g4
where for any Z,

Go(Z) = {(B,Y) —a ' BOL{|B| < &, }aec ™'},
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Gy = {(X, Y)—1{Y; <Q(X;7)} — T’T € T}.

The cardinality of the set Z(u,, clogn) is of order O(logn). Thus, the VC index
for Go(Z(uy, D)) is of order O(logn). The VC index of G4 is 2 (see Lemma D.4).
By Lemma D.2,

A||F||L2<Pn>>”°<">
E b

N(Go(Z(wn. D)) - Ga. Ly(Pn); ) < (

where vg(n) = O(logn). In addition, for any f € Go(Z(un, D)) - Ga, |f] < ém
and [|f[|z,(p) = O(1) by (Al). Furthermore, by assumptions (A1)-(A2) and the
definition of ¢,,

||u,f(fm(7)—1 — T (1) ]| € Edmax(EBX)B(X) ') f < €. (A.11)

By (D.3), we have for some constant C' > 0,

P(Sup|]2 |<an{(M)l/2+ Em(logn)® (@)WJF@D

reT n n n n
>1—e

Taking k,, = C'logn, an application of (B1) completes the proof. O

Proof for Example 2.3. As Jy,(7) is a band matrix, applying similar arguments
as in the proof of Lemma 6.3 in Zhou et al. (1998) gives

sup |(J 1 (1)) < Cryti =7, (A.12)

T,m

for some v € (0,1) and Cy > 0. Let kp(,) be the index of the first nonzero
element of the vector B(z). Then by (A.12), we have

kB (a)+IB(@)llo

sup |(B(z) T, (1) < CiIB@)oe DS AV

T,m i
J'=ku,

and also

m kB +HIB(@)lo

supE[B(z) " J,,! (1)B(X)| < C1||B(x )HoomaxIE|Bl |Z Z AN =il

T,m
=kB(z)

(A.13)

Since ||B(z)l|p is bounded by a constant, the sum in (A.13) is bounded uni-
formly. Moreover, in the present setting we have |B(z)| = O(m'/?) and
max; <, E|B;(X)| = O(m~'/2). Therefore, for each m we have

sup EB(z)"J,

m (T)B(X)| = 0(1). O
TET ,x€X
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Proof of Remark 2.6. Consider the product B;(x)B; (z) of two B-spline func-
tions. The fact that B;(z) is locally supported on [t;,t;4,] implies that for all
J' satisfying |j — j'| > r, B;(x)Bj/(z) = 0 for all z, where r € N is the degree
of spline. This also implies J,,(7) and E[BBT] are a band matrices with each
column having at most L, := 2r + 1 nonzero elements and each non-zero ele-
ment is at most r entries away from the main diagonal. Recall also the fact that
Max; <, sup,eg | Bj(t)| < m'/? (by the discussion following assumption (A1)).
Define J,, p(7) := D,,(7)E[BBT], where matrix

D (7) := diag(fyx (Q(t5; T)lt;), j =1,...,m),

and R, (7) := J(7) — I, p(7). Both Jy, p(7) and R,,(7) have the same band
structure as J,, (7). For arbitrary j,j' = 1,...,m, 7 € T and a universal constant
C >0,

[(Rm (7)1
= [E[B;(X) B (X){ fy1x (QX;7)|X) — fy1x(Qt;; 7)It;) }]|
< 21‘nfcmxsup|Bj(t)|2

J<m 4R

/0 1{|$ —t;| < C%}|f¥x(@($37)|x) = Iyix Q5 7)|t5)| fx (x)da

1
<2Cm 1{|x—tj|<CL}|x—tj|dx
0 m
=0(m™1), (A.14)
where the second inequality is an application of the upper bound of

max sup | B; ()] < m!/?
J<m teR

and the local support property of B;; the third inequality follows by the as-
sumption (2.10) and bounded fx(x). This shows that

~max sup |(Ry(7));,0] = O(m™).
5i'=1...om e

Now we show a stronger result that sup, . || R (7)|| = O(m~1/2) for later
use. Let v = (v1, ..., vy, ). Denote k; the index with the first nonzero entry in the
jth column of R,, (7). By the band structure of R,,(7),

sup || Ry (7)]I?
TeT

m kj+Lr_1 2
—sup s [RavE=sw s Y (Y wlRa(rs)
TET veSm—1 ? TET veSm—1 jzz:l szj !
< sup max |(Rm(7'))j’j/|2m = O(m_l), (A.15)

reT 4’
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where the last equality follows by (A.14). Note that from assumptions (A1)-(A3)
that

fminz\471 < )\min(Jm,D(T» S )\max(Jm,D(T)) < f_M (A]-G)

uniformly in 7 € T, where the constant M > 0 is defined as in Assumption
(Al). Using (A.16), assumptions (A1)-(A3) and (A.15),

17521 (7) = T p (O < 1 p (D0 (7) = Ton (D1 ()
S sup | ()| = O(m="/?)

uniformly in 7 € T.

Without loss of generality, from now on we drop the term 7 A 75 — 717
out of our discussion and focus on the matrix part in the covariance function
H (71, m2;1,) defined in (2.8). From (A1) we have |[E[BBT]| < M for some
constant M > 0 so for any 7,75 € T,

a2 juy T (r)EBB T (r2)wn — ) Jin,p(71) T EBB |, p(72)

< sup HRm(T)H sup ||IE[BBT]Jm’D(T)_1H
TeT T€T

+ sup HRm(T)H sup HE[BBT]Jm(T)_lH
TeT TET
= O(m~1/?). (A.17)
Moreover, note that

u;ler,D(Tl)_lE[BBT]J»,mD(Tg)_lun = uIDm(Tl)_lE[BBT]_le(Tg)_lun
(A.18)

If u,, = B(x), observe that for [ = 1, ..., m, as suggested by the local support
property, we only need to focus on the index [ satisfying |« — ¢;| < Cr/m, for a
universal constant C' > 0. We have

(B(2) "D (7)) = Bi(2) fyx (Qti; 7)) "
= Bi(z) fyx (Q(z;7)|x) ™" + R (1), (A.19)

where by assumption (2.10), |R'(t;)| < max;j<,, sup,ep |B;(0)|Cfoile — t] =
O(m~'/?). Therefore, the sparse vector

B(2) " D (1) 7! = frix(Q(257)|2) ' B(2) " + ap(),

where ag(,) € R™ is a vector with the same support as B(z) (only r < oo
nonzero components) and with nonzero components of order O(m~=1/2). Hence,
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lap(s) || = O(m~%/2). Continued from (A.18), for any z € [0, 1],
IB(2)|7*B(2) " Dyn (1) 'EBBT] "' Dy (12) ' B(z)

B 'EBBT'B()
fyix(Q(z;m)|2) fyx (Qz; 72) |)
o | sup [[E(BB] ™ Do ()|

< |B@)|

+[[B(@)|| " la@)|[|[EBB ]|/ fuin
=0(m™1).
We observe that B(z) "TE[BB"]~!B(z) does not depend on 71 and 73 and can be

treated as a scaling factor and shifted out of the covariance function as (2.11).
Therefore, we finish the proof. O

A.3. Proof of Theorem 3.1
Observe that
a;() —a;() =ef 3T() =)
where e; denotes the j-th unit vector in R™** for j =1,..,m + k, and
w,, (BY(m) = BL(1)) = (07, W, )FT(-) =¥ ())-

Let hl (w,7) = Z(w) T B} (7). The following results will be established at the end
of the proof.

sup ]E[e;er(T)_1Z(1{Y <Q(X;7)} —1{Y <a(r)"'V +hl (W, 7')})}

)

=o(n™1/?) (A.20)
sup (O, w, /I wall) 1 (7)"E[Z(LY < Q(X:7)}
~ 1Y <)V 4 RLW DD = ot 12). (A21)

From Theorem 5.4, we obtain that under Condition (B1’)
ef (31(r) =A(1)) = =07 2e] T (1) ' Gu (U (5% (7), 7))

+op(n™V?), j=1,..k (A.22)
O, wi) AN (T) =¥ (1) = =n 200, W, ) T (7) MG (P (545 (1), 7))
+op(n~1?) (A.23)

uniformly in 7 € 7. Equation (A.20) implies that for j =1,...,k
e] Jo(7) 'E[(Y;, Zi v, (1), 7)]
=e] Jn(T) 'E[L{Y; < Q(Xi;7)} — 7] + o(n™V/?)

