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Abstract

We consider a model of a population of fixed size N undergoing selection. Each
individual acquires beneficial mutations at rate uy, and each beneficial mutation
increases the individual’s fitness by sy. Each individual dies at rate one, and when a
death occurs, an individual is chosen with probability proportional to the individual’s
fitness to give birth. Under certain conditions on the parameters px and sy, we show
that the genealogy of the population can be described by the Bolthausen-Sznitman
coalescent. This result confirms predictions of Desai, Walczak, and Fisher (2013), and
Neher and Hallatschek (2013).
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1 Introduction

In population genetics, one is often interested in understanding the genealogical
structure of a population. That is, we take a sample of individuals from a population at
some time and trace their ancestral lines backwards in time. As we trace the ancestral
lines backwards in time, the lineages will merge until eventually all sampled individuals
are traced back to one common ancestor. For many standard population models, includ-
ing the classical Moran model [20], the genealogy of the population is best described
by a process known as Kingman’s coalescent, which was introduced in [17]. Kingman'’s
coalescent is the coalescent process in which only two lineages ever merge at one time
and each pair of lineages merges at rate one.

For populations undergoing selection, Kingman'’s coalescent does not always provide
an adequate description of the genealogy of the population. If one individual acquires
a beneficial mutation which then spreads rapidly to a large fraction of the population,
many ancestral lines could merge nearly at once because they all get traced back to
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the individual that acquired the beneficial mutation. As a result, the genealogy of the
population is best described by a coalescent process that permits more than two lineages
to merge at one time. Such processes, known as coalescents with multiple mergers or
A-coalescents, were introduced by Pitman [23] and Sagitov [27] and have been studied
extensively in the probability literature in recent years. For previous work in which
coalescents with multiple mergers were used to describe the genealogy of populations
undergoing selection, see [4, 8, 9, 12, 16, 22].

In this paper, we will consider the following population model. The population has
fixed size N. Each individual independently acquires mutations at times of a Poisson
process with rate py. All mutations are assumed to be beneficial, and the fitness of each
individual depends on how many mutations the individual has acquired, relative to the
mean of the population. More precisely, let X;(¢) be the number of individuals with j
mutations at time ¢, which we call type j individuals, and let

M) = 3>

be the average number of mutations carried by the individuals in the population at time
t. Then the fitness of an individual with j mutations at time ¢ is defined to be

max {0,1+ sy(j — M(t))}.

Note that the parameter sy measures the selective advantage that an individual gets
from each mutation. As in the Moran model, each individual independently lives for
an exponentially distributed time with mean one. When an individual dies, it gets
replaced by a new individual whose parent is chosen at random from the population.
The probability that a particular individual is chosen as the parent is proportional to that
individual’s fitness, and the new individual inherits all of its parent’s mutations.

This model was studied in great detail using nonrigorous methods by Desai and
Fisher [11], who obtained results concerning the rate of adaptation, meaning the rate at
which the mean fitness M (¢) grows as a function of time, as well as the distribution of the
fitnesses of individuals in the population at a given time. See also [10, 25, 29] for related
results, and see [29] for a good summary of the literature on this model and closely
related models. The genealogy of the population in this model has been studied only
within the past few years. Desai, Walczak, and Fisher [12] argued that the genealogy of
the population can be described by a process called the Bolthausen-Sznitman coalescent,
which we will define precisely in section 2. Neher and Hallatschek [22] arrived at the
same conclusion for a slightly different model.

This model was also studied in detail in [28], which contains rigorous proofs of the
results of Desai and Fisher [11] concerning the rate of adaptation and the distribution
of fitnesses of individuals in the population. In the present paper, which is a sequel to
[28], we build on the techniques developed in [28] to provide a mathematically rigorous
description of the genealogy of the population. We confirm nonrigorous predictions of
Desai, Walczak, and Fisher [12] and show that the genealogy of the population is given
by the Bolthausen-Sznitman coalescent, under suitable conditions on the parameters sy
and py.

The rest of this paper is organized as follows. In section 2, we state precisely our
assumptions and the main result of the paper, which is Theorem 2.1 below. In section 3,
we give a heuristic argument that explains the ideas behind why Theorem 2.1 is true,
and we make some connections with other results in the literature. In section 4, we
summarize the results from [28] that will be needed in the present paper. The remaining
sections are devoted to proving Theorem 2.1.
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2 Assumptions and main result

We first define the following two quantities, which were also used in [28] and which
are important for scaling the process correctly:
log N _ log(sn/pn)

ay = —————=~. (2.1)

ky = ————,
N log(sn/pn) SN

As we will see below, ky is the natural scale for the number of mutations because the
difference in the number of mutations carried by the fittest individual in the population
and an individual of average fitness is typically within a constant multiple of kx. Also,
we will see that ay is the natural time scale on which to study the process because the
time required to trace two randomly chosen individuals back to a common ancestor is
typically within a constant multiple of ay.

We will need the following assumptions on the parameters sy and uy, which are
identical to the three assumptions that appeared in [28]:

kn

Al: We h li _— =
¢ have NSee log(1/sn) >

1
A2: We have lim F log kn

— =0.
N> Tog (s /)

A3: We have lim syky =0.
N—o0

Dividing A3 by A1, we get
lim sy =0. (2.2)

N —oc0

Therefore, assumptions A1 and A2 imply that

lim ky = lim ay = oo. (2.3)
N —o00 N —o00

Also, as noted in [28], these assumptions imply that for all a > 0, we have

lim “Y = fim -0, (2.4)

which means the mutation rate uy tends to zero faster than any power of sy but more
slowly than any power of 1/N. The three assumptions will be satisfied, for example, if for
all N, we have puy = e~ (16N’ with 1/2 <b<1ande 18N < 55 < (log N)~/? with
0 < a <1 —b. This example was previously given in [28].

Assumption Al implies that the difference between the number of mutations carried
by the fittest individual and the number carried by an individual of average fitness
tends to infinity as N — oco. Because each additional mutation adds sy to the fitness
of an individual, assumption A3 implies that the difference in fitness between these
two individuals tends to zero as N — oo. As can be seen from Proposition 3.1 of [28],
assumption A2 ensures that mutations do not happen too fast for the analysis in this
paper and [28] to be valid. Understanding how the population evolves under faster
mutation rates is an important question for future work.

Although the parameters puy and sy depend on N, we will drop the subscripts and
write p and s throughout the rest of the paper to lighten notation.

Before stating the main result, we need to define the Bolthausen-Sznitman coalescent,
which was introduced in [6]. The Bolthausen-Sznitman coalescent is a continuous-time
Markov chain (II(t),¢ > 0) taking its values in the set of partitions of {1,...,n}. It
is defined by the property that II1(0) = {{1},...,{n}} is the partition of 1,...,n into
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singletons, and then whenever the partition has b blocks, each possible transition that
involves merging k of the blocks into one, where 2 < k < b, happens at rate

1
Aok ::]( Y 21 —y) F dy, (2.5)
0

and these are the only possible transitions. A more detailed construction of the
Bolthausen-Sznitman coalescent will be given shortly in section 3.1.

Theorem 2.1. Assume A1-A3 hold. Fix positive real numbers ty and T such thatty > 0
and T > ty + 2. Fix a positive integer n, and sample n individuals at random from the
population at time anyT. For 0 < u < tg+ 1, let Iy (u) be the partition of {1,...,n} such
that i and j are in the same block of the partition if and only if the ith and jth sampled
individuals have the same ancestor in the population at time ay (T — ). Then

Jim Py (1) = {1}, {n}}) = 1. (2.6)

Also, the finite-dimensional distributions of (I (1 + u),0 < u < t) converge as N — oo
to the finite-dimensional distributions of the Bolthausen-Sznitman coalescent.

Note that Theorem 2.1 stipulates that with probability tending to one as N — oo, the
sampled individuals at time a7 will all be descended from different ancestors at time
any(T — 1). However, as the ancestral lines are traced back further, the merging of these
ancestral lines obeys the law of the Bolthausen-Sznitman coalescent. This result also
appears in [12], where it was obtained by nonrigorous methods.

Theorem 2.1 establishes only convergence of the finite-dimensional distributions.
We do not expect convergence to hold with respect to the usual Skorohod .J; topology
on path space because for finite /N, we have many pairwise mergers of ancestral lines
happening at approximately the same time, rather than the multiple mergers that appear
in the limit.

Our proof of Theorem 2.1 will also yield Proposition 2.2 below concerning the number
of mutations carried by the ancestors of the sampled individuals. Before stating this
proposition, we introduce some notation. Let ¢ : [0,00) — [0, 00) be the unique bounded
function such that

et ifo<t<1
q(t) = f;l q(u)du ift >1.

The existence and uniqueness of ¢ is part of Theorem 1.1 of [28]. Also define the function
m : [0,00) — [0, 00) by

(2.7)

t

m*(t) =1 +/ q(u) du.
0
Theorem 1.2 of [28] states that if
M*(t) == max{j : X;(¢t) > 0}

denotes the number of mutations carried by the fittest individual in the population at
time ¢ and S is a compact subset of (0, 00), then

M* t
sup M — m*(t)‘ —, 0, (2.8)
tes kn
and if S is a compact subset of (1, ), we also have
M t
sup M —m*(t— 1)’ —p 0, (2.9)
tes | kn

where —, denotes convergence in probability as N — oo.

Proposition 2.2. Fixty, T, and n as in Theorem 2.1, and sample n individuals at random
from the population at time ayT. Fori € {1,...,n} and t € [0,anT), let U;(t) be the
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number of mutations carried by the individual at time t that is the ancestor of the
individual labelled i at time anT'. Then
max sup Uilanw) _ m (T —1) Au)| =, 0.
ISiSnp_(go4)<u<T | kN
Proposition 2.2 implies that with high probability, we have U;(anT) = knm*(T — 1),
which from (2.9) is approximately the average number of mutations of the individuals at
time anyT. As we follow the ancestral lines backwards in time, the number of mutations
does not change until we get back to approximately time ayn (7T — 1). Then for u < T —1,
the ancestor of the sampled individual at time ayu is close to being the fittest individual
in the population. Note that this picture was already implicit in the work of Desali,
Walczak, and Fisher [12]. The proof of Proposition 2.2 is given at the end of section 6.2.

3 Heuristics and background

3.1 The Bolthausen-Sznitman coalescent

Recall that the Bolthausen-Sznitman coalescent is the coalescent process whose
transition rates are given by (2.5). Pitman [23] showed how to construct the Bolthausen-
Sznitman coalescent from a Poisson process. We give a variation of this construction
here. Consider a Poisson process on [0, 00) x (0, 1] x [0, 1]™ with intensity

dt x y=2dy x dzy X -+ X dzy.

Let II(0) = {{1},...,{n}} be the partition of 1,...,n into singletons. If (¢,y, z1,...,2,) is
a point of the Poisson process, and if the blocks of the partition II(¢—), ranked in order
by their smallest elements, are By, ..., By, then II(¢) is the partition obtained from II(¢t—)
by merging together all of the blocks B; for which z; < y.

Informally, this means that if (¢,y) are the first two coordinates of a point of the
Poisson process, then at time ¢ we have a so-called y-merger, in which each block
independently participates in the merger with probability y. If II(¢—) has b blocks,
then for 2 < k£ < b, the probability that a particular set of k blocks merges into one is
y*(1 — y)*~*, which allows us to recover the formula (2.5) for the transition rates.

To see that the construction above is well-defined, note that a point (¢,y, 21, ..., z,) of
the Poisson process can only produce a merger at time ¢ if at least two of z4,..., 2, are
less than or equal to y. The rate at which such points appear is bounded above by

1
/ y 2. (n)y2 dy < 0.
O 2

Therefore, only finitely many such points will appear in any bounded time interval, and
the construction above can be carried out by considering these points in order by their
time coordinate.

We now give a heuristic argument to explain when the Bolthausen-Sznitman coa-
lescent should be expected to describe the genealogy of a population. Note that if a
population has size S and then a new large family of size Sz suddenly appears, then the
fraction of the population belonging to the large family will be z/(1 + x). Consequently,
if we are tracing ancestral lines backwards in time, approximately a fraction z/(1 + ) of
the lineages will coalesce around the time that this family appears. That is, we will have
a y-merger with y = /(1 + ). For the Bolthausen-Sznitman coalescent, we can see from
the Poisson process construction above that y-mergers with y > x/(1 4+ z) occur at rate

1
/ y 2dy =" (3.1)
z/(14+x)
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Therefore, the Bolthausen-Sznitman coalescent will describe the genealogy of a popula-
tion when families of size Sz or larger appear at a rate proportional to z~".

3.2 A heuristic argument for Theorem 2.1

In this subsection, we give a short approximate calculation to suggest why Theorem
2.1 should be true. For j € IN, let

7j == inf {t X (1) > Z} (3.2)

be the first time that there are at least s/u individuals in the population with j — 1
mutations. It was shown in [28] that typically no individual acquires a jth mutation until
after time 7;. We write for now ¢; = j — M(7;), so that g; — 1 is the difference between
j — 1 and the mean number of mutations carried by the individuals in the population at
time 7;. Typically ¢; will be of the same order of magnitude as ky, which means that
when N is large, typically ¢; will be large and sq; will be small.

As argued in [11, 28], shortly after time 7;, the number of type j — 1 individuals in
the population is growing approximately exponentially at the rate s(¢g; — 1), which means
that when ¢ is slightly larger than 7;, we have

Xja(t) = 565(4_7'—1)(75—7'.7‘). (3.3)

Because each type j — 1 individual independently acquires mutations at rate yu, at time
u we have type j individuals appearing due to a mutation at rate pX;_;(u). If such a
mutation happens at time u, then because type j individuals have a selective advantage
of approximately sq; over the rest of the population, the expected number of descendants
of this mutation alive at time ¢ is approximately ¢34 (t=4) Therefore, using (3.3),

X;(t) = /t e S es(@=D(u=1)) , g9a5(t=u) gy, — 5593 (t=75) /t e 5T dy ~ 54 (=T) - (3.4)
75 i

Usually, the type j individuals will belong to many small families. That is, many type
7 — 1 individuals will acquire mutations, each of which will become the ancestor of only
a small fraction of the type j population. In that case, the approximation in (3.4) will be
valid. However, occasionally there can be an unusually early mutation, when a type j — 1
individual acquires a jth mutation much sooner than expected. When this occurs, the
descendants of the new type j individual can eventually constitute a significant fraction
of the type j individuals in the population. These unusually large families can lead to
multiple mergers of ancestral lines, as many lineages get traced back to the individual
that got the early mutation.

To estimate the probability that this happens, we approximate ¢; — 1 by ¢; in (3.3) to
see that at time u, mutations from type j — 1 to type j are occurring at rate approximately
se*%(v=73) If such a mutation does occur, then the number of descendants of this
mutation behaves like a supercritical branching process with deaths at rate 1 and births
at rate 1 4 sg;. Such a branching process survives with probability approximately sg;
and, conditional on survival, the size of the population after it has evolved for time ¢ — u
is approximately

W sate-u),

SQj
where W has an exponential distribution with mean one. In particular, a successful
mutation that occurs at time

1 1
u=T7+—log| — | +v
SQj SQj
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has approximately
We 34054 (t—75)

descendants in the population at time t. Write S = ¢*%(*~7), which from (3.4) is
approximately the number of type j individuals at time ¢ that do not come from unusually
early mutations. By integrating over the possible times when the mutation could occur,
we see that the probability that there will be a mutation that is the ancestor of at least
Sz type j individuals at time ¢ is approximately
e : e sqjv 1
/ sesaillos(l/sa;)/sa;+v] g0 . P(We™5%Y > g) dv = / se®¥ve "¢ dy = —. (3.5)

— 00 —0o q;T
Inside the integral on the left-hand side, the first factor is the total rate of type j
mutations, with the number of type j — 1 individuals being approximated as in (3.3) with
g; in place of ¢; — 1. The second factor sg; is the probability that the mutation survives,
and the third factor is the probability that there are at least Sz descendants of this
mutation at time ¢. Note that the factor of 2—! on the right-hand side of (3.5) matches
the right-hand side of (3.1).

Consider now what happens when we sample n individuals from the population at
time anT and trace their ancestral lines backwards in time. As noted in [28], one type
will dominate the population at a typical time, so with high probability, the sampled
individuals will all have the same type, which we will call type ¢. With high probability,
the sampled individuals will be descended from distinct type ¢ ancestors at time 7.
Because we will see that the time between when type ¢ individuals originate and when
they become the dominant type in the population is approximately ay, this means the
ancestral lines will most likely not merge when they are traced back from time any7T to
time an (T — 1), which leads to the result (2.6).

As we trace the lineages further back, with high probability they get traced back to
type ¢ — 1 ancestors at time 7y, then to type ¢ — 2 ancestors at time 7,_1, and so on. At
each stage of this process, there is a small probability that a group of ancestral lines will
merge together because they get traced back to an individual that acquired an unusually
early mutation. Because of the agreement between (3.1) and (3.5), these mergers follow
the same dynamics, in the limit as NV — oo, as the Bolthausen-Sznitman coalescent.

The explanation given here for the appearance of the Bolthausen-Sznitman coalescent
is similar to that given by Desai, Walczak, and Fisher [12] and by Neher and Hallatschek
[22], though these authors did not work directly from the Poisson process construction
of the Bolthausen-Sznitman coalescent.

3.3 Comparison with branching Brownian motion

Theorem 2.1 resembles the main result of [4], which confirmed nonrigorous predic-
tions of Brunet, Derrida, Mueller, and Munier [8, 9] by showing that the Bolthausen-
Sznitman coalescent describes the genealogy in a different population model involving
selection. In [4], the population was modeled by branching Brownian motion with absorp-
tion, in which initially there are particles in (0, c0), each particle independently moves
according to Brownian motion with drift —vy, each particle divides into two at rate one,
and particles are killed upon reaching the origin. The particles represent individuals,
the position of a particle corresponds to the fitness of the individual, branching events
represent births, and Kkilling at the origin models the deaths of individuals whose fitness
is too low. It was shown in [4] that if the initial configuration of particles and the drift
parameter vy are chosen so that the number of particles stays comparable to N, then
the genealogy of this population is given by the Bolthausen-Sznitman coalescent.

