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LIMIT THEOREMS FOR PERSISTENCE DIAGRAMS!
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The persistent homology of a stationary point process on RY is studied
in this paper. As a generalization of continuum percolation theory, we study
higher dimensional topological features of the point process such as loops,
cavities, etc. in a multiscale way. The key ingredient is the persistence dia-
gram, which is an expression of the persistent homology. We prove the strong
law of large numbers for persistence diagrams as the window size tends to in-
finity and give a sufficient condition for the support of the limiting persistence
diagram to coincide with the geometrically realizable region. We also discuss
a central limit theorem for persistent Betti numbers.

1. Introduction.

1.1. Background. The prototype of this work dates back to the random geo-
metric graphs. In those original settings, a set V of points is randomly scattered in
a space according to some probability distribution, and a graph with the vertices
V is constructed by assigning edges whose distances are less than a certain thresh-
old value r > 0. Then some characteristic features in the graph such as connected
components and loops are broadly and thoroughly studied (see, e.g., [30]). Further-
more, the random geometric graphs provide mathematical models for applications
such as mobile wireless networks [25, 27], epidemics [34], and so on.

Recently, the concept of random topology has emerged and rapidly grown as
a higher dimensional generalization of random graphs [3, 23]. One of the simple
models studied in random topology is a simplicial complex, which is given by a
collection of subsets closed under inclusion. Obviously, a graph is regarded as a
one-dimensional simplicial complex consisting of singletons as vertices and dou-
bletons as edges.

In geometric settings, a simplicial complex is built over randomly distributed
points in a space by a certain rule respecting the nearness of multiple points, like
random geometric graphs. Two standard simplicial complex models constructed
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from the points are Cech complexes and Rips complexes, which are also deter-
mined by a threshold value r measuring the nearness of points. Then, in such an
extended geometric object, it is natural to study higher dimensional topological
features such as cavities (2 dim.) and more general g-dimensional holes, beyond
connected components (0 dim.) and loops (1 dim.).

In algebraic topology, g-dimensional holes are usually characterized by using
the so-called homology. Here, the gth homology of a simplicial complex is given
by a vector space and its dimension is called the Betti number which counts the
number of g-dimensional holes. Hence, in the setting of random simplicial com-
plexes, the Betti numbers become random variables through a random point con-
figuration, and studying the asymptotic behaviors of the randomized Betti numbers
is a significant problem for understanding global topological structures embedded
in the random simplicial complexes (e.g., [22, 29, 37-39]).

On the other hand, another type of generalizations has been recently attract-
ing much attention in applied topology. In that setting, we are interested in how
persistent the holes are for changing the threshold parameter » € R. Namely, we
deal with one parameter filtration of simplicial complexes obtained by increas-
ing the parameter r and characterize robust or noisy holes in that filtration. The
persistent homology [10, 40] is a tool invented for this purpose, and especially,
its expression called persistence diagram is now applied to a wide variety of ap-
plied areas (see, e.g., [4, 11, 16, 28, 35]). From this point of view, there have been
some works on a functional of persistence diagram, called lifetime sum or total
persistence, for random complexes (that are not geometric in the sense above)
such as Linial-Meshulam processes and random cubical complexes (e.g., [17—
19]).

Therefore, it is natural to further extend the results on random geometric sim-
plicial complexes to this generality, and the purpose of this paper is to show sev-
eral of these extensions. In particular, we are interested in asymptotic behaviors
of persistence diagrams themselves defined on stationary point processes. These
subjects are mathematically meaningful in their own right, but are also interest-
ing for practical applications. For example, the paper [16] studies topological and
geometric structures of atomic configurations in glass materials by comparing per-
sistence diagrams with those of disordered states. By regarding atomic configu-
rations in disordered states as random point processes, further understanding of
those persistence diagrams will be useful for characterizing geometry and topol-
ogy of glass materials, which is one of the important research topics in current
physics.

1.2. Prior work. Let ® be a stationary point process on RY with all finite
moments, that is,

(1I.1) E[®(A)] < o0 for all bounded Borel sets A and any k =1,2,....
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Here, ®(A) denotes the number of points in A. For simplicity, we always assume
that & is simple, that is,

P(®({x}) <1 forevery x e RV) = 1.

We denote by ® 4, the restriction of ® on A; = [—%, %)N .

Let C(®,,,r) be the Cech complex built over the points ® , with parameter
r > 0 (see Section 2.1 for the definition). The Oth Betti number Bo(C (P4, , 7)) for
Poisson point processes, which is closely related to the binomial processes, has
been studied in an extensive literature (cf. [30]) from various points of view such
as the geometric percolation theory and computational geometry. Recently, the
limiting behaviors of higher Betti numbers B,(C(®4,,r)) (¢ =1,2,...,N —1)
over general stationary point processes have also been widely investigated [38,
39]. Among them, we here restate the most related results.

THEOREM 1.1 ([39], Lemma 3.3 and Theorem 3.5). Assume that ® is a sta-
tionary point process on RN having all finite moments. Then, for each 0 < q <
N — 1, there exists a constant /3; > 0 such that

ElBq (Cz?;AL’ 2 — Bg as L — oo.

In addition, if ® is ergodic, then

Bg(C(PA,, 1))
LN

— Bg almost surely as L — oo.

THEOREM 1.2 ([39], Theorem 4.7). Assume that ® is a homogeneous Poisson

point process on RN with unit intensity. Then, for each 0 < g < N — 1, there exists
a constant o> > 0 such that

Py (C(Pa,, 1)) — Bl (C(Pa,. 1)) 4

[N N(0,6%)  asL — oo.

Here, N (i, 02) denotes the normal distribution with mean (. and variance o2,

d . . . .
and — denotes the convergence in distribution of random variables.

The purpose of this paper is to extend Theorem 1.1 to the setting on persistence
diagrams and Theorem 1.2 to persistent Betti numbers.

1.3. Main results. In this paper, we study the following simplicial complex
model for the point process & which is a generalization of the Cech complex and
the Rips complex.

Let .Z(RY) be the collection of all finite (nonempty) subsets in RY. We can
identify .# (RY) with the set LIS I(RN )k / ~, where ~ is the equivalence rela-
tion induced by permutations of coordinates. For a function f on .#(R"), there
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exists a permutation invariant function f; on (RV)X for each k > 1 such that
Fx1, ..., xk}) = fe(x1, ..., xk). We say that f is measurable if so is f on (RV)¥
for each k > 1.

Let « : .Z(RN) — [0, oo] be a measurable function satisfying:

(K1) 0<«k(o) <k(1),if o is a subset of ;

(K2) « is translation invariant, that is, k (o + x) = x(0) for any x € RY, where
o+x:={y+x:yeo};

(K3) there is an increasing function p: [0, oo] — [0, oo] with p(¢) < oo for
t < oo such that

lx = Il < p(k({x, ¥})),
where ||x|| denotes the Euclidean norm in RV .

Without loss of generality, we can assume « ({x}) = 0 because of the translation
invariance.

Given such a function «, we construct a filtration K(E) = {K(E,1):0<t <
oo} of simplicial complexes from a finite point configuration 2 € .% (R") by

(1.2) K(E.1)={o CE:k(0) <t},

that is, k (o) is the birth time of a simplex o in the filtration K(E). Although we do
not explicitly show the dependence on « in the notation K(Z) because the function
k is fixed in the paper, we here call it the k-filtration over E.

EXAMPLE 1.3. Two important examples of ¥ which we have in mind are

(1.3) ke ({x0, x1, ..., x4}) = wleanN Jnax lxi —wll,
llx; — x;ll
(14) KR({XOaxly---sxq})_0§i<quT’

which define the Cech filtration C(®) = {C(®,1)}s>0 and the Rips filtration
R(®) = {R(P, 1)};>0, respectively. Both «’s satisfy Assumption (K3) with
p(t) =2t. See also Section 2.1 for these filtrations.

For Theorem 1.9 below, we also remark that both «¢ and «g are 1-Lipshitz
continuous on .% (RV) with respect to the Hausdorff distance dy. See Appendix
C for the definition of dy.

For the filtration K(E), we denote its gth persistence diagram by
Dy(B)={(bi,di)e A:i=1,...,n4},
which is given by a multiset on A = {(x, y) € R :0 < x <y < oo} determined

from the unique decomposition of the persistent homology (see (2.2) for the def-
inition). The pair (b;, d;) indicates the persistence of the ith homology class, that
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is, it appears at b; and disappears at d;, and d; = oo means that the ith homology
class persists forever.

In this paper, we deal with the persistence diagram D, (E) as the counting mea-
sure

§4(B) = Z S(bidy)»

(bi,di)eDy(8)

rather than as a multiset, where &, ) is the Dirac measure at (x, y) € ﬁz.

For each L > 0, we define a random filtration built over the points ® 5, and de-
noteitby K(®yp, ) = {K(®Pp,, 1) }i>0. We write &, ; for the point process &, (D4, )
and E[&, 1] for its mean measure (see Section 3 for the precise definition of mean
measure).

EXAMPLE 1.4. The top three panels in Figure 1 show point processes with
negative (Ginibre), zero (Poisson) and positive (Poisson cluster) correlations, re-
spectively (see [2] for more examples and correlation properties of point processes
including the above). All point processes consist of 1,000,000 points with the den-
sity 1/2m, and only restricted areas of them are visualized. The bottom shows the
corresponding normalized persistence diagrams & 7 /L? of the Cech filtrations ap-
plied to the above, respectively.

F1G. 1. Top: Point processes with negative (Ginibre), zero (Poisson), and positive (Poisson clus-
ter) correlations. In these three point processes, the number of points and the density are set to be
1,000,000 and 1/27w, respectively. Bottom: The normalized persistence diagrams &1 1,/ L? of the
above.
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One of the main results in this paper is as follows.

THEOREM 1.5.  Assume that ® is a stationary point process on RN having all
finite moments. Then, for each q > 0, there exists a unique Radon measure v, on
A such that

1
(1.5) ZNE@%M-$vq as L — o0.

