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Abstract

We consider the two block stochastic block model on n nodes with asymptotically equal
cluster sizes. The connection probabilities within and between cluster are denoted
by pn := % and ¢, := % respectively. Mossel et al. [27] considered the case when
an = a and b, = b are fixed. They proved the probability models of the stochastic
block model and that of Erdés-Rényi graph with same average degree are mutually
contiguous whenever (a — b)? < 2(a + b) and are asymptotically singular whenever
(a — b)* > 2(a + b). Mossel et al. [27] also proved that when (a — b)* < 2(a + b) no
algorithm is able to find an estimate of the labeling of the nodes which is positively
correlated with the true labeling. It is natural to ask what happens when a,, and b,
both grow to infinity. In this paper we consider the case when a,, — oo, %= — p € [0,1)
and (an —bn)® = O(an +by). Observe that in this case 2= — p also. We show that here
the models are mutually contiguous if asymptotically (a,, —b,)? < 2(1—p)(an +b,) and
they are asymptotically singular if asymptotically (a, —b,)* > 2(1—p)(an+b,). Further
we also prove it is impossible find an estimate of the labeling of the nodes which is
positively correlated with the true labeling whenever (a, — b,)? < 2(1 — p)(an + b»)
asymptotically. The results of this paper justify the negative part of a conjecture made
in Decelle et al. (2011) [17] for dense graphs.
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1 Introduction

In the last few years the stochastic block model has been one of the most active
domains of modern research in statistics, computer science and many other related fields.
In general a stochastic block model is a network with a hidden community structure
where the nodes within the communities are expected to be connected in a different
manner than the nodes between the communities. This model arises naturally in many
problems of statistics, machine learning and data mining, but its applications further
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extends to population genetics [30], where genetically similar sub-populations are used
as the clusters, to image processing [32], [33], where the group of similar images acts
as cluster, to the study of social networks, where groups of like-minded people act as
clusters [29].

Recently a huge amount of effort has been dedicated to find out the clusters. Numer-
ous different clustering algorithms have been proposed in literature. One might look at
[22], [18], [13], [19], [10], [9], [16], [31], [25] for some references. One might also look
at the review paper by Abbe [1] for a detailed study of the literature.

One of the easiest examples of the stochastic block model is the planted partition
model where one have only two clusters of more or less equal size. Formally,

Definition 1.1. Forn € N, and p, q € [0,1] let G(n,p, q) denote the model of random,+
labelled graphs in which each vertex u is assigned (independently and uniformly at
random) a label o, € {1} and each edge between u and v are included independently
with probability p if they have the same label and with probability ¢ if they have different
labels.

The case when p and ¢ are sufficiently close to each other has got significant amount
of interest in literature. Decelle et al. [17] made a fascinating conjecture in this regard.

Conjecture 1.1. Letp= 7 and q = % where a and b are fixed real numbers. Then the
following are true.

i) If (a — b)? > 2(a + b) then one can find almost surely a bisection of the vertices which
is positively correlated with the original clusters.

ii) If (a — b)? < 2(a + b) then the problem is not solveable.

iii) Further, there are no consistent estimators of a and b if (a — b)? < 2(a + b) and there
are consistent estimators of a and b whenever (a — b)? > 2(a + b).

Coja-Oghlan [15] solved part i) of the problem when (a — b)? > C(a + b) for some
large C and finally part i) and 4ii) of Conjecture 1.1 was proved by Mossel et al. [27]
and part i) was solved by Mossel et al. [26] and Massoulié [24] independently.

Typically the problem is much more delicate when more than two communities are
present in the sparse case. To keep things simple let us consider the general stochastic
block model with k£ asymptotically equal sized blocks with connection probabilities within
and between blocks are given by  and % respectively. It was conjectured in Mossel et
al [27] that for k sufficiently large, there is a constant ¢(k) such that whenever

(a—b)°
k) < —————— <k
Ay v 13
the reconstruction problem is solvable in exponential time, it is not solvable if (If(;iﬁ)f)b <

¢(k) and solvable in polynomial time if k£ < aJ(ra(;iﬁ)f)b The upper bound is known as

Kesten-Stigum threshold. Bordenave et al. [11] solved the reconstruction problem above
a deterministic threshold by spectral analysis of non-backtraking matrix. One might look
at Banks et al. [8] for the non solvability part. They proved that the probability models
of stochastic block model and that of Erdés-Rényi graph with same average degree are
mutually contiguous and the reconstruction problem is unsolvable if

2log(k—1) 1

d<7k—1 2

Here d = w and \ = ak;db. Abbe et al. [2] provides an efficient algorithm for

reconstruction above the Kesten-Stigum threshold. Abbe et al. [2] and Banks et al. [8]
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also provide cases strictly below the Kesten-Stigum threshold where the problem is
solvable in exponential time.

On the other hand, a different type of reconstruction problem was considered in
Mossel et al. [28] for denser graphs. They considered two different notions of recovery.
The first one is weak consistency where one is interested in finding a bisection 6 such
that o and & have correlation going to 1 with high probability. The second one is called
strong consistency. Here one is interested in finding a bisection & such that ¢ is either o
or —o with probability tending to 1. Mossel et al. [28] prove that weak consistency is

possible if and only if * T 0 and strong consistency is possible if and only if

1
<an + b, — 2/ a,b, — 1) logn + 3 loglogn — oo.

Here a, = 2~ and b,, = 22~ respectively. Abbe et al. [3] studied the same problem

~ logn logn

independently in the logarithmic sparsity regime. They prove that for a = 12?;1 and b =

o fixed, (a+b) —2+v/ab > 1 is sufficient for strong consistency and that (a-+b) —2vab > 1
is necessary. We note that their results are implied by Mossel et al.[28].

However, according to the best of our knowledge questions similar to part i) and i)
of Conjecture 1.1 have not yet been addressed in dense case (i.e. when a and b increase
to infinity). This is the main focus of this paper.

Before stating our results we mention that the results in Mossel et al. [27] is more
general than part iii) of Conjecture 1.1. Let IP,, and PP}, be the sequences of probability
measures induced by G(n,p,q) and G(n, 7’;”’, I’Qﬁ) respectively. Then [27] prove that
whenever a and b are fixed numbers and (a — b)? < 2(a + b), the measures P,, and P/,
are mutually contiguous i.e. for a sequence of events A,, P,(4,) — 0 if and only if
P/, (A,) — 0. Now part iii) of Conjecture 1.1 directly follows from the contiguity. The
proof in Mossel et al. [27] is based on calculating the limiting distribution of the short
cycles and using a result on contiguity (Theorem 1 in Janson [21] and Theorem 4.1 in
Wormald [35]). However, one should note that the result from [27] does not directly
generalize to the denser case. Since, one requires the limiting distributions of short
cycles to be independent Poisson in order to use Janson’s result. In our proof instead of
considering the short cycles we consider the “signed cycles” (to be defined later) which
have asymptotic normal distributions. We also find a result analogous to Janson for the
normal random variables in order to complete the proof.

On the other hand, the original proof of non-reconstruction from Mossel et al. [27]
relies on the coupling of P,, and P}, with probability measure induced by Galton Watson
trees of suitable parameters. However, it is well known that when the graph is sufficiently
dense i.e. a, > n°") the coupling argument does not work. So our proof is based on
fine analysis of conditional probabilities. Technically, this proof is closely related to the
non-reconstruction proof in section 6.2 of Banks et al. [8] rather than the original proof
given in Mossel et al. [27].

A natural question arises how far the arguments in this paper generalize to the
multi-community case. Unfortunately, we do not have a definite answer for this problem.
The fundamental difficulty here is the absence of locally tree like structure which is the
essence of all the proofs in the sparse regime. However, we believe the similar thresholds
are true even in dense case also. In fact, it was shown in Banerjee and Ma(2017) [7]
that for the multi-community case the models are mutually singular much below the
Kesten-Stigum threshold. We leave the problem for future research.

The paper is organized in the following manner. In Section 2 we build some pre-
liminary notations and state our results. Section 3 is dedicated for building a result
analogous to Theorem 1 in Janson [21]. In Section 4 we define signed cycles and find
their asymptotic distributions. Section 5 is dedicated to complete the proofs of our
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contiguity results. In Section 6 we prove the non-reconstruction result. Finally, the paper
concludes with an Appendix containing a proof of a result from random matrix theory
used in this paper.