An important difference between the model in [4] and the model studied in the
present paper is that for branching Brownian motion with absorption, all individuals
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have the same birth rate, while individuals with low fitness are killed, which is known as
viability selection. In the model considered in the present paper, all individuals have the
same death rate, while individuals with higher fitness are more likely to give birth, which
is known as fertility selection. In part because of this difference, the two population
models behave quite differently in many respects. For example, for branching Brownian
motion with absorption, the speed of evolution is measured by the drift vy required to
maintain a stable population size, which tends to the limiting value /2 at the rate of
(log N)~2 as N — co. This kind of behavior was first observed by Brunet and Derrida [7]
and was verified rigorously for other probabilistic models in [3, 19, 21]. However, as
shown in [11, 28], the population model studied in the present paper does not have this
behavior. Also, for branching Brownian motion with absorption, once the process has
evolved for a sufficient time, most particles will be close to the left boundary, as noted in
[4, 5]. This is again quite different from the results for the model studied in this paper,
where the distribution of fitnesses of individuals in the population has Gaussian-like
tails; see, for example, [2, 11, 26, 28, 29]. Finally, for branching Brownian motion with
absorption, if two particles are sampled at some time, then the time that one has to
go back to find a common ancestor of these two particles is comparable to (log N)3, as
compared with the time scaling by ay in Theorem 2.1. Yet, in spite of these differences,
the Bolthausen-Sznitman coalescent describes the genealogy in both models.

Of course, one could also formulate a discrete population model with viability selec-
tion, by adding mutations to the Moran model and making individuals with low fitness
more likely to die. One might expect such a population model to behave similarly to the
branching Brownian motion model studied in [4, 8, 9]. Likewise, one could formulate
a branching Brownian motion model with fertility selection in which particles far from
the origin are more likely to branch. Indeed, this is essentially the model studied non-
rigorously by Neher and Hallatschek [22], who conclude that the Bolthausen-Sznitman
coalescent describes the genealogy of the particles. The model studied by Neher and
Hallatschek is thus quite similar to the model studied here, but corresponds to a scenario
in which mutations occur more rapidly than what is permitted by assumptions A1-A3.
Consequently, we expect that the Bolthausen-Sznitman coalescent may still describe the
genealogy of the population even for these faster mutation rates, though much of the
heuristic discussion in Section 3.2 would no longer apply.

3.4 Connection with multitype branching processes

Consider a two-type Yule process in which type 1 individuals give birth to type 1
individuals at rate A and to type 2 individuals at rate p, and type 2 individuals give
birth to type 2 individuals at rate A + s. If we say that type 2 individuals belong to
the same family when they are descended from the same mutation, then the sizes of
type 2 families at some large time ¢ can be approximated by the points of a Poisson
process on (0, c0) with intensity Cx~1~%, where C is a constant and o = \/(\ + s); see
Theorem 3 of [15] and the following corollary. This implies that the total number of type 2
individuals has approximately a stable law of index «. Also, the distribution of the family
sizes, normalized to sum to one, is approximately the Poisson-Dirichlet distribution with
parameters («, 0), which was introduced in [24]. Consequently, stable laws appeared in
the work of Durrett and Moseley [15] and Durrett, Foo, Leder, Mayberry, and Michor
[13], who studied a multitype branching process model for tumor progression, and the
Poisson-Dirichlet distribution appeared in the work of Leviyang [18], who studied the
coalescence of HIV lineages in a similar model.

If (TII(t), ¢ > 0) is the Bolthausen-Sznitman coalescent taking its values in the set of
partitions of {1,...,n}, then the distribution of the block sizes of II(¢), normalized to
sum to one, converges as n — co to the Poisson-Dirichlet distribution with parameters
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(e7t,0), as shown in [23]. In particular, the normalized distribution of the type 2 family
sizes in the branching process model discussed above is approximately the distribution
of II(log(1 + s/\)). This result suggests that in models in which repeated beneficial
mutations can occur, but the selective advantage s of a single mutation tends to zero, the
Bolthausen-Sznitman coalescent could possibly describe the genealogy of the population,
under suitable conditions on the parameters. Theorem 2.1 above is a rigorous formulation
of this statement. Indeed, the work [13, 15, 18], which appeared before the work of
Desai, Walczak, and Fisher [12] and Neher and Hallatschek [22], served as the original
motivation for the present paper.

3.5 Structure of the proof

We summarize here the organization of the proof of Theorem 2.1. In section 4, we
review the results from [28] that are needed in the present paper. In section 5, we focus
on what happens as the ancestral lines are traced back from time a7 to time ax (T —1).
First, we show in Lemma 5.1 that with high probability, the individuals sampled from
the population at time a7 will all have one of a small number of types and will have a
fitness close to the mean fitness of the population. Then in Lemma 5.2, we show that with
high probability, if a sampled individual has ¢ mutations at time an7, then its ancestor
at time 7441 ~ an (T — 1) also has ¢ mutations, and its fitness will be close to that of the
fittest individual in the population. In Lemma 5.4, we show that it is unlikely that two
lineages will coalesce as they are traced back from time ay7 to time an (T — 1).

In section 6, we trace the lineages further back in time. The main result in this
section is Lemma 6.4, in which we show that if ax (T — (to + 1)) < 7; < an(T — 1), then
with high probability, all of the ancestors of the sampled individuals at time 7; have
type j — 1. That is, if the sampled individual has type ¢, then its ancestor at time 7,
has type ¢ — 1, its ancestor at time 7,_; has type 7,_2, and so on. Because it is also
shown in Lemma 6.1 that the random times 7; can be well approximated by deterministic
times, we are able to use Lemma 6.4 to prove Proposition 2 at the end of section 6.2.
Then in section 6.3, we show that the only coalescence events that are likely to happen,
when lineages are traced back from time 7; to time 7;_;, are those in which two or
more lineages are traced back to an individual that acquired a jth mutation unusually
early.

In section 7, we work to understand the coalescence events that occur when an
individual acquires a jth mutation unusually early. In section 7.2, we use supercritical
branching processes to bound from above and below the number of descendants of
the individual that gets the unusually early jth mutation. The probability that some
descendants of this individual survive is bounded in Lemma 7.5, and control on the
distribution of the number of such surviving individuals is provided by Lemmas 7.6 and
7.7. Note the correspondence between the result of Lemma 7.6 and the right-hand
side of (3.5). In Lemma 7.8, we convert these results into a result about the fraction
of individuals at time 7;,; that are descended from the individual that received its
sth mutation unusually early. Finally, in section 8, we use a point process to couple
the genealogy of the sampled individuals with the Bolthausen-Sznitman coalescent,
completing the proof of Theorem 2.1.

4 Review of results from [28]

The population model considered in this paper was also studied extensively in [28],
and in the present paper, we will make heavy use of some of the results and techniques
developed in [28]. In this section, we will state the results from [28] that we will
need.
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4.1 Evolution of type j individuals

We first present some results summarizing how the type j individuals evolve. Let
e>0,6>0,and T > 1. Recall the definition of kx from (2.1), and let

QkNIngN —‘
o= | ky + S0
{N log(s/ 1)

Note from assumption A2 that (2ky logkn)/log(s/p) — 0 as N — oo. As discussed in
[28], for j < k*, individuals of type j appear in the population very quickly. To understand
the evolution of the type j individuals for j > k* + 1, define

24000T

Also, define 7; as in (3.2), and then set

_— j—kN ifaN—2aN/kN§Tj§aN+2aN/kN
%7 j—M(r;) otherwise
and
qj = max{l, ¢} }. (4.2)
Next, let
1 1 b
ji=maxT;, 7, +—log | — | + — o, (4.3)
54; 5q; 545

as in [28]. Every type j individual at time ¢ has an ancestor that acquired a jth mutation
before time ¢. If this jth mutation occurred at or before time ¢;, we call the individual an
early type j individual. When an individual gets its jth mutation, we call this a type j
mutation, and we call such a mutation an early type 7 mutation if it occurs at or before
time ¢;. Let X 1(¢) denote the number of early type j individuals at time ¢, and let X »(¢)
denote the number of other type j individuals at time ¢, which means

X;(t) = X;a(t) + Xj2(t).

Fort > 0, let
Gj(t) =s(j — M) — .

which represents the growth rate of the type j individuals in the population at time t.
Forj > k* +1, let
Yji=T; +an. (4.4)

As noted in Proposition 3.5 of [28], this is approximately the time when type j individuals
become the dominant type in the population. Also, let
a
Tj =T + 74T]kVN.
Note that this time is called 7 in [28]. Assumptions Al and A2 imply that ¢; < 7; for
sufficiently large N. See Figure 1 below.

Proposition 4.1 collects several results related to how the type j individuals evolve.
The first four parts of the proposition are identical to Proposition 3.3 of [28], except
for the last statement of part 1, which comes instead from Lemma 9.18 of [28]. The
first two parts of the proposition describe how the type j individuals emerge before
time 7;4,. Part 3 describes the evolution of the type j individuals after time 7;;; but
before the type j individuals start to get close to extinction. Part 4 bounds the extinction
time for the type j individuals, as well as the size of the type j population as it nears

EJP 22 (2017), paper 38. http://www.imstat.org/ejp/
Page 10/54


http://dx.doi.org/10.1214/17-EJP58
http://www.imstat.org/ejp/

Rigorous results for a population model with selection II

1 | | |
1 I I 1

& T Tjt+1 Vi

Figure 1: The times 7;, §;, 75, 7j+1, 7;. Type j mutations occurring before time ¢; are
“early”. There are [s/p] type j individuals by time 7;41.

extinction. Part 5 of the proposition, which is Remark 7.8 in [28], demonstrates that
nearly all individuals in the population have type j between times v; and ;. Finally,
part 6, which is a combination of parts 1 and 3 of Proposition 3.6 in [28], bounds the
difference between 7; and 7.

Proposition 4.1. There exist positive constants Cy and Cs, depending on §, ¢, and T,
such that if N is sufficiently large, then the following statements all hold with probability
at least1 —e:

1. Forallj > k*+1andallt € [7j,7;41] N [0,anT], we have

t
X;1(t) < Crexp (/ G,(v) dv). (4.5)

Also, X 1(t) < s/2u forallt < 7; ANanT, and no early type j individual acquires a
type j + 1 mutation until after time 7,41 A anT. Moreover, no individual that gets a
Jth mutation at or before time 7; has a descendant alive in the population at time
7j.

2. Forallj > k*+1andallt € [7j,7j41] N [0,anT], we have

(1 — 46) exp </Tt G, (v) dv) < X;o(t) < (1+40) exp (/t G, (v) dv). (4.6)

Moreover, the upper bound holds for all t € [;,7;41] N [0, anT].
3. Let K = |ky/4]. Forall j > k* +1 and all t € [Tj41,7j+x]| N [0,anT], we have

<15>seXP< t GAv)dv)ﬂAt)SmﬁeXp(

© Tj+1

t
G;(v) dv). 4.7)

Ti+1

4. Forall j > k* + 1, we have

k2% s t
X;(t) < "X exp ( G;(v) dv> (4.8)
H Ti+1
forallt € [vj1k,anT]. Also, for all j > k* + 1 such that v 17,7 < anT, we have
X;(t) =0forallt > v r17ky7-
5. Forall j > k* + 1, we have

1 «— s
— X;(t) < Cpe 501t 4 2
N ig—%l (t) < Cae + N

forallt € [(4/s)logkn,vj+1] N [0,anT] and
14~
il in(t) < Cyest=75)

N 4
=0

forallt € [7j77j+K] N [07(1NT].
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6. We have 7y-41 < 2an/kn. Also, forall j > k*+1 such that either 7;+2an /kn < anT
Or Tj41 < CLNT, we have

an 2an
—— <7y —T < —. 4.9
Sky — TS Ty (4.9)
More precisely,
Ti+1/an 1+26
[ amars
Ti/an ki

and

Tj+1/llN 1 - 25
/Tj/aN (Q(t) + ]l{te[l,'yk*+1/aN)}) dt > . )

Remark 4.2. Let

S S (4.10)

As noted in Remark 3.7 of [28], when (4.9) holds, we have

an

> —(J—(K"+1)ANanT = anT,
3kn

Ty > TJ — Th*+1

and furthermore when the statement of part 1 of Proposition 4.1 also holds, no individual
of type J + 1 or higher can appear until after time anT.
Remark 4.3. For t > 0, recall that M*(t) = max{j : X;(t) > 0} is the number of
mutations carried by the fittest individual at time t. As noted in Lemma 4.2 of [28], when
j > k* + 1 and the conclusion of Proposition 4.1 holds, we have j —1 < M*(t) < j+1 for
allt € [ijTjJrl)-

The next proposition contains some bounds related to the quantities G;(t) and g; that
are important for the analysis that follows. The first three parts of the proposition come
from Lemma 9.8 of [28]. Note that the times p; which appear in Lemma 9.8 of [28] are
not needed below because (3.31) of [28] implies that p; > ayT with high probability.
The fourth part is part of Lemma 4.5 of [28], and the fifth comes from Lemmas 9.25 and
9.26 in [28].

Proposition 4.4. There is a positive constant C3, depending on ¢, §, and T, such that
if N is sufficiently large, then the following statements all hold for all j such that
k* +1 < j < J with probability at least 1 — e:

IfTj > an +2an/kn and t € |15, 7j41 AanT], then s(qg; — C3) < G,(t) < s(g; + C3).
Ift € [1j,7j31 A anT], then (1 — 20)sky < G;(t) < G,(t) + p < (e + 28)skn.

If7; < anT, then (1 —20)ky < qj < (e +20)kn.

Iftj41 < anT, thenexp ( [T G;(v) dv) < 2s/p.

Ifj >k + 14K, then

O ks L h =

e_'[;;Jrl Gj(v) dv < { 6_SkN(u_Tj+1)/5 ifu e [Tj+1, ij*K] n [0, aNT]
= (s/p) /2 ifu € [vj—k,v+x] N [0,anT].

Let A be the event that the six statements in Proposition 4.1 and the five statements of
Proposition 4.4 all hold. Note that the event A depends ¢, §, T, and N. Then Propositions
4.1 and 4.4 imply that

P(A)>1-2¢ (4.11)

if N is sufficiently large. We now define a random time ¢, which we interpret as being
the first time that one of the statements of Proposition 4.1 or Proposition 4.4 fails to
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hold. Write X(t) = (Xo(t), X1(¢),...), and let (F;,t > 0) denote the natural filtration of
the population process (X(¢),t > 0). Then define

¢ :=inf{t: P(A|F;) = 0}.

Since Propositions 4.1 and 4.4 only describe the behavior of the process up to time ayT,
the event A is equivalent to the event {{ > anyT}, which in turn is equivalent to the
event {¢ = co}. Note that the definition given here for ( is not quite the same as the
definition in [28] because in [28] some additional properties were listed that are not
relevant for the present work, and some of the properties listed above were derived from
others. Nevertheless, the idea is the same in both papers. Namely, if ¢t < ¢, then all of
the properties specified in Propositions 4.1 and 4.4 hold through time t.

4.2 Selective advantage of the fittest individuals

The result below, which is Theorem 1.1 of [28], gives an asymptotic result for the
difference in fitness between the fittest individual in the population and an individual of
average fitness.

Proposition 4.5. Fort > 0, let
Q(t) := M*(t) — M(2). (4.12)
Assume A1-A3 hold. If S is a compact subset of (0,1) U (1, 00), then
Qlant
b (ant)

N

- q(t)’ —p 0, (4.13)
tes

where q is the function defined in (2.7) and —, denotes convergence in probability as
N — oo.

The next proposition collects some properties of the function ¢. All of these results are
part of Lemma 4.1 of [28] except for (4.15), which follows from (4.14) and the definition
of q.

Proposition 4.6. The function ¢ defined in (2.7) is continuous on [0,1) U (1, c0), and

t1i>Igo q(t) =2
Also,
1<q(t)<e forallt >0 (4.14)
and ift < u with 1 ¢ (¢,u], then
lg(u) — q(t)] < e(u —t). (4.15)

4.3 A useful martingale

Here we review the construction of a martingale that was central to the analysis in
[28] and will be important again in the present paper. As in [28], let Fj(t) be the fitness
of a type j individual at time ¢, which is max{0,1+ s(j — M (t))}, divided by the sum of
the fitnesses of all individuals in the population at time ¢, which is N if every individual’s
fitness is strictly positive. Remark 4.2 and assumption A3 imply that if N is sufficiently
large, then every individual’s fitness is strictly positive at time ¢ for all ¢t < ¢, in which
case )

N
To define birth and death rates, we follow closely the discussion in [28] and observe that

there are three ways that the number of type j individuals could change at time ¢:
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1. Each type j — 1 individual acquires a jth mutation at rate u. Therefore, at time
t, the rate at which a type j individual appears due to a mutation is pX;_1(t—),
where we adopt the convention that X_(¢) = 0 for all ¢ > 0 so that our formulas
are valid when j = 0.

2. The number of type j individuals could increase by one at time ¢ due to a birth. This
happens if one of the N — X;(t—) other individuals dies at time ¢, which happens at
rate N — X (t—) because each individual dies at rate one, and if the new individual
born has type j, which happens with probability X;(t—)F;(t—). Therefore, we
define the birth rate

B;(t) := (N — X,;(t))F;(t). (4.17)

3. The number of type j individuals could decrease at time ¢ due to a mutation or death.
The rate at which one of the type j individuals becomes type j+ 1 due to a mutation
is 4 X;(t—). Death events that reduce the number of type j individuals happen at
rate X;(t—)(1 — X;(t—)F;(t—)) because there are X,(t—) type j individuals each
dying at rate one, and when a death occurs, the probability that the new individual
born does not have type j is 1 — X;(t—)F;(t—). Therefore, we define the death rate

Forallt>0and j € ZT, let
G;(t) :== Bj(t) — D;(t).

