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Abstract. Let (X;) be a sequence of random variables, adapted to a filtra-
tion (Gp), and let pp, = (1/n) X7, 8x; and an(-) = P(X,41 € |Gn) be the
empirical and the predictive measures. We focus on

ltn — anll = sup }l‘«n(B) —ap(B)
BeD

)

where D is a class of measurable sets. Conditions for ||, — ay, || — 0, almost
surely or in probability, are given. Also, to determine the rate of convergence,
the asymptotic behavior of r, ||, — ay || is investigated for suitable constants

ry. Special attention is paid to r, = 4/n and ry, = @. The sequence

(X») is exchangeable or, more generally, conditionally identically distributed.

1 Introduction

Throughout, S is a Borel subset of a Polish space and
X=X,:n>1)

a sequence of S-valued random variables on a probability space (€2, .4, P). Fur-
ther, G = (G, : n > 0) is a filtration on (2, A, P) and B is the Borel o-field on S
(thus, B is generated by the relative topology that S inherits as a subset of a Polish
space). We fix a subclass D C B and we let || - || denote the sup-norm over D,
namely

lle — Bl = sup |a(B) — B(B)|
BeD

whenever « and § are probability measures on B.
Let

n
o= (1/n)) 8x, and an(-)=P(Xnt1 €-|Gy).
i=1
Both u, and a, are random probability measures on B; u, is the empirical measure
and (if X is G-adapted) a,, is the predictive measure.
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Under some conditions, jt,(B) — an(B) ~—> 0 for fixed B € B. In that case,
a question is whether D is such that ||, — a,|| 2% 0. As discussed in Section 2,
such a question naturally arises in several frameworks, including Bayesian consis-
tency and frequentistic approximation of Bayesian procedures.

In this paper, conditions for ||u, — a,|| —> 0, almost surely or in probability,
are given. Also, to determine the rate of convergence, the limit behavior of r,, || i, —
ay || is investigated for suitable constants r,,. Special attention is paid to r, = /n
andr, = /m. Various new results are proved. In addition, to get a reasonably

complete picture, a few known facts from Berti and Rigo (1997), Berti, Mattei and
Rigo (2002), Berti, Pratelli and Rigo (2004), Berti et al. (2009) are connected and
unified.

The sequence X is assumed to be exchangeable or, more generally, condition-
ally identically distributed. We refer to Section 3 for conditionally identically
distributed sequences, and we recall that X is exchangeable if (X, ..., X;,) ~
(X1,...,Xp) forall n > 1 and all permutations (ji, ..., j,) of (1,...,n).

We next briefly state some results. We assume a mild measurability condition
on D, called countable determinacy and introduced in Section 3. For the sake of
simplicity, we take X exchangeable and G = GX, where

G =12.Q) and GX=0(X|.....X,). n>1,

is the filtration induced by X. We also recall that, since X is exchangeable, there

is a (a.s. unique) random probability measure © on B such that u,(B) 25 w(B)
for each B € B; see, for example, Aldous (1985).

Then, |1, — ay|| 25 0withD=B provided w is a.s. discrete; see Example 4.
This simple fact may be useful in Bayesian nonparametrics, for u is a.s. discrete
under most popular priors. Indeed, examples of nonparametric priors which lead to
a discrete w are: Dirichlet (Sethuraman (1994)), two-parameter Poisson—Dirichlet
(Pitman and Yor (1997)), normalized completely random measures (Kingman
(1975)), Gibbs-type priors (De Blasi et al. (2015)) and beta-stacy (Phadia (2016)).

Another useful fact (Theorem 2 and Corollary 3) is that

n

lin —anll < [2sup w(B)(1 —p(B))  as. (1)
loglogn BeD

lim sup
n

provided D is a VC-class. Unlike the i.i.d. case, inequality (1) is not sharp. If X is

exchangeable, it may be even that n|| i, — a,|| converges a.s. to a finite limit. This

happens, for instance, when the probability distribution of X is of the Ferguson—

Dirichlet type, as defined in Section 4.2; see also forthcoming Theorem 6. Even if

not sharp, however, inequality (1) provides a meaningful information on the rate
of convergence of ||u, — a,|| when X is exchangeable and D a VC-class.

The notion of VC-class is recalled in Section 4.1 (before Corollary 3). VC-

classes are quite popular in frameworks such as empirical processes and statistical
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learning, and in real problems D is often a VC-class. If § = R, for instance, D =
{(—00, 1] % -+ x (=00, tx] : (t1, ..., 1) e RK}, D = {half spaces} and D = {closed
balls} are VC-classes.