2 Owur results

Through out the paper a random graph will be denoted by G and z; ; will be used
to denote the indicator random variable corresponding to an edge between the nodes i
and j. Further IP,, and P/, will be used to denote the sequence of probability measures
induced by G(n, pn,qn) and G(n, E2fin Prtin) respectively. For notational simplicity we
denote % by pn,.

In this paper we shall consider the case when (a,, — b,)? = ©(a,, + b,). We shall use
the following notations through out the paper. We denote ¢, := % dy = Prgin
and ¢, = ﬁ

Further, for any two labeling of the nodes o and 7, we define their overlap to be

ov(o,7) = % <Z 0iTi — % (Z O'i> (Z 7'1-)) . (2.1)

Now we define mutual contiguity of two sequences of measures as follows:

Definition 2.1. Let IP,, and Q),, be two sequences of probability measures, such that for
each n, P,, and Q,, both are defined on the same measurable space (2, F,,). We then
say that the sequences are mutually contiguous if for every sequence of measurable sets
A, CQ,,

P,(A,) - 0< Q,(A,) — 0.

Two sequences of probability measures IP,, and Q,, are called asymptotically mutually
singular if there exists a sequence of measurable sets A, such that P,(A,) — 1 and
Qr(A%) = 1 asn — oc.

We are now ready to state the main results of the paper.
Theorem 2.1. i)Ifa,, b, — oo, “= — p € [0,1) and ¢, — ¢ < 2(1 —p), then the probability

measures P,, and P) are mutuf'—)]ly contiguous. So there does not exist an estimator
(A, By,) for (an,b,) such that |A,, — a,| + |B, — bn| = op(a, — by,).

ii)If ay,, by, — 00, %> — p € [0,1) and ¢, — ¢ > 2(1 — p), then the probability measures PP,
and ], are asymptotically mutually singular. Further there exists an estimator (A,, By,)
for (an,by,) such that |A,, — an| + |Bn — bn| = 0p(an — by).

Theorem 2.2. If a,,b, — o0, %> — p € [0,1) and ¢, — ¢ < 2(1 — p), then there is no
reconstruction algorithm which performs better than the random guessing i.e. for any
estimate of the labeling {5;}}_, we have

ov(e,6) 5 0. (2.2)

3 A result on contiguity

In this section we provide a very brief description of contiguity of probability mea-
sures. We suggest the reader to have a look at the discussion about contiguity of
measures in Janson [21] for further details. In this section we state several proposi-
tions and apart from Proposition 3.4 and Proposition 3.3, all the proofs can be found in
Janson [21].

Definition 2.1 of contiguity might appear a little abstract. However the following
reformulation is perhaps more useful to understand the contiguity concept.
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Proposition 3.1. Two sequences of probability measures IP,, and Q,, are mutually con-
tiguous if and only if for every € > 0 there exist n(¢) and K (¢) such that for all n > n(e)
there exists a set B,, € F,, with P,,(B¢), Q,(B:) < ¢ such that
1 Qu(4n)
K Lo 2V < K(e). YA, C B,.
G =g, @, RO e

Although Proposition 3.1 gives an equivalent condition, verifying this condition is
often difficult. However under the assumption of convergence of flg", one gets the
following simplified result.

Proposition 3.2. Suppose that L,, = ‘;g" , regarded as a random variable on (Q,,, F,,, Py,),

converges in distribution to some random variable L. as n — co. Then PP,, and Q,, are
mutually contiguous if and only if L > 0 a.s. and E[L] = 1.

We now introduce the concept of Wasserstein’s metric which will be used in the proof
of Proposition 3.4.

Definition 3.1. Let F' and G be two distribution functions with finite p th moment. Then
the Wasserstein distance W, between F' and G is defined to be

Wy(F,G)=| inf E|X-YP

~FY ~
Here X and Y are random variables having distribution functions F' and G respectively.

In particular, the following result will be useful in our proof:

Proposition 3.3. Let F,, be a sequence of distribution functions and F' be a distribu-
tion function. Then F,, converge to F in distribution and [ 2?dF, (z) — [2?dF(z) if
Wy (Fn, F) — 0.

The proof of Proposition 3.3 is well known. One might look at Mallows(1972)[23] for
a reference.

With Proposition 3.2 in hand, we now state the most important result in this section.

This result will be used to prove Theorem 2.1. Although, Proposition 3.4 is written in a
complete different notation, one can check that it is analogous to Theorem 1 in Janson
[21].
Proposition 3.4. Let P, and Q,, be two sequences of probability measures such that
for each n, both of them are defined on (2, F,,). Suppose that for eachi > 3, X,, ; are
random variables defined on (2, F,). Then the probability measures P,, and Q,, are
mutually contiguous if the following conditions hold:

i) P, < Q, and Q,, < P,, for each n.

ii) For any fixed k > 3, one has (X,3,...,Xn ) Py LS (Zs,...,Zy) and (Xp3,...,
X i)|Qn S (25,....,2)).

iii) Z; ~ N(0,2i) and Z| ~ N(t,2i) are sequences of independent random variables.

Here |t| < 1.
iv) ,
Ep, (jg:) %exp{—;—i} ll—t. (3.1)
Further, . _ _
%\Pn iexp{; Qti_t} (3.2)
EJP 23 (2018), paper 18. http://www.imstat.org/ejp/
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Proof. In this proof for simplicity we denote Zg” by Y,,. We break the proof into two

steps.
Step 1. In this step we prove the random variable in the right hand side of (3.2) is
almost surely positive and has mean 1. Let us define

X o5 7, — i
-
=3

and

m

25 7Z; — ti
(m) ._ 7
W = exp { E — } .

=3

As Z; ~ N(0,2i),

E

2% 7, — ¢ 4 x 2t .
ex —_— = X —_— g
P i Plax16ie 1

So {W({™1°0_. is a martingale sequence and
E {W(m)z} = ﬁexp ﬁ = exp i ﬂ .
s 24 = 24

Now 4
IR (NS IRV
Zagi 2\ 2 '
So W(™) is a L2 bounded martingale. Hence, W is a well defined random variable,

E[W?] = exp{; - i} \/lli—t

and E[W] = 1.
Now observe that Z; 4 —Z; for each i and whenever |{| < 1, the series > .~ %

converges. So
oo

25 Z; + ti
WL =2t
exp {Z 2 }

=3

However, E[W '] = exp {2;23 %} < oo implies W > 0 a.s.

Step 2. Now we come to the harder task of proving Y,, 1. Since

limsup Ep,, {(Yn)ﬂ < oo
n— oo
from condition iv), the sequence Y, is tight. Hence from Prokhorov’s theorem there is a
sub sequence {n;};°, such that Y,,, converge in distribution to some random variable
W ({ni}). We shall prove that the distribution of W ({n;}) does not depend on the sub
sequence {ny}. In particular, W({ny}) w.
Since Y, converges in distribution to W ({n}), for any further sub sequence {ny, }
of {ny}, Y,,, also converges in distribution to W ({ny}).
Given ¢ > (0 take m big enough such that

P 2232 Py 2.5 '
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For this m, look at the joint distribution of (Y,,,, Xy, 3, ..., Xn, m). This sequence of m—1
dimensional random vectors with respect to P,, is also tight from condition ). So it
has a further sub sequence such that

d
(Y;Lkl ) Xnkl R TI aXnkl ,nL)‘IPnkl — (W({’I’Lk}), Z3 ORI Z’m) .