Here, = denotes the vague convergence of measures on A. In addition, if ® is
ergodic, then almost surely,

1

(1.6) N

v
Eq.L = Vg as L — oo.

We call the limiting Radon measure v, the gth persistence diagram of a station-
ary ergodic point process ®. In nonergodic case, by using the ergodic decomposi-
tion (cf. [14]), the right-hand side in (1.6) is replaced by the random measure v 4,
which is measurable with respect to the translation invariant o-field Z defined in
Section 3.

REMARK 1.6. The set A is topologically the same as the triangle
{(x,y)eR*:0<x <y<1]}

with open boundary dA = {(x,x) € R?: 0 < x < 1}. Although we do not con-
sider the mass on d A, intuitively speaking, the (virtual) mass on d A comes from
configurations of special forms such as three vertices of a right triangle. With the
vague convergence, we do not see the mass escaping towards the boundary d A in
the limit L — oo. In applications, the mass appearing near the boundary is con-
sidered to be fragile under perturbation while the one away from the boundary is
considered to be robust.

The limiting measure v, may be trivial. Indeed, for Cech complexes, vy = 0 for
g > N. This is just because there is no configuration in R¥ that realizes the gth
homology class for ¢ > N. In order to characterize the support of v,, we introduce
the notion of realizability of a point in a persistence diagram.

DEFINITION 1.7. We say that a point (b, d) € A is realizable by & € Z(RN)
in the gth persistent homology if (b, d) is contained in the gth persistence diagram
of the k-filtration over E, that is, &, (E)({(b,d)}) > 1. If such & exists for (b, d),
we call (b, d) a realizable point. We denote by R, = R, (k) the set of all realizable
points in the gth persistent homology of the «-filtration.
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EXAMPLE 1.8. Fora >0ando € .Z(R"), we define ao € Z(RY) by ao =
{ax € RN : x € ¢}. It is easy to see that if ¥ is homogeneous in the sense that
k(ao) =akx (o) forevery o >0 and o € ZF(RN), then R, (k) forms a cone in A.
Since both x¢ and kg given in Example 1.3 are homogeneous, we can see that
R, (kc) and R, (kR) are cones for every g > 0. In particular, for Cech complexes,
we have

{0} x (0, 0o] ifg =0,
(1.7)  Rykc) =1{(b.d):0<b<d < oo} ifg=1,2,...,.N—1,
o ifg=N,N+1,....

The sketch of the proof is given at the end of Section 2.2.

It is clear that suppv, C R, (k). Indeed, if x ¢ R, (k), there exists ¢ > 0 such
that &, 1 (B:(x)) = 0, where B.(x) is the open g-neighborhood of x. It follows
from the vague convergence (1.5) that v, (B (x)) = 0. Therefore, x ¢ suppv,. In
Theorem 4.7, we give sufficient conditions for a point in R, («) to be in the support
of vy. The following result, as a consequence of that general theorem, states that
supp v, coincides with R, (k) under conditions that « is Lipschitz continuous and
all local densities of the point process ® are almost surely positive with respect to
the Lebesgue measures.

THEOREM 1.9. Let ® be a stationary point process on RY and ® its prob-
ability distribution. Assume that for every compact set A C RY, the restriction
O|a on A is absolutely continuous with respect to I1|p and the Radon—Nikodym
density dO|p /dI1|, is strictly positive I1|x-almost surely, where I1 is the distri-
bution of a homogeneous Poisson point process on RY . In addition, assume that
k on FRN) is Lipschitz continuous with respect to the Hausdorff distance. Then

supp vy = Ry (k) for every g > 0.

EXAMPLE 1.10. All finite configurations are allowed to appear in a point pro-
cess if the positivity assumption in Theorem 1.9 holds. There are many “natural”
stationary point processes satisfying the assumption. Homogeneous Poisson point
processes, a certain class of Gibbs point processes, Ginibre point processes and
the zeros of the Gaussian entire function X (z) = Z,ﬁo(n!)_l/ 2a,z" with {an}n>0
being i.i.d. complex standard Gaussian random variables, etc. are such exam-
ples. Thus if « is Lipschitz continuous with respect to the Hausdorff distance,
then supp v, = R, («x) for such point processes. In particular, for Cech filtrations,
suppyy =Aforg=1,..., N — 1 and supp vy = {0} x (0, o0]. On the other hand,
the shifted lattice considered in Example 4.3 does not satisfy the assumption and
supp v, for the Cech filtration turns out to be a singleton in A.

See Example 4.9 for more explanation about positivity. One can also refer to [7]
and references therein for Gibbs point processes and other concrete examples.
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For the proof of Theorem 1.5, we exploit a general theory of Radon measures
for the vague convergence (cf. [1, 24]). In particular, we show that the convergence
of the values of measures on the class {A, s =[0,7] x (s,00]:0<r <s < 00} is
enough to ensure the vague convergence of random measures in Theorem 1.5. The
value of &, 1 on A, is nothing but the persistent Betti number

By' (K(®@a,)) =&4.L([0,7] x (s,00]) = [{(bi, di) : 0 < b <r <5 <di}|.

Here, | A| denotes the cardinality of a finite set A. Later, |A| is also used to denote
the Lebesgue measure of a set A € RV. The meaning is clear from the context.
Hence Theorem 1.5 follows from the following strong law of large numbers for
persistent Betti numbers.

THEOREM 1.11. Assume that ® is a stationary point process having all finite
moments. Then, for any 0 <r <s < 0o and q > 0, there exists a constant ,Bg*s such
that

B (K@ 5.,

N g as L — oo.

In addition, if ® is ergodic, then

r,s
SEK(®a))
'BqL—NL — ﬁ;’s almost surely as L — oo.
Note that, for r = s, the persistent Betti number becomes the usual Betti number,
that is, ﬁ;’r(K(QDAL)) = By(K(®x,,r)). Hence, this result is a generalization of
Lemma 3.3 and Theorem 3.5 in [39]. The positivity of the limiting persistent Betti
number B* is related to the previous problem of characterizing the support of v,.

In particular, ,@;’s > 14 ([0,7) x (s,00]) > 0, if supp v, touches [0, ) x (s, o0].

Note also that when g = 0, all the measures &p ;, are supported on {0} x (0, oo]
and ,86’5 (K(®Pa,)) = Bo(K (D4, ,s)) just counts the number of connected compo-
nents in the geometric graph G(®4,,s) = (V, E), where

V=0,,, E={(x,y) eV xV:ik(x,y) <s}.

In this case, the limiting measure vy is also supported on (0, co] with the following
explicit formula:

vo((s, 00]) = AE[ 15 (0, @ U {0})],

where A is the intensity of &, E? is the reduced Palm measure at 0, and A (x, ®)
is the reciprocal of the size of the connected components containing x in G (P, s).
Refer to Section 13.7 in [30] for more about the law of large numbers as well
as the central limit theorem for Sy of the Cech or Rips complex built over Poisson
point processes and binomial point processes.
For Poisson point processes, we also generalize the central limit theorem in [39]
for Betti numbers to persistent Betti numbers as follows.
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THEOREM 1.12. Let ® be a homogeneous Poisson point process on RN with
unit intensity. Then for any 0 <r <s < 00 and q > 0, there exists a constant

o2 = crr%s (q) such that

rs (K (P —F[8"5 (K(P
ﬁq (IK( AL))LN/EISq (K( AL))]—a;./\/’(O’Orz,s) as L — oo.

We remark that the proof of the central limit theorem for (usual) Betti numbers
in [39] uses the Mayer—Vietoris exact sequence to estimate the effect of one point
adding on the Betti number. However, in the setting of persistent homology, al-
though we can obtain the Mayer—Vietoris exact sequence for each parameter r, we
do not have the exactness property with regard to the parameter change. Hence, the
same technique may not be applicable to the case of persistent Betti numbers. In-
stead, we give an alternative (and elementary) proof for the generalization. Remark
also that by establishing the strong stabilization, the central limit theorem for Betti
numbers of Cech complexes built over binomial point processes is also established
in [39]. In this case, the positivity of the limiting variance is also proved under a
certain condition on radius parameter r. The positivity problem for the limiting
variance is left open in case of persistent Betti numbers of general k-complexes
built over homogeneous Poisson point processes.

The organization of this paper is given as follows. Necessary concepts and prop-
erties of persistent homology and random measures are explained in Section 2 and
Section 3, respectively. Theorem 4.7 which characterizes the support of limiting
persistence diagrams is stated and proved in Section 4.3. The proofs of Theo-
rems 1.5, 1.9, 1.11 and 1.12 are given in Sections 4.2, 4.3, 4.1 and 5 in order.
In Section 6, we summarize the conclusions of the paper and show some future
works.

2. Geometric models and persistent homology. In this section, we assume
fundamental properties about simplicial complexes and their homology. For de-
tails, the reader may refer to Appendix B or [9, 15].

2.1. Geometric models for point processes. Let k: .Z(RY) — [0, 00] be a
function satisfying the three conditions explained in Section 1, where .% (R") is
the collection of all finite subsets in RY. For such a function «, the x-filtration
K(®) = {K (P, 1)};>0 can be defined in the same way as in (1.2) for an infinite
point configuration (or a point process) ® C R as well as for a finite one.

We remark that all vertices (i.e., O-simplices) exist at t = 0. Also, all simplices
in K (®, t) possessing a point x must lie in the ball Bp(,) (x) since {x, x1,..., X4} €
K (P, t) with Assumption (K3) implies that ||x —x; || < p(kx(x, x;)) < p(¢) foralli.
Here, B, (x) = {y e RN : ||y — x|| <r} is the closure of B,(x) which denotes the
open ball of radius r centered at x. Hence, for each parameter ¢, the presence of
simplices containing x is localized in B, ) (x).
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This geometric model includes some of the standard models studied in random
topology. For instance, the Cech complex C(®, ¢) is a simplicial complex with the
vertex set ® and, for each parameter ¢, it is defined by

q
o=1{x0,....x5} €C(D,1) < [\Bi(x)#2
i=0
for g-simplices. Similarly, the Rips complex R(®, ¢) with a parameter ¢ is defined
by
o={x0,...,x) €ER(®,1) = B(x))NB(xj)#2 for0<i<j<gq.