= o(n_l/Q).
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Following similar arguments as given in the proof of (2.2) in Section A.1.1,
(A.20) and (A.22) imply that

n

e (1) —Ah(7)) = —n"re] Ju(r) 7Y Zi(1{Yi < Q(Xis )} 1) +op(n ),
i=1

for j =1,...,k uniformly in 7 € 7. Similarly, by (A.21) and (A.23) we have
lwall =", (BT (7) = BL(7)

= =N OF, W Tt w ) ()T Y Zi(1{Y: < Q(Xis )} — 1) +op(n ).

i=1
Thus, the claim will follow once we prove

Gi(-) = (Gn1()s s G () G () ~ G() in (€°(T))

G j(r) i=—n""2e] Jn(r) ' Zi({Y; <Q(Xi;7)} —7), j=1,..k

i=1

and
n
G (7) = =Wl 7 0 V2O, W) T (7)1 D Za(1{Y; < Q(Xi7)} — 7).
i=1
We need to establish tightness and finite dimensional convergence. By Lemma
1.4.3 of van der Vaart and Wellner (1996), it is enough to show the tightness of
Gy,;’s and G, 5, individually. Tightness follows from asymptotic equicontinuity
which can be proved by an application of Lemma A.3. More precisely, apply
Lemma A.3 with u,, = e; to prove tightness of G, ;(-) for j = 1,....k, and
Lemma A.3 with u}) = (0], w,]) to prove tightness of G, »(wp;-). Continuity
of the sample paths of G, j,(wo;-) follows by the same arguments as given at
the beginning of Section A.1.2.
Next, we prove finite-dimensional convergence. Observe the decomposition

Go(r) = _n—l/QZ{ < M (1)~ (V; — A(T)Z(W;)) > (1{}/2 <Q(Xi7)} — 7.)

SN\ wall ™ w, Mo (r)  Z(W7)
et )y
where

pi(1) =~ wall "t wiy A() "M () TNV = A(Z(W) (HY: < Q(Xis7)} — 7).
By definition, we have E[p;(7)] = 0 and moreover
E[p (7)) Sliwnll "Wy A7) T Mi(r) ™
E((V; = A(MZ(W))(Vi = A()Z(W2)) "[Mi () A(r)w,.
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Since fy|x(Q(X;;7)|X) is bounded away from zero uniformly, it follows that
IE[(V; — A(T)Z(Wi) (Vi = A(T)Z(Wi)) "]l < FrninAmax (Mi (7)) < o0,

by Remark 5.5. Moreover, by Lemma A.2 proven later, ||A(T)w,| = O(1) uni-
formly in 7, and thus by ||w,| — oo, sup, <7 E[¢?(7)] = o(1). This implies that

n~Y23" (1) = op(1) for every fixed T € T. Hence it suffices to prove finite
dimensional convergence of

SV " My (1)~ (V; — At )Z(Wz)) | o
;( Wl = w,l My (1) Z(W;) > (1{Y; < Q(Xy 1)} — 7).

Observe that E[M (1)t (hyw (W;; T)*A(T)z(Wi))(l{Yi < Q(Xi; T)}*T)] =
0 and by assumptions (A1)-(A3), (C1)

jtelgE[llMl(T)’l(hvw(W;T) — A(T)Z(W)|?]

< sup E[ll fy1x QX5 1) X) (hvw (w; 7) = A(T)Z(W))|[*] = o(1).

1
TET fmm mm(Ml( ))

Thus, n~1/2 S M (7)Y hyw (Wi T) —A(T)i(Wi)) (1{Yi <Q(X;;7)} —7') =
op(1) for every fixed 7 € T. So, now we only need to consider finite dimensional
convergence of

Zﬂ’i(ﬂ =

,1/2 V hvw(Wl,T)) : IR
Z( |wn|| L] My (7)1 Z(W5) )“WzﬁQ(Xu )} 7). (A24)

Note that

E[t; (11)i(12) ] = (11 A 1o — T172) ( I'11(71,m2) +0(1) Tia(m1,72) ) 7

Flz(Tl,Tz)T P22(7_177—2) +0(1)

where T'12(71, 72) := ||y | UE[M1(12) =1 (Vi = hyw (Wi 1) )W) Ma(72) " Z(W;)].
We shall now show that T'y2(71,72) = o(1) uniformly in 71, 79. Note that from
the definition of hyw (W;7) in (3.4), by standard argument we can write

hvw (W) = E[f(Q(X; 1) X)[W]T'E[V £(Q(X;7) | X)[W]. (A.25)

From (A3) we obtain E[f(Q(X;7)[X)|W] > fuin > 0, and from (C1), (A2)
it follows that [E[VW) f(Q(X;7)|X)|W]| < Cf = O(1), i.e. the components of
hyw (W;T) are bounded by a constant almost surely. Hence,
12 (71, 7o)l = [lwall M1 (71) T BI(V; = hyw (Wi 7)) W, Mo (72) ™ Z(W3)]|

< Wl THIM (71) THIELV: = hyw (Wi 1)) Wy Mo (72) " Z(W5)] |



Quantile processes for semi and nonparametric regression 3303

S Iwall TE[IV; = hvw (Wi 1) lllw,) Mo (r2) ™ Z(W5)]]
S w7 E[jw, Ma(72) " Z(W5)]
= o(1),

where the third inequality applies the lower bound for inf c7 Apin (M1 (7)) in Re-
mark 5.5; the fourth inequality follows from sup; ;< , V)| + |h§;%,V(W, )| <
oo a.s., while the last equality follows by the assumptions of the Theorem.

Now we prove the finite dimensional convergence (A.24). Taking arbitrary
collections {7, ...,7;} C T, c1,..,c; € RF1 we need to show that

S /G =Y

Jj=1 Jj=11i=

n

J
T d
c; Yi(rj) = E c;j TG(r
1 j=1

Define V; ; = ZJ 1€, i(7;). Note that E[V; ;] = 0 and |V; ;| S n='/2,.
Using the results derived above, we have

var(Vi.j) = o(n -1 Z Tj A\ Ty TjTj/)C;I—F(Tj,Tj/)Cj/,
Jj'=1

where I'(7;, 7;/) is defined as (3.11). If ij, V(15 AT = 1mi)e ] Ty, 7y e =
0, then the distribution of ZJ 1€ TG(r;) is a single point mass at 0, and

ZJ 1€ 1G, (1) = Zj:l Yol c Tap;(;) converges to 0 in probability by Mar-

kov’s 1nequahty
_1J
Ifn=t > =1 (TiATy —TjTj/)C;rF(Tj, 7;r)c;r > 0 define siﬁ, =37 var(Vi ).
We will now verify that the triangular array of random variables (V; j)i=1,...n
satisfies the Lindeberg condition. For any v > 0 and sufficiently large n, Markov’s
inequality gives

ZE Visg>v)] S ,QRS;QJJE [1(Vi,; >v)] S ffns;fjv_zn_lsiw

where £2,n7! = 0(1) by (B1’). Thus the Lindeberg condition holds and it follows
that

M i N(0,1).

Sn,J
Finally, it remains to prove (A.20) and (A.21). Begin by observing that
B[V~ ARZOV)) (Fyx (QUX;7)IX) = Fypxe((n)TV + (W, 7)1 X)) ]|
< [EL0 = A0ZV) fy i (@i 11X (W, 7) = 81 (r) TZ0V)) |
+ BV = AZOV)) £ (@7 (X, 1) X) (W, 7) — B (1) T2OV)) ]|
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S [Elvw Wir) = ARZW) frx QX )| X) (W, 7) = BLA) TZW))] |

+cf?
S AE[|hvw (W,7) = ADZW)|| fy1x QX 7)) | + ]2

= O(ch A\ +cf?), (A.26)

where the first inequality is an application of Taylor expansion, with QT(X;,7)
lying on the line segment of Q(X;7) and a(7)"V; + hl (W;, 7); the second in-
equality is the result of the orthogonality condition (3.5), Condition (A2), Con-
ditions (C1)-(C2); the third inequality follows from Conditions (A2), (C1), and
the last line follows from condition (C1) and the Holder inequality. For a proof

of (A.20) observe that by (5.10) e‘;—Jm(T)*lz = e;.'—Ml(T)*l(V — A(T)Z(W))
for j =1,...,k. Thus we obtain from Remark 5.5

[Ele] (1) Z(1{Y £ QUX;7)} = 1Y < a(r) TV + bW, 7)}]|
— )ejTMl(T)_l
E[(V = A(T)ZW)) (Fypx QX 7)IX) = Fype(a(n) TV + (W, 7)1 X))] |
= O(chhn +c2),
To prove (A.21), without loss of generality, let |w,|| = 1. We note that by (5.10)
(08, W, ) Jin (7)™ 2
= —w, A(7) " My(7)" (Vi — A()Z(W;)) + W,y My (7) " Z(W).
From (A.26), (5.11) in Remark 5.5 and Lemma A.2 we obtain
B[,y A(r) "M (7) 7 (Vi — A(r)Z(W;))
(1{¥; < Q(Xis7)} — 11Y; < a(r) Vi + B, (W, 7))
= O(cf M\, + ¢f?). (A.27)
Moreover,
[B[w, Ma(r) 2OV (1Y < Q(Xis7)} — 14, < alr) Vi B (W, 7))
< [ Wi Ma ()" E[Z(W2) fy x (Q(X3: 7) | X) (h(W, 7) = BL(r) T Z(W))]|
[ Ma(7) R [Z(W) £ (@1 (X3, 1) X) (W, 7) = BL() T Z(W)) Y|
= [B[w, Ma(r) " ZOW) £y Q1 (X, ) X) (W, 7) = BL(7) TZ(W) ]|
S E[jw Ma(r2) ' Z (W) el = of [wallcf2), (A.28)

where the first inequality follows from the Taylor expansion with QT(X;, 7) lying
on the line segment of Q(X;7) and (1) V; + hl,(W;, 7); the second equality
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follows from the first order condition of (3.3), and the last line follows Conditions
(A2), (C1) and the conditions of the theorem. Combining (A.27) and (A.28),
and (B1’) we obtain (A.21).