Here we have used condition i) for the convergence of (X,,, 3, ..., Xn,, ,m)[Pn,, -

The most important part of this proof is to show, we can define the random variables
W™ and W ({n;}) in such a way that there exist suitable o algebras F; C F, such that
W) ¢ Fy and W({ny}) € Fo and E[W({ny.}) | F1] = W™,

From condition iv) we have limsup,, ,. Ep, [Yrﬂ < o0o. As a consequence, the se-
quence the sequence Ynkl is uniformly integrable. This together with condition 4) will
give us

1=Ep,, [Yo,| = EW({n})] = 1. (3.3)
Now take any positive bounded continuous function f : R™ — R. By Fatou’s lemma
lim nf Bp, {f (Xnk“g, . ,Xnk“m) Y%} > Ef (Zss. .., Zo) W({ni})]. (3.4)
However for any constant £ we have
§=EBp,, [V, | > CEWV({n)] = ¢

from (3.3).
So (3.4) holds for any bounded continuous function f. On the other hand replacing f
by — f we have

imBe,, |f (X, a0 Xogon ) Yo, | = EIf (Zo,oo, Za) WD), (3.5)

Now applying condition ii) we have

/f(Xnkwg,...,Xnkl,m) YnkldIPnkl:/f(Xnkl,3,...,Xnkl7m) dQ,,, - /f(Z{,,,...,Z,’n)dQ.

(3.6)
Here @ is the measure induced by (Z}, ..., Z/,). In particular, one can take the measure
Q such that (Zs, ..., Z,,) themselves are distributed as (Z3,. .., Z],) under the measure

Q. This is true due to the following observation.

/f(Zé, o Zp)dQ =B [f(zg, . .,zm)w<m>]

for any bounded continuous function f. Since f is any bounded continuous function, we
have

/AdQ - {]IAWW)}

forany A € 0(Zs,...,Z,,). Here for any set A, I4 denotes the indicator function taking
value one on A.
Now looking back into (3.5), we have for any A € 0(Zs,...,Zm),

0 [hwwq = E LW ({n})].

Since W™ is ¢(Zs, ..., Z,,) measurable, we have W (™) = E [W ({nx}) | 0(Zs,..., Zm)]
From Fatou’s lemma

o

E[W({n})?) < liminf B, (V2]  exp {Z t} .

=3

EJP 23 (2018), paper 18. http://www.imstat.org/ejp/
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As a consequence, we have
0 <EW({ne}) — WP = EW({n})?] - E[W™?] <e.

So Wy(FW™  FW{m))) < \/z. Here FW™ and FW({™}) denote the distribution func-
tions corresponding to W (™) and W ({n,}) respectively. As a consequence, WQ(FW(M)
FW{ni})) 5 0 as m — oo. Hence by Proposition 3.3, W™ % W ({n;}).

On the other hand, we have already proved W (™) converge to W in L. So W ({ns}) <
w.

In Step 1 and Step 2 we verified all the conditions required to use Proposition 3.2.
Now using Proposition 3.2 the proof of Proposition 3.4 is complete. O

)

Remark 3.1. One might observe that the second part in assumption i) of Proposition
3.4 is slightly weaker than (A2) in Theorem 1 of Janson [21]. For our purpose this is
sufficient since we use the fact that Y,, = %. However, in Theorem 1 of Janson [21] Y,
can be any random variable.

4 Signed cycles and their asymptotic distributions

We have discussed in the introduction that the proof of Mossel et al. [27] crucially
used the fact that the asymptotic distribution of short cycles turn out to be Poisson.
However, in the denser case one does not get a Poisson limit for the short cycles. So
their proof does not work in the denser case. Here we consider instead the “signed
cycles” defined as follows:

Definition 4.1. For a random graph G the signed cycle of length % is defined to be:

k
1
Cni(G) = Lig,iy — Pnjav) - \Lip_1ig — Pn,av
#(G) (wnpn”av(lpmav)) > @iy = Prav) - ( Pnav)

20,815yl —1
where i, 11,...,%—1 are all distinct and p,, ,, is the average connection probability i.e.
Prav = ﬁ > iz Elzi,;]. Observe that for G(n,py, qn), Pn,av is equal to py,.

One should note that when k£ = 3 a similar kind of random variable was called “signed
triangle” in Bubeck et al. [12]

It is intuitive that one might expect asymptotic normal distribution for C), ;’s when
n — oo and p, is sufficiently large. Our next result formalizes this intuition.

Proposition 4.1. )When G ~ P}, n(p, + ¢,) = cc and 3 < k1 < ... < k; = o(log(pnn)),

(Cn,kl(G) Cna (G)

ii) When G ~ P, np, = 00, ¢, > c € (0,00) and3 < k1 < ... < k; = o(min(log(ﬁnn)7

Viog(n))),

> 4 N0, 1). .1)

<Cn,k1 (G) — Cn i, (G) —
V2k; 2k

ki
where u; = (1 /2(10”1%)) forl1 <i<m.

The proof of Proposition 4.1 is inspired from the remarkable paper by Anderson
and Zeitouni [4]. However, the model in this case is simpler which makes the proof
less cumbersome. The fundamental idea is to prove that the signed cycles converge in
distribution by using the method of moments and the limiting random variables satisfy
the Wick’s formula. At first we state the method of moments.

) 4 Ny(0,1) (4.2)
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Lemma 4.1. Let (Y,,1,...,Y,,) be a sequence of random vectors of | dimension. Then

Yoa,....Yn) 4 (Z1,...,2)) if the following conditions are satisfied:

i)
lim E[X, 1 ... X0 (4.3)

n—oo

exists for any fixed m and X,,; € {Yp1,...,Yn} for1 <i<m.

ii) (Carleman’s Condition)[14]

Further,
lim E[X,1... Xom] =E[X1...Xp]

n—oo

Here X, ; € {Y,1,...,Y,,;} for1 <i <m and X; is the in distribution limit of X,, ;. In
particular, if X,,; =Y, ; for some j € {1,...,l} then X, = Z;.

The method of moments is very well known and much useful in probability theory.
We omit its proof.

Now we state the Wick’s formula for Gaussian random variables which was first
proved by Isserlis(1918)[20] and later on introduced by Wick[34] in the physics literature
in 1950.

Lemma 4.2. (Wick’s formula)[34] Let (Y1,...,Y;) be a multivariate mean 0 random
vector of dimension | with covariance matrix ¥(possibly singular). Then ((Y1,...,Y})) is
Jjointly Gaussian if and only if for any integer m and X; € {Y1,...,Y;} for1 <i<m

E[Xl o Xm] _ Z"? lel E[Xn(i,l)Xn(L?)] form even (44)
0 for m odd.
Here 1) is a partition of {1,...,m} into 7 blocks such that each block contains exactly 2

elements and 7(i, j) denotes the j th element of the i th block ofn) for j = 1, 2.

The proof of the aforesaid Lemma is omitted. However, it is good to note that the
random variables Y7i,...,Y; may also be the same. In particular, taking Y; = --- =Y},
Lemma 4.2 also provides a description of the moments of Gaussian random variables.
With Lemma 4.1 and 4.2 in hand, we now jump into the proof of Proposition 4.1.

Proof of Proposition 4.1:

At first we introduce some notations and some terminologies. We denote a word
w to be an ordered sequence of integers (to be called letters) (ig,...,%k—1,%) such
that 7o = i, and all the numbers i; for 0 < j < k — 1 are distinct. For a word
w = (ig,...,ik—1,%%), its length [(w) is k + 1. The graph induced by a word w is de-
noted by G,, and defined as follows. One treats the letters (ig, ..., ;) as nodes and puts
an edge between the nodes (i;,%;41)o<j<x—1. Note that for a word w of length k£ + 1,
Gy = (V, Ey) is just a k cycle. For a word w = (i, . . ., k) its mirror image is defined by
W = (40, %k—1,%k—2, - - -,41,10). Further for a cyclic permutation 7 of the set {0,1,...,k—1},
we define w” := (i (), ..., %r(k—1), ir(0))- Finally two words w and z are called paired if
there is a cyclic permutation 7 such that either 7 = w or 2™ = w. An ordered tuple
of m words, (wy,...,wy,) will be called a sentence. For any sentence a = (wy,...wn),
Go = (Va, E,) is the graph with V,, = U",V,,, and E, = U*, E,,,.

Proof of part i) We complete the proof of this part in two steps. In the first step
the asymptotic variances of (C, x, (G), ..., Cyr, (G)) will be calculated and the second
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step will be dedicated towards proving the asymptotic normality and independence of
(Cn.,k1 (G)v SRR kaz (G))

Step 1: Observe that when G ~ P/, the distribution of C,, k, (G),...,Cpk, (G) is triv-
ially independent of the labels o; and E[C), x(G)] = 0 for any k. Now we prove that
Var(C, 1(G)) ~ 2k for any k = o(y/n). Let for any word w = (ig,...,i), Xu =
Hf;é (i;,i,., — Pn) - Now observe that

k
o) = (i) B[]

- (M)kE LZ,;XUJX.%] .