A further result (Corollary 8) concerns r,, = 4/n. Let

ay(B) = P{X,41 € BlIp(X1), ..., Ip(Xp)},

where /5 (X;) denotes the indicator of the set {X; € B}. Roughly speaking, a(B)
is the conditional probability that the next observation falls in B given only the
history of B in the previous observations. Suppose that the random variable w(B)
has an absolutely continuous distribution (with respect to Lebesgue measure) for
those B € D satisfying 0 < P(X| € B) < 1. Then, for fixed B € D,

Vi (B) —an(B)) 50 e  nlan(B) —a}(B)} > 0.

In addition, under some assumptions on the empirical processes W,, = /n(u, — )
(satisfied in several real situations), one obtains

il —anll =50 < alan(B) —a’(B)) £>0  foreach B € D.

However, \/n{a,(B) — a}(B)} may fail to converge to 0 in probability even if
w(B) has an absolutely continuous distribution; see Example 9.

We finally mention a result (Theorem 10) which, though in the spirit of this
paper, is quite different from those described above. Such a result has been inspired
by Mijoule, Peccati and Swan (2016). Let S = {0, 1} and C the Borel o-field on
[0, 1]. For C € C, define

Tn(C) = P(un{l} €C) and 75(C) = P(an{l} € C)

and denote by p the bounded Lipschitz metric between probability measures on C.
Then,

1 c
p(7Tn, 7)) < ;<1+§)

provided the limit frequency {1} has an absolutely continuous distribution with
Lipschitz density f. Here, c is the Lipschitz constant of f. This rate of conver-
gence cannot be improved.

2 Motivations

There are various (non-independent) reasons for investigating how close u, and
an are. We now list a few of them under the assumption that

(2, A)=(8%,B%), X,, = nth coordinate projection, G =¢X.

Most remarks, however, apply to any filtration G which makes X adapted.
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Similarly, in most of the subsequent comments, || - || could be replaced by some
other distance p between probability measures. For instance, in Cifarelli, Dolera
and Regazzini (2016), the asymptotics of p(u,, a,) is taken into account with p
the bounded Lipschitz metric and p the Wasserstein distance.

For a general background of Bayesian nonparametrics, often mentioned in what
follows, we refer to Ghosal and van der Vaart (2017), Hjort et al. (2010); see also
Crane (2016).

2.1 Bayesian predictive inference

In a number of frameworks, mainly in Bayesian nonparametrics and discrete time
filtering, one main goal is to evaluate a,. Quite frequently, however, the latter can-
not be obtained in closed form. For some nonparametric priors, for instance, no
closed form expression of a, is known. In these situations, there are essentially
two ways out: to compute a, numerically (MCMC) or to estimate it by the avail-
able data. If we take the second route, and if data are exchangeable or conditionally
identically distributed, w, is a reasonable estimate of a,. Then, the asymptotic be-
havior of the error u, — a, plays a role. In a sense, this is the basic reason for
investigating ||, — ay|l.

2.2 Bayesian consistency

In the spirit of Section 2.1, with u, regarded as an estimate of a,, it makes sense
to say that w, is consistent if ||u, — a,|| — O a.s. or in probability. In this brief
discussion, to fix ideas, we focus on a.s. convergence.

Suppose X is exchangeable. Let P be the set of all probability measures on
B and p the random probability measure on B introduced in Section 1. For each
v € P, let P, denote the probability measure on 5°° which makes X i.i.d. with
common distribution v. By de Finetti’s theorem, conditionally on u, the sequence
X is i.i.d. with common distribution u; see, for example, Aldous (1985). It follows
that

P()= fp Py()m(dv),

where 7 is the probability distribution of ©. Such a 7 is usually called the prior
distribution.

In the standard approach to consistency, after Diaconis and Freedman (1986),
the asymptotic behavior of any statistical procedure is investigated under P, for
each v € P. The procedure is consistent provided it behaves properly for each
v € P (or at least for each v in some known subset of P); see, for example, Ghosal
and van der Vaart (2017), Hjort et al. (2010) and references therein. In particular,
/Ly 18 a consistent estimate of a,, if

Py(lltn — anll = 0) =1 for each v € P.
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A different point of view is taken in this paper. Indeed, |1, — a, || is investigated
under P and u,, is a consistent estimate of a,, if

P(llwn — anll — 0) = 1.

In a sense, in the first approach, consistency of Bayesian procedures is evalu-
ated from a frequentistic point of view. Regarding P as a parameter space, in fact,
U, is demanded to approximate a, for each possible value of the parameter v.
This request is certainly admissible. Furthermore, the first notion of consistency
is technically stronger than the second. On the other hand, it is not so clear why
a Bayesian inferrer should take a frequentistic point of view. Even if P is a mix-
ture of {P, : v € P}, when dealing with X the relevant probability measure is P
and not P, . Furthermore, according to de Finetti, any probability statement should
concern “observable” facts, while P, is conditional on the “unobservable” fact
@ = v. Thus, according to us, the second approach to consistency is in line with
the foundations of Bayesian statistics. A similar opinion is in Cifarelli, Dolera and
Regazzini (2016) and Fortini, Ladelli and Regazzini (2000).