One can easily check that whenever (4.16) holds, we have G7(t) = G;(t). Also, as shown
in equation (6.5) of [28], whenever (4.16) holds and 57 < .J, we can see, using assumption
A3, that for sufficiently large N,

(N —2X;(8) (1 +s(j —M(@)))

B;(t) + D, (t) = ~ Fl4p<24sJ+p<3  (4.19)

The result below is Proposition 5.1 of [28]. The martingale defined in this proposition
is similar to the one obtained in section 4 of [14].

Proposition 4.7. For allt > 0 and j € ZT, let
t o vx ¢ u v
Zi(t) = e~ Jo Gidvx (1) — / X1 (u)e Jo G dv gy — X (0). (4.20)
0
Then (Z;(t),t > 0) is a mean zero martingale with

t
Var(Z; (1)) = EU e IS N (X (u) + By (u) X (w) + Dj(u) X (w) dul.
0

We will sometimes need to apply the result of Proposition 4.7 to only a subset of
the type j individuals in the population. If x and v are stopping times with respect to
(Fi,t > 0) such that 0 < x < ~, thenfort > 0 and j € Z™, let Xf”(t) be the number of
type j individuals in the population at time ¢ that are descended from individuals that
acquired a jth mutation during the time interval (x,7]. Let B}’ (¢) and D} (t) denote
the expressions on the right-hand sides of (4.17) and (4.18) with X]’m(t) in place of X (¢).
The result below is Corollary 5.4 of [28].

Corollary 4.8. Let « and v be stopping times with k < «. Fort > k, let

t * t/\’y u *
Z;’V(t) —— [ Gj(v) dqul_%’Y(t) _ / MXjfl(U)e_ S GG (v) dv du.

K
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Then (Z;""(k +t),t > 0) is a mean zero martingale and

K+t u *
e—2f,i G35 (v) dv(

Var(Z]’?’“/(/{ + t)|f,€) = E|:/ ,U,Xjfl(u)]].ue(ﬁﬁ]

+ By ()X (u) + DY (w) X577 (u)) du

7.

Furthermore, if T is a stopping time with x < 7, then (Z;""((x +1t) A 7),t > 0) is a mean
zero martingale, and Var(Z;"" ((k+t) AT)|F,;) is obtained by replacing -+t with (k+1t) AT
in the integral above.

Finally, suppose « is a stopping time with respect to (F;,¢ > 0) and S is a set of type j
individuals alive at time k. Then for ¢t > k, let X JS (t) be the number of type j individuals
in the population at time ¢ that are descended from one of the individuals in the set .5,
and let B]S (t) and DJS (t) the expressions on the right-hand sides of (4.17) and (4.18) with
Xf(t) in place of X(¢). Then, the same reasoning used to establish Proposition 4.7 and
Corollary 4.8 yields the following corollary.

Corollary 4.9. Let « be a stopping time, and let S be a set of type j individuals in the
population at time k. Fort > k, let

— [P G*(v) dv
Z3(t) = e e G X (1) — X (k).

Then (Z]S(H +t),t > 0) is a mean zero martingale and

k4t e
Var(ZJS(/f—i-t)\]-",ﬁ) = El:/ 6721,{ Gj(v) dv(B]S(u)X]S(u) + D]S(u)XJS(u)) du

7|

Furthermore, if 7 is a stopping time with x < 7, then (Zf((n +1t)AT),t>0)is a mean
zero martingale, and Var(Z; ((x+t) AT)|F) is obtained by replacing .+t with (k+t) AT
in the integral above.

Remark 4.10. By the Strong Markov Property of the population process (X(t),t > 0),
the results of Corollaries 4.8 and 4.9 hold even when the type j is random, as long as j
is F.-measurable.

5 Tracing the ancestral lines back to time ay(7 — 1)

The rest of the paper is devoted to the proof of Theorem 2.1. Throughout the proof,
we will fixe >0, >0, tg > 0, and T > to + 2. We will also assume that e < 1 and

1 T—(to+2) 1 3}.

5<max{ (5.1)

00 wr  r°
The event A is defined as in section 4 for these choices of ¢, §, and T, and for the
constants C4, C5, and C5 from Propositions 4.1 and 4.4.

We sample n individuals at random from the population at time ax7T and randomly
label these individuals with the integers 1,...,n. We then trace the ancestral lines of
these individuals back to time an (T — (o + 1)). Recall that if 0 < u < tg — 1, then Iy (u)
is the partition of {1,...,n} such that 7 and j are in the same block of IT (u) if and only if
the individuals in the sample labelled i and j have the same ancestor at time ax (7 — u).

For1 <i<mnand0 <t<anT, recall that U,(t) is the number of mutations carried
by the individual at time ¢ that is the ancestor of the individual labelled i at time anT'.
Forl1<i<nand1l<j<UyfanT), let

VYZ"J‘ = inf{t : Uz(t) = j} (52)
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be the time when the jth mutation appears on the ith lineage. For h,: € {1,...,n}, let

T},,; :=sup{t : the hth and ith sampled individuals have the same ancestor at time ¢}
(5.3)
denote the coalescence time of i and i.
Throughout the rest of the paper, we use C to denote a positive constant that does
not depend on §, ¢, or T but whose value may change from line to line. Recall that the
numbered constants C4, Cs, and C3 do depend on 6, ¢, and T.

5.1 The types of the individuals sampled at time ay7T

Part 5 of Proposition 4.1 implies that, between times ; and 7,4, the fraction of
individuals in the population having type j is very close to one, except for times very
close to the boundary of this interval. Consequently, when we take a sample from the
population at time an T, typically either all individuals will have the same type, or else
all individuals will have one of two types. The result below is a weaker form of this
statement.

Lemma 5.1. Let
L::inf{j:szaN(T—l)—}. (5.4)
Then

Jim P(AN{Ui(anT) ¢ {L,L+1,...,L+9} forsomei € {1,...,n}}) =0.

—00

Proof. 1t follows from equation (4.9) that on the event A, we have 7, < an(T—1)—an/kn
and 77,410 > an(T—1)4+an/3ky. Therefore, using (4.4), on A we have v, < ayT—an/kn
and yr+10 > anyT + an /3ky. Therefore, by part 5 of Proposition 4.1, on A we have

+ i Xi(anT) < Coe=sOero-ax®) 1 2 <, (S) . . (5.5)
N - - W Nu

£=L+10 N/.L

which tends to zero as N — oo because (1/3kn)log(s/p) — 0o as N — oo by assumption
A2, and s/(Nu) — 0as N — oo by (2.4). Likewise, by part 5 of Proposition 4.1, on A we
have

1 ( ) / s\

= —s(anT—7 —san/kn _ =

N [Z;Xg(aNT) < ChesanT=1) < Oyemsan/bn — 02<u> : (5.6)
which tends to zero as N — oco. Because the expressions in (5.5) and (5.6) both tend to
zero as N — oo, we conclude that on A, the fraction of individuals in the population at
time a7 having between L and L + 9 mutations tends to one as N — oo. Because the n
individuals are sampled at random from the population, the result follows. O

5.2 The types of the ancestors at time ayx (T — 1)

Lemma 5.1 implies that with high probability all individuals sampled at time anT will
have between L and L + 9 mutations. The next result, Lemma 5.2 below, shows that for
te{L,L+1,...,L+ 9}, with high probability the type ¢ individuals in the sample will
all be descended from type ¢ individuals at time 74, 1.

Lemma 5.2. We have

lim P(ANA{U;(v,(ax1)+1) # Ui(anT) for somei € {1,...,n}}) =0.

N —o0

Proof. Choose ¢ € {L,L+1,..., L+ 9}. Recall from Corollary 4.8 that X;"****" (axT)
denotes the number of type ¢ individuals at time ay7T that are descended from an
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individual that got its ¢/th mutation during the time interval (7y41,anT]. Equivalently,
this is the number of type ¢ individuals at time a7 whose ancestor in the population at
time 741 does not have type ¢. Because each individual in the population at time ayT
has probability n/N of being in the sample, we therefore have

TLXZE_H’GNT(G,NT)]IA

P(AN{Ui(re41) # Us(anT) = £ for some i € {1,...,n}}|Fayr) < ,
(5.7)
It suffices to show that the expected value of the right-hand side of (5.7) tends to zero as
N — oo.

By Corollary 4.8 and Remark 4.10, on A,
aNT ~u v v
pX ooy (u)e Iren GOV gy gresnanT (g oy,
(5.8)
where ZZ”I’HNT(TZH +t,t > 0) is a mean zero martingale. Note that (4.9) implies that

on A, we have y,_1,x > anyT if N is sufficiently large, and therefore from (4.7) and from
part 4 of Proposition 4.4, we get for u € [ry41,anT],

— [aNT G, (v) dv T
e jfe+1 ¢(v) XZAH»MGN (anT) =

Te+1

L G g T G @ v I Ge( do

uXo—1(u)e
=(1+ 5)se-f:f+l Ge(v) dvg=s(u=—re)
2
2(1 + (S)S 675(
1

u—7y)

It follows that on A, if N is sufficiently large,
anT
— [ v) dv 2(1+6 .
/ ,quil(u)e ffe+1 Ge(v) d du < u e_é(TZJrl_TZ). (5‘9)
Tet1 Iz
Now on A, by (4.9), we have
—1/3kn
s =) < gmans/3hy <S) : (5.10)
I

Also, on A we have ayT € [1o4+1, 70+ k]| if N is sufficiently large and therefore, by (4.7),

— [oNT Gy(v) dv
e

T4l Xg(CLNT) > w

o

Combining (5.8), (5.9), (5.10), and (5.11), and using that X,(anx7T) < N, we get that for
sufficiently large NV,

(5.11)

_ ranT 0) dv < 7 o
[ X a1 _ (e Joiy Gr v xmeananT (o oy
N - — [eNT Gy(v) dv
e “Tetl X@(CLNT)
<E FU +0)(s/p) V3R Z;“”‘N%NT)}
- (1—6)(s/n)
21+ 6) [ s\ /3N
= (1—5)<M> . (5.12)

Because (1/3kn)log(s/u) — oo as N — oo by assumption A2, the expression on the right-
hand side of (5.12) tends to zero as N — oco. The lemma follows by taking expectations
of both sides in (5.7). O
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5.3 Coalescence between times ay (7 — 1) and anyT

Our next goal is to show that for £ € {L, L +1,..., L+ 9}, the type ¢ individuals in the
sample at time a7 all come from distinct ancestors at time 7,1, with high probability.
That is, the lineages do not coalesce as they are traced back from time ayxT to time
Te+1. The precise statement is given in Lemma 5.4 below. Because 7,41 — 7¢4+1 = ay, this
observation is very close to the statement (2.6) that none of the lineages coalesce when
they are traced back ay time units. We first establish the following preliminary lemma,
which is more general than what is needed for the proof of Lemma 5.4 but will also be
used later to prove Lemma 6.6. Note that the right-hand side of (5.14) below converges
to zero as N — oo by (2.3) and (2.4).

Lemma 5.3. Suppose k* + 1+ K < j < J. Randomly label the type j individuals at time
7j+1 by the integers 1,2,. .., [s/u]. Fort > 7;11, let X(t) denote the number of type j
individuals at time t that are descended from the individual labelled i at time 7;,. Let
v :=vj+x N¢ANanT, and let

R;j:= sup X;(t) (5.13)
tE[Tj41,7) X; (t)
Then
[s/u] Cu
E 2 | < i .14
PIAERS 5.14

i=1

Proof. By Corollary 4.9 applied when S consists only of the individual labelled ¢ at time
Tjy1, fori=1,2,...,[s/u] and t > 7;,1, we have

. tAY (v) dv .
Xi(t A ) = el GO 7w, (5.15)

where (Zi(7j;1 +1t),t > 0) is a mean zero martingale. Now suppose ¢ € [7j;1,7). Using
(5.15) and (4.7),

X;(t) ? 2 i\ 2
(@) < s+ 200

Taking the supremum of both sides over t € [7;1,7), then taking expectations and using
that (a + b)? < 2a% + 2b%, we get

E[R};] < (12’5)252 (1 +F Le[sup (Z;(t))Q} ) (5.16)

Tit+1,7)

By the L? Maximum Inequality for martingales, Corollary 4.9, and the reasoning used to
derive (4.19),

]:

Ti+1

F.

Tj+1}

E[ swp (Z1(1))?

te[rj+1,7)

¥ u v ) 4
] §4E[/ ¢ 2 G & -3X(u) du

j+1

Combining this result with (5.15) gives

E[ sup (Zi(1))?

tE[Tj41,7)

-
- [, Gi(v)dv i
]:7'_7’4-1:| < 12E[/ e Tit (1+Zj(u)) du

41

fﬁ“} (5.17)

Note that 1+ Z}(u) > 0 for all u € [r;41,7) by (5.15). Therefore, by part 5 of Proposition
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4.4 and the fact that (Z}(7;41 + ), > 0) is a mean zero martingale,

Yi—KNAY _fu (v) dv X
E[/ ¢ I G (1+ Zj(u)) du

j+1

-

< E{/ e*SkN(u*Tj+1)/5(]_ +Z§(u)) du

j+1

:/OO efskN(ufrH_l)/B du

‘/__.7'.7'+l:|
jt+1
5

== (5.18)

Also, using part 5 of Proposition 4.4 again and that v —v;_x Ay < (2an/kn)(2K) < an
for sufficiently large N by (4.9),

vy u A
E{/ o Jriga G dv(l—i-Z;-(u))du ]—'77.“}
Yi—KN\Y .

- o\ kv /241 ‘

< EU () (1+ 28 (u)) du fw]
viox Ay \H
§\ —kn /241

<an () . (5.19)
I

Because sky -an(s/p) *N/?*1 - 0as N — oo, as can easily be seen by taking logarithms,

equations (5.17), (5.18), and (5.19) imply that

5 o\ —kn/241 c
| <19 =2 g < =
}—”1} - (SkN +GN<M> ) = skn

for sufficiently large N. Therefore, using (5.16), we get for sufficiently large N,

[s/p] 2
2 C
R I I D 14— ).
E[ z:zl Rw} - [N-‘ (1—4)2s? ( Sk

The result follows because sky — 0 as N — oo by assumption A3. O

ELJ“" (Zi())?

Tj+1,Y)

Note that in the statement of Lemma 5.4 below, we consider only the lineages labelled
1 and 2 to simplify notation. This is sufficient because individuals are sampled uniformly
at random. To bound the probability that the event in question occurs for some pair of
lineages, we may simply multiply the probability that the event occurs for the lineages 1
and 2 by (3).

Lemma 5.4. We have
A}im P(A N{Ui(anT) = Us(anT) = ¢ and Ty 2 > 7441 for some é}) =0.
—00

Proof. We know from Lemma 5.2 that with probability tending to one as N — oo, on A
all type ¢ individuals sampled at time a7 have type ¢ ancestors at time 7,,,. Therefore,
it suffices to show that

]\}EHOOP(A N {Ul(aNT) = UQ(GNT) = Ul(Tg+1) = UQ(TZJrl) =/
and T} 2 > 7441 for some ¢}) = 0. (5.20)
That is, we need to show it is unlikely that the first two individuals in the sample are

both type ¢ individuals that are descended from the same type ¢ individual at time 74 1.
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Randomly label the type ¢ individuals at time 7441 by the integers 1,2,...,[s/u]. Let
X}(t) denote the number of type ¢ individuals at time ¢ descended from the ith type ¢
individual in the population at time 7,,;. Since each individual at time ayT is equally
likely to be sampled,

P(AN{Ui(anT) = Us(anT) = Ur(7j41) = Ua(7j41) = £} N {T12 > 741} Fanr)

_ %‘:” Xi(anT)(Xi(anT) — 1)1a

NN - 1) (5.21)

i=1

By Lemma 5.1, it suffices to consider ¢ € {L,L +1,...,L + 9}. Part 6 of Proposition
4.1 implies that on A, we have 74114k < 2ay(K 4+ 1)/ky, and therefore L > k* + 1+ K
for sufficiently large N. Also, in view of (4.9), on A we have v; 191k > anT. Therefore,
applying Lemma 5.3, and noting that the probability of a change in the population at
exactly time anT is zero, for each fixed positive integer ¢ we have

[s/1] 4 i [s/u]

Xi(anT) (X (anT) — D)I<i<r+93na Cu
E ¢ == <F R?,| < ) 5.22
P AOF =1 <p| s gl e
Taking expectations of both sides of (5.21) and then using (5.22) and the fact that
L+ 9 < Jon A by Remark 4.2, we get that the probability in (5.20) is bounded above by
CJu/(s*ky), which tends to zero as N — oo by (2.4). Thus, (5.20) holds, which implies

the result of the lemma. O

Remark 5.5. It follows from Lemmas 5.1 and 5.2 that with probability tending to one
as N — oo, we have U;(1r,+10) = U;(anyT) for all i € {1,...,n}. Note that 71,110 < anT
on A for sufficiently large N by (4.9) and (5.4). Because individuals in the population
model inherit all of their parents mutations, two lineages can only coalesce if they
have the same type. That is, we must have U,(T},;) = U;(Th;) for h,i € {1,...,n}. It
therefore follows from Lemma 5.4 that with probability tending to one as N — oo, no
lineages coalesce as they are traced back from time anT to time 11119. The fact that the
probability of coalescence between times 71, and 71419 tends to zero as N — oo, which
would imply (2.6), will be established in Lemma 8.1 below.

6 Tracing the ancestral lines between times 7; and 7,

Lemmas 5.2 and 5.4 show that the type ¢ individuals in the sample at time ayT are
typically descended from distinct type ¢ ancestors at time 7,;. In this subsection, we
consider tracing these ancestral lines back further in time. In particular, we focus on
what happens when lineages are traced back from time 7;,; to 7;. We establish that with
high probability, type j individuals at time 7;,, are descended from type j — 1 individuals
at time 7;, and lineages will only coalesce when many type j lineages in the population
are traced back to an individual that acquired its jth mutation before the time &; defined
in (4.3).

