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Abstract: In this paper we investigate error bounds for convex loss func-
tions for the Lasso in linear models, by first establishing a gap in the theory
with respect to the existing error bounds. Then, under the compatibility
condition, we recover bounds for the absolute value estimation error and
the squared prediction error under mild conditions, which appear to be
far more appropriate than the existing bounds for the convex loss Lasso.
Interestingly, asymptotically the only difference between the new bounds
of the convex loss Lasso and the classical Lasso is a term solely depend-
ing on a well-known expression in the robust statistics literature appearing
multiplicatively in the bounds. We show that this result holds whether or
not the scale parameter needs to be estimated jointly with the regression
coefficients. Finally, we use the ratio to optimize our bounds in terms of
minimaxity.
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1. Introduction

Among the many techniques that have been proposed to address the estimation
of a location parameter in the high-dimensional linear model, the Lasso [12]
remains one of the most widely studied. Arguably, this method, which consists
of penalizing the sum of squared residuals with the l1 norm of the vector of
coefficients, has many advantages. It leads to accurate predictions while setting
some coefficients exactly to zero, thus achieving model selection simultaneously.
Additionally, the estimates can be computed in a highly efficient manner. Since
the seminal work of [12], the classical Lasso1 has been generalized in various
ways, in terms of the loss and penalty functions under consideration.

1We will refer to the Lasso given in [12] as the classical Lasso, as opposed to the convex
loss Lasso or the robust Lasso that we study in this paper.
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One of the main reasons for considering alternative loss functions is the issue
of robustness. Indeed, it is well known that the classical Lasso can be largely
affected by contamination of the error distribution.

In this paper, we investigate estimation and prediction error bounds for the
Lasso with a general convex loss function. Our motivation comes from the ob-
servation that there is a kind of theoretical gap in the literature, in the sense
that the bounds developed for the convex loss Lasso are not related in a nat-
ural way to the ones given for the classical Lasso. Our main contribution is to
show explicitly the presence in our bounds of an additional term compared to
the classical case. We demonstrate that this same term appears in the bounds
whether or not the scale parameter needs to be estimated. Interestingly, this
extra term corresponds to the ratio found by [7] in his minimax problem, which
serves as a justification for the use of the famous Huber loss function in the
low-dimensional setting. We provide theoretical arguments for the relevance of
the ratio in terms of optimality of the bounds. To the best of our knowledge,
these findings have not appeared previously in the literature.

The outline of the paper is as follows. In Section 2, we discuss some key
results related to the classical Lasso and to a more general convex loss Lasso.
We also provide an overview of the literature, focusing on robust versions of the
Lasso, and finally we provide an account of what we believe to be problematic
with the existing error bounds, thus motivating the present paper. In Section 3,
we establish bounds for the estimation and prediction errors in the case of
a known scale parameter. In Section 4, we relax that assumption and consider
joint estimation of scale and regression parameters, inspired by Huber’s Proposal
2 [7]. The main result of the analyses carried out in Sections 3 and 4 is that the
bounds on the prediction and estimation errors contain an extra term, in the
form of a ratio, relative to the classical case. In Section 5, we give a rationale
for the importance of this ratio from a theoretical point of view. In Section 6,
we summarize our results and mention opportunities for future research.

2. Literature review and motivation

In order to motivate our paper, we provide a selective overview of the existing
literature on the linear Lasso. This mainly encompasses the classical Lasso,
the convex loss Lasso and the robust Lasso. We then show that the existing
literature is unsatisfactory in some respects. One specific problem is the lack
of a link between the choice of the loss function and the resulting prediction
or estimation error depending on the error distribution. This is most notably a
problem in justifying the choice of the loss function in robust statistics.

Throughout the paper, we consider the linear model

Y = Xβ0 + σε,

where Y ∈ R
n, X ∈ R

n×p, β0 ∈ R
p, ε ∈ R

n, σ > 0 and where p is (potentially)
larger than n.
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2.1. Classical Lasso

We now summarize the properties of the classical Lasso derived, among others,
by [1], focusing on the aspects which are most relevant for our purposes. In
doing so, our aim is to provide a basis for comparison to the bounds that we
will develop in this paper.

As briefly mentioned in the Introduction, the classical Lasso estimator is
defined as

β̂Lasso = β̂Lasso(λ) ∈ argmin
β

(
1

σ2

1

n
‖Y −Xβ‖22 + λ ‖β‖1

)
,

where λ ≥ 0 is a penalty parameter and σ is the scale parameter.
We will consider the case where the design is fixed and the columns of X are

normalized, so that 1
n

(
XTX

)
jj

= 1. Now if we pick λ = 4
σ

√
t2+2 log(p)

n and

we assume ε ∼ N (0, I), where I is the identity matrix, we have the following
inequality with a probability bigger than 1− 2 exp[−t2/2]:

1

σ2

1

n

∥∥∥X (β0 − β̂Lasso

)∥∥∥2
2
≤ 3

2
λ
∥∥β0
∥∥
1
.

This shows that the Lasso is consistent in terms of prediction when we take a

penalty parameter of order 1
σ

√
log(p)

n and when
∥∥β0
∥∥
1
is small enough.

Assuming that the true parameter vector is sufficiently sparse, and impos-
ing additional conditions on the design matrix (“compatibility conditions”, see
below), we can obtain a result that is sometimes referred to as an oracle in-
equality. It states that by selecting λ as above, we have the following inequality
with probability bigger than 1− 2 exp[−t2/2]:

1

σ2

1

n

∥∥∥X (β0 − β̂Lasso

)∥∥∥2
2
+ λ
∥∥∥β0 − β̂Lasso

∥∥∥
1
≤ 4λ2σ2 s0

φ2
0

, (2.1)

where s0 is the number of true non-zero coefficients and φ2
0 is a compatibility

constant. This inequality includes two interesting results. On the one hand, it
gives us a bound for the l1 estimation error:∥∥∥β0 − β̂Lasso

∥∥∥
1
≤ 4λσ2 s0

φ2
0

.

On the other hand, we also get a bound for the prediction error:

1

σ2

1

n

∥∥∥X (β0 − β̂Lasso

)∥∥∥2
2
≤ 4λ2σ2 s0

φ2
0

.

2.2. Convex loss Lasso

We now provide results in the more general case where we replace the squared
loss function with a convex loss function. More specifically, in a linear model
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and for a given convex loss function ρ, the corresponding convex loss Lasso is
defined as

β̂CLasso = β̂CLasso(λ) ∈ argmin
β

(
2

n

n∑
i=1

ρ

(
Yi − (Xβ)i

σ

)
+ λ ‖β‖1

)
, (2.2)

where σ is the scale parameter. We note that the constant 2 is only included to
ensure that the classical Lasso is recovered when ρ(x) = 1

2x
2. This problem can

be seen as a particular instance of the Lasso for general convex loss which has
notably been studied by [15] and [1]. We briefly mention some relevant results
derived by these authors. Define

E (β) :=
1

n

n∑
i=1

E

[
ρ

(
Yi − (Xβ)i

σ

)]
− E [ρ (ε)] ,

νn (β) :=
1

n

n∑
i=1

ρ

(
Yi − (Xβ)i

σ

)
− 1

n

n∑
i=1

E

[
ρ

(
Yi − (Xβ)i

σ

)]
,

ZM∗ := sup
‖β−β∗‖1≤σM∗

|νn (β)− νn (β
∗)| ,

where the εi are independent and identically distributed replicas of ε, which is
assumed to have a symmetric distribution.

Assuming that there exists a K > 0 such that maxi,j

∣∣∣X(j)
i

∣∣∣ ≤ K, then for∥∥β − β0
∥∥
1
≤ σM∗ small enough depending onK, we have by a Taylor expansion

the margin condition

E (β) ≥ c
1

σ2

1

n

∥∥X (β0 − β
)∥∥2

2

where c ≈ E [ψ′ (ε)] with ψ(x) := ρ′(x). Under the additional assumptions that

supx |ψ (x)| = L < +∞ and that 1
n

(
XTX

)
jj

= 1, for λ0 	 L
σ

√
log(p)

n and

J := {ZM∗ ≤ λ0σM
∗}, we have that J holds with high probability for arbitrary

symmetric error distributions if ψ is odd.
Regarding convergence, under the above conditions on J , for λ ≥ 8λ0, we

have

E
(
β̂CLasso

)
+ λ
∥∥∥β0 − β̂CLasso

∥∥∥
1
≤ 16

c
λ2σ2 s0

φ2
0

,

where s0 is the number of true non-zero coefficients and φ2
0 is a compatibility

constant. This inequality includes two interesting results. On the one hand, it
gives us a bound for the l1 estimation error:∥∥∥β0 − β̂CLasso

∥∥∥
1
≤ 16

c
λσ2 s0

φ2
0

.

On the other hand, we also get a bound for the prediction error:

1

σ2

1

n

∥∥∥X (β0 − β̂CLasso

)∥∥∥2
2
≤ 16

c2
λ2σ2 s0

φ2
0

.
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[9] has also studied this case and recovers similar results. Although he makes
a stronger assumption on ψ by imposing infi ψ

′(
∣∣(Xβ0

)
i

∣∣ /σ) > 0, this can be
relaxed by using the same ideas as [1].

2.3. Robust Lasso

The robust Lasso, for convex loss functions, can be studied as a special case of
the convex loss Lasso. In spite of this, it has also been studied independently.
For instance, [17] introduced the LAD-Lasso:

β̂LAD−Lasso(λ) ∈ argmin
β

(
1

n
‖Y −Xβ‖1 + λ ‖β‖1

)

Using an adaptive version of the LAD-Lasso, they were able to show root-n
consistency and asymptotic normality. Yet they did not investigate the growth
of p with respect to n, and they assumed a positive definite covariance matrix.

More recently, [2] and [3] investigated the high-dimensional case for the LAD-
Lasso. In both papers, under mild conditions, consistency in l2 was shown.
However, since the main goal of these papers was to investigate the properties
of the adaptive LAD-Lasso (especially the model selection properties), they did
not investigate bounds on l1 estimation error or on squared prediction error. In
addition, the constants appearing in the consistency theorems were in no way
specified, contrary to the classical Lasso.

Another method to make the Lasso more robust was used by [10]. They
focused on a Huberized adaptive Lasso, which can be defined as

β̂Hub−Lasso(λ) ∈ argmin
α,β,σ

⎛
⎝ 2

n

n∑
i=1

ρHub,L

(
Yi − α− (Xβ)i

σ

)
σ + λ

p∑
j=1

wj |βj |

⎞
⎠

when σ > 0, where ρHub,L (x) =

{
1
2x

2 if |x| ≤ L

L |x| − 1
2L

2 else
is the Huber ρ-

function.
This method is computationally interesting since it follows from [11] that we

only need to deal with partial linear solutions. In their paper, [10] developed the
theory for model selection and asymptotic normality, where they estimated β,
α and σ jointly. However, they did not discuss the high-dimensional case (i.e.,
where p > n).

2.4. Problems with existing bounds

The bounds derived in both the general study of the convex loss Lasso and the
robust Lasso for specific loss functions depend heavily on L = supx |ψ (x)| < ∞.
At first glance, this suits well to robust statistics, where one usually bounds the
influence of single observations by bounding ψ, implying that any reasonable
choice of ψ would automatically satisfy supx |ψ (x)| < ∞.
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However, the classical Lasso cannot be studied under such assumptions, since
in such a case ψ(x) = x. This means that there is no unified framework within
which both bounded and unbounded ψ-functions can be studied. Unfortunately,
this lack of a unified framework can lead to unreasonable results for a fixed n.
For instance, under the assumption that the errors are Gaussian, suppose that
we want to approximate the classical Lasso by using the convex loss Lasso with
the Huber loss function with a large tuning parameter L. For such an L, the
corresponding convex loss Lasso is basically nearly always equal to the classical
Lasso. Yet the bounds from the convex loss Lasso become useless, despite the
fact that we know that the error of the convex loss Lasso is approximately equal
to that of the classical Lasso.

An additional cause for concern is that the bounds from the convex loss
Lasso only depend on the distribution of ε through E [ψ′ (ε)]. Therefore, for a
given distribution of ε, it is impossible, with the existing theory, to improve the
error bounds by selecting an appropriate ρ function other than by minimizing
supx|ψ(x)|
E[ψ′(ε)] . This does not take into account the second moment and excludes the

study of the classical Lasso as a special case of the convex loss Lasso.
Finally, it is imperative to jointly estimate the scale parameter σ with the

location parameter β. This is because, just as the choice of ρ can affect the
location estimation, so does the value of the scale. Also, this joint estimation
should be studied in the high-dimensional setting, with the same asymptotic
assumptions as those for a known scale.

We believe that all these points lead to a gap in the theory which we address
in this paper, by providing a unified framework to study error bounds for differ-
ent types of loss functions satisfying a new moment condition. This framework
includes many types of loss functions (most importantly, the classical Lasso and
the Huberized Lasso) and leads to error bounds which smoothly depend on ψ

through the term E

[
ψ (ε)

2
]
/E [ψ′ (ε)]2.

3. Error bounds with known scale

Throughout this section, we consider the scale parameter as known. While this
assumption is obviously not realistic, it allows for easier derivations which may
be more insightful. This assumption will be relaxed in Section 4.

3.1. Set-up

We consider the general convex loss Lasso as defined in Subsection 2.2, where
for the remainder of the paper we work with a continuous, odd and monotone
increasing ψ. For better readability, the assumptions on ψ′ will slightly change
throughout the relevant subsections, as we now explain.

The purpose of Subsection 3.2 is to describe the construction of basic bounds.
For the sake of brevity, we impose ψ′ to be well defined and continuous here.
In Subsection 3.3, the study of the empirical process does not require the use of
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ψ′. For the new error bounds that we develop in Subsection 3.4, we refine our
assumptions on ψ′ and require ψ′ to be well defined and uniformly continuous
but for a finite set not including 0, while bounded everywhere, and satisfying
E [ψ′ (ε)] > 0 (see Assumptions 3.1 and 3.2). No further restriction is needed for
the asymptotic bounds in Subsection 3.5.

The conditions on ψ′ for the error bounds imply that we require ρ to be
locally strictly convex over some intervals, but not necessarily over the entire
space. In fact, ρ is allowed to be partially affine outside of a compact set. We
note that the assumption that ψ′(0) is well defined excludes the LAD-Lasso but
still includes many other relevant instances of the convex loss Lasso such as the
Huberized Lasso.

Moreover, we consider a fixed design matrix X, and we assume that the εi
are i.i.d. replicas of ε, whose distribution is only required to be symmetric and
continuous at the points of discontinuity of ψ′. The symmetry assumption is
essential to robust statistics in order to avoid inevitable bias in estimation (see
[8]), while the continuity assumption makes the points of discontinuity of ψ′

asymptotically irrelevant.

3.2. Basic bounds

We start by providing an inequality which can be interpreted as a generalization
of the basic inequality for the classical Lasso. For better readability, we denote
the prediction error for observation i by

ai :=
(
X
(
β0 − β̂

))
i
.

Lemma 3.1. There exists tλ ∈ [0, 1] such that

1

n

n∑
i=1

ψ′
(
εi + tλ

ai
σ

) a2i
σ2

+ λ
∥∥∥β̂∥∥∥

1
≤ − 2

n
ψ (ε)

T X

σ

(
β0 − β̂

)
+ λ
∥∥β0
∥∥
1
.

The generalized basic bound, just as the basic bound given in [1], contains

an empirical process component, namely 2
nψ (ε)

T X
σ

(
β0 − β̂

)
. This term can

easily be bounded as follows:

∣∣∣∣ 2nψ (ε)
T X

σ

(
β0 − β̂

)∣∣∣∣ ≤ max
1≤j≤p

∣∣∣∣∣ 2nψ (ε)
T X(j)

σ

∣∣∣∣∣
∥∥∥β0 − β̂

∥∥∥
1
.