Lemma A.2. Under Assumptions (A1)-(A3), (C2) and

sup E[|Z(W) T M () " wa|] = o([wa]),
TET

we have

SI;IOHA(T)WnH2 = o([lwnl]) (A.29)

Proof for Lemma A.2. By the first order condition for obtaining A(7),
A(7) = Elhvw (Wi 1)Z(W) T fyx (Q(X;7)|X) My (7)1,

By the orthogonality condition (3.5),

AT Wl = [Elhvw (W5 T)ZW) T fyx (QX;7)| X)) Ma(r) " w, |
— Bl (Wir) =V + V)ZOV) T fyx QUG DM (1) w, |
= [EVZW) " fyx (Q(X;7) | X)] Ma(7) i |-

By the assumption that at fixed j, |V;| < C, the uniform boundedness of the con-

ditional density in (A2), and the hypothesis sup, o7 E[|Z(W)T My(7) " w,[] =
ollwnll),
Sug]EHVjZ(W)T]%(T)_lwn|fY|X(Q(X;T)|X)]
TE
< FC sup BIZ(V) Ma(r) wall = offwal). (4.30)
TE

This completes the proof of (A.29) by noting that sup, o ||Ma(7)7 || = O(1).
O

A.4. Asymptotic tightness of quantile process

In this section we establish the asymptotic tightness of the process n'/?u,) U, (1)
in £°°(T) with u,, € R™ being an arbitrary vector, where

Un(r) =n""JN (1) > Zi(1{Y; < Q(Xy;7)} — 7). (A.31)
=1

Note that the results obtained in this section, in particular Lemma A.3, apply
to any series expansion Z = Z(X;) satisfying Assumptions (Al).

The following definition is only used in this subsection: For any non-decreasing,
convex function ¥ : Rt — RT with ®(0) = 0, the Orlicz norm of a real-valued
random variable Z is defined as (see e.g. Chapter 2.2 of van der Vaart and
Wellner (1996))

|Z||¢ = inf {C > 0:E®(|Z|/C) < 1}. (A.32)
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Lemma A.3 (Asymptotic Equicontinuity of Quantile Process). Under (A1)-
(A3) and £2,(logn)? = o(n), we have for any € > 0 and vector u,, € R™,

lim limsupP<||un||_1nl/2 sup u, U, (1) —u) U, (7 )‘ > E) =0,
020 pnooo T1,72€T,|T1—72| <6
(A.33)

where U, (1) is defined in (A.31).

Proof of Lemma A.3. Without loss of generality, we will assume that u, is a
sequence of vectors with ||u,|| = 1, which can always be achieved by rescaling.
Define

G (1) :=n'?ul U, (7).

Consider the decomposition
u, U, (1) —u) U, ()
=ty (1 (1) = T (1) D Ze(U{Y; < QX)) — 1)

+n "ty gt TQ)ZZiAi(TlaTQ)a

where
A, 1) =Y, <QXym)}—n — (H{Y: <Q(Xi;m)} — ).
Note that for any L > 2,
T7-1 AL L < L—2 T 71 A 2
E |unJm (TQ)ZiA»L(Tl,TQ)| 5 IE |ll J TQ)Z A (Tl,T2)|
= ¢80 I N ()E[ZiZ) Ai(m,72)?] T (),
55# 2‘7’1 —7'2|. (A34)

By the Lipschitz continuity of 7 + J,,1(7) (cf. Lemma 13 of Belloni et al.
(2016)) and positive definiteness of J,,!(7), we have

751 (11) = T () || = ([T (r2) { T (1) = Tin (72) } T, (1) |

i -2
filn 1= 7ol f A on (7)) Aunan(E[ZZT]),

where || - || denotes the operator norm of a matrix. Thus, we have for L > 2,

B[ [u {5, () = . () }Za(1(Y: < Q(Xi7) = 7)]["]

S €5 Jul {01 (1) = I (1)} 210 < Q(Xis ) - 7) 7]
< €52 |Ju {5 () — I (1) Y2 ]

=& g {50 (n) = I () YE[Z:2] [{ 51 (n) = T35 (72)
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<&m H{J Im TZ }E[Z ZT] {J ‘]7711(7-2)}”
S &% m — 2|2~ (A.35)
To simplify notations, define
‘771,1'(7—17 72)
= u;Lr{J,;l(T 7'2 }Z (Y, <QXi;7)—71)+ u;J;l(Tg)ZiAZ—(ThTQ).
Combining the bounds (A.34) and (A.35) yields

E[[V.i(r, m)[2E] /2
< Bl Jy (m)Z:Mi(m, Tz>|2L] v
L E[jul {51 () — T () Ze(L(Y < QX 7)) — )[PE] P
< (5,%1@_1”7'1 3 72|)1/2L- (A.36)

Note that (A.36) holds for all positive integers L > 1. By the fact that G, (1) —
Gn(me) = n~ V23"V, (11, 7) and EV,, ;(11,72) = 0, we obtain from (A.36)
that

E[|Gn (1) — Gp(12)|?H]

ot (in)”

= ’rL—L ( ZE[‘f}n’i(Tl, 7'2)2L:I
i=1

+ Z Z nzl 7—1;7-2)2L QZ]E[Vn 12(7—1’7—2)2l]

l=1 1<iy,is<n
i17#ig

+ Z Z ]E[‘N/ml (11, 7'2)2L_2(ll+l2)]

l1+la<L 1<iy,ig,ig<n
I1=1,lp=1 i)H#ig#ig

E[‘N/n in (71, TQ)QZI}E[‘N/n 15 (11, 72)%"?]

+ .+ Z HIE i (T1, T2) })

n
<Cpnt (nfﬁl@_l)h — 7| + <2>§72,5L_1_1)|T1 — 7

+ (g) 572,5L—1_2)|7'1 — T2|3 + ..+ (Z) |71 — 7'2|L)

L1 2(L—k-1)
m k1
S Z (L—k—1) [m =77
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In particular we obtain for |1 — 7| > €2, /n,
E(|Gn(11) = Gn(m2)[?*] S |11 — 72| ™. (A.37)

For ¥(z) = 22l the above equation implies that the Orlicz norm (defined in
(A.32)) of G, (11) — G(72) satisfies

IGn (1) = G(r2)llw S 11 — 72|/,
Let d(r,7") = /|7 — 7’|, which is a metric on 7. The packing number D(e, d)

of T with respect to d satisfies D(e,d) < 1/€2. Let @, = 2&,,//n — 0 asn — oo.
We have

w w 1—-L~ ! — 1—-L~t
2)
(D < “Lge = & _ @/ . (A.38
/wn/Q (Dle.d)de 5 [Jn/z R -1 (A.38)

For w > 0,
1
YD (w,d) <! (F) =w Yk, (A.39)

Therefore, applying Lemma D.1 yields for any § > 0

sup  |Gn(11) = Gu(m2)| = sup Gn(71) = Gn(72)]
|71 —72|<8 |1 —T2|1/2<61/2
< S1n(d)+2 sup |G (') — Gu(1)],

|7 =7 |12 <@y, TeT

(A.40)

where 7 C T has at most D(@,,d) < @;2 points and S1n(6) is a random
variable that satisfies

P(|S1.n(d)] > 2)

. _1\ 2L
S <Z|:8K</ \I}_l(D(E7d))d€+((51/2_’_2@”)\11—1(D2(w’d))):| )
Wn /2
1—r~ 1 @ 11 B -
< (u{_L_l — e + (012 4+ 2w 2/L>2L (A.41)
~ z . .

for a constant K > 0. Let w = and L = 6. As n — oo, w > @w,. We obtain
lims_o limsup,, _, oo P(|S1,,(0)] > 2z) =0 for any z > 0.
To bound the remaining term in (A.40), observe that

sup [Gu(7) = Ga(r)[=  sup  [Ga(7') — Gal(7)]
d(T,T’)SQn,TE% |T—T’\§@ﬁ7re%
< Sup |Gn(7-/) - Gn(T)l

|r—7"<&@2,7,7'€T
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Now by Lemma A.4 we have

P( sup |G (7)) — Gp(7)| > ’/’n(lin)> < e fn,
|7/ —7|<@2,7,7'ET
where
— Ol 10g1/2 Em 4 Em g @ /25, 4 Sm A42
Tn(Kn) C|:wn og o + \/— + Ky \/ﬁ/{n ) ( )

for a sufficiently large constant C' > 0. Take x,, = logn. Since @, (logn)'/? =
2¢,,(logn)2/\/n = o(1) and &, log(n)/\/n = o(1) by assumption, it follows
that r,(logn) — 0. Therefore, we conclude from Lemma A.4 that

sup |G (7") = Gu(7)| = 0p(1). (A.43)
d(T,T’)S@n,TE%

Applying bounds (A.41) and (A.43) to (A.40) verifies the asymptotic equicon-
tinuity
lim limsupP( sup  |Gp(11) — Gp(m2)| > z> =0

6=0 n—oo |71 —72| <6
for all z > 0. O
The following result is applied in the proof of Lemma A.3.
Lemma A.4. Under (A1)-(A3), we have for any k, >0, 1/n < <1,

P( sup sup  |u, U, (t+h) —u U, (7)| > Cr, (6, /in)> < 3e ",
0<h<d T€[e,1—€e—Ah]