It is clear that these geometric models are generated by the functions given in
Example 1.3. We note that R(P, ¢/2) C C(D,1) C R(P, 1) since kg < k¢ < 2kpg.

2.2. Persistent homology. Let K = {K, : r > 0} be a (right continuous) fil-
tration of simplicial complexes, that is, K, C K for r < s and K, =, _, K.
In this paper, the homology H,(K) of a simplicial complex K is defined on
an arbitrary field F. For r < s, we denote the linear map on homologies in-
duced from the inclusion K, < K by «j: H,(K,) — H,(Ky). The qth persis-
tent homology H,(K) = (H,;(K,), t;) of K is defined by the family of homologies
{H,(K,) :r > 0} and the induced linear maps ¢; forall r <'s.

A homological critical value of H,;(K) is a number r > 0 such that the linear
map Lffﬁ: Hy(Ky—¢) — Hy(K,y¢) is not isomorphic for any sufficiently small
& > 0. The persistent homology H, (K) is said to be tame if dim H,(K,) < oo for
any r > 0 and the number of homological critical values is finite. A tame persistent
homology H, (K) has a nice decomposition property.

THEOREM 2.1 ([40]). Assume that Hy(K) is a tame persistent homology.
Then there uniquely exist indices p € Z>¢y and b;,d; € Ezo = R U {oo} with
b; <di,i=1,2,..., p, such that the following isomorphism holds:

p
2.1 Hy(K) ~ @ 1 (b, dy).
i=1

Here, 1 (b;,d;) = (U,, f;) consists of a family of vector spaces
U, — F, bifr.<di,
0 otherwise,
and the identity map f;° =idy for b; <r <s < d;.
Each summand 7 (b;, d;) in (2.1) is called a generator of the persistent homol-
ogy and (b;, d;) is called its birth-death pair. From the unique decomposition in

. . . . =2
Theorem 2.1, we define the gth persistence diagram as a multiset in R>,

2.2) Dy(K) = {(b;,di) eRog:i=1,...,p}.
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By denoting the multiplicity of the point (b,d) in (2.2) by mpg € Ny =
{0,1,2,...}, we can also express the decomposition (2.1) as

Hy(K) >~ @ 1(b,d)".
(b.d)

Later, we identify a persistence diagram D, (K) as an integer-valued Radon mea-
sure £ = Z(b, d) mp. q8(p,q) rather than as a multiset.

Intuitively speaking, the persistent homology H,(K) characterizes topological
features (components, rings, cavities, etc.) in K in a multiscale way, and indeed,
the interval decompositions (2.1) provide this viewpoint. Namely, each interval
I(b,d) means that a topological feature appears at the scale r = b, persists for
b <r <d, and disappears at r = d. Then the persistence diagram D, (K) is widely
used for a compact visualization of this multiscale characterization.

Although our target object K(®) is built over infinite points, all persistent ho-
mologies studied in this paper are defined on the geometric models with finite
points. Hence, the persistent homology becomes tame, and the persistence dia-
grams are well defined.

EXAMPLE 2.2. In Figure 2, two (1-dim)cycles appear at times 1 and 2 and
disappear at times 3 and 4. The representation corresponding to Hi(K) is given as
0— F(c1 +c2) = F(c1) @ F(c2) > F(c1) @ F(c2)/F(cr)

— F(c1) @ F(c2) /F(c1) @ F(c2) =0,

where ¢ = (12) 4+ (23) + (31) and ¢; = (13) + (34) 4 (41) and each arrow is the
linear map induced by inclusion. As pairs of birth-death times, we have (1, 4) and
(2, 3) since the decomposition of the representation is given by

Hi(K) = (0— F(c1 + c2) = F(c1 + c2) = F(ci + ¢2) — 0)
®(0—0—F(c;) > 0—0).
REMARK 2.3. More generally, a persistence module U = (U,, ff ) on Rx
is defined by a sequence of general vector spaces U,,a > 0, and linear maps

ff: Uy, — Uy for a < b satisfying f = f; o ff. Under the same definition of
the tameness, we can similarly define its persistence diagrams.

| | | | | 5
2< o4 2<>4 2<I>4 2<I>4 2<I>4 4
3
k 2
t=0 t=1 =2 =3 t=4 1
birth

12 3 4 5 6

FI1G. 2. A filtration of simplicial complexes and the 1st persistence diagram
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REMARK 2.4. There is another definition of persistent homology as graded
modules over a monoid ring for the continuous parameter (resp., a polynomial
ring for the discrete parameter); see, for example, [18].

REMARK 2.5. The persistent homology H,(K) defined over the whole ® is
not tame in general while H,(K.) defined over a restriction ®,, is tame. Theo-
rem 1.5 informally says that

1 ~ ®
Ty K S H 0 = [ 10y (dxdy),
where K = {K(®4,,1)}i>0, and [ ? denotes the direct integral of interval repre-
sentations (cf. [33]).

REMARK 2.6. In our paper, we use the persistence diagram for represent-
ing topological information obtained from filtrations. People sometimes use the
so-called barcode representation in which each persistence interval I (b, d) is rep-
resented as a barcode [b, d] (cf. [38]). We consider the marginal measure of per-
sistence diagram on death times (also on birth times), that is, the induced mea-

sure &deah) ohtained from a measure £ on A by the projection A 3 (x,y)

y € (0, oo]. The marginal measure § ;dzath) of a persistence diagram &, ; induces

a (scaled) right-continuous step function fy (1) = LNg é?zath) ([0, t]), which cor-
responds to the one obtained by simulation in [38]. The function f; 1 () is also

expected to converge to a limit f; ~(#) as L — oo, however, it does not necessar-
(death)

ily coincide with f, (¢) :=vg ([0, ¢]) because of the mass escaping to JA.

In Example 1.8, we showed the set R, (k¢ ) of the realizable points in (1.7) for
the Cech filtration. Here, we give a brief sketch of the proof. The cases ¢ = 0 and
q > N are easily derived. For ¢ = 1,..., N — 1, we show that any birth-death
pair (b, d) with 0 < b < d < o0 is realizable by explicitly constructing the points
E e .ZRY) realizing (b, d) (see Figure 3 for ¢ = 1). Indeed, let Sg CcR" be a
g-dimensional sphere with radius d and take a (¢ — 1)-dimensional sphere SZ_I
with radius b so that Sg =H, U SZ_I U H_, where H, (resp., H_) is the upper
(resp., lower) hemisphere with 0 Hy = SZ_I and H, is chosen to be the smaller

: ~ _1 ~
one. We choose points E4 on SZ and E_ on H_ such that:

FIG. 3. For (b,d) = (5,10) when q =1, the set ez Br(x) is drawn for r =0,1,2,5,8, 10.
A cycle appears at r =5 and disappears at r = 10.
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(i) Uyeg. Br(x) covers H_ earlier than r = b;
(i) Uyez +_1§;, (x) covers Sg_l and is contractive;
(iii) Uyeg Br(x) provides the generator of g-dimensional homology homeo-
morphic to SZ, where E=E L E_.

Then the birth-death pair of the generator |, g B, (x) is exactly (b, d).

2.3. Persistent Betti numbers. For a filtration K, the (r, s)-persistent Betti
number [10] is defined by
Zy(K;)
Zq(Kr) N By(K)
where Z,(K,) and B, (K,) are the gth cycle group and boundary group, respec-
tively. We remark that this is equal to the rank of ¢} : H,(K,) — H,(K;), because
Zy(Ky)
im.s o~ B,K) Z4(Ky)

T Zg(Kr)NBy(Ks) T D)
W Z,(Ky) N By(Ky)

(2.3) By (K) = dim (r<s),

Thus, from the decomposition of the persistent homology, we have
B )= Y mpa
b<r,d>s

This means that the (r, s)-persistent Betti number ,B;’s (K) counts the number of
birth-death pairs in the persistence diagram D, (K) located in the gray region of
Figure 4.

LEMMA 2.7. Let U= (U,, fab) be a persistence module on Rxq and let V =
Vg, gé’) be its truncation on the interval [r, s, meaning that

fl. r<as<bss,
Uy, a<r, s b
<ag<s<
b ) r= = =,
(2.4) Va=1Ua, r=a=s, 8a = (;7
£ a<r=<b<s,
US? aZSa s
s asr=<s<b.
%o o | o
i S °
3
° L]
[ ]
LJ
L)
Ie. r birth

FIG. 4. ﬂ;’s (K) counts the number of generators in the gray region.
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For interval decompositions U >~ @1 (b, d)"*4 and V ~ &1 (b, d)">4, let
B = Y mpa,  B"(V)=npc0

b<r,d>s

Then B"*(U) = %2 (V).
PROOF. This is because p™*(U) =rank f;’ = o). O
Here, we recall the following basic facts in linear algebra for later use.

LEMMA 2.8. Let A, B, U,V be subspaces of a vector space satisfying A C U
and B C V. Then

N
dim —— <dim — + dim —.
ANB A B

PROOF. It follows from the formulas dim(U N V) +dim(U + V) =dimU +
dimV and dim(U/A) =dimU —dimA. O

LEMMA 2.9. Let D =[AB] be a matrix composed by submatrices A and B.
Let € be the number of columns in B. Then
rank D <rank A + ¢, dimker D <dimker A + £.
PROOF. Let B = [by ---by], where b; is the ith column vector of B, and set
DY =[Aby ---b;]. Then, for each i, we have
rank D@ <rank pi=b 4 1, dimker D® < dimker D@D 4+ 1.
Hence, in total, we have the desired inequalities. [

Now, we show a basic estimate on the persistent Betti number for nested filtra-
tions K C K. First, we note the following property.

