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Poisson statistics for 1d Schrodinger operators with
random decaying potentials
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Abstract

We consider the 1d Schrodinger operators with random decaying potentials in the
sub-critical case where the spectrum is pure point. We show that the point process
composed of the rescaled eigenvalues in the bulk, together with those zero points of
the corresponding eigenfunctions, converges to a Poisson process.
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1 Introduction

The 1d Schrodinger operators with random decaying potentials are known to have
rich spectral properties depending on the decay order of the potentials (e.g., [8, 6]).
Recently, the level statistics problem of this operators are studied and turned out to be
related to the S-ensembles which appear in the random matrix theory[5, 9, 7, 11]. In
this paper we consider the following Hamiltonian.

2

H:= f% +a(t)F(X;) on L*(R)

where the function ¢ € C>*(R) is a decay factor satisfying a(—¢) = a(t), being non-
increasing for ¢ > 0, and

a(t)=t"*(1+0(1)), d{t)=0t">", t—=o00, a>0.

The assumption on o’ is technical but we need it to estimate some error terms. F'(X;) is
a random factor where F' € C*° (M), M is the d-dimensional torus, and

(F) = /M F(z)dz = 0.
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Poisson statistics for Schrodinger Operators

{X:}+er is the Brownian motion on M. Since the potential a(¢t) F(X;) is compact w.r.t. the
free Laplacian —d?/dt?, the essential spectrum of H is equal to o..s(H) = [0, 00) which
is [8] (1) a > 1/2: absolutely continuous, (2) o < 1/2: pure point with (sub)exponentially
decaying eigenfunctions, and (3) @ = 1/2: there exists a non-random number E. > 0
such that the spectrum is pure point on [0, E.] and singular continuous on [E,, ).

The purpose of this paper is to study the local fluctuation of the eigenvalues in the
positive energy axis. In order for that, let Hy := H|| 1) be the restriction of H on
the interval [0, L] with Dirichlet boundary condition, and let {E;(L)};>,, (0 < E; (L) <
E;,+1(L) < ---) be the set of positive eigenvalues of H. Take the reference energy
FEy > 0 arbitrary, and consider the point process

Er = Z 5L(\/ET-—\/ET)
Jj=jo
where we take the square root of each eigenvalues which corresponds to the unfolding
with respect to the integrated density of states N(E) = 7~ 'v/E. For a Borel measure
p on R%, we denote by Poisson(u) the Poisson process on R? with intensity measure .
Similarly, for a constant ¢ > 0, we denote by Poisson(c) the Poisson distribution with
parameter c. The first theorem of this paper is

Theorem 1.1. Let o < 1/2. Then &, converges in distribution to the Poisson process of
intensity d\ /7 !

dA
& % Poisson () , L — oc.
Y

Remark 1.2. When we consider two reference energies F1, F», E1 # E5, then the cor-
responding point processes &1, & jointly converge to the independent Poisson processes
of intensity d\/m.

Remark 1.3. Together with results in [7, 11], we have 2

(1) a > = = &1, — clock process

(2) « = - = &, — Sineg process

NN~ N

(3) o < = = £, — Poisson process

Such kind of results have been known for discrete models: [5] proved (1)-(3) above
for CMV matrices, [3] proved “clock behavior” (similar to (1)) for Jacobi matrices, and
[9] proved (2) for 1d discrete Schrodinger operators. Hence our result is a continuum
analogue of them. The model-independent nature of those results is due to the fact
that the Prifer phases of those models obey the similar equations and thus have similar
behavior. The global fluctuation of eigenvalues is studied in [13] which also shows
different behavior in above three cases.

Remark 1.4. Let H; := (—j% + L™*F(X¢))|j0,z; be the Hamiltonian with decaying
coupling constant under the Dirichlet boundary condition. The method of proof of
Theorem 1.1 also works for H} so that together with results in [11] we have 3

1
1) a> 3= &1, — clock process

1 We consider the vague topology on the space of point measures on R. Hence &1, 4 ¢ is equivalent to
limy,_, o0 Ele ¢2(H] = E[e~¢(H)] for any f € CF (R).

21n(2), B = B(FEo) := 8Ey/C(Ep) where C(E) := (Va5 VIyE) 9yE == (L+2ivVE)~'F. B(E) is equal
to the reciprocal of the Lyapunov exponent of H.

31n (2), 7 = 7(Eo) = C(Eo)/(2Eo) = 4/B(Fo) [12].
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1
(2) a= 3= & — Sch, process

1 d\
B)a< 3= &1 — Poisson ()
™

[9] proved (2) for 1d discrete Schrodinger operators.

Remark 1.5. It would be interesting to study the behavior of eigenvalues near the
bottom edge of the essential spectrum (i.e., to study &, for Fy = 0), for which the
technique in this paper does not apply. For recent development in this respect, we refer
to [2].

To see the outline of proof, we introduce the Priifer variable as follows. Let x; be the
solution to the Schrédinger equation Hx; = kx4, 29 = 0, which is represented in the

following form.
Xt B sin 0; (k) B
( /K ) = re(r) ( cos 04 (k) ) » bolk) =0.

9L< Eo-i-z) -0 (\/E>0)
é1(Eo) = {01.(\/Eo)}r, where {z},:=x— EJ .

Since, by Sturm’s oscillation theorem, E = E;(L) if and only if 6, (v/E) = jn, the Laplace
transform of £;, has the following representation.

exp (Zf(@;l(kwqﬁL(Eo))))} (1.1)
k

where &,() = [ f@)ulde). 1< CIR)

Set

@L()\) :

E [e*&(f)} )

Thus our aim is to study the joint limit of (©1(\), ¢ (Ep)). Here we replace L by n and
consider the family H,, (¢ € [0,1]) of Hamiltonians. We will show that the following limits
exist.

O:(N) £ lim ©,e(N), & < lm du(Eo).

In the first equation, both sides are regarded as the non-decreasing function(with the
weak topology as a measure)-valued processes in t. Then we have the following theorem.

Theorem 1.6.
(1) For anyt € (0, 1], ¢, is uniformly distributed on [0, 7).
(2)

~

o, =n / P(dsd\)
[0,¢] X [0,A]

where P = Poisson (w‘ll[o,”(s)dsd)\’) is the Poisson process on R? whose intensity
measure is equal to m1(g 1)(s)dsd)'.

Remark 1.7. The statement in Theorem 1.6(2) is conjectured in [5] for CMV matrices.
On the other hand, for the Anderson model H = —A + V,,(z) on [2(Z%), the following
facts are known [4, 10]. Let H; := H|{1,‘,,,L}d be the restriction of H on the box of
size L, with {E;(L)};>1 being its eigenvalues. Let z;(L) € R be the localization center
corresponding to E;(L). If Ey lies in the localized region, we have

Z(S(Ld(Ej(L)ng),L*lxj(L)) i) Poisson (n(Eo)l[o’l]d(LL')dE X dl‘) (12)

J
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where n(Ey) := diEN(E)|E:E0 is the density of states at £ = Ej.

The jump points of the function ¢ — |0,:(\)/7| are (modulo some errors) related to
the zero points of the eigenfunction such that the corresponding eigenvalue is less than
A. Since the eigenfunction decays sub-exponentially and since the set of jump points of
the function ¢ — ©,()\)/7 has the monotonicity in A to be described in eq.(1.5), those
jump points are close to the localization center of each eigenfunctions. Hence we believe
that the statement like eq.(1.2) holds also for our case and that Theorem 1.6 (2) is related
to this speculation.

We shall explain the idea of proof. The Pfriifer phase satisfies the integral equation
(2.1) by which we compute the equation satisfied by 0,,:()\). By using “Ito’s formula”
(2.3) we can show that, up to error terms,

d0,:(\) ~ Adt +n>~“Re [(e%@m“) - 1) t_"‘dZt}

where Z; = X, + 1Y} is the complex Brownian motion. At this point, we have a general
picture: (1) « > 1/2: second term vanishes which implies the convergence to the clock
process, (2) a = 1/2: 6,:(\) converges to the solution to a SDE, and (3) a < 1/2: the
diffusion term will be dominant so that 0,,:(\) should be in a vicinity of 7Z in order to
have (e2©7¢(") —1) small. Here we note that ©,,,(\) > 0 for A > 0 and E[0,,,()\)] = At+o(1)
(Proposition 2.4). By the change of variables

t=s", v:=

we have
dOp s (N) ~ Mys? " Lds + n? Re [(eQi@nﬂ(A) — 1)d28} )

Here we recall the definition of the Sineg-process [14]. Let o, () be the solution to
the following SDE.

dag(N) = X - ge
0.

ao()\)

~%ldt + Re Kemto‘) - 1) dZt} (1.3)

Then the function ¢ — |« (\)/27 | is non-decreasing and the limit o (A) 1= limy 00 it (A)
satisfies ao(A) € 27Z, a.s. Then Sineg-process on the interval [\, A9] is defined by

Sineg[A1, A2] 4 Oloo(Az)2—7rOzoo()\1).