This in turn motivates the following definition:

J0 :=

{
max
1≤j≤p

∣∣∣∣∣ 2nψ (ε)
T X(j)

σ

∣∣∣∣∣ ≤ λ0

}
. (3.1)

For specific choices of λ0 and λ, we can easily bound a type of prediction error
on J0.
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Lemma 3.2. Let 2λ0 ≤ λ. Then there exists tλ ∈ [0, 1], such that on J0,

1

n

n∑
i=1

ψ′
(
εi + tλ

ai
σ

) a2i
σ2

≤ 3

2
λ
∥∥β0
∥∥
1
.

If ρ is strictly convex, we have ψ′ > 0 and so we recover a bound on the
prediction error. This type of condition on ρ is not very useful in robust statistics
though, since we want to work with a bounded ψ-function. We will need to rely
on sparsity and on a compatibility condition to recover stronger error bounds,
which also apply in the case where infx ψ

′ (x) = 0.

3.3. Controlling the empirical process

Before we investigate how sparsity can be useful in deriving a stronger bound
than the one given in Lemma 3.2, we elaborate on the conditions which ensure
that the set J0 defined in Equation (3.1) has sufficiently large probability.

We start by giving an easily derived bound for P [J0] for a bounded ψ-
function.

Lemma 3.3. Let X have normalized columns, i.e. 1
n

(
XTX

)
jj

= 1, and as-

sume that supx |ψ (x)| = L. Then, for λ0 := 2L
σ

√
t2+2log(p)

n , we have P [J0] ≥
1− 2 exp

[
−t2/2

]
.

The previous lemma does not allow us to make a connection with the results
of the classical Lasso, where ψ is the identity function and is thus obviously
unbounded. Therefore, we provide the following theorem, which gives a bound

based on E

[
ψ (ε)

2
]
.

Theorem 3.1. Suppose 1
n

(
XTX

)
jj

= 1 and E

[
ψ (ε)

2k
]
≤ (2k)!

k! 2−k
E

[
ψ (ε)

2
]k

for all k ∈ N. Then, for λ0 := 2

√
E[ψ(ε)2]

σ

√
t2+2log(p)

n , we have P [J0] ≥ 1 −
2 exp

[
−t2/2

]
.

If ψ (ε) /L follows a Rademacher distribution, i.e. if P [ψ (ε) /L = −1] = 1/2 =
P [ψ (ε) /L = 1], the choice of λ0 in Lemma 3.3 and in Theorem 3.1 are the same,

since in such a case we have E

[
ψ (ε)

2
]
= L2. For instance, this is the case if

ψ(x) = sign(x)L and P [ε = 0] = 0.

Generally the difference between supx |ψ (x)|2 = L2 and E

[
ψ (ε)

2
]
can be

arbitrarily big. It is therefore interesting to give conditions under which the

moment condition in Theorem 3.1, namely E

[
ψ (ε)

2k
]
≤ (2k)!

k! 2−k
E

[
ψ (ε)

2
]k

for

all k ∈ N, is satisfied. For instance, in the classical uncontaminated case, i.e.
ψ(x) := x and ε ∼ N (0, 1), the moment condition is obviously satisfied since

a key property of the Gaussian distribution is that E
[
ε2k
]
= (2k)!

k! 2−k. On the



Error bounds for the convex loss Lasso in linear models 2841

other hand, in that case, we have supx |ψ (x)|2 = +∞ and E

[
ψ (ε)

2
]
= 1. In

the following lemma, we show that the moment condition is satisfied by a wide
class of ψ-functions under the assumption that ε ∼ N

(
0, σ̃2

)
.

Lemma 3.4. Let ψ be monotone increasing, with x
ψ(x) monotone increasing in

|x|, and assume that ε ∼ N
(
0, σ̃2

)
. Then, for all k ∈ N, we have

E

[
ψ (ε)

2k
]
≤ (2k)!

k!
2−k

E

[
ψ (ε)

2
]k

.

Accordingly, the Huber ψ-function, i.e. ψ(x) := min{max{x,−L}, L} for a
given threshold L > 0, satisfies the moment condition for Gaussian errors, since

ψ is obviously monotone increasing and x
ψ(x) = max

{
1, |x|

L

}
. Lemma 3.4 also

applies to unbounded ψ-functions. For instance, let ψ(x) := x if |x| < L and
ψ(x) := ax + sign(x)(1 − a)L otherwise, for 0 ≤ a ≤ 1 and L > 0. This ψ-
function is obviously monotone increasing, since a ≥ 0, and we have that x

ψ(x) =

max
{
1, |x|

a|x|+(1−a)L

}
is monotone increasing in |x| since a ≤ 1. Therefore, this

particular ψ-function also satisfies the moment condition for Gaussian errors,
although it is unbounded.

More generally, in a case where ε does not follow a Gaussian distribution
or ψ does not satisfy the conditions in Lemma 3.4, we can still check the mo-
ment condition, provided there exists L < +∞ with supx |ψ(x)| = L. When
ψ is bounded, there are only finitely many conditions that one must check.

Specifically, for k0 =

⌈
2L2

E[ψ(ε)2]

⌉
and k ≥ k0 in N, we have the following:

E

[
ψ (ε)

2k
] 1

k ≤ L2 ≤ k

2
E

[
ψ (ε)

2
]
≤
(
(2k)!

k!
2−k

) 1
k

E

[
ψ (ε)

2
]
. (3.2)

This means that we only need to check the moments for 2 ≤ k < k0 in order to
ensure that the moment condition is satisfied for all k.

Example 3.1. To illustrate the use of this inequality, we apply it to errors

with a t-distribution and Tukey’s biweight ψ-function. Let ψ(x) = x(1 − x2

c2 )
2

if |x| ≤ c and ψ(x) = 0 otherwise, with c = 4.685. Moreover, we assume

that ε ∼ t3 and σ = 1. These choices imply that E

[
ψ (ε)

2
]

≈ 0.638 and

L = supx |ψ(x)| ≈ 1.341. Therefore, we have k0 = 6 and thus only need to

check that E
[
ψ (ε)

2k
]
E

[
ψ (ε)

2
]−k

≤ (2k)!
k! 2−k for k ∈ {2, 3, 4, 5}:

E

[
ψ (ε)

4
]
E

[
ψ (ε)

2
]−2

≈ 1.881 ≤ 3 =
4!

2!
2−2,

E

[
ψ (ε)

6
]
E

[
ψ (ε)

2
]−3

≈ 4.168 ≤ 15 =
6!

3!
2−3,

E

[
ψ (ε)

8
]
E

[
ψ (ε)

2
]−4

≈ 9.927 ≤ 105 =
8!

4!
2−4,
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E

[
ψ (ε)

10
]
E

[
ψ (ε)

2
]−5

≈ 24.608 ≤ 945 =
10!

5!
2−5.

Since E

[
ψ (ε)

2k
]
E

[
ψ (ε)

2
]−k

≤ (2k)!
k! 2−k for all relevant values of k, the mo-

ment condition is satisfied in this case despite the fact that the ψ-function is
non-increasing.

We note that this method can be used for arbitrary bounded odd ψ-functions
and symmetric error distributions. It does however require the knowledge of the
error distribution, which may reduce its use in some important cases.

In robust statistics, for instance, the distribution of ε is only approximately
known [7]. In such a situation, we cannot use Lemma 3.4 or even Equation (3.2)
to check the moment condition directly. Since this is an important application of
our work, we study the moment condition for a fixed k in contamination models.
In the following lemma, we provide a method to verify the moment condition in
contamination models.

Lemma 3.5. Suppose ε∗ ∼ G, where G is a distribution function, supx |ψ(x)| =
L, 0 < δ < 1 and k ∈ N. Furthermore we assume that

E

[
ψ (ε∗)2k

]
≤ (2k)!

k!
2−k(1− δ)k−1

E

[
ψ (ε∗)2

]k
(3.3)

and

(1− δ)E
[
ψ (ε∗)2k

]
+ δL2k ≤ (2k)!

k!
2−k
[
(1− δ)E

[
ψ (ε∗)2

]
+ δL2

]k
. (3.4)

Then for any ε ∼ F , where F (x) := (1− δ)G(x)+δH (x) and H is an arbitrary
symmetric distribution, we have:

E

[
ψ (ε)

2k
]
≤ (2k)!

k!
2−k

E

[
ψ (ε)

2
]k

. (3.5)

Lemma 3.5 allows for a verification of the moment condition based only on L
and the distribution G. As shown in the Appendix (see Lemmas A.1 and A.2),
H(x) = 10≤x and H(x) = 1

21−u≤x + 1
21u≤x with u = argmaxψ(x), are the

most challenging types of contaminating distributions. In fact, for H(x) = 10≤x,
Equations (3.3) and (3.5) are equal, while for H(x) = 1

21−u≤x + 1
21u≤x, Equa-

tions (3.4) and (3.5) are equal. This means that the conditions in Lemma 3.5
are necessary, since if either Equation (3.3) or (3.4) fails then there exists a

distribution H so that E
[
ψ (ε)

2k
]
> (2k)!

k! 2−k
E

[
ψ (ε)

2
]k
.

Example 3.2. To showcase the use of Lemma 3.5, we apply it to the con-
taminated normal case with a Huber ψ-function as first studied by [7]. More
specifically, for a given δ > 0, we assume ε ∼ F , where G is the standard nor-
mal distribution N (0, 1), H is an unknown symmetric distribution and F is as
in Lemma 3.5. We are now interested in the maximal value of L so that Equa-
tions (3.3) and (3.4) hold for all k ≥ 2. Obviously they are satisfied for L = 0,
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and for any value of L below this maximal value. Moreover, for k = 2, we have
(2k)!
k! 2−k(1− δ)k−1 = 3(1− δ), and since E

[
ψ (ε∗)2k

]
≥ E

[
ψ (ε∗)2

]k
by Jensen’s

inequality, Equation (3.3) is only met for L = 0 when δ > 2
3 . More generally,

using the same methods as in Example 3.1, we can recover this maximal value
which is always strictly bigger than 0 for δ < 2

3 . Table 1 shows the value of L
for which the moment condition is satisfied with equality for the various levels
of contamination δ considered in [7].

Table 1

Maximal values of L with respect to δ.

Level δ 0.0008 0.0023 0.0061 0.0156 0.0376 0.0855 0.1825 0.3599
Maximal L 4.1082 3.8167 3.5209 3.2010 2.8552 2.4652 1.9976 1.3645

3.4. New error bounds for the convex loss Lasso

In this subsection, we derive new prediction and estimation error bounds for the
convex loss Lasso. To do so, we start by exploiting the sparsity of β0 just as in
[1]. Let S ⊂ {1, ..., p} and βj,S = βj1j∈S . Throughout, let S0 be the true set of

non zeros of β0 and s0 = |S0| is the number of non zeros of β0.

Following [1], we say that the compatibility condition is met for the set S0 if
for some φ0 > 0 and for all θ ∈ R

p satisfying
∥∥θSc

0

∥∥
1
≤ 3 ‖θS0‖1, it holds that

‖θS0‖
2
1 ≤ ‖θ‖2Σ̂

s0
φ2
0

,

where Σ̂ = 1
nX

TX = 1
n

∑n
i=1 X

T
i Xi is the Gram matrix and ‖θ‖2Σ̂ := θT Σ̂θ.

Assumption 3.1. There exists a monotone increasing sequence {θj}N+1
j=0 with

θ0 = −∞ and θN+1 = +∞, where ψ′ restricted to the intervals (θj−1, θj) is
uniformly continuous. If N ≥ 1, then ε has a continuous distribution at all the
points in Θ := {θj : j ∈ {1, ..., N}}.

Assumption 3.2. infx �∈Θ ψ′ (x) ≥ 0 (convexity of ρ) and 0 < supx �∈Θ ψ′(x) ≤ 1
(bounded ψ′).

Assumption 3.1 is a restriction on the type of ψ-functions that we investigate.
We point out that this assumption is fulfilled by the Huber ψ-function and many
other ψ-functions. Additionally, the restriction on ε still allows for a discrete
distribution; the masses just have to be away from the points {θj}Nj=1.

Assumption 3.2 is an assumption of convexity, while also of bounded ψ′.
Bounding ψ′ by 1, as opposed to another constant, is by no means restrictive,
since if for instance 1 < supx ψ

′(x) < ∞ we can work with 1
supx ψ′(x)ρ instead of

ρ. The reason to bound ψ′ is that we do not want ρ to grow strictly faster than
a quadratic function.
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We can now provide the following theorem.

Theorem 3.2. There exists α0, c0 > 0, such that if the compatibility condition
holds for S0, 12λK

σ
E[ψ′(ε)]

s0
φ2
0
≤ α ≤ α0, λ̃ s0

φ2
0
≤ c0 and 2λ0 ≤ λ, then, on J0∩Iα,

E [ψ′ (ε)]−Δ1 (α)

σ2

∥∥∥β0 − β̂
∥∥∥2
Σ̂
+ [1−Δ2(λ̃

s0
φ2
0

)]λ
∥∥∥β0 − β̂

∥∥∥
1
≤ 4λ2 σ2

E [ψ′ (ε)]

s0
φ2
0

,

where Iα is a set depending on α and λ̃ defined in the Appendix, the Δi are

continuous, monotone increasing and satisfy Δi(0) = 0, and maxi,j

∣∣∣X(j)
i

∣∣∣ ≤ K.

3.5. Asymptotic results

Here we study the asymptotic implications of Theorem 3.2, where we allow both
p and n to tend to infinity. In order to recover asymptotic results, we impose a
condition on the covariates as the dimensions diverge.

Assumption 3.3. The covariates are bounded, i.e. maxi,j

∣∣∣X(j)
i

∣∣∣ ≤ K.

Assumption 3.3 is rather common in robust statistics, since it limits the
influence of single covariates and so the leverage of single covariates is limited.

Because of
(
XTX

)
jj

= n, we must have 1 ≤ K.

In the Appendix, under the same condition for consistency as for the classical

Lasso, namely
√

log(p)
n

s0
φ2
0
→ 0 as n → ∞, we show that it is possible to let λ̃

depend on n such that λ̃ s0
φ2
0
tends to 0 with P [Iα] tending to 1.

Therefore, for λ0 = 2

√
E[ψ(ε)2]

σ

√
t2+2log(p)

n , λ = 2λ0 and α = 12λK σ
E[ψ′(ε)]

s0
φ2
0

in Theorem 3.2, and by using Theorem 3.1, we recover

E [ψ′ (ε)]

σ2

∥∥∥β0 − β̂
∥∥∥2
Σ̂
+ 2λ0

∥∥∥β0 − β̂
∥∥∥
1
≤ 16λ2

0

σ2

E [ψ′ (ε)]

s0
φ2
0

with probability approximately at least 1− 2 exp
[
−t2/2

]
(asymptotically in n).

Consequently, we recover estimation and prediction error bounds,

∥∥∥β0 − β̂
∥∥∥
1

≤ 16σ

√
t2 + 2 log(p)

n

√
E [ψ2 (ε)]

E [ψ′ (ε)]

s0
φ2
0

,

∥∥∥β0 − β̂
∥∥∥2
Σ̂

≤ 16σ2 t
2 + 2 log(p)

n

E
[
ψ2 (ε)

]
E [ψ′ (ε)]2

s0
φ2
0

,

with probability approximately at least 1− 2 exp
[
−t2/2

]
(asymptotically in n).

In both cases, for estimation and prediction errors, we recover the same error
bound as that of the classical Lasso in [1] but for a term solely depending on

E
[
ψ2 (ε)

]
/E [ψ′ (ε)]2. We note that this ratio has primarily emerged from the

analysis conducted in Subsection 3.3, where our focus was on giving conditions



Error bounds for the convex loss Lasso in linear models 2845

for controlling the empirical process component. Obviously, the examples we
gave there can be considered as well in this asymptotic setting since they fulfil
the moment condition.

4. Error bounds with estimated scale

In most applications, σ is unknown and must be estimated. This section ad-
dresses joint estimation of the regression and scale parameters. In particular,
we show how the results obtained in the previous section carry over to this more
realistic setting.

4.1. Scaled convex loss Lasso estimator

Just as in [10], we propose the following estimating equation

(
β̂, σ̂a

)
∈ argmin

β,σ

(
2

n

n∑
i=1

(
ρ

(
Yi − (Xβ)i

σ

)
+ a

)
σ + λ∗ ‖β‖1

)
,

where a ∈ R. It follows from [8] (equation 7.110, p. 174) that if ρ is convex
then the function in the equation above is convex. This was used by [13] in the
classical Lasso case. We extend it here to a general class of ρ-functions. The idea
is that, in the case where σ is known and fixed, we recover the same definition
as in (2.2) for λ∗ = σλ.