LEMMA 2.10. Let K be a filtration. For a fixed a > 0, let K ={K,:1>0}be
a filtration given by

5 K;, t<a,
= KtUO', t>a,

where o is a new simplex added on K,. Then ,BC;’S(K) = ﬂ;'s(K) for dimo #

q,q+ 1. Fordimo =q,q +1,

0, Igr:Kr andl%ssz,

1 otherwise.

1875 (K) — B (K)| < {
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PROOF. We first note that
By (K) — B (K) = dim Z, (K,) — dim Z, (K,) N By (Ky)
— (dim Z,(K,) — dim Z,(K,) N B4 (K}))

Zy(Ky) o Zg(Kr) 0 By(Ky)
Zy(K,) Z4(K) N By(Ky)'

= dim

Henc~e, the statement is trivial f0r~ dimo # ¢q, g + 1. Furthermore, when I%, =K,
and K; = K, we also have ,8;"‘ (K) = ,3;"‘ (K).
Let dimo = g. Then it follows from Lemma 2.9 that

dimwzdimz (K,) —dimZ,(K,)=0or 1,
Zy(Ky) I 7
B, (K

dim a S)zo.
B, (Ks)

Also, from Lemma 2.8, we have

0 < dim Zq(Kr) N By (Ky) < dim Zq(Kr) | g Ba(K) < dim Zy(Kr)
Z4(Kyr) N By(Ky) Z4(Ky) B, (Ky) Z4(Ky)

Therefore, | ﬂ;’s (K) — ﬁq” (K)| < 1. The statement for dimo = g + 1 is similarly
proved. [

LEMMA 2.11. Let K = {K,};>0 and K = {K,};>0 be filtrations with K, C K;
fort > 0. Then

By ) = By ) = 30 (1Ko j\ Koyl + (o € Ko j \ Krj i <7)
j=q.q+1

).

where I%t,j (or K; ;) is the set of j-simplices in I%; (or K;), and 1 (or t,) is the
birth time of o in the filtration K (or K).

PROOF. We first decompose K \ K, = Y LI Y€ by
Y =K\ K U{o e K\ Ky 27y <7}, Ye={oeK,\K,:r <ty <t,}.

We use the same notation Y; for the set of j-simplices in Y. For the simplices in
K, \ K = {Ui}iL:p we assign their indices so that the birth times are in increas-
ing order fgl <...< f(,L and K, U {o1, ..., o¢} becomes a simplicial complex for
each £. We note that 7, < t,,. Furthermore, it suffices to consider the truncations of
K and K on [r, s] from Lemma 2.7.
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Now, we inductively construct a sequence of filtrations K = KocK!c---C
KE =K. The filtration K’ = {K/ : > 0} is given by adding a simplex o; to K/~!
at 75, that is,

i—1
Ki— K{ , t <tg,
" K U e, 1> 1.

Then it follows from Lemma 2.10 that |,qu’s(Ki) — ﬂ;’s(Ki—‘N <1foro; eV,

since K; #Ki~! or K i £ K!~! holds. On the other hand, Lemma 2.10 implies
Byt (K" = ,B;’S(K’_I) for o € Y°. Therefore,

L
1B (K) — B ()| < D[ (KT) — B0 (K™Y < 1Y | + [Ygs1l,
i=1
which completes the proof of Lemma 2.11. [

REMARK 2.12. Let®, ® € ZRN) with ® ¢ @, and 7, and 7, be the birth
times of the simplex o in the k-filtrations K(®) and K(P), respectively. Then
it is obvious that 7, = 1, if 0 C ® C ®. Hence, for the estimate |,8;’S(K(Ci>)) —
B g’ $(K(®))|, the second term obtained in Lemma 2.11 does not appear under this
setting.

3. General theory of random measures. In this section, we give a brief ac-
count of random measures (cf. [24]) and prove Proposition 3.4 which provides a
sufficient condition for the law of large numbers for random measures to hold. The
notion of convergence-determining class for vague convergence plays an important
role in Proposition 3.4. We discuss it separately in Appendix A.

Let S be a locally compact Hausdorff space with countable basis and S be the
Borel o-algebra on S. It is well known that S is a Polish space, that is, a complete
separable metrizable space. If needed, we take a metric p which makes S complete
and separable. We denote by #(S) the ring of all relatively compact sets in S.
A measure u on (S,S) is said to be a Radon measure if u(B) < oo for every
B € A(S). Let 91(S) be the set of all Radon measures on (S, S) and M(S) be
the o -algebra generated by the mappings I(S) > u — w(B) € [0, co) for every
B € A(9).

We say that a sequence {1, },>1 C 9M(S) converges to u € M(S) vaguely (or
in the vague topology) if (u,, f) — (u, f) for every continuous function f with
compact support, where (i, f) = [ f(x) dp(x). In this case, we write 1, 5 “w.
The space M1(S) equipped with the vague topology again becomes a Polish space
and its Borel o -algebra coincides with M(S).

We denote by 91(S) the subset in 2M(S) of all integer-valued Radon measures
on S. Each element in 91(S) can be expressed as a sum of delta measures, that is,
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n=7>;6x; €MN(S). We note that the set D(S) is a closed subset of MN(S) in the
vague topology.

An 2M1(S)-valued [resp., D1(S)-valued] random variable £ = &, on a probabil-
ity space (€2, F,P) is called a random measure (resp., point process) on S. If
M (A) :=E[£(A)] < oo for all A € Z(S), then A defines a Radon measure and
is referred to as the mean measure, or the intensity measure of £. Sometimes we
denote it by E[£].

In this paper, two kinds of point processes will appear. One is point processes

on R¥ as spatial point data and the other is point processes on A = {(x, y) € R :
0 <x < y < oo} as persistence diagrams. The former will be denoted by the upper
case letters like ® and the latter by the lower case letters like &.

The point process ® on RY is called stationary, if the distribution P! is
invariant under translations, that is, IP’dD;] =Pd! for any x € RY, where ®, is
the translated point process defined by ®,(B) = ®(B — x) for B € Z(R"). For
A COMRY), let A, = {uy : n € A} be a set of translated measures defined by
Ux(B) = (B — x). Given a point process ®, let Z be the translation invariant
o-field in M(RY), that is, the class of subsets I C DU(RYN) satisfying

PO~ ((I\ L) U (I \ ) =0
for all x € RY. Then @ is called ergodic if 7 is trivial, that is, for every I € Z,
Pd~1(1) € {0, 1}.

From now on and until the end of this section, we fix a space S and write %
and 9 for A(S) and M(S), respectively. For a subset A C S, we denote by dA
and A° the boundary and interior of A, respectively. For a measure u € 90, let
B, =1{B € % : nu(dB) =0} be the class of relatively compact continuity sets of
u.

LEMMA 3.1 ([24], 15.7.2). Let u, L1, 2, ... € M. Then the following state-
ments are equivalent:

() pn = w
(i) mu(B) —> w(B) forall B € %A,
(1) limsup,_, o n(F) < pu(F) and liminf,_, o 0, (G) = w(G) for all closed
F € % and open G € A.

LEMMA 3.2 ([24], 15.7.5). A subset € in N is relatively compact in the vague
topology iff
sup u(B) < o0 forevery B € A.
WUEE

A class & C A is called a convergence-determining class (for vague conver-
gence) if for every u € 2 and every sequence {u, } C 9N, the condition

Un(A) = u(A) forall A e & N A,
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implies the vague convergence [, = w. A class 7, C %, is called a convergence-
determining class for u if for any sequence {u,} C 90, the condition

n(A) = n(A) asn — oo forall A € &,

implies that = w. By definition, a class < is a convergence-determining class
if and only if for any u € M, o7, = &/ N B, is a convergence-determining class
for .

We say that a class % has the finite covering property if any subset B € % can
be covered by a finite union of % -sets.

LEMMA 3.3. Let &/ be a convergence-determining class with finite covering
property. Let {1} be a sequence of measures in M. If w,, (A) converges to a finite
limit for any A € </, then there exists a measure | to which the sequence {iL,}
converges vaguely.

PROOF. For any relatively compact set B € %, we can find a finite cover
{Ai}!L, C o of B so that

m m
lim sup 1, (B) < lim sup i (U A,~> < lim 3, (4;) < oo.

n—o0 " i=1 i=1
Therefore, the sequence {1, },>1 is relatively compact by Lemma 3.2, and hence,
there is a subsequence {u,,} and u € 91 such that w,, 5 W, that is, wp, (A) —
w(A) for every A € %,,. This together with the assumption implies that 1, (A) —

w(A) for every A € o/ N %,,. Consequently, 1, converges to u vaguely from the
definition of convergence-determining class. The proof is complete. [

PROPOSITION 3.4. Let o7 be a convergence-determining class with finite cov-
ering property and the property that for every u € 9, it contains a countable
convergence-determining class for . Let {§,} be a sequence of random measures
on S, that is, a sequence of M-valued random variables. Assume that:

1) E[&,] € M for all n, and that
(ii) for every A € &, there exists ca € [0, 00) such that E[&,(A)] — ca as
n— 0o.

Then there exists a unique measure u € M such that the mean measure E[&,]
converges vaguely to . and jL(A) = cp for A € o/ N B,,.
Assume further that for every A € <,

E(A) = cq almost surely as n — 00.

Then {&,} converges vaguely to u almost surely.
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PROOF. By Lemma 3.3, there exists a unique measure p such that E[,] con-
verges vaguely to u as n — 00, and hence (A) =cxs for A e &/ N B,,.