Since both X, and X, are product of independent mean 0 random variables each coming
exactly once, E[X,, X,] # 0 if and only if all the edges in G,, are repeated in G,. Observe
that since G, and G, are cycles of length k, this is satisfied if and only if w and = are
paired. There are k many cyclic permutations 7 of the set {0,...,k — 1} and for a given
w and 7, there are only two possible choices of x such that w and x are paired. These
choices are obtained when 2™ = w and #” = w. As a consequence for any word w,
exactly 2k words are paired with it. Now observe that when w and z are paired, X,, X,
is a product of £ random variables each appearing exactly twice. As a consequence,
E[X,X.] = (pn(1 — pn))" . Also the total number of words is given by n(n—1)... (n—k+1)

(4.5)

for the choices of ig,...,ix_1. It is well known that
n(n—l)...(n—k+1)_>1
nk
whenever k = o(y/n). So
Var(Ch.1.) 2k( ! )k( D.o.n—k+1) (1= pn))" ~ 2k (4.6)
ar(Ch k) = — ] nn-1)...(n— Drn(l—Pn))" ~ .
i npn(lfpn)

as long as k = o(y/n). This completes Step 1 of the proof.
Step 2: Now we claim that in order to complete Step 2, is enough to prove the following
two limits.

ILm E[Cpn i (G)Criy(G)] =0 (4.7)
whenever k; # ko and there exists random variables 71, ..., Z; such that for any fixed m
ki _ .
lim E[Xn1 ... Xnm] — 4 2o LZ1BlZni1) Zytizy] - form even (4.8)
n—oo ’ ’ 0 for m odd.
Cn iy (G) Cnk, (G)
where X, ; € { \/2171 ey \/2ZTZ 1.

First observe that (4.8) will simultaneously imply part ¢) and ii) of Lemma 4.1.
Implication of ¢) is obvious. However, for ii) one can take X, ;'s to be all equal and
from Wick’s formula (Lemma 4.2) the limiting distribution of X, ;’s are normal. It is
well known that normal random variables satisfy Carleman’s condition. On the other
hand (4.8) also implies that the limit of (C":’/’;IT(IG), ceey C%G)) is jointly normal. Hence
applying (4.7), one gets the asymptotic independence.

We first prove (4.7). Observe that

kqytko
1 2
E
)

BIC 1 (€)Cna( )] = o

Z Xwa] .

EJP 23 (2018), paper 18. http://www.imstat.org/ejp/
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However, here l[(w) = k1 +1and i(z) = ko + 1. SOE {wa Xan,} = 0. As a consequence,
(4.7) holds.

Now we prove (4.8). Let I; be the length of any word corresponding to X, ;. Observe
thatl; € {k1 +1,...,k + 1} for any i. At first we expand the left hand side of (4.8).

i1
2

1
E[X,1... Xnm] (n[)n(l —m)) wzw El[Xy, ... Xu ] (4.9)
Here the graphs G, ,...,Gw,, are cycles of length [y — 1,...,l, — 1 respectively. So
in order to have E'[X,, ... X, ] # 0, we need each of the edges in G, ,...,G,,, tobe
traversed more than once. The sentence a := (wy, ..., w,,) formed by such (w1, ..., wy)
will be called a weak CLT sentence. Given a weak CLT sentence a, we introduce a
partition n(a), of {1,...,m} in the following way. If 4, j are in same block of the partition
n(a), then G, G.,; have at least one edge in common.

As a consequence, we can further write the left hand side of (4.9) in the following

way.
S0 =1)

1 2
(Ll — pn) E[Xu, .. Xu,)]. 4.10
(nﬁn(l —ﬁn)> Z Z (X, ) ( )
N wi,...,wm ‘ n:n(wl,...,’u)m)
Observe that each block in 1 should have at least 2 elements. Otherwise, in this case

E[Xy, ... Xuw,] = 0. As a consequence, the number of blocks in n < [%].
Now we prove that if the number of blocks in n < 7, then
0=
2

(M> 2. b E[Xy, ... X, ] = 0.

N Wi, Wm | N=n(w1,...;wm)

If n(wy, ..., wy) have strictly less than % blocks, then a has strictly less than % connected
components. From Proposition 4.9 and Lemma 4.10 of Anderson and Zeitouni [4] it
follows that in this case #V, < .7, ZT’l However each connected component is formed
by a union of several cycles so V, < E,. Now the following lemma gives a bound on the
number of weak CLT sentences having strictly less than 73 connected components.

Lemma 4.3. Let A be the set of weak CLT sentences such that for each a € A, #V, =t.

Then
Com 3(21 li—Qt)
#A< 28l ((71 Zzl) (Z zi> nt. (4.11)

The proof of Lemma 4.3 is rather technical and requires some amount of random
matrix theory. So we defer its proof to the appendix. However, assuming Lemma 4.3, we
have

2ill;—1)

(M) 2 Y ElXu .. Xu,]

m l—1
. m
a: Ve<3m, 45

) Zili=y POPR Lt Com 3(%, li—2t)
<(— L N NP l; ntpe.
- <npn(1—pn)> Z Z ( 1; ) (2 > l

t<21‘,(12i—1) e=t

(4.12)

Now observe that Z:’;t Dy, < 17113 pL. As we consider p < 1, we have for large enough n,

lfﬁ < D for some deterministic constant D. Plugging in this estimate in (4.12) we have

EJP 23 (2018), paper 18. http://www.imstat.org/ejp/
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the first expression in (4.12) is lesser or equal to

) Zi(gfl) Cam 3m 3((Zili_1)_2t)
p(— 1 zilays) (s (s
(npnupn)) 2 ( 2 ) (Z ) (Z ) !

< i)
2i(i=1) (C2+3)m -
2 1 6 i T2
(1=5n) i oSt N Pn
2
T1((say))

(4.13)

Observe that 77 is just a geometric series. When k; = o(log(p,n)) we have,

(Zly . ok

npn npn

— 0.

Now, the lowest value of ", (I; — 1) — 2t is 1. As the geometric series ) °, 7, for
k < 1is comparable to its first term, we can give the following final bound to (4.12),

> li—1) (C2+3)m
2 Com (le)?’
O3 | —— 2mCT? l; = (4.14)
( ( >> 1 <Z> Vb

1_]§n

Here (5 is a universal constant. Observe that the dominant term in the numerator of

(4.14) is
9 > (li—1) 9 m(ki—1)
T S| .
(1—pn) (1—pn)

2
(1=pn)

However from our assumption m(k; — 1) log ( > — % log(np,) — —oc. As a conse-

quence, the first expression in (4.12) goes to 0.
Once this is proved all the other partitions left are pair partitions i.e. it has exactly

5 many blocks. In particular, m is even. We now fix a partition 7 of this kind. Let
forany i € {1,...,%}, n(i,1) < n(i,2) be the elements in the i th block. Observe now
that fixing a pair partition n and (wy, ..., w,,) such that n(ws,...,w,) = n, the random
variables wa.lyj) and me,n are independent when ever i; # i, for any j € {1,2}. As

a consequence, we now can rewrite (4.10) as follows:

rily—1)

(M) 2 > > E[Xu, - Xo.]