The estimation procedure now depends on a new parameter a, which mainly
affects the estimation of σ. As we will see, σ̂a converges in probability to σa, the
solution in σ̃ of a = E

[
χ0

(
σε
σ̃

)]
, where χ0 (x) = ψ (x)x − ρ (x). Consequently,

for a = E [χ0 (ε)], σ̂a converges in probability to σ. We will study the choice of
a from a robustness point of view in Section 5.

Just as in Section 3, the assumptions on ψ′ will slightly change throughout
the following subsections. The purpose of Subsection 4.2 is to describe the con-
struction of basic bounds, where once again, for the sake of brevity, we impose
ψ′ to be well defined and continuous here. For the new error bounds that we de-
velop in Subsection 4.3, we refine our assumptions on ψ′, similarly to what was
done in Subsection 3.4 (see Assumptions 4.1 and 4.2). Finally, for the asymptotic
results in Subsection 4.4, no further restriction is needed.

4.2. Basic bounds

We now provide a new basic inequality in this case depending on a.

Lemma 4.1. There exists tλ∗ ∈ [0, 1] such that

∥∥∥β̂ − β0, σ̂a − σa

∥∥∥
Γ(tλ∗ )

+ λ∗

∥∥∥β̂∥∥∥
1
≤− 2

n

n∑
i=1

(
a− χ0

(
σεi
σa

))
(σ̂a − σa)

− 2

n
ψ

(
σε

σa

)T

X
(
β0 − β̂

)
+ λ∗

∥∥β0
∥∥
1
,
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where
∥∥∥β̂ − β0, σ̂a − σa

∥∥∥
Γ(tλ∗ )

is non negative and is equal to

1

n

n∑
i=1

ψ′
(
σε̃i
σ̃a

)
a2i
σ̃a

+
1

n

n∑
i=1

χ′
0

(
σε̃i
σ̃a

)
σε̃i
σ̃a

(σ̂a − σa)
2

σ̃a

− 2

n

n∑
i=1

ψ′
(
σε̃i
σ̃a

)
σε̃i
σ̃a

ai
σ̃a

(σ̂ − σa)

with σ̃a = σa + tλ∗ (σ̂a − σa) and ε̃i = εi + tλ∗ ai

σ .

It is interesting to see that if σ̂a = σ = σa, we recover the same bound as in
Lemma 3.1, by setting λ∗ = σλ in the optimization.

As opposed to the case with fixed σ, there are now two empirical pro-

cesses, namely 2
n

∑n
i=1

(
a− χ0

(
σεi
σa

))
(σ̂a − σa) and 2

nψ
(

σε
σa

)T
X
(
β0 − β̂

)
.

Similarly to Subsection 3.1, this motivates the following definitions:

Ja;0 :=

{
max
1≤j≤p

∣∣∣∣∣ 2nψ
(
σε

σa

)T
X(j)

σa

∣∣∣∣∣ ≤ λ0

}
,

Ja;1 :=

{∣∣∣∣∣ 1σa

2

n

n∑
i=1

(
a− χ0

(
σεi
σa

))∣∣∣∣∣ ≤ λ1

}
.

In the special case a = E [χ0 (ε)] and consequently σa = σ, Ja;0 = J0. More
generally, the same technics used to study J0 can be used to study Ja;0, since

x 
→ ψ
(

σx
σa

)
can itself be studied as a ψ-function.

By definition, under the mild assumption, that E

[
χ0

(
σε
σa

)2]
< ∞, we have

that 2
n

∑n
i=1

(
a− χ0

(
σεi
σa

))
= OP(n

− 1
2 ) and thus for λ1 ∼ n− 1

2 , Ja;1 can hold

with arbitrarily high probability.

4.3. New error bounds for the scaled convex loss Lasso

Before stating the theorem on the joint error bounds, we go through the required
assumptions for the theorem to hold. We need to alter Assumption 3.1, since
the discontinuous points now need to be scaled. This leads to the following
assumption.

Assumption 4.1. There exists a monotone increasing sequence {θj}N+1
j=0 with

θ0 = −∞ and θN+1 = +∞, where ψ′′ restricted to the intervals (θj−1, θj) is
uniformly continuous. If N ≥ 1, then ε has a continuous distribution at all the
points in Θa :=

{
σa

σ θj : j ∈ {1, ..., N}
}
.

There are two differences with respect to Assumption 3.1, namely that we
are working with ψ′′ instead of ψ′ and that the set over which ε must have a
continuous distribution is Θa rather than Θ.

Moreover, we alter Assumption 3.2, to impose a new assumption on ψ.
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Assumption 4.2. infx �∈Θ ψ′ (x) ≥ 0 (convexity of ρ), 0 < supx �∈Θ ψ′(x) ≤ 1
(bounded ψ′), and supx �∈Θ ψ′′ (x)x2 < +∞.

The additional restriction that we impose with respect to Assumption 3.1 is
that supx �∈Θ ψ′′ (x)x2 < +∞.

While the classical Lasso obviously satisfies both of these assumptions (since
in that case ψ′′(x) = 1), we stress that the Huberized Lasso also satisfies the
above assumptions if P

[
σa

σ |ε| = L
]
= 0, since in that case ψ′′

L(x) = 0 for |x| �= L.

Theorem 4.1. There exist c0, c1, c2, c3, α
0
∗, δ

0
∗, > 0, such that if the compat-

ibility condition holds for S0,
10λ∗

E[ψ′( σε
σa
)]

s0
φ2
0
c3K ≤ δ∗ ≤ δ0∗,

10λ∗
E[ψ′( σε

σa
)]

s0
φ2
0
K ≤

α∗ ≤ α0
∗, λ̃∗

s0
φ2
0
≤ c0, λ1σa ≤ c1 min

{∥∥∥β̂ − β0
∥∥∥
1
/σa, δ

0
∗

}
, λ2σa ≤ 1, γ∗ ≤ c2,

2λ0σa+2λ2
2σ

2
a+2λ1σa

1− λ̃∗
c0

s0
φ2
0

≤ λ∗, then, on Ja;0 ∩ Ja;1 ∩ Ja;2 ∩ Iα∗,δ∗ ∩ Ga,

E

[
ψ′
(

σε
σa

)]
−Δ3(α∗ + δ∗ + γ∗)

σa

∥∥∥β0 − β̂
∥∥∥2
Σ̂
+ λ∗

∥∥∥β0 − β̂
∥∥∥
1
≤ 4λ2

∗σa

E

[
ψ′
(

σε
σa

)] s0
φ2
0

,

where Iα∗,δ∗ is a set depending on α∗, δ∗ and λ̃∗ defined in the Appendix, Δ3

is continuous, monotone increasing and satisfies Δ3(0) = 0, Ja;2 depends on λ2

and while Ga depends on γ∗ defined in the Appendix, and maxi,j

∣∣∣X(j)
i

∣∣∣ ≤ K.

Moreover, there exist C1, C2, C3, C4 > 0 such that,

|σ̂a − σa|
σa

≤ C1λ1σa + C2λ2

∥∥∥β̂ − β0
∥∥∥
1
+

C3

n

∑
i∈Jα∗,δ∗

|ai|
σa

+
C4

n

n∑
i=1

a2i
σ2
a

,

where Jα∗,δ∗ =
{
i ∈ {1, ..., n} : inf1≤j≤N

{∣∣∣σεiσa
− θj

∣∣∣− δ∗
1−δ∗

∣∣∣σεiσa

∣∣∣} ≤ α∗
1−δ∗

}
.

4.4. Asymptotic results

In this subsection we study the implications of Theorem 4.1 in the asymptotic
set-up. First of all, we point out that there is an unusual condition in this the-

orem, namely λ1σa ≤ c1

∥∥∥β̂ − β0
∥∥∥
1
/σa. This condition is in no way restrictive,

since, as we have we can pick λ1 = o
(
n− 1

2

)
, which is a much faster rate of

convergence than the one we show.

Set λ∗ =
2λ0σa+2λ2

2σ
2
a+2λ1σa

1− λ̃∗
c0

s0
φ2
0

, δ∗ = 10λ∗
E[ψ′(ε)]

s0
φ2
0
c3K and α∗ = 10λ∗

E[ψ′( σε
σa
)]

s0
φ2
0
K.

Under the standard asymptotic assumption, namely
√

log p
n

s0
φ2
0
→ 0 as n → ∞, it

is shown in the Appendix that P [Iα∗,δ∗ ∩ Ga ∩ Ja;1 ∩ Ja;2] → 1 with λ∗
2λ0σa

→ 1
and δ∗ → 0, α∗ → 0 and γ∗ → 0.
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Following the ideas in Subsection 3.5, set λ0 = 2

√
E

[
ψ( σε

σa
)
2
]

σa

√
t2+2 log(p)

n , in

which case P [Ja;0] ≥ 1−2 exp
[
−t2/2

]
, under the moment condition. Therefore,

by Theorem 4.1, just as in Section 3, we recover

E

[
ψ′
(

σε
σa

)]
σ2
a

∥∥∥β0 − β̂
∥∥∥2
Σ̂
+ 2λ0

∥∥∥β0 − β̂
∥∥∥
1
≤ 16λ2

0

σ2
a

E

[
ψ′
(

σε
σa

)] s0
φ2
0

with probability approximately at least 1− 2 exp
[
−t2/2

]
(asymptotically in n).

Consequently, in this case, we recover estimation and prediction error bounds,

∥∥∥β0 − β̂
∥∥∥
1

≤ 16σ

√
t2 + 2 log(p)

n

σa

√
E

[
ψ2
(

σε
σa

)]
σE
[
ψ′
(

σε
σa

)] s0
φ2
0

,

∥∥∥β0 − β̂
∥∥∥2
Σ̂

≤ 16σ2 t
2 + 2 log(p)

n

σ2
aE

[
ψ2
(

σε
σa

)]
σ2E

[
ψ′
(

σε
σa

)]2 s0
φ2
0

,

with probability approximately at least 1− 2 exp
[
−t2/2

]
(asymptotically in n).

Interestingly, in terms of asymptotics for β̂, the error bounds that we re-
cover depend on the ψ-function and on the distribution of ε only through the

ratio σ2
a/σ

2
E

[
ψ2
(

σε
σa

)]
/E
[
ψ′
(

σε
σa

)]2
. The main difference between the case of

known σ and this one is the scale parameter σa, where we remind the reader
that σa is the solution to a = E

[
χ0

(
σε
σ̃

)]
in σ̃.

5. Minimaxity of bounds and relevance of the ratios

In this section, we first study the derived error bounds in terms of minimax-
ity, which basically amounts to studying E

[
ψ2 (ε)

]
/E [ψ′ (ε)]2 for known σ and

σ2
a/σ

2
E

[
ψ2
(

σε
σa

)]
/E
[
ψ′
(

σε
σa

)]2
for estimated σ in terms of minimaxity as done

by [7]. Then, we show that these ratios appear asymptotically in a couple of other
interesting settings.

5.1. Minimaxity of error bounds for known scale

Under the moment condition, the ratio E
[
ψ (ε)

2
]
/E [ψ′ (ε)]2 appears in the error

bounds derived in Sections 3 and 4. Therefore, to optimize the error bounds with

respect to ψ, we need to minimize E
[
ψ (ε)

2
]
/E [ψ′ (ε)]2. Then, if the correspond-

ing ψ satisfies the moment condition it is obviously the optimal ψ for the bound.
For instance, if ε ∼ F , where F is the normal distribution N (0, 1), ψ(x) = x is
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clearly optimal, since this ψ-function minimizes E
[
ψ (ε)

2
]
/E [ψ′ (ε)]2 while also

satisfying the moment condition.

More generally, just as in [7], we define V (ψ, F ) = EF

[
ψ (ε)

2
]
/EF [ψ′ (ε)]2.

As noted earlier, in robust statistics, it is assumed that we only approximately
know the true distribution F , which can be modelled as F = (1−δ)G+δH, where
δ is the contamination level and H is a contaminating distribution. This then
leads to a minimax problem, namely, solving minψ maxF=(1−δ)G+δH V (ψ, F ).

Example 5.1. We continue our study of the case where G is the normal dis-
tribution N (0, 1) as considered in Example 3.2. In this case, the solution to the
minimax problem was derived by [7] and was shown to be the Huber ψ-function,
with a tuning parameter L depending on δ. In fact, we can combine these results
with the ones given in Example 3.2 to obtain the following table.

Table 2

Optimal and maximal values with respect to δ.

Level δ 0.0008 0.0023 0.0061 0.0156 0.0376 0.0855 0.1825 0.3599
Maximal L 4.1082 3.8167 3.5209 3.2010 2.8552 2.4652 1.9976 1.3645
Optimal L 2.7000 2.4000 2.1000 1.8000 1.5000 1.2000 0.9000 0.6000

Table 2 reveals that the optimal tuning parameter L is always smaller for the
selected contamination levels than the maximal value L for which the moment
condition is still satisfied. This implies that for reasonable contamination levels,
the Huber-ψ function produces minimax error bounds under the assumption that
G is the standard normal distribution.

5.2. Minimaxity of error bounds for estimated scale

To begin, let Va(ψ, F ) = σa(ψ, F )2/σ2
EF

[
ψ
(

σε
σa(ψ,F )

)2]
/EF

[
ψ′
(

σε
σa(ψ,F )

)]2
,

where we make the definition of σa explicit through F and ψ. Additionally,

let ψ̃ (x) = 1
σ̃ψ (σ̃x). Consequently, we recover EF

[
ψ̃′ (ε)

]2
= EF [ψ′ (σ̃ε)]2 and

EF

[
ψ̃ (ε)

2
]
= 1

σ̃2EF

[
ψ (σ̃ε)

2
]
. Thus, for σ̃ = σ/σa(ψ, F ), we have Va(ψ, F ) =

V (ψ̃, F ).

With these relations in mind, we now show that finding the ψ-function solv-
ing minψ maxF=(1−δ)G+δH Va(ψ, F ) reduces to the previously studied problem

of finding the ψ̃-function solving minψ̃ maxF=(1−δ)G+δH V (ψ̃, F ). In fact, let

(ψ̃, F ) be a solution to the minimax problem involving V . Define σ̃ through the

equation a = σ̃2
EF

[
ψ̃(ε)ε− ρ̃(ε)

]
, where ρ̃ is the ρ-function corresponding to

the ψ-function ψ̃. Now let ρ(x) = σ̃2ρ̃
(
x
σ̃

)
and ψ(x) = ρ′(x) = σ̃ψ̃

(
x
σ̃

)
. Corre-

spondingly, we recover a = EF [ψ(σ̃ε)σ̃ε− ρ(σ̃ε)] = EF [χ0(σ̃ε)], and therefore
we identify σ̃ = σ/σa(ψ, F ). Thus, (ψ, F ) is a solution to the minimax problem
involving Va.
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As shown above, the minimizer ψ depends on a only through scaling. Just as
in [7], we propose setting a = EG [χ0(ε)]. In such a case, we recover σa(ψ, F ) =
σ in the non-contaminated model (i.e., F = G). This leads to the equation

EG

[
σ̃ψ̃
(
ε
σ̃

)
ε− σ̃2ρ̃

(
ε
σ̃

)]
= σ̃2

EF

[
ψ̃(ε)ε− ρ̃(ε)

]
defining σ̃.

Example 5.2. Once again we study the case where G is the normal distribution
N (0, 1). In this case, the solution to the minimax problem involving V , the Huber
ψ-function with parameter L, was studied in Example 5.1. Obviously if ψ̃ is the
Huber ψ-function with parameter L, then ψ defined through ψ(x) = σ̃ψ̃

(
x
σ̃

)
is the Huber ψ-function with parameter σ̃L. Thus the optimal ψ-functions in
solving the new minimax problem are Huber ψ-functions.