6.1 Approximating 7; by the fixed time 7

We define here some fixed times 7/ that approximate the random times 7;. Let
Treyq = 0. For integers j > k* +1, let
anN
T =T —
Jtt J qu(Tf/aN)

where ¢ is the function defined in (2.7). Because 1 < ¢(u) < e for all « > 0 by Proposition
4.6, we have

(6.1)

a
o<, -1 <

an
Tiiq] — —.
ek J+1

. (6.2)
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For u € (0,7, let j*(u) := max{j : 77 < anu} and j'(u) := max{j : 7; < anu}. The lemma
below shows that 7 is a good approximation to 7;.

Lemma 6.1. Fix u € (0,7]. On the event {{ > ayu}, we have
5% (u) = ' (u)| < 9Tk (6.3)
Likewise, let j € {k* +1,...,J}. On the event {T; < {( AanT}, we have
77 — 7] < 100anT. (6.4)

Proof. Suppose j € {k* +1,...,J} and 7j41 < ( AanT. By part 6 of Proposition 4.1,

1-92§ /Tj+1/aN /Tj+1/aN 1428
— 1, o Jan)y du < u) du < . (6.5)
Ty ey lElowia/an) e q(u) .

Therefore, if u € (0,T] and ¢ > anwu, then, using that 74~ 1 /any < 2/ky and u—7;/(,)/an <
2/kn by part 6 of Proposition 4.1 and that ¢(v) < e for all v € [0, u] by Proposition 4.6,
we have

u e fan (1428)(j/(w) — (K" +1)) | [* o) do
/0 q<v>dv§/0 (o) du + +/ 4(v) d

kn Tir(uy/ aN
./ (e
020 - (1) e
- kn kn

(6.6)

Likewise, using that vx+4+1/any — 1 < 2/ky by part 6 of Proposition 4.1, the lower bound
in (6.5) implies that

“ 1-2 ¥ —(k*+1 2
[awars W) 2 6
0 kn kn
By definition,
Tipi/an 7-; 1
/ q| — | du = —. (6.8)
7 Jan an kn

J

By (4.15) and (6.2), if u € [7] /an, 7}, /an) and 77, /an < (, then
Tr e(tf , — 77
‘q(u)q<])‘ < M < i
an an kn
unless 1 € (T;/CLN, u]. Combining this observation with (6.8) and (6.2), we get
(1 e)]l </7-.:+1/‘7'N ()d - 1 N e (6.9)
7 T 13 T¥/an,TF | /a = U)o = 75— 1 75 '
kN kJQV {1¢(} /an 7}y /an]} o+ Jan q kn kJ2V
Now (6.2) and (6.9) imply that

u Ti*(u)/aN U
| awyae= [ dydvs [ g
0 Te*+1/anN Ti*(u) /AN

J

(I +e/kn)("(w) = (k" +1)) e

< — 6.10
< T + . ( )
and " N N
1-— ¥ —(k*+1) -1
[ L GORGED ) 6.11)
0 kn
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Combining (6.7) and (6.10) gives, for sufficiently large NV,

(T+e/kn)(G*(u) — (K*+ 1)) L e+2
1-26 1-26

<(1+30)(G" (u)— (K" +1)) +5.

J7'(w) = (k" + 1)

IN

Rearranging this expression, and using that j*(u) — (k* + 1) < (ayu)(ekn/an) < eTky
by (6.2), we get for sufficiently large NV,

() — 5 (u) <38(5%(u) — (K* + 1)) +5 < 90Tky. (6.12)
Likewise, combining (6.6) and (6.11), we get for sufficiently large N,

y . (1—e/kn)(G"(u) = (k" +1) — 1) e
7uw) = (B +1) 2 . 1126 T1t2

>(1-30)(F"(u) — (k" +1)) — (de + 1).

Rearranging, and again using that j*(u) — (k* + 1) < eTky, we get
g (u) — 7% (u) > =35(5"(u) — (K" +1)) — (de + 1) > —90Tky. (6.13)

The result (6.3) follows from (6.12) and (6.13).
Finally, to prove (6.4), note that on the event {7; < ( A anT}, we have j*(7; /an) = j
and j'(7;/an) = j. Therefore, using (6.3), we have

7% (m5/an) — 5 (7} Jan)| = |7* (15/an) — §'(1j/an)| < 96Tky.

Since |j*(7j/an) — j*(7} /an)| is the number of points 7; that land between 7; and 77, it
now follows from (6.2) that for sufficiently large NV,

7 — 7] < (9Tky +1) - ‘LZ < 106anT,
which matches (6.4). O
Define the fixed positive integers
g1 :=43(T = (to+ 1)) — [96Tkn], Joi=7"(T—1+19/kn) + |99TknN],
and let
I={jeN:j <j<j} (6.14)

The next result shows that, when tracing ancestral lines back from time ay (7T — 1) to
time an (T — (to + 1)), we only need to consider time intervals [7;, 71| for j € I.

Lemma 6.2. On the event A, for sufficiently large N, we have

an(T — (to+ 1)) — 100anT < 75 < 7';2 <an(T —1)+ 106anT (6.15)
and 5
aN+ka—;V <1, < an(T — (to +1)). (6.16)

Also, L +9 < j, < J and 75,11 < anT. Furthermore, the cardinality of I is at most 3Tk .

Proof. Throughout the proof, we will work on the event A. Using (6.2), we get that for
sufficiently large N,

an

77, a(T = (to + 1)) = (90Thy +1)- 7
N

j Z(IN(T—(t0+1))—106aNT
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and

1
7';2 <ay <T -1+ k‘9> + (95TkN) . Zl < CLN(T — 1) + 10danT.
N N

We have now proved (6.15).
By (6.3), we have j; < j/(T — (to + 1)), and thus 7;, < an(T — (tc + 1)), which is the
upper bound in (6.16). To get the lower bound, note that (6.4) and (6.2) give

an

Tin 2 Ty = 100aNT 2 75 (p— g1y — (99ThN) -

- 105aNT.

Since (6.2) implies T;*(u) > anu — ay/ky for u € (0,71, it follows, using (5.1), that for
sufficiently large NV,

T = an(T — (t() + 1)) — Zl —196anT

N
>an + CLN(T - (to + 2) — 20(5T)
zaN+aN(T(t2°+2)>. (6.17)

The lower bound in (6.16) follows because limy_, ky = oo.

Next, note that by (4.9) and (5.4), we have 771190 < an(T — 1) + 19an/ky. By (6.3),
we have j, > j/(T' — 1+ 19/ky), which means 7,11 > an(T — 1+ 19/kn) > 71410 and
thus j2 > L + 9. Also, by (6.2), the number of times 7;* between ay (T — 1+ 19/ky) and
anT is at least (kny/an)(an(1 —19/kn)) — 1 = kny — 20. Therefore, using (6.3),

§(T) > j*(T) — 96Tky > j*(T —1+19/ky) + ky — 20 — 95Tky > jo + ky — 20 — 185Tky,

which is greater than j, + 1 for sufficiently large N because ¢ < 1/197 by (5.1). It follows
that Tiot+1 < anT.

Finally, by Remark 4.2, we have js + 1 < J. Also, we have and j; > k* + 1 for
sufficiently large N by (6.17), so jo — j1 + 1 < 3Tky, which is equivalent to the last
statement of the lemma. O

6.2 The types of the ancestors at time 7;

Lemma 6.4 below establishes that with high probability, the type ¢ individuals in the
sample get traced back to type ¢ — 1 individuals at time 74, then to type £ — 2 individuals
at time 7,1, and so on until we have traced the lineages back to time ay (T — (to + 1)).
We begin with the following preliminary result.

Lemma 6.3. Let j € I. Let K; be the number of type j individuals in the population at
time 7,1 whose ancestor in the population at time 7; does not have type j — 1. Then

§\ 1-1/3ky
E[Kj]l{ff+1<C}] < 5(#) :

Proof. By parts 1 and 6 of Proposition 4.1, on {7;; < ¢}, no individual of type j or
higher in the population at time 7; has a descendant alive in the population at time 7;4.
Therefore, K; is the number of type j individuals at time 7;,; whose ancestor at time
7; has type less than j — 1. Such an individual must be descended from an individual
that gets its (j — 1)st mutation after time 7;. We will therefore consider the number of
type j — 1 individuals at times ¢ > 7; that are descended from individuals that acquired
their (j — 1)st mutation between times 7; and 7. Following Corollary 4.8, we denote
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the number of such individuals by X 7’/7*+!

;2177 (). Then, writing (; = (A Tj41,

(rjtuIne o
e—fer T Gji-1(v) de;i’IJ+1((Tj + ) /\Cj)

(T +u)AE; [P Gl (v) do —
_ / 1Xj_o(w)e i & dw + Z7T (7 + w) AG),  (6.18)
where (Z;""*! (7 +u),u > 0) is a mean zero martingale. By (4.7), on the event {(; > 7;},
we have fort > 0,

(15 +u)AG; LG (o) do
/ uX;a(w)e I S gy

J

(5 +u)AG; w CleP

< / (14 §)selnn Gt m Iy Gt g,
- (Tj+u)AE,

=1+ 5)SefTJ‘J*1 Gi—2(v) dv/ ' ’ e dy

Tj
< (14 8)elmi-1 Gia(v)dv, (6.19)
By (4.9) and part 4 of Proposition 4.4, on {(; > 7;} we have

ol rio1 G2 @) dv _ —s(rj=7;-1) oJ7j_y Cj=1(v) dv

=€

< o= slan/3kx) (25)
m

g\ L 1/3kN
< 2() . (6.20)
I

Taking conditional expectations on both sides of (6.18) and then using (6.19) and (6.20)
gives

(5 +uIACG o A s 1=1/3kn
E[e*fn- i—1(v) X ) AQ)|Fr] < 2(1+6)(ﬂ> . (6.21)

Foru > 7;, let X j’-‘(u) denote the the number of type j individuals in the population
at time u that got their (j — 1)st mutation after time 7;. Note that K; = X7 (7;11) on
{Tj+1 < ¢}. By the reasoning that leads to Corollary 4.8, we get

Z M G (o) do o uACj T T — [¥ Gj(v) dv %
where (Z(7j1+1 + u),u > 0) is a mean zero martingale. By part 4 of Proposition 4.4, on
{Tj+1 < ¢}, we have

€f€j+1 Gj(v) dv < &
I

Therefore, using that the expression in (6.22) is nonnegative,

* 2s ° Tj\Tj —[EGi—i(W)dv (e, b
Xi(rjs1) s < < N</ pX;77 (w)e 5 6 el J)]l{WSCj} dw + Z; (CJ)>
i

Taking conditional expectations of both sides and using Fubini’s Theorem and (6.21),

9 00 §\ 1-1/3ky
B (et P < 2 ([T 20a(2) T e an)

J

g\ 1~ 1/3kN
=4(1+9 () .
(1+9) .

Taking expectations of both sides gives the result of the lemma. O
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Lemma 6.4. Recall the definition of I from (6.14). We have
lim P(AN{U;(r;) #j—1forsomei € {1,...,n} and j € I withj < U;(anT)+1}) = 0.
N—oo

Proof. Fixi € {1,...,n}. Suppose A occurs and U;(7;) # j — 1 for some j € I with j <
Ui(anT) + 1. Then either U;(1y, (ay1)+1) # Ui(anT), an event whose probability tends to
zero as N — oo by Lemma 5.2, or else there is an integer j € I with j < U;(anT) such
that U;(7;) # j — 1 and U;(7;41) = j. Therefore, to prove the lemma, it suffices to show
that
Jim j; P(AN{Ui(rj) # j — 1} N {Ui(7j41) = 5}) = 0. (6.23)
Fix j € I. Recall from Lemma 6.3 that K; is the number of type j individuals in the
population at time 7;,; whose ancestor in the population at time 7; does not have type
j — 1. Note that the probability, conditional on 7, ,, that a randomly chosen type j
individual at time 7,4, is not descended from a type j —1 individual at time 7; is K /[s/p].
Also, conditional on F;  , the [s/u] type j individuals at time 7;, are equally likely to
be the ancestor of the ith individual in the sample taken at time axT. Therefore, since

Kj; is F;, ,-measurable, on the event 7;,; < ( we have
. . . K; pK;
P({Ui(Tj>7é]_1}m{Ui(Tj+1>:J}|]:Tj+1) :P<Ui(ri+1):]‘f7'j+1)' "S/jﬂ < S].

Therefore, multiplying both sides by 1, ¢}, taking expectations, and using Lemma
6.3, we get

u o\ ~1/3kN
P((U() # 3= 10 () =330 0 <) < LEIR Ly cl £5(2)

Since the cardinality of I is at most 37Tk by Lemma 6.2, it follows that the sum of the
probabilities on the left-hand side of (6.23) is at most

3 —1/3kN
15T ky () |
M

To check that this expression goes to zero as N — oo, we consider the logarithm. Note
that log(kn (s/p)~1/3*~) = log ky — (1/3kn)log(s/u), which tends to —oco as N — oo by
assumption A2. In view of the discussion before equation (6.23), the result of the lemma
follows. O

We have now developed enough tools to prove Proposition 2.2.

Proof of Proposition 2.2. It suffices to prove the result for n = 1. Define L as in (5.4). As
noted in the first sentence of the proof of Lemma 5.1, we have 71, < an(T — 1) < 71410
on the event A. Therefore, using Remark 4.3, we have L — 1 < M*(ay(T — 1)) < L+ 11
on A. It then follows from Lemma 5.1 that

A}im P(AN{|Ui(anT) — M*(an(T —1))| > 11}) = 0.
—00
Combining this observation with Lemma 5.2, we get
Jim P(AN{|U1(t) — M*(an(T — 1))| > 11 for some ¢ € 1y, (an7)+1,anT]}) = 0. (6.24)
— 00

We next apply Lemma 6.4. Note that if Uy (r;) = j — 1 for all j € I with j < U (anT) + 1,
then because the function ¢ — Uj(t) is increasing, we have Uy (t) € {j — 1,j} for all
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t € [rj,7j+1] and all j € I with j < Uy(anT). On A, in view of Lemma 6.2 and Remark
4.3, this statement implies that Uy (t) — M*(t)| < 2 forallt € [an(T — (t +1)), v, (axT)+1]-
Therefore, Lemma 6.4 yields

Jim P(AN{[T1(t) = M*(8)] > 2 for some ¢ € [an (T~ (o +1)), 7o, anmy1]}) = 0. (6.25)
—00

On A, we have 71, < an(T —1) < 71410 and therefore |M*(t) — M*(an(T —1))| < 12 when
7, £t < Tr4+10- Combining this observation with (6.24), (6.25), and Lemma 5.1 yields

NliglooP(AﬂﬂUl(t) — M*(t Nan(T —1))| > 14 for some t € [an (T — (to +1)),anT]}) = 0.

Thus, in view of (4.11) and the fact that limy_, o, Ky = 00, we have

Uy (anu) B M*(axy(u A (T —1)))

sup —p 0. (6.26)
T—(t+1)<u<T| kN kn
The result follows from (6.26) and (2.8). O

6.3 Coalescence between times 7; and 7,

We next consider the merging of ancestral lines between times 7; and 7;;. It will
suffice to consider the lineages labelled 1 and 2. In view of Lemma 6.4, we may also
assume these lineages have type j at time 7;; and type j — 1 at time 7;, which will occur
with high probability. Recall the definitions of V; ; and T}, ; from (5.2) and (5.3). Also, let
V; = min{V; ;, V5 ;} and V;* = max{Vi ;, V5 ;}. Because only lineages of the same type
can coalesce, there are only three ways that these lineages could coalesce between times
7; and 7,41 (see Figure 2):

1. Two lineages at time 74, could be traced back to one individual that acquires its
jth mutation between times &; and 7;4,. Thatis, §; < Vi ; = Vo ; <T12 < Tj41.

2. Two lineages at time 7; 1 could be traced back to one individual that acquires its jth
mutation before time &;. Thatis, 7, < Vi ; =Vo; < §jand Vi, = Vo ; <Tho < 7j41.

3. Two lineages at time 7;4; could be descended from different type j; mutations
between times 7; and 7;41, but then the two type j — 1 lineages could coalesce
before time 7;. Thatis, 7, < Tio < V; <V <7j41.

——
—_ —_——
L o—
| | | | | | | | |
| T 1 | T 1 | T 1
& Tit1 T & Tit1 T & Tjt1
Case 1 Case 2 Case 3

Figure 2: The three ways lineages can coalesce between times 7; and 7;4,. Dots
represent mutations from type j — 1 to type j.