Allez-Dumaz [1] showed that Sineg 4 Poisson(dA/2m) as 8 — 0. This fact can easily be
generalized to other processes where the drift term in the corresponding SDE (1.3) is
replaced by functions f with mild conditions[12]. Moreover, by a scaling ¢ — gt, eq.(1.3)
becomes

day(\) = Ne~tdt + %Re [(em‘()‘) - 1) dZt}
(\) =0

(67 )\):

so that, by setting 8 =n %, we can use the idea of [1]: to study the hitting time of ©,,;(\)
to the set 7Z, we consider

Ont(N)

2 )

R(nt) :=log tan
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SDE of which has a diffusion term with constant coefficient so that we may use compari-
son argument. In fact, modulo error terms, we have (Propositions 3.1, 4.1)

2
dR(nt”) ~ ()\’ytv_l cosh R(nt”) + % tanh R(nt'y)) dt + CpdM, (1.4)

where C, = C(Eo, F)n3, d{(M), = (1+o(1))dt,

and C(Ep, F) is a positive constant depending on Ey, F. Here we use assumptions on
a, a’ to estimate error terms. By a time-change, we can suppose that M, is a Brownian
motion. We divide the interval [0, 1] into small random ones I = [r/N, 7x4+1/N] and
consider the stationary processes S which are the solution to the following SDE’s on
each Ij’s.

—1 2
dS () ~ (M (T’E\jl )7 cosh S, (t) + % tanh S, (t)) dt + CrdM,

—1 2
dS_(t) ~ (M (1]\’;)7 cosh S_ () + % tanh S_ (t)) dt + CrdM,.

On each [, we can bound R(nt”) by S1 from above and below:
S_(t) < R(nt") < S4(t).

We can explicitly compute the explosion times of Si which converge to Exp (X/w)

as n — oo, where \ := Ay (nﬁ_l/N)'Y*1 (Proposition 5.1). By an argument like the
convergence of Riemannian sums to the integral, we can show that the jump points of
the function s — [, (\)/7] converge to Poisson (m~'ysY~ 1} 1;(s)ds)(Proposition 5.7).
Hence for an interval J C R, £,(J) converges to the Poisson distribution with parameter
7~Y|J|. It then suffies to show that the collection of random variables &1 (J1), -+ , &0 (Jn)
converge jointly to the independent ones for disjoint intervals Ji, Jo, -+ , J,. For Ay < Ag,
let Py,, P»,, Py, », be the limit of those point processes composed by the jump points
of functions s — |©,,5v(A1)/7], |Onsv(A2) /7] and [(O,sv(A2) — Onsv(A1)) /7| respectively.
Then P,,, Py,, P, , turn out to be the F;-Poisson processes under a suitable choice of
the filtration 7, (Lemma 5.10). Letting Py,, Px,, Px,,r, be the set of atoms, we show
(Lemmas 5.11, 5.12)

P/\1 C ,P)\27 Pkl N P)xl,)\g = (1.5)

from which the independence of P,, and P, », follows.

Finally we show that lim,, o, ©,:(\)/7 € Z, a.s. which proves Theorem 1.6(2). The
statement in Theorem 1.6(1) is essentially proved in our previous paper [7] where the
condition (F') = 0 is used. Theorem 1.1 follows from eq.(1.1) and Theorem 1.6.

The rest of this paper is organized as follows. In Section 2, we study the behavior of
O,+(\) and derive some properties of the expectation of ©,,;(\) and the monotonicity of
the function ¢ — |0, (\)/7|. In Section 3, we derive the Ricatti equation (1.4) satisfied
by R(nt). In Section 4, we estimate R(nt”) from above and below by solutions Ry to
simple SDE’s. In Section 5, following the argument in [1], we consider the stationary
approximation S+ of R+ and compute the explosion time of them. Then we show that
the jump points of the function ¢ — |©,;/7| converge to a Poisson process and that
the processes Py, and Py, ,, mentioned above are independent. In Section 6, we prove
Theorems 1.1, 1.6. Sections 7, 8 are appendices. In what follows, C, C' are positive
constants which may change from line to line in each argument.
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2 Behavior of O,;()\)

In this section we introsluce notations and derive some basic properties of the relative
Priifer phase ©,,(\). Let 0;(x) be defined by

0,(k) = Kt + 0, (k)
which satisfies the following integral equation.
t
0,(k) = Q—Re/ (eQieS(“) - 1) a(s)F(Xs)ds. (2.1)
K
Set
Ko ‘= / EO
KC::I{O-FE, n>0, ceR
n
m) — eQmib‘t(nC) _ (;/27711'&(110)7 me 7

An(t) i= = 5= Re (2040 1) P(X))

2K¢ - Ko

(AF)m) = 5 (Fm+1) + fm ~ 1)) — f(m).

By (2.1) we have
®nt< ) = ent(ﬁc) - Hnt(HO)
nt
—ct—&——Re/ r™(1)a(s)F(Xs)ds + ~ / An( (2.2)
0

2/10

Remark 2.1. For large n, we can find ¢, > 0 such that for ¢t > t,, we have ¢ > A,,(nt)a(nt).
Then by eq.(2.2), for t > ty, once 6;”) (\) enters to an interval ((k+ 1), (k+2)w) for some
k € N, it never returns to (kn, (k + 1)7). In other words, the function ¢ — [©,¢(\)/7] is
non-decreasing.

Here we make use of the following identity which is a consequence of Ito’s formula
[8]: for f € C*°(M) and k # 0,

e f(Xs)ds = d (" (R f)(Xs)) — € (VR f)(Xs)d X, (2.3)
f(Xs)ds = (f)ds + d((Rof)(Xs)) — V(Rof)(Xs)d X (2.4)
where R, f:=(L+ix)"'f, Rof:=L""(f—(f)).

L is the generator of X;. Eq.(2.3) and the integration by parts yields the following
equation.

Lemma 2.2. Letb € C™([0,0)), ¢ € C*(M), and let g := Rapy, = (L+2mikg) ' ¢.
Then we have

Ab@ﬁWMﬂ&Mﬁﬁﬂmw—fAM@@ﬁ%%h@ﬂXM?W&MS
—ﬂw%%wgmmﬂ;
/ b/ 7m-cU (XS)dS
f%uE/bU@+&wmmém“J£“wmm
nJo

—Ab@&%)%ﬂﬂ DX,
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Putting m =1, p = F, and b(t) = a(t) in Lemma 2.2, we have

Lemma 2.3.

Oni(c) = ct + M™ + O™ + 5™

where
1 nt
MM = ——Re/ a(s)ri™ (1) Vg (X,)d X,
2Ko 0
) 1 2 (™ ) .
O, —Re | —— a(s)*(Ard)(1)F(X,)gw (Xs)ds
2 Ko 2:%0 0
(n) 1 (n) Ko nt n / (n) Ko
o7 = g ed [alspr M g ()] = [T @@ g (X)ds
Ko 0 0
1 nt
"‘(—QZ)E/ (s) (¢ + An(s)a(s)) 2085 (re) 7 (Xs)ds
0
nt
— A, (s)d
+n/0 a(s)An(s)ds
Moreover,
lim (5(
n—roo

By using Lemmas 2.2, 2.3 we can prove the following Proposition which is necessary
to study the behavior of E[©,,:()\)].

Proposition 2.4. Suppose that

oo .
/ a(s)’°ds < oo
0
for some jo > 1. Then fort > 0, we have
Ont(c) = ct + %n) +o(l), n— o0

where M™ is a martingale.

Proof. Note that lim,_,. r'" )( ) =10. If jop <2, O(") = o(1) which already proves the

statement of Proposition 2.4 with M(") M(") If jo > 3, we apply Lemma 2.2 for O, (n)
so that

of?"’—;HRe( [ <s>2m§“><1>F<Xs>g;<xs>ds>

2

= Re Z Cnm / a(s)3r(™ (m)G"™ (X ,)ds + (martingale) + o(1)

m=1,2
where Gs,? ) is uniformly bounded. Iterating this process until we have a(s)’ yields

O(" Z cm/ $)90r (M (m)GI (X, )ds + (martingale) + o(1). O
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3 Ricatti equation

For a function k — f(x) we introduce
Af = flre) = fka), 0<d<e, hpi=ro+ .

