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Transience/recurrence and growth rates for diffusion

processes in time-dependent regions

Ross G. Pinsky*

Abstract

Let K C R, d > 2, be a smooth, bounded domain satisfying 0 € K, and let f(t), t > 0,
be a smooth, continuous, nondecreasing function satisfying f(0) > 1. Define D; =
fK c R?. Consider a diffusion process corresponding to the generator %A +
b(z)V in the time-dependent region D; with normal reflection at the time-dependent
boundary. Consider also the one-dimensional diffusion process corresponding to
the generator %% + B(z)-L on the time-dependent region [1, f(t)] with reflection
at the boundary. We give precise conditions for transience/recurrence of the one-
dimensional process in terms of the growth rates of B(z) and f(¢). In the recurrent
case, we also investigate positive recurrence, and in the transient case, we also
consider the asymptotic growth rate of the process. Using the one-dimensional results,
we give conditions for transience/recurrence of the multi-dimensional process in terms
of the growth rates of B (r), B~ (r) and f(t), where B (r) = maxj,—, b(z) - {4 and
B™(r) = min|;|—, b(x) - -
Keywords: transience; recurrence; diffusion; time-dependent region; reflection; positive recur-
rence; growth rate.

AMS MSC 2010: 60J60.

Submitted to EJP on June 11, 2015, final version accepted on June 22, 2016.

1 Introduction and statement of results

Let £ ¢ R% d > 2, be a bounded domain with C3-boundary satisfying 0 € K, and

let f(t), t > 0, be a continuous, nondecreasing C3-function satisfying f(0) > 1. Define
D, = f(t)K C R?. Tt is known that one can define a Brownian motion X (¢) with normal
reflection at the boundary in the time-dependent region {(z,t) : € D;,t > 0}. More

precisely, one has for 0 < s < t,

X(t) = X(s) + W(t) — W(s) + / Lop, (X (u))n(u, X (u))dLy,

t
L, = / Lon, (X (u))dLy,
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where W(+) is a Brownian motion, n(u,z) is the unit inward normal to D, at € 9D,
and L, is the local time up to time u of X (-) at the time-dependent boundary. See [1].

The process X (¢) is recurrent if, with probability one, X (¢) € K at arbitrarily large
times ¢, and is transient if, with probability zero, X (¢) € KC at arbitrarily large times ¢. As
with non-degenerate diffusion processes in unrestricted space, transience is equivalent
to lim;_,, | X (t)| = oo with probability one. It is simple to see that the definitions are
independent of the starting point and the starting time of the process. In a recent
paper [2], it was shown that for d > 3, if foo f%(t)dt < 00, then the process is transient,
while if [~ f%(t)dt = oo, and an additional technical condition is fulfilled, then the
process is recurrent. The additional technical condition is that either K is a ball, or
that [ (f’)?(t)dt < co. In particular, this result indicates that if for sufficiently large ¢,
f(t) = ct®, for some ¢ > 0, then the process is transient if @ > é and recurrent if a < é.
The paper [2] also studies the analogous problem for simple, symmetric random walk in
growing domains.

In this paper we study the transience/recurrence dichotomy in the case that the
Brownian motion is replaced by a diffusion process; namely, Brownian motion with a
locally bounded drift b(x). That is, the generator of the process when it is away from the
boundary is ;A + b(z)V instead of 1A. Using the Cameron-Martin-Girsanov change-of-
measure formula, or alternatively in the case of a Lipschitz drift, by a direct construction
as in [1], one can show that the diffusion process in the time-dependent region can be
defined. We will show how the strength of the radial component, b(z) - \%I of the drift,
and the growth rate of the region-via f(t)-affect the transience/recurrence dichotomy.