N Wiy, Wy, | N=0(W1 ..y Wiy)
Xill—1)

1 2 1
=o(1) + (nﬁn(l—ﬁn)> Z Z HE [Xwnu,l)Xwnu,z)]

n | m pair parition w1 ,...,wm | N=N(wW1,..., W) =1

(4.15)

Now observe that whenever [[ 2, E (X, i1y Xw, 0| # 0, We have wy; 1) and w,; 2) are
paired. In particular I(w,; 1)) = l(w;;,2)) and there are (1 + o(1))(2(l,¢,1) — 1))nbcn~1
many such choices of (wn(i’l),wn(i,g)) for every i. Here [,(; 1) is the common length
of the words w;(;,1) and wy(;2). On the other hand, in this case E [X X

Wn(s,1) wn(i,m] =

EJP 23 (2018), paper 18. http://www.imstat.org/ejp/
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(Pn(1 — pp))"0 7. Hence, we get the following final reduction to (4.15):

=1

(rm(ll—m) D> > EXuy . Xu,)

N Wi Wi | N=0(W1500 Wi )
2ii—1)

—o+ 0o (5] % [T2en -

npn(l N pn) n | m pair parition ¢=1 (4.16)

rilli=1) 2ili=1)
=g p)

X I[l'rl(i,l):ln(i,2)n 2 (ﬁn(l *ﬁﬂ))

%
= 0(1) + (1 + 0(1)) Z H 2(ln(i,l) - l)ﬂln(i,1):ln(i,2)'

n | m pair parition ¢=1

This completes the proof. O
Proof of part ii) We now give a proof of part ii) of Proposition 4.1. Recall that d,, = P=5%=.
We have

g

Cn,k(G) = (M) Z (mio,il - ﬁﬂ) s (wik—liﬂ - ﬁﬂ)

50,815y lk—1

N

1 . .
= (M) Z (xi(hh — Dig,ir + Pigia _pn) s (xik,—ﬂo = Dig—1 iy T Pig_1i, _pn)

10,81 eyl —1

(VB

1
= (nﬁ() Z (‘ri()yil = Pig,iy T Jioaildn) s (‘rik—liﬂ — Pip_y,ip T Uik—lo—ikdn)
n

1 - pn) 10,815 esTk—1
1 . k-1
- () > (Fio,in = Pio,in) -+ (Wi yio = Pirr,i0) + . [ 01,01, | + Vi
npn (1 — Pn) 10,81, s0k—1 =

(4.17)

where p; ; = p, if 0; = 0; and g, otherwise. Here V,, ;, is obtained by taking the sum of
all the remaining terms in the expansion of

1 2
(nﬁn(l_ﬁn)> Z (ximh = Dig,ix + Jioaildn) s (xik—ﬂ'o — Pig_1,ix T Uik—lo—ikdn)

10,815y Th—1

apart from

[SE

1
(nﬁn(l_ﬁn)) Z (xio,il - pimil) s (mik—lio - pik—hik)

20,81 50005tk —1
and

1 £ k—1
k

10,81 5---50k—1

At first we prove that

k—1
[Ioi0i., =1 (4.18)
7=0
irrespective of the values of ¢;’s. The proof of this is straight forward since iy = i, we
have
k—1 k—1
2
H 0i;0ij 0y = H o; = 1.
j=0 j=0
EJP 23 (2018), paper 18. http://www.imstat.org/ejp/
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As d,, = Cgfl", we have
k k
1 ) 2 Z & dknk Cn
— dp=01+01)———F5=0Q+0) (/57— ] -
pn (1 = Pn) 04015 yil—1 (npn(1 —pn))? 2(1 = pn)

This explains the mean term. The proof of asymptotic normality and independence of

[V

1
DrilG) = (Ml_p)) Y @i P @i~ i)
2052150005tk —1

is exactly same as part i). We only note that here the variance is also 2k. To see this, we
have

d, = Cnbn
2n
and whenever, k = o(log(p,n)) both
k
An d 1 - An - dn B
lim <(p +dn)d =P )> -1 (4.19)
n—oo pn(l — pn)
and X
An - dn 1 - An dn 2
lim <(p 1) = P+ )> —1. (4.20)
n—00 pn(l - pn)
It is easy to see that Var (D*:‘/’%G)) lies between the left hand side of ( 4.19) and (4.20).
As a consequence, Var (D"%QZG)) — 1.

It is easy to observe that E [V}, ;] is always 0. Now our final task is to prove Var(V,, ) —

0. This will prove that V,, j, % 0 and the proof will be completed.
Let us fix a word w and let ) C E; C E,, be any subset. Then

Vn,k: = Z Vn,k7w
w

where §
1 2
Vn,k:,w = <W> Z H oedn H (JCe _pe)-
Pn P 0CE;CE, c€Ey e€E\E;
Here for any edge i, j, z. = z; j, p = pi,; and g, = 0,0;. Now

Var(mG) = Z COV(Vn,k:,un Vn,k,w)'

We now find an upper bound of Cov(V,, . w, Vi kz)-
At first fix any word w and the set ) C E; C E,, and consider all the words z such
that £, N E, = E,\E;. As every edge in G,, and G, appear exactly once,

k
COV(‘/;L,]C,'LU) V:n,k,w) = Z (W) H (idi) E H (xe - pe)2

1- Pn ,
E,\E'CE,\E¢ ecE e€EE,\E'

1 b , :
= 2 ()) (£d# ) (L + 0(1)) (a1 — pu)" "

Eu\E'CE,\E; P (1 — P

< D> (o) <nﬁn(11—ﬁn)>k (@) (IZL)#E, Pl #E

Ew\ElcEw\Ef

1
< (O ———
— ( ) nk+#Ey
(4.21)
EJP 23 (2018), paper 18. http://www.imstat.org/ejp/
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where C is some known constant. The last inequality holds since #E’ > #FE; and
#(E,\E' C E,\Ey) < 2k,

Observe that the graph corresponding to the edges E,,\ Ey is a disjoint collection of
straight lines. Let the number of such straight lines be ¢. Obviously ¢ < #(E,,\Ey). The
number of ways these ¢ components can be placed in z is bounded by k¢ < k#(Fw\Ey)
and all other nodes in z can be chosen freely. So there are at most n* ™ V2w \Es [#(Ew\Ey)
choices of such z. Here Vg, \g, is the set of vertices of the graph corresponding to
(Ew\Ey). Observe that, whenever k > #E; > 0, E,\E; is a forest so

#Ve g, > #(EN\Ef) +1 &k —#Vp \p, <#E;— 1.
As a consequence,

1
nk+1

(4.22)
The right hand side of (4.22) does not depend on E; and there are at most 2% nonempty
subsets Ey of EY. So

Z Cov(Va ks Vaeow) < (C)F K

v | EwNEy=E,\Ef

nEs =1 #(Ew\Ef) < (C’)k

nF+#E;

1

> Cov(Vakaws Vakw) < (2C)kkkﬁ'
xr

Finally there are at most n* many w. So

n

D> Cov(Vakw Vaka) < (20)Fk+ L. (4.23)

Now we use the fact k = o(y/log(n)). In this case

klog(2C) + klog(k) < v/log(n)log(y/logn) = o(log(n)) < (2C)FkF = o(n).

This concludes the proof. |

5 Calculation of second moment and completion of the proof of
Theorem 2.1
With Propositions 3.4 and 4.1 in hand the rest of the proof of Theorem 2.1 should be

2
very straight forward. We at first prove that lim,, ,, [E (%7) is the right hand side of

(3.1) with t = 2(176_1)) whenever <= — p € [0,1).

Lemma 5.1. Let Y, := ZEZ. Whenever p, — p € [0, 1), we have
t ot 1 ¢
Ep/ [Y?] = exp{ —= — — , t=——— <L
(V] p{ 2 4}@ 21— p)

Proof. The proof of Lemma 5.1 is similar to the proof of Lemma 5.4. in Mossel et al. [27].
The notations used in this proof are slightly different from that of Lemma 5.4 in Mossel
et al. [27] for understanding case when p is not necessarily 0.

At first we introduce some notations. Given a labeled graph (G, o) we define

Bn ifoy0, =1and (u,v) € F

Dn
W G dn ifo,0, =—1and (u,v) € E (5.1)
uw — uv( 70) - 1:22 ifo,0, =1and (U7U) ¢ E '
}%gz if 0,0, = —1 and (u,v) ¢ E
EJP 23 (2018), paper 18. http://www.imstat.org/ejp/
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and define V,,, by the same formula, but with o replaced by 7. Now

1

oe{l,—1}" (u,v)

Yr? = 2%2 H Wao V-

9,7 (u,v)

and

Since {W,,} are independent given o, it follows that
EIP’ 22n Z H E]P’ Wuvvuv) .
0,7 (u,v)
Now we consider the following cases:

1. oyo, =1and 7,7, = 1.