The worst case contamination, as shown by [7], involves any symmetric dis-
tribution with mass outside of [−L,L]. This allows us to recover the parameter
in the ψ-function in the minimax problem involving Va from that of the opti-
mal ψ-function in the minimax problem involving V , by computing σ̃. Table 3
contains the results for the same levels of contamination as in Example 5.1.

Table 3

Optimal L and corresponding σ̃ with respect to δ.

Level δ 0.0008 0.0023 0.0061 0.0156 0.0376 0.0855 0.1825
V :Optimal L 2.7000 2.4000 2.1000 1.8000 1.5000 1.2000 0.9000
σ̃ for given L 0.9973 0.9938 0.9866 0.9720 0.9439 0.8914 0.7952
Va:Optimal L 2.6928 2.3850 2.0718 1.7496 1.4159 1.0697 0.7157

5.3. Relevance of the ratios

In this subsection we provide some theory to compare the estimation and pre-
diction errors associated to the convex loss Lasso estimators for different ρ-
functions. We focus on the case of known scale, noting that it is straightforward
to recover the corresponding results in the case of estimated scale.

5.3.1. Estimating equations

The general Karush-Kuhn-Tucker (KKT) conditions for convex functions will
play a key part in the analysis. Indeed, these conditions allow us to characterize
all possible solutions to the Lasso problem in a straightforward manner. More
specifically, we have that β is a solution if and only if

2

n
XT

[,S(β)]ψ (Y −Xβ) = λsign(β[S(β)])

and

∥∥∥∥ 2nXTψ (Y −Xβ)

∥∥∥∥
+∞

≤ λ,

where S (β) = {i ∈ {1, ..., p} : βi �= 0} and, for simplicity, we set σ = 1.
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For given observations (Y,X), let β̂ be the convex loss Lasso corresponding

to λ =

√
E

[
ψ (ε)

2
]
λ∗. This leads to the following scores:

2

n
XTψ

(
Y −Xβ̂

)
=

2

n
XTψ (ε) +

2

n
XTDψ (ε̃)X

[
β0 − β̂

]
,

=
2

n
XTψ (ε) + E [ψ′ (ε)]

2

n
XTX

[
β0 − β̂

]
+Δ.

We will study the ratio under different sets of hypotheses.

5.3.2. Ratio in distribution

We start by making a strong assumption, namely that there exists a fixed S∗

such that S∗ = sign
(
β̂
)
with high probability. In that case, we can define S∗ =

S
(
β̂
)
, which is well defined in the event that sign

(
β̂
)
= S∗. Furthermore, we

can assume that S
(
β0
)
= S0 ⊂ S∗ (by assuming that the non zero elements of

β0 are big enough, this follows directly). Then, by dividing the components in
S∗ of the scores by

√
E [ψ2 (ε)] we recover:

λ∗S∗
[S∗] =

2

n

X [,S∗]
Tψ (ε)√

E [ψ2 (ε)]
+

E [ψ′ (ε)]√
E [ψ2 (ε)]

2

n
XTX [S∗,]

[
β0 − β̂

]
+

Δ[S∗]√
E [ψ2 (ε)]

.

Now since
[
β0 − β̂

]
[j]

= 0 for all j �∈ S∗, by the previous equation we recover:

E [ψ′ (ε)]√
E [ψ2 (ε)]

2

n
XTX [S∗,S∗]

[
β0 − β̂

]
[S∗]

= λ∗S∗
[S∗] −

2X [,S∗]
Tψ (ε) + nΔ[S∗]

n
√

E [ψ2 (ε)]
.

Under the extra assumption that
√
n ‖Δ‖∞ is very small, which is true for

instance if
√
log(p)

∥∥∥β0 − β̂
∥∥∥
1
is small, the term

Δ[S∗]√
E[ψ2(ε)]

can be ignored, since

its variability is overshadowed by that of 2
n

X[,S∗]
Tψ(ε)√

E[ψ2(ε)]
. Under mild conditions,

the distribution of 2√
n

X[,S∗]
Tψ(ε)√

E[ψ2(ε)]
is close to a normal distribution by the central

limit theorem and thus does not depend on ψ asymptotically. Therefore, under

all these assumptions, the efficiency of
[
β0 − β̂

]
[S∗]

depends only on the ratio.

In spite of the fact that the main assumption is rather strong, we do not
assume that S∗ = S0. Consistency in model selection is however a special case,
i.e. if S∗ = S0, in which case the ratio directly reflects the loss of efficiency.

5.3.3. Ratio for projections onto true span

We now relax some of the assumptions made in the last part, namely we only

assume that S0
[S0] = sign

(
β̂
)
[S0]

, where once again S0 = sign
(
β0
)
and S0 =
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S
(
β0
)
. The above assumption is rather weak, since for instance it is satisfied

if the smallest non zero coefficient of β0 is bigger in absolute value than a
certain threshold. In that case, by dividing the components in S0 of the scores
by
√
E [ψ2 (ε)] we recover:

λ∗S0
[S0] =

2

n

XT
[,S0]ψ (ε)√
E [ψ2 (ε)]

+
E [ψ′ (ε)]√
E [ψ2 (ε)]

2

n
XT

[,S0]X
[
β0 − β̂

]
+

Δ[S0]√
E [ψ2 (ε)]

.

This leads to the following equations:

E [ψ′ (ε)]√
E [ψ2 (ε)]

2

n
XT

[,S0]X
[
β0 − β̂

]
= λ∗S0

[S0] −
Δ[S0]√
E [ψ2 (ε)]

− 2

n

XT
[,S0]ψ (ε)√
E [ψ2 (ε)]

.

Relying once again on the assumption that
√
n ‖Δ‖∞ is small, the term

Δ[S0]√
E[ψ2(ε)]

can be ignored and so the distribution of any projection of X
[
β0 − β̂

]
onto a vector in the span of X [,S0] only depends on ψ through the ratio asymp-
totically.

6. Discussion

In this paper, we have given explicit bounds for the estimation and prediction
errors for the Lasso with a general convex loss function. We have shown that
both of these bounds are a natural extension of the well-known bounds in the
classical setting (i.e., with a squared error loss function), with an additional

term given by E
[
ψ2 (ε)

]
/E [ψ′ (ε)]2. Interestingly, this term is exactly the same

as the one found by [7] in the low-dimensional setting, underlying the minimax
property of the Huber loss function. We have provided theoretical arguments
supporting the importance of this ratio in the high-dimensional setting. Our
work establishes a clear and explicit link between the bounds for the predic-
tion and estimation errors on the one hand and the choice of the loss function
motivated by robustness considerations on the other hand. To the best of our
knowledge, such findings have never appeared in this form in the literature.

An interesting direction for future work would be to further assess the sharp-
ness of the bounds that we have obtained. This could notably give an indication
of how relevant the ratio from Huber’s minimax problem could be in other con-
texts. It would also be useful to consider the impact of having an intercept in
the model, even though we believe that our techniques can be easily adapted to
handle that case. Finally, we have excluded from our analysis the possibility of
outliers in the design matrix. It is clear that contamination of the covariates is
highly plausible in applications, perhaps even more so in the high-dimensional
setting. It would thus be of interest to examine the impact of such contamina-
tions on the bounds.
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Appendix A: Proofs and technical arguments: Section 3

A.1. Proof of Lemma 3.1

It follows directly from the following inequality

2

n

n∑
i=1

ρ
(
εi +

ai
σ

)
+ λ
∥∥∥β̂∥∥∥

1
≤ 2

n

n∑
i=1

ρ (εi) + λ
∥∥β0
∥∥
1

and a Taylor expansion on 2
n

∑n
i=1 ρ

(
εi +

ai

σ

)
, which implies ∃tλ ∈ [0, 1] such

that

2

n

n∑
i=1

ρ
(
εi +

ai
σ

)
=

2

n

n∑
i=1

ρ (εi) +
2

n

n∑
i=1

ψ
(εi
σ

) ai
σ

+
1

n

n∑
i=1

ψ′
(
εi + tλ

ai
σ

) a2i
σ2

.

A.2. Proof of Lemma 3.2

Because of 2λ0 ≤ λ and the definition of J0, we have∣∣∣∣ 2nψ (ε)
T X

σ

(
β0 − β̂

)∣∣∣∣ ≤ λ

2

∥∥∥β0 − β̂
∥∥∥
1
.

By using Lemma 3.1, this in turn implies that on J0 we have

1

n

n∑
i=1

ψ′
(
εi + tλ

ai
σ

) a2i
σ2

≤ λ

2

∥∥∥β0 − β̂
∥∥∥
1
+ λ
∥∥β0
∥∥
1
− λ
∥∥∥β̂∥∥∥

1
≤ 3

2
λ
∥∥β0
∥∥
1
.

A.3. Proof of Lemma 3.3

Define V (j) = 1
L

1√
n
ψ (ε)

T
X(j) = 1

L
1√
n

∑n
i=1 ψ (εi)X

(j)
i . Since supx |ψ (x)| ≤

L, we have ψ(εi)
L X

(j)
i ∈ [−X

(j)
i ,X

(j)
i ] and so by Hoeffding’s inequality as in [6]

P

[∣∣∣V (j)
∣∣∣ ≥ t

]
≤ 2 exp

⎡
⎢⎣− 2nt2∑n

i=1

[
2X

(j)
i

]2
⎤
⎥⎦

= 2 exp

⎡
⎢⎣− 2nt2

22
(
XTX

)
jj

⎤
⎥⎦

= 2 exp

[
− t2

2

]
.

We can now bound max1≤j≤p

∣∣V (j)
∣∣ in probability by using the union bound

P

[
max
1≤j≤p

∣∣∣V (j)
∣∣∣ ≥√t2 + 2 log(p)

]
≤ pP

[∣∣∣V (j)
∣∣∣ ≥√t2 + 2 log(p)

]
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≤ 2p exp

[
− t2 + 2 log(p)

2

]

= 2 exp

[
− t2

2

]
.

The lemma follows directly from J0 :=
{
max1≤j≤p

∣∣V (j)
∣∣ 2 L

σ
√
n
≤ λ0

}
.

A.4. Proof of Theorem 3.1

Let Ui =
ψ(εi)√
E[ψ(ε)2]

andWi ∼ N (0, 1) iid. For fixed j, we define V (j), respectively

Z(j), as the linear combinations of Ui, respectively Wi, with X
(j)
i :

V (j) =
1√
n

n∑
i=1

V
(j)
i =

1√
n

n∑
i=1

UiX
(j)
i

Z(j) =
1√
n

n∑
i=1

Z
(j)
i =

1√
n

n∑
i=1

WiX
(j)
i .

Because of the normalized columns, we have Z(j) ∼ N (0, 1), from which we

know that E
[(
Z(j)
)2k]

= (2k)!/(2k(k)!). Thus we have the following equation:

E

[
exp
[
tZ(j)

]]
=

+∞∑
k=0

E

[(
Z(j)
)2k]

t2k

(2k)!
=

+∞∑
k=0

t2k

2k(k)!
= exp

[
t2/2
]
.

If E
[(
V (j)
)2k] ≤ E

[(
Z(j)
)2k] ∀k ≥ 0, then E

[
exp
[
tV (j)

]]
≤ E
[
exp
[
tZ(j)

]]
,

since the uneven moments are all 0 in both cases (this is because εi has a sym-
metric distribution and ψ is odd). With the help of enumerative combinatorics
we recover

E

[(
V (j)
)2k]

= n−k
∑

1≤l1<...<lm≤n

c2k,a1,...,amE

[(
V

(j)
l1

)a1
]
· ... · E

[(
V

(j)
lm

)am
]

where 1 ≤ m ≤ 2k,
∑m

l=1 al = 2k, al > 0 and c2k,a1,...,am = (2k)!
a1!·...·am! .

Now since we have E
[
U2k
i

]
≤ E

[
W 2k

i

]
, it follows that E

[(
V

(j)
i

)2k]
≤

E

[(
Z

(j)
i

)2k]
and thus that E

[(
V (j)
)2k] ≤ E

[(
Z(j)
)2k]

. This in turn implies

for t ≥ 0:

E

[
exp
[
tV (j)

]]
≤ E

[
exp
[
tZ(j)

]]
= exp

[
t2/2
]
.

We now have the following by Markov’s inequality for t ≥ 0:

P

[
V (j) ≥ t

]
≤

E
[
exp
[
tV (j)

]]
exp [t2]

≤
exp
[
t2/2
]

exp [t2]
= exp

[
−t2/2

]
.
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Consequently by the union bound we have

P

[
max
1≤j≤p

∣∣∣V (j)
∣∣∣ ≥√t2 + 2 log(p)

]
≤ 2p exp

[
− t2 + 2 log(p)

2

]
= 2 exp

[
−t2/2

]
.

The theorem follows directly from the definition of V (j), since we have

J0 :=

⎧⎪⎪⎨
⎪⎪⎩ max

1≤j≤p

∣∣∣V (j)
∣∣∣ 2
√
E

[
ψ (ε)

2
]

σ
√
n

≤ λ0

⎫⎪⎪⎬
⎪⎪⎭ .

A.5. Proof of Lemma 3.4

Without loss of generality we set σ = 1. In the case ψ(x) = x the inequality
is obviously satisfied. More generally, let ψt(x) = (1 − t)ψ(x) + tx, where ψ

respects the conditions of the lemma. If we show that E
[
ψt (ε)

2k
]
E

[
ψt (ε)

2
]−k

is monotone increasing in t ∈ [0, 1], then by the above remark the lemma follows
directly.

Let g : [0, 1] → R where g(t) = E

[
ψt (ε)

2k
]
E

[
ψt (ε)

2
]−k

. We then have

∂g(t)

∂t
= 2kE

[
ψt (ε)

2k−1
[ε− ψ (ε)]

]
E

[
ψt (ε)

2
]−k

−2kE
[
ψt (ε)

2k
]
E

[
ψt (ε)

2
]−k−1

E [ψt (ε) [ε− ψ (ε)]]

= 2kE
[
ψt (ε)

2
]−k

×

⎡
⎣E [ψt (ε)

2k−1
[ε− ψ (ε)]

]
−

E

[
ψt (ε)

2k
]

E

[
ψt (ε)

2
] E [ψt (ε) [ε− ψ (ε)]]

⎤
⎦

=
2k

1− t
E

[
ψt (ε)

2
]−k

×

⎡
⎣E [ψt (ε)

2k−1
[ε− ψt (ε)]

]
−

E

[
ψt (ε)

2k
]

E

[
ψt (ε)

2
] E [ψt (ε) [ε− ψt (ε)]]

⎤
⎦ .

In order to show that ∂g(t)
∂t ≥ 0, we study the expression

E

⎡
⎣
⎡
⎣ψt (ε)

2k−1 −
E

[
ψt (ε)

2k
]

E

[
ψt (ε)

2
] ψt (ε)

⎤
⎦ [ε− ψt (ε)]

⎤
⎦ ,

which is equal to

E

⎡
⎣ψt (ε)

2k−2
ψt (ε)

2

⎡
⎣ ε

ψt (ε)
− E [ψt (ε) ε]

E

[
ψt (ε)

2
]
⎤
⎦
⎤
⎦ .
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For k = 1, the above expression is obviously 0. Since x/ψ(x) is monotone
increasing in |x| and even, there exists x̃ > 0 such that for all x ∈ [−x̃, x̃]:

x
ψt(x)

≤ E[ψt(ε)ε]

E[ψt(ε)
2]
, while for all x ∈ [−x̃, x̃]c: x

ψt(x)
≥ E[ψt(ε)ε]

E[ψt(ε)
2]
.

Let k ≥ 1, F0 (ε) = 1ε∈[−x̃,x̃] and F1 (ε) = 1− F0 (ε). We then have

E

[
ψt (ε)

2k

[
ε

ψt(ε)
− E[ψt(ε)ε]

E[ψt(ε)
2]

]]
=

E

[
F0 (ε)ψt (ε)

2k

[
ε

ψt(ε)
− E[ψt(ε)ε]

E[ψt(ε)
2]

]]
+ E

[
F1 (ε)ψt (ε)

2k

[
ε

ψt(ε)
− E[ψt(ε)ε]

E[ψt(ε)
2]

]]
.