In fact, we will prove a transience/recurrence dichotomy for a one-dimensional
process. Our result for the multi-dimensional case will follow readily from the one-
dimensional result along with results in [2]. Let f(¢) be as in the first paragraph. Consider
the diffusion process corresponding to the generator %% + B(m)%, where B is locally
bounded, in the time-dependent region [1, f(¢)] with reflection at the endpoint « = 1 (for
all times) and at the endpoint f(t) at time ¢. If B(z) = £, the process is a Bessel process.
When this process is considered on [1, c0) with reflection at 1, it is recurrent for k < %
and transient for k > % In particular, it is the radial part of a d-dimensional Brownian
motion when k = % The result of [2] noted above can presumably be slightly modified
to show that for k > 1, the process on the time dependent region [1, f(¢)] with reflection
at the endpoints is transient or recurrent according to whether [ * Wdt < oo or
f o fg%l(t)dt = o0o. In this paper we consider drifts that are on a larger order than % We
will prove the following theorem concerning transience/recurrence.

Theorem 1.1. Consider the diffusion process corresponding to the generator %% +

B(z)-L in the time-dependent region [1, f(t)], with reflection at both the fixed endpoint
and the time-dependent one. Let~ > —1 and b,c > 0.
i. Assume that
B(x) < bx”, for sufficiently large x,

f(®) < c(log t)ﬁ, for sufficiently large t.

If

2bclt <1 2bct T

1
, or =landvy > —=,
1+~ 1+~ T="%

then the process is recurrent.
ii. Assume that
B(x) > bx”, for sufficiently large x,

f(t) > c(log t)ﬁ, for sufficiently large t.
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If
2bctt
1+~ ’
then the process is transient.
Remark. We expect that the process is also recurrent in part (i) if 26’ _ | and

1 e
v e (_17 _5)'
Using Theorem 1.1, we will prove the following result for the multi-dimensional
process.

Theorem 1.2. Consider the diffusion process corresponding to the generator %Aer(z)V
in the time-dependent region D(t) = f(t)K C R?, with reflection at the boundary, where
K and f are as in the first paragraph. Let

B*(r) = maxb(z) - o BT = minbl@)- o

and let
rad " (K) = max(|z| : z € 0K), rad (K) = min(|z| : z € 9K).

Lety > —1 andb,c > 0.
i. Assume that

B*(r) < br?, for sufficiently large r,

1.1
f(t) < m(bg t)ﬁ, for sufficiently large t. (1.1)
Also assume either that K is a ball or that [~ (f')(t)dt < cc.
If
2bct T 2bc!
C <1, or 2% —1,d=2andy>0,
I+ 1+~
then the process is recurrent.
ii. Assume that
B~ (r) > br?, for sufficiently large r,
1.2
ft) > ﬁ(log t)ﬁ7 for sufficiently large t. (1.2)
If
2bct Y
> 1,
1+~

then the process is transient.

Remark 1. We expect that the process is recurrent in part (i) when 2%:7 =1, for all
values of v > —1 and d > 2.

Remark 2. If f(t) = C(log t)ﬁ, for all large t, where C' > 0 and v > —1, then the
condition [ (f")%(t)dt < oo in part (i) is satisfied.

In the recurrent case, it is natural to consider positive recurrence, which we define
as follows: the one-dimensional process above is positive recurrent if starting from x > 1,
the expected value of the first hitting time of 1 is finite, while the multi-dimensional
process defined above is positive recurrent if starting from a point z ¢ K, the expected
value of the first hitting time of K is finite. It is simple to see that this definition is
independent of the starting point and the starting time of the process. We have the
following theorem regarding positive recurrence of the one-dimensional process.
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Theorem 1.3. Under the conditions of part (i) of Theorem 1.1 or Theorem 1.2, the
process is positive recurrent if
2bctt

1+~

Remark. The proof of Theorem 1.3 relies heavily on the estimates 1n the proof of part
(i) of Theorem 1.1. We suspect that in the borderline cases, when ch =1, the process
is never positive recurrent. However, the estimates in the proof of part (ii) of Theorem
1.1 don’t go quite far enough to prove this.

