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1 Introduction and previous results

In this paper, we are interested in the deviation on the right of sums of unbounded
independent random variables with finite variances. So, let X, X,..., X,, be a finite
sequence of independent random variables with finite variances. Set

S, =X +Xo+---4+ X, and o2 = EX?) +E(X2)+ - +E(X23). (1.1)
Assume that IE(S,,) = 0. Then the so-called Tchebichef-Cantelli inequality states that
P(S, > ) < o?/(x? +0°) forany x > 0. (1.2)

Setting z = 1 + (z/0)?, this inequality is equivalent to

IP(S, >0vz—1)<1/z forany z > 1. (1.3)
Assume now that the random variables X, X, ..., X,, have a finite Laplace transform

on [0, +oo[ and satisfy the subGaussian condition below:
log IE(e'*") + log IE(e"*?) + - - - + log IE(e'*) < $5°¢* for any t > 0. (1.4)
Then the usual Chernoff calculation yields
IP(S, > 0v/2logz) < 1/z for any z > 1. (1.5)

For large values of z this inequality is clearly much sharper than the Cantelli inequality.
However (1.4) is too restrictive. A less restrictive condition is the existence of moments
of order g > 2 for the positive parts of the random variables X, Xs,..., X,,. Set

Xip =max(0, X;) and Cy(X) = (B(XY,) + B(XL) +---+ BXL)YT (1.6
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for any ¢ > 1. If IE(X;) = 0 for any ¢ in [1,n], then an adequate version of the Fuk-Nagaev
inequalities (see Fuk (1973) or Nagaev (1979), Corollary 1.8) yields

q
(q+2)Cy(X) 212

and any ¢ > 2 such that C,;(X) < co. Therefrom
P(S, > a,0+/2logz + byCy(X)2Y/9) < 2/z forany z > 1, (1.8)

with a, = (1+¢/2)e?/? and b, = 1+ (2/q). Fan, Grama and Liu (2017) obtain an extension
of (1.7) to the case of martingales (see their Corollary 2.5), with the same constants
aq and b,. In Section 3 of this paper, we will prove the following maximal version of
(1.8) with the optimal constant a,. Let S}, = max(0,51,...,S5,): under the assumptions
of (1.7),

P(S: > 0v/2logz + (1+ (2/q) + (¢/3)14>3)Cy(X)2"/7) < 1/z forany z > 1.  (1.9)

In the iid case, one can derive immediately the bounded law of the iterated logarithm
(with the exact constant) from (1.9), which shows (in spirit) that the constant a, = 1
appearing here cannot be further improved. In Section 4 we give similar inequalities
under weak moments conditions. In Section 5 we apply the results of Sections 3 and 4
to get constants in the weak Rosenthal inequalities of Carothers and Dilworth (1988).
The results of Sections 3, 4 and 5 are given in the more general setting of martingale
differences sequences. Section 2 deals with preliminary results, which are the starting
point of this paper.

2 Preliminary results

In this section, we introduce some definitions and technical tools which will be used
all along the paper. We start with the definition of the tail function, the quantile function
and the integrated quantile function.

Definition 2.1. Let X be a real-valued random variable. Then the tail function Hx of
X is defined by Hx (t) = IP(X > t). The quantile function Qx of X is the cadlag inverse
of Hx (note that () x is nonincreasing).

The basic property of Qx is: ¢ < Qx(u) if and only if Hx(z) > u. This property
ensures that Q) x (U) has the same distribution as X for any random variable U with the
uniform distribution over [0, 1].

Definition 2.2. The integrated quantile function QX of the real-valued and integrable
random variable X is defined by Qx(u) = u™* fou Qx(s)ds (since Qx is nonincreasing,
Qx is a nonincreasing function).

We start by a byproduct of Doob’s inequality, which is a reformulation of Lemma 1 in
Dubins and Gilat (1978).

Lemma 2.3. Let (My, M,...,M,) be a submartingale in L' such that My > 0 almost
surely. Set M,; = max(Moy, M, ..., M,). Then Q- (u) < Qur, (u) for any u in |0, 1].