This definition is different from that in Section 2. To study the hitting time of ©,,;(\) to
the set 7Z, or that of (0,,,(\) — ©,:()\)) in general, we consider

A6
R(t) :=log tan Tt

Note that
cos Af,

cosh R(s) = Al

sinh R(s) =

1
_ 1
sin A6’ (3-1)

Here we recall that, for Sineg-process, the corresponding process R(t) := log tan (a;(\)/4)
with a;()) being the solution to eq.(1.3) satisfies

dR(t) = % (Aie_ft cosh R(t) + tanh R(t)) dt + dBs. (3.2)

The following Proposition implies that R(nt) is close to the solution to a SDE which is
similar to eq.(3.2).

Proposition 3.1.

c—d nt
R(nt) — R(0) = - / cosh R(s) ds
0
nt
—I-LRe [—M] / a(s)?tanh R(s) ds + M; + E(nt) (3.3)
2/<L0 Ko 0

where M is a martingale with

d(M), = (22() 2(the, yna(nt)2(1 + o(1))dt, n - oo (3.4)

Vo = [Gro>Trols  Gro = RonoF' = (L + 2irg) 'F, [f,q] :=Vf-Vg.

The last term E(nt) in eq.(3.3) is an negligible error compared to 1st and 2nd terms of
RHS in eq.(3.3), and has the following form.

nt nt
E(nt) = / cosh(R(s))b(s)ca1(s)ds + / tanh(R(s))a(s)>ca(s)ds + ™ (t) + C
0 0
where C' is a non-random constant and

1 )

b(s) = —a(s) +ad'(s) + a(s)?°, jo:=min{j € N|1— ja <0}
n

c1(s),ca(s) : bounded functions

eM(t) < C'n~.

Proof. First of all, we introduce a notation A ~ B meaning that A — B is a sum of
an negligible error E(nt) and a martingale N whose quadratic variation is negligible
compared to that of M in eq.(3.4):

Ax~B&L A—B=E@mt)+ N, d(N), <C-na(nt)’dt.
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By the integral equation (2.1), we have

R(nt) — R(0) = /On Sm(lAQg)js

| c—d 1 0i0
— I 105 (ke) _
/0 sin(Afy) { n " 2k ke (6 1) a(s)F(Xs)

(0s(ke) — 0s(ka)) ds

_i 2i05(ka) _
o Re (e 1) a(s)F(Xs) pds

/”t L ce—d,
~ Jo sin(Af,) n

nt 1 1 ) )
[ty e e (400 0 ) o) (X,

1 1 " 2i0, (k.
o mm) sy e (2 =) cri

1 1 | 216, (ra)
S (. - i05(ra) _ 1 F(X.
<2I€d 250)/@ sin(AHs)Re (e )a(s) (Xs)ds
R

By (3.1), I is equal to the 1st term of RHS in eq.(3.3). Since x;' — k5! = O(n™1), the
integrands of 111, IV are equal to cosh(R(s)) - a(s)n~! multiplied by bounded functions
so that I11,IV =~ 0. Hence it suffices to compute the 2nd term /7 which has the following
form:

1 1
Il = %Re[AJ] = TKJORE[J(HC) — J(ka)]

nt 1 )
h = [ ¥ W (s)F(X,)ds.
where J(k) /0 Sin(A@s)e a(s)F(Xy)ds

In order to compute .J(x) we introduce

nt
Cq. . 1 2ik0s (k) J
J(ka]aH)("{) _A 51n(A95)e a‘(s) H(Xs)ds

forke€Z,j>1,and H € C*°(M). By Proposition 7.3(1) we have

nt
AJ = AJ(1; 15 F) ~ %(F - g%)/ cos(A0,)a(s)2ds
0 0

2% [1
_2 {AJ(2; 2 Fg.) — AJ(1;2; Fg,ﬁo)} +N, (3.5)
2:%0 2

where we set g,,, := Ra,,F. N is a martingale such that

nt
(N,N);=o0 </ a(s)st)
0
. nt
(N,N); = 4(1/))/ a(s)2ds(1 +0(1)), ¥ :=1[9ro,Trol
0
as n — oco. By (3.1), the 1st term of RHS in eq.(3.5) is equal to the 2nd term of RHS

in eq.(3.3). For the 2nd term of RHS in eq.(3.5), we use Theorem 7.3(2). Noting
that J(0;7; H) is independent of x so that AJ(0;j; H) = 0, we can repeatedly use
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Theorem 7.3(2) for (jo — 1) - times to obtain the sum of negligible terms of the form:
AJ(k; jo; H) = 0. Therefore

AJ(2;2;Fg.,) =0, AJ(1;2;Fg,,) = 0.
Set M to be the sum of (2k9) ' ReN and all other martingales appeared in the above
argument, after taking real part and multiplying (2x0)~!. Then M satisfies eq.(3.4). O
4 A comparison argument

In this section we consider R := R — e(™), carry out scaling and time-change, and
bound from above and below by the diffusions R4+ which obey simple SDE’s (4.1), (4.2).
We first prepare some notations. Let

R(nt) := R(nt) — e™(¢).
e(”)(t) is an error term appeared in Proposition 3.1. Moreover set
! >1
1 -2« ’
§=Cn~% e=Cn",
B = min{a, jooo — 1} = joa — 1, C >0,

=

coshy(r):= sup coshs, cosh_(r):= inf coshs
|s—r|<é [s—r|<é
tanhy (r) := sup tanhs, tanh_(r):= inf tanhs
|s—r|<d [s—r|<§
[ (I1+e)tanhy(r) (r> —9)
tanh o(r) := { (1—¢)tanhy(r) (r < —0)
| @—e)tanh_(r) (r>9)
tanh_,(r) = { (14 ¢)tanh_(r) (r <6)
1/2
Cn ::i <<7pno>> ,y%n%
Ko 2
We consider diffusions R+ which are the solutions to
02
dR+ = ()\(1 + 6) COSh+ R_t,_’yt’yil + ?n tanh_he R+> dt + Cnth (41)
C2
dR_ = ()\(1 —¢)cosh_ R_4t" ! 4 ?" tanh_ . R_) dt + C,, dW; (4.2)

where W, is a standard Brownian motion starting at 0. Then we have a following bound
on R.

Proposition 4.1. There is a time change 7(t) with
7'(t)=14+0(1), n—
uniformly with respect to w € () such that
R_(t) < R(n7(t)") < Ry (t) (4.3)
provided the initial values coincide.

Proof. We consider R(nt") instead of R(nt) and change variables: s = nv” in eq.(3.3).

t
R(nt") = )\/ cosh(R(nv™)) - yo?tdv
0
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1 Fg. ¢
+—Re (—<g°>) / na(nv?)? tanh(R(nv?)) -y tdv
2/&0 Ko 0

+Mnt7 =+ E(nt”)

2
d{M, M) ptv = (2}10) - 2(thy) - ma(nt)? -1+ o(1)) dt, n — co.

We note (¢,,,) = —2Re(Fg,,) and let
1 ([ (eo) .
D, = — (<¢ °>) , Cn:=D, (7n172Q)1/2 = Dpyin®.
Ko 2
Then
t
R(nt?) = /\/ cosh(R(nv™))yv ™ tdv
0
Dy [ 2 —1
+7 tanh(R(nv?)) - na(nv?) - yv"" "dv + Mpy + E(nt™)
0
d(M, M) = C2(1 +o(1))dt, n — oo.
Let Ny := M,,;»/C,, and take
7(t) ;== inf {s| (N)s > t}.

Then W; := N,(; is a Brownian motion, 7'(t) "= 1 + o(1) uniformly with respect to
w € 2, and

(1)
R(nt(t)") = )\/O cosh(R(nv™))yv? tdv

2 r7(t)
—1-7" / tanh(R(nv?)) - na(nv?)? -yt dv + C,W; + E(n7(t)7).
0

Let

R(nt) :== R(nt) — ™ (t), E(nt) := E(nt) —e™(t).