(A.44)
where Ky, > 0, Uy (1) is defined in (A.31) and u,, € R™ is arbitrary, and
(0, Kin)

5 e\l G NG
= ol (510 52) " B 10 S gl

To prove Lemma A.4, we need to establish some preliminary results. For any
fixed vector u € R™ and ¢ > 0, define the function classes
Ga(w) := {(Z.Y) = 0 Jou (1) Z1{|Z] < &} |7 € T},
G ={(X,Y)=» 1{Y; <Q(X;7)} —7|r € T},
Go(w,8) i= {(Z,Y) = 0 {Jn (7)™ = Ju(r2) " YZL{|Z] < &}
71,72 € T, |11 — 72| <6},
G(0) = {(X,Y) =» H{Y; < Q(X, )} - L{Y; < Q(X,72)} — (11 — 72)
|7'1,7'2 €T,|n —m| <6}
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Denote Gz, Gg and G as the envelope functions of G3, Gg and Cr, respectively.
The following covering number results will be shown in Section D.2: for any
probability measure @,

C
N(€l|GsllLy(q)» Is(), L2(Q)) < 60, (A.45)
Co\
N(elGellzz(@, Go(u,0), L2(Q)) < 2{ = | (A.46)
A7\
NGl @, 07060, L2(@) < () (A7)
where Cj = ﬂf;—,n% < oo given Assumptions (Al)-(A3), and

A7 > 0 is a constant. Also, G4 has VC index 2 according to Lemma D.4.

Proof of Lemma A.j. Observe the decomposition

u U, (1) — ) Up(rz) = Li(m1,72) + Ix(m1,72),

where

n

11(7'1,7'2) = n_luI{Jm(ﬁ)_l — Jm(TQ)_l} ZZz(l{YZ S Q(Xi,Tl)} — 7'1)7

Iy (11, 72) == n_luIJm(Tg)_1

D (1Y £ QX )} — 1Y € QX)) — (= 7).

i=1

Step 1: bounding [ (1, 72).
Note that SUPr) mpeT |m —72|<6 |I1 (T1’7—2)| < ||HD71 - P||ge(‘-lm§)'g4’ where

Go(up,0) - Ga = {ug{Jm(ﬁ)*l — T(m2) 2 (1{Y; < Q(Xi,73)} — 73)

‘7—177-2’7-3 S T7 |Tl - 7-2| S (S}
Theorem 2.6.7 of van der Vaart and Wellner (1996) and Part 1 of Lemma D.4
give

A
N(e|Gall Ly, Gas La(Pr)) < ?4

where the envelope for G4 is G4 = 2 and A4 is a universal constant. Part 2 of
Lemma D.4 and Part 2 of Lemma D.2 imply that

244 /205 \ 2 A2\ 3
N (e GoGallaenys Go(tins 8) - Gy La(Po)) < —4(—0) < (A) 7

- € € €
(A.48)
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where 2Ai/ 3C’§/ < C for a large enough universal constant C' > 0. To bound
SUD fegy (up,8)-Ga | fllz2(p), note that

E(u] {J (1) = Jon(m2) "2 (1{Y; < Q(Xii73)} — 7))
§4||un||2>‘maX(E[ZZT])[irelg,)‘min(JM(T))]_QCg52 < C||un||2527

for a large enough constant C'. In addition, an upper bound for the functions in

Gs(uy,,0) - Gy is

28m [lun || [Tirelg,Amin(Jm(T))]ilCO(S < Co&mlunll,

and we can take this upper bound as envelope.
Applying the bounds (D.2) and (D.3) and taking into account (A.48), for any
u, and § > 0,

log(ém
n

12 §l|u, Em
BB, — Plog, oo, < e [[lua (25 ) 7 Al 1o )] (4,10

Finally, for any &, > 0, let

Tn,1 (57 Kfn) =

_ 1 12 §llup/ém Fon \ 1/2 6wy |&m
|l (5 t0s6) " + 1 by (22) g el
for a sufficiently large constant C > 0. From this, we obtain

P{ sup |1 (71, 72)] > 191(9, lin)}
T1,72€T,|T1—T2|<d
< P{IIPy — Pligs(u,.6)-05 = Tn,1 (8, kn) } < e

Step 2: bounding I>(71, 72).
Note that sup,, ,,e7 7 —rj<s H2(71,72)| < [|[Pn — Pllgs(u,)-6-(5), Where

Gs () - Gr(0)
= {0l g ()72 (1Y < Q(Xi,m)} - 1Y £ Q(Xism2)} = (11— 72))|

T1,T2, T3 € T, |11 — 72| < 5}.
Lemma D.3, Part 2 of Lemma D.4 and Part 2 of Lemma D.2 imply that

2C (247\° _ (202 A3\ ?
N (GG, Gala) G, La(Po)) < 200 (27 < (2°A)
(A.50)
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where 203/3A$/3 < C for a large enough constant C' > 0. In order to bound
SUP feg, (u,)-07(5) I fll22(p) note that

E ()] o (75) " 2 (1{Y; < Q(Xi,71)} — 1{Y; < Q(Xi,7)} — (11 — 7))
< 31t | Mnae (BIZZ ) [0 A (T (7)] 726 < C'fuan %5,

Moreover

sup sup || flleo < 2[[up||&m]inf /\min(‘]m(T))rl < Cllunllém
FE€Gs(un)-Gr(9) TeT

for some constant C. Applying the bounds (D.2) and (D.3) and taking into
account (A.50)

6. a2 unllém ;  Em
E|[Po = Pllgy . r(0) < 1 |Jual| (Flog 2% ) 4+ BB 0g L] (A51)

Ve Ve
For any K, > 0, let
Tn,2(6a Kln)
00 Em\Y2 [[unllm ,  Em 0\ [ [Em
- n _ 1 - 1 n - hn
= Il (D1og 7)1l g S, LIl

for a constant C' > 0 sufficiently large, we obtain

P{ sup [I2(T1,72)| > rn2(6, /in)}

T1,72€T,|T1—T2|<8

< P{Py = Pllg,(u,)G:(8) = Tn2(8, 6n) } < €7

Finally, r,1(d, £5) < 7n2(d, £,,) when § < 1. Hence, we conclude (A.44). O

A.5. Proof of Corollary 4.1

As the argument x¢ in Q(zo;7) and Fy|x (y|zo) is fixed, simplify notations by
writing Q(zo; 7) = Q(7), Q(zo; 7) = Q(7) and Fy|x (y|wo) = F(y), Fy|x (y|zro) =
F(y) as functions of the single arguments in 7 and y, respectively. From Theo-
rems 2.4, 3.1 or Corollary 2.2, we have

. (Q() = Q(-)) ~ G(-) in £=([rp, 1)), (A.52)

where a,, and G depend on the model for Q(z;7) and G has continuous sample
paths almost surely. Next, note that for y € )

an(F(y) = F(y)) = an(®(Q)(y) — 2(Q)(y)).

Fmally7 observe that ®(f)(y) = 7 + (7v —71.)(®* o R)(f)(y) where ®*(f)(y) :=
fo 1{f(u) < y}du and R(f)(y) := f(r,+y(r7v —7)). The map R : £>((71, 7))
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— £>°((0,1)) is linear and continuous, hence compactly differentiable with de-
rivative R. The map ®* is compactly differentiable tangentially to C(0, 1) at any
strictly increasing, differentiable function fy and the derivative of ® at fj is given
by d®% (h)(y) = —h(f5 W)/ (5 (y)) - see Corollary 1 in Chernozhukov
et al. (2010). Hence the map ®* o R is compactly differentiable at any strictly
increasing function fy € £°°((7,7y)) tangentially to C(7r, 7). Combining this
with the representation ®(f)(y) = 72+ (v — 7)(®* o R)(f)(y) it follows that &
is compactly differentiable at any strictly increasing function fo € £°°((7r,,7v))
with derivative d® s, (h)(y) = —h(fy ' ())/f5(f5  (y)). Thus weak convergence
of a, (ﬁ(y) — F(y)) follows from the functional delta method.

Next, observe that ¥(f) = O o ®(f) where O(f)(r) = inf{y : f(y) > 7}
denotes the generalized inverse. Compact differentiability of © at differentiable,
strictly increasing functions fj tangentially to the space of contunuous functions
is established in Lemma 3.9.23 of van der Vaart and Wellner (1996), and the
derivative of © at fy is given by dOy, (h)(y) = —h(fy *())/f5(f5 (). By the
chain rule for Hadamard derivatives this implies compact differentiability of ¥
tangentially to C(77,, 7y). Thus the second weak convergence result again follows
by the functional delta method. O

Appendix B: Technical remarks on estimation bias

Remark B.1. In this remark we show the bound ¢, = o(m~ ") for univariate
spline models discussed in Example 2.3, as well as ¢, = O(m~nl/ k/) for partial
linear model in Section 3. We first show the latter. B

Assume that W = [0,1]¥', that h(;-) € A7(W, T) and that Z corresponds to
a tensor product B-spline basis of order ¢ on W with m?/ K equidistant knots
in each coordinate. Moreover, assume that (V, W) has a density fyw such that
0 < infy, o fy,w(v,w) < sup, ,, fv,w (v, w) < oo. We shall show that in this case

¢l = O(m~/¥y where ¢f, is defined in Assumption (C1). Define

5%9(7)
= agg;in/(i(w)Tﬂh(w;T))Q/fy|X(Q(U,w;T)(U,w))fv7w(v,w)dvdw.
(B.1)

Note that w — Z(w)T,Bn,g(T) can be viewed as a projection of a function
g: W — R onto the spline space By, (W) := {w — Z(w) b : b € R™}, with
respect to the inner product (gi,92) = [ g1(w)ge(w)dv(w), where dv(w) :=
([, fyix(Qv,w;T)|v,w) fv,w (v, w)dv)dw.