Proof. The assumption My > 0, which seems to be necessary (this assumption ensures
that @) Mx >0 ), is omitted in Dubins and Gilat (1978). Therefore I give a proof below.
From the Doob inequality and Lemma 2.1(a) in Rio (2000), for any z > 0,

P(M:>z)

n=

eP(M: > 2) < E(My1a:ss) < / Qur. (5)ds.
0
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For w in |0, 1], let z = Qas:(u). Then IP(M;; > x) = IP(QM;(U) > QM;(U)> > u > 0.
Hence Qv+ (u) < Qur,, (IP(M;; > z)) < Qu, (u), since Q, is nonincreasing. O

We now recall some elementary properties of the quantile function and the integrated
quantile function. These properties are given and proved in Pinelis (2014).

Proposition 2.4. Let X and Y be real-valued and integrable random variables. Then,
for any w in ]0,1],

) Qx(u) < Qx(u), () P(X > Qx(u) <wu, (i) Qxyy(u) < Qx(u)+ Qy(u).

Let us also recall the variational expression of Q x, which can be found in Rockafellar
and Uryasev (2000) or Pinelis (2014).

Qx(u) =inf{t +u 'E((X —t)4+) : t € R} forany u €]0,1]. (2.1)

Consider now a real-valued random variable X with a finite Laplace transform on a
right neighborhood of 0. Define ¢ x by

lx(t) = logIE(exp(tX)) for any ¢ > 0. (2.2)

Define the transformation 7 on the class ¥ of convex functions ¢ : [0, oo[— [0, co] such
that ¢(0) = 0 by

T(z) =inf{t"'(¢(t) + z) : t €]0,00[} forany z >0 (2.3)
and the function Q% by
Q% (u) = Tlx(log(1/u)). for any u €]0,1]. (2.4)

As noted by Rio (2000, p. 159), T/x is the inverse function of the Legendre transform of
lx. Furthermore the following properties are valid.

Proposition 2.5. (i) For any real-valued and jntegrab]e random variable X with a finite
Laplace transform on a right neighborhood of 0, Qx < Q%. (ii) 7 is subadditive on V.

Proof. We refer to Pinelis (2014) for a proof of (i). We now prove (ii). Let ¢y and ¥, be
elements of . It is enough to prove that, for s > 0 and ¢ > 0, there exists z > 0 such that

t (o (t) + 2) + 57 (Wr(s) + ) = 27 (Yo (2) + ¥ (2) + ). (2.5)

Let z = st/(s+t). From the convexity of the above functions and the facts that 1)¢(0) = 0
and ¢1(0) =0, Yo(2) < stho(t)/(s +t) and 11(2) < t1(s)/(s + t), which ensures that (2.5)
holds true for this choice of z. Hence 7T is subadditive. O

3 Fuk-Nagaev inequalities under strong moments assumptions

Throughout this section, (M;)o<;<» is a martingale in L? with respect to a nonde-
creasing filtration (F;);, such that My = 0. We set X; = M; — M;_, for any positive j.
We assume that, for some constant g > 2,

IME(XG | Fj-1)]loe < oo and [[IB(X], | Fj_1)[le < oo for any integer j € [1,n]. (3.1)

We set
n ) 1/2 n . 1/q
o= || > B F)| [ and ) = || DB 1 F)| (3.2)
j=1 > j=1 >
The increments X, X, ..., X,, are said to be conditionally symmetric if, for any j in [1, n]

the conditional law of X; given F;_; is symmetric. The main result of this section is
Theorem 3.1 below.
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Theorem 3.1. Let (M;)o<,<, be a martingale in L? satisfying (3.1), such that M, = 0.

Then
Qum, (1/2) < o+/2logz+ Cq(M)(ﬁqzl/q +1,53(e/3)log 2) (a)
for any z > 1, where 8, = 1 + min(1/5,1/q) + (1/q) and (Cy(M), o) is defined by (3.2).
Furthermore, if the increments X, X», ..., X,, are conditionally symmetric, then
Qnr, (1/2) < 0y/2log z + Cy(M) (1 + (1/4) + 1/q)2 (b)

for any q in |3,4] and any z > 1.
From Theorem 3.1 and Lemma 2.3, we immediately get the corollary below.
Corollary 3.2. Under the assumptions of Theorem 3.1(a), for any z > 1,

IP(max(Mo, My, ..., M,) > U\/Qlogz—kC'q(M)(ﬁqzl/q + 1g453(e/3)logz)) < 1/=.