2. 0,0, = —1and 7,7, = —1.
3. 0,0, =1and 7,7, = —1.
4. oy,0, =—1and 7,7, = 1.
Lett = 2(176_1)) We at first calculate Ep; (W, V4,) for cases 1 and 3.
Case 1:
P’ 1-pa)
E]P’ Wquuv = <An> ﬁn + ( An> 1 _ﬁn .
0 ) b — ( )
2 1— n 2
_ P (1=pn)
Pn 1 — Pn
- 2 . 2
_ (pn 'i:dn) + (1 — Pn T dn) (5.2)
Pn 1 — DPn
1 1 d? c
=l+dp(—+—) =1+ —"—a =1+ -
Pn 1- Pn (]- _pn) Qn(]- - pn)
tn
n
where d,, = P54 and t,, = S5 = (14 o(1))t as before.
Case 3:
Bey (WaVio) = (52 2 ), 4 (1222 122 (1 5)
n uv ¥ uv ﬁn ﬁn n 1 _ ﬁn 1 —ﬁn n
n4n 1- n 1- n
_ Pntn (L= pn)(1— )
Zjn X 1—pn R (5.3)
_ (Pn+dn)(pn_dn) (1= pn —dn)(1 = Pn +dn)
Dn 1—pn
1 1 d? tn
f1fd2( J=1—-—n =]
1 - pn pn(l _pn) n
It is easy to observe that Ep/ (Wy,Vyy) = 1+ %= in gnd 1 — = for Case 2 and Case 4
respectively.

We now introduce another parameter p = p(o,7) = % >, 0:7i. Let S4 be the number
of {u,v} such that o,0,7,7, = +1 respectively. It is easy to observe that
1 2
==+ (S -5-) (5.4)
n o n

EJP 23 (2018), paper 18. http://www.imstat.org/ejp/
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and ) )
1——=— _). 5.5
So
Si— (4t s ot (5.6)
+= Py —5 5-= e :
Now

2 (5.7)

Observe that ¢, = (1 + o(1))t is a bounded sequence. It is easy to check by taking
logarithm and Taylor expansion that for any bounded sequence z,,,

2

(1+ “%”)n — (14 o(1)) exp {nxn - ;xi} .

So we can write the right hand side of (5.7) as

(1+0(1 22 Ze 2exp[(m‘ t;)(lzpzﬂxexp[(—ntn—tjl) (1_4p2>]

2 t,
=(1+ o(1 anze% 4 exp [n;p}

et (140 ))tnp2
=(1+o(1))e 22n Ze [
(5.8)
From Lemma 5.5 in Mossel et al. [27]
(14 o( ))ntp2 1
— .
22n Z ex |: /1 —t
So the right hand side of (5.8) converges to
t t? 1
exp{ —= — —
L RV (N
as required. O

Proof of Theorem 2.1:
Proof of part i) We take X,,; = C,,;(G).

At first observe that when p,, — p € [0, 1) for any fixed 4, u; := <1 /2(1c_"p)> converges

A
C
tO( 2(1p)> as n — o0.

From Proposition 4.1 and Lemma 4.1 we see that C,, ;(G)’s satisfy all the required
conditions for Proposition 3.4. Hence P,, and PP}, are mutually contiguous.

It is easy to see that the estimate d,, := L >_izj Ti,; has mean @ntbu and variance
O(2=tbn) 8o

7 n bn
d, — On + = op(Van +by) = op(an, — by)

2

EJP 23 (2018), paper 18. http://www.imstat.org/ejp/
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Suppose under PP, there exist estimators A,, of a,, and B,, of b,, such that
|An — an| + |Bn — bn| = 0p(an — by).

Then 2(d,, — By) — (an — bn) = 0p(an — by) ie.

a, — by,
However, from the fact that P,, and P/, are mutually contiguous we also have

72(d"_b )|]P/ 51

which is impossible.

Proof of part ii) It is easy to observe that IP,, and P, are asymptotically singular as for

any k, — oo, \7‘7 — 00. Now we construct estimators for a,, and b,,. Let us define

otherwise.

o 0

It is easy to see that under P, fn,kn 5 ﬁ as k,, — oco. We have seen earlier that
under P,

dAn - (an;bn) P An — (@ndbn) P CZ P

L2 L0="——22 S0= — = 1.

Van +0n an + by antby
2 (5.9)
n+ bn
=1\/d, ¢ + an + by, )—op(an—bn)
As p, = p,
dn(l _ﬁn) £> 1
eadbn (1 —p)

So

7L b7l
\/d n(l—Pp) — a4 + (1 —-p)=op(a, —by)Vpel0,1).

So y\/d, (1- pn)fn K, — TR bn — = op(an — b,) under P,,. As a consequence, the estimators

A=d, + dn(l — Pn) fn,kn and B = d,, — cfn(l — Pn) fnk have the required property.
This concludes the proof. O

We end the discussion of this section by the following remark on the computation of
the signed cycles.

Remark 5.1. In general the direct computation of the random variables C,, .(G)’s take
at least O(n*) amount of time. So it might appear that the statistics C,, 1(G)’s are not
useful for any practical purpose. Fortunately, this is not the case. It was proved in
Banerjee and Ma(2017) [7] that whenever k is odd, the difference between C,, (G) and
>i, Pr(\;) converges in probability to 0 for any k = o (min(log(ﬁ,m)7 log(n))). Here
{Ai}1<i<n are the eigenvalues of the centered adjacency matrix of the graph and Py () is
the Chebyshev polynomial of degree k (look at (2.7)-(2.8) in Banerjee and Ma(2017) [7]
for definition). The case when k is even is more complicated. In this case one can prove
Chok(G) =X Par(N\;) — Eay, £ 0 where E5;, is an additional error term. One can prove
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that Var [E9;] converges to 0 and find the asymptotic value of E[Es;] explicitly under
additional growth conditions on p,. As a consequence, the signed cycles of growing
orders can be computed by the spectral decomposition of the centered adjacency matrix
of the graph. It is well known that this has O(n®log(n)) time complexity. One might
check Banerjee and Ma(2017) [7] for details.

6 Proof of non reconstructability

In this section we provide a proof of the non-reconstruction results stated in Theorem
2.2. Our proof technique relies on fine analysis of conditional probabilities. Technically,
this proof is closely related to the non-reconstruction proof in section 6.2 of Banks et
al. [8] rather than the original proof given in Mossel et al. [27]. At first we prove one
Proposition and one Lemma which will be crucial for our proof.

Proposition 6.1. Suppose a,,b, — oo, %= — p € [0,1), ¢, — c and ¢ < 2(1 —p). Then

for any fixed r and any two configurations (o—§1>, ce 05.1)), (052), ce a,(«z))

TV (P (Gl(of", ..., o), Pu(Gl(ol,...,a®))) = o(1)

Here TV (u1, p2) is the total variation distance between two probability measures (11 and
Ha.

Proof. We know that
TV (Pa(Glot?) u € [1]), Pu(Glo® ue [1]))

=3 |(Pu(Glol) e ) = Pu(Glo? we )
G

P (G
= Y| ®a(Glol ue ) - BuGlo? e )| YinlS)
G P(G)
N (6.1)
) > (Pu(Glot we ) = Pu(Glo® ue )
<
e P.(G)
B (Z Y, Po(3) (Pn(Glo™, &) — IP,L(G|U(2),&))2> :
> F,(0)
Here o1 := {(a%l),...,aﬁl)}, o = {(052), . 052))} and & is any configuration on
{r+1,...,n}.
Now observe that
2
(ZIP ( (Glo™),5) — n<G|o<2),&)>
- Z]P ( W(GloW 5P, (GleW, 7) + P (Glo?, 5)P,(Glo®,7)  (6:2)
—]Pn(G|a(1),5)]Pn(G|a(2),%) ~ Py (Glo®,5)P, (Glo ™M, 7))
We shall prove that the value of
n(G|‘7(1) a)P n(G|‘7(2)77~')
P .
22 Palan P;,(G) ©:3)
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does not depend on o¥ and ¢ upto o(1) terms. This will prove that the final expression
in (6.1) goes to 0. As a consequence, the proof of Proposition 6.1 will be complete.
At first we recall the definition of W, (G, o) from (5.1). It is easy to observe that

( (Gle™, 5)P n(G\U(Q),?))