2.3 Frequentistic approximation of Bayesian procedures

In Section 2.1, w, is viewed as an estimate of a,. A similar view, developed in
Cifarelli, Dolera and Regazzini (2016), is to regard p, as a frequentistic approxi-
mation of the Bayesian procedure a,. For instance, such an approximation makes
sense within the empirical Bayes approach, where the orthodox Bayesian reason-
ing is combined in various ways with frequentistic elements; see e.g. Efron (2003)
and Robbins (1964). We also note that, historically, one reason for introducing ex-
changeability (possibly, the main reason) was to justify observed frequencies as
predictors of future events; see Cifarelli and Regazzini (1996) and Zabell (2005).
In this sense, to focus on ||, — a,|| is in line with de Finetti’s ideas.

2.4 Predictive distributions of exchangeable sequences

If X is exchangeable, just very little is known on the general form of a, for given
n; see, for example, Fortini, Ladelli and Regazzini (2000). Indeed, a representa-
tion theorem for a, would be a major breakthrough. Failing the latter, to fix the
asymptotic behavior of ||, — a, || contributes to fill the gap.

2.5 Empirical processes for non-ergodic data

Slightly abusing terminology, say that X is ergodic if P is O—1 valued on the sub-
o-field

0<limnsup un(B): B e B).

In real problems, X is often non-ergodic. Most stationary sequences, for instance,
fail to be ergodic. Or else, an exchangeable sequence is ergodic if and only if
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is i.i.d. Now, if X is i.i.d., the empirical process is defined as G, = /n(u, —
o) where g is the probability distribution of X . But this definition has various
drawbacks when X is not ergodic; see Berti, Pratelli and Rigo (2012). In fact,
unless X is i.i.d., the probability distribution of X is not determined by that of
X1. More importantly, if G,, converges in distribution in [°°(D) (the metric space
[°°(D) is recalled before Corollary 8) then

_ P
llitn — poll =n~ V2G|l — 0.

But ||, — oll typically fails to converge to 0 in probability when X is not ergodic.
Thus, empirical processes for non-ergodic data should be defined in some different
way. At least in the exchangeable case, a meaningful option is to center u, by a,,
namely, to let G, = /n(u, — ay).

3 Assumptions

Let D C B. To avoid measurability problems, D is assumed to be countably deter-
mined. This means that there is a countable subclass Dy C D such that

la — Bll = sup |x(B) — B(B)| for all probability measures «, 8 on B.
BeDy

A sufficient condition is that there is a countable subclass Dy C D such that, for
each B € D and each probability measure « on B, one obtains

liignoe(BABn) =0 for some sequence B, € Dy.

Most classes D involved in applications are countably determined. For instance,
D = B is countably determined (for 3 is countably generated). Or else, if S = R,
then D = {closed convex sets}, D = {half spaces}, D = {closed balls} and

D={(—00,11] X -+ x (=00, ] : (11, ..., ) € R}

are countably determined.
We next recall the notion of conditionally identically distributed (c.i.d.) random
variables. The sequence X is c.i.d. with respect to G if it is G-adapted and

P(Xy €-1Gy) = P(Xn+1 € °1Gn) a.s. forall k >n>0.

Roughly speaking, at each time n > 0, the future observations (Xj : kK > n) are
identically distributed given the past G,. When G = GX, the filtration G is not
mentioned at all and X is just called c.i.d. Then, X is c.i.d. if and only if

(X1yeors Xn, Xna2) ~ (X1, ooy Xpy Xng1)  foralln > 0. )

Exchangeable sequences are c.i.d., for they meet (2), while the converse is not
true. Indeed, X is exchangeable if and only if it is stationary and c.i.d. We refer
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to Berti, Pratelli and Rigo (2004) for more on c.i.d. sequences. Here, it suffices to
mention the strong law of large numbers and some of its consequences.
If X is c.i.d., there is a random probability measure p on B satisfying

Un(B) A5 w(B) for every B € 5.

As a consequence, if X is c.i.d. with respect to G, for each n > 0 and B € B one
obtains

m

1
E{w(B)|Gn} =lim E{pty(B)|Gy} =lim — > P(Xy € BIGn)
k=n+1

= P(Xp41 € BlGy) =an(B)  as.
In particular, a,(B) = E{11(B)|G,} —> j(B) so that 1ty (B) — a,(B) = 0.

From now on, X is c.i.d. with respect to G. In particular, X is identically dis-
tributed and p denotes the probability distribution of X 1. We also let

Wy = /n(in — 11).