Now let <7, C &/ be a countable convergence-determining class for p. Then
almost surely

E1(A) — u(Ah) asn — oo, forall A € @7,

which implies that the sequence {&,} converges vaguely to p almost surely. The
proof is complete. [J

4. Convergence of persistence diagrams.

4.1. Proof of Theorem 1.11. Let ® be a stationary point process on RY having
all finite moments. Let F;(® 4, r) be the number of g-simplices in K (P4, r) and
Fy(®,r; A) be the number of g-simplices in K(®, r) with at least one vertex in
A C RV, Recall that every g-simplex in K (®,r) containing x must lie in the
closed ball B o(r)(x). Therefore, similar to [39], Lemma 3.1, there exists a constant
Cy,r such that

E[Fy(®a,r)] <E[F;(®,r; A)] < CyrlA|

for all bounded Borel sets A, where | A| is the Lebesgue measure of A.
We divide A,y into m" rectangles that are congruent to A and write as
follows:

mN

Amm = |_|(Ap + i),
i=1
where ¢; is the center of the ith rectangle. We compare K(®,,,,) with a smaller
filtration K°(®y,,,) i= L™ K(® A, 1c;)-
Let (L) = E[,B;’S(K(QDAL))] for r <s. By Lemma 2.11, we have

q+1mV
@) By (K(Pa,) = By (KOPa,u)) < D0 D Fi(@ga, 0645 9)-
J=qi=1
Here, for A ¢ RV, we write A®) = {x ¢ RV : infyeca lx — y|| < t}. Since
E[Fj (P, e 4es )] = O((@AM) P +¢;) = O(MN~1) as M — oo, we
have
Y(mM) (M)

(4.2) vy

+o(M™).

Moreover, for L > L',

g+l
By (K(®a,) = By (K(Pa, ) = 30 Fj(@ay, 55 AL\ Ar)
Jj=q
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and
E[Fj(®a,,s; AL\ A)]=O(AL\ Ap]) = O((L — L')LN7Y).
Then, for fixed M > 0, taking m € N such that mM < L < (m 4+ 1) M, we see that
(L) _ ¥ mM)
LN (mM)N
It follows from (4.2) and (4.3) that {L~N ¥ (L)}1r>1 is a Cauchy sequence by taking
sufficient large M first and then L, which completes the first part of the proof.
Let us assume now that & is ergodic. Since the arguments are similar to those

in the proof of Theorem 3.5 in [39], we only sketch main ideas. By the multidi-
mensional ergodic theorem, we see that almost surely as m — oo,

4.3)

+o(MmL™h.

m N

1 ' o
m—Nﬂ;’é (K (CDAmM)) = m—N z}ﬁ;’s (K(q)AM-FCi)) - E[ﬂ;’S(K(CDAM))]’
1=
and for j =¢q,q +1,
T
N—1
p Z Fi(P a0 te ) = E[Fj (@A, 060, )] = O0(M™ 7).
i=1
Remark here that the above equations hold for all except a countable set of M (cf.
[32], Theorem 1). Therefore, it follows from (4.1) that

+1 +1 ,
limsup = N By (K (@) = 3w ELBg" (K(Pay))]+ O (M.

m—00 (mM

The rest of the proof is similar to the last step in the first part by noting that
the following laws of large numbers for F; (P4, ,s), j =q,q + 1, hold (cf. [39],
Lemma 3.2),

F] (q)AL s S)
LJ
This completes the second part of the proof. [J

— I:”j (s) almost surely as L — oo.

COROLLARY 4.1. Let ® be a stationary point process on RN having all
finite moments, and &; | be the point process on A corresponding to the qth
persistence diagram for K(®p,). Then, for every rectangle of the form R =
(r1, 2] x (s1, 521, [0, r1] x (51, 82] C A, there exists a constant Cg € [0, 00) such
that

1
L_NE[fqu(R)] — Cr as L — oo.
In addition, if ® is ergodic, then

1
L—Néq,L(R) — Cp almost surely as L — oo.
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PROOF. Itis adirect consequence of Theorem 1.11 because for R = (r1, r2] x
(51,821,

S.L(R) = B2 (K(®p,)) — B2 (K(®4,))
+ B (K(Pa,)) — B (K(Pa,)).

and for R =[0, r1] x (s1, $21,
Eq.L(R) = By (K(Dp,)) — By (K(Pa,)). O

4.2. Proof of Theorem 1.5. Let S=A={(x,y) € R :0<x <y<oo}. Set
o = {(r1,r2] X (51,521, [0, 71] X (s1,52] CA:0<r| <rp <s1 <52 <00}.

We will show in Corollary A.3 that <7 is a convergence-determining class which
satisfies the condition in Proposition 3.4. Theorem 1.5 then follows from Proposi-
tion 3.4 and Corollary 4.1. [

DEFINITION 4.2.  We call the limiting Radon measure v, € 9(A) in The-

orem 1.5 the gth persistence diagram for a stationary ergodic point process &
on RV,

EXAMPLE 4.3. Let ® be a randomly shifted Z"-lattice with intensity 1,
that is, ® = Z" + U, where U is a uniform random variable on the unit cube
[0, 1]V. Then @ is a stationary ergodic point process in RY. We compute the
limiting persistence diagram v, of the Cech filtration C(®P) ={C (P, r)},>0 for
g=1,2,...,N—1.

For this purpose, we introduce a filtration C(L) = (C(L, r)}>0 of cubical com-
plexes by

T
] Lt Y <p< YL
C(L,r)= 2 7 2
CL(L.N).  rz~-.

where CL(L, N) is the cubical complex consisting of all the elementary cubes
in [0,L] x --- x [0,L] ¢ RY, and CL(L, q) is the g-dimensional skeleton of
CL(L,N). Here, acube Q =1; x --- x Iy c RV consisting of Iy = [a, a] or
I = [a, a+ 1] for some a € Z is called an elementary cube [21]. From the station-
arity of ® and the homotopy equivalence between C (L, r) and C(Z" N[0, L1V, r),
it suffices to compute the persistence diagram by using the filtration C(L). We also
note that (,/q/2, /g + 1/2) is the only birth-death pair for the gth persistence di-
agram. Therefore, all we need to verify is the multiplicity of that pair with respect
to L.
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The Euler—Poincaré formula for X = CL(L, ¢) is given by

q q
(4.4) S (=DF Xkl = (= DFBr(X).

The number | Xg| of k-cells in X is given by (see, e.g., [17])

N
Xil=3 (’;)Sp(m,

p=k

where S, (x1,...,xy) is the elementary symmetric polynomial of degree p and
Sp(L) is an abbreviation for S, (L, ..., L). On the other hand, since X is homotopy
equivalent to a wedge sum of g-spheres, we have o = 1 and S = 0 for k =
1,...,q — 1. Then it follows from (4.4) that

q N
By(X) =) (=Dt (i)sp(L) + (=D,
k=0 p=k
and hence

q —
Pl = Y (- (N> +0(L7") = (N 1) +O(L7).
L k=0 k q

Therefore, the limiting persistence diagram is given by

N—1
a={", 8(Va/2.JaTT/2)

4.3. The support of vy. In this section, we give some sufficient conditions
both on « and & to ensure the positivity of the limiting measure v,. We use the
following stability result on persistence diagrams of «-filtrations (cf. [6, 8]). Here,

the gth persistence diagram of the «-filtration on E € .% (RY) is simply denoted
by D, (E).

LEMMA 4.4. Assume that k is Lipschitz continuous with respect to the Haus-
dorff distance, that is, there exists a constant c, such that
k(o) — k(o) < cedu(o,0)
foro,o’ € ZRN). Then, for B, ' ¢ FRV),
dp(Dy(E), Dy(E')) < cednu(E, ).

Here, dp and dg denote the bottleneck distance and the Hausdorff distance, re-
spectively.
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See Appendix C for the detail, where we recall definitions of dp and dy and
give a proof of a generalization of this lemma.

Next, we introduce the notion of marker which is a finite point configuration for
finding a specified point in A.

DEFINITION 4.5. Let A be a bounded Borel set in RY and (b, d) € A. We say
that E € #(RY) is a (b, d)-marker in A for the qth persistent homology (PH,) if
(i) E C A and (ii) for any ® € .Z (RV)

(4.5) Eg(PAcUE){(B,d)}) = & (Pac)({(B,d)}) + 1.

Here, A° denotes the complement of A in RY. For a subset A C A, we also say
that Z is an A-marker in A if there exists (b, d) € A such that E is a (b, d)-marker
in A.

EXAMPLE 4.6. (i) Assume that a point (b,d) € A is realizable by E €
Z(RN). Then there exists Mo > 0 such that Z is a (b, d)-marker in Ay for any
M > My because E is enough isolated from A¢, for sufficiently large M.

(i) We note that (1/2, ﬁ/ 2) € A is realized in PH; by
{(0,0),(1,0), (0, 1), (1, )} € Z(R?)

in the Cech or Rips filtration. It is easy to see that for each ¢ € Ay, By =
2 oxez2nA,, Oxtc is a (1/2, v/2/2)-marker in Ay for any sufficiently large M, for
example, M =3.

THEOREM 4.7. Let

o
Ag e (bd) = U {®a,, isa Be((b, d))-marker in Ay for PHy }
M=1

and

Sq.e:={(b,d) e A:P(Ay e p.a)) > 0}, Sq=1{")Sq.e-

e>0

Then, S; C suppvy.
Before proving Theorem 4.7, we give a lower bound for v, .

LEMMA 4.8. Fora closed set A C A,

1
4.6) vy (A) > WP((DAM is an A-marker in Ay for PHy).
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PROOF. Let A be a bounded Borel set in RV and (b, d) € A. If one could find
disjoint subsets A, ..., A®) c A such that &, is a (b, d)-marker in A? for
each i, then

4.7 (@A) ({b.d}) = k.

Indeed, by using (4.5) successively, we have
& (@ ({0. DY 2 & (@4 _ A0 ({G. DY) + k= k.