Remark 3.3. Note that 8, <1+ (2/q). Hence Corollary 3.2 improves (1.8) for any value
of z in the case ¢ < 3. If ¢ > 3, the elementary inequality elog z < ¢z'/? can be used to
replace (e/3)log z by (¢/3)z'/9 in the above inequalities, which proves that Corollary 3.2
implies (1.9).

Proof of Theorem 3.1(a). We prove Theorem 3.1(a) in the case Cq(M) = 1. The general
case follows by dividing the random variables by C,(M). Let y = 214, Set

X; =min(X;,y) and M, = X1+ Xo + -+ X,,. (3.3)
From Proposition 2.4(iii) and Proposition 2.5(i),
Qu, (1/2) < Qi (1/2) + Qar, sz, (1/2). (3.4)
Next, from (2.1) and the fact that M,, — M,, > 0,
Qui,—n1,(1/2) < 2IB(M,, — M,). (3.5)
Let us now bound up IE(M,, — M,,). Let ; = X; — X;. Then
E(M,, — My) = 377 B(E(n; | Fj-1))- (3.6)

Now

IE(’I]j | ]:3;1) = / ]P(Xj > S | ]:]‘,1)d8 < / qsq_llP(Xj > S | .Fj,1>d5,
Yy Yy

qya—1

which ensures that
E(n; | Fj1) < q 'y TIE(X], | Fjo). (3.7)

Hence ~
E(M,, — M,) < ¢ 'y 1E( 2?21 E(XY, | Fj-1) ) < q 'yt (3.8)

since Z?Zl IE(XJ‘?Jr | Fj—1) < 1 almost surely. Combining (3.5) and (3.8), we then get that
Qury—ir,(1/2) < q 'y 92 = g7 12M0, (3.9)

In view of (3.4) and (3.9), it remains to prove that
QR (1/2) < oy/2logz + (min(1/5,1/q) + 1)219 4+ 1,23(e/3)log z for any z > 1. (3.10)

In order to prove (3.10), we will bound the Laplace transform of M,, via the lemma below.
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Lemma 3.4. Let Z1,75,...,7Z, be a finite sequence of random variables with finite
variances, adapted to a nondecreasing filtration (F;);. Suppose furthermore that, for
any j in [1,n], IE(Z; | ;1) < 0 almost surely. LetT,, = Z, + Zy + - - -+ Z,,. Then, for any
positive t, logIE(e'’) < ((t), where

oo n

CR DL CAER I 3 Dot CAEAS

k=3 j=1

Proof of Lemma 3.4. From the elementary inequality e® < 1+ 2 + (22/2) + Zkzg(mﬁ/k!),
we infer that, for any positive ¢,

2 1k
E(e'? | Fjo1) <1+ TB(Z; | Fjo)t+B(Z] | Fioa) 5 + Z]E el i)
2 t2 k tk
< eXp(IE(Zj | Fi) 5 + ZIE(Zj+ | Fj_1) H) a.s. (3.11)
k=3

Define now the random variables W;(t) by Wy(t) = 1 and

o0 "
Wj(lf) = Wj,l(t) exp(th - (Z2 | .7:] 1 ZIE G+ | ]:J 1) il ) for j € [l,n].

k=3

Then, from (3.11) (W;(t))o<j<n is a positive supermartingale adapted to (F;)o<;<n, Which
ensures that IE(W,,(t)) < IE(Wy(t)) = 1. Since W,,(t) exp(¢(t)) > exp(tT,) almost surely,
it implies Lemma 3.4. O

We now apply Lemma 3.4 to the random variables X, Xs,...,X,. Noticing that
X; < Xj, Wthh ensures that IE(X; | F;_;) < 0 and that X? < X2 which implies that
HZ] 1]E( 2| Fj1)|, < o? we thus get that

logIE (M) < 0242 /2 + 332 sy t¥/k!, where v = || S0 B(XF, | Foy)|| . (3.12)

Usually the coefficients +, are bounded up by ¢2y*~2. However this upper bound does
not take into accounts the assumption on the moments of order q. Here we need the
more precise upper bound below.