Z Z P, (G)

o,T

Y > (HW G0V, &)W (G, o), ~>> P, (C) (6.4)

&,7"' uv

= 722(n_r) Z H Ep, (W(G, o, F\W(G, o®, 7).

o,T U,V

Observe that the sum in the final expression of (6.4) is taken over (&, 7) so the configura-
tions in o) and ¢(® remain unchanged.
Now let us introduce the following parameters

¢!
pix = = g op )a
g I ,m 0,20y

w,vE[r]

(6.5)
Siix

where 4 denotes the indicator variable corresponding to set A. We similarly define

1 n
p(o,7) = Z 0iTi

n—r

i=r+1 (66)
S:(0,7) = Z Itz 6,7, 7y=%1}-
w,vE(r]
Finally for each u € [r| define
Sy 4(5,7) =#{v ¢ [r] : 6,7 = £aVa?}. (6.7)

By using arguments similar to the proof of Lemma 5.1 one can show that the right hand
side of the final expression of (6.4) further simplifies to

gfix Sfix S (5,7) S_(6,7)
tn + tn 1 tn + ty
(3) (%) meX(el) (%)

Su 1+ (5,7) Su,—(6,7)
tn o+ tn ’
u€lr] n "
) ! 6.8
th S t glix 1 t (1+p(&i)2)7("74”2*% (6.8)
(%) (%) Wﬁ(”n) "
. (n—r)2 Su,+(5,7) Sy, —(5,7)
tn (1*,0(0')7')2) 1 tn n—yg tn n——
1—-— 1+ — 1——
(1-%) (%) (1-%)

It is easy to see that for any fixed u € [r] and a,(ul), aq(f) when ¢ and 7 are chosen

independently and uniformly over {+1} for each vertex v ¢ [r], both M s 1. 0n
the other hand |5, +| < n. So both the quantities
Sy, 4(5,7)

tn n e
H (1 + TL)

weE[r]
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and
I I n
u€[r]

are uniformly bounded over ¢, 7 and converge almost surely to exp (%") and exp (—%)
under uniform independent assignment.
Now S%x and Sfi* are both bounded by 72 also ¢, = (1+ o(1))t. So

<1 + Z’)Sﬁx (1 - ’;’;)s = (14 o(1).

On the other hand one can repeat the arguments in the proof of Lemma 5.1 to conclude
that

5 (1)

0,7

n—r 2 n—1r ~ o~ n—r 2
( 1 )~ _ > . tn (1—1)((777')2)7( 1 ) . 1 t t2
- = ————exXpl—— — — .
7 Vi1 P27 1

Combining all the arguments one gets the first expression in (6.8) converges to

1 t o t? tr . tr
—€ ————r€ — )exp | ——=
VIt P 1T T P )P Ty

1 { t t2}
expy—= — — ¢.
V-1 P12

As a result

p (2 Pu(GloV. 5P, (Glo®,7) L Lo
EG:Z]PH(J)]P”(T) P’ (G) (1+0(1))mexp{ 5 4}

7

Qi

irrespective of the value of o(!) and ¢(?). So the final expression in (6.1) goes to 0. Hence
the proof is complete. O

We now prove the following easy consequence of Proposition 6.1 which states that
the posterior distribution of a single label is essentially unchanged if we know a bounded
number of other labels.

Lemma 6.1. Suppose S is a set of finite cardinality r, u ¢ S be a fixed node and 7 gives
probabﬂjty% to both +1. Then under the conditions of Proposition 6.1

E[TV(P,(0.|G,0s),7)|os] = o(1).
Proof. Observe that P, (0, = i) = 7(¢) from the model assumption. So
E[TV(P,(04|G,05),m)|os]
= Z Z [P, (0 = i|G,05) — Pr(oy, = 1)| Pp(Glog)

G i=%1
]P’n u = } )
= ¥ Pueu =) 3 [P A0 |G
i=%1 G n(ou =1) (6.9)
. P,(c,=iNGNog)P,(os)
Z (o ) Z P,.(o, =iNog)P,(GNog) (Glos)
i==+1 G
. P.(Glos,0u = 1) ’
= Pulou=1))_ —1|P,(Glos)
P C PTL(G|O.S)
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Observe that

P,.(Glos) = = (P.(Glos, 00 = 1) + P, (Glos, 00, = —1)).

N =

As a consequence, the final expression of the right hand side of (6.9) becomes
5> Pu(ow = )TV (Pn(Glos,ou = i), Pn(Glos, o = —i)).
So the proof is complete by applying Proposition 6.1. O

With Proposition 6.1 and Lemma 6.1 in hand, we now give a proof of Theorem 2.2.

Proof of Theorem 2.2:
Let 6 be any estimate of the labeling of the nodes, o be the true labeling and f : {1,2} —
{£1} be the function such that f(1) =1 and f(2) = —1.

It is elementary to check that
. 1 1 1
70V(0‘,O’): ﬁ N11+N227E(Nl.N.l)fﬁ(NQ.NAQ) . (6.10)

Here

Nij = |o= @)} e H{F ()}
Ni. | ’1{fz )} (6.11)
N.;

So it is sufficient to prove that

2
1 1 2 1
N,—.N,i] = —Ep, [Nfi — ZNiNi.N; + 2N3_N_%} —0 i€ {1,2}.
n n n

1
3 Ep, |:Nii - 2

Now

Ep, [NZ] =Ep, ZI{0u=f(i)}I{my:f(i)}I{?Tu=f(i)}j{&u=f(i)}]

u,v

=Ep Z Hou=fi {ou=¢ (')}I{«?u—f(i)}l{&v—f(i)}] G (6.12)
= EJP,L Z Lo,=r(i {o.= <'>}] Lisu=ys.=ray 1G
The last step follows from the fact that ¢ is a function of G. Now
E [Io, =i (0,=10}|G] = E [[o,=@)} |G, 00 = f(D)] Pn (00 = f(1)|G)
= ((/0) + o) P (Gla, = 1) 22T L
— (w0 + o) PG L)
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Here the second step follows from Lemma 6.1. Now,

EY " (Iou=rnliov=riy — = (F(0) Iou=rin Lo=raiy G

u,v

< Ep, lz B [(Iou=r@ Liou=ryy — = (f(D) Lisu=ri} Liou=rcy} IG]|

gy, lz

u,v

<D Y PulGloy = f(0) = Pu(G)] + o(n?)
u,v G

= o(n?).

Ep,

. (6.13)
%) o P,.(Glo, = f(i
T (f) 6, =1 L{6,=1 (i)} < ( IPn(G)f( ) _ 1> +0(1)H

Here the last step follows from Proposition 6.1.
So we have

Ep, [N2] =Y Ee, [7*(f(i) [ou=ran Liou—t@) + o(n?) (6.14)

u,v

Similar calculations will prove that

E]pn [N”NlNA = TLZE]pn [7(2(f(i))I{&u:f(i)}f{(n,:f(i)}] + 0(713) (6.15)
and
Ep, [NZQNZL] =n? ZE]P” [7T2(f(i))I{&u:f(i)}l{&,u:f(i)}] + 0(n4). (6.16)

Plugging in these estimates we have
1 1 2
- E]P,L Nz - 7NZN1 = 0(1)
n n
This completes the proof. O
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7 Appendix

7.1 More general words and their equivalence classes

Here we only give a very brief description about the combinatorial aspects of random
matrix theory required to prove Lemma 4.3. For more general information one should
look at Chapter 1 of Anderson et al. [5] and Anderson and Zeiouni [4]. The definitions in
this section have been taken from Anderson et al. [5] and Anderson and Zeitouni [4].

Definition 7.1. (S words) Given a set S, an S letter s is simply an element of S. An S
word w is a finite sequence of letters s; ...s,, at least one letter long. An S word w is
closed if its first and last letters are the same. Two S words w1, wy are called equivalent,
denoted w; ~ wo, if there is a bijection on S that maps one into the other.

When § = {1,..., N} for some finite N, we use the term N word. Otherwise, if the
set S is clear from the context, we refer to an S word simply as a word.
For any word w = s;...s,, we use [(w) = k to denote the length of w, define the

weight wt(w) as the number of distinct elements of the set s1,. .., s; and the support of
w, denoted by supp(w), as the set of letters appearing in w. With any word w we may
associate an undirected graph, with wt(w) vertices and {(w)— — 1 edges, as follows.