For L > M > 0and m = |L/M], we claim that

mN

(4-8) éq (qDAL)(A) > Z 1{<I>AM+L.,. is an A-marker in Ay + ¢; for PHy}»

i=1
where ¢; € Ar,i = 1,2,...,m" are chosen so that A; D U;":N](AM + ¢;).
If the right-hand side of (4.8) is equal to k, we have disjoint subsets I; C
{ci1,c2,...,cn}, j =1,2,...,J with Z]JZI || = k such that for every j =
L,2,...,J, ®ap+cisa(bj,dj)-marker in Ay + ¢ for PH, for any ¢ € I;. Here,
(bj,dj)e A, j=1,2,...,J are all distinct. From (4.7), we have

J
sq(chL)<A)>qu<q>AL) (bj.d))}) zZ

j=1

which implies (4.8).
For a closed set A C A, from (4.8), we obtain

1
vg(A) > hLIiS;p L—NIE[Sq(CDAL)](A)

N
1 m
> limsup — ZIP’(CDAMJFCI is an A-marker in Ay + ¢; for PH,)
L—o00 LN, 1

MN]P’(QDAM is an A-marker in Ay for PH,).

This completes the proof. [

PROOF OF THEOREM 4.7. 1If (b,d) € S,, then for every ¢ > 0, there exists
M = M, € N such that

P(Pa,, is a Be((b, d))-marker in Ay for PHy) > 0.

From (4.6), we see that vq(ée((b, d))) > 0 for any ¢ > 0, which implies (b, d) €
supp vy . Therefore, S; C suppy,. U
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For a bounded set A C RY, the restriction 91(A) of DI(RV) on A can be iden-
tified with (Jg2, A¥/ ~, where ~ is the equivalence relation induced by permuta-
tions on coordinates. Let I be the probability distribution of homogeneous Pois-
son point process with unit intensity. It is clear that the local densities, which are
sometimes called Janossy densities, of the restriction of IT on A are given by

—|A] k

e dxidxy---dx on A“,
[Ma(dxy...dx,) =
|a(dx; n) {e_l’A on 0 (2).

In other words, for a bounded measurable (local) function f: 91(A) — R,
o0
1
Enlfl=3 o [ fGi m)Tla@n - dx,).
n=0""

For a probability measure ® on DM(RY), if @|, is absolutely continuous with
respect to 1], for a bounded set A, then ®| 4 is absolutely continuous with respect
to the Lebesgue measure on each AX for every k; thus the Radon-Nikodym density
d®|p /dTIl|, is defined a.e. on A for every k.

PROOF OF THEOREM 1.9. Assume that (b,d) € R, and it is realizable by
{vt,..., ym}. From continuity of persistence diagram in Lemma 4.4, for any
e > 0 there exists § > 0 such that & ({z1,...,zm})(B:({(b,d)})) > 1 for any
(215 ---,2m) € Bs(y1) x - -+ x Bs(yn) and the balls {Bs(y;)}/L, are disjoint. From
Example 4.6(i), there exists M € N such that any {z1,...,z,} is a B:((b,d))-
marker in A ;. Hence, we see that

P(Py,, is a Bs((b, d))-marker in Ay for PH,)

= Olay (ﬂkb(Bs(yf) =1)}n {cb(AM\ U Ba(yi)> = 0})
i=1 i=1

= ¢~ IAul fay @i, zm)dzr-- - dzg
Bs(y1)x++xBs(ym)

> 0,

where fa, =dO|a,,/dIl|A, . Hence, R; C Sy C supp vy by Theorem 4.7. Since
suppvy C R, as mentioned after Example 1.8, we conclude that suppv, = Ry.
g

Point processes are often specified by the local conditional distributions given
a configuration outside, that is, there exists a measurable function g : 91(A) X
M(AC), called a specification, for each bounded Borel set A € Z(R") such that
for every bounded measurable function f on MNARN)

1
BolfIFa®) =Y o2 [ fKUERIIAK Exddx  Oae,
k=0 A
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where Fac is the o-field generated by the mappings & — ®¢(A), A € ZB(A°) and
XUé&\c denotes 8y, + - - 4+ 8y, +&ac if X = (x1, x2, ..., xx). In this case, the local
density of ® is given by

dO|a

m(x) = Eo[ga(x,£ac)]  forxe [ AL

k=0

4.9

EXAMPLE 4.9. (1) The DLR equations due to Dobrushin-Lanford—Ruelle
provide local conditional distributions of a Gibbs point process. In this formal-
ism, a measurable function Uy : DI(A) x D(AC) — (—o00, o0] is understood as
the conditional energy of particles given a configuration outside of A, if it satisfies

ga (X, Epc) = Zp (&) e Unbne),
where

1
ZyE) =) E/ke_UA(X*gAC)dX.
k! A

If there exists B > 0 such that —Bk < U(X,&pc) < oo forany k> 1,x € A¥ and
®-a.e. &, then it is easy to see that the local density satisfies the positivity condition
in Theorem 1.9. If U is of hard-core type, that is, U (X, §5c) = oo for all X in some
open set almost surely, then the positivity condition fails.

(2) For the Ginibre point process and the zeros of the Gaussian entire function
given in Example 1.10, Ghosh-Peres [13] showed that both processes exhibit the
so-called “rigidity” meaning that for a bounded Borel set A there exists a nonneg-
ative integer N (§xc) € {0, 1,2, ...} which is measurable with respect to Fxc such
that ¢ (-, £x¢) is supported on ANEa9), Roughly speaking, the number of points
inside A is determined from a given configuration outside of A. Ghosh [12], more-
over, showed that there exist positive constants m(§xc) and M (§xc) such that al-
most surely

mERAX|” < gax.E0) < MEA)A®[ forae x e AVE),

where A(X) =[] <;j<¢(x; — x;) is the Vandermonde determinant. From this in-
equality and (4.9), we have, for any k£ > 0,

doe
ﬁ(x) > e MEg[m(Enc); N(Epc) =k] - |[AX)[*  for x € AK.
A
Since ®(E(A) = k) > 0 and m(€c) is positive, the left-hand side is positive almost

everywhere on (32, AX.

We remark that the Ginibre point process is an important example of determi-
nantal point processes. Determinantal (resp., permanental) point processes pro-
vides an important class of point processes that are negatively (resp., positively)
correlated (cf. [20, 36]). In both cases, the local density can be expressed in terms
of the so-called correlation kernel so that for a given kernel one can basically check
whether the positivity condition is satisfied or not.
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5. Central limit theorem for persistent Betti numbers. In this section, let
@ =P be a homogeneous Poisson point process with unit intensity, and we prove
Theorem 1.12. The idea is to apply a result in [31] which shows a central limit
theorem for a certain class of functionals defined on Poisson point processes.

We here summarize necessary properties for functionals to achieve the central
limit theorem. First of all, let us consider a sequence {W,} of Borel subsets in RV
satisfying the following conditions:

(A1) |W,|=nforalln eN;

(A2) Unzl ﬂmZn Wi = RN;

(A3) limy— o0 |(3W,)|/n =0 for all r > 0;

(A4) there exists a constant y > 0 such that diam(W,,) < yn?.

Given such a sequence, let YW = W ({W,,}) be the collection of all subsets A in RV
of the form A = W,, + x for some W, in the sequence and some point x € RV

Let H be a real-valued functional defined on .% (RV). The functional H is said
to be translation invariant if it satisfies H(X + y) = H(X) for any X € .# (R")
and y € RV, Let Dy be the add one cost function

DoH(X) = H(X U{0}) — H(X), X e Z(RY),
which is the increment in H caused by inserting a point at the origin. The func-
tional H is weakly stabilizing on W if there exists a random variable D(c0) such
that DoH (Pa,) 25 D(00) as n — oo for any sequence {4, € W},>1 tending to
R" . The Poisson bounded moment condition on W is given by
sup E[(DOH(PA))4] < 0.
OeAeWw

Then we restate Theorem 3.1 in [31] in the following form.

LEMMA 5.1 ([31], Theorem 3.1). Let H be a real-valued functional defined
on FRN). Assume that H is translation invariant and weakly stabilizing on W,
and satisfies the Poisson bounded moment condition. Then there exists a constant
o2 € [0, 00) such that n=! Var[H (Pw,)] — o2 and

H(Pw,) —IIEJZ[H(PWn)] 4 N, 0’2) asn — o0o.
n

By using Lemma 5.1, we prove the following theorem.

THEOREM 5.2. Let ® =P be a homogeneous Poisson point process with
unit intensity. Assume that the sequence {W,} satisfies (A1)—(A4). Then for any
O0<r<s<oo,

r.s (K — E[8-5(K
qu KPw,)) l/z[ﬂq (KPw, NI _a') N(O’ Orzs) asn— oQ.
" ,
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In particular, Theorem 1.12 is derived from this theorem by taking W, = A,
with L, =n!/N.

For the proof of Theorem 5.2, the essential part is to show the weak stabilization
of the persistent Betti number ,85’3 (K(-)) as a functional on .# (R"), on which we
focus below.

We remark that, for almost surely, the Poisson point process P consists of infi-
nite points in RY which do not have accumulation points. In view of this property,
we first show a stabilization of persistent Betti numbers in the following determin-
istic setting.

LEMMA 5.3. Let P be a set of points in RN without accumulation points.
Then, for each fixed r < s, there exist constants Do, and R > 0 such that

Doﬁg’s (K(Pga(o))) =D
foralla > R.

PROOF. Let P'=PU{0}.LetK,, = K(Péa 0) r) be the simplicial complex

defined on Py 5, with parameter r, and similarly let K ra=K(P 1; )’ r).

From the definition (2.3), Doﬁ;’S(K(PBa (0))) can be expressed as

DoBy* (K(Pg, )

Zq(K;p4) dim Z4(Kra)
Z4(K] ) N By(K; ) Z4(Kr.a) N By (Ks.a)

= (dim Z, (K, ,) — dim Z,(K,4))
— (dim Z, (K. ,) N By (K. ) — dim Zy(Ky.) O By(Ky.0)).

=dim

Hence, it suffices to show the stabilization with respect to a for dim Z, (K, ,) and
dim(Z,4(K;,q) N By (K, 4)) separately.