We will now show that only coalescence events of the second type need to be consid-

ered. Lemma 6.5 rules out Case 1 above, and Lemma 6.6 rules out Case 3.
Lemma 6.5. Define the event

A; = {U1(7'j+1) = U2(7j+1) = j}

n {Ul(Tj) = UQ(T]‘) = j — 1}
n {EJ < Vlﬁj = VQJ' < TLQ < Tj+1}.
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For sufficiently large N, we have

P<A nU A;> < CTe™.

jel

Proof. Fix j € I. Let H; be the number of type j mutations between times ¢; and 7,4 .
Let0 < k1 < kg <--- < Kp, denote the times at which these mutations occur. Recall that
X5 ;(t) is the number of type j individuals at time ¢ that are not early. Let X 5 ;(u) be
the number of type j individuals at time v descended from the individual that acquires
its jth mutation at time ;. This means that

j2 7—]+1 E X]2z T]Jrl

Conditional on Xj 2 1(7j+1),- -, Xj2,#,(7j41), the probability that two randomly chosen
individuals at time 7;; are descended from the same individual that gets its jth mutation
between times §; and 7,1 is

H; H;
1 - u?
D Xj2i(7i11)(Xj2i(y01) — 1) < ) D Xji(mi)?
[s/pl([s/p] = 1) = Pt
Since, conditional on F; , , each of the [s/u] type j individuals at time 7, is equally

likely to be the ancestor of an individual in our sample at time ay7, it follows that on
Ti+1 <G,

F:

) < % Xj72,z‘(7j+1)2- (6.27)
1

P(Aj|F,

J+1

i

Therefore, multiplying both sides by 1, , () and taking expectations,

P(A) N {rju <CP) < 55 KZXJQZ (Tj41) )ll{ml«}]. (6.28)

We now bound the expectation on the right-hand side of (6.28). Write (; := ( A Tj41.
By Corollary 4.9 applied with «; playing the role of x and the single type j individual that
acquires its jth mutation at time «; playing the role of S, we get

NS
Xj’gyi(u A\ Cj) = 6'f”’i ! Gj(v) dv(]. + Zi,j (u))7 (629)

where (Z; j(k; + u),u > 0) is a mean zero martingale. Therefore, using part 4 of
Proposition 4.4, we get that on {x; < 741 < (},

[5Gy do =I5 G oy

Xj2i(Tit1) =e i,j(Tj+1))

25 — [FiG;(v) dv
< fe I &@ g 4 7 (). (6.30)

Corollary 4.9 combined with (4.19) and (6.29) gives that on {x; < 741},
%]
n]
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Because k* + 1 < j < J by Lemma 6.2, it follows from part 2 of Proposition 4.4 that for
sufficiently large N, if v € |15, 7;41] and v < ¢, then G;(v) > (1 — 20)sky. Therefore, on
{ri <7j1},

Var(Z; j(1j11)|Fu,) < SE[ / e~ sk (1=20)(u=ri)(1 1 7, s(u)) du ]—']
3
= . 6.31
SkN(l — 25) ( )
From (6.30) and (6.31), we get that on {x; < 7j4+1},
452 -2 [Fi G (v) dv 3
2 G
E[Xj,2,i<7—j+1)]1{7'j+1<€}|‘7:f€i] < ?6 J 1+ m .

By assumption A3, the second term inside the parentheses dominates when N is large.
Also, by part 1 of Proposition 4.4, we have s(g; — C3) < G;(v) < s(¢; + Cs3) if 7; < v < (.
Therefore, for sufficiently large N, on {x; < 741},

Cs
E[XJZ’27¢(TJ-+1)]1{TJ+1<C}|frc,;] < hin

6725((]j7C3)(H757T_7‘)' (6.32)

Next, we condition on .FTJ. Using (4.7) followed by part 1 of Proposition 4.4, the rate
at which type j mutations are appearing at time u, provided that 7; < u < (j, is

/lXj71(U) < (1 +5)86{:7 Gj—1(v) dv < (1 +5)S€S(qj+0371)(U7Tj)~ (6.33)

Therefore, using (6.32), (6.33), and (4.9), we get that on {7; < (},

H;
E[(Z Xj;27i(7—j+1)2> IL{TJ'+1<C} ‘]:Tjil
j=1

(tj4+2an/kn)AC
< _/ o (14 6)se(@tCs=Dlu=ms) . %6728(%703)@7”) du
&5 HEkN
2 (1j+2an /kN)NC
<o [T e gy
u2kN &;

< Cs
T pPkn(g; —3C5 + 1)

. e—s(qj—3cs+1)(fj—7'j)_ (6.34)

Note that e 5% (& ~7) = sg;e~" for sufficiently large N by (4.3). Also, ¢; > (1 — 26)ky on
{7; < ¢} for sufficiently large N by part 3 of Proposition 4.4, so

1 1 1 1
s(& —7j) = qj(log (s%> +b> < U_MV<1og <S> +b> —0 (6.35)

as N — oo by assumption Al. Therefore, e(3¢3—1s(&-7) 5 1 as N — co. Combining
these observations with (6.34), and using that 7;; < ¢ implies 7; < ¢ in view of (4.9), we
get that for sufficiently large N,

il Cs2e?
E K > Xj,2,i(Tj+1)2) Liri<cy ’frj] T (6.36)
=1 HERN
Finally, we can take expectations of both sides in (6.36) and combine the result with
(6.28) and the fact that the cardinality of I is at most 3ky7 by Lemma 6.2 to obtain the
result of the lemma. O
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Lemma 6.6. Recall that V; = min{V} ;, V3 ;}. Define the event
A = {Ui(ry) = Ua(ry) =5 — 1} {7 <Th2 < V; <T7jp1}

Then
ngnoop(zm U Aj> =0.

jeI
Proof. Fix j € I. Randomly label the type j — 1 individuals at time 7; by 1,2, ..., [s/u].
Fort > 7;, let X }71(t) denote the number of type j — 1 individuals at time ¢ descended
from the type j — 1 individual labelled ¢ at time 7;.

Let C; be the o-field generated by the the event {V; < (} and the random variables
Vigs Vo, Xj 1 (Vi=),. .. ,Xjri/{ﬂ (V;—). The only way that A% can occur is if the first two
lineages get traced back to distinct type j — 1 ancestors at time V;— and then merge
between times 7; and V;—. Conditional on C;, we know that one of the type j — 1
individuals at time V;— will get a jth mutation at time V}, but all of the type j — 1
individuals at time V;— are equally likely to be ancestors of individuals in our sample at
time anT. Therefore, using the notation from (5.13),

[s/u] i i [s/u]
X5 (Vi=)(X; (V=) - 1)
P(A gy, ) < i o) Liv.cey < 2.
( J {V7<C}‘C]) > ( Zz:; Xj—l(vj_)(Xjfl(Vj_) —1) {vi<¢(y = ; RL,J—l

It follows from part 6 of Proposition 4.1 that 7«1 k11 < (K 4 1)(2an/kn) < an for
sufficiently large IV, and therefore by (6.16), we have j; —1 > k* 4+ 1+ K. Thus, summing
over j € I, taking expectations of both sides, and applying Lemma 5.3 and Lemma 6.2,
we get

Cu < CcuT

w5 a7 (6.37)

Y PAN{V <)<Y
jeI jer
The right-hand side of (6.37) tends to zero as N — oo by (2.4). The result of the lemma
follows because if A N A} occurs for some j € [, then V; < 7;;; < ( by Lemma 6.2. O

7 Coupling with a branching process between times 7; and 7,

Recall from Lemmas 6.5 and 6.6 and the discussion before Lemma 6.5 that we have
shown that all possible coalescence events have low probability, except for the possibility
that type j lineages at time 7;,; could be descended from the same type j mutation
between times 7; and ;. In this section, we study these early type j mutations in
depth. The strategy here will be to couple the descendants of these mutations with a
supercritical branching process.

7.1 Review of results on continuous-time branching processes

Consider a continuous-time birth and death process (Z(t),t > 0) in which each
individual independently dies at rate v > 0 and gives birth to a new individual at rate
A > v. Assume Z(0) = 1. Using results in [1], one can show that

A—v

P(Z(t) > O) - )\ — Ue_()‘_y)t’

(7.1)
which is also stated as part of Lemma 9.16 of [28]. Let r denote the probability that the
population goes extinct by time ¢. By letting ¢t — co in (7.1), we get

A—v
-

1—r=

(7.2)
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Let W (t) = e~ (A"t Z(t). It is well-known (see, for example, section 7 of Chapter III
in [1]) that (W (¢),t > 0) is a martingale, and there is a random variable W such that
lim W(t)=W a.s., (7.3)
t—o00
where W is zero on the event that the branching process goes extinct and is almost
surely strictly positive on the event that the branching process survives forever. In this
instance, it is also known that the conditional distribution of W given that the branching
process survives forever is the exponential distribution with rate parameter 1 — r, so
that if x > 0, then
P(W >z)=(1—r)e =2, (7.4)

This can be derived from results in [1] and is also worked out, for example, in [15].
Recall that if S has an exponential distribution with parameter A, then E[S] = 1/X and
E[S?] = 2/)\2. Because P(W > 0) = 1 — r, it follows that E[W] = 1 and Var(W) <
E[W? =2/(1 —r). We will need the following result concerning the rate of convergence
of W (t) to W.

Lemma 7.1. For alln > 0 andt > 0, we have

p 26—()\—1/)25
— <
(W)~ W1 > ) < 2o

Proof. Conditional on Z(t), we can consider separately the descendants of the Z(t)
individuals at time ¢ to see that

2(t)
W=e AN "W,
=1

where the random variables Wy, ..., Wy are independent and have the same distribu-
tion as W (see section 10 in Chapter III of [1]). It follows that

E[W|Z(t)] = e~ A Z(t) E[W] = W (t)
and

2e~ A=t (¢)

Var(W|Z(t)) = e 23"t Z(t)Var(W) < —

Therefore, by Chebyshev’s Inequality,

Var(W|Z(t)) _ 2e~ A=t (1)
Us T onP(l-r)

Because E[W (t)] = 1, the result follows by taking expectations of both sides in (7.5). O

P(W =W (@) >nlZ(t)) < (7.5)

7.2 A branching process coupling between times 7; and 7,

We will assume now that j € I, where [ was defined in (6.14). By Lemma 6.2, this

ensures that 7;11 < any7 on A. Recalling Corollary 4.8, we will let
Lp) . yTioE
X;(t) == X; (t)

denote the number of type j individuals at time ¢ that are descended from individuals
that acquired a jth mutation during the time interval (7;,{;]. Note that X’(t) = X;(t),
as long as there are no type j mutations before time 7;. We say there is a pure birth event
at time ¢ if X}(t) = Xj(t—) + 1 and a pure death event at time ¢ if X}(t) = Xj(t—) — 1.
We say there is a birth and death event at time ¢ if one of the X (¢—) individuals at time

EJP 22 (2017), paper 38. http://www.imstat.org/ejp/
Page 30/54


http://dx.doi.org/10.1214/17-EJP58
http://www.imstat.org/ejp/

Rigorous results for a population model with selection II

t— gives birth and another dies, so that X}(¢) = X}(t—). Let B/(¢) and Dj(t) denote the
expressions in (4.17) and (4.18) respectively with X’(¢) in place of X/ (¢). Recall from the
discussion surrounding (4.16), (4.17), and (4.18) that if ¢t € [Tj, Tit1 A (), then the rate at
which a particular type j individual gives birth as part of a pure birth event is

/ X () .
Bj(t) = (1— =57 ) (1+ 50— M(1). (7.6)
while the rate at which a particular type j individual is involved in a pure death event is
/ Xi(t) .
Dj(t)=1+M—T(1+S(j—M(t))). (7.7)

Also, the rate at which a particular type j individual gives birth as part of a birth and
death event and the rate at which a particular type j individual dies as part of a birth
and death event are both equal to

Xj(t)

0;(t) = == (L+s(j — M(1))). (7.8)

We write B (t) := B/(t) + O;(t) = 1+ s(j — M(t)) and Dj(t) := D’(t) + O;(t) = 1 + p for
the total birth and death rates respectively. The following lemma gives upper and lower
bounds on these birth and death rates. The lemma also gives a bound on the rate of type
j mutations, which will correspond to immigration in our branching process.

Lemma 7.2. There is a positive constant Cy such that for sufficiently large N, if X}(t) <
s/2u andt € [1j, 711 A (), then the following hold:

1—s<Dj(t) < Dj(t) =1+ p, (7.9)
14 sq; — Cas < Bj(t) < Bj(t) < 14 sq; + Cas, (7.10)
(1= 8)ses @) < X (1) < (1 4 §)ses@HCDE=T), (7.11)

Proof. Suppose X/ (t) < s/2u and t € [7;,7;+1 A (). By (2.4), assumption A3, and the fact
that j < J by Lemma 6.2, for sufficiently large N we have

0,(t) < (2;]0(1 s — M) < (2:N)(1 +sJ) < s. (7.12)

The result (7.9) follows immediately from equations (7.7), (7.8), and (7.12).
To bound the birth rate, note that since G;(t) = s(j — M (t)) — u, we have

L+ p+Gj(t) = O;(t) = Bj(t) < Bj(t) = 1 4+ pu+ Gj(t).

Since s(q; — C3) < G;(t) < s(g; + Cs) for sufficiently large N by (6.16) and part 1 of
Proposition 4.4, the inequality (7.10) now follows from (7.12) and (2.4).

Finally, if ¢ € [7;, 7j41 A (), then since G,;_1(t) = G;(t) — s, part 1 of Proposition 4.4
gives s(q; —Cs —1) < G;_1(t) < s(¢; + C3 —1). Now (7.11) follows from this observation
and (4.7). O

We will use the bounds in Lemma 7.2 to obtain a coupling in which (X}(t),t > 7;) is
bounded between two branching processes with immigration. More specifically, we will
construct processes (X]Jr (t),t > 0) and (X, (t),t > 0) such that

X7 (t) < Xj(t+ 1) < X[ (t) (7.13)
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for t < x;, where

I€j = lnf{qu(’U,) >2i[,}/\((7j+1/\<)_7—j)' (714)
The processes (X;r(t), t>0) and (X (t),t > 0) evolve according to the following rules.
First, X ;’ (t) is the size at time ¢ of a population for which, at time ¢:

+ New immigrants appear at rate ¢ (t) = (1 + §)se*( @O o .
» Each individual gives birth to a new individual at rate )\j =1+ s(g; + Ca).

* Each individual dies at rate V;L =1-s.
Likewise, for the process (X, (¢),t > 0), at time ¢:

 New immigrants appear at rate ¢, (¢) = (1 — 5)ses(qfc4)t]l{t§5j_7j}.
* Each individual gives birth to a new individual at rate A\; =1+ s(g; — Cu).

¢ Each individual dies at rate v; =1+ p.

To establish that a coupling can be achieved so that (7.13) holds, we will give an
explicit construction of the processes (X;r(t),t > 0) and (X, (t),t > 0). To do this, we
will construct a population in which individuals are colored red, yellow, and blue. We
will let X f (t) be the total number of individuals at time ¢, and we will let X (¢) be the
total number of red individuals at time ¢. For ¢ < k;, the number of individuals at time
t that are red or yellow will equal X(7; +t), which we will refer to as the number of
individuals in the “original population”. We will number the individuals in our population
by the order in which they were born.

The construction will require the original population process (X(¢),t > 0), as well as
additional Poisson processes. For each i € IN, we will have Poisson processes IV, ; ; and
Ng;,; to help construct births and deaths and an additional Poisson processes IV, ; to
handle immigration. These will be Poisson processes on [0, 00) X [0, c0) with Lebesgue
intensity, which will be independent of one another and of the original population
process. We will also need a sequence (3;,;)72, of independent random variables which
are uniformly distributed on (0, 1) and are independent of (X(¢),¢ > 0) and the above
Poisson processes.

We first construct our population up to time ~;. Observe, as we go through the
construction, that the red population has immigration, birth, and death rates of qﬁj_ (1),
/\j_, and v respectively, the total population has immigration, birth, and death rates
of ¢;’(t), /\;“, and u;-’ respectively, and the red and yellow individuals stay in one-to-one
correspondence with the original population. This construction is well-defined because
Lemma 7.2 ensures that the rates described below are positive and the probabilities
indicated below are between zero and one.

» If a type j mutation occurs in the original population at time 7; + ¢, then an
immigrant appears at time ¢. This will be the /th change in the population for some
positive integer /. We color this immigrant red if 3, ; < ¢; (t—)/(uX;-1(t—)), and
otherwise we color it yellow. A blue immigrant appears at time ¢ if the Poisson
process N,, ; has a point (¢,z) with « < qu*(t—) — pX; ().

e If the ith individual at time ¢— is blue, then it gives birth to a blue individual at
time ¢ if the Poisson process Ny ; ; has a point (¢, z) with z < )\j+ and dies at time ¢
if there is a point (¢, ) in Ng; ; with = < v
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e Suppose the ith individual at time ¢— is red. If the corresponding individual in the
original population gives birth at time 7; + ¢ as part of a pure birth event, then the
ith individual gives birth at time ¢. This will be the ¢th change in the population for
some /, and the new individual born will be red if 3¢ ; < A; /B’ (t—) and otherwise
will be yellow. If the corresponding individual in the original population gives birth
at time 7; +t as part of a birth and death event, then the ith individual gives birth to
a yellow individual at time ¢. The ¢th individual also gives birth to a blue individual
at time ¢ if the Poisson process N ; ; has a point at (¢, z) with z < A;’ — Bi(t-).

If the corresponding individual in the original population dies at time 7; + ¢ as
part of a pure death event, then this will lead to the /th change in the population
for some ¢, and the ith individual dies at time ¢ if 8, ; < z/;.r /Dj(t—) and otherwise
turns blue. If the corresponding individual in the original population dies at time
t as part of a birth and death event, then the ith individual turns blue at time
t. The ith individual also turns yellow at time ¢ if Ny ; ; has a point at (¢, z) with
r<v; — Dj(t-).

¢ Suppose the ith individual at time ¢— is yellow. If the corresponding individual in
the original population gives birth at time 7; + ¢ as part of either a pure birth or
a birth and death event, then a new yellow individual is born at time ¢. The ¢th
individual also gives birth to a blue individual at time ¢ if the Poisson process Ny ; ;
has a point at (¢, ) with z < X} — B} (t—).
If the corresponding individual in the original population dies at time ¢ as part of a
pure death event, then this will be the /th change in the population for some ¢, and
the ith individual dies at time ¢ if 8, < V;T /Dj(t—) and otherwise turns blue. If the
corresponding individual dies at time ¢ as part of a birth and death event, then the
ith individual turns blue at time ¢.

At time «;, the coupling with the original population is broken, and we make all yellow
individuals blue. After time x;, the process evolves as follows:

* If k; <t < ¢, then a red immigrant appears at time ¢ if there is a point (¢, z) of
Npj with z < ¢ (t—) and a blue immigrant appears at time ¢ if there is a point
(t,x) of Ny, ; with ¢ (t) < x < ¢ (¢).

* If the 7th individual is blue, it gives birth to a blue individual at time ¢ if IV}, ; ; has
a point (¢,z) with z < )\j+ and dies at time ¢ if there is a point (¢, z) in Ng; ; with
x < l/;-r.