Note that, if X is i.i.d., then u = o a.s. and W, reduces to the usual empirical
process.

4 Results
Our results can be sorted into three subsections.

4.1 Two general criterions

Since a,(B) = E{u(B)|G,} a.s. and D is countably determined, one obtains

| in — anll = sup |:un(B) _an(B)|
BeDy

= sup |E{un(B) — (B)|Gn}| < E{llitn — 1ell|Gn} a.s.
BeDy

This simple inequality has some nice consequences. Recall that D is a universal

Glivenko—Cantelli class if ||, — ol 2% 0 whenever X is i.i.d.; see, for example,
Dudley (1999), Gaenssler and Stute (1979), van der Vaart and Wellner (1996).

Theorem 1 (Berti, Mattei and Rigo (2002) and Berti et al. (2009)). Suppose D
is countably determined and X is c.i.d. with respect to G. Then,

. K . K P . P

@) Iletn = anll == 0 if [l — pl == 0 and || pn — anll — O if | ptn — pll —
0. In particular, ||y — ay || 250 provided X is exchangeable, G = GX and D is
a universal Glivenko—Cantelli class.
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(1) rpllpn — anll L5 0 whenever the constants r, satisfy rp//n — 0 and
sup,, E{||W,||”} < oo for some p > 1.

Proof. Since ||, — pll < 1, if [|[in — pll —=> 0, then

lin = anll < E{lln = lllGn} == 0
because of the martingale convergence theorem in the version of Blackwell and

Dubins (1962). Similarly, ||, — sl — 0 implies E{|lstn — ll1Gn} — 0 by
an obvious argument based on subsequences. Next, let X be exchangeable. By
de Finetti’s theorem, conditionally on u, the sequence X is i.i.d. with common
distribution p. If D is a universal Glivenko—Cantelli class, it follows that

P(lan =il > 0) = [ Plllia = ull > Ol}ap = [ 1ap =1.
This concludes the proof of (i). As to (ii), just note that
E{(rallun — anl)?} < r? E{E{llun — 1ll1Gn}"}
<rPE{llpn — P} = (/)P E{|Wall?}. O

While Theorem 1 is essentially known (the proof has been provided for com-
pleteness only) the next result is new.

Theorem 2. Suppose D is countably determined and X is c.i.d. with respect to G.
Fix the constants r, > 0 and define

My =supryllpn — w1l

n>k
If E(My) < oo for some k, then
limsup ry it — anll <limsupryllien — ull <00 a.s.
n n
Moreover, if X is exchangeable, then E(My) < oo for some k whenever
(i) r, = ﬁ and sup,, E{||W,||”} < oo for some p > 1 and 0 < ¢ < p;

: _ n
i) r, = /l—oglogn and

sup E [exp (u|| Wy ll)} < aexp (bu?) for all u > 0 and some a, b > 0.
n

Proof. Fix j > k. Since E(M;) < E(M}) < oo, then
limsupry ||y — an |l < limsup E{r, ||, — 211Gy}

n n

<limsup E{M;|G,} = M; a.s.,
n
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where the last equality is due to the martingale convergence theorem. Hence,
limsupry ||y — aull < inf M =limsupry ||, — wll a.s.
n j=k n

Further, E(M}) < oo obviously implies limsup,, 7, || tn, — i1l < My < 00 a.s.
Next, suppose X exchangeable. Then,

Sp=nllpn — pll = /nl| Wl
is a submartingale with respect to the filtration U, = a[g,f Uo (u)]. In fact,
(n+ DE{pn+1(B)Un}| = npn(B) + P{Xnt1 € BlUy}
=npun(B) 4+ P{X,11 € Blo(w)}
=nun(B) + u(B) a.s.
Therefore,

E(Sp411Un) = (n + 1) sup |E{pnt1(B) Uy} — w(B)]
BeD
=nsup|u,(B) —pu(B)| =S,  as.
BeD

(iii) Let r, =
Then,

(log% and sup,, E{||W,||”} < oo, where p > 1 and 0 < ¢ < p.

E(Mf):E{(sup max rj||uj—u||)p}

n>1 2n<j52(n+1)
e.¢]

< E Pl —ullPt.

< ; {2n<1}1§az§n+l)r, ey = well ]
If 2" < j <20+D then

. " — -1/2 -1

rillwg — =" (og H=es; < (2) 2 (log2") "V s,

By such inequality and since () is a submartingale, one obtains

—n/2 _
E(f) = 20" to2) " B max, 7]

<(p/(p—1)" Y (2") " (log2") " E(S,..))

n

= (p/(p — D)P2P/2 > (log2") P/  E{|Waesn I}

n

= (S‘;p E{IW}17})(p/(p = D)"2"(log2) ™/ 3 n~P/* < co.

n
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@iv)Letr, = /loglogn and sup,, E{exp (u||W,|)} < aexp (bu?) forallu > 0 and
some a, b > 0. We aim to prove that

P(My > 1) < cexp(—vt?) for large ¢ and suitable constants ¢, v > 0.