Proposition 3.5. Let 71,75, ..., 7, be a finite sequence of random variables, adapted
to a nondecreasing filtration (F;);. Suppose furthermore that max(Zy,Zs,...,Z,) < ¢
a.s. for some positive c and that

n n
H SEZ, | fj_l)Hoo <V and H S E(ZY, | fj_l)Hoo <1.
Jj=1 j=1
Then, first 37 TB(Z}, | Fj-1) < V(a=F)/(a=2) almost surely, for any real k € [2,q] and
second Y. | TE(Z, | Fj_1) < ¢*~% almost surely, for any real k > g.

Proof of Proposition 3.5. Noting that Z]’»C . < Z;? +ck_q for any k£ > ¢, one immediately
gets the second assertion. We now prove the first assertion. From the convexity of the
exponential function, (¢ — 2)(Z;1/a)*"2 < (k —2)(Z;1/a)?2 + (¢ — k) for any k in [2, g
and any positive a. Multiplying this inequality by a*~2Z?,, we get that

(=202}, < (k—2)a* 927 + (¢ — k)" *Z3,.
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Taking the conditional expectation with respect to F;_; and summing then on j, we infer
that

n

(¢—2)) B(Z}, | Fioa) < (k= 2)a" 9> T(ZL, | Fjoa) + (g — k)ab 2> TB(Z7, | Fijoa)

j=1 j=1 j=1
<(k—2)a""1+ (¢ - k)a" 2V as.

Choosing a = V~1/(4=2) in this inequality, we then get the first part of Proposition 3.5. O

Let ¢g(5) = >_ 5, (s°/ k!). Define

2

v =02, {(t) :vt—

k
A SR P and fo(t) = y g (yt).  (3.13)

2<k<q k'
From (3.12) and Proposition 3.5 applied to Z; = X; with c = y and V = o2,
log IE (M) < £o(t) 4 £1(t) + £2(t) for any ¢ > 0. (3.14)
Consequently, from Proposition 2.5(ii) and (2.4),
Qi (1/2) <min( Tlo(x)+T (Cr+L2)(x), T (Lo+£1)(x)+Tla(x) ), where z =logz. (3.15)
Let us bound up 7 ¥2(x). Choosing t = (x/y) in (2.3) yields
Tlo(x) <y+y'~"a" g (z) = y+ye "z 9y(2), (3.16)

since y? = z = e*. Now the function = — e~ “z 14, (z) is uniformly bounded on ]0, oo|, as
shown by the lemma below.

Lemma 3.6. For any ¢ > 2 and any positive z, e %z~ ',(z) < min(1/q,1/5).

Proof of Lemma 3.6. 4(z) = Zk>q(x"”'/k!) < (z/q9) > ;> _,(z7/4!) < xe®/q, which gives
the first bound. Now e =22~ 1), () < :cfle*””(ex—l—x—igm) := g(x) for any ¢ > 2. Let us
bound the maximum of g: the function g is increasing on [0, z] and decreasing on [z, o0|,
where 7 is the unique positive solution of the equation e* — 1 — z — (22/2) = (23/2).

Consequently sup,-, g(z) = z2e~®°/2. Now one can prove that zo > z; = 3.35. Since

r — z%e~" is decreasing on |2, 00|, it implies that z2e~%0 < z?e~%1 = (0.394. Hence

sup,so 9(x) < 1/5, which completes the proof of Lemma 3.6. O
From (3.16) and Lemma 3.6,
Tl(z) <y+ (y/z)la(x/y) < gy, where oy =1+ min(1/q,1/5). (3.17)
Proof of (3.10) for g < 3. Then ¢; = 0. Furthermore, an elementary calculation gives
Tlo(z) = oV2z = 04/210g 2. (3.18)

Then (3.10) follows from (3.15), (3.17) and (3.18).
Proof of (3.10) for q > 3. Applying (2.3) to ¢; + ¢» with t = z/y, we get that

Tl + ) (z) <y+ (y/o)la(x/y) + (y/2)0(x/y) < agy + (y/x)li(2/y).