* Suppose the ith individual is red. Then the ¢th individual gives birth to a red
individual at time ¢ if the Poisson process Ny ; ; has a point (¢, z) with « < A; and to
a blue individual at time ¢ if N} ; ; has a point (¢,z) with A} <z < )\;r. Also, the ith
individual dies at time ¢ if the Poisson process Ny ; ; has a point (¢, z) with 2 < z/j-r
and turns blue at time ¢ if Ny ; ; has a point (¢, z) with z/j’ <z <v;.

For j € I, let H; be the o-field generated by F, along with the Poisson processes
Ny,i.n» Nain, and Ny, , and the random variables gy 5, for h < j. Because the immigration,
birth, and death rates ¢, ¢;, AJ, A}, v/, and v; are all #;-measurable, conditional
on H;, the processes (X;“(t),t > 0) and (X; (t),t > 0) are continuous-time branching
processes with immigration, in which the immigration rate varies with time.

Let
, 3 1
T, =1+ —log | — ).
J 5q; 5q;

Note that 7; < ¢; < 7']/- for sufficiently large N. In view of (4.9) and part 3 of Proposition
4.4, along with the fact that log(s/u)/log(1/sky) — oo as N — oo by (2.4), we have
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7; < Tj+1 on {¢ > 7;} if N is sufficiently large. Lemma 7.4 below helps to bound the
probability that «; < T]’- — 7; and therefore helps to ensure that with high probability,
(7.13) holds up to time TJ/» — 7;. We will need the following bound on the mean of the
branching process.

Lemma 7.3. For sufficiently large N, on {7; < (}, we have

C 1
+
B (rf =)\ < ok (5 )

Proof. Standard calculations involving supercritical branching processes give
T;_TJ TN —7j—u
BIXS (0~ mplFo) = [ 6 el e
0
§i—Tj
=(1+ 5)8/ 5@ +Cau os(g;+Cat D) (Tj—75—u) 0,
0

&=Tj
=1 +5)5€s<qj+c4+1)(r;frj)/ ——
0

Now s(Cy+1)(7; —7;) — 0 as N — oo by the reasoning in (6.35), and %% (=T = (5g;)73.

Also,
S 1—es&=7) 1 1 b
/ esudu:e<§j—7j:10g(>+.
0 S 54; 84 54;
Since ¢; > (1 — 20)ky on {7; < ¢} by part 3 of Proposition 4.4, the result follows. O

Lemma 7.4. We have

lim P(Aﬂ U{nj <7 Tj}) =0.

N—o00 A
JjeI

Proof. In view of Lemma 6.2, for j € I we have TJ/- < Tj4+1 < ¢ on A. Therefore, for j € I,
on A the only way to have ; < 7} —7; would be to have X (t) > s/2u for some ¢t < 7} —17;.
Because (X;r(t),t > 0) is a submartingale, it follows from Doob’s Maximal Inequality and
Lemma 7.3 that

s
P(AN{r; <7) =15} Fr) < P< sup X;r(t) > QM‘}"T])]I{OT],}

0<t<7—7;

J

< G log( L ) (7.15)

1
stk sk

2p
< B (7 = )1 ey

Summing over j € I, and then using (2.4) and the fact that the cardinality of I is at most
3Tky by Lemma 6.2, we obtain the result. O

7.3 The probability that a family survives

Here we use the branching process coupling introduced in the previous subsection
to obtain upper and lower bounds on the probability that an individual will acquire a
jth mutation before time ¢; and have descendants surviving a long time into the future.
Note that the right-hand sides of (7.16) and (7.17) below converge to zero as N — co on
A by (2.3) and part 3 of Proposition 4.4.
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Lemma 7.5. Suppose j € I, where j is possibly random, and 7; is a stopping time.
Define H; as in subsection 7.2. On the event {7; < ¢}, we have for sufficiently large N,

C=20E < PO ()~ 1) > 015) < POGH 7 = 7) > 0fy) < LE2E 0 .16

q; 4qj
Also, letting L; and L;’ denote the numbers of immigrants in (X, (t),t > 0) and
(X;r (t),t > 0) respectively that have descendants alive at time 7] — 7;, for sufficiently
large N on {7; < (} we have

P(LT > 2|H;) < - (7.17)

Proof. Throughout the proof, we work on the event {r; < (}. Because X, (t) < X;’(t)
for all t > 0, the second inequality in (7.16) is obvious. We now prove the third inequality.
By (7.1), the probability that an immigrant in the branching process (X J+ (t),t > 0) at
time u has descendants that survive until time 7} — 7; is

+_ 4+
Aj Y
PR y%ef()‘jfl’;—)(‘ry{fnfu)
J J

Now Af — v = s(q; + Ca + 1). Also, for sufficiently large N,

, 2 1 b 3 1
Ti—&=—log|— | ——2=25—log{ — |
54; 54; 845~ 254; §4;

Therefore, if u < §; — 75, then
V;re—(/\f—t/f)(fj‘—fj—u) < (1= s)e s @HOHNEG-8) < 054 (5-86) < (5¢;)3/2,

which, in view of part 3 of Proposition 4.4 and assumption A3, implies that for sufficiently
large N,

A o—vf _ s(qj +Cy+1)

A — vt O D= T 1+ (g + Ca) — (5,)°/

<s(g;+Cys+1).

Therefore,
+ 4+
Ay

Aj— o V;—ef()\;rfujr)('rj’vf'rjfu)

du

&i—Tj
BILHH,] = / 6% (u) -

&i—Tj
< / (14 0)ses@HDU . 5(g: + Cy + 1) du
0

— (1+6)s%(q; + Cu + 1)(65(qj+04)(5j_m - 1)
b s(g; + Ca)

j 1
< (1+96) (%""%") ge5(@i+C) (& —75)
q; +Cy

Because ¢°%(&7i) = ¢ /(sq;) and Cys(¢; — 7;) — 0 as N — oo by (6.35), it follows that

for sufficiently large N,

(14 26)e’
a4

The conditional Markov’s Inequality now gives the third inequality in (7.16). Because the

conditional distribution of L} given #; is Poisson, we have P(L} > 2|H;) < (E[L]|H,])*.

Therefore, (7.17) also follows from (7.18).

E[L]H;] < (7.18)
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It remains to prove the first inequality in (7.16). The argument is similar to that for
the third inequality, but we will need a lower bound on the expectation. For sufficiently
large N,

s = [ o A v d
L5 [#;] —/0 ¢; (u) - Vv
J J
§i—Tj N — v
> / ¢_(u) . 1777 du
0 / A
&i=Ti Oy -
= 1 —§)sesla—Cau . s(¢j —Ca) — po du
/0 ( ) 1+5(q; — Ca)
_ (1=0)s*(g; — Cu— p/s) (es(qﬂ'—@)(@—n) _ 1)
1+35(gj = C) s(q; — C1)
_ b
L (= G20 o

95
Because the conditional distribution of L given #; is Poisson, we have

P(X; (1j —7j) > 0[H;) = P(L; >0|H;) =1 e BIL;IH;] > E[L; ;] — (E[L] [M;])%.

The first inequality in (7.16) follows from this result and (7.19). O

7.4 The size of a surviving family

The lemma below bounds the probability that some individual will acquire a jth
mutation before time ¢; and have at least z¢*% (7 ~™) descendants alive at time 7;. Recall

from (4.6) and part 1 of Proposition 4.4 that 5% (575 ig approximately the number of
type j individuals that we would expect there to be in the population in the absence of
such an early type j mutation. This result is the precise version of (3.5), which is the key
to understanding why the Bolthausen-Sznitman coalescent describes the genealogy of
the population.

Lemma 7.6. Fix j € I, and recall the definition of H; from subsection 7.2. For sufficiently
large N, on {1; < (}, we have for all z € [§/2,2/4],

’ 1-176
P(X; (7] = 75) > ae* 07T ;) > 2 (7.20)
J
and for all z € [e7°,2/4],
0 (! 1+76
P(X;F(le- —75) > xeéqj(Tj_Tj)"Hj) < + . (7.21)
q;x

Proof. Throughout the proof, we work on the event {r; < (}. We first prove (7.21).
Suppose = € [e",2/6]. If X (7] — 75) > 2¢*%(7i~73) | then either two immigrants in the
population have descendants alive at time 7-]4 — 75, an event whose probability has already
been bounded above in (7.17), or else for some u € (0, & — Tj], an immigrant arrives at
time v and has more than z¢°% ("~ descendants at time 7} — 7;. Note that

3 1
(A = vf) = sqjl(m] — 75) = 5(Ca+ 1) - — log () ) (7.22)
SQj qu

as N — oo by the reasoning in (6.35). Therefore, for sufficiently large N, we have

259 (T =75) > (1-— 5)33@(/\;_”;)(71/‘_71), (7.23)
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Suppose an immigrant arrives at time u, and let X;,“u(t) be the number of descendants of
this immigrant in the population at time ¢. For¢ > 0, let
Wi(t) = e X (¢ + ), (7.24)

and let W := lim;_, o, W,/ (¢), which exists by (7.3). Equations (7.23) and (7.24) imply
that for the immigrant to have more than ze*%(Ti~7i) descendants in the population at
time TJ/» — 74, if N is sufficiently large we must have

Wil — 75 —u) > (1 - 8)zey v, (7.25)

To estimate the probability that this occurs, observe that by Lemma 7.1 and (7.2)

QAj—ef()\;fu;)(T_;frj —u)

+ W ()‘j_”jﬂ“<
PV WL == > 0000 < B
j J

_ 201+ s(g; + Cy))em N @)
- 6%2s(q; + Ca +1)

Since e~ )T =) < e 54T~ = (sq;)3, it follows that for sufficiently large N,
3(sq;)?
5222

Note that A[ — v > sq;, and (1 — 6/2)sq; < (A] — v )/A} < (14 6)sq; for sufficiently
large N. Therefore, by (7.2) and (7.4), for sufficiently large N,

P(WH =W () = 75 = w)| > dwel D)

IN

(7.26)

ot oy
P<W+ > (1 _ 25)3’:60‘;_1);)”) _ <>\j +Vj )e—(l—%)me("j i) ()\;r_,/;r)/)\;r
Al
J

< (1 + 5)que—(1—36)sq_jzes

qju

(7.27)

The probability of the event in (7.25) is bounded above by the sum of the expressions in
(7.26) and (7.27). Thus, combining this result with (7.17), we have

P(X] (7] = 75) > we* ) |Hy)

2 2b &i—T; sqiu )2
< 672 +/ (1 + 5)ses(qJ'+C4)u ((1 + 5)5(]]_6*(1736)8%90@ "4 35582%2) ) du. (7.28)
4q; 0 T

Using that €% (¢ ~7) = ¢¥/(sq,) and that s(&; — ;) — 0 as N — oo by (6.35), we have, for
sufficiently large NN,

&= , 3(sq;)? 4els
/0 (14 6)se@ . =P du < . (7.29)

Also, making the substitution y = (1 —3d)sq,;ze’¥", so that dy/du = sq;y, and using again
that s(§; — ;) = 0 as N — oo, for sufficiently large N we have

/ (1 + 5)ses(qy'+04)u . (1 + 5)8%67(1735)5(1”@ ™ du
0

Ei—7; )
< (1+6)282qj604s(§j—7j)/ ’ Jesqjue—(1—35)sqjxe°qj“ du
0

2.2 Cas(§5—75) (1-30)sqsoetts &7 e ¥
= (140)“s7qe~**\si7 ™ / ——5—dy
! (1-368)sq;x (1 - 36)82%233
1464
< . (7.30)
q;x
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From (7.28), (7.29), and (7.30), we get

P(X (7] — 7)) > 2’ () 1) < (7.31)

debsq; | 2e%
<1+6(5+ esqj_'_ e JU)

q]? 02z q;
Recall that (1 — 20)ky < ¢; < (e +2d)ky on {7; < ¢} by part 3 of Proposition 4.4. Since
kn — oo and sky — 0 as N — oo by assumptions Al and A3 respectively, the upper
bound (7.21) follows from (7.31).

Next, we will suppose z € [§/2,2/4] and show (7.20) by similar arguments. We
consider only the individuals colored red in the construction given above. Suppose a red
immigrant arrives at time u. Then let X () denote the number of red descendants of
this immigrant at time ¢, and for ¢ > 0, let
W () =N X (t+ ).

u

Let W~ :=lim;,oc W, (t). Because [(\; — v, ) — sq;| = 0 as N — oo by the reasoning in

u J

(7.22), the reasoning that led to (7.25) implies that if
Wy (1) =15 —u) > (14 &)z~ (7.32)

and N is large enough, then X (7; —7;) > 2¢*%5(7i=7i)  Because s(tj—7;) > 0as N — o0
by the reasoning in (6.35), we have
e O T < (14 8) (s05)°

for sufficiently large N. Therefore, by the reasoning leading to (7.26), for sufficiently
large N we have

3(sq;)?
5222

—v;)/A; < (1+3/2)sq; for sufficiently

(7.33)

P(\W™ =W, (7] —1; —u)| > el 7y <

Note that A\, —v; < sgj, and (1 —d)sq; < (A
large N. Therefore, by (7.4)

P(W™ > (1+26)e™ 7)) = (Aj_ ; Vj)@’““‘””“j Rty
A7
J
>(1- 5>e—(1+35)sq1xe5%‘”_ (7.34)

By using (7.33) and (7.34) to bound from below the probability in (7.32), we get that for
sufficiently large N,

P(X7 (1) — 75) > ze*% (=T |H;)

N
§i—Tj sqju 3(s .)2
s(q;—C. —(1438)sqjze®i™ q;j
> A (1 — 6)se®(1=C) <(1 — §)e(1+39)sq 572 > du. (7.35)

Following the reasoning in (7.30), this time using the substitution y = (1 + 3J)sq,;ze®%",
we get

Ei—1;
/ o (1 —0)se3(0=C1) . (1 — §)e~(1+30)sa50e™™ gy,
0

s (€;—1))

1-66 (1+30)sqjxe®it=i—7i

> / e Ydy
(

q;T 1+36)sqjx

_ 1 —60 (e—(1+35)sq‘jm _ e—(1+35)eb1)
q;T
1-65 b
> — (1—(1+38)sqjx—e 7). (7.36)
q;x
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On {r; < ¢}, by part 3 of Proposition 4.4, we have sq;z < 2(e + 2§)skn/6 — 0 as N — oo.
Also, using the definition of b from (4.1), we have e—¢'® < ¢—12000T/(%) Therefore, using
(7.36) to bound the first term in (7.35), and using the reasoning of (7.29) to bound the
second term, we obtain (7.20). O

In view of (7.13), Lemmas 7.5 and 7.6 show that the number of early type j individ-
uals is well-approximated up to time TJ/- by a continuous-time branching process. The
result below tells us that the number of early type j individuals at time 7; is usually
determined, to within a small error, by the number of such individuals at time TJ/».

Lemma 7.7. For j € I, define the event
Ay o= {|e 6= X () — e T GO b x| s eh) (7.37)

Then

A}gnooP<Aﬂ U A]) = 0.

jeI

Proof. Let S be the set of individuals at time T]/- descended from individuals that acquired
their jth mutation during the time interval (75, {;], which means there are X’(7;) individ-
uals in the set S. Then, using the notation of Corollary 4.9 with ij in place of x, we get
that for ¢t > TJf,

tAT 41 AC

— [T G () do
J

e Xj(t AT A Q) = Xj()) + Z5 (1), (7.38)

where (Z7 (7] +t),t > 0) is a mean zero martingale. Therefore, on {7;; < ¢}, we have

T4 1
—sq;(ti—7))— [Tt G, (v) dv
eI () = ¢ T A

j Xi(rj41) — e 97T 78 (7541)

J

T'; i(V)—8q, v _— Titt i (v v —8q; T/—T'
:efT]’ (Gj(v)—sq;) d e J=7 Gi(v)d X;(Tj+1) — o5 (7; J)ZJ‘S(TjJrl)-
(7.39)

By (4.5), on {7;41 < (}, we have e~ S G @ X!(rj+1) < C1. Also, by part 1 of
Proposition 4.4, on {741 < (}, we have

’

/ ’ |G(v) = sq;| dv < C3s(1) — 75), (7.40)
which tends to zero as N — oo by the argument in (6.35). Thus, (7.39) implies that for
sufficiently large N, on {7;,1 < (}, we have

. —-b
(s — (Tt G () do e sqi (T —1
e (=T X (1) — e~ I G vt )] < — te G| Z8 (1p40)|. (7.41)

It remains to bound |Z]‘S(Tj+1)|. By Corollary 4.9 and the argument leading to (4.19),

(FHDATIAC g [ () do
Var(Zf(T]f+t)|]-"ij_) < BE{/ e 7 Gi(v) X' () du

’

fﬁ_] . (7.42)

Because G;(v) > s(g; — C3) for v € [1j,7j41 A ) by part 1 of Proposition 4.4, it follows
from equations (7.38) and (7.42), Fubini’s Theorem, and the fact that (ZJS(TJ/ +1t),t>0)
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is a mean zero martingale that for sufficiently large IV,

(Tj+ATj 1A _ Y Gj(v) dv
I ) 4 0

/

Var(Z3 (r + )| Frr) < SE[/

]

/

(T;+t)/\7']‘+1/\< e , , , s
< SE[/ e~ * =)W= (X () + Z5 (t)) du

-]

1! > —s(q;—C: u—r’
<ax)(r)) [ e e gy
- 4Xj’-(7-J’-).
< 75(1]-

Therefore, by the L? Maximum Inequality for martingales,

F
) T sqje?

—b
P(|Z]S(Tj+1)‘ > %esqj("—j_ﬁ) / e—Qqu(Tj_Tj) = CX]/-(TJ/-)(SQJ‘)562b. (7.43)

On {x; > 7/ — 7;}, we have X/(}) < X (7] — 7;) by (7.13). Let F;, be the o-field
J

generated by ]-'TJ/_ and the event {x; > 7/ — 7;}. Since the additional Poisson processes

Nyij,» Naij, and Ny, ; and random variables 3, ; are independent of the population

process (X(t),t > 0), we have on {x; > 7} — 7;},

~b
P(|ZJS(7'J‘+1)| > %esqi(ﬁ_”)

.7-":]{) < CXS (1) — 7)) (skn)e®.