In this case, in fact, E(M4) = [5° P (M4 > 1) dt < oo.
First, note that

P(M4>t)=P<U{ max lelﬂj—M||>f}) ZP( max S>mn>

1>l 3n<j<3tl) Y R 1)

where

my = \/3” loglog 3" = \/3”(10gn + loglog3).

Let 6 > 0. On noting that exp (6S,,) is still a submartingale, one also obtains

P( max_S; >mnt)_P( max exp(GS)>exp(9mnt)>

j<30tD) <304
<exp (—Omut)E{exp (6 S3u+1)}
= exp (—0m,t) E{exp (030D | Wagin 1))
<aexp(—Omput + 92b3(”+1)).

The minimum over @ is attained at 6 = 22 Thus,

6b3"
2
—mt —t“loglog3
P( max S; > mnt> §aexp( uh ) =aexp (&»1_’2/1%.
j<30+D) 12H3" 12b
If t > +/24b, then > > 12b and LT 1 55 = 2. Thus, one finally obtains
2
—t“loglog3 —2/12b
P(My>1)< _—— /
(My > )_aexp( b );n
<—t210g10g3> 12
<aexp
12b t2—12b
2
—t“loglog3
<2aexp (%) for every t > +/24b. =

Some remarks are in order. In the sequel, if « and § are measures on a o -field £,
we write o« < f§ to mean that « is absolutely continuous with respect to 8, namely,
o (A) =0 whenever A € £ and B(A) =0.

e Sometimes, the condition of Theorem 1(i) is necessary as well, namely, || @, —

ay|| 2% 0 if and only if ||u, — ull 2% 0. For instance, this happens when
G =G%X and 1 < A as., where A is a (non-random) o -finite measure on 3. In

this case, in fact, ||a, — || 250 by Berti, Pratelli and Rigo (2013), Theorem 1.
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e Several examples of universal Glivenko—Cantelli classes are available; see
Dudley (1999), Gaenssler and Stute (1979), van der Vaart and Wellner (1996)
and references therein. Moreover, for many choices of D and p there is a uni-
versal constant ¢(p) such that sup,, E{||W,||”} < c(p) provided X is i.i.d.; see,
for example, van der Vaart and Wellner (1996), Section 2.14.1-2.14.2. For such
D and p, de Finetti’s theorem yields sup, E{||W, ||’} < c(p) even if X is ex-
changeable. In fact, conditionally on u, the sequence X is i.i.d. with common
distribution w. Hence, E{||W,||? |1} < c(p) a.s. for all n. By the same argument,
if there are a, b > 0 such that

sup E [exp (u|| W, l)} < aexp (bu?) for all u > 0 if X is i.i.d.,
n

such inequality is still true (with the same a and b) if X is exchangeable.
e A straightforward consequence of the law of iterated logarithm is that conver-
gence in probability cannot be replaced by a.s. convergence in Theorem 1(ii).

Take in fact r, = /m, G = G¥ and X i.i.d. Then, for each B € D, the law
of iterated logarithm yields

limsupry, ||y — anll > limsuprn{ﬂn(B) - an(B)}
n n

— limsup Y IB(Xi) — no(B)}
n /nloglogn

= 200B)(1 —po(B))  as.

e Let D be countably determined, X exchangeable and G = GX. In view of

Theorem 2, for ry ||, — ay|| 2% 0, it suffices that sup, E{||Wy,||”} < oo and

1/c
r”(lo% — 0, for some p > 1and 0 < ¢ < p, or that E{exp (u|| W)} can be
loglogn

— — 0. For instance,

estimated as in (iv) and r;,

n

lien = anll == 0
logn
whenever sup,, E{||W, ||’} < oo for some p > 2. Another example is provided
by Corollary 3. To state it, a definition is to be recalled.

Say that D is a Vapnik—Cervonenkis class, or simply a VC-class, if
card{BNI:B e D} <2"

for some integer n > 1 and all subsets I C S with card(/) = n; see, for example,
Dudley (1999), Gaenssler and Stute (1979), Kuelbs and Dudley (1980), van der
Vaart and Wellner (1996). In other terms, the power set of / cannot be written as
{BN1I:B e D} for each collection I of n points from S. As noted in Section 1,
VC-classes are instrumental to empirical processes and statistical learning. If § =
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R, for instance, D = {(—00, t1] X -+ x (=00, t]: (t1, ..., 1) € RK}, D = {half
spaces} and D = {closed balls} are (countably determined) VC-classes.