Then

7(t)

R(nt(t)") = /\/ cosh (fi(mﬂ) + e(”)(lﬂ)) vt dv

0
D2 7(t) _
—l—T" / tanh (R(mﬂ) + (™ (v'y)) ~na(nv?)? -y’ dv
0
+C, Wy + E(n7(t)") + C. (4.4)

Take ¢y > 0 small enough. The contribution from E (nt") for t <ty is bounded which we
ignore. Fort > t,

E(nt") = /0 cosh (E(nv'y) + e(”)(vfy)) b(nv™)ey (v )nyv? " du
t anh ( R(nv? ™ (nv7)) a(nv?)3ey(nv)nyo? ™t dv
+ [ tanh (B + e 07)) alme” a0
dE’(nt"’) < cosh(R(nt")) {ia(nt“’) +a'(nt") + a(nt“’)j‘)} c1(nt)nyt " dt

+] tanh(R(nt?))|a(nt?)3cy(nt?)nyt"~dt
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< C cosh(R(nt")) <111 ()T ()T 4 (nt”)_“j") nyt?dt

+C| tanh(R(nt?))|(nt?) " 3*nyt" " dt
< Cn~ P cosh(R(nt"))t"Ldt + O(n'=3)| tanh(Rntw)\t(l_go‘)'Y—ldt

where 3 := min{«, joa—1} = joaa—1. Thus in eq.(4.4), E(m-(t)"’) is lower order compared
to the 1st and the 2nd terms, and then by the comparison theorem, we have

R_(t) < R(n7(t)") < Ro(t). O

5 Allez-Dumaz analysis

In this section, we show, along the argument in [1], that (i) the marginal £;,(I) (I =
[A1, A2]) of €1, converges to Poisson distribution, and (ii) the joint limit of &1, (I1), -+ , £ (In)
are independent.

Propositions1 and lemmas in this section can be proved in the same manner as in [1] by
putting 8 = n~ ~, but we give proofs of them in Appendix II for the sake of completeness.

5.1 Preliminary: explosion time of stationary approximation

In this subsection we study the explosion time of the stationary approximation Sy of
R+ which are the solution to another SDE’s (5.1) where the coefficient fyt’Y‘l in the drift
term in eq.(4.1), (4.2) are replaced by 1:

2
dS+ = (/\(1 + 6) COShi(Si) + % tanhiye(Si)) dt + CpdW;. (5.1)

If |Sy| > 0, the drift term of these SDE’s are just the constant multiples of the shift of
cosh, tanh, so that the analysis in [1] also works. Because the potential corresponding to
the drift term in SDE (5.1) has a barrier between the local minimum in the well and the
local maximum, we have a “memory-loss effect” so that the explosion time converges to
the exponential distribution. More precisely, let (. be the explosion time of Si and let

B (r) == E[¢+[5+(0) = 7]
9$) (1) = Ele6 %S4 (0) = 7]

be the expectation value and the Laplace transform of 1 conditioned S (0) = r respec-
tively. We then have

Proposition 5.1.

lim lim &) () = =
Jim i 855 (r) = 3

1
lim lim ¢&® () = —.
rifoongoogn () 1+€

5.2 Poisson convergence for marginals

In this subsection, we prove that the marginal &1, (I) of £, on an interval I converges
to a Poisson distribution by showing that the jump points of the function ¢ — {@m(t)ﬂ
converges to a Poisson process. This will be done by dividing the time interval [0, 1]
into small random ones [I; and approximating R+ by St on each I;’s. In order that
such approximation work, we need to show that {©,,.(;)~(A)} is sufficiently small on
sufficiently large portion of the time interval, which is guaranteed by Lemma 5.4. In
order to prove Lemma 5.4, we need some estimates on the explosion time for

RM(t) := R(n7(t))
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which are done in Lemmas 5.2, 5.3. Lemmas 5.5, 5.6 are rephrase of Lemmas 5.2, 5.4
respectively. Since 7/(t) = 1 + o(1) uniformly in w € €, all statements in this subsection
are also valid for R(nt?). Let

T, := inf {s ’ R(”)(s) - 7«}

be the hitting time of R™ to r € R U {+00}. We denote by P,, ¢, the law of R(™
conditioned R(™ (ty) = ro. If ty = 0, we simply write P, ;, = P,,.

Lemma 5.2. Let0<e<1l,c>~v+ % Then we can find a constant ¢’ > 0 such that

oS¢
Pelogn% <T+oo < E

n

/

logn#> >1 —n~5.

Idea of proof: (1) we derive the probablhty of the event that R("™ reaches clogni
before hitting £ log nw by the tlme s log n> . Since the drift term is bounded from below

by ; 1 C’th this is possible prov1ded the Brownian motion term satisfies C,, inf{W; |0 <
t < lognv} > — lognv which happens with probablhty >1-—n (v (ii) Once R

reaches clognv, it explodes by the time 7 log n~ which can be proved by studying the
explosion time of an ODE explicitly. !

Lemma 5.3.

5c+1 1 _L
P—ilogn% <T+Oo<qzllognv> >n 2.

Idea of Proof: on account of Lemma 5.2 with e = 1/4, it is sufficient to estimate the

probability P (T1 1 < C2 log nw) which can be done similarly by the idea (i)
ogn“/

==

7% logn
for Lemma 5.2.

Lemma 5.4. Let

Z.(t) == E_o [/Ot 1 (R<">(u) > —i logni> du] .

Then we can find a constant C' such that

En(t) < Cn~ 7 logn™.

Idea of Proof: by Lemma 5.3, if R(™) (u) > —1 log n7, we have Ty o < 52351 logn~, that
lognw with a good probability. Hence the quantity
inside the expectation in the deﬁmtlon of Z,,(¢) is bounded from above by the number
of explosions multiplied by °7 5t Jog n7. On the other hand, the expectation value of the
number of explosions is bounded from above.

We shall study the distribution of the jump points of the function ¢ — |, (\)/7].
The corresponding point process is defined by

=30

where () :=inf {t € [0,1] | ©,,(1)»(\) > kn}.

51:+1

is, it will explode by the time

Then the statements of Lemma 5.2, 5.4 have the following form.

Lemma 5.5. Let 0 < ¢ < 1 ¢ > v + 3. Then conditioned on {Oy(\)}, = 7 — 2arctann” 7,
we have

o

<C1 02 lognv) >1—-n" 7.
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Lemma 5.6. Let

t
E.(t)=E [/ 1 <@n7’(u)7(>‘) > Qarctann_ﬁ) du} .
0
Then we can find a constant C' such that
En(t) < Cn~ 2 logn%.

We can now prove that the jump points of the function ¢ — [G)m(t)w N/ wJ converges
to a Poisson process.

Proposition 5.7.

A
[LE\") % poisson <7T7t711[0,1] (t)dt>

and the same statement also holds for the point process u&n) whose atoms consist of

¢ =1inf {t €[0,1] | Oni~(\) > kr}.
Idea of Proof: Let
Te Tria

k
13
I, = [N’ N] where T} ::;Ti’ Ti:unif(272>'

Let Si") be the solution to the following SDE’s where the constant A in SDE (5.1) is
v-1 _
replaced by v (%) Y (%)7 ! respectively:

n n Cz n
ds{ = (Af(l + €) coshy (SU) + 5 tanhy (S ))> dt + CndBy, te

Te\74 T\t
where Ag=7< I;\;l> , k:7<]\l;)

with initial values ¢ (%) := R™ (Zt) on each I;. We remark that, once 5\ explode

to +o0, it starts at —oo again and so on. Let G)gf ) defined by

@(”)
Sin) = log tan 21 ,

(
sy

n ) . .
in other words, @;) := 2arctane . Then by eq.(4.3) and using comparison theorem

between S and R4,

0" (A) < Opriyr () < OTI(N).

s =

Thus we can estimate the number of jump points of [@,LT(W(A) /7rJ from above and
below by those of {@@(A)/WJ. By Lemma 5.6 and by the definition of T, on each

starting point of the interval I}, we can suppose ©,,,(;)~ (M) < 2arctan n~ 1 with a good

probability, so that by Proposition 5.1, the explosion time of egﬁ) converges to the
exponential distribution on each intervals, which proves the statement of Proposition 5.7
for ©,,,(1)»(\). Since 7'(t) = 1 4 o(1) uniformly in w € ©, the same statement also holds

for u{".
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Remark 5.8. Let A\ < )\ and let
M}\ )\/ . Zé >\ Y

where (M = inf {t € [0,1]| Opir (V) — Opr (A) > k).

We can apply all the arguments in previous sections for 0©,,.+(\') — @+ (\) yielding

!

n ) N—=X
u&”i, % Poisson ( ~t7 11[0,1]dt> .