Now recall that y = 21/7 = ¢%/9. Hence (z/qy) < sup,.,se”* = (1/e) or, equivalently,

(z/y) < (q/e). (3.19)
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Now t + t~2¢,(t) is increasing. Thus, using (3.19), (y/x)¢1(z/y) < (z/y)(e/q)*l1(q/e).
Since y > 1 and ¢ > 3, it follows from the above inequalities that

Tl + £)(x) < agy + (ex/3)l1(q/e). (3.20)
Next
2N~ k)t vt?
Lo(t) 4+ £1(t) < vt Zv kU= 201 — o /(a=2)¢/3) "
k>2

From the above bound and Inequality (2.17), page 30 in Bercu, Delyon and Rio (2015),
T (o + 6)(x) < ovV2z +v~ Y2 (1/3). (3.21)

Putting together the inequalities (3.15), (3.17), (3.18) and (3.20), we then get that
Q}‘Qn(l/z) <ovV2r+ oy + (z/3) min(eﬁl(q/e), v~ /(a=2) ), (3.22)

where z = log z, y = z'/%. It remains to prove that
min (ef1(g/e),v 172 ) <e. (3.23)

If v=1/(@=2) < ¢, (3.23) is trivial. Otherwise v'/(¢=2) < (1/e), which ensures that
vla=R)/(@=2) < k=4 for any k in ]2,q[. Then /i(q/e) < e 9, . (¢*/k!) < 1, which
implies (3.23). Hence (3.10) holds true, which completes the proof of Theorem 3.1(a). O

Proof of Theorem 3.1(b). It is enough to prove Theorem 3.1(b) in the case Cq(M) =1.
Set y = 2!/9 and define the random variables X; by X; = max(—y, min(X;,y)) for j in
[1,n]. Set M,, = X; + X5 +---+ X,,. Then

My, — My, =371 (X5 = X;) <30 (X —9)+
Now (3.4) is still valid, and applying (3.5)—(3.8) to the term on right hand (instead of
M, — M,), we find that (3.9) is also still valid. Consequently it only remains to prove that

Q3 (1/2) < 0/2log z + (5/4)z'/9 for any z > 1. (3.24)
Since the increments X ; are conditionally symmetric, the conditional moments of order
2k + 1 vanish. Hence, similarly to (3.11), we have

tQk

_ 2 >0 _
IE (e | Fjoy) < eXp(IE(X]2 | Fi-1) 5 + Q;E(Xﬁ | Fj-1) (Qk)'> as. (3.2
=2

Now, proceeding as in the proof of Lemma 3.4, we get that, for any ¢ > 0,

B tz o0 t2k n B
g B(e) < 0> +23 4y s Where i = H S E(X |fj_1)Hoo. (3.26)
k=2 ’ j=1

Applying then Proposition 3.5 to the random variables X,

1og]E(etM") < lo(t) + Lo(t) where {y(t) = oQﬁ and 45(t) = 2 i (ty)>* (3.27)
< £o 2 0 5 2 2 2 2k .
Recall that 7{y(xz) = 0v/22. Hence, from (2.4), (3.27) and the subadditivity of 7,
Qjz, (1/2) < 0v2zx + Tlz(x), where z = logz. (3.28)

Next, applying (3.3) with ¢ = (z/y) and noticing that z = €7,
Tla(z) <y+ (y/a)la(x/y) = y + 2(y/z)e " (cosh(z) — 1 — 2?/2).
Now z~!(cosh(z) — 1 — 22/2) = 3"72, 2**~1/(2k)! < sinh(x)/4, which ensures that
2(y/x)e " (cosh(z) — 1 — 2%/2) < ye “sinh(x)/2 < (y/4).
Hence T4;3(z) < (5y/4), which, together with (3.28), implies (3.24). O
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4 Fuk-Nagaev inequalities under weak moments assumptions

Throughout this section, (M;)o<;<n is a martingale in L? with respect to a nonde-
creasing filtration (F;);, such that My, = 0. We set X; = M; — M;_, for any positive j.
We assume that, for some constant » > 2,

IECXG | F5-)lloo < 00 and [[sup(t" (X5 >t 1) )loe < 00 4.1)
>

for any j in [1,n]. We set

n

sup (1" S P(X; > | f]«_l))H:T (4.2)

t>0

n 1/2
o= H Y EX? | fj_l)H and C*(M) =
=1 > =1
(the letter w in C (M) means weak). Let us now state our main result.