Therefore, taking conditional expectations of both sides of (7.43) with respect to ]—'Tj and
then using Lemma 7.3 and part 3 of Proposition 4.4, we get

el
P<{"¢j > 7 =730 {’Zf(71+1)| > QGSqJ(TjTJ)H]:TJ>
< CE[X;_(T]{ — Tj)|]:7j](8k‘N)562b

2 _2b
< C(Shv)elog(
kn

1
— . 7.44
- kN) (7.44)
Using Boole’s Inequality and summing over j € I, we now deduce from equations (7.41)
and (7.44) and Lemmas 6.2 and 7.4 that

C(sky)2e? 1

jer

which tends to zero as N — oo by assumption A3. O

7.5 The fraction of individuals descended from an early mutation

To determine the genealogy of the population, it will be important to consider the
fraction of type j individuals in the population descended from an early type j mutation,
as this is an estimate of the fraction of lineages that will coalesce near the time of this
mutation. To this end, we let

v . Xi(me)
! [s/ul
which is the fraction of type j individuals at time 7;,; that are descended from a type j
mutation that occurred between times 7; and ;. Also, define

(7.45)

v (efsqf(TJ/‘*Tj)X;(T]{ - 75) — e ) vo

T (e e TTX S (= 7)) — e ) VO) + 1+ 45
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and ,
S A e, O Bk D
! e T X (T — ) e 41— 46

(7.406)

Lemma 7.8. Suppose j € I. For sufficiently large N, on {7; < (}, we have, for all
y €[6,1—4],

1-— 1-136 1-— 1+136
(1 -y —139) < P(Y] >y|H;) < P(Y;" > y|Hy) < M
a5y a5y

(7.47)

Also, defining the event A; as in (7.37), on A N {7;41 < (} N {k; > 7} — 7;} we have
- +
Y, <Y; <Y (7.48)
Proof. We first prove (7.47). Suppose y € [0,1 — §]. The middle inequality in (7.47) is
immediate. To prove the third inequality in (7.47), note that YjJr > y if and only if

(1+eb—40)y —e®

e—sqj(T}—Tj)XJ-_i-(T]{ —7) > Ty (7.49)
Since e*b/y < 6 by (4.1), we see that (7.49) implies
678!1;‘(7_;*7]‘))(*(7-’, — 1) > (1 - 55)34.
g\ J 1— y

Thus, by Lemma 7.6, for sufficiently large NV, on the event {7; < (}, we have for all
y e [57 1- 5];

e 1-58)y (1+75)(1 —vy)
Pyt > < Plesu(mi=m) X+ (1 — 1 >(77.[. < I
( j = y|H;) < (e j (rj—75) 2 1—y 1) =" 1 -50)qy

which leads to the third inequality in (7.47). Likewise, note that Yj* > y if and only if

(1—e P +48)y+e?®

e*qu'(Tj*‘fj)Xj—(T{ — 1) > T

J

i

which, since e?/y < 4, will always hold if e_sqﬂ(Tﬂl‘_Tj)X;r(TJ’» —1;) > (L+58)y/(1 —y).
Therefore, by Lemma 7.6,

/ 1450 1-76)(1—
P(Y;™ > ylH;) 2 P<e_SQj(Tj_Tj)XJ‘+(TJ/' —7j) 2 ( 1+— y)y‘%) 2 1+ 5)§)qj‘yy)’
which implies the first inequality in (7.47). It remains to prove (7.48).

The last statement of part 1 of Proposition 4.1, combined with (4.9), implies that on
the event {7,141 < ¢}, no individual that gets a jth mutation at or before time 7, has a
descendant alive at time 7;,. In particular, we have X/(7;11) = X, 1(7j+1). Therefore,
using also that X 1 (7j41) + X 2(7j41) = X;(7j41) = [s/n], we get, on {141 < (},

X1 (741)
Xj1(Ti41) + Xj2(7j42)
e j':]:j+l Gj(v) dej,l(

}/j:

Tj+1)

. (7.50)
_ [lit1 v) dv — [T G, (v) dv

e I K () e I GO X (1)

By (4.6), on {7,411 < (},
Tj+1

1—4 < e 07 G0dv X (7)) < 1+ 46. (7.51)
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Combining (7.50), (7.51), and the definition of A;, we get that on A‘;- N{rj41 < ¢},

—sq; (T/=7)) v/ (-t _ .—b
e 5\ ’Xj(Tj) e

e U TTIX () —eh + 1440

e BT X (7]) + e

S Y S 7 .
efsqj(Tfo)X]’z(TJ’») +et+1-46

J

Combining this observation with (7.13) and noting that Y; > 0, we conclude that (7.48)
hOldSOIlA;ﬂ{TjJrl<<}ﬂ{l€j>7'j/v—7'j}. O

8 Coupling with the Bolthausen-Sznitman coalescent

In this section, we prove Theorem 2.1 by establishing a coupling between the coa-
lescent process (IIy(u),0 < u < ¢y + 1) and the Bolthausen-Sznitman coalescent. Our
strategy will involve examining the process at the times 7;. A very similar idea was used
in [12] by Desai, Walczak, and Fisher.

8.1 No coalescence between times 77, and ayT

Recall from Remark 5.5 that with probability tending to one as N — oo, no lineages
coalesce as they are traced back from time ay7 to time 7;410. The result below shows
that the lineages are also unlikely to coalesce as they are traced back further from time
Tr+10 to time 77, which implies the statement (2.6) from Theorem 2.1. As with Lemmas
5.4 and 6.5, it is sufficient to state the result for the first two lineages.

Lemma 8.1. We have

limsup P(AN{Ty 5 > 7.}) < CTe™". (8.1)

N —o0

In particular, the statement (2.6) holds.

Proof. Let ¢4 = Uy(anT) and {5 = Us(anT). Without loss of generality, suppose ¢; < /5.
We know from the argument in Remark 5.5 that

]\}iirlmP(A N{T12 > 7r410}) =0,

so we only need to follow these two lineages between times 77, and 774 19. By Lemmas 5.2
and 6.4, we know that, outside of an event A such that limy_,., P(ANA) =0, fori € {1,2}
we have U,‘(Tj_;,q) =] fOI‘j € {L -1,L,... ,gi} and Ui(Tj_;,_l) ={; fOFj S {Ei, R 9}
When this occurs, there are only three ways that these lineages could coalesce between
times 71, and 71,410, in view of the fact that only lineages of the same type can coalesce:

1. We have ¢; =¥y and Ty 2 > 74, 41.

2. We have ¢; < ¢y and 74,1 < T12 < Va4, 41 < T¢,42. That is, as we trace back the
ancestral lines, the second lineage gets traced back to a type ¢; individual, then
coalesces with the first lineage between times 74, 1 and 7, ;2.

3. Forsome j € {L—1,L,...,¢{}, two type j lineages at time 7, are descended from
the same type j — 1 lineage at time 7;.

Lemma 5.4 bounds the probability of the first possibility above, while Lemma 6.6
bounds the probability of the second possibility. It remains only to consider the third
possibility, in which the lineages coalesce between times 7; and 7;4, for j € {L —
1,L,...,¢;}. As noted in the discussion in subsection 6.3, Lemmas 6.5 and 6.6 establish
that the probability that such a coalescence event occurs without the ancestor acquiring
an early type j mutation is bounded above by CTe~?. Also, because the result of Lemma
7.5 holds even when j is random provided that 7; is a stopping time, we have

. Ceb
P(AN{X] (1] —7;) >0 forsome j € {L—1,L,...L+9}) < o
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where we have used also part 3 of Proposition 4.4. In view of (7.13) and Lemma 7.4, it
follows that the probability that, for some j € {L —1,L,...,¥¢;}, two type j lineages at
time 7,1, are descended from an early type j mutation tends to zero as N — oo. The
result (8.1) now follows from the bounds collected in this paragraph.

Finally, since 7, < ay (T — 1) on A by (5.4) and (4.9), the statement (2.6) follows from
(8.1), (4.1), and the fact that € > 0 and ¢ > 0 are arbitrary. O

8.2 Representing the early type ; mutations by a point process

Fix j € I. Recall from the discussion before Lemma 6.5 that the individuals sampled at
time a1 are typically descended from type j individuals at time 7,1, and these lineages
will typically coalesce only if they are traced back to one individual that acquires its jth
mutation before time &;. We construct in this subsection a point process that encodes
these coalescence events.

Let A; be the event that A occurs and that U;(7;) = j+ 1 for all i € {1,...,n}.
Suppose we condition on the event A;, the random variables Y; = X/(741)/[s/p] and
7¢ for ¢ € I, and the partitions Iy (7T — 7¢/ay) for £ € I with ¢ > j + 1. Denote the
blocks of IIn (T — 7¢/an) by By, ..., Ben,, where we rank the blocks in order by their
smallest element. By the definition of A;, the n;;, individuals in the population at
time 7,4, that are ancestors of individuals in the sample are all among the [s/u] type j
individuals in the population at time 7;,,. However, by the symmetry in the process, all
[s/u]([s/u] —1)...([s/i] —nj+1 + 1) possible choices of n,4; individuals out of these
[s/14] are equally likely to be the ancestors of the individuals in the sample corresponding
to the integers in the blocks Bji11,. .., Bjt1,n,,, respectively. Also, X} (7;;1) of the [s/u]
type j individuals at time 7;,; are descended from an individual that got an early type j
mutation between times 7; and ;. We call these type j individuals good.

We now construct some uniformly distributed random variables Z; ; for i € {1,...,n}
and j € I. Begin by defining random variables Z;; for i € {1,...,n} and j € I which are
uniformly distributed on [0, 1] and independent of the population process (X(t),¢t > 0)
and of one another. If j > L +1, thenlet Z; ; = Z7' ;. Likewise, if either A; does not occur
ornji1 <14 <n,thenlet Z; ; = Z},. Now suppose A; occurs. Fori € {1,...,n;11}, we
call the (4, j) ancestor the individual at time 7, that is the ancestor of the individuals in
the sample whose label is in the block Bj.1,;. Let Ko =0, and for ¢ € {1,...,n;41 — 1},
let K; be the number of integers h € {1,...,i} such that the (h, j) ancestor is good. Then,
conditioning on K;_; in addition to the event A;, the random variables Y; and 7, for ¢ € I,
and the partitions Iy (T — 74 /an) for ¢ € I with ¢ > j + 1, the probability that the (i, j)
ancestor is good is

P X (7j41) - Ki,l.
T Is/ul = (i-1)
Let Z;; = Z,;P;; if the (i,j) ancestor is good, and let Z;; = P;; + Z;;(1 — Pi ;)
otherwise. Note that Z; ; has a uniform distribution on [0, 1], and the (¢, j) ancestor is
good if and only if Z; ; < F; ;. Also, the random variables Z; ; are jointly independent of
the random variables Y; and the stopping times 7, for ¢ € I.
Let @y be the point process on [0, + 1] x [0, 1]"*! consisting of all of the points

.
(T— ],Yj,ZLj,...,Zn,j>
an

such that j € I, j < L, and Y; > 0. We use the point process ®y to construct a
coalescent process (IT%;(v),0 < u <ty + 1) as follows. Let IT%,(0) = {{1},...,{n}}. For

u € (0,to + 1], suppose (u,y, 21, .., 2,) is a point of ®x and I}, (u—) = 7, where 7 is a
partition of {1,...,n} whose blocks, ordered by their smallest elements, are By, ..., By.
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Then IT%, (u) is obtained from IT} (u—) by merging together all of the blocks B; for which
z; < y. The result below relates the coalescent processes (Il (u),0 < u < tg+ 1) and
(Il (u),0 < uw < to+1).

Lemma 8.2. We have

lﬁl&fP(j@{HN< aN) HN( aN>})_1 Cn’e. (8.2)

Proof. We claim that the event in (8.2) could fail to hold in the following ways:

1. Either Iy (T — 7z /an) # {{1},....{n}} or I (T — 7. /an) # {{1},...,{n}}.
2. The event A; could fail to hold for some j € I with j < L.

3. For some j € I, either the event A’j defined in the statement of Lemma 6.5 or the
event A;? defined in the statement of Lemma 6.6 occurs.

4. For some j € I, two or more individuals at time 7; have descendants that got a jth
mutation before time &; and then have type j descendants in the population at time
Tj+1-

5. For some j € I with j < L and Y; > 0, and some i € {1,...,n}, the random variable
Z;.; is between P; ; and Y.

To see that these are the only possibilities, recall from the discussion at the beginning
of subsection 6.3 that if A, occurs for all / € I with ¢ < L, then unless A;- or A;
occurs, the only way that lineages can coalesce between times 7; and 7;4; is for two
or more lineages at time 7,41 to be traced back to one individual that acquires its
jth mutation before time ;. Unless the fourth event listed above occurs, the only
way this can happen is for a group of lineages at time 7;,, to get traced back to the
same individual that acquires its jth mutation before time ;. In this case, suppose
UN(T — mj41/an) = ON(T — 7j41/an) = mj41, and By, .., Bjy1,n,,, are the blocks
of m;11, ranked in order by their smallest elements. By the construction described at
the beginning of this subsection, we obtain IIy (T — 7;/ax) by merging the blocks B;1 ;
for which Z; ; < P; ;. We obtain II} (T — 7;/an) by merging the blocks B;; ; for which
Z;; <Y, ;. Therefore, we can only have IIy(T — 7;/an) # N (T — 7;/an) if the fifth
event listed above occurs.

We thus need to bound the probabilities of the five events listed above. Recall
that P(A°) < 2¢ by (4.11). By construction, (T — 7;/an,Y;, Z1;,...,Zy ;) will only be
a point of &y if j < L, and 7, < any(T — 1) on A by (5.4) and (4.9). It follows that
Iy (T — 71 /an) = {{1},...,{n}} on A. Also, by Lemma 8.1, the probability that A occurs
and IIn(T — 72 /ay) # {{1},...,{n}} is at most Cn?Te~® < Cn?c in view of (4.1). By
Lemma 6.4, the probability that A occurs and the second event above occurs tends to
zero as N — oco. Lemmas 6.5 and 6.6 show that the probability that A occurs and the
third event above occurs is at most Cn2Te ? < Cn2ec. The probability that A occurs
and the fourth event above occurs tends to zero as N — oo by (7.17) along with (7.13),
Lemma 7.4, and part 3 of Proposition 4.4.

It remains to bound the probability of the fifth event above. For sufficiently large N,

P — Y| = (i = D)X (7j41) — Kio1[s/p] - nls/u] 2717”
e [s/pl([s/pl =@ —=1)) |~ [s/ul(ls/p] = (i=1)) = =
Because Z; ; has a uniform distribution on [0, 1] and is independent of Y}, the probability
that Z, ; is between P, ; and Yj is at most 2np/s. Therefore, using Lemma 6.2, the
probability that this occurs for some ¢ € {1,...,n} and j € I is at most 6n?Tkxpu/s,
which tends to zero as N — oo by (2.4) and assumption A2. The lemma follows. O
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8.3 A Poisson point process derived from oy

In this subsection, we modify the point process @ to obtain a Poisson point process
® from which we can construct a Bolthausen-Sznitman coalescent via the technique
outlined in subsection 3.1. The random variables Z; 1,..., Z; , are already independent
and uniformly distributed on [0, 1], and they will remain unchanged. However, we will
define new random variables Y;* that are coupled with the original random variables Y
as well as new times TJ?".

For j € I, let Z; be a random variable having the uniform distribution on [0, 1] that
is independent of the population process. Recall the definition of the o-field H; from
subsection 7.2. Define the random function

Hj(y,z) == P(Y;" <y|H;)+2P(Y;" = y|H;), forally,zel0,1].
Also, let Fj(y) := P(Y;" < y|H;) = H,(y,1), and for z € [0,1], let F; '(z) := sup{y :
F;(y) < «}. Then it is easy to see that almost surely
Vit = FNH; (Y Z)). (8.3)

Note that if 0 < z < 1, then there is a random integer K (z) such that

o= ) e <)
Then
P(H;(Y;", Z;) < alH;) = P (Wgﬁfﬁm) P(YJ+ F/)ﬁ ’Hj)
)

- P <K s/pl|H;
(2, < 2P0 S KT )
P(Y; = ( (@) +1)/[s/ul|H;)
=z.
Therefore, the conditional distribution of H j(Yj*, Zj) given H; is uniform on [0, 1]. For
x>0, let
e~ (T—m)-z)/anz  jro <0<
K;(x):= e (Tin—m-e)/ave  iro< g < e
0 ifz <0

For z € [0,1], let Kj_l(x) =sup{y : K;(y) < z}. Also, let

Y = KN (H(Y, Z5). (8.4)
Then for all x > 0, we have
P(Yj* <zH;) = K;(z). (8.5)

Note that YJ* never takes a value between 0 and ¢, so if Yj* > 0, then Yj* > e.

We now continue with the construction of ®. For all j € I, independently of the
population process (X(t),t > 0) and of all other auxiliary random variables introduced
up to this point, let 7} be uniformly distributed on [7'— 77, /an,T — 7 /an], and let @
be a Poisson point process on [T — 77, /an,T — 7} /an] x [0,1]""! with intensity

du X z72de x dzg X - X dzp.