Corollary 3. Let D be a countably determined VC-class. If X is exchangeable
and G = GX | then

limsup litn — anll < 2 sup w(B)(1 — u(B))  a.s.
n loglogn BeD

Proof. Just note that, if X isi.i.d. and D is a countably determined VC-class, then
E{exp (u]|W,]|)} can be estimated as in Theorem 2(iv) and

lim sup &
n loglogn

lin — poll = |2 sup uo(B)(1 — no(B))  as.
BeD

See, for example, Dudley (1999), Section 9.5, Kuelbs and Dudley (1980), Corol-
lary 2.4 and van der Vaart and Wellner (1996), page 246. (]

We finally give a couple of examples concerning Theorem 1.

Example 4. Let D = B. If X is ii.d., then ||, — woll 2% 0 if and only if g is

discrete. By de Finetti’s theorem, it follows that ||u, — u|| 2% 0 whenever X is
exchangeable and p is a.s. discrete. Thus, under such assumptions and G = Gx,

Theorem 1(i) implies ||, — ay|| 2% 0. This result has a possible practical interest
in Bayesian nonparametrics. As noted in Section 1, in fact, most nonparametric
priors are such that w is a.s. discrete.

Example 5. Let S = R* and D = {closed convex sets}. If X is i.i.d. and po < A,

where X is a o -finite product measure on B, then ||u;, — woll 25 0; see Gaenssler
and Stute (1979), page 198. Applying Theorem 1(i) again, one obtains ||u, —

anll =0 provided X is exchangeable, G = G¥ and < A a.s. While “morally
true”, this argument does not work for D = {Borel convex sets} since the latter
choice of D is not countably determined.

4.2 The dominated case

In the sequel, as in Section 2, it is convenient to work on the coordinate space.
Accordingly, from now on, we let

(2, A) = (5%, B%), X,, = nth coordinate projection, g =¢g*.
Further, Q is a probability measure on (£2, .4) and
bn() = Q(Xn+1 € |gn)
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is the predictive measure under Q. We say that Q is a Ferguson—Dirichlet law if

X €- .
by (1) = cOXy € ) + nund ), Q-a.s. for some constant ¢ > 0.
c+n
If P « Q, the asymptotic behavior of ||, — a,|| under P should be affected

by that of ||, — by, || under Q. This (rough) idea is realized by the next result.

Theorem 6 (Theorems 1 and 2 of Berti et al. (2009)). Suppose D is countably
determined, X is c.i.d., and P < Q. Then,

P
\/E”Mn —ay||— 0

whenever /n| i, — byl —Q> 0 and the sequence (W) is uniformly integrable
under both P and Q. In addition,

n|lpmn — an|| converges a.s. to a finite limit

provided Q is a Ferguson—Dirichlet law, sup,, Eo{||W, 1%} < oo, and

supn{Eg(f?) — EglEo(f1G:)*}} <00 where f =dP/dQ.

To make Theorem 6 effective, the condition P < Q should be given a simple
characterization. This happens at least when S is finite.

As an example, suppose S = {0, 1}, X exchangeable and Q Ferguson—Dirichlet.
Then, foralln > 1 and xq, ..., x, € {0, 1},

P(X1=x1, ..., Xn = xn) =/ 65 (1 — 6" *7p(d6),
[0,1]

OX1 =1, vy Xn = xp) = /[0 =0 o),

where k =""_, x; and wp and 7 are the probability distributions of ©{1} under
P and Q. Thus, P <« Q if and only if mp < 7. In addition, 7o is known to be
a beta distribution. Let m denote the Lebesgue measure on the Borel o-field on
[0, 1]. Since any beta distribution has the same null sets as m, one obtains P < Q
if and only if wp < m. This fact is behind the next result.

Theorem 7 (Corollaries 4 and S of Berti et al. (2009)). Suppose S = {0, 1} and

X exchangeable. Then, /n(iu,{1} — a,{1}) LN 0 whenever the distribution of
u{1} is absolutely continuous. Moreover, n(i,{1} — a,{1}) converges a.s. (to a fi-
nite limit) provided the distribution of {1} is absolutely continuous with an almost
Lipschitz density.
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In Theorem 7, a real function f on (0, 1) is said to be almost Lipschitz in case
x = f(x)x*(1 —x)? is Lipschitz on (0, 1) for some reals u, v < 1.
A consequence of Theorem 7 is to be stressed. For each B € I3, define

G% =5 (Ig(X1).....Ip(X,)) and T,(B)=+/n{a,(B) — P{X,4 € BIGE}}.

Also, let [°°(D) be the set of real bounded functions on D, equipped with uniform
distance. In the next result, W, is regarded as a random element of [°°(D) and
convergence in distribution is meant in Hoffmann-Jgrgensen’s sense; see van der
Vaart and Wellner (1996).