By definition of x̃ and the fact that ψt (x)
2k−2

is monotone increasing in |x|, we
have

E

⎡
⎣F0 (ε)ψt (ε)

2k

⎡
⎣ ε

ψt (ε)
− E [ψt (ε) ε]

E

[
ψt (ε)

2
]
⎤
⎦
⎤
⎦ ≥

ψt (x̃)
2k−2

E

⎡
⎣F0 (ε)ψt (ε)

2

⎡
⎣ ε

ψt (ε)
− E [ψt (ε) ε]

E

[
ψt (ε)

2
]
⎤
⎦
⎤
⎦ ,

E

⎡
⎣F1 (ε)ψt (ε)

2k

⎡
⎣ ε

ψt (ε)
− E [ψt (ε) ε]

E

[
ψt (ε)

2
]
⎤
⎦
⎤
⎦ ≥

ψt (x̃)
2k−2

E

⎡
⎣F1 (ε)ψt (ε)

2

⎡
⎣ ε

ψt (ε)
− E [ψt (ε) ε]

E

[
ψt (ε)

2
]
⎤
⎦
⎤
⎦ .

By adding the terms, we recover E

[
ψt (ε)

2k

[
ε

ψt(ε)
− E[ψt(ε)ε]

E[ψt(ε)
2]

]]
≥ 0. Thus

∂g(t)
∂t ≥ 0 and so the lemma follows.

A.6. Proof of Lemma 3.5

Lemma A.1. Suppose 0 < δ < 1, k ∈ N, k ≥ 2 and let f : R≥0 → R defined
by:

f(a) = (1− δ)E
[
ψ (ε)

2k
]
+ δa2k − (2k)!

k!
2−k

E

[
(1− δ)ψ (ε)

2
+ δa2

]k
.

Then, if (2k)!
k! 2−kδk−1 ≤ 1, f is monotone decreasing on [0,∞). On the other

hand, if (2k)!
k! 2−kδk−1 > 1, there exists a∗ > 0 such that f is monotone decreasing

on [0, a∗] and monotone increasing on (a∗,+∞).
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Proof. We study the derivative of f :

d

da
f(a) = 2kδa2k−1 − (2k)!

k!
2−k

E

[
(1− δ)ψ (ε)

2
+ δa2

]k−1

2kδa

= 2kδa

(
a2k−2 − (2k)!

k!
2−k

E

[
(1− δ)ψ (ε)

2
+ δa2

]k−1
)
.

For a fixed 0 < δ < 1, we can define P (a) = (2k)!
k! 2−k

E

[
(1− δ)ψ (ε)

2
+ δa2

]k−1

,

where P (a) =
∑k

j=1 cja
2j−2 and cj > 0. By inspecting the polynomial coef-

ficients, we recover that ck = (2k)!
k! 2−kδk−1. Furthermore, we recognize that

d
daf(a) = 2kδa

(
a2k−2 − P (a)

)
and so the sign of d

daf(a) for a > 0 is equal to
the sign of a2k−2 − P (a).

Since P (0) > 0, a2k−2 − P (a) must be locally negative near a = 0. For a > 0
we have:

sign
(
a2k−2 − P (a)

)
= sign

(
1− a−2k+2P (a)

)
= sign

⎛
⎝1−

k∑
j=1

cja
2(j−k)

⎞
⎠

= sign

⎛
⎝1− ck −

k−1∑
j=1

cja
−2(k−j)

⎞
⎠ .

Therefore, if ck = (2k)!
k! 2−kδk−1 ≥ 1, then sign

(
a2k−2 − P (a)

)
= −1 for

all a > 0. On the other hand, if ck = (2k)!
k! 2−kδk−1 < 1, by using the fact

that
∑k−1

j=1 cja
−2(k−j) is positive, strictly monotone decreasing in a > 0 and

tending to 0 as a tends to +∞, as well as the fact that 1− ck > 0, there exists
a unique a∗ > 0 such that sign

(
a2k−2 − P (a)

)
= −1 for 0 < a < a∗ and

sign
(
a2k−2 − P (a)

)
= 1 for a∗ < a. The lemma now follows directly from these

observations.

Lemma A.2. Suppose 0 < δ < 1, k ∈ N, k ≥ 2 and let F : Rn
≥0 → R, where

F (a1, . . . , an) is defined by

(1− δ)E
[
ψ (ε)

2k
]
+ δ

n∑
i=1

a2ki pi −
(2k)!

k!
2−k

(
(1− δ)E

[
ψ (ε)

2
]
+ δ

n∑
i=1

a2i pi

)k

,

where pi > 0 and
∑n

i=1 pi = 1.
Then maximizing F under the constraint that

∑n
i=1 aipi ≤ L for a given

L > 0 leads to either (a1, . . . , an) = (L, . . . , L) or (a1, . . . , an) = (0, . . . , 0).

Proof. We study the Lagrangian of F :

L(a1, . . . , an, λ) = F (a1, . . . , an) + λ
n∑

i=1

aipi.
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We now study the partial derivative of L:

∂L

∂ai
= 2kδa2k−1

i pi −
(2k)!

k!
2−k

E

⎡
⎣(1− δ)ψ (ε)

2
+ δ

n∑
j=1

a2jpj

⎤
⎦
k−1

2kδaipi + λpi

= pi

⎡
⎢⎣2kδai

⎡
⎢⎣a2k−2

i − (2k)!

k!
2−k

E

⎡
⎣(1− δ)ψ (ε)

2
+ δ

n∑
j=1

a2jpj

⎤
⎦
k−1
⎤
⎥⎦+ λ

⎤
⎥⎦ .

Now ∂
∂ai

L = 0 implies that all the ai must be equal. Therefore, the problem of
optimizing F (a1, ..., an) under this constraint is equivalent to optimizing f(a)
in Lemma A.1 under the same constraint, where we fix (a1, . . . , an) = (a, . . . , a)
and the corresponding constraint is a ≤ L. The lemma now follows directly from
Lemma A.1.

It is well known that any continuous distribution can be approximated by
a discrete one, by assigning sufficiently small probability mass to a sufficiently
large number of points. The lemma follows directly from this observation along
with Lemma A.2, which shows that the worst possible contaminating distribu-
tion (the most challenging for the moment condition) is either a point mass at
0 or at the maximizing value of ψ.

A.7. Probability bounds

Let Σ̂ψ′ := 1
n

∑n
i=1

ψ′(εi)
E[ψ′(ε)]X

T
i Xi, which is well defined by Assumption 3.1.

Lemma A.3. Let
∥∥∥Σ̂− Σ̂ψ′

∥∥∥
+∞

≤ λ̃ and
∥∥θSc

0

∥∥
1
≤ 3 ‖θS0‖1. Suppose the

compatibility condition holds for S0, then,∣∣∣θT
(
Σ̂− Σ̂ψ′

)
θ
∣∣∣ ≤ 16λ̃ ‖θS0‖

2
1 .

Proof. We start by making the following observations:∣∣∣θT
(
Σ̂− Σ̂ψ′

)
θ
∣∣∣ ≤

∥∥∥(Σ̂− Σ̂ψ′

)
θ
∥∥∥
+∞

‖θ‖1
∣∣∣((Σ̂− Σ̂ψ′

)
θ
)
i

∣∣∣ =

∣∣∣∣∣∣
p∑

j=1

(
Σ̂− Σ̂ψ′

)
ij
θj

∣∣∣∣∣∣ ≤ λ̃ ‖θ‖1 .

Combining both inequalities we have
∣∣∣θT
(
Σ̂− Σ̂ψ′

)
θ
∣∣∣ ≤ λ̃ ‖θ‖21, while on the

other hand

‖θ‖21 = ‖θS0‖
2
1 + 2 ‖θS0‖1

∥∥θSc
0

∥∥
1
+
∥∥θSc

0

∥∥2
1

≤ ‖θS0‖
2
1 + 6 ‖θS0‖

2
1 + 9 ‖θS0‖

2
1 = 16 ‖θS0‖

2
1 .

The lemma follows directly from these observations.
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Clearly, Lemma A.3 implies that under the assumptions that the compatibil-

ity condition holds,
∥∥∥Σ̂− Σ̂ψ′

∥∥∥
+∞

≤ λ̃ and
∥∥θSc

0

∥∥
1
≤ 3 ‖θS0‖1, we have

‖θS0‖
2
1 ≤ 1

1− 16λ̃s0/φ2
0

‖θ‖2Σ̂ψ′

s0
φ2
0

= ‖θ‖2Σ̂ψ′

s0
φ2
λ̃

,

with φ2
λ̃
= φ2

0

(
1− 16λ̃ s0

φ2
0

)
. This means that for λ̃ s0

φ2
0
small enough we approx-

imately recover the same compatibility constant as that of Σ̂. By definition,
even for fixed X, Σ̂ψ′ is non degenerate with high probability and so we now
introduce the set

A :=

{∥∥∥Σ̂− Σ̂ψ′

∥∥∥
+∞

≤ λ̃

}
.

The following lemma shows that A is met with high probability for small
λ̃, assuming bounded covariates and that Assumptions 3.1 and 3.2 hold. For
readability, we set Θ = {θj : j ∈ {1, ..., N}}.

Lemma A.4. Let λ̃ = Lψ′

√
t̃2+4 log(p)

n

√
max1≤j≤p

1
n

∥∥∥X(j)
∥∥∥4
4
, then we have

P [A] ≥ 1− 2 exp
[
−t̃2/2

]
, where Lψ′ := supx �=Θ

∣∣∣ ψ′(x)
E[ψ′(ε)] − 1

∣∣∣.
Proof. We have

(
Σ̂− Σ̂ψ′

)
kl

= 1
n

∑n
i=1

(
1− ψ′(εi)

E[ψ′(ε)]

)
X

(k)
i X

(l)
i and so it fol-

lows from Hoeffding’s inequality as in [6] that for t ≥ 0:

P

[∣∣∣(Σ̂− Σ̂ψ′

)
kl

∣∣∣ ≥ t̃
]
≤ 2 exp

⎡
⎢⎣− t̃2n

2(Lψ′)2 maxj
1
n

∥∥∥X(j)
∥∥∥4
4

⎤
⎥⎦ .

Indeed,

n∑
i=1

(
X

(k)
i

)2 (
X

(l)
i

)2
≤

√√√√ n∑
i=1

(
X

(k)
i

)4√√√√ n∑
i=1

(
X

(l)
i

)4
≤ max

j

∥∥∥X(j)
∥∥∥4
4
,

and so P

[∣∣∣(Σ̂− Σ̂ψ′

)
kl

∣∣∣ ≥ t̃
]
≤ 2 exp

[
− t̃2n

2(Lψ′ )2 maxj
1
n‖X(j)‖4

4

]
. We can now

show by the union bound that

P

[∥∥∥Σ̂− Σ̂ψ′

∥∥∥
+∞

≥ λ̃

]
≤

∑
k,l∈{1,...,p}

P

[∣∣∣(Σ̂− Σ̂ψ′

)
kl

∣∣∣ ≥ λ̃
]

≤ p22 exp

⎡
⎢⎣− λ̃2n

2(Lψ′)2 maxj
1
n

∥∥∥X(j)
∥∥∥4
4

⎤
⎥⎦ .
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The lemma follows directly from

2 exp

⎡
⎢⎣2 log(p)− λ̃2n

2(Lψ′)2 maxj
1
n

∥∥∥X(j)
∥∥∥4
4

⎤
⎥⎦ = 2 exp

[
−t̃2/2

]
.

As one would expect, we recover that in the case of the classical Lasso we
can take λ̃ = 0 with probability 1, since in that case Lψ′ = 0.

A.8. Proof of Theorem 3.2

In this subsection, we relax the continuity assumption on ψ′, by only imposing
Assumptions 3.1 and 3.2 on ψ′.

Let ψ′
k(x) =

x−(θj−k)
2k (ψ′(θj + k)− ψ′(θj − k))+ψ′(θj − k) if ∃j ∈ {1, ..., N}

s.t. |x− θj | < k, and ψ′
k(x) = ψ′(x) otherwise. For 0 < k < infj1 �=j2 |θj1 − θj2 |,

ψ′
k is well defined, continuous, non negative and bounded by 1. Set ρk and ψk as

the ρ and ψ functions corresponding to ψ′
k. Consequently, ρk converges pointwise

to ρ and therefore there exists ck ≥ 0 such that limk→0 ck = 0 satisfying:

1

n

n∑
i=1

ρk

(
εi +

ai
σ

)
+ λ
∥∥∥β̂∥∥∥

1
≤ 1

n

n∑
i=1

ρk (εi) + λ
∥∥β0
∥∥
1
+ ck.

Accordingly, just as in Lemma 3.1, there exists tλ ∈ [0, 1] such that:

1

n

n∑
i=1

ψ′
k

(
εi + tλ

ai
σ

) a2i
σ2

+ λ
∥∥∥β̂∥∥∥

1
≤ − 2

n
ψk (ε)

T X

σ

(
β0 − β̂

)
+ λ
∥∥β0
∥∥
1
+ ck.

By continuity, we have inft∈[0,1] ψ
′ (εi + tai

σ

)
= limk→0 inft ψ

′
k

(
εi + tai

σ

)
,

where we abuse the notation somewhat by only taking the infinimum over Θ
in the first part and restrict t ∈ [0, 1]. Since ψk converges pointwise to ψ, we
recover:

1

n

n∑
i=1

inf
t
ψ′
(
εi + t

ai
σ

) a2i
σ2

+ λ
∥∥∥β̂∥∥∥

1
≤ − 2

n
ψ (ε)

T X

σ

(
β0 − β̂

)
+ λ
∥∥β0
∥∥
1
.

(A.1)

Lemma A.5. Let 2λ0 ≤ λ. Then on J0, we have

2

n

n∑
i=1

inf
t
ψ′
(
εi + t

ai
σ

) a2i
σ2

+ λ
∥∥∥β̂Sc

0

∥∥∥
1
≤ 3λ

∥∥∥β̂S0
− β0

S0

∥∥∥
1
.

Proof. The proof is the same as in [1] (Lemma 6.3., proof on page 105). We do
provide it again for a self-sufficient reading. By using Inequality (A.1) on J0 we
have

2

n

n∑
i=1

inf
t
ψ′
(
εi + t

ai
σ

) a2i
σ2

+ λ
∥∥∥β̂Sc

0

∥∥∥
1
≤ 2λ

∥∥β0
∥∥
1
− λ
∥∥∥β̂Sc

0

∥∥∥
1
− 2λ

∥∥∥β̂S0

∥∥∥
1

+λ
∥∥∥β0 − β̂

∥∥∥
1
,
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where we used
∥∥∥β̂∥∥∥

1
=
∥∥∥β̂S0

∥∥∥
1
+
∥∥∥β̂Sc

0

∥∥∥
1
. On the other hand, we also have∥∥∥β0 − β̂

∥∥∥
1
=
∥∥∥β0

S0
− β̂S0

∥∥∥
1
+
∥∥∥β̂Sc

0

∥∥∥
1
and
∥∥β0
∥∥
1
=
∥∥β0

S0

∥∥
1
. This together im-

plies that the right side of the above inequality is equal to λ
∥∥∥β0

S0
− β̂S0

∥∥∥
1
+

2λ
(∥∥β0

S0

∥∥
1
−
∥∥∥β̂S0

∥∥∥
1

)
. The lemma follows directly from the triangle inequal-

ity.

We now turn our attention to producing a joint estimation and prediction
error bound on the event J0 ∩ A.

Lemma A.6. Suppose the compatibility condition holds for S0. Then on J0∩A,
we have for 2λ0 ≤ λ:

2

n

n∑
i=1

inf
t
ψ′
(
εi + t

ai
σ

) a2i
σ2

− 1

n

n∑
i=1

ψ′ (εi)
a2i
σ2

+ λ
∥∥∥β̂ − β0

∥∥∥
1
≤ 4λ2 σ2

E [ψ′ (ε)]

s0
φ2
λ̃

.