Definition 7.2. (Graph associated with a word) Given a word w = s7...s;, we let
Gy = (Viy, Ey) be the graph with set of vertices V,, = supp(w) and (undirected) edges
Ew = {{SZ,SZ-F].},Z = 1,...,k—1}.

The graph GG, is connected since the word w defines a path connecting all the vertices
of GG,,, which further starts and terminates at the same vertex if the word is closed. For
e € £, we use N2 to denote the number of times this path traverses the edge e (in any
direction). We note that equivalent words generate the same graphs G,, (up to graph
isomorphism) and the same passage-counts V.

Definition 7.3. (sentences and corresponding graphs) A sentence a = [w;]’; =
[[(Jéi7j]‘l7'(:luf)]?:1 is an ordered collection of n words of length (I(w1),...,{(w,)) respectively.

We define the graph G, = (V,, E,) to be the graph with

Vo, =supp(a), B, = {{ai j,aijr1}li=1,...,n5=1,...,1(w;) — 1}}.

Definition 7.4. (weak CLT sentences) A sentence a = [w;]?; is called a weak CLT
sentence. If the following conditions are true:

1. All the words w;’s are closed.
2. Jointly the words w; visit edge of GG, at least twice.

3. For eachi € {1,...,n}, there is another j # i € {1,...,n} such that G,,, and G,
have at least one edge in common.

Note that these definitions are consistent with the ones given in Section 4. However,
in Section 4, we defined these only for some specific cases required to solve the problem.

In order to prove Lemma 4.3, we require the following result from Anderson et al.
[5].
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Lemma 7.1. (Lemma 2.1.23 in Anderson et al. [5]) Let W, denote the equivalence
classes corresponding to all closed words w of length k + 1 with wt(w) = t such that each
edge in G, have been traversed at least twice. Then for k > 2t — 2,

FWi < ok 1.3(k—2t42)

Assuming Lemma 7.1 we now prove Lemma 4.3.

Proof of Lemma 4.3: Let a = [w;]", be a weak CLT sentence such that G, have C(a)
many connected components. At first we introduce a partition 7(a) in the following way.
We put i and j in same block of 7(a) if G,,, and G,,; share an edge. At first we fix such a
partition n and consider all the sentences such that n(a) = 7. Let C(n) be the number of
blocks in 7. It is easy to observe that for any a with n(a) =, we have C(n) = C(a). From
now on we denote C(n) by C for convenience.

Let a be any weak CLT sentence such that n(a) = 7. We now propose an algorithm
to embed a into C ordered closed words (W71, ..., We) such that the equivalence class of
each W, belongs to Wy, ;, for some numbers L; and ¢;.

A similar type of argument can be found in Claim 3 of the proof of Theorem 2.2 in
Banerjee and Bose(2017) [6].

An embedding algorithm: Let Bj, ..., B¢ be the blocks of the partition n ordered in
the following way. Let m; = min{j : j € B;} and we order the blocks B; such that
mi < meo... < me. Given a partition 7 this ordering is unique. Let

B; = {i(1) < i(2) < ... < i(I(B:))}.

Here I(B;) denotes the number of elements in B;.
For each B; we embed the sentence a; = [w;(j)]1<j<i(B,) into W; sequentially in the
following manner.

1. Let S| = {2(1)} and vy = Wi(1)-
2. For each 1 < ¢ <[(B;) — 1 we perform the following.

* Consider . = (a1, -+, ¥(w,),c) and S. C B;. Let ne € B;\S. be the minimum
index such that the following two conditions hold.

(@) Gy, and G, shares at least one edge e = {a, ¢, Xp,+1,¢}-

(b) k1 is minimum among all such choices.

* Let wpe = (Bries -+ Bigwne),e) @0d { By e, Brot1,c} be the first time e appears in
Wne- As {BKQ,C? /Bf'ig-'rl,(:} = {aﬁl,ca ai@]-‘rl,c}l Ugq,c is either equal to Bng,c or 6&2,0'
Let k3 € {K2, k2 + 1} such that oy, ¢ = Bus.c- If Bry.c = Brat1,c, then we simply
take R3 = R2.

* We now generate tv.; in the following way

Wet1 = (al,ca ceey Oy ey BH3+1,C7 v vﬁl(wng),ca 62,07 .o 75&3,07 Qi +1,c90 -+ al(mc),c)‘

Let a. := (w., wy.). It is easy to observe by induction that all wv.’s are closed
words and so are all the w,.’s. Also all the edges in the graph G;, are

preserved along with their passage counts in G
* Generate S.11 = S. U {ne}.

Wetpq-

3. Return W; = wy(p,).

In the preceding algorithm we have actually defined a function f which maps any weak
CLT sentence « into C ordered closed words (W7, ...,W¢) such that the equivalence
class of each W; belongs to Wy, ;, for some numbers L; and ¢;. Observe that given
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two words tv; and vy, application of step 2 gives rise to a closed word tvs where
I(t3) = I(r01) + I(w3) — 1. So

Li= Y l(w;) = UB;)—1) < > lw).

JjE€EB; JEB;
JjEB;
JEB;
Unfortunately f is not an injective map. So given (W1,...,W¢) we find an upper bound

to the cardinality of the following set
FHW, . We) = {alf(a) = (Wh,.... We)}

We have argued earlier C is the number of blocks in 7. However, in general (W7, ..., W¢)
does neither specify the partition n nor the order in which the words are concatenated
with in each block B; of . So we fix a partition n with C many blocks and an order of
concatenation O. Observe that

O = (01(n),...,0c(n))

where for each 4, 0;(n) is a permutation of the elements in B;. Now we give an uniform
upper bound to the cardinality of the following set

froWh, ..., We) == {aln(a) =7 ;0(a) = O &f(a) = (W,...,We)}.

According to the algorithm any word W; is formed by recursively applying step 2 to
(¢, wne) for 1 < ¢ <I(B;). Given a word 3 = (a1, ..., Q(w,)), we want to find out the
number of two word sentences (w1, w2) such that applying step 2 of the algorithm on
(01, 02) gives tos as an output. This is equivalent to choose three positions i; < iz < i3
from the set {1,...,I(w3)} such that «;, = «;,. Once these three positions are chosen,
(to1,t02) can be constructed uniquely in the following manner

0y = (a1, .., 0, Qg1 - '?al(m;g))
0y = (ozi2,...,oz,;3,ozi1+1,...,o¢1;2).

m

Total number of choices i; < is < i3 is bounded by [(tv3)* < (37", l(wi))3 . For each
block B;, step 2 of the algorithm has been used /(B;) many times. So

m 32?:1 I(Bi) m 3m
[ (W, W) < (szn) _ (Zl(wﬁ> _
i=1 i=1

On the other hand, there are at most m™ many 7n’s and for each 7 there are at most
Hiczl [(B;)! < m™ choices of O. So

Dom

m 3m m
FY WL, W) < mPm (szg) < <D1 szg) (7.2)
=1 =1

for some known constants D; and D,;. Now we fix the sequence (L;,t;) and find an
upper bound to the number of (Wy,...,W¢). From Lemma 7.1 we know the number of
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choices of W; is bounded by 2L:=1(L; — 1)Li=2ti+1nti So the total number of choices for
(Wy,...,We) is bounded by

m 3(2:’;1 I(w;)—2t)
) (7.3)

C
225=1 L; H(Lz _ 1)3(L¢—2ti+1)nti S 221’;1 l(uu)nt (Zl(wl)
i=1

i=1

Now the number of choices (L;, t;) such that Zic:l Ly =50 Uw;) — Zic:l(l(Bi) —1)and
Zic:l t; =t are bounded by

(Tt - Zina(s) =) - N(E1) (B () < @uwi))m.
i)

(7.4)
Here the inequality follows since C <mand ¢t < ", l(w% Finally we using the fact

that 1 < C < m and combining (7.2), (7.3) and (7.4) we finally have

m Dam m 330 wy)—2t) m 2m
#A< <D1 Zz(wi)> x 2= Hwi)pt <ZZ(wi)> X (me)
i=1

i=1 =1

Caom 3(30; (w;)—2t)
=A< 221w <01 Zl(wﬁ) (Z l(“’z‘)) n'
(7.5)

as required. O
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