Corollary 8. Let D be countably determined and X exchangeable. Suppose that

(G) w(B) has an absolutely continuous distribution for each B € D such that
0<P(X1€B) <,
(jj) the sequence (||W,||) is uniformly integrable;
(Gii) W, converges in distribution, in the space [°°(D), to a tight limit.

Then,

Vil —anll =250 =  T,(B)-50  foreach B eD.

Proof. Let U,(B) = «/n{un(B) — P{X,41 € B|GB}}. Then, U,(B) —> 0 for
each B € D. In fact, U,(B) =0 a.s. if P(X € B) € {0, 1}. Otherwise, U,(B) LN
0 follows from Theorem 7, since (I/p(X},)) is an exchangeable sequence of indica-
tors and w(B) has an absolutely continuous distribution. Next, suppose 7, (B) LN

0 for each B € D. Letting C,, = «/n(u, — a,), we have to prove that ||C, || LN 0.
Equivalently, regarding C, as a random element of /°°(D), we have to prove that

Cn(B) L5 0 for fixed B € D and the sequence (C,) is asymptotically tight; see
e.g. van der Vaart and Wellner (1996), Section 1.5. Given B € D, since both U, (B)

and 7, (B) converge to 0 in probability, then C,(B) = U,(B) — T,(B) LN 0.
Moreover, since C,(B) = E{W,(B)|G,} a.s., the asymptotic tightness of (Cj)
follows from (jj)—(jj); see Berti, Pratelli and Rigo (2004), Remark 4.4. Hence,

1C Il -Z> 0. Conversely, if [|Cp || —> 0, one trivially obtains
|T,(B)| = |Up(B) — Ca(B)| < |Un(B)| + |Cal =50  foreach BeD. O

If X is exchangeable, it frequently happens that sup, E{||W, %} < oo, which in
turn implies condition (jj). Similarly, (jjj) is not unusual. As an example, conditions
(G))—Gip hold if S =R, D = {(—o0, t] : t € R} and pg is discrete or P (X1 = X3) =
0; see Berti, Pratelli and Rigo (2004), Theorem 4.5.

Unfortunately, as shown by the next example, 7, (B) may fail to converge to 0 in
probability even if w(B) has an absolutely continuous distribution. This suggests
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the following general question. In the exchangeable case, in addition to w,(B),
which further information is required to evaluate a,(B)? Or at least, are there

.. P e
reasonable conditions for 7;,(B) —> 0? Even if intriguing, to our knowledge, such
a question does not have a satisfactory answer.

Example 9. Let S=R and X,, =Y, Z —1 where Y, and Z are independent real
random variables, Y,, ~ N (0, 1) for all n, and Z has an absolutely continuous dis-
tribution supported by [1, co). Conditionally on Z, the sequence X = (X1, X2, ...)
is i.i.d. with common distribution N (0, Z~2). Thus, X is exchangeable and

w(B)=P(X1€B|Z)= fp(Z) a.s. for each B € B,

where
fB(Z)=(27T)71/22/BeXp(—(xZ)Z/Z)dx forz > 1.

Fix B € B, with B C [1,00) and P(X; € B) > 0, and set C = {—x : x € B}. Since
fB = fc, then u(B) = u(C) and a,(B) = a,(C) a.s. Further, (B) has an abso-
lutely continuous distribution, for fp is differentiable and fj # 0. Nevertheless,
one between 7, (B) and T,,(C) does not converge to 0 in probability. Define in fact
g=1Ip—Ic and R, =n~ V2" | g(X;). Since 11(g) = (B) — u(C) =0 as.,
then R, converges stably to the kernel N (0, 2u(B)); see Berti, Pratelli and Rigo
(2004), Theorem 3.1. On the other hand, since a, (B) = a,(C) a.s., one obtains

R, = \/E{Mn(B) - Mn(c)}
= T,,(C) — T,,(B) + v/n{un(B) — P{X,11 € BIGE}}
— Vn{ua(C) = P{X,11 €CIGE}}  as.

Therefore, if T,,(B) LN 0 and 7,(C) LN 0, Theorem 7 implies the contradiction

R, 0.

4.3 Exchangeable sequences of indicators

Let P be the set of all probability measures on B, equipped with the topology of
weak convergence. Since 1, and a, are P-valued random variables, we can define
their probability distributions on the Borel o-field on P, say 7,(-) = P(u, € -)
and 7,7 () = P(a, € -). Another way to compare i, and a,, different from the one
adopted so far, is to focus on p (7, ,;) where p is a suitable distance between the
Borel probability measures on P. In this subsection, we actually take this point of
view.