In the transient case, it is natural to consider the asymptotic growth rate of the

. d
process. It is known that the process X (t) corresponding to the generator 1 §H + bz -

on [1,00) with reflection at 1 grows a.s. on the order T if vy € (—1,1). (In fact, the
solutions &(t) to the differential equation 2/ = bz satisfy limy_,o 4= = (b(1 — 'y))ﬁ,
t1=7

and it is not hard to show that X (¢) satisfies lim_, .o 2 = (b(1 —w)ﬁ a.s.) The process
ti=

grows a.s. exponentially if v = 1, and explodes a.s. if v > 1 [5]. From this it is clear that
the one-dimensional process X (¢) with B(x) = bz” on the time-dependent region [1, f(¢)]
satisfies

X (t) = f(¢t) for arbitrarily large t a.s.,

and consequently,

X(@)
lim su =1a.s,, (1.3)
t—>ocp f(t)
if f(t) = o(tﬁ) and v € (—1,1), if f(¢t) grows sub-exponentially and v = 1, and with

no restrictions on f if v > 1. The next theorem treats the behavior of lim 1nff_>O<> )f(((:))

in what turns out to be the delicate case that B( ) = bz” and f(t) = c(logt) T T, with
2bc "7 - 1. (Recall from Theorem 1.1 that if Qbﬁrv < 1, then the process is recurrent
and thus liminf; . X (t) = 1.) We restrict to v € (—1,1) for technical reasons, but we
suspect that the following result also holds for v > 1.

Theorem 1.4. Consider the diffusion process corresponding to the generator %d% +
B(z)-L in the time-dependent region [1, f(t)], with reflection at both the fixed endpoint
and the time-dependent one. Lety € (—1,1) and b,c¢ > 0. Assume that for sufficiently

large z,1t,

B(x) = bx”,
F(t) = clogt) ™,
where
2bcl T
> 1.
1+~
Then
.. X(t) 1+ =
ht@)logf m ( — 2bcl+7) a.s.

We now consider the asymptotic growth behavior in the case that B(z) = 27, v €
(—1,1), and that f(¢) is on a larger order than (log t)ﬁ, but on a smaller order than t77.
(Recall from the paragraph preceding Theorem 1.4 that this latter order is the order on
which the process would grow if it lived on [1, c0) rather than on the time-dependent
region.) For simplicity we will assume that f(t) = (logt)!, with [ > 1+ﬂ/ or that f(t) = t!,
with [ € (0, ﬁ). (We have dispensed with the coefficients b and ¢ because here they no
longer play a role at the level of asymptotic behavior we investigate.)
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Theorem 1.5. Consider the diffusion process corresponding to the generator %% +
B(x)% in the time-dependent region [1, f(t)], with reflection at both the fixed endpoint
and the time-dependent one. Let vy € (—1,1). Assume that

B(z) =2".
i. Assume that fort > 2,
f(t) = (logt)!, withl > L
gt 147"
Then
X()

A ey —las

ii. Assume that

F(t) = 1!, withl e (o,%).

Let
0, ify > 0;
qo = .
—l, ify € (-1,0).
Then
t)— X(¢
lim sup M =0 a.s. for q > qq, (1.4)
t—o00 t4
and
t)— X (¢t
lim sup M = o0 a.s., wheny € (—1,0]. (1.5)
t—o0 tdo
In particular (in light of (1.3)),
X(t
lim ﬁ =1a.s
t—00 (t)

Remark. Note in particular that for b(z) = z7 and f(t) = #, if v € [0,1), then the
deviation of X (¢) from f(t) as t — oo is o(t?), for any ¢ > 0, while if v € (—1,0), then this
deviation is o(t9) for ¢ > —I~, but not for ¢ = —I~.

In section 2 we prove several auxiliary results which will be needed for the proofs.
The proofs of Theorem 1.1-1.5 are given in sections 3-7 respectively.