Theorem 4.1. Let (M;)o<;j<, be a martingale in L* satisfying (4.1), such that M, = 0.
Then, for any z > 1,

Qu, (1/2) < 0+/2log z + CF (M), 2",
where u, = 2+ max(4/3,r/3) and (C (M), o) is defined by (4.2).
From Theorem 4.1 and Lemma 2.3, we immediately get the corollary below.

Corollary 4.2. Under the assumptions of Theorem 4.1, for any z > 1,
IP(max(Mo, My, ..., M,) > o+/2log z + C’;““(M),urzl/r) <1/z.

Remark 4.3. From the Markov inequality C}* (M) < C,(M). The constant y, appearing
here can be improved. Nevertheless p, < 10/3 for any r in ]2,4], which shows that
Corollary 4.2 is suitable for numerical applications.

Proof of Theorem 4.1. As in Section 3, it is enough to prove Theorem 3.1 in the case
C¥(M) = 1. Let then y = 2z/". Set

Xj =min(X,,y) and M,=X1+Xo+ -+ X,. (4.3)

The upper bounds (3.4) and (3.5) are still valid. Let us now bound up E(M,, — Mn) Let
77]' = Xj — Xj. Then

B(M, — M,) =E(>7_, E(n; | Fj-1))- (4.4)
Let
A, = iu%)(tr Z;-l:lIP<Xj+ >t | .7:]‘,1) ) (4.5)
>

IfC¥”(M) =1, then A, <1 a.s., whence

n

> B | Fia) = /yoo<

Jj=1

n r 00 1—r

Z]P(Xj > s .Fj_l))ds < A,,/ s Tds < ]

j=1 y

It follows that IE(M,, — M,,) < (r — 1)~'y'~". Applying now (3.5), we get that
Qui,—ar,(1/2) < (r = 1)1yl = (r — 1)~ 12" (4.6)
In view of (3.4) and (4.6), it remains to prove that

Q. (1/2) < 0y/2logz + (2 + max(4/3,r/3) — 1/(r — 1) )2"/" forany z > 1.  (4.7)
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We now prove (4.7). As in Dedecker, Gouézel and Merlevede (2016), we will apply
inequalities involving strong moments of order ¢ > r to the variables X,,. We will choose
g in IN. Let k be any integer such that k£ > r. We start by bounding up Cx(M):

n

_ Yy n y
Z]E(X;c-‘r ‘ \Fj—l) :/0 kskfl(z ]P(X]_;’_ > S | fj_l))ds S ATA kskflf'rds’
Jj=1

j=1
where A, is defined by (4.5). Since A, <1 a.s., it follows that

H Xn:]E()_(er | ]:_j—l)H < kkyf‘; for any k > q. (4.8)

o

j=1

From the above upper bound, for any integer ¢ > r,

> S m(R, | | P (), where by = L1 " )
: g I e = ) 2 g+1—r ml ‘
k>q+1  j=1 m2>q
Define now the positive real C; and 71, Z,, ..., Z, by
Co=(qy""/(qa— r))l/q and Z; = C;'X; forany j € [1,n]. (4.10)

Then the random variables 71, 75, ..., Z, fulfill the conditions of Proposition 3.5 with
V = (0/C,)? and ¢ = (y/C,). Applying Proposition 3.5 to Z1, Za, ..., Z, for k in [2, q] and
multiplying by C*, we then get that

H ZIE()_(J’?+ \ ]:jfl)H < o?(Cl/o? )(k_z)/(q_z)for any integer k € [2, q|. (4.11)
j=1 >