Let C be the Borel o-field on [0, 1] and p the bounded Lipschitz metric between
probability measures on C. We recall that p is defined as

plm. ") = supl(¢) = *(9)

9’
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where 7 and 7* are probability measures on C and sup is over those functions ¢
on [0, 1] such that ¢ is 1-Lipschitz and —1 < ¢ < 1.

Suppose S = {0, 1} and X exchangeable. Define 7, (C) = P(u,{1} € C) and
77 (C) = P(an{1} € C) for C € C. Because of Theorem 7, n(u,{1} — a,{1}) con-
verges a.s. whenever the distribution of {1} is absolutely continuous with an al-
most Lipschitz density f. Our last result, inspired by Mijoule, Peccati and Swan
(2016), provides a sharp estimate of p(m,, ) under the assumption that f is
Lipschitz (and not only almost Lipschitz).

Theorem 10. Suppose S = {0, 1}, X exchangeable, and the distribution of u{l1}
absolutely continuous with a Lipschitz density f. Then,

1 c
p(ﬂn’ﬂ:) =< ;(1 + g)

for all n > 1, where c is the Lipschitz constant of f.

Proof. Let X, = (1/n) Y7 ; X; and V = limsup, X,. Since the X,, are indica-
tors,

w{l}=X,,  w{l}=V and a,{1}=EVI|G,)  as.
Take Q to be the Ferguson—Dirichlet law such that

1+nX,

bn{l} = EQ(V|gn) = n+2

, 0-a.s.

Then, |X, — E o(V1Gy)| < 1/(n+2). Further, since V is uniformly distributed on
[0, 1] under Q,

1
PX1=x1,...,Xn=2xn) =/0 ok (1 —0)"*fF0)do

- f VE(1 = vk p(v)dQ

.....

foralln > 1and xq,...,x, € {0, 1}, where k = Z?:l x;. Hence, f (V) is a density
of P with respect to Q. In particular,
Eo{VF(V)IG
Evig) < FelVI ()G
Eo{f(V)|Gn}

Note also that

_ _ V-V 1
Eo{(Xy—V)*} = Eo{Eo{(X, — V)’|V}} = EQ{¥} =

n
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Next, define U, = f(V) — Eg{f(V)|G,}. Then,
Eo{XnUn|Gn} = XnEg(Ua|Gn) =0, Q-as.
Since P « Q, then EQ{YH U,|Gn} =0 a.s. with respect to P as well. Hence,
(X0 — E(VIGW)| < X0 — Eg(VIG)| + |EQ(VIGn) — E(VIGn)|

Eo{VS(V)IGn}

1
=2 TEeVIO = 6.

+2

_ 1 1Eo(VUIG
n+2" Eo(f(V)iGu)

1 |EQ{(V_Yn)Un|gn}|

n+2 Eo{f(V)|Gn}
1 EQ{|(V_Yn)Un||gn}
“n+2 Eo{f(V)|Gn}

Since f is Lipschitz, one also obtains
Eo(UD) = Eo{(f(V) = F(X) = Eo{£(V) = F(X)IGa})*)
<4EQ{(f(V) = F(Xn)*} <4Ep{(X, — V)?}.

We are finally in a position to estimate p (7, 7r,"). In fact, if ¢ is a function on
[0, 1], with ¢ 1-Lipschitz and —1 < ¢ < 1, then

70 (¢) — 7y ()| = E{¢p(Xn)} — E{S(E(VIG))}| < E|Xn — E(VIGn)]
1 E{EQ{KXH— V>Un||gn}}

“nt2 Eolf(V)[Gu)
_ 1 Eo{l(Xn — V)Up||Gn}
_n+2+EQ{f(V) Eolf(V)IGa) }

1 _
=——+4+ Epl|(X, —
n+2+ Q|( n V)Un|

A

1 —
- Eo{(X,, — V)2 Eo(U?
5V Eol (K= V2 Eo(U)
1 _
— 4 2cEpl (X, — V)?
n+2+ ¢ Q{( )}
1 +c 1(1+c>
= —<— — .
n+2 3n n 3 O

The rate provided by Theorem 10 cannot be improved. Take in fact ¢ (x) = x2/2

and suppose P a Ferguson-Dirichlet law with a, {1} = % a.s. Then, since




832 P. Berti, L. Pratelli and P. Rigo

w1} is uniformly distributed on [0, 1], one obtains
2(n +2)p (. 7;)
>2(n +2)|mn(¢) — 7, (#)]
= (n+ D{E(ua{1)?) = E(an{1}?)}
L+ n2E(ua{1}?) + 20 E(pa{1})

= (n+2)E(ua{1}?) —

n—+2
4(n+ DE(uaf1}?) — 2nE(ua{1}) — 1
_ # = nEM — 4E(p{1}?) —2E(n{1})
B 1
3
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