5.3 Limiting coupled Poisson process

For 0 < A < X, let Py := lim,,_, ug\ ), Py = lim,, o0 uf\,), Py = limy, 00 ug\”/)\, be
the limiting Poisson processes described in Proposition 5.7 and Remark 5.8. In this
subsection, we show that (i) they are realized jointly as F;-Poisson processes under
suitable filtration(Lemma 5.10), (ii) the sets Py, P/, P\ of corresponding atoms satisfy
Pr C Py (Lemma 5.11), and (iii) Py N Py = () (Lemma 5.12). The independence of
Py, Py y (and thus independence of finite number of marginals of {;, on intervals) then
follows from those observations. But first of all we need to show that the “fractional part”
of ©(\), ©()\) also obey the same ordering as A, \’ for sufficiently large portions in time
(Lemma 5.9). We recall {z}, =2 — |z/7| 7

Lemma 5.9. Let0 < A < )\ and

T.(t):=E {/0 1 ({Bnuw (N}, <{Onur(N)},) du

then we can find a constant C such that

’

T,(t) < Cn~ 5.
Idea of Proof: let

Eu = {{Onu (N} < {Onur(N}, ), we0,1]

Cy := sup {C,i‘, ‘ Q< u}, G =1inf{t € [0,1] | Opy(N) > kr}
5c 1

Uy = U — OQlognv c>'y+§.

On the event &,, we consider the following three possibilities.
(i) the latest jump of the function ¢t — |©,++(\')/7| before u occurs after u
(ii) the latest jump of |©,,:+(\')/7] before u occurs before ug, and
{Onuy (M) }x < 2arctan n",
(iii) the latest jump of | O, (\')/7]| before u occurs before ug, and
{607 (\)}r > 2arctann™ .
Then
(i) the probability of the event (i) is bounded from above by n" log n - E[n}[0,t]].
(i) Let Zgﬂ be the explosion time of O, (A, N) = Opr(N) — Oy (A) for which we
can carry out the arguments in previous sections. Then in Case (11) we must have
527, > 02 s log nv of which the probability is bounded from above by n 67
(iii) Lemma 5.6 gives the bound on the probability of Case (iii).

In what follows, we set A < A < \”. Since the set of triples {(uf\"), u/\,) )\f\7f)A,,), n >0}

)

is tight as a set of Radon measures on R, we can find a subsequence (nx) such that

(8™ 1S AG0) = (Py, Py, P )
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where Py, Py, Py are Poisson processes which turn out to be independent of the
choice of convergent subsequences.

Lemma 5.10. Let

F = (.Ft)tzo
Fi=0 (P,\(S),P)\/(S),P)\/)\//(S); 0<s< t).

Then Py, Py, P\ are the (F;)-Poisson processes whose intensity measures are equal
to Ayt T gy (8)dt, m Ny g 4y(t)dt, and 7w (A — N )yt g 4y(t)dt respectively.
Let Py, Py, Pa,av be the set of atoms of Py, Py, Py » respectively.
Lemma 5.11. If A\ < ), P, C Py a.s.
(n)

Idea of Proof: suppose that there are no atoms of y,,” near the atom & of uf\") for
large n. Then we should have {©, (\')}r < {Ont ()}~ near £ of which the probability
is estimated from above by Lemma 5.9.

Lemma 5.12. We have P, N Py x» = 0. Hence by Lemma 5.10, Py and Py are
independent.

Idea of Proof: we shall show Py NPy = (). Otherwise, we can find an atom ¢
of ,uf\"/)\, near those of u{" for large n. If we have {6, (XN)}x < {On(A)}, near &,
this p;robability is estimated from above by Lemma 5.9. If, on the contrary, we have
{Ontv( M) }r = {Ontv(A) }r, then | O+ (N) /7] jumps twice in a neighborhood of £. Since
the jump points of |©,,;~(\')/7] converges to a Poisson process, the probability of such
events are relatively small.

By using these lemmas, we can show

Proposition 5.13. Let (") be a point process on R defined by
0,(\2) — GH(Al)J

VWA, Ag] = { -

then

d
™ % Poisson <> .
T

6 Proof of Theorems
6.1 Proof of Theorem 2

The first statement (1) of Theorem 1.6 can proved in the same manner as [7] Proposi-
tion 7.1: the only major difference is to show

t t
lim s3%exp <—/ u2adu) ds=0
t—o0 1 s

which is straightforward. For the second statement (2) of Theorem 1.6, we summarize
the facts obtained in previous sections.

(1) Let
C(n)()\) = 257';”)0\)
J

where T](n)()\) = inf {t € [0,1] | Oy (N) = jr}.
Then by Proposition 5.7

C(”)()\) — Q) := Poisson <7)\1_1[0,1]dt> .
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In other words, the function ¢ — |0,:(\)/7| converges to a Poisson jump process.
(2) By Proposition 2.4, E[©,:(\)] — At.
(3)For0 < X < X, let

SRERUED SAT
J
where 7" (\,N) := inf {t € [0,1] | O (N') — Oe(A) = jm} .

Then

N =X
C(")()\,)\’) — Q= Poisson ( - 1[071]dt)
and @, and @ » are independent.

By (1), (2), we have

so that, writing

s t

Ox(t) _ {@A(t)J LM s

we have E[¢{™] — 0 which implies ¢\ — 0 in probability 4. It follows that ¢ — ©,,;(\)/7

also converges to a Poisson jump process, and in particular,

~

O:(\) == lim O, ()

n—roo

takes values in 7Z for a.e. t. Moreover, by Remark 2.1 and Lemma 5.11, @t()\) is non-
decreasing with respect to (¢, ), so that it is a distribution function of a point process 7
on R? whose marginals on rectangles have Poisson distribution. Let

N(t1,ta M 22) = (O (Ae) = O (2) ) = (B1a () = B, (A1)
be the number of atoms of 7 in [t,t2] X [A1, A2]. By Lemma 5.12,
N(tla tll; A1, /\ll)a T 7N(tn7t;ﬁ Ans )\;1)

are independent obeying Poisson (m~*(X; — A;) (t; —t;)), j = 1,2,--- ,n which proves
the statement (2) of Theorem 1.6.

6.2 Proof of Theorem 1.1
By Proposition 5.13, we have
(On(ci) = On(dy),i=1,-+ k) % (O1(c;) — O1(dy),i =1, , k)
forany k € N, ¢;, d; € R and (:)1() is a Poisson jump process. By [7] Lemma 9.1,

CHORX-NO!

4 In [14], they showed that, for 8 < 2, a+(\) converges to aoo(\) from above which is consistent with this
argument.
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as a non-decreasing function valued process. By Skorohod’s theorem, we may suppose
that
O,(c) = 01(c), a.s.

at any continuity point of @1(0). Fixa.s. we Q, K € N, e > 0 and let 71,72, -- be the
jump points of ©4(-). Then for large n,

|On (1 —€) — (k= 1)7| < e
©n(Tx +€) —kn| <e, k=1,2,--- K.
By the monotonicity of ©,(+), if 0, (1 —€) <y < O, (7% + €), we have
(©
so that, if (k — 1)m + € < y < km — ¢, we have
(©n) " (y) — Tl <.

Let Z(y) be the inverse of the Poisson jump process O () (it may be set to take arbi-
trary values at the discontinuity points). Since ¢; is uniformly distributed on [0, 7), its
distribution never have a atom at 0 so that, taking n — oo in (1.1), we have

exp( Zf (E(nm +0)) )

D) HY) - T <€

E[efﬁL(f)} [ *CP(f)}

where (p = Poisson(m~1d\).

7 Appendix I

In this section we prepare some estimates necessary to prove Proposition 3.1. The
basic strategy of our computation is that, for the terms whose integrand contains a factor
of the form e*** H(X,)ds (k # 0), we use eq.(2.3) and perform the integration by parts
to obtain the terms whose integrands are multiplied by a(s) or a/(s) so that they have
better decay. We may continue this process as many times we need to finally obtain the
negligible terms. On the other hand, for the terms with H(X;)ds (that is, x = 0), we use
eq.(2.4) instead to obtain the 2nd term of RHS in eq.(3.3).

We first consider the following quantity which often appears in the computation of
J(k; j; H).