For all j such that T € [1,to + 1] and Y > 0, the point process ¢ will include the point
(7Y, Zj1,. .., Zjn). Also, for all j such that Y > 0, the point process ® will include
all points of ®; whose first coordinate is in [1,#o + 1] and whose second coordinate is in
the interval (e,Y}"). Finally, ® will include all points of ®; whose first coordinate is in

[1,%0 + 1] and whose second coordinate is less than ¢.
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Lemma 8.3. The point process ¢ defined above is a Poisson point process on [1, ¢y + 1] x
[0, 1]"! with intensity
du X 272de x dzg X - X dzp. (8.6)

Proof. We separately consider, for each j, the restriction of ® to points whose first
coordinate is in the interval [I'— 77, /any,T — 7} /ay]. For a Poisson point process with
intensity (8.6), the expected number of points in the region [T' — 7, /an, T — 7} /an] X

[z,1] x [0,1]" is
an T anNZT

Therefore, from (8.5), we see that if x > ¢, then P(YJ* > z|H;) is the probability
that there are no points in this region. Using also that 77 is uniformly distributed
on [I'— 77, /an,T — 7} /an]| and that the random variables Z; 1, ..., Z; , are uniformly
distributed on [0, 1]", it follows that

(T7.Y} Zja, - Zjn)

has the same distribution as the point whose second coordinate is the largest among
points of a Poisson process with intensity (8.6) restricted to [T' — 77, /an,T — 7/ /an] x
[e,1] x [0, 1]™. Furthermore, conditional on the event that such a Poisson process has a
point whose second coordinate is y and no point whose second coordinate is larger than
y, the distribution of the restriction of the Poisson process to [T — 77, /an,T — 7} /an] X
[e,y) x [0,1]™ is that of a Poisson process with intensity (8.6). It thus follows from the
construction of ® that the restriction of ¢ to [T'— 7/ /an,T — 7} /an] has intensity given
by (8.6).

Finally, because of the conditioning on #; in (8.5), the random variables Yj* forjel
are independent. Because the Poisson processes <I>; are independent, it follows that the
restrictions of ® to the intervals [T — 7}, /an,T — 7} /an] are independent. The lemma
now follows from the superposition theorem for Poisson processes. O

The next step is to use the Poisson point process ® to construct a coalescent process
(T(u),0 < u < tg+1). Let II(u) = {{1},...,{n}} for u € [0,1]. For u € (1, o + 1], suppose
(u,y,21,-..,2n) is a point of ® and II(u—) = «, where = is a partition of {1,...,n} into the
blocks By, ..., By, ordered by their smallest element. Then II(«) is obtained from IT(u—)
by merging together all of the blocks B; for which z; < y. As discussed in subsection 3.1,
this construction is well-defined, and the process (II(1 + u),0 < u < ty) obeys the law of
the Bolthausen-Sznitman coalescent.

8.4 Comparing Y; and Y

The goal in this subsection is to prove two lemmas that establish that, with high
probability, the random variables Y; and Y} are close. Lemma 8.6 bounds the probability
that either Y; or Yj* is greater than ¢, but the other is not. Lemma 8.7 bounds the
probability that the difference between Y; and Y;* is more than ¢2. We will need a couple

of preliminary estimates.
A= (T s st
p{ | - a( 2

. ny\ _
ngnoop(/m U Aj> = 0.

Jjel

Lemma 8.4. Forj €1, let

Then
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Proof. Lemma 6.2 and part 1 of Proposition 4.1 imply that on A, the fittest individual in
the population at time 7; must have either j or j — 1 mutations. It therefore follows from
(4.2) and (4.12), along with the fact that 7; > ay + 2ayn/ky forall j € I by Lemma 6.2,
that Q(7;) must either equal gj org; —1on Aforallj € I. Let S = [1+ (T — (tc+2))/2,T],
which is a compact subset of (1, c0). It follows from Proposition 4.5 that

. Q(ant)

N

- q(t)’ _>p Oa
tesS

where —, denotes convergence in probability as N — co. By (6.17) and Lemma 6.2, on
A we have 7;/ay € S for all j € I. Therefore,

9% (T
kn q<aN>

which implies the lemma. O

sup
jer

]lA —>p 0,

Lemma 8.5. There is a positive constant C such that ife <y <1 and j € I, then on the
event {; < (} N (A})° € H;, we have for sufficiently large N,

(=91 =COT) _ s ) < (1—y)(1+CoT)

q;Y q;Y

Proof. By (6.1),

1 1

TeTm M 1 1
knq(ti/an) g

1 1 kn
an q;

= —|— . 8.7
kw'q(r;/am o ©7

Also, by (4.15) and (6.4), we have on {7; < (} N (A;’)C,

‘qﬁ'_q(Tj>‘§5+‘q<7—j>—q<7—j)‘S(S—&—lOe(ST. (8.8)
kN an an an

Therefore, using (8.7) and (8.8) along with the facts that q(Tj /an) > 1 by Proposition

4.6 and that ¢;/kxy > 1 — 26 on {r; < ¢} by part 3 of Proposition 4.4, we get that on

{r; <{Fn (47",

T T 1
an 4a;

Because |(1 — e %) — 2| < 22/2 for x > 0 and (6.1) holds, it follows that when e <y <1,

we have for sufficiently large N, on {7; < (} N (A7),

‘ < 1((T;+1_T.5'k)(1_y)>2+ l-y
-2 any Y

(1-y9)
q;Y

* %
Ti+1 T 1

an q;

1—y C6T
<—
Yy kn

(1-K;(y)) -

Because g; < (e +26)kn on {7; < {} by part 3 of Proposition 4.4, the result follows. O

Lemma 8.6. Letting /A denote the symmetric difference between two events, for suffi-
ciently large N we have

P(A nlJ (Y =z epa{y; > 5})> < 06T2.

jer €
Proof. By Lemmas 7.8 and 8.5 and part 3 of Proposition 4.4,

. CoT
PO 2 elty) = P(Y] 2 el#y)] < =
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for sufficiently large N on {7; < (} N (A4})¢, and the same result holds with Y™ in place
of Y7+ Because Yj_ < Y;’, and the random variables YjJr and Yj* are monotone functions
of the same uniformly distributed random variable by (8.3) and (8.4), it follows that

T
PRY} 2 e} A{Y) = 2} iH,) < S0
EkN

on {7; < ¢} N (AY)°, and the same result holds with Y, in place of Y;". Let
U= A; N{rj+1 < ¢rN{k; > Tj/v — T}
By (7.48), we have
(Y7 zepny)) c ({Y; 2} n¥;) c ({Y;" > efnyy).
It follows that on {7; < (} N (A7), we have

corT

P(({Y; > e} A{Y] > e}) N | Hy) < P

The result follows by taking expectations, summing over j € I, and using Lemmas 7.4,
7.7, and 8.4, along with the fact that the cardinality of I is at most 3Tky by Lemma
6.2. O

Lemma 8.7. There is a positive constant C*, not depending on ¢, §, or I, such that for
sufficiently large N, we have

P(ANU W - ¥i1> ez 0y 2 o) ) < SEE0E
JeI

Proof. We first compare Yj* to Yj+. In view of (8.3) and (8.4), we need to compare the
functions Fj_1 and Kj_l. Suppose z € (0,1). If Fj_l(l — z) € [6,1 — 4], then (7.47) implies
that on {7; < ¢}, we have

1—-136 14139
73§F71(1—z)§+73.
gjz+1—130 J gjz+1+130

Likewise, Lemma 8.5 implies that if Kj_l(l —2) > ¢, then on {7; < (} N (A7), we have

1- 06 ) 1+ C6
— <K 'l-2) < ———— .
Geri-co =N U9 o

It follows that on the event {7; < (}N(A})¢, if F; '(1—z2) € [§,1—d] and K; ' (1—2) € [¢, 1],
then
IF7'(1—2)—K;'(1-2)| < Co. (8.9)

Because Fj_1 and Kj_1 are increasing functions taking their values in [0,1], and 6 < ¢
by (5.1), we see that (8.9) holds on {r; < ¢} N (A7) as long as ijl(l —2) € [g,1] and
K;l(l — 2) € [g,1]. Since § < €2 by (5.1), it follows that there is a positive constant C"*
such that on {7; < (} N (A7), we have

Y57 =Y Lz Lpyrsg < (C7 - D (8.10)
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It remains to control the difference between Yj+ and Y;. By (7.47), on {7; < (},
B Liyisey =Y Ly 5o Ml
1
= [ PO s 2 01) = POG 15 > 01)) dy
g
= [ (POt > ey - Py 2 cpy) dy

+ / (P(Y;" > yiH;) — P(Y, > y|H;)) dy

_a 5)05+/ Co1=9) 5. 5(1+C0)

- a;¢ 4y q;(1 =)
< C’(Slog(l/a)'
4qj
Let U; = A5 N {711 < (}N{k; > 7] —7;}. Because Y;” <Y; <Y, on ¥}, by (7.48),
Célog(1l/e)

E[(}/}+]l{1/j+ze} - YJ]I{Y]‘Z‘E})]I‘I’J‘ ‘HJ] < 4 :

Now Markov’s Inequality implies that
Cdlog(1l/e)
P{[¥ilgyzey =V Ly | > €3N0 [H;) < o=
j
Combining this result with (8.10) and part 3 of Lemma 4.4 gives, for sufficiently large N,
Célog(1
P({Y; — Y| > C* 2} n{Y; > e} n{Y; > el n¥,;N(AN)°NA) < %
N

The result follows by summing over j and using Lemmas 7.4, 7.7, and 8.4. O

8.5 Small coalescence events

Lemma 8.8 below shows that it is unlikely that lineages will coalesce between times
7jand 744 if Y; <e.
Lemma 8.8. For sufficiently large N, we have

P(Am UI ({H}FV(T—;J'V) #va( —Z?)}m{yj <5}>> < CTn’.

Proof. Suppose j € I. Let ¥; = AS N {741 < (} N{x; > 7] — 7;}, where A; is the event
defined in Lemma 7.7 and «; is defined in (7.14). Define the o-field H; as in subsection
7.2. Let G; be the o-field generated by the o-field #;, the random variable Y; defined
in (7.45), and the event ¥;. Conditional on G;, the probability that at least two of the
random variables 7 ;,..., Z, ; are less than or equal to Y} is at most (7) V7. Therefore,
on {7; < (}, we have

Ts T n
P({H}‘V( - N) # Iy (T— ;;1)} N{Y; <eyny; Gj) < (2)1621%5}%

Now take conditional expectations of both sides with respect to H; to get that on

{r; <<},
)

(o) o5z

= (Z)E[ﬁﬂmg}ﬂ% H,]. (8.11)
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Recall that for any nonnegative random variable X, we have E[X?] = [~ 22P(X > z) dx.
Therefore, on {7; < (},

B[V, <ey L, [H;] =/ 20P(Yilly, <y, > x|H;) du
0
g
g/ 2P (Vily, > |H;) dr. (8.12)
0

Recall from (7.48) that Y; < YjJr on ¥;. Also, from (7.13), we see that on U;, if Y; > 0
then X;r (tj —7;) >0, and on {7; < ¢}, we have ¢; > (1 — 26)ky by part 3 of Proposition
4.4. Therefore, by Lemma 7.5,

o

. (8.13)

P(Vjly, > 0H;) <

Also, on ¥, if Y; > x and 3¢t <z < ¢, it follows from (7.46) that if € is sufficiently small,

then

(e +1—48)z —e?
1—=z

Therefore, Lemma 7.6 implies that if ¢ is sufficiently small and N i

and if 3e7? < z < ¢, then

—sq;( - ) v+ r
(& ST TS )(‘7 (Tj TJ) Z

AV
RS

7]

sufficiently large,

C
P(Y}]lqzj > z|H,;) < kN—x (8.14)
Dividing the integral on the right-hand side of (8.12) into two pieces and using (8.13) to

estimate the first piece and (8.14) to estimate the second piece, we get

3e? b €
C C
0 3

kN e—b kJNCE
—b
(Gt Ce
- ky kn
C
<> (8.15)
kn
Using (8.15) to bound the right-hand side of (8.11) and then taking expectations, we get
) , 2
P({H}(T—%>¢H}‘V< —”“>}m{ngs}m%)g0" = (8.16)
an apn kN
The result now follows by summing over j and using Lemmas 7.4 and 7.7. O

8.6 Completion of the coupling argument

Fix a positive integer d and times 0 < t; < --- < tg < tg. Recall that equation (2.6)
was established as part of Lemma 8.1. Therefore, to prove Theorem 2.1, we need to
show that the joint distribution of (ITy (1 4 ¢1),...,IIx(1 4+ t4)) converges as N — oo to
the joint distribution of (II(1 + ¢1),...,II(1 + tq)), where (II(u),0 < u < to + 1) is the
coalescent process derived from the Poisson point process ¢ at the end of subsection
8.3.

Proof of Theorem 2.1. The key to the proof will be to show that with high probability,
we have .
H(T—Tj) :H*]‘\,<T—Tj> forall j € I with j < L. (8.17)
an an
Recall that the coalescent process Iy, was constructed from the point process ® in the
same way that II was constructed from ®. Therefore, we simply need to compare the
two constructions. If (8.17) fails to hold, then one of the following must occur:
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Either IT§ (T — 7. /an) # {{1},...,{n}} or IT — 7} /an) # {{1},...,{n}}.

For some j € I, we have either Y; > ¢ and Yj* <g orY; <eand Y]* > €.

For some j € I, we have II§ (T — 7 /an) # (T — 7j+1/an) and Y; < e.

For some u € [1,o + 1], we have II(u) # [I(u—) but u does not equal 7 for any j.
For some j € [ with j < L, we have Y; > ¢, Y > ¢, and Iy (T — 7j/an)—) =
(T} —), but Uy (T — 75 /an) # I(T}).

A

We now bound the probabilities of these five events. As for the first event, note
that (8.1) and (4.11) imply that P(Iy (T — 72 /an) # {{1},...,{n}}) < Ce + CTn%e".
Combining this result with Lemma 8.2 and (4.1) gives

P(H*N (T - TL) £{{1},..., {n}}> < CnZe.
an
By (5.4), we have T — 71, /ay <1+ 3/ky, so (6.4) implies T — 7} /an < 1+ 3/kn + 1067
Because each pair of lineages in the Bolthausen-Sznitman coalescent merges at rate 1, it
follows that for sufficiently large IV,
L
N

P(H(T_ a*) y {{1},_..,{n}}> < (Z) (/jv + 106T) < On2T.

It follows from Lemma 8.6, along with (4.11) and the fact that § < g2 by (5.1), that
the probability that the second of the five events above occurs is at most C<T?. Likewise,
it follows from Lemma 8.8 and (4.11) that the probability that the third of the five events
occurs is bounded above by CTn?e.

Consider next the fourth event listed above. From the construction, this can only
happen either if, for some j € I, there are two points of ® in [T'— 7/, /an, T — 7} Jan] x
[e,1] x [0,1]™, or if there is some point (u,y, z1,...,2,) in ® in which y < e but two of the
points z1,..., z, are less than or equal to y. Recall that if X has the Poisson distribution
with mean A, then P(X > 2) < A2, Therefore, using also (6.2), the probability that,
for some j € I, there are two points of ® in [T'— 77, /an, T — 7 /an] X [¢,1] x [0,1]" is
bounded above by

Z ijk+1 - 7_;( 1-— 13 2 < 1 < CT
jeI an € T L~ (ekn)? T e2kn’

which tends to zero as N — oo. Note that if y is the second coordinate of a point in
®, the probability that two of the points z1,..., 2, are less than or equal to y is at most
()y?. Therefore, the probability that there is a point (u,y, 21,...,2,) in ® in whichy <&
but two of the points z1, ..., 2z, are less than or equal to y is bounded above by

€
to/ y 2. (Z) y? dy = (Z) toe < CTn’e.
0

Finally, consider the fifth of the possibilities above, which means that the coalescence
at time T — Tj/aN in the process II}; does not match the coalescence that occurs at
time 77" in the process 1. One way this could happen would be if the time interval
[T —75,1/an,T — 7} /an] is not entirely contained in the interval [1,, + 1]. By (6.2) and
(6.15), the number of j € I for which this interval is not contained in [1, ¢y + 1] is at most
CéTky. By Lemmas 7.4, 7.7, and 7.8, along with (4.11) and part 3 of Proposition 4.4,
the probability that Y; > ¢ for some such j is at most

(1—e)(1 +134) coT

Tky - 2 < —— .
CoTky (1= 20)kne +2e < . + Ce
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The other way that the coalescence at time T — 7; /ay in the process IIy might not match
the coalescence that occurs at time 77" in the process II would be if one of the random
variables Zj 1, ..., Z; is between Y; and Y;*. By Lemma 8.7, the probability that this
happens when [Y; — Y| > 2 is bounded above by

CoT log(1/¢)
€2 )

Using Lemmas 7.4, 7.7, and 7.8, we see that the probability that this happens when
|Yj — Y| <& is at most

C
Z . -ne2 < CTne.
jer TNE

Combining the bounds obtained above, we see that for sufficiently large N, the
probability that (8.17) fails to hold is bounded above by

CéT log(1/e)

CTn’e + Cn?0T 4 CeT? + = : (8.18)

By Lemma 8.2, we can replace IIy by Il in (8.17) and conclude that the probability that

T* ,
H(T—J> :HN(T—T]) forall j € T withj < L (8.19)
an an
fails to hold is also bounded above by the expression in (8.18) for sufficiently large N.
Now suppose that indeed (8.19) holds and A occurs. Fix i € {1,...,d}. Then there
exists j € I such that 7' — 741 /any <t; <T — 7;/an. By (4.9) and (6.4), for sufficiently
large N,

*

T 2
T— L <t;+-—+106T <t; +116T
an kN

and

T} 2

T— -2 >4 — = 1067 > t; — 116T.
anN ]41]\/

Thus, as long as II(¢;—1107) = II(¢;+1167T") and (8.19) holds, we must have II(¢;) = Iy (¢;).

However, because each pair of lineages in the Bolthausen-Sznitman coalescent merges

at rate one, we have

P(I(t; — 116T) # II(t; + 1167)) < (Z) - 220T.

Taking the union over i € {1,...,d} and using (8.18), it follows that for sufficiently large
N,

CéT log(1
P(Ilx(t;) # I1(t;) for some i € {1,...,d}) < CTn2e + Cdn8T + C=T? + #.
Since § < €2 by (5.1) and € > 0 can be chosen arbitrarily small for any fixed 7, the
theorem follows. O
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