We first apply Theorem A.1 on p.1630 of Huang (2003). To do so, we need
to verify Condition A.1-A.3 of Huang (2003). Condition A.1 can be verified by
invoking (A2)-(A3) in our paper and using the bounds on fy . The choice of
basis functions and knots ensures that Conditions A.2 and A.3 hold (see the
discussion on p.1630 of Huang (2003)). Thus, Theorem A.1 on p.1630 of Huang
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(2003) implies there exists a constant C independent of n such that for any
function on W,

sup |Z(w)T,8n7g(T)| < C sup |g(w)|
wew wew

Recall that W is a compact subset of R? and h(w;7) € A7(W,T). Since
B,,(W) is a finite dimensional vector space of functions, by a compactness ar-
gument there exists g*(-;7) € By, (W) such that sup,,eyy |h(w; ) — ¢*(w; T)| =
infyep,, o) SuP,ew |A(w; 7) —g(w)| for each fixed 7. With m > n, the inequality
in the proof for Theorem 12.8 in Schumaker (1981), with their ”m;” being our
nand A; < m~ Y% yields

En = sup |Z(w)—r/6n,h(w;7')(7—) - h(w, T)‘

= sup |Z(w) " Bu pwir) (7) — " (w; T) + g* (w3 7) — h(w; T)|

w,T

< sup |Z( /Bn Jh(w;T)—g* (w; 7—) ’ + Sup ’g w; T) h(wa 7—)‘
< (C+1)sup 1nf sup |h(w;T) — g(w){
TeT 9EB(W)

<m =nl/k 1 max sup sup |Djh(w ),
l31<n reT wew

where [7n] is the greatest integer less than 7,

max sup sup |DIh(w;7)| = O(1)

lFISn reT zew
by the assumption that h(w;7) € AT(W,T) and fixed k’. An extension of Theo-
rem 12.8 of Schumaker (1981) to Besov spaces (see Example 6.29 of Schumaker
(1981)) in similar manner as Theorem 6.31 of Schumaker (1981) could refine the
rate to ¢, < m~"/¥  but we do not pursue this direction here.

Next we show the bound ¢, = o(m~L") in the setting of Example 2.3. As-

sume the density fx(z) of X exists and 0 < infyex fx(x) < sup,cy fx(z) <
0o. Define the measure v(u) by dv(u) = f(Q(u;7)|u)fx(w)du. Thus, z
B(z) " By.4(7) with B, defined similarly to (B.1) is now viewed as a projection
of a function g X —> ]R onto the space B(X) with respect to the inner product
(91,92) = [ 91 (u dv(u). The remaining proof is similar to the partial linear
model, with h(w T) belng replaced by Q(x;7), and we omit the details. O

Appendix C: Proofs for Bahadur representations
C.1. Proof of Theorem 5.1

Some rearranging of terms yields

Prtp(57(7),7)
=126 (0(5 (1), 7)) = 072G ($(5 (1), 7))
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+ o (T)F(T) = (7)) + 072G (W (5 9n (), 7))
+ (Y (1), 7) + (A7), 7) = (), 7) = T (7) (A7) — %(T)))-
In other words

;)\/(T) - '771(7—) = - n_l/zjm(T)_lGn("/}('; 'Yn(T)v T)) + Tn,l(’r) + Tn,Q(T)
+ 75 3(T) + 1 a(T) (C.1)

where

( )T Pt (53(7), 7),

Tpa(T) =
) i= = Tn(0) 7 (EE),7) = (). 7) = T (D)) = 30 (7))).
Faal(r) i= =1 Y200 (1) 7 (Ca((5A(r), 7)) = Ga($ (590 (7),7)) )
)= =0 207 = T (1) TG (U (9 (7), 7))
= Tn(T) " (1), 7).

The remaining proof consists in bounding the individual remainder terms.

T2 (T

7"n’4(’7'

The bound on 7, ; follows from results on duality theory for convex opti-
mization, see Lemma 26 on page 66 in Belloni et al. (2016) for a proof.

To bound 7, » and 7, 3, define the class of functions

Gi:={(Z,Y)~a'Z(1{Y <Z'b} - nI{||Z| <&n}[re T, beR™ ,ac 8™ '},
(C.2)
Moreover, let
Sn,1 ‘= ||Pn - P”gl'

Observe that by Lemma C.2 with ¢ = 2 we have

R (Sn 1+ gn)
9] n =4 Su T) — In =
; {wgh() (7| < lﬁﬁTMm(mﬁ»}

infre7 A2in (T (7)) } _
8£7ﬂf AIH&X( [ZZT])

2,n-

2 {Sn,l + gn

Define the event
Q3. 1= {sn’l < C’[(%logn)l/2 £m logn + ( )1/ + fm/in} }

n

Now it follows from Lemma C.3 that P(Q3,n) > 1—e " [note that &,, = O(nb)
yields log &, = O(logn)]. Moreover, the assumption mé&2 logn = o(n), &, =
O(nb), &mgn = o(1) implies that for s, < n/¢2, and large enough n,

m /2 mé, En\Y2  Enkn inf, T)\mm(jm(T))
C|(Frogn) "+ St logn (T1) 2 | g < T Mo (E[ZZT])
(C.3)
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From this we obtain that on {23 ,,, for a constant C'; which is independent of n,
we have

for n large enough. Thus, for all n for which (C.3) holds, Q3, C Q2 , C Q1.

R 1/2 - N2 €k
sup [7(7) (7)) < Co (Plogn) 4 T 1o 4 (K )y Sy
reT n n n n
In particular, for all n for which (C.3) holds,
P( sup|[3(r) = 7a(7)]| <
TeT

() s Pt ()4 ] 21
(C.4)

The bound on 7, 2 is now a direct consequence of Lemma C.1 and the fact that
n~tmé&, logn = o((n"*mlogn)'/?) and &, k,n""' = o(n}/zn’lﬂ). The bound
on r, 4 follows once we observe that for any a € Ssm—1

la’ (Jim () = I (7))a] < Fendmax(E[ZZT]). (C.5)

Together with the identity A=! — B~' = B~1(B — A)A~! this implies that for
sufficiently large n we have sup, 7 ||7n,4(7)|| < Ci(cnsn,1 + gn) for a constant
C1 which does not depend on n.

Thus, it remains to bound r, 3. Observe that on the set {sup,.cs|[7(7) —
Yn(7)]] < 0} we have the bound
1

sup ||1n,3(7)]] < = P, - P )
Sup I 3(7)l infTeTAmm(Jm(T))” g2

where the class of functions G2(0) is defined as follows
G2(8) = {(2,Y) = a' Z(L{Y < Z'b1} — H{Y < ZTho})1{||Z] < &}
by, by € R™, ||by —by|| < ,ac 8™} (C.6)

It thus follows that for any d, > 0
P(sup |Iras(r) = @) <P(sup 3(r) = 7a(7)l| = 6)
TET TET

P( P — Pllg,s) >a).

infTeT)\min(Jm(T)) -
Letting ¢ := C((n"*mlogn)'/? + (k,/n)'/? + g,) and
Q= CCn((Sna Hn)

oy () ) (e () )
N mﬁmnlogn N §m:n }7

(C.7)
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where (,, is defined in (C.12) in the statement of Lemma C.3, with a suitable con-
stant C. Observe that the assumption mé&2, logn = o(n) implies (mn =" logn)'/*
> (m&nn~tlogn)Y/? and (k,/n)Y* > (Enkn/n)/? for sufficiently large n, so
the last two terms are less than the first term in (C.7). Hence, for some large
enough constant C' > 0,

o) () ) () () )

Finally, the bounds in Lemma C.3 and (C.4) yield the desired bound. O

C.1.1. Technical details for the proof of Theorem 5.1
Lemma C.1. Under assumptions (A1)-(A3) we have for any 6 > 0,

sup sup [|u(b, ) = (Y (7),7) = T (7) (b = Yu (7))
TET |[b—yn(r)[|<6
< Amax(E[ZZ 7)) f16%Em,
Proof of Lemma C.1. Note that p/(v,(7),7) = E[ZZT fy|x(Z" vy (7)|X)] =
Jum(7) where we use the notation 4/ (b, 7) := dpu(b, 7). Additionally, we have
1(b, 7) = pu(yn(7), 7) + ' (Fn, T) (b = (7)),
where 4, = b+Ap (7o (7) —b) for some Ay, ; € [0, 1]. Moreover, for any a € R™,
a’ [u(b,7) = p(yn (1), 7) =4 (4 (7), 7) (b = Y (7))]
=a' (14 (Fn,7) = 1/ (40 (1), 7)) (b = Yu(7))]

and thus we have for any ||b — v, (7)]| < d

(b, 7) = (o (7),7) = 1 (4 (7), 7) (b — 70 (7)) |

< i E[(a"Z)Z" (b — vn (7)) (fyix(ZT4n|X) = fyix (ZTym(7)1X))]|
< F HSIHlElEHaTZ‘ ‘ZT(?n - '7n(7'))HZT<b - '771(7—))‘]
< Fgm]EHZT(s’n _'Vn(T))HZT(b_'Yn(T))H

< &% f7 sup Efla’Z[?),
Jall=1

here the last inequality follows by Chauchy-Schwarz. Since the last line does not
depend on 7, b, this completes the proof. O

Lemma C.2. Let assumptions (A1)-(A3) hold. Then, for anyt > 1

~ 2t(Sn,1 + gn)
sup [|¥(7) — Yal7)|| < 5
{ T€T||7( ) 7 ( )” infTeT )\min(Jm(T)) }
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inf; >\r2nin(jm (7))
€T | }’

A& f' Amax (E[ZZT]
where s,.1 = ||P,, — Pllg, and Gi is defined in (C.2).