Let us study dim Z, (K, ). Since the dimension takes nonnegative integer val-
ues, we show the bounded and the nondecreasing properties. First of all, note that
K,.C K,a, and hence Z, (K, ) C Zq(K o) Let us express K,a as a disjoint
union K/, = K, 4 U Kr 4> Where Kg ., 1s the set of simplices having the point 0,
andletKO ={o e (K| )q:0€0}.

r.a,q

Let 94,4 and 8/ . be the gth boundary maps on K, , and K.
we can obtain the followmg block matrix form

r Ml,p 0
5.1 84’“_[M2,p 890l

where the first columns and rows are arranged by the simplices in K°_ _ and

r,a,q
K 9 aqg—1° and the second columns and rows correspond to the simplices in K, .

r.a» Tespectively. Then
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_ Recall that any simplex o € K(P,r) containing the point 0 is included in
B,)(0). Hence, the set K, aq becomes independent of a for a > p(r), which

we denote by K r.%,q- From this observation and Lemma 2.9 applied to the matrix
form (5.1), we have

dimZ, (K, ) —dimZ,(K,,) < |K }K

raq|

which gives the boundedness.

In order to show the nondecreasing property, let us consider a homomorphism
defined by

/
Za®ra) 1y e Zg K )

Z4(Kray) Z4(Kra,)
for a; < ap. This map is well defined because Z,(K; ) C Z4(K;q,) and
Z4(K;,,) C Z4(K] ,,) hold. Suppose that f[c] =0. Then the cycle c € Z,(K/ ,,)
isin Z (K,,az) It means that the g-simplices consisting of ¢ do not contain the
point O, and hence ¢ € Z;(K; 4,). This shows that the map f is injective. From
this observation, we have the inequality

dimZ, (K, , )/ Z4(Ky.q,) < dim Z,( ;,az)/zq(Kr,az)’

ray)
which leads to the desired nondecreasing property. This completes the proof of the
stabilization of dim Z, (K} 4).

Let us study the stabilization of dim(Z,(K,,) N B, (K 4)). The strategy is ba-
sically the same as above. It follows from Lemma 2.8 that

Zy(Ki) 0 By (Ki) _ o Z0(K) o By (Ki)
Z4(Kyq) N By (Ks.a) Z4(Kra) B,y (Ks.q)
Then, from the same reasoning used in dim Z, (K, ), we have the stabilization

0 _ 0
|Kw’q+l | = |st*?q+1 | for large a. Hence, we have the boundedness

dim

dim Z4 (K ) N By(K{ ) — dim Zy (Ky.a) N By(Ky.a) < K}, |+ K, 4]
Similarly, for sufficiently large a; < a, we can show the injectivity of the map
£ Zy(K] ) N By (K, ,) N Z4(K; 1) N By(K5 ) Flel =[],
Zq (Kr,al) N Bq(Ks,al) Zq(Kr,az) N Bq (Ks,az)

from which the nondecreasing property follows. This completes the proof of the
lemma. [J

PROPOSITION 5.4.  The functional B;* (K(-)) is weakly stabilizing.

PROOF. Let R > 0 be chosen as in Lemma 5.3 and let {4, € W},>1 be a
sequence tending to R™. Then there exists ng € N such that Bg(0) C A, for all
n = ny.
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Forn > ng, letus set L, , = K(Pa,,r). Then, since A, is bounded, there exists
a > R such that

Br(0) C A, C B,(0).
Then, as in the same way used for showing the injectivity in the proof of
Lemma 5.3, we can show
Zy(K ) Zg(L},) _ Zg(K},)
Zq (Kr,R) Zq (Lr,n) Zq(Kr,a) ’
where Ky o = K(Pj_ ). 1) as before. Since the dimensions of Zq(K;’R)/Zq (Kr.R)
and Z, (K, ,)/Z4(K;q) are equal, for all n > ng

dim Z (K}, ) — dim Z, (K, ) = dim Z (L,.,,) — dim Zg (Ly..).

We can also show that dim Z,(L;.,,) N By (L} ) —dim Z, (L) N By(Ly,p) is in-
variant for n > ng in a similar manner. This completes the proof. [

PROOF OF THEOREM 5.2.  For fixed r < s, we regard the persistent Betti num-
ber ,8;’5 (K(-)) as a functional on .% (R"), and check the three conditions stated in
Lemma 5.1. First, the translation invariance is obvious, because « is translation
invariant. Next, let us consider the Poisson bounded moment condition on WW. We
note the following estimate:

Doy (K(Pa))| = [y (K(Pa U{0})) — 8" (K(Pa))|

< > |Kj(PaU{0},s)\ K;j(Pa,s)|
Jj=q,9+1

5 Z FJ(PEI)(S)(O)’S)'
Jj=q,q+1

Here, the second inequality follows from Lemma 2.11. Then the fourth moment
is uniformly bounded because of the finiteness of moments of the Poisson point
process on Bp(s)(O). We showed the weak stabilization in Proposition 5.4. The
proof of Theorem 5.2 is now complete. [

6. Conclusions. In this paper, we studied a convergence of persistence dia-
grams and persistent Betti numbers for stationary point processes, and a central
limit theorem of persistent Betti numbers for homogeneous Poisson point process.
Several important problems are still yet to be solved:

1. We showed the existence of limiting persistence diagram for simplicial
complexes built over stationary ergodic point processes. Such convergence results
can be expected for more general random simplicial/cell complexes studied in [17,
18]. It would also be important to investigate the rate of convergence from the
statistical and computational point of view.
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2. Attractiveness/repulsiveness of point processes are reflected on persistence
diagrams (see Figure 1). For example, the mass of the limiting persistence diagram
v, for negatively correlated point process seems to become more concentrated than
that for positively correlated point process.

3. The moments of the limiting persistence diagram, [, [y — x|"v,(dx dy),
should be studied. Other properties of limiting persistence diagrams such as conti-
nuity, absolute continuity/singularity, comparison, etc. should also be investigated
thoroughly for practical purposes (cf. [16, 26]).

4. The central limit theorem for persistent Betti numbers (even for usual Betti
numbers) is only proved for Poisson point processes. It could be extended to more
general stationary point processes. We also expect that a scaled persistence dia-
gram converges to a Gaussian field on A.

APPENDIX A: CONVERGENCE-DETERMINING CLASS FOR VAGUE
CONVERGENCE

We provide a sufficient condition for a class of %-sets to be a convergence
determining class for vague convergence. We use the same notation as in Section 3.
Assume that a class o7 C 4 is closed under finite intersections. Let us define

R@ﬁ:{&Jm:mew+
nite

Then R (&) is closed under both finite intersections and finite unions. Further-
more, if u, (A) — w(A) for all A € o7, then so does for all A € R(</), because

m m
M(U Al-) =D w(A) = D u(AiNAj + -+ (—D’"‘W(ﬂ Ai).
i=1 i i#] i=1
LEMMA A.1. Assume that a class < is closed under finite intersections, and
that:

(1) each open set G € A is a countable union of R(<f)-sets, and
(ii) each closed set F € A is a countable intersection of R(<)-sets.

If up(A) = w(A) for all A € o7, then w, converges vaguely to . In particular,

the class </ is a convergence-determining class for ju provided that o/ C %,,.

PROOF. Let G € # be an open set. By assumption, there are sets A; € R(<7)
such that

o0
G=JA.
=1
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Given ¢ > 0, choose an m such that

Then we have

m m
w(G) —e < u(U1 Ai) =nlgrggoun<U Ai) slinrgiogfun(G)-
1=

i=1
Since ¢ is arbitrary, we get

w(G) <liminf u, (G).
n—oo

Now for a closed set F € &, take A; € R(<7) such that

oo
F={)A:.
i=1

Since A; € A, for given € > 0, we can choose m large enough such that

M(F)+8>M<m Ai>.

i=1
Then it follows from (/| A; € R(</) that

n—oo n— 00

m m
w(F)+e> ,u(ﬂ A,~> = lim p,,,(ﬂ A,-) > limsup w, (F).
i=1 i=1

Letting ¢ — 0, we get
n(F) = limsup p, (F).
n—oo

Therefore, the conclusion follows from Lemma 3.1. O
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For given &7, let .o/ . be the class of o7 -sets satisfying x € A° C A C B:(x),
where A° is the interior of A. Let 0.7 . be the class of their boundaries, that is,

8%,8 - {aA . A € %’8}-

The following theorem gives a sufficient condition for a class 7 to be a
convergence-determining class for vague convergence of Radon measures (see
Theorem 2.4 in [1] for an analogous result on weak convergence of probability

measures).

THEOREM A.2. Suppose that < is closed under finite intersections and, for
each x € S and ¢ > 0, 0.9, o contains either & or uncountably many disjoint sets.
Then < is a convergence-determining class. Moreover, for any measure . € N,

&/ contains a countable convergence-determining class for .
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PROOF. Fix an arbitrary pu € 9, and let .7, = o/ N %, be the class of u-
continuity sets in .<7. Since

d(ANB) C (0A)U (0B),

<7, is again closed under finite intersections.

Let G € % be an open set. For x € G, choose ¢ > 0 such that B.(x) C G. By the
assumption, if 0.2 . does not contain &, then it must contain uncountably many
disjoint sets. Hence, in either case, d.2% . contains a set dAy of u-measure O, or
Ay € 4. Therefore, G can be written as

G=JA;=JA.
xeG xeG

Since § is a separable metric space, there is a countable subcollection {AS.} of
{AS : x € G} which covers G, namely,

o0
G=]JAs.
i=l1

Let {G;}{2, be a countable basis of S. For each i, we have just shown that there
are countable sets {A; j}72, C 4, such that

o0 0
Gi=UA7; = A
j=1 j=1
Set
o, = { N A,-,j}.
finite

Then mfli C 4/, is countable and closed under finite intersections. The remaining
task is to show that .Qfli satisfies the two conditions in Lemma A.1. The condition
for open sets is clear from the construction of dli

Next, let F' € % be a closed (thus compact) set. For each ¢ > 0, let

F® = [x €S:d(x,F)=inf p(x,y) < e}.
yeF

1
Then F = ﬂ;ozl F%. We claim that, for each ¢ > 0, there exist m =m(¢) and a
collection of sets {Cy};" | C 424 such that

m
FclJCicF®.
k=1

Indeed, for each x € F, there is a pair (iy, j,) such that x € A;’x, i C A
Gi, C B¢(x).Let Cy = A, j,. Then

Fcl]cy

xeF

C

ixsJx
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Since F is compact, there is a finite collection {C}, J4— such that
m
Fcljcs.
k=1
Finally, note that C ;k cCy CF ) we have

m
Fcl|JCyCF®.
k=1

Therefore, the condition for closed sets in Lemma A.1 is satisfied, which completes
the proof of Theorem A.2. [

COROLLARY A.3. The class
o ={(r1,r2] x (51,521, [0, 2] X (51,21 CA:0<r; <ry <s1 < s <00}

satisfies the conditions of Proposition 3.4, namely, for any measure [, it contains
a countable convergence determining class for .