K(k,l;j; H) := / " sin(Af, )2k (re)+2il0s (ra) o ()T F (X ) ds,
k?l €Z, jeEN, HeC®M).
Lemma 7.1. Suppose (k,l) # (0,0) and j > 2. Then
K(k,l;j; H)

2tk

1
~5 {2 K(k+2,55+ L FRyiyse H) + 5 - K(k = 2,55 + 1 FRyry1yo H)
0

—K(k,l;5+ I;FRQ(IC+[)H0H)}
23l |1 ) 1 .
——9 5 Kk, 1 +2;7+ 1 FRy(uqtye, H) + 3 K (k1 =255 4+ 1; F Ry (1) H)

_K(kj,l,] + 1;FR2(k+l)l<;gH)}'
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Proof. We note

2i(ck + dl)

n

2ik0 (ko) + 2il04(kq) = 2i(k + 1) kos + 5+ 2ik04(ke) + 2il04(kq).

Using (2.3) with k = 2(k + )k and f = H, we have

k,l,J H)

sin(A0,) {22(ck +dl)
n

/0 s+ 2ik0 (ko) + 2ilés(nd)] a(s)? Xk +ros fr( X ) ds
/0 sin(Ad;) {Ws + 2ik0, (k) + 2i19~5(nd)] a(s)?

X {d <€2i(k+l)”°sR2(k+l)moH(Xs)) - €2i(k+l)ﬁosVR2(k+l)noH(Xs)dXs}
For simplicity, we set
H := Ro(ji1yn, H.

Integration by parts yields

K(k,1;j; H)
. . .~ nt
- {sin(AGs)e%kes(“6)“195(”d)a(s)JH(XS)]0
nt
—/ cos(Ab;)
0
—d 1 e[t _ _ L g [zt
x{ - + 2HCR€ [e 1} a(s)F(Xs) oy Re [e 1} a(s)F(Xy)

erikas (’gc)+2’il95(K/d)a(s)jﬁ(Xs)dS

—/ sin(A6,
0

nt
(Ab;)
2i(ck + dl) | 2k 2il
n

2l€d

Re (e2i95(”°) - 1) a(s)F(Xs) + Re (ezws(”d) - 1) a(s)F(XS)}

2K,

x 2ih0s (k) 420 (na) ()9 F (X, )ds

sin(A, )2 k0 () +2il6:(5a) (q(5)7) H (X, )ds

nt
)
nt

sin(A, )e2ik0s (re)+2il0:(ka) o ()1 H (X, )d X

¥
),

= K1++K5
Then K; = O(n™%) =~ 0. Since j > 2, Ky, K, is included in F(nt) and thus negli-

gible: K5, K4 ~ 0. K5 is a martingalge with negligible quadratic variation: (K5) =

O ( o a(s)gjds) so that K5 ~ 0. Therefore

K(j;k,l; H) = K.

In the integrand of K3, the 1st term has O(n~!) factor and thus negligible. In the 2nd
and 3rd terms, we can replace 2ik/2k., 2il/2kq by 2ik /2K, 2il/2K( respectively which
produces negligible O(n~!) error. Hence
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K3
nt
~ —/ sin(Ad,)
0

LﬂRe (ezies(m) _ 1) a(s)F(Xs)}

X{mkRe (eziesmc) - 1) a(s)F(X,) + 3
Ko

Ko

s €2iR0 (50) 12010.(50) (7 FT (X, )dis

2ik | 1 ~ 1 ~ ~
:_Ql{2.K(k+2,l;j+1;F-H)+2~K(l~c—27l;j+1;F-H)—K(k,l;j—i—l;F-H)}
Ko
2il |1 . ~ 1 . ~ . ~
o 5-K(k,l+2;j+1;F-H)+§~K(k,l—2;j+1;F-H)—K(k7l;j+1;F-H) .
Ko

O

Lemma 7.2. Suppose (k,l) # (0,0) and j > 2. Then
K(k,l;j; H) — K(I,k; j; H) ~ 0.

Proof. We compute each terms by Lemma 7.1. If we have terms of the form K(0,0;j +
1; H'), it equally comes from the 1st and 2nd terms and cancels each other. Therefore
the terms of the form K (k',l’;j + 1; H') with (k’,1") # (0,0) only remain so that we can
continue to use Lemma 7.1 at least for (jy — j) - times so that the quantity in question is
equal to the sum of the terms of the form K (k’,l’; jo; H') which are negligible. O

Here we recall the definition of J(k;j; H):

nt
i ._ L oikbe(n), ()i
J(k; 33 H) (k) -—/O AN a(s) H(X,)ds

where k € Z, j > 1, and H € C*>°(M). We compute J(k;j; H) by using Lemmas 7.1, 7.2.

Proposition 7.3.
1)j=1k=1:

1 nt )
AJ(k;j; H) =~ KJ—()(F . RzkH0H>/ COS(AQS)a(s)JHds
0

2k

1
P {2AJ(k+1;j+ 1; FRopwo H) — AJ(k; 5 + l;FRzlmoH)}
0

+ M, (7.1)

where M is a martingale whose quadratic variation satisfies

(M,M); =o (/Om a(s)2fds)

(M, ), = 4(0) / " a(s)Yds(1+ 0(1)), 1 = [Rauny (H), Rarna (D))

(2)j =2, k#0:

2tk ) 1 1
AJ(k;j; H) =~ _2/1{2AJ(]€ +1;5 4+ 1; FRogw o H) + iAJ(k —1;5+1; FRoy., H)
0
—AJ(k;j+1; FR%KOH)}. (7.2)
EJP 22 (2017), paper 69. http://www.imstat.org/ejp/
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Proof. We use (2.3) with k = 2kkq. Setting H:= Royy, H for simplicity, we have

. 1 kot i 1™
J(k; j; H) (ko) = Lin(M)eQ ks ( z)a(S)Jl[I(Xs)}
s 0
" cos(AG) | c—d 2i8
> Wale) 1 F(X
+/0 sin2(A65) n 2/£CR€( )a(s) (X5)
—LRe (e2i95(w) - 1) a(s)F(XS)}e%kQS(’%)a(s)jﬁ(Xs)ds
2/<Ld

- 1 2]{:7 il 2295("51)_1 F(X
[ i L2 s e ) a(s)F(X,)
Xe?ik\gs (’Ql)a(s)JEI(XS)dS

nt
1 2ik0, (1) N
— e H(X)d
| Seme e ey YA (X ds
nt
L ikt (ma) g6V T
- k05 (5 H(X,)dX,
/0 sin(AHs)e a(s) VH(X,)
= J1++J5
We estimate AJy, -+, AJs separately. It will turn out that AJ;, AJy are negligible, AJs

is equal to the 1st term of RHS in (7.1) modulo error, AJs is equal to the 2nd term of
RHS in (7.1) or is equal to RHS in (7.2).

(1) J1: By an elementary equality
e201 _ 2102 — 95in(f; — fy)et0r T (7.3)

we have

nt

-2 sin(szGs)eik(eS(“CHGS(“))a(s)ij(Xs)

1
A= sin(Ad,) o

Therefore AJ; = O(n=7%) + C =~ 0.

(2) J3: we separate the discussion into the following two cases.

(i) j > 2: as in the proof of Lemma 7.1, we may ignore the term with (¢ — d)/n factor and
replace 1/2k., 1/2k. by 1/2k¢:

" cos(Af;) 28 , , , ~
~ Pt A — 10s(Kke) _ 200 (ka) | ,2ik0s (k) J+lm
J2 /0 sin?(Ad,) 2ko Re( € )6 a(s)’ ™ (F'- H)(Xs)ds.

And we compute AJs using (7.3):

A~ /n Cos( 0s) 1 L pe (621'03(&0) _ eQias(nd)) (€2ik95(m6) _ eQikOS(nz))
o sin?(Ad, ) Ko
xa(s)/ T (F - H)(X,)ds
nt cos(Abs) ) -
- 8 el s(ke)+0s(ra)) 1otk(0s (re)+0s(ra))
/0 ERIAR sin(kAGs ) Re [2’&6 ] (226 )

xa(s)ITH(F - H)(Xs)ds

which is negligible if j > 2: AJy = 0.
(i) s =1, k = 1: we further decompose as follows.

EJP 22 (2017), paper 69. http://www.imstat.org/ejp/
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1 nt . . ~
Ady ~ — cos(Ab;) (1 - 621(95(”0)""95(”‘1))) a(s) T (F - H)(X,)ds
Ko Jo
=1 AJy_1 +AJss.

For AJs_1, we use (2.4):

" cos(Ad,)a(s)i ! {<F HY—d (RO(F : Er)) — VR(F- fI)dXs}

1
Ady 1 = —
Ko

=AJr 1 1+ - +AJ 1 3.