Proof of Lemma C.2. Observe that f : b — P, p,(Y; — Z/b) is convex, and the
vector P,1(+; b, 7) is a subgradient of f at the point b. Recalling that 4(7) is a
minimizer of P, p.(Y; — Z;rb)7 it follows that for any a > 0,

2 {(Sn,l +gn) <

{sup[7(7) = ()|l < a(sn,1 + gn)}
TET

2 {inf inf 8 TPt (59 (7) + a(sn1 + gn)d,7) > 0} (C.8)

To see this, define & := (§(7) —vn(7))/||7(7) —¥x(7)|| and note that by definition

of the subgradient we have for any ¢, > 0
Prpr (Vi = Z; (7)) 2Ppp- (Yi = Z] (yn(7)
+60)) + (7 (7) = Y (DIl = Ca)8 "Butp (590 (7) + 6, 7).
Set G, = a(sp,1 + gn). By the definition of 4(7) as minimizer, the inequality
above can only be true if (|7(7) — Yn(7)|| = )0 "Prtp (5590 () + (16, 7) < 0,
which yields (C.8).
The proof is finished once we minorize the empirical score 6TIP’H¢(~; Yu(7) +

a(sp,1 + gn)9, 7') in (C.8) in terms of s, 1 + g». To proceed, observe that under
assumptions (A1)-(A3) we have by Lemma C.1

sup [E[8T{U(Y Zb, 7) = (Y, Ziya(7), 7)
ll8ll=1

= ZZ fyix (7a(7) "ZIX) (b — vu(7))}]
< & Amax(E[ZZT])[[b = 7 (7). (C.9)
Therefore, we have for arbitrary ||§]| = 1,7 € T that
8" Putp(5Yn(7) + alsn1 + gn)d,7)
> —su,1 = g+ 0 (E[Y(Y, Zi v (1) + a(sn + 90)8, )| = E[$(Y, Zs yn(7), 7)])
> a1+ gn) 108 Anin(Jon (7)) = 8.1 = g — & Aunax(BIZZ ) (5.1 + 90,

where for the first inequality we recall g, = sup . [|E[0(Y, Z;vn(7), 7)]|
and sp1 = ||Pn — PJlg,; the second inequality follows by (C.9). Setting a =

2t/ inf cq )\min(jm(T)) in (,, we see that the right-hand side of the display
above is positive when

min

4826, f Amax (E[ZZT])
Observing that for ¢ > 1, we have (2t — 1)/t> > 1/t, and plugging a =

2t/ inf e Amin(Jim (7)) in equation (C.8) completes the proof. O

(2t — 1) inf 7 A2 (jm(T)) )

Sn,1+ gn <



Quantile processes for semi and nonparametric regression 3319

Lemma C.3. Consider the classes of functions Gi,G2(0) defined in (C.2) and
(C.6), respectively. Under assumptions (A1)-(A3) we have for some constant C

independent of n and all k,, > 0 provided that &,, = O(n®) for some fized b

P(HIP’TL—PHQ1 > C[(% 1Og€m)1/2+ mém

Embin
n

1/2
ouge (22) 2 <o
n
(C.10)
For any &, satisfying 6, > n~t, we have for sufficiently large n and arbitrary

Kn >0

n

P(IBs = Plg,(s,) = Céun(0ns in) ) < €77, (C.11)

where

C”(ta “n) ::t1/2 (ngml log(gm V ﬂ)) i + msm log(gm \V TL) + t1/2 (gmn’in ) 1/2

Embin

-

Proof of Lemma C.3. Observe that for each f € G; we have |f(z,y)| < &, and

the same holds for G,(§) for any value of §. Additionally, similar arguments as

those in the proof of Lemma 18 in Belloni et al. (2016) imply together with
Theorem 2.6.7 in van der Vaart and Wellner (1996) that, almost surely,

(C.12)

AllF|| 2 v1(m)
N(Ga(0), La(B)ie) < (T2 )
A||F||L2(]pn))vz(m)

N(Gi, La(Py);e) < ( -

where A is some constant and vy (m) = O(m), va(m) = O(m). Finally, for each
f € G1 we have

E[f?] < sup a'E[ZZ"]a = A\nax(E[ZZ ).
llafl=1

On the other hand, each f € G2(4,,) satisfies
E[f?] < sup sup  E[(@"Z)’1{|Y —Z"by| < |Z7 (by — by)|}]
lall=1 b1 —b2||<dn

sup sup E[(a’Z)?1{|Y —Z"b| < £,0,}]
bER™ ||al|=1
< 2f&n0nAmax(E[ZZT]).

Note that under assumptions (A1)-(A3) the right-hand side is bounded by ¢&,,, 6,
where ¢ is a constant that does not depend on n. Thus the bound in (D.2) implies
that for &,,0, > n~! we have for some constant C' which is independent of n,

IN

mém
n

BB~ Plo, < O[(Mloa(n vm) " + ™5 og(e,, v m)],

mEm
n

1/2
E|IPn = Pllgu(s.) < C[61265/ (- Tog(€m Vi) + 2= log(&m V).

Thus (C.10) and (C.11) follow from the bound in (D.3) by setting t = k,,. O
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C.2. Proof of Theorem 5.2

We begin with the following useful decomposition

4
B(r) = Bu(r) = =0~ 2T M TG (W (5 Bu(7), 7)) + T (1) D Rup(7) (C.13)
k=1
where
Rn,l(T) = in(';B(T)vT)a
Roa(r) = = (u(B(r).7) = p(Bu(7), ) = Tn(r)(B(7) = Bulr))),
Roa(r) = = 2(Gu(w(5 (), 7)) = Galw(: Ba(r), 7)),
Roa(r) = —p(Bu(r),7)).

for k =1,3 and
Poa(T, W) =, T (7) Ry a(7)

(] T2 r) = (] Tt () EOPD ) (R a (7) + Roa(r) )

With those definitions we obtain
R N 4
ulz (/8(7-) - ﬁn (T)) = _n71/2u;zr']7;1(7-)@n (w(a IBn(T)v T)) + Z T7L,k(T7 un)'
k=1

We will now show that the terms 7, x(7,u,) defined above satisfy the bounds
given in the statement of Theorem 5.2 if we let D = clogn for a sufficiently
large constant c.

The bound on 7, ; follows from Lemma C.7. To bound r, > apply Lemma
C.4 and Lemma C.6. To bound 7, 3 observe that by Lemma C.4 the probability
of the event

1/2

1 = {sup[B(a) Blr) ~ B) ()] < (@ + S LEEE

ognVvekK /
is at least 1 — (m 4 1)e™"». Letting 0, := C(E% + M) we find that

nl/2

on O

sup  sup |7 3(7, un)| S IPn — Pllgy(5,.2(u,,0),7 (un. D))
unES;Hl T
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this follows since
n= V2 (] T () F e POIG,, (4 B(r), 7))
=02 I () F PG, (DD (5 (), 7))

and a similar identity holds with 3,, instead of E
Note that max{|Z(u,, D)|,|Z'(u,, D)|} < L+ clogn. Hence, for any w, > 0,

P< sup sup|rn73(7,un)|>wn)

un€S§L71 o

< P(sup [B(2)"B(r) = B(2) " Ba(7)] > 61

+ P(|IPn = Pllgy(50,Z(un, D), T (un, D)) > Wn)-

The bound on 7, 3 now follows form the bound for the event Qf, Lemma C.5
under wy, := C{(6y,Z(uy, D),Z'(uy, D), k,) and the observation from the as-
sumption mé2, (logn)? = o(n) that &,n"1(logn)? < 57171/2n’3/4(10g n)%/2 when
n is sufficiently large. To bound the first part of ry 4(7, u,), we proceed as in
the proof of equation (C.17) to obtain

(W] T2 (P)a(Ba(r), )| < S TEE(wa, B)

where the last line follows after a Taylor expansion. To bound the second part of
T4 (T, up) note that sup,. [|Ry,1(7)|| + || Rn,3(7)|| < 3&,, almost surely and thus
choosing D = clogn with ¢ sufficiently large yields ||(u, J; (7))@ D) —

w! J-1(7)] < n1371¢;t where we used (A.5). This completes the proof. O

C.2.1. Technical details for the proof of Theorem 5.2

Lemma C.4. Under the assumptions of Theorem 5.2 we have for sufficiently
large n and any k., < n/&2,,

SN fmlogn—f—fmli;/Q ~ —k
P((sup [B(2)T(B(r) = Ba(r))] > O(FBET 2 £22) ) < (m o 1"

T,T

where the constant C' does not depend on n.