PROOF. It suffices to check the conditions in Theorem A.2. It is clear that o7
is closed under finite intersection and d.e%; . contains uncountably many disjoint
sets foranyx e Aand e > 0. O

APPENDIX B: SIMPLICIAL COMPLEX AND HOMOLOGY

B.1. Simplicial complex. We first introduce a combinatorial object called
simplicial complex. Let P = {1, ..., n} be a finite set (not necessary to be points
in a metric space). A simplicial complex with the vertex set P is defined by a
collection K of nonempty subsets in P satisfying the following properties:

(i) {ite K fori=1,...,n,and
(i) fo e Kand @ #1 Co,thent € K.

Each subset o with ¢ + 1 vertices is called a g-simplex. We denote the set of g-
simplices by K. A subcollection T C K which also becomes a simplicial complex
is called a subcomplex of K.

EXAMPLE B.1. Figure 5 shows two polyhedra of simplicial complexes:

K = {{1}, {2}, (3}, {1, 2}, {1, 3}, {2, 3}, {1, 2,3},
T ={{1},{2}, {3} {1, 2}, {1, 3}, {2, 3}}.
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1

3 3

FI1G. 5. The polyhedra of the simplicial complexes K (left) and T (right).

B.2. Homology. The procedure to define homology is summarized as fol-
lows:

1. Given a simplicial complex K, build a chain complex C,(K). This is an
algebraization of K characterizing the boundary.

2. Define homology by quotienting out certain subspaces in C,(K) charac-
terized by the boundary.

We begin with the procedure 1 by assigning orientations on simplices. When we
deal with a g-simplex o = {io, ..., i4} as an ordered set, there are (¢ + 1)! order-
ings on o. For ¢ > 0, we define an equivalence relation i, ..., i;, ~ ig, ..., I,
on two orderings of o such that they are mapped to each other by even permu-
tations. By definition, two equivalence classes exist, and each of them is called

an oriented simplex. An oriented simplex is denoted by (ijy,...,ij,), and its
opposite orientation is expressed by adding the minus —(ijy, ..., ;). We write
(o) = (ijy,---,1ij,) for the equivalence class including ij, <--- <ij, . For g =0,

we suppose that we have only one orientation for each vertex.
Let F be a field. We construct a F-vector space C,(K) as

Cy(K) =Spang{(o) | 0 € K }

for K, # @ and C4(K) =0 for K; = . Here, Spang(A) for a set A is a
vector space over F such that the elements of A formally form a basis of the
vector space. Furthermore, we define a linear map called the boundary map
dg: Cq(K) — C4—1(K) by the linear extension of

(B.1) 3g(i0, - -, ig Z( D0, - vigs -y ig),

where iy means the removal of the vertex i¢. We can regard the linear map 9,
as algebraically capturing the (¢ — 1)-dimensional boundary of a g-dimensional
object.

For example, the image of the 2-simplex (o) = (1, 2, 3) is given by d(o) =
(2,3) — (1, 3) 4 (1, 2), which is the boundary of o (see Figure 5).

In practice, by arranging some orderings of the oriented ¢g- and (¢ — 1)-
simplices, we can represent the boundary map as a matrix

Mq = (MU,T)UGKq_l,TGKq
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with the entry M, ; = 0, =1 given by the coefficient in (B.1). For the simplicial
complex K in Example B.1, the matrix representations M| and M» of the boundary
maps are given by

1 -1 0 -1
(B.2) Mm=|1]|, m=|1 -1 o0].
—1 0 1 1

Here, the 1-simplices (resp. 0-simplices) are ordered by (1, 2), (2, 3), (1, 3) (resp.,
(1), (2), 3))-

We call a sequence of the vector spaces and linear maps

Og+1 9y
- — Cyr1(K) — Cy(K) — Cyo1(K) — -+

the chain complex C,(K) of K. As an easy exercise, we can show 9, 0 9,41 =0
for every g. Hence, the subspaces Z,(K) = kerd, and B,;(K) = imd, satisfy
B, (K) C Z,(K). Then the gth (simplicial) homology is defined by taking the quo-
tient space

Hy(K) =Z4(K)/By(K).

Intuitively, the dimension of H,(K') counts the number of g-dimensional holes in
K and each generator of the vector space H,(K) corresponds to these holes. We
remark that the homology as a vector space is independent of the orientations of
simplices.

For a subcomplex T of K, the inclusion map ¢: T < K naturally induces a
linear map in homology ¢, : H,(T) — H,(K). Namely, an element [c] € H,(T)
is mapped to [c] € H,(K), where the equivalence class [c] is taken in each vector
space.

For example, the simplicial complex K in Example B.1 has

Z1(K) =Spang[11—1]7 = B{(K)

from (B.2). Hence, H;(K) = 0, meaning that there are no 1-dimensional hole
(ring) in K. On the other hand, since Z{(T) = Z1(K) and B{(T) =0, we have
H{(T) =~ F, meaning that T consists of one ring. Hence, the induced linear map
t1: Hi(T) — H{(K) means that the ring in T disappears in K under 7' — K.

APPENDIX C: CONTINUITY OF PERSISTENCE DIAGRAMS OF
k-COMPLEXES

We give a stability result for persistence diagrams of «-filtrations which extends
the stability result obtained in [6]. The notation used here follows the paper [6].
We first recall the definition of the Hausdorff distance and the bottleneck distance.
The Hausdorff distance dy on .Z (RY) for 0, 0’ € .# (R") is given by

max inf |x —x'|

dy(o, o) :max{max inf [x —x’ > max 1nf }

X€0 x'eo
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We define the £o-metric on A by dwo((b1, d}), (b2, d2)) = max(|by — by, |d; —
dz|), where co — oo = 0. For (b,d) € A, we define ds ((b,d), 0A) = (d — b)/2.
For finite multisets X and Y in A, a partial matching between X and Y is a sub-
set M C X x Y such that for every x € X there is at most one y € Y such that
(x,y) € M and for every y € Y there is at most one x € X such that (x,y) € M.
An x € X (resp., y € Y) is unmatched if there isno y € Y (resp., x € X) such that
(x,y) € M. We say that a partial matching M is é-matching if doo(x, y) < § for
every (x,y) € M, doo(x,dA) <6 if x € X is unmatched, and do(y, 90A) < 4§ if
y € Y is unmatched.
The bottleneck distance is defined as follows:

dp(X,Y) :=inf{§ > 0 : there exists a §-matching between X and Y}.
For B, 8 € Z(RY) and k, «": FRY) — [0, 0o], we define two complexes
KK(E):{KK(E’I)}QO’ KK’(E/):{KK’(E/vt)}tzO'

Let C be a correspondence between E and Z’, that is, C C E x &’ such that
p1(C) = E and p>(C) = &', where p; is the projection onto the ith coordinate for
i =1,2. We define the transpose C” of C, which is also a correspondence, by

CT:={(x,x)e &' x E: (x,x) eC}.
A correspondence C defines a map from .% (E) to .7 (2') as
Clo)={x"e&:(x,x)eC,xea}.

The distortion of C is defined as
dis(C) := max{ sup [k (o) — k'(C(0))

oCE

- sup [e(CT () = #'(0)}

o'CE

LEMMA C.1. If dis(C) < ¢, then Hy(K((E)) and H,(K.(E") are -
interleaving.

PROOF. Assume that 0 € K(E,¢) and «(o) < ¢. Then it follows from
k(o) — k' (C(0))| < & that
k'(0") <k (C(0))<Kk(o)+e<t+e for any o’ C C(0),
which implies ¢’ € K,/(E',1 + ¢), and hence C is e-simplicial from K, (Z) to

K, (E"). Symmetrically, C” is also &-simplicial. Therefore, the conclusion follows
from Proposition 4.2 in [6]. [

Let us define
(C.1) S((x, B), (', &) := sup k(o) — k' ()]

oC8,0/CE
dg(o,0')<dp (E.E)

We remark that S((«, E), (k/, ) = |k — k|| if E=E'.
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LEMMA C.2. Let C denote the correspondence defined by C = {(x,x') € E x
B :|lx —x'|| <dy(E, E)}. Then

dis(C) < S((x, B), (', ).

PROOF. We easily see that

[1]

sup dy (0, C(0)) <dy (8, 8) and sup du(CT(0'),0") <dp(

oCE o/'CE

which implies the assertion. [J

For D, (k, E) = Dy(K,(E)) and Dy (', ') = D4 (K, (E")), we obtain the fol-
lowing continuity result.

THEOREM C.3.

€2) dp(Dy(k, B), Dy(', E)) < S((k, B), (', E)).

PROOF. It follows from Lemma C.2 and Lemma C.1 that H,(K,(E)) and
H, (K, (")) are S((k, E), («’, E"))-interleaving. Therefore, we obtain (C.2) from
[5]. O

COROLLARY C.4. Suppose that k is Lipschitz continuous with respect to dy,
that is, there exists a constant y > 0 such that

k(@) — k(0| <ydu(o,0')  foro,o’ € Z(RY).
Then

(C3) dp(Dy (k. B), Dy, E)) < ydu (8. &).

PROOF. From the assumption and (C.1), we see that
S((x, B), (x, E")) < ydu(E, &).

Therefore, (C.3) follows. [
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