Proof. The proof is basically the same as the one from [1] (Theorem 6.1, proof
on page 107). We provide it again for a self-sufficient reading. With the help

of Lemma A.5 and Lemma A.3, we have that 2
n

∑n
i=1 inft ψ

′ (εi + tai

σ

) a2
i

σ2 +

λ
∥∥∥β̂ − β0

∥∥∥
1
satisfies the following:

2

n

n∑
i=1

inf
t
ψ′
(
εi + t

ai
σ

) a2i
σ2

+ λ
∥∥∥β̂S0

− β0
S0

∥∥∥
1
+ λ
∥∥∥β̂Sc

0

∥∥∥
1

≤ 4λ
∥∥∥β̂S0

− β0
S0

∥∥∥
1

≤ 4λ

√
s0
φ2
λ̃

1

E [ψ′ (ε)]

(
β̂ − β0

)T ∑n
i=1 ψ

′ (εi)XiX
T
i

n

(
β̂ − β0

)

= 4

√(
β̂ − β0

)T ∑n
i=1 ψ

′ (εi)XiX
T
i

σ2n

(
β̂ − β0

)
λ2

σ2

E [ψ′ (ε)]

s0
φ2
λ̃

≤ 1

n

n∑
i=1

ψ′ (εi)
a2i
σ2

+ 4λ2 σ2

E [ψ′ (ε)]

s0
φ2
λ̃

,

where we use the inequality 4
√
uv ≤ u+ 4v, for u, v ≥ 0.

It is once again interesting to point out that we recover the classical bounds,
as given in Equation (2.1), for ρ(x) = 1

2x
2, since in that case, for λ̃ = 0, P [A] = 1

and ψ′ = 1.
In the case where N ≥ 1 in Assumption 3.1, we need to introduce some new

notation to deal with the points of discontinuity of ψ′. For α ≥ 0, we define
ψ′
α (εi) = −ψ′ (εi) if inf1≤j≤N {|εi − θj |} ≤ α and ψ′

α (εi) = ψ′ (εi) otherwise.
Clearly, it follows from Assumption 3.2 that limα→0 E [ψ′

α (ε)] = E [ψ′ (ε)]. Let

Σ̂ψ′
α

:= 1
n

∑n
i=1

ψ′
α(εi)

E[ψ′
α(ε)]X

T
i Xi, and so for α = 0, we recover the definition
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of Σ̂ψ′ . On the other hand, in the case where N = 0, we set Σ̂ψ′
α

= Σ̂ψ′ .
Furthermore we set

Iα :=

{∥∥∥Σ̂− Σ̂ψ′
α

∥∥∥
+∞

≤ λ̃

}
.

We point out that P [Iα] can be studied in exactly the same way as P [A].
Finally let h : R≥0 → R≥0, where

h(z) = sup
j∈{1,...,N}

sup
(x,x+y)∈I2

j ,|y|≤z

2 |ψ′ (x+ y)− ψ′ (x)| .

From Assumption 3.1, it follows directly that this function is well defined, con-
tinuous, non negative, bounded and monotone increasing in z with h(0) = 0.

Lemma A.7. Suppose the compatibility condition holds for S0 and supi|ai|
σ ≤ α.

Then on J0 ∩ A ∩ Iα, we have for 2λ0 ≤ λ:

E [ψ′
α (ε)]− h(α)

σ2

∥∥∥β0 − β̂
∥∥∥2
Σ̂
+ (1− γ1)λ

∥∥∥β0 − β̂
∥∥∥
1
≤ 4λ2 σ2

E [ψ′ (ε)]

s0
φ2
λ̃

,

where γ1 = 16 λ̃
λ

E[ψ′
α(ε)]
σ

‖β0−β̂‖
1

σ .

Proof. We begin by defining Zα
i = 1 if inf1≤j≤N {|εi − θj |} ≤ α and Zα

i = 0

otherwise. Thus for supi|ai|
σ ≤ α, we have by definition that Zα

i = 0 implies that
if εi ∈ Ij , then εi +

ai

σ ∈ Ij .
This and the definition of h implies that we have

2

n

n∑
i=1

[
inf
t
ψ′
(
εi + t

ai
σ

)
− ψ′ (εi)

] a2i
σ2

≥

− 2

n

n∑
i=1

[
ψ′ (εi)Z

α
i +

1− Zα
i

2
h

(
|ai|
σ

)]
a2i
σ2

.

This in turn implies that 1
n

∑n
i=1

[
2 inft ψ

′ (εi + tai

σ

)
− ψ′ (εi)

] a2
i

σ2 is bounded
from below by

1

n

n∑
i=1

ψ′ (εi) (1− 2Zα
i )

a2i
σ2

− 1

σ2
h

(
supj |aj |

σ

)∥∥∥β0 − β̂
∥∥∥2
Σ̂
.

In turn, by using Lemma A.3 and by definition of ψ′
α, we can bound the first of

these two terms from below by

E [ψ′
α (ε)]

σ2

[∥∥∥β0 − β̂
∥∥∥2
Σ̂
− 16λ̃

∥∥∥β0 − β̂
∥∥∥2
1

]
.

Now since h
(

supj |aj |
σ

)
≤ h (α) by the assumption

supj |aj |
σ ≤ α, the lemma

follows directly from combining these inequalities with Lemma A.6.
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Finally, we set the values 0 < α0 and 0 < λ0. Firstly, let 0 < α0 such that
for all α ≤ α0 : E [ψ′

α (ε)] ≥ 3
4E [ψ′ (ε)]. On the other hand, because of the

monotonicity of E [ψ′
α (ε)] with respect to α, we have E [ψ′

α (ε)] ≤ E [ψ′ (ε)].
Furthermore let α0 > 0 small enough such that h

(
α0
)
≤ 1

4E [ψ′ (ε)].

Lemma A.8. Suppose the compatibility condition holds for S0,
10λKσ
E[ψ′(ε)]

s0
φ2
λ̃

≤

α ≤ α0, 640λ̃ s0
φ2
λ̃

≤ 3
5 , and

∥∥∥β0 − β̂
∥∥∥
1
≤ 10λ σ2

E[ψ′(ε)]
s0
φ2
λ̃

. Then on J0 ∩ A ∩ Iα,
for 2λ0 ≤ λ, ∥∥∥β0 − β̂

∥∥∥
1
≤ 5λ

σ2

E [ψ′ (ε)]

s0
φ2
λ̃

.

Proof. Under the conditions we recover

E [ψ′
α (ε)]− h (α) ≥ 3

4
E [ψ′ (ε)]− h

(
α0
)
≥ 1

2
E [ψ′ (ε)] > 0,

1− 16
λ̃

λ

E [ψ′
α (ε)]

σ2

∥∥∥β0 − β̂
∥∥∥
1

≥ 1− 160λ̃
E [ψ′

α (ε)]

E [ψ′ (ε)]

s0
φ2
λ̃

≥ 1− 640

3
λ̃
s0
φ2
λ̃

≥ 4

5
.

Therefore the lemma follows from Lemma A.7.

We now combine these results to prove Theorem 3.2. Here the main idea is to
use the margin condition on convex loss functions as in [1]. Let βt = (1−t)β0+tβ̂

for t ∈ [0, 1] and ati =
(
X
(
β0 − βt

))
i
. By convexity, 2

n

∑n
i=1 ρ

(
εi +

at
i

σ

)
+

λ
∥∥βt
∥∥
1
can be bounded by

(1− t)

[
2

n

n∑
i=1

ρ (εi) + λ
∥∥β0
∥∥
1

]
+ t

[
2

n

n∑
i=1

ρ
(
εi +

ai
σ

)
+ λ
∥∥∥β̂∥∥∥

1

]
,

which itself is bounded by 2
n

∑n
i=1 ρ (εi) + λ

∥∥β0
∥∥
1
. As a consequence,

1

n

n∑
i=1

inf
t̃∈[0,1]

ψ′
(
ε+ t̃

ati
σ

)
(ati)

2

σ2
+λ
∥∥βt
∥∥
1
≤ − 2

n
ψ (ε)

T X

σ

(
β0 − βt

)
+λ
∥∥β0
∥∥
1
.

Therefore, assuming
∥∥β0 − βt

∥∥
1
≤ 10λ σ2

E[ψ′(ε)]
s0
φ2
λ̃

, 10λL σ2

E[ψ′(ε)]
s0
φ2
λ̃

≤ α ≤ α0,

640λ̃ s0
φ2
λ̃

≤ 3
5 and that the compatibility condition holds for S0, we have on

J0 ∩ A ∩ Iα for 2λ0 ≤ λ ≤ λ0 :
∥∥β0 − βt

∥∥
1
≤ 5λ σ2

E[ψ′(ε)]
s0
φ2
λ̃

. This is because

Lemma A.8 follows from Inequality (A.1) and the compatibility condition.

For H∗ = 10λ σ2

E[ψ′(ε)]
s0
φ2
λ̃

and t = H∗

H∗+‖β0−β̂‖
1

, it follows that
∥∥β0 − βt

∥∥
1
≤

H∗. So by the above observation it follows that on J0 ∩ A ∩ Iα we have∥∥βt − β0
∥∥
1
≤ 5λ σ2

E[ψ′(ε)]
s0
φ2
λ̃

= H∗

2 . On the other hand we have

∥∥∥β0 − β̂
∥∥∥
1
=

1

t

∥∥β0 − βt
∥∥
1
≤ H∗

2t
=

1

2

[
H∗ +

∥∥∥β0 − β̂
∥∥∥
1

]
.
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This in turn implies that
∥∥∥β0 − β̂

∥∥∥
1
≤ H∗ and so by Lemma A.8 we have∥∥∥β0 − β̂

∥∥∥
1
≤ H∗

2 = 5λ σ2

E[ψ′(ε)]
s0
φ2
λ̃

and supi |ai| ≤ L
∥∥∥β0 − β̂

∥∥∥
1
≤ 5Lλ σ2

E[ψ′(ε)]
s0
φ2
λ̃

.

We can plug this into the inequality in Lemma A.7 and it then follows for
2λ0 ≤ λ:

E [ψ′
α (ε)]− h(α)

σ2

∥∥∥β0 − β̂
∥∥∥2
Σ̂
+ (1− γ1)λ

∥∥∥β0 − β̂
∥∥∥
1
≤ 4λ2 σ2

E [ψ′ (ε)]

s0
φ2
λ̃

,

where γ1 = 16 λ̃
λ

E[ψ′
α(ε)]
σ2

∥∥∥β0 − β̂
∥∥∥
1
. The theorem now follows directly from:

γ1 = 16
λ̃

λ

E [ψ′
α (ε)]

σ2

∥∥∥β0 − β̂
∥∥∥
1
≤ 16

λ̃

λ

E [ψ′
α (ε)]

σ2
5λ

σ2

E [ψ′ (ε)]

s0
φ2
λ̃

≤ 80λ̃
s0
φ2
λ̃

.

Appendix B: Proofs and technical arguments: Section 4

B.1. Proof of Lemma 4.1

Let Q (β, σ) = 2
n

∑n
i=1

(
ρ
(

Yi−(Xβ)i
σ

)
+ a
)
σ + λ∗ ‖β‖1. From the definition of(

β̂, σ̂a

)
we have Q

(
β̂, σ̂a

)
≤ Q

(
β0, σ

)
. By a Taylor expansion there exists

tλ∗ ∈ [0, 1] such that 2
n

∑n
i=1

(
ρ

(
Yi−(Xβ̂)

i

σ̂a

)
+ a

)
σ̂a is equal to

2

n

n∑
i=1

(ρ (εi) + a)σ +
2

n

n∑
i=1

(a− χ0 (εi)) (σ̂a − σ)

+
2

n

n∑
i=1

ψ (εi)X
T
i

(
β0 − β̂

)
+
∥∥∥β̂ − β0, σ̂a − σ

∥∥∥
Γ(tλ∗ )

.

Here we point out that, since the function is convex,
∥∥∥β̂ − β0, σ̂a − σ

∥∥∥
Γ̃
≥ 0.

The lemma follows directly from combining both these equations.

B.2. Technical arguments on scale error bound

We begin with a technical lemma.

Lemma B.1. Let ε, a, σ, γ ∈ R such that f : [0, 1] → R with f(t) = σε+ta
σa+tγ and

h : [0, 1] → R with h(t) = ψ′(f(t)) are well defined. Suppose h is differentiable,
then ∃t̃ ∈ [0, 1] s.t.

h(1)− h(0) = ψ′′ (f(t̃)) a

σa + t̃γ
− ψ′′ (f(t̃)) f(t̃) γ

σa + t̃γ
.

Proof. This is a direct consequence of the mean value theorem.
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Here we provide an extremely useful result to bound |σ̂a − σa| locally, where
we assume ψ′ to be well defined and continuous.

Lemma B.2. There exists tλ∗ ∈ [0, 1] such that

σ̂a − σa =
σ̃a

1
n

∑n
i=1

(
χ0

(
σεi
σa

)
− a
)
+ 1

n

∑n
i=1 ψ

′
(

σε̃i
σ̃a

)
σε̃i
σ̃a

ai

1
n

∑n
i=1 ψ

′
(

σε̃i
σ̃a

)
σ2

σ̃2
a
ε̃2i

,

with σ̃a = σa + tλ∗(σ̂a − σa) and ε̃i = εi + tλ∗ ai

σ .

Proof. By a Taylor expansion on t 
→ 1
n

∑n
i=1 χ0

(
σεi+tai

σa+t(σ̂a−σa)

)
, there exists

tλ∗ ∈ [0, 1] such that 1
n

∑n
i=1 χ0

(
σεi+ai

σ̂a

)
equals

1

n

n∑
i=1

χ0

(
σεi
σa

)
+

1

n

n∑
i=1

χ′
0

(
σεi + tλ∗ai

σa + tλ∗ (σ̂a − σa)

)
ai

σa + tλ∗ (σ̂a − σa)

− 1

n

n∑
i=1

χ′
0

(
σεi + tλ∗ai

σa + tλ∗ (σ̂a − σa)

)
σεi + tλ∗ai

(σa + tλ∗ (σ̂a − σa))
2 (σ̂a − σa) .

The lemma follows from the fact that 1
n

∑n
i=1 χ0

(
εi+ai

σ̂a

)
= a.

We now relax the assumptions on ψ′, by only imposing Assumptions 4.1
and 4.2. By using the same technique as in Subsection A.8, we recover that
|σ̂a − σa| is bounded from above by

supt σ̃a

∣∣∣ 1n∑n
i=1

(
χ0

(
σεi
σa

)
− a
)∣∣∣+ 1

n

∑n
i=1 supt ψ

′
(

σε̃i
σ̃a

)
σε̃i
σ̃a

ai

1
n

∑n
i=1 inft ψ

′
(

σε̃i
σ̃a

)
(σεi+tai)2

(σa+t(σ̂a−σa))2

, (B.1)

where σε̃i = σεi + tai, σ̃a = σa + t(σ̂a − σa), and the supremum and infimum
are taken over [0, 1], under the constraint that σε̃i

σ̃a
is in Θc so that everything

is well defined.
To recover a local error bound we study the three sums in the upper bound

in Equation (B.1) separately.

For the first term, we have supt σ̃a

∣∣∣ 1n∑n
i=1

(
χ0

(
σεi
σa

)
− a
)∣∣∣ ≤ supt σ̃aσaλ1

on the set J1;a by definition.

The second term is
∣∣∣ 1n∑n

i=1 supt ψ
′
(

σε̃i
σ̃a

)
σε̃i
σ̃a

ai

∣∣∣. If 1 ≤ N , let ψ′
α∗,δ∗

(
σεi
σa

)
=

0 if inf1≤j≤N

{∣∣∣σεiσa
− θj

∣∣∣− δ∗
1−δ∗

∣∣∣σεiσa

∣∣∣} ≤ α∗
1−δ∗

and ψ′
α∗,δ∗

(
σεi
σa

)
= ψ′

(
σεi
σa

)
otherwise. On the other hand, if N = 0, we set ψ′

α∗,δ∗

(
σεi
σa

)
= ψ′

(
σεi
σa

)
. Fur-

thermore, we define

J2;a =

{
max
1≤j≤p

1

n

∣∣∣∣∣
n∑

i=1

ψ′
α∗,δ∗

(
σεi
σa

)
σεi
σa

X
(j)
i

σa

∣∣∣∣∣ ≤ λ2

}
.
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In the case where N ≥ 1, we define D1 = 2θN + 1, whereas for N = 0 we
define D1 = 0. Moreover, let D2 = supx �∈Θ ψ′′(x), D3 = supx �∈Θ ψ′′(x)x and
D4 = supx �∈Θ ψ′′(x)x2. By Assumption 4.2, we have that for all i ∈ {1, ..., 4} :
Di < +∞.