AJ;_1_1 already has the desired form. For AJ,_;_», integration by parts yields

Mo 1{ |cos(A0,)a(s) T Ro(F - H)(X,)] .
Ko 0
+ /On sin(AHs){ ¢ ; 4, QLHCRe (emas(nc) _ 1) a(s)F(X,)
_ﬁRe (e2i95(m) — 1) a(s)F(XS)}a(S)jHRO(F ) fI)(Xs)ds

nt
- / cos(A0)(a(s) 1Y Ro(F - H)(X,)ds.
0
As in the proof of Lemma 7.1, 1st and 3rd terms are negligible ; in the 2nd term, the
term with (¢ — d)/n factor is also negligible and 1/2k,., 1/2k, may be replaced by 1/2kq

up to negligible error:
1 nt 1 ] ) ) _
AJy_ 1 g~ — sin(A&s)ﬁRe (ezles("‘c) — 62’95(“‘1)) a(s)’T?F - Ro(F - H)(X,)ds
0

Ko Jo
1 1 ~ ~
=K~%R6{K(2,O;j+2; F-RO(F~H))—K(O,2;]'+2; F~R0(F-H))}
0 0

=~ 0.

In the last step, we used Lemma 7.2. For AJy_1_3,
nt ) nt )
(AJy—1-3,AJ51-3) =0 (/ a(5>21+2) =0 (/ a(s)2]>
0 0

so that AJ>_1_3 =~ 0. Therefore, we have

nt
Ady1 2 AJo_q1_1 = i(F : H)/ cos(Afy)a(s) T ds.
kKo 0

For AJ;_5, we use (2.3) with k = 4k(, perform the integration by parts, estimate as

before, and use Lemma 7.2:
1 . . ~ nt
{ {cos(AGs)em(as(“cHes(“d))a(s)JHRMU (£ H)(Xs)} 0

Ady_g = -
0

Ke

" c—d 1 20
3 ? S(HC) _
—|—/0 sln(Aes){ - + 5 Re (e 1) a(s)F(Xs)

3 (20 1) a(s)F(Xs)}ewswwsw»
2I€d

http://www.imstat.org/ejp/
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xa(s) ! Ry, (F - H)(X,)ds

nt 1 )
—/ COS(AHS){% Letd + —Re <e2195("‘“) - 1) a(s)F(Xs)
0 n

2K
+ L Re (e%@s(w) — 1) a(s)F(X,) pei(fs(re)0s(ra))
2l€d
xa(s) ! Ry, (F - H)(X,)ds

nt
- / cos(Afy) e (ke)+0:(ra)) (5T HY R, (F - H)(X,)ds
0

nt
- / cos(Afy)e? s (ko) H0: (k) () IHIG R, (F - H)(Xs)dXs}
0

nt
~ _i Sin(AQS)LRe (627;93("6@) _ eQias(Kd)) eQi(as(Kc)+es(5d))
Ko Jo 2%0
xa(s)2F - Ry, (F - H)(X,)ds
111
- Ko 2&0 2

x{K<4,2;j + 2 F - Ry (F - H)) + K(0,2; + 2, F - Ry, (F - H))

_K(2747j+27FR4H0(Fﬁ))_K(2a07j+27FR4H0(Fﬁ))}
~ 0.

To summarize:

nt
AJdy =~ i<F . H>/ cos(Ab,)a(s)Tds.
Ko 0

(3) Js: after cutting out negligible terms we have

1 2k . . . -
Jz = — — R 205 (ka) _ 1 2ik0s (k) Y p L X.)d
’ /0 sin(A,) 2o (e )6 a(s)’"( )(Xs)ds

_ _% /nt 1 e?i(k-‘rl)as(nw) + e?i(k—l)gs(ﬂz) B eQikQS(Hm)
2k0 Jo sin(Afy) 2
xa(s) T (F - H)(X,)ds
_2ik
2&0

1 ~ 1 ~
{QJ(k—i—l;j—&-l;FH)(/iz)—i- §J(k_ 1,74+ 1, FH)(ky)

—J(k;j+ 1;FI:T)(/<;:,3)}.
(4) Jy: this is clearly negligible:
nt 1 . L~
AJy= /0 a2 sin(kAG, )0 (s H05(50) (g (5)7) FT (X, )ds ~ 0.

(5) J5: using (7.3) we have

nt 1 ) ) -
AJs = — /O (A0 )2@' sin(k A )e 0= (ko) H0s(ra)) o () H (X )d X
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We consider the following two cases.
(i) £ = 1: setting

we have

nt
(AJs, AJs) = (—4)/ A0 e H0: () ()2 p( X ) dis
0

nt )
(AJs, AJs) :4/ a(s)?I(X,)ds.
0

to which we apply (2.3), (2.4) respectively. By the same argument as in the estimate of
AJs, AJsz we have

(AJs, AJs) = o (/Om a(s)Zjds>

(AJs, AJs) = 4(2)) /O" a(s)¥ds(1+o(1)), n — oo.

(ii) £ > 2: by a direct computation, it is easy to see

(AJs, AJs), (AJs, AJs) = O (/Onta(s)%ds>

so that AJs ~ 0 for j > 2. O

8 Appendix II

In Appendix II, we provide the proofs of Proposition 5.1 and statements in Section 5
for the sake of completeness, all of which are done by tracing those in [1].

Proof of Proposition 5.1. We discuss the computation of ;" )(r) only, for tgf)(r) can be

treated similarly. We write eq.(5.1) as in the following manner:

dS+ = —W+(S+)dt + Cnth
02
where — W, (r):= A(1+¢€)coshy r+ 7" tanhy . 7.

Then
=Vi(r) := A1 +€) {sinh(r £ §) Fsinhd} 1(£r > 0)
Cc? cosh(r + )

satisfies V. (r) = W (r) for r # 0, —6. We first derive the critical points r = a,,, b, such
that W+ (’I") =0:

an:(S—&—log%—FO(C’,?)

22 _
by, = ~2 cosh(20)(1 +O(C; %)) -6

n

where X := (1 +¢€)A\/(1 — €). Moreover we have

A Ly 2 -
Vi(an+7)=-A1+e) {2026“&“0(0 - ?f\Le‘”Jr‘Si‘”o(cnz) +F sinh 5}
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x1(*+(a, +x) > 0)
2 A\ 2 2 -2
—%(1 te) {log (22%61"”'26*'0(0’" )+ %e_y_25+o(c"L ») —log coshé}
x1(£(an + x) > =9)
Vi(bp +2)==X1+¢€) {sinh (a: —0+td— é—); cosh(26)(1 + O(C,f))) F sinth}

n

< 1((by + ) > 0)

, N
—%(1 +¢) {logcosh <x — 2%\ cosh(20)(1 + O(Cn2))> - 10g005h5}

n

x1(£(by + 2) > —0).

Since tg)(r) satisfies
02
Tnf”_W-‘r(r)f/:_lv f(OO) :Oa

we have

2 & r 2
00 =G [ [ aven{ S mi@-vionf.
Substituting above equations, we have
2 o0
+ (0 —
t (r)—c—% /T_bdm

2 2)
—E)\(l +e) {sinh <x —6+d6— o cosh(29)(1 + O(Cn2))> F sinh (5}

exp
n n

x1(£(by, + ) > O)]
1+e

cosh § (£ (b + ) > —0)

cosh (m — é—’_; cosh(26)(1 + O(C’Ez))>

(b—a)+zx
X / dy

exp H/\"\(He)eywiam(cnz) _ @e—wmww;% - % A(L+e¢) - sinh 5}

Ch

n

x1(£(an + ) > 0)

~ 1+te
A —2 C? —2 1
| Ly t264+0(CL7) | In ,—y—26+0(C7) 1+ _5

(207%6 M 2" ) (cosh §)1+e ((an +2) > =0)

Noting that ¢ — 0, = A, Ay — —00, b, — 0 as n — 0o, we have

1 [ dx o -~ 1 [* dz
e i A
nr) = AJ, coshz ve AJ, coshzx

—00

Thus

: m )=~
T}/IEI}X; 'IL11—>I130 tn (T) )\
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The statement for the Laplace transform is derived by the same way as in the proof of
Proposition 2.2 [1]. O

Proof of Lemma 5.2. LHS of the inequality in question is bounded from below by

4c
LHS > Pelogn% (Tclogn; 02 lognv /\T ogn'1Y>
1
Xl)(:logn%7 64‘; logn% <T+OO < C?LIOng’Y)
= (1) % (2).

which we estlimate separatelly.