Proof of Lemma C.4. Apply (A.5) with a = B(x) to obtain
B(x) " T (1) = (B(2) T T, (7)) FBEPD || < mg P,

m

where Z(B(x), D) is defined as (A.2), and v € (0,1) is a constant independent
of n. Next observe the decomposition

B(2)" (B(1) — Bu(7)) = — n~V2(B(x) " J,, (1) FB@LNG,, (v(-; B(1), T))

4
+ Z T k(T, )
k=1
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where
rua(r,@) = (B(2) I (7)) FEEPIR (- B(r), ),
rna(r,2) == — (B(x) " J,.1(7))
(B(B(),7) = w(Bu(7),7) = Tn(T)(B(7) = Bu(r)),
ra(rya) i= = (B(@) T (F)u(Ba(r), 7)):
and
Faa(ryo) = (B@) I () = (B(a) T T (7)) FEE0))

(Bus B(r),7) = 072G (0 (3 B(r), 7)) )
Letting D = clogn for a sufficiently large ¢, (C.13) yields sup, , |rp4(7,2)| <

n~! almost surely. Lemma C.7 yields the bound

2 1o
Sup [ (7, )| < Sm 1087
x,T n

a.s. (C.14)

Let 6, := sup,, , IB(z)TB(7) — B(z) T B,(7)|- From Lemma C.6 we obtain under
(L)

sup |rn 2 (7, )] < 62 supE[|B(z) " J,,! (1)B]] = 62, (C.15)
where sup,, IEUB(:U)Tj;ll(T)BH = O(1) by assumption (L). Finally, note that

w2 (B() T (1) FEE PG (5 B(r), 7))
=n 2B(2)T I (7)) EB@DNG,, (T B@D) (. §(1), 7))
where Z'(B(z), D) is defined as (A.3). This yields

sup |n” 12 (B(z) "7, (1) FEOPNG, (6 B(7), 7))
S &msup [P = Pllg, @8),0) 7B ).0)
By the definition of Z(B(x), D),Z'(B(x), D), the supremum above ranges over
at most m distinct terms. Additionally,

sup |Z(B(z),clogn)| + |Z'(B(x), clogn)| < logn.
reX
Thus Lemma C.5 yields

P{ sup

T,T

n_1/2<B($)TJ;L1(T))(I(B(x)’dogn))Gn(¢(~;B\(T),T))‘

1/2
Em o } < me ",

ni/2z | =
(C.16)

. C(ifn(lzgn)Q)l/? LC



Quantile processes for semi and nonparametric regression 3323

Finally, from the definition of 3,, as minimizer we obtain

ras(r, )] = [(B@) T T (T)u(Ba(r), 7))
— |(B(@)T T, (M)EBA{Y < Bu(r) B} - 7)
= |(B@) T, (7)EIB(Fyx (Ba(r) "BIX) — Fy x (Q(X;7)|X))
< JFE00) (C.17)

where the last line follows after a Taylor expansion, and the fact that the ex-
pectation E[B fy|x (Q(X;7)|X) (8, B — Q(X;7))] = 0 from the definition of 8,
and making use of (L). Combining this with (C.14) - (C.16) yields

sfnaogn)?)l/? §mrin® | &2 logn
n

2 ~2
/2 " +o,+¢,

el

with probability at least me™"~. By Lemma C.2 we have P(d, > 1/(2C)) <
e~"n for any k,, satisfying &k, > n~! This yields the assertion. |

Lemma C.5. Let Z := {B(x)|x € X} where X is the support of X. For
Th,Z) C {1,...,m}, define the classes of functions

Gi(T1.T)) = {(Z.Y) > 2" ZE(A]Y < 276} - 1)1{|Z] < &)
TeT,beR™ a8}, (C.18)
G2(6,71,T}) = {(Z,Y) » a  Z™(1{y <Z'b{"} —1{y <z2'b{"})
1{Z € Z}|by,b; € R’"vizg [vIby —v by <daeS™ .
(C.19)

Under assumptions (A1)-(A3) we have

max(|Z1], |Z1|) 12 max(|T, [Z1])ém
P(HIP’anHgl(IhIDZC[(T Ingm) + " log &m

() S o e

and for any 6, satisfying &,0, > n~' we have for sufficiently large n and
arbitrary Kk, >0

P<||IE”n ~Pllgyoz 2y > Cnl6.T1, T3, nn)) < e (C.21)

where

7, |74 1/2
Gl T T ) = 12 (P D o e, )
n

(U e

log(&m V n) +n 2 (tr,) 2 + 0 .
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Proof of Lemma C.5. We begin by observing that

G. Al F|| 2 v1(m)
N(G2(5,T1,T}), Lo(Py)ie) < (M) |

3

C. Al F||r2 vz (m)
NG T T e < (A=,

where v1(m) = O(max(|Z1],|Z1])), v2(m) = O(max(|Z1|, |Z1])). The proof of the

bound for G;(Z1,Z;) now follows by similar arguments as the proof of Lemma
C.3. For a proof of the second part, note that for f € G we have

B < swp - sup - E[@BE){ly - BB < BT b)) ]
llall=1b1,bac€R(5,)

’ ! 2 !

< sup sup ]E[((a(zl))TBBTa(Il)> 1{|y -B"b@)| < (5n}}
bER™ ||af|=1

< 26 Amax(E[BBT])

where we defined R(9) := {bl,bg € R™ supycz [V br—v by < 5}. The rest

of the proof follows by similar arguments as the proof of Lemma C.3. O

Lemma C.6. Under assumptions (A1)-(A3) we have for any a,b € R™
& T ()" b, 7) — 8 (7 p(Bu(7). ) — 2T (b B ()|
< Fsup|B(z) b —B(z)" B,(7)[*E[la’ J,. () 'BJ].

Proof of Lemma C.6. Note that p/(8,(7),7) = EBB' fyx(BT8,(7)|X)] =
Jom (7). Additionally, we have

N(bv T) = M(Bn(7)7 T) + Nl(Bﬂ T)(b - Bn(T))ﬂ

where b = b + Ay - (8,(7) — b) for some A, € [0, 1]. Moreover,

al [Jn(r) " (b, 7) = T (1) (B (), 7) = (b = Bu(7))]

=" Jou(r) " (b, 7) = T (7)](b = Bu(7)
and thus
" Jon(r) (b, 7) = & T(7) " (Bu(7),7) — & (b= Bu(r)|
[E[a" Jn(r) " BB (fy|x (BTBIX) = frx(BT8.(r)|X)) (b~ Ba(7))]|
FEHaTJm(T)—lB‘{BT(b - ﬁn(T))}z}
Fsup |B(2) b~ B(x) "8, (1) *Ella’ J,u(1) "Bl O

IN

A
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Lemma C.7. Under assumptions (A1)-(A3) and (L) we have for any a € R™
having zero entries everywhere except at L consecutive positions:

< @t 20lalln
— "’L .

|a P, B(7), 7)

Proof of Lemma C.7. From standard arguments of the optimization condition
of quantile regression (p.35 of Koenker (2005), also see equation (2.2) on p.224
of Knight (2008)), we know that for any 7 € T,

Potp(: B(7),7) = %231(1{5@ <B/B(r)}-7) = % > uB;

i=1 i€EH,

where v; € [-1,1]and H, ={i: ¥; = B:B(T)} Since a has at most L non-zero
entries, the dimension of the subspace spanned by {B; : a'B; # 0} is at most
L + 2r [each vector B; by construction has at most r nonzero entries and all
of those entries are consecutive]. Since the conditional distribution of Y given
covariates has a density, the data are in general position almost surely, i.e. no
more than k of the points (B;, Y;) lie in any k-dimensional linear space, it follows
that the cardinality of the set H, N {i: a’B; # 0} is bounded by L + 2r. The
assertion follows after an elementary calculation. O

C.3. Proof of Theorem 5.4

The statement follows from Theorem 5.1 if we prove that the vector ~[ (7)
satisfies

fggl!ﬂ(ﬁl(T)ﬁ)H = 0(&mcl?) (C.22)

as ¢/ = o(¢;1) in Condition (C1), and establish the identity in (5.10). For the
identity (5.10), we first observe the representation

Mi(1) + A(T)M(T)A(T) T A(T)Ma(7)
I (T) = ( My(1)AG)T V() ) , (C.23)
which follows from (3.5) and
E[(V — A(T)ZW)Z(W) " fy1x(Q(X;7)|X)] =0, for all 7 € T.

To simplify the notations, we suppress the argument in 7 in the following matrix
calculations. Recall the following identity for the inverse of 2 x 2 block matrix
(see equation (6.0.8) on p.165 of Puntanen and Styan (2005))

A B\ '
C D
B (A— BD-'C)! —(A— BD-'C)"'BD"!
~\ -D'c(A-BD"'C)"' D '+D-'C(A-BD'C)"'BD-' )"
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Identifying the blocks in the representation (C.23) with the blocks in te above
representation yields the result after some simple calculations. For a proof of
(C.22) observe that

p(yh(r);m) =BV, ZW) ") T (Fy x (v (7) " Z1X) = 7)]
Now on one hand we have, uniformly in 7 € T,

[ELV (Fyix (a(r) TV + BL(n) T ZW)|X) - )

= [EV frix @G DIX)@EX7) = @) TV = 8L TZW))]|| + O(el?)