From the above upper bound, for any integer ¢ > r,

: - Tk t* 2 - Ci\ =t
3 HZ]E(Xj+ | fj_l)HooH < lo1(t), where (o, (t) = o 2(02> o @a2)
k=2 j=1 k=2
Applying now Lemma 3.4, we get that
log IE (M) < 4(t) := £o1(t) + £o(t) for any ¢ > 0. (4.13)
Hence, by Proposition 2.5(ii),
Qs (1/2) < Tl(z) < Tloi(x) + Tla(x), wherez = logz. (4.14)

Now, on the one hand, proceeding exactly as in Section 3 (see in particular (3.21),
page 7),
Tlo1(x) < oV2x + (03/02)1/(‘172) (x/3) (4.15)

and on the other hand, choosing ¢ = (z/y) in (2.3),

S I o _
Th(@) <y+w/o)b/y) =y+ 7y Z:q 1 Syty/lg+rl-r).  (416)

If (C4/0?)!/(4=2) < (q — 1)y/x, from (4.14) and the two above ineqalities,

Q. (1/2) <oV2r+y(1/(g+1—7)+(¢+2)/3) wherez =logzandy=z"". (4.17)
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Otherwise (02/C3)'/(1=2) < z/(qy — y), whence
o%(C4 /g% E=D/a=2) — ca(5?jCa)aR)/ a2 < C1( (g — l)y/x)k‘q_

Then, using the definition (4.10) of C,,

Cy™ 1271 = (¢ —1F qrt 'y er!
(w/@)o(@/y) <y == kz::z g S y( - ) P (4.18)

Now 2971y~ = 2971e=* < (¢ — 1)?" e’ and, consequently,

(y/2)on (/) < ya/(a — (g — 7). (4.19)
Applying now (2.3) with ¢t = (z/y) to ¢ and using (4.16) and (4.19), we get that
Tlx) <y(1+1/(g+1-7)+q/(qg—1)(q—71)) (4.20)
Finally, from (4.14), (4.17) and (4.20),
Qyr, (1/2) < oy/2logz + 2176, (4.21)

where 6, = (1+1/(¢+1—7r) 4+ max((¢g—1)/3,q/(¢—1)(g— 1)) ).
In view of (4.21), it remains to prove that

Or+1/(r—1) <24 max(4/3,7/3). (4.22)

In order to prove this inequality, we separate three cases. For r in ]2,8/3], set ¢ = 4.
Then (¢—1)/3=1>¢q/(¢—1)(¢g—r)and 6, +1/(r—1)=2+1/(6—r)+1/(r—1) <10/3
for any r in ]2, 8/3], which implies (4.7).

For rin ]8/3,4], set ¢ =5. Then (¢4 —1)/3=4/3 > q/(q¢ — 1)(q — r). Consequently

Sr4+1/(r—1) < (7/3)+1/(6 —r) +1/(r —1) < 10/3

for any r in |8/3, 4], which implies (4.22).
If » > 4, we choose the integer ¢ = ¢, such that ¢. — 1 < r + 1 < ¢,. Noticing that
(¢—1)/3>¢q/(¢—1)(q —r) for any r > 4, we get that

64+ 1/(r=1)<1+1/(g+1-1)4+(q—=1)/3+1/(r—1)<14+1/(g+1—7)+¢q/3

forr >4.Sets=¢—r. Thenl/(¢+1—r)+¢q/3=1/(s+1)+s/3+r/3 <1+r/3, since
s liesin [1,2]. Hence §, + 1/(r — 1) < 2+ (r/3) for any r > 4, which completes the proof
of (4.22). Finally (4.7) holds true, whence Theorem 4.1. O

5 Upper bounds for weak norms of martingales

In this section, we apply the results of Sections 3 and 4 to weak norms of martingales.
Let X be a real-valued and integrable random variable. For r > 1, let

AF(X) =supt (IP(X > t))V/" and A,.(X) = max(A}(X), Af(—X)). (5.1)
t>0

Then A, is a quasi-norm on the space weak-L" of real-valued random variables X such

that A, (] X|) < co. From the properties of x given in Section 2, one can easily get the

well-known equalities

AF(X) = sup u'"Qx(u) and A.(X) = max(A}(X), A} (—X)). (5.2)

7
u€]0,1]
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Define now, for r > 1,

AF(X) = sup u/771 /u Qx(s)ds and A,.(X) = max(A}(X), Af (—=X)). (5.3)
0

T r
u€]0,1]

Elementary arguments show that

AF(X) < AH(X) < (7255)AH(X) and A(X) < A(X) < (59)A(X). (5.4)
Furthermore, from Proposition 2.4(iii), Aj and A, satisfy the triangle inequality. It
follows that A, is a norm on the space weak-L".