(1) If glog n~y < r < clogn~, the drift term of the SDE for R_ satisfies (drift term) >
%C’ﬁ tanhr > %C’ﬁ so that the first factor (1) is bounded from below by the probability of
the following event.

€
£ = inf  CuBiz— log n™
0<t<4 log, ny
where B; is a Brownian motion with By = 0. By the reflection principle, we have

B(C2 lognv>‘ < glog i) >1-— (rf%) .

P(S):P(C

(2) Let

£ = sup C,|B(t)] < %logn%
0<t< lognW

Then P (5) >1- (n_%)c for some ¢’ > 0, and under the event £, G(t) := R(t) — C,, B(t)
satisfies

G’(t)>5 G(t) . =5 logn™ de | TLa h(G C,B
> 5e" e - oz ogn +2tan( (t) + CpB)
_ 1 ’7_1—"_% G 02
> (. 5 (t) _ Zn
20 (" ) ¢ 2

c—(v—1+3% )
Therefore the explosion time of G satisfies 1) o, ~ (n w)

Proof of Lemma 5.3. LHS of the inequality in question is bounded from below by

The second factor (2) has been estimated in Lemma 5.2. For the first factor (1), since
RM™(t) > t + C,, B; we have

>P 02 1 C,B > 11 s >c(n i O
’Y — ¥ ¥

(1) el 02 ogn~ + 02 lognt = 3 ogn > (n )
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Proof of Lemma 5.4. Conditioning at time » and using the Markov property, we have

P_» <R(")(u) > —lelogni>

1 1
<P_, (R(")(u) > leogn%, Tioo < E)chlogni>

S5¢+1
+P_ (R(”)( ) > —flognv Tioo > Cct logni>

=

Cc?

1\ 1 ,
+ <1 - <1) ) P . (R(")(u) > —1ognw) .
ny 4

P_. (R(”)(u) > 7% logni)

1 5
<P (R“’)(u) > —Jlogn?, Thoo < ”lognv)

Hence

1\ 1/2 1 1 5 1 1
< (n?) P_. (R<">(u) > —7logn?, Tix < Cc“glogm>

5c+1
(&5

< 1 1/2 1 . .
< (n7) " P_x ([u,u + log n~] contains at least one explosion ) .

Let k := # { explosions of R™) in [0,¢] } with {¢;}*_, being the explosion points, we have

bl 5c+ 1 1 5c+ 1 1
/01(32 : Cie[u,u—&— CC% logni]>du§ CC2 .logni.(kjﬁ-l).

n

It thus suffices to take the expectation of both sides and use the following inequality:
E[t {explosions of R™ in [0,#]}] < E[0,:()\)/7] < CAt/m. O

From now on, for the sake of simplicity, we use the following notation.
05 (u) = Onur (N), O (w) := O (u) — O5" ().

Proof of Proposition 5.7. It suffices to show,
) A 1
(1) B (D) - 2 [ 401100, 1dt
TJr

2) P (ug")(l) - o) — exp (—i /Iw—ll[o, 1]dt>

for the finite union I C [0, 1] of disjoint intervals. Let

N 2N+1
Cr = {{@gn) (i’;)} < 2arctan (n_?) } , Ci= ﬂ Ch-
k=1

Then by Lemma 5.6,

2N+1 )"
Z P({%) <N>} > 2arctan (”_;) )
/03N+3 . (9(;) (%) > 2 arctan (n’%) 1/4) du]
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_1\ /2 1
g(n v) Nlogn> — 0, n — oc.

(1) We may take I = [0, ¢]. Upper bound simply follows from

(n) t
M < l)\/ 737—1d3 - &
1T Jo m

Bl (0,1 = B | =

For the lower bound, we consider
NE =4 { jumps of @E\”Z_L in Iy }
Ny =t { jumps of @&n') in Iy } .

Then

(n) 2Nt+1 Tk
E [py”[0,8]] > E{Nl (<t>
{ A } ];O AN

the 2nd term of which vanishes as n — oo:

| Py

Ck] ->E [Nkl (?\’; < t>

k

2nd term < E {ﬁ { jumps of ©{" in [0, 3] H X sup f,ggki
k k
P(C%)

71_13(@) — 0.

<E {ﬁ { jumps of ©{" in [0, 3] H X

For the 1st term, we note that E[N, |C;] = 7' \y (%)7_1 - 5L by Proposition 5.1. Hence
by the convergence of the Riemannian sum to the integral,

B A T\ Tesr. (T At
SEN, =25 Zk : (2 <) 52 =1g
k [Ni 1G] wk7<N) N v < w/ovs °

as N — oo.
(2) We first suppose I = [t1,ts]. Since

T; T
P (1" [t1,ta] =0) <E | [T P [Vg = 0lc, ()] 1( o, Stz) +P(C)
k>0

and since

P [N, =0[C] - E

-1
CTerr A (T )’
eXp( N wV(N) )]

limsup P (ME\") [t1,t2] = O)

A Tt vl Tht1 Tt T
<E X —— — 1 > — <
Ilep( W( N N i1, N_fz

k>0

we have

Taking N — oo proves (2) for I = [t1,t2]. General case easily follows from the Markov
property. O
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Proof of Lemma 5.9. We decompose P(&,) as follows.

P(&) <P (EuN{Cu € |uo,ul}) + P (EuN{Cu < upl})

<PEN{CEu)+P | ) &

S$€[ug,ul

<P ({Cu S [UO,U]}) +P m ES N {{@g\”)(uo)} < Qarctann_fw}

s€[uo,u]

+P <{{@g\n) (ug)} > Qarctann;v}>

<P ({Cu € [ug, ul}) + n=% +P ({{@&”)(uo)} > 2arctann41~}> (8.1)

where we used the monotonicity of L@E\"/)\J in the 2nd inequality. In the last inequality, we
used the fact that, when {@f\") (uo)}x < 2arctann” 37, we necessarily have {@g’f/)\, (uo) Y >

7 — 2arctann” 7. Hence by Lemma 5.5 we have

P ﬂ &N {{@g\n)(uo)} < 2arctann_41~} < n_%/,

s€[uo,u]

proving the last inequality in (8.1). Now we integrate both sides of (8.1) and use Lemma
5.6 for the 1st and 3rd terms of RHS. O

For the proof of Lemmas 5.11, 5.12, let (¢}), (€), (¢} be the atoms of P,
Py, Py v respectively. Also, let (¢2), (¢), (¢M") be the atoms of u{™, u{", uE\Tf?X,
respectively.

Proof of Lemma 5.11. For N € N, let

!’ 1
pN = P (32 C,L < t, V] 21, |C’L Cj | > 2]\7)

It is then sufficient to show limsup,,_,. p = 0. Let (T%); be the random division of
intervals used in the proof of Proposition 5.7. Then we have

ol Ty Ty +2 o\
py <P (Elk <[2Nt]+1 : {AJ jumps on [k L ] but not {’\
s

N’ N

™
[2Nt]+1
(n) Tk (n) Tk
< 3 ({0 (3)), =0 (3)))
k=1 T T
where we used the monotonicity of L@&’f/)\, /7 |. It thus suffices to use Lemma 5.9. O

Proof of Lemma 5.12. As in the proof of Lemma 5.11, it is sufficient to show

’ ’ ].
P ::P<az‘,jeN DG <t O <t |<?—<j“|<2N>

satisfies limsupy_, ., limsup,, , . Py = 0.

T v T+ 2
P <P (Hz,j €N, k<N +1, 7 <G < ’“N+>
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(n) (n) _ on)
=P <E|k§ [2Nt] +1 : {@’\ J,{@’\' o) J both jump on [%7Tk+2])

s T N
[2N)+1
) (T () [ Tk
< Zk .
=2 P (%)) =1 (3)))
k=1 i T
o Ty Th+2
+ZP<{;J jumps more than 2-times on L\];, k;f_ }) (8.2)

where we used the monotonicity of L@E{K,/ﬂj in the last inequality. The 1st term in
RHS of (8.2) has been estimated in the proof of Lemma 5.11. For the 2nd term, we use
Proposition 5.7.

[2Nt]+1

T Tp+2
lim sup P ( o {, >2
n—oo kz::l HA N N
[2Nt]+1 Ty, +2 T +2 2
A N A N
<C Elexp |—— W ul| - | =2 w du
<Y Bon |2 [ rtal (27
k=1 N N
=O(N™). O
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