Lemma B.3. Under the assumptions that |σ̂a−σa|
σa

≤ δ∗ ≤ 1
4 and supi|ai|

σa
≤

α∗ ≤ 1
4 , we have on J2:a,

1
n

∑n
i=1 supt ψ

′
(

σε̃i
σ̃a

)
σε̃i
σ̃a

ai is bounded from above by

λ2σa

1− δ∗

∥∥∥β̂ − β0
∥∥∥
1
+

D2

(1− δ∗)2
1

n

n∑
i=1

|ai|3

σ2
a

+
D1

n

∑
i∈Jα∗,δ∗

|ai|+

|σ̂a − σa|
σa

D4

1− δ∗

1

n

n∑
i=1

|ai|+
[
1 +

D3

1− δ∗
+

D3δ∗
(1− δ∗)2

]
1

n

n∑
i=1

a2i
σa

,

where Jα∗,δ∗ =
{
i ∈ {1, ..., n} : inf1≤j≤N

{∣∣∣σεiσa
− θj

∣∣∣− δ∗
1−δ∗

∣∣∣σεiσa

∣∣∣ ≤ α∗
1−δ∗

}}
.

Proof. Let i ∈ Jα∗,δ∗ , then by definition ∃j ∈ {1, ..., N} with
∣∣∣σεiσa

− θj

∣∣∣ −
δ∗

1−δ∗

∣∣∣σεiσa

∣∣∣ ≤ α∗
1−δ∗

. By using δ∗, α∗ ≤ 1
4 , we have

∣∣∣σεiσa
− θj

∣∣∣ − 1
3

∣∣∣σεiσa

∣∣∣ ≤ 1
3 and

so
∣∣∣σεiσa

∣∣∣ ≤ 3
2θN + 1

2 . This implies that supt

∣∣∣ σεi+tai

σa+t(σ̂a−σa)

∣∣∣ ≤ 1
1−δ∗

[
|σεi|
σa

+ |ai|
σa

]
≤

4
3

[
3
2θN + 1

2

]
+ 4

3
1
4 = 2θN + 1 = D1. Therefore, by using supx �∈Θ ψ′ (x) ≤ 1, we

have supt ψ
′
(

σε̃i
σ̃a

)
σε̃i
σ̃a

ai ≤ D1 |ai|.

Let i ∈ Jc
α∗,δ∗

, then by the choices of δ∗ and α∗, t 
→ ψ′′
(

σεi+tai

σa+t(σ̂a−σa)

)
is

well defined and continuous over [0, 1]. Consequently, by Lemma B.1, for any

t ∈ [0, 1], there exists t∗ ∈ [0, 1] such that ψ′
(

σεi+tai

σa+t(σ̂a−σa)

)
σεi+tai

σa+t(σ̂a−σa)
ai equals

ψ′
(

σεi + tai
σa + t(σ̂a − σa)

)
ta2i

σa + t(σ̂a − σa)

+ ψ′
(

σεi + tai
σa + t(σ̂a − σa)

)
σεi

σa + t(σ̂a − σa)
ai

= ψ′
(
σε̃i
σ̃a

)
ta2i
σ̃a

+ ψ′
(
σεi
σa

)
σεi
σ̃a

ai

+ ψ′′
(
σ˜̃εi
˜̃σa

)[
tai
˜̃σa

− σ˜̃εit(σ̂a − σa)

(˜̃σa)2

]
σ˜̃εi − tt∗ai

σ̃a
ai

= ψ′
(
σε̃i
σ̃a

)
ta2i
σ̃a

+ ψ′
(
σεi
σa

)
σεi
σ̃a

ai − ψ′′
(
σ˜̃εi
˜̃σa

)
t2t∗a3i
˜̃σa(σ̃a)2

+ ψ′′
(
σ˜̃εi
˜̃σa

)
σ˜̃εi
˜̃σa

[
ta2i
σ̃a

+
t2t∗(σ̂a − σa)a

2
i

σ̃a
˜̃σa

]
− ψ′′

(
σ˜̃εi
˜̃σa

)
(σ˜̃εi)

2

(˜̃σa)2
t(σ̂a − σa)ai

σ̃a
,

where σε̃i = σεi + tai, σ˜̃εi = σεi + tt∗ai, σ̃a = σa + t(σ̂a − σa) and ˜̃σa =
σa + tt∗(σ̂a − σa). Taking the sum over all i ∈ Jc

α∗,δ∗
divided by n, the first
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term is bounded from above by 1
n

∑n
i=1

a2
i

(1−δ∗)σa
, by using 1

σ̃a
≤ 1

1−δ∗
1
σa

and

supx �∈Θ ψ′(x) ≤ 1. Bounding the second term follows from the definition of J1;a,

which implies
∣∣∣ 1n∑i∈Jc

α∗,δ∗
ψ′
(

σεi
σa

)
σεi
σ̃a

ai

∣∣∣ ≤ λ2σa

1−δ∗

∥∥∥β̂ − β0
∥∥∥
1
.

Combining all these remarks with the definitions of D2, D3 and D4, we have

that 1
n

∣∣∣∑n
i=1 ψ

′
(

σε̃i
σ̃a

)
σε̃i
σ̃a

ai

∣∣∣ − D1

n

∑
i∈Jα∗,δ∗

|ai| − λ2σa

1−δ∗

∥∥∥β̂ − β0
∥∥∥
1
is bounded

from above by

|σ̂a − σa|
σa

D4

1− δ∗

1

n

n∑
i=1

|ai|

+

[
1 +

D3

1− δ∗
+

D3δ∗
(1− δ∗)2

]
1

n

n∑
i=1

a2i
σa

+
D2

(1− δ∗)2
1

n

n∑
i=1

|ai|3

σ2
a

.

The lemma follows directly from these observations.

Here we introduce notation to bound 1
n

∑n
i=1 inft ψ

′
(

σε̃i
σ̃a

)
(σε̃i)

2

(σ̃a)2
from be-

low. Now, by the assumption that ψ′ is locally continuous and the assumption

E

[
ψ′
(

σε
σa

)]
> 0, for α∗, δ∗ > 0 small enough there exists b1, b2 such that

c2 := infb1≤x≤b2,|δ|≤δ∗ ψ
′
(

x
1+δ

)
and c1 := P

[
b1 +

α∗

1−δ∗ ≤ σεi
σa

≤ b2 − α∗

1−δ∗

]
are

strictly positive. We set D = E

[
c2
2

σ2ε2

σ2
a
1b1≤ε≤b2

]
,

Gα∗,δ∗ :=

{
i ∈ {1, ..., n} : b1 +

α∗

1− δ∗
≤ σεi

σa
≤ b2 −

α∗

1− δ∗

}
and

G1;a :=

⎧⎨
⎩ c2

(1 + δ∗)2
1

n

∑
i∈Gα∗,δ∗

σ2ε2i
σ2
a

− 2(|b1|+ |b2|)α∗
(1 + δ∗)

2

(1− δ∗)2
≥ D

⎫⎬
⎭ .

Finally, let 0 < α1 ≤ min
{

1
4 ,

D
4D4

}
and 0 < δ1 ≤ 1

5 such that for all δ∗ ≤ δ1

and all α∗ ≤ α1 we have limn→∞ P [G1;a] = 1.

By using the above definitions and remarks, we can bound |σ̂a−σa|
σa

locally,

under the assumptions that |σ̂a−σa|
σa

and supi|ai|
σa

are small enough.

Lemma B.4. There exist δ1, α1, C1, C2, C3, C4 > 0, such that if |σ̂a−σa|
σa

≤ δ∗ ≤
δ1 and supi|ai|

σa
≤ α∗ ≤ α1, then, on G1;a ∩ J1:a ∩ J2:a,

|σ̂a − σa|
σa

≤ C1λ1σa + C2λ2

∥∥∥β̂ − β0
∥∥∥
1
+

C3

n

∑
i∈Jα∗,δ∗

|ai|
σa

+
C4

n

n∑
i=1

a2i
σ2
a

.

Proof. By using Lemma B.2 and Assumption 4.2:

ψ′
(
σε̃i
σ̃a

)
(σε̃i)

2

(σ̃a)2
≥ t2ψ′

(
σε̃i
σ̃a

)
a2i

(σ̃a)2
+ 2tψ′

(
σε̃i
σ̃a

)
σεiai
(σ̃a)2

+ ψ′
(
σε̃i
σ̃a

)
σ2ε2i
(σ̃a)2
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≥ ψ′
(
σε̃i
σ̃a

)
σ2ε2i
(σ̃a)2

− 2
|σεiai|
σ̃a)2

≥ c2
(1 + δ∗)2

σ2ε2i
σ2
a

− 2(|a|+ |b|)α∗
(1 + δ∗)

2

(1− δ∗)2
,

for i ∈ Gα∗,δ∗ and t ∈ [0, 1]. Consequently, on G1;a, we have that 0 < D ≤
1
n

∑n
i=1 inft ψ

′
(

σεi+tai

σa+t(σ̂a−σa)

)
(σεi+tai)

2

(σa+t(σ̂a−σa))2
. It now follows from Lemmas B.3

and B.2 that

|σ̂a − σa| ≤ 1

D

[
(1 + δ∗)σ

2
a

λ1

2
+

λ2σa

1− δ∗

∥∥∥β̂ − β0
∥∥∥
1

+
D1

n

∑
i∈Jα∗,δ∗

|ai|+
|σ̂a − σa|

σa

D4

1− δ∗

1

n

n∑
i=1

|ai|

+

[
1 +

D3

1− δ∗
+

D3δ∗
(1− δ∗)2

]
1

n

n∑
i=1

a2i
σa

+
D2

(1− δ∗)2
1

n

n∑
i=1

|ai|3

σ2

]
.

By plugging in δ∗ = 1
4 and |ai|3

σ2
a

≤ α∗
|ai|2
σa

≤ 1
4
|ai|2
σa

in the above inequality and

using 1− 2D4

D α∗ ≥ 1
2 , we recover the constants Cj for the lemma.

B.3. Technical arguments on bounds between norms

Here we provide a bound for the off diagonal elements of ‖·‖Γ.

Lemma B.5. Let |σ̂a−σa|
σa

≤ δ∗ ≤ δ1 and supi|ai|
σa

≤ α∗ ≤ α1. Then there
exist Q1 > 0 and Q2 > 0 such that on G1;a ∩ J1;a ∩ J2;a, λ1σa |σ̂a − σa| +
2
n

∑n
i=1 supt ψ

′
(

σε̃i
σ̃a

)
σε̃i
σ̃a

ai

σ̃a
(σ̂a − σa) is bounded from above by

Q1

σa

⎡
⎣λ2

2σ
2
a

∥∥∥β̂ − β0
∥∥∥2
1
+

|Jα∗,δ∗ |
n

1

n

n∑
i=1

a2i +

[
1

n

n∑
i=1

a2i
σa

]2⎤⎦+Q2λ
2
1σ

3
a,

where Q1 and Q2 are constants depending only on D1, D2, D3 and D4.

Proof. By Lemma B.3, δ∗ ≤ 1
2 and supi |ai| ≤ σaα∗ we have

1

n

n∑
i=1

sup
t

ψ′
(
σε̃i
σ̃a

)
σε̃i
σ̃a

ai ≤ [2 +D1 + 1 + 4D3 + 4D2]

⎡
⎣λ2σa

∥∥∥β̂ − β0
∥∥∥
1

+
1

n

∑
i∈Jα∗,δ∗

|ai|+
1

n

n∑
i=1

a2i
σa

+ α∗
1

n

n∑
i=1

a2i
σa

⎤
⎦

+ 2D4σα∗
|σ̂a − σa|

σa
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≤E1

⎡
⎣λ2σa

∥∥∥β̂ − β0
∥∥∥
1
+

1

n

∑
i∈Jα∗,δ∗

|ai|+
1

n

n∑
i=1

a2i
σa

⎤
⎦

+ E2α∗ |σ̂a − σa| ,

where E1 = 8+2D1+8D2+8D3, E2 = 2D4. Thus
1
n

∑n
i=1 supt ψ

′
(

σε̃i
σ̃a

)
σε̃i
σ̃a

ai√
σa

is bounded from above by

E1√
σa

⎡
⎣λ2σa

∥∥∥β̂ − β0
∥∥∥
1
+

1

n

∑
i∈Jα∗,δ∗

|ai|+
1

n

n∑
i=1

a2i
σa

⎤
⎦+ E2α∗

|σ̂a − σa|√
σa

.

Similarly by Lemma B.4, we have

|σ̂a − σa|√
σa

≤ C1λ1
√
σaσa

+
C2 + C3 + C4√

σa

⎡
⎣λ2σa

∥∥∥β̂ − β0
∥∥∥
1
+

1

n

∑
i∈Jα∗,δ∗

|ai|+
1

n

n∑
i=1

a2i
σa

⎤
⎦

≤ E3λ1
√
σaσa

+
E4√
σa

⎡
⎣λ2σa

∥∥∥β̂ − β0
∥∥∥
1
+

1

n

∑
i∈Jα∗,δ∗

|ai|+
1

n

n∑
i=1

a2i
σa

⎤
⎦ ,

where E3 = 2C1 and E4 = C2 + C3 + C4.∣∣∣∑n
i=1 supt ψ

′
(

ε̃i
σ̃a

)
ε̃i
σ̃a

ai

σ̃a
(σ̂a − σa)

∣∣∣ ≤ 2
∣∣∣∑n

i=1 supt ψ
′
(

ε̃i
σ̃a

)
ε̃i
σ̃a

ai√
σa

∣∣∣ |σ̂a−σa|√
σa

,

a repeated use of 2uv ≤ u2+v2 and
[
1
n

∑
i∈Jα∗,δ∗

|ai|
]2

≤ |Jα∗,δ∗ |
n

1
n

∑
i∈Jα∗,δ∗

a2i
imply the lemma.

Building upon Lemma B.5, we provide an upper bound in terms of ‖·‖1 in
the location space. Let Ja = J0;a ∩ J1;a ∩ J2;a.

Lemma B.6. Let |σ̂a−σa|
σa

≤ δ∗ ≤ δ1,
supi|ai|

σa
≤ α∗ ≤ α1 and

‖β̂−β0‖
1

σa
≤

1
Q1

. Then 1
1+δ∗

1
n

∑n
i=1 inft ψ

′
(

σε̃i
σ̃a

)
a2
i

σa
+λ∗

∥∥∥β̂∥∥∥
1
− Q1

n

∑n
i=1

a2
i

σa

[
|Jα∗,δ∗ |

n + α2
∗

]
−

Q2λ
2
1σ

3
a on G1;a ∩ Ja is bounded from above by

(λ0σa + λ2
2σ

2
a)
∥∥∥β̂ − β0

∥∥∥
1
+ λ∗

∥∥β0
∥∥
1
,

where Q1 and Q2 are the same as in Lemma B.5.

Proof. We follow the same arguments as in Subsection A.8. Consequently we
work with ρk instead of ρ in Lemma 4.1 and with ck ≥ 0. Furthermore by
Lemma 4.1 and the definitions of λ0 and λ1, there exists tλ∗ ∈ [0, 1] such that∥∥∥β̂ − β0, σ̂a − σa

∥∥∥
Γ(tλ∗ )

− σaλ1 |σ̂a − σa|+ λ∗

∥∥∥β̂∥∥∥
1
≤ σaλ0

∥∥∥β̂ − β0
∥∥∥
1

+λ∗
∥∥β0
∥∥
1
+ ck.
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On the other hand, we have that lim supk→0

∥∥∥β̂ − β0, σ̂a − σa

∥∥∥
Γ(tλ∗ )

is bounded

from below by

1

1 + δ∗

1

n

n∑
i=1

inf
t
ψ′
(
σε̃i
σ̃a

)
a2i
σa

− 2

n

n∑
i=1

sup
t

ψ′
(
σε̃i
σ̃a

)
σε̃i
σ̃a

ai
σ̃a

(σ̂a − σa) .