Let us now recall the extension of Rosenthal’s inequalities to weak-L" spaces. Let
X1,Xo,...,X,, be a finite sequence of independent centered random variables. Let
r > 2. Suppose that the random variables belong to the space weak-L". Set My = 0 and
M, = X1+ Xo+ -+ X,,. Then, according to Theorem 2.2 in Carothers and Dilworth
(1988), there exist positive constants a, and b, such that

n 1r
Av(|My]) < avo + b,C® where 0® = Var M,, and C = supt(Z P(|X| > t)) . (5.5)
t>0 =1

From Theorem 4.1, we get the following constants in the maximal version of this
inequality.

Theorem 5.1. Let (M;)o<,<, be a martingale in L? satisfying (4.1), such that M, = 0.
Set M} = max(My, My, ..., M,). Then, for any real r > 2,

A (M) < A (M) < 0/(r]e) + C (M), (a)
and -
Ao (My) < 0/(r/e) + max(C (M), CP (= M) py., (b)

where p, = 2 + max(4/3,r/3) and (C (M), o) is defined by (4.2).

Proof. (b) follows immediately from (a) applied to M,, and —M,,. Let us prove (a). By
Theorem 4.1,

A (M) §crsup(z*1/r\/210gz) + C (M) far (5.6)

z>1
Let s = (2/r)log 2. Then z=1/"\/2Tog z = /rsexp(—s) < /(r/e), which implies the right
hand side of (a). Now M > 0. Therefrom A, (M) = A, (|M;;|) = A (M;;). Now, using
Lemma 2.3, we get that A,F (M) < A (M,,), which implies the left hand side of (a). O

To conclude this paper, we now compare the weak norms estimates that can be
derived from Theorem 3.1 with weak norms estimates derived from Rosenthal’s inequali-
ties. Assume that the increments Xi, X, ..., X, are independent and symmetric. Then,
starting from Theorem 3.1 and proceeding exactly as in the above proof, one obtains
that, for ¢ in 2, 4],

Ag(M;) < 0\/(gfe) + ¢, Cy( M), (5.7)

where (; = (6/5) + (1/q) for ¢ in |2, 3] and ¢, = (5/4) + (1/¢) for ¢ in ]3,4]. Now let Y be a
random variable with Gaussian law A (0, 1). For ¢ in ]2,4], by Theorems 6.1 and 7.1 in
Figiel et al. (1997),

E(|M|7) < o E(|Y]7) + Y, B(|X,]7). (5.8)

From the Lévy symmetrization inequality, IP(M; > z) < IP(|M,,| > z). Hence

1Ml < T(MJ7) < (YY) +2 5, B(XL, ). (5.9)
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Now, by the Markov inequality A, (M) < ||M:||,. Consequently
Ag(M}) < o||Y|lg +2Y/9C, (M). (5.10)
Using the Stirling formula, one can prove that, for any q > 2,
1Y g =7~ 122920 (g + 1)/2) = (a/e)7*(1 = 1/0)"*V2e = (a/e)*\/e/2.

Hence [|Y||; > +/(g/e). It follows that, for independent and identically distributed
symmetric random variables in L9, (5.7) is more efficient for large values of n. Note
however that 21/7 < Cq» SO that one cannot compare (5.7) and (5.10) in the general case.

Remark 5.2. For ¢ in |2, 3], from Theorem 3.1 in Section 3, (5.7) holds without the
symmetry condition. For ¢ in ]2, 3], (5.8) also holds true without the symmetry condition,
thanks to Theorem 5.1 in Pinelis (2015). However one cannot derive (5.10) from (5.8) in
the nonsymmetric case.
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