= [EWV v QG mIX) (W5 ) — B (r) T2 | + O(ef?)

= |E[(V = hyw (W5 7) 4+ hvw (W5 7)) fy x (Q(X; 7)[ X) (R(W; 7)

- BN ZW))]| + o)

= By w (W) 11 QU)X (W3 7) = BL(R) TZW))]|| + O(ef?)

= |El(ww (Wi 7) = AMZW) + AT Z(W) fy 1 (QX; 7) [ X) (h(W; 7)

- BN ZW))]|| + o)

= Bl (W5 7) = ADYZOV)) fr1x QX T)IX) (W3 7) = BL(T) T ZW))|

+0(cf?)
= O(cf? + \uch).

Here, the first equation follows after a Taylor expansion taking into account that,
by the definition of the conditional quantile function, Fy|x(Q(X;7)|X) = 7.
The fourth equality is a consequence of (3.5), the sixth equality follows since

E[Z(W) fyx (Q(X; T)|X)(h(W;7) - Bl(r) " Z(W))] = 0 (C.24)

by the definition of B! (7) as minimizer. The last line follows by the Cauchy-
Schwarz inequality. On the other hand

E[Z(
E[Z(

W) (Fy x (a(r) TV + BL(r) TZ(W)|X) — 7)]
W) fyix (Q(X; )| X) (W(Ws ) — Bl (1) TZ(W))]
E[Z(W) fyx (C(X: )| X) (R(W37) — B (1) TZ(W))?].

N | =

+

By (C.24), the first term in the representation above is zero, and the norm of
the second term is of the order O(,,cf?). This completes the proof. ]
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Appendix D: Auxiliary results
D.1. Results on empirical process theory

In this section, we collect some basic results from empirical process theory
needed in our proofs. Denote by G a class of functions that satisfies |f(x)] <
F(x) < U for every f € G and let 02 > SUPfeg Pf?. Additionally, let for some
A>0,V >0andall e >0,

AHF||L2(IPn))V

N(e.G. L)) < (=

(D.1)

Note that if G is a VC-class, then V' is the VC-index of the set of subgraphs of
functions in G. In that case, the symmetrization inequality and inequality (2.2)
from Koltchinskii (2006) yield

AllF |2 py\V/2 VU A|F|r2p
—_— — log ——= D.2

E|[P, — Pllg < co [o—(% lo

for a universal constant cq > 0 provided that 1 > 02 > const x n™! [in fact, the
inequality in Koltchinskii (2006) is for 0% = SUPfeg Pf?. However, this is not a
problem since we can replace G by Go/(supseg Pf 2)1/2]. The second inequality
(a refined version of Talagrand’s concentration inequality) states that for any
countable class of measurable functions F with elements mapping into [—M, M]

1/2
P{ P, — Pl > 2E|Py — P||5 + cin~ /2 ( sup Pf2) Vit n*lcht} <et
ferF

(D.3)
for all t > 0 and universal constants c1,co > 0. This is a special case of Theorem
3 in Massart (2000) [in the notation of that paper, set € = 1].

Lemma D.1 (Lemma 7.1 of Kley et al. (2016)). Let {G; : t € T'} be a separable
stochastic process with |G, — Gllw < Cd(s,t) (|| - ||w is defined in (A.32)) for
all s,t satisfying d(s,t) > w/2 > 0. Denote by D(¢, d) the packing number of the
metric space (T,d). Then, for any § > 0, w > ©, there exists a random variable
S1 and a constant K < oo such that

sup |Gy — G| < 51+ 2 sup |Gs — Gy, (D.4)
d(s,t)<é d(s,t)<@,teT

where the set T contains at most D(&,d) points, and Sy satisfies

151w < K[/; U1 (D(e,d))de + (6 + 2&;)\1!1(D2(w,d))] (D.5)
P(|S1| > x) <
(\I/{x[SK(/w; U1 (D(e, d))de + (5 + 20) ¥~ (DQ(w,d)))} _1})1.

(D.6)
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D.2. Covering number calculation

A few useful lemmas on covering number are given in this section.

Lemma D.2. Suppose F and G are two function classes with envelopes F
and G.

1. The class F — G :={f —g|f € F,g € G} with envelope F + G and

sgpN(eHF + G2, F — G, L2(Q))

1Fllq.2 ) < G2
SsupN(e = F,L2(Q) | sup N
Q V2 2@ Q \/_

2. The class F-G:={fg: f € F,g € G} with envelope FG and
SupN (elFGllgz.F -G, L2(Q))

€l Flle.2
2

G, L (Q)), (D.7)

€llGlle.2

<supn (1722 7. 1,0 sup v (192 6,10 )

where the suprema are taken over the appropriate subsets of all finitely
discrete probability measures Q.

Proof of Lemma D.2. 1. It is obvious that |f — g| < |f|+ |g| < F + G for
any f € F and g € G. Hence, F + G is an envelop for the function class
F —G. Suppose that A = {f1,...fs} and B = {¢1, ..., gi } are the centers
of %-net for F and W—ne‘c for 7 and G respectively. For any
f — g, there exists f; and g such that

(5 = 91) = (F = DGz = I1(fi = F) — (9x — 9|2
§ 201155 — Flg 2 + llgk — 9l5.2)
< E(|FIIG.2 + 1GIG.2) < EF + GlIE) 2.
where the last inequality follows from the fact that both F' and G are
nonnegative. Hence, {f; +gr : 1 < j < J,1 < k < K} forms an €||F +

G| g,2-net for the class F — G, with cardinality JK.
2. See Lemma 6 of Belloni et al. (2016). d

For any fixed vector u € R™ and § > 0, recall the function classes

u) = {(Z,Y) = u' J(r) "ZU{|Z|| < &n}r €T,
G ={(X.Y)~»{Y; <Q(X;7)}—7|r e T},
5) = {(Z.Y) > 0T {Jn(71) " = Jn(m2) ) Z1{|Z] < €}
|71, 72 € T, |11 — 72| <6},
G(0) = {(X,Y) =» 1{Y; < Q(X, )} - 1{V; < Q(X,72)} — (11 — 72)
|7'1,72 €T, |n—m| <6}
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Recall the following Lipschitz continuity property of J,.'(7) by Lemma 13 of
Belloni et al. (2016): for 71,72 € T,

J?/

151 (1) = T, () || < 7

min

-2
71 = 72l (06 Mo (7)) Auna(B[ZZT)
=Cy ig;Amin(Jm(T))_l‘Tl — Ta|. (D.9)

I’ Amax (B[ZZ )
Smin infrer Amin (Jm (7))

Lemma D.3. G3(u) has an envelope G3(Z) = ||[ul|ém[infrer Amin(Jm (7))] 72
and

where Cy =

C
N(€l|Gsll 1,0y, G3(u), L2(Q)) < —2,

€

I Amax(E[ZZ7))
Smin InfreT Amin (Jm (7))

Proof of Lemma D.3. By (D.9), for any 71,72 € T and u,

where Cy = < 00, for any probability measure Q) and u.

‘uTJm(Tl)_lz - UTJm(Tg)_IZ’
< i A EIZZ T 0 i ()] 2 — 7

max
fmin

= Col|G3| Lo(@)lm1 — 2l

Applying the relation of the covering and bracketing number on p.84 and The-
orem 2.7.11 of van der Vaart and Wellner (1996) yields for each u and any
probability measure @,

N (ellGsllLy0): G3(n), L2(Q)) < Nj(2€]|Gsl| 1, (q), G3(u), L2(Q))
<N(eT.|-]) < %.D

Lemma D.4. We have the following results:

1. G4 is a VC-class with VC index 2.
2. The envelopes for Gs(u,8) and Gr are Gg = &2, [infr e Amin(Jm (7))] 71 Cod
and G7 = 2. Furthermore, it holds for any fized x and § < |T| that

N(elGsll oy o, 8), La(Q)) < 2(@) , (D.10)

€

€

4
N(elGrllza o, Gr(8), Lo(@Q)) < (A7> , (D.11)

where Az is a universal constant and Q) is an arbitrary probability measure.
Proof of Lemma D.J.

1. Due to the fact that Q(X;7) is monotone in 7, it can be argued with basic
VC subgraph argument that G4 has VC index 2, under the definition given
in p.135 of van der Vaart and Wellner (1996).
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2. By (D.9), the envelope for Gg(u,,§) is ||[u||&mnAmin(Jm (7)) "1Cod. The en-
velope for G;(8) is obvious. By the fact that G;(§) C G4 — G4 and the
covering number of G, (implied by Theorem 2.6.7 of van der Vaart and
Wellner (1996)), (D.11) thus follows by (D.7) of Lemma D.2. As for (D.10),
we note that Gg(u,d) C Gsz(u) — Gs(u). Then, (D.7) of Lemma D.2 and
Lemma D.3 imply

2
N (el Gollzu s Go(w, 6), La(Q)) < N(jiGgL2<Q>,gg<u>,L2<Q>>

2
<2(2).
€
where @ is an arbitrary probability measure. O
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