Thus the lemma follows directly from Lemma B.5 and 1
n

∑n
i=1

a2
i

σ2
a
≤ α2.

B.4. Proof of Theorem 4.1

Here we extend on the definition of Iα Subsection 3.4, by defining:

Iα∗,δ∗ :=

{∥∥∥Σ̂− Σ̂ψ′
α∗,δ∗

∥∥∥
+∞

≤ λ̃∗

}
,

where Σ̂ψ′
α∗,δ∗

is defined analogously to Σ̂ψ′
α
. Once again, just as for Iα, we

point out that P [Iα∗,δ∗ ] can be studied in exactly the same way as P [A].

To begin we find a lower bound for 1
n

∑n
i=1 inft ψ

′
(

σε̃i
σ̃a

)
a2
i

σa
.

Lemma B.7. Let |σ̂a−σa|
σa

≤ δ∗ ≤ 1
4 and supi|ai|

σa
≤ α∗ ≤ 1

4 . Then on Iα∗,δ∗ ,

1
n

∑n
i=1 inft ψ

′
(

σε̃i
σ̃a

)
a2
i

σa
is bounded from below by

[
E

[
ψ′
α∗,δ∗

(
σε

σa

)]
− D2α∗

1− δ∗
− D3δ∗

1− δ∗

] ∥∥∥β0 − β̂
∥∥∥2
Σ̂

σa

− 16λ̃∗E

[
ψ′
α∗,δ∗

(
σε

σa

)] ∥∥∥β0 − β̂
∥∥∥2
1

σa
.

Proof. We first start by bounding inft ψ
′
(

σε̃i
σ̃a

ai

)
from below.

We define Zα∗,δ∗
i = 1 if i ∈ Jα∗,δ∗ and Zα∗,δ∗

i = 0 otherwise. This implies

that if Zα∗,δ∗
i = 1 we have the obvious bound: inft ψ

′
(

σε̃i
σ̃a

ai

)
≥ 0. On the

other hand, if Zα∗,δ∗
i = 0, by Lemma B.1 there exits a t̃ ∈ [0, 1] such that

ψ′
(

σεi+tλ∗ai

σa+tλ∗ (σ̂a−σa)

)
− ψ′

(
σεi
σa

)
= ψ′′

(
σ˜̃εi
˜̃σa

) [
tλ∗ai
˜̃σa

− σ˜̃εi
˜̃σa

tλ∗ (σ̂a−σa)
˜̃σa

]
, where ˜̃εi =

εi+t̃tλ∗ ai

σ and ˜̃σa = σa+t̃tλ∗(σ̂a−σa). This implies, in the case where Zα∗,δ∗
i = 0,

that
∣∣∣ψ′
(

σεi+tλ∗ai

σa+tλ∗ (σ̂a−σa)

)
− ψ′

(
σεi
σa

)∣∣∣ ≤ D2
α∗

1−δ∗
+D3

δ∗
1−δ∗

.

Therefore, generally we have the following bound:∫
t

ψ′
(
σε̃i
σ̃a

)
≥
[
1− Zα∗,δ∗

i

]
ψ′
(
σεi
σa

)
−
[
D2

α∗
1− δ∗

+D3
δ∗

1− δ∗

]

= ψ′
α∗,δ∗

(
σεi
σa

)
−
[
D2

α∗
1− δ∗

+D3
δ∗

1− δ∗

]
.
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Now by using Lemma A.3, we can bound 1
n

∑n
i=1 ψ

′
α∗,δ∗

(
σεi
σa

)
a2
i

σa
from below

by

E

[
ψ′
α∗,δ∗

(
σε
σa

)]
σ

[∥∥∥β0 − β̂
∥∥∥2
Σ̂
− 16λ̃∗

∥∥∥β0 − β̂
∥∥∥2
1

]
.

The lemma follows directly from this.

Lemma B.8. Let |σ̂a−σa|
σa

≤ δ∗ ≤ δ1,
supi|ai|

σa
≤ α∗ ≤ α1 and

‖β̂−β0‖
1

σa
≤ 1

Q1
.

Then on G1;a ∩ Ja ∩ Iα∗,δ∗ we have

E

[
ψ′
α∗,δ∗

(
σε
σ̃a

)]
− γ2

(1 + δ∗)σa

∥∥∥β0 − β̂
∥∥∥2
Σ̂
+ λ∗

∥∥∥β̂∥∥∥
1
≤ γ3

∥∥∥β0 − β̂
∥∥∥
1
+ λ∗ ‖β0‖1 ,

where γ2 = D2
α∗

1−δ∗
+ D3

δ∗
1−δ∗

+ Q1(1 + δ∗)
[
|Jα∗,δ∗ |

n + α2
∗

]
and γ3 = λ0σa +

λ2
2σ

2
a + 16λ̃∗

E[ψ′
α∗,δ∗(

σε
σ̃a
)]

σa

∥∥∥β0 − β̂
∥∥∥
1
+

Q2σ
3
aλ

2
1

‖β0−β̂‖
1

.

Proof. This follows from the combination of Lemmas B.6 and B.7.

Let 0 < δ0∗ < δ1 and 0 < α0
∗ < α1 satisfy the following inequality:

E

[
ψ′
α0

∗,δ
0
∗

(
σε

σa

)]
>

max

{
9

10
E

[
ψ′
(
σε

σa

)]
,
9D2α

0
∗

1− δ0∗
+

9D3δ
0
∗

1− δ0∗
+ 9(1 + δ0∗)Q1(α

0
∗)

2

}
,

where Q1 is a combination of the Di, defined in Lemma B.6 in the Appendix.
Furthermore, let 0 < λ0

∗ satisfy the following:

10λ0
∗

1

E

[
ψ′
(

σε
σa

)] s0
φ2
0

≤ min

{
δ0∗
4K∗ ,

α0
∗

K
,
1

Q1

}
,

where K∗ = (C2 +C3 +C4)K, with C2, C3 and C4 as in Lemma B.4 is used to
bound the error in scale estimation.

Lemma B.9. Suppose the compatibility condition holds for S0,
|σ̂a−σa|

σa
≤ δ∗ ≤

δ0, supi|ai|
σa

≤ α∗ ≤ α0,
∥∥∥β̂ − β0

∥∥∥
1
≤ min

{
10λ∗σa

E[ψ′( σε
σa
)]

s0
φ2
0
, σa

Q1

}
, 320λ̃∗s0

φ2
0

≤ 1
2 ,

σaλ1Q2 ≤ ‖β̂−β0‖
1

σa
and

|Jα∗,δ∗ |
n ≤ E[ψ′( σε

σa
)]

12Q1
. Then for

2λ0σa+2λ2
2σ

2
a+2λ1σa

1−320λ̃∗
s0
φ2
0

≤ λ∗

on G1;a ∩ Ja ∩ Iα∗,δ∗ we have that
4λ2

∗σa

E[ψ′( σε
σa
)]

s0
φ2
0
is bounded from below by

2
1+δ∗

E

[
ψ′
α∗,δ∗

(
σε
σa

)]
− E

[
ψ′
(

σε
σa

)]
− γ4

σa

∥∥∥β0 − β̂
∥∥∥2
Σ̂
+ λ∗

∥∥∥β0 − β̂
∥∥∥
1
,

where γ4 = 2D2α∗
1−δ2∗

+ 2D3δ∗
1−δ2∗

+ 2Q1
|Jα∗,δ∗ |

n + 2Q1α
2
∗.



2872 M. Hannay and P.-Y. Deléamont

Proof. As 320λ̃∗
s0
φ2
0
≤ 1

2 , the assumption on λ∗ implies 0 ≤ 2λ0σa + 2λ2
2σ

2
a +

2λ1σa ≤ λ∗. Furthermore the same assumption, i.e.
2λ0σa+2λ2

2σ
2
a+2λ1σa

1−320λ̃∗
s0
φ2
0

≤ λ∗,

implies that

2λ0σa + 2λ2
2σ

2
a + 2λ1σa + 32λ̃∗

E

[
ψ′
(

σε
σa

)]
σa

10λ∗σa

E

[
ψ′
(

σε
σa

)] s0
φ2
0

≤ λ∗.

This in turn implies that λ0σa + λ2
2σ

2
a +

Q2σ
3
aλ

2
1

‖β0−β̂‖
1

+ 16λ̃∗
E[ψ′( σε

σa
)]

σa

∥∥∥β0 − β̂
∥∥∥
1
≤

1
2λ∗, by the assumptions on λ1 and

∥∥∥β0 − β̂
∥∥∥
1
. We can then plug this in the

equation of Lemma B.8 and we recover

E

[
ψ′
α∗,δ∗

(
σε
σa

)]
− γ2

(1 + δ∗)σa

∥∥∥β0 − β̂
∥∥∥2
Σ̂
+ λ∗

∥∥∥β̂∥∥∥
1
≤ 1

2
λ∗

∥∥∥β0 − β̂
∥∥∥
1
+ λ∗ ‖β0‖1 .

By the same techniques as in Lemma A.5, we then have:

2
E

[
ψ′
α∗,δ∗

(
σε
σa

)]
− γ2

(1 + δ∗)σa

∥∥∥β0 − β̂
∥∥∥2
Σ̂
+ λ∗

∥∥∥β̂Sc
0

∥∥∥
1
≤ 3λ∗

∥∥∥β0
S0

− β̂S0

∥∥∥
1
.

By the choices of δ0 and α0 and the assumption on
|Jα∗,δ∗ |

n , we have γ2 ≤
E

[
ψ′
α∗,δ∗

(
σε
σa

)]
. Therefore we can use the compatibility condition as in

Lemma A.6. In fact by using the same techniques as in Lemma A.6, we have

that 2
E[ψ′

α∗,δ∗(
σε
σa
)]−γ2

(1+δ∗)σa

∥∥∥β0 − β̂
∥∥∥2
Σ̂
+ λ∗

∥∥∥β0 − β̂
∥∥∥
1
satisfies the following:

2
E

[
ψ′
α∗,δ∗

(
σε
σa

)]
− γ2

(1 + δ∗)σa

∥∥∥β0 − β̂
∥∥∥2
Σ̂
+ λ∗

∥∥∥β0
S0

− β̂S0

∥∥∥
1
+ λ∗

∥∥∥β̂Sc
0

∥∥∥
1

≤ 4λ∗

∥∥∥β0
S0

− β̂S0

∥∥∥
1

≤ 4λ∗

√
s0
φ2
0

∥∥∥β0 − β̂
∥∥∥2
Σ̂
= 4

√√√√√E

[
ψ′
(

σε
σa

)]
σa

∥∥∥β0 − β̂
∥∥∥2
Σ̂
λ2
∗

σa

E

[
ψ′
(

σε
σa

)] s0
φ2
0

≤
E

[
ψ′
(

σε
σa

)]
σa

∥∥∥β0 − β̂
∥∥∥2
Σ̂
+ 4λ2

∗
σa

E

[
ψ′
(

σε
σa

)] s0
φ2
0

.

Consequently
4λ2

∗σa

E[ψ′( σε
σa
)]

s0
φ2
0
is bounded from below by

2
1+δ∗

E

[
ψ′
α∗,δ∗

(
σε
σa

)]
− 2

1+δ∗
γ2 − E

[
ψ′
(

σε
σa

)]
σa

∥∥∥β0 − β̂
∥∥∥2
Σ̂
+ λ∗

∥∥∥β0 − β̂
∥∥∥
1
.

The lemma follows directly from 2
1+δ∗

γ2 = γ4.
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Before providing the proof of Theorem 4.1, we introduce new notation. Sim-
ilarly to the definition of h in Subsection 3.4, we define:

h∗(α∗, δ∗, γ∗) := 2E

[
ψ′
(
σε

σa

)]
− 2

E

[
ψ′
α∗,δ∗

(
σε
σa

)]
1 + δ∗

+2
α∗D2 + δ∗D3

1− δ2∗
+ 2Q1(α

2
∗ + γ∗).

We obviously have h∗ ≥ 0. Moreover, by the choices of α0
∗ and δ0∗, we have for

all α∗ ≤ α0
∗ and δ∗ ≤ δ0∗ that h∗(α∗, δ∗, γ∗) ≤ 4

6E

[
ψ′
(

σε
σa

)]
+ 2Q1γ∗ and so if

γ∗ ≤ E[ψ′( σε
σa
)]

12Q1
we would have h∗(α∗, δ∗, γ∗) ≤ 5

6E

[
ψ′
(

σε
σa

)]
.

We now introduce a set, needed specifically for the convergence of the scale
parameter. Let σ∗

a be the solution of 1
n

∑n
i=1 χ0

(
σεi
·
)
= a. This would be the

estimate of σa in case the true location parameter were known. We can define:

Ga;2 :=

{
|σ∗

a − σa|
σa

≤ δ0∗
2

}
.

Since 1
n

∑n
i=1 χ0

(
εi
·
)
is monotone decreasing, by the law of large numbers we

obviously have limn→∞ P [Ga;2] = 1 for any fixed δ0∗ > 0.
Finally, we define the set of observations close to non differentiable points:

Ga;3 :=

{
|Jα∗,δ∗ |

n
≤ γ∗

}
.

As an observation, for a differentiable ψ (e.g. the classical case), we have 0 =
|Jα∗,δ∗ |

n . Otherwise, for a more general ψ, we have limmax{α∗,δ∗}→0 E

[
|Jα∗,δ∗ |

n

]
=

0 and therefore for α∗ and δ∗ small enough P [Ga;3] can be assumed big for
relatively small γ∗. To simplify the notation a bit, we define the sets Ga =
Ga;1 ∩ Ga;2 ∩ Ga;3. The proof is very similar to that of Theorem 3.2 with a few
subtleties. Here again we use the convexity of the objective function in order to
use previous lemmas on the minimizers.

Defining βt = β0+t
[
β̂ − β0

]
, we have

∥∥βt − β0
∥∥
1
= t
∥∥∥β̂ − β0

∥∥∥
1
. Moreover,

we define σ∗
a(t) as the minimizer of the objective function for a fixed location

βt. Let t∗ ∈ [0, 1] such that
∥∥∥βt∗ − β0

∥∥∥
1
= λ1σ

2
aQ2. Accordingly we must have∥∥∥βt∗ − β0

∥∥∥
1
≤ 10λ0

∗σa

E[ψ′( σε
σa
)]

s0
φ2
0
.

We now show that
|σ∗

a(t)−σa|
σa

≤ δ0∗ for t ∈ [0, t∗]. This is indeed true for t = 0,

since we are on Ga;2. Furthermore if for any t ∈ [0, t∗] we have
|σ∗

a(t)−σa|
σa

≤ δ0∗,

then by Lemma B.4 and the choice of the constant λ0
∗, we must have

|σ∗
a(t)−σa|

σa
≤

δ0∗
2 , since:

|σ∗
a(t)− σa|

σa
≤ C1λ1σa + C2λ2

∥∥βt − β0
∥∥
1
+

C3

n

∑
i∈Jα∗,δ∗

|ati|
σa

+
C4

n

n∑
i=1

(ati)
2

σ2
a
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≤ C1λ1σa +
1

σa

∥∥βt − β0
∥∥
1

[
C2λ2σa + C3K + C4Kα0

∗
]

≤ C1
δ∗0
4C1

+ 10λ0
∗

1

E

[
ψ′
(

σε
σa

)] s0
φ2
0

K∗ ≤ δ∗0
4

+
δ∗0
4

=
δ∗0
2
.

The statement then follows from the intermediate value theorem since σ∗
a(t) is

continuous on [0, 1]. One may thus apply Lemma B.9, and because of the choice
of the constants we recover∥∥∥β0 − βt∗

∥∥∥
1
≤ 4λ∗

σa

E

[
ψ′
(

σε
σa

)] s0
φ2
0

.

For the same reasons as before, we have
∥∥∥β0 − β̂

∥∥∥
1
≤ 4λ∗

σa

E[ψ′( σε
σa
)]

s0
φ2
0
. By plug-

ging these results in Lemma B.9, the proof is complete.
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