Throughout the paper, the following notation will be employed:

Let X (t) denote a canonical, continuous real-valued path, and let 7,, = inf{¢t > 0 :
X(t) = a}. Let

Let pbe"iRef—:5 and pbe"iRef—:f denote probabilities and expectations for the diffusion
process corresponding to Ly~ on [1, 5], starting from z € [1, 3], with reflection at 8 and
stopped at 1, and let P*"Ref=:ie and pbe7iRef=a denote probabilities and expectations
for the diffusion process corresponding to Ly, on [«, 00), starting from z € [a, c0), with
reflection at . We note that this latter diffusion is explosive if v > 1, but we will only
be considering it until time 73 for some 3 > «. We will sometimes work with a constant
drift, which we will denote by D (instead of bx” with v = 0), in which case D will replace
bz” in all of the above notation.
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2 Auxiliary results

In this section we prove four propositions. The first three of them are used explicitly
in the proof of Theorem 1.1, and implicitly in many of the other theorems, since many of
the calculations in the proof of Theorem 1.1 are used in the proofs of the other theorems.
Proposition 2.4 is used only for the proof of (1.5) in Theorem 1.5.

Proposition 2.1. For a € [1, /],
Eb*iReE6 ox b (NTL,) < 2, for x € [a, ] and A < A(a, B), (2.1)

where

AMa, B) = exp ( - (2 + 2bmax(a”, 67))(6 - a)). (2.2)
Proof. Of course, it suffices to work with A > 0. Consider the function
u(z) =2 —exp(—r(z — ), a <z <, (2.3)
where r > 0. Then
exp(r(z — a))(Lpey + A)u = —%’I‘Q +rbxY — A+ 2 exp(r(z — @), z € [a, 8]. (2.4)

For A >0,

1
sup (— =r? + bz — A+ 2Xexp(r(z — @))) <
aelog] 2

— %7"2 +rbmax(a”, B7) — A+ 2Xexp(r(8 — a)).

Thus, we have (Lpv + A)u < 0 on [«, 5] if

Choosing
r =24 2bmax(a”, 57),

it follows that the right hand side of the above inequality is greater than 5\(@, B). We have
thus shown that there exists a positive function u on [«, ] satisfying (Lp.~ + ;\(oz, B8))u <0
in [o, 8] and v/(8) > 0. By the criticality theory of second order elliptic operators [6,
chapter 4], [4], it follows that the principal eigenvalue for —L;,~ on («, 8) with the
Dirichlet boundary condition at o and the Neumann boundary condition at 3 is larger
than S\(m B). By the Feynman-Kac formula, when A\ is less than the aforementioned
principal eigenvalue, the function uy(z) = E? Reff exp(\T,,) satisfies the boundary-
value problem (Ly;+ + A)u = 01in (o, 8), u(e) = 1 and «/(8) = 0. Since A is smaller than
the principal eigenvalue, it follows from the generalized maximum principal [6, chapter
3], [4] that uy < w, if u satisfies (L + M)u < 0 in [, 8], u(a) > 1 and «/(8) > 0. The
calculation above showed that v as defined in (2.3), with r = 2 + 2bmax(a”, 87), satisfies
these requirements; thus in particular, (2.1) holds. O

Proposition 2.2. For1 < x < f3,

exp(D(6 — 1)) (

. . D?
B e ) = T p )

. 1+D(z—1)) exp (— D(z — 1)). (2.5)

Proof. The function

o) = SPDB 1)

T+ D(F=1) 1+D(a:—1))exp(—D(x—1))
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solves the boundary value problem (Lp + %z)u =01in (1,8) with /(1) = 0 and u(8) = 1.
Since u > 0, it follows again from the criticality theory of elliptic operators that the
principal eigenvalue of —Lp on (1, 3) with the Neumann boundary condition at 1 and the
Dirichlet boundary condition at § is greater than %2. Thus, EDiRef=:1 exp(D;TB) < 00
and by the Feynman-Kac formula, this function of « € [1, 8] solves the above boundary
value problem, and consequently coincides with u. O

Proposition 2.3. For A >0and 1 < a < (3,

EﬁD;Ref{—:B eXp(—)\Ta) —

2/ D2 + 2\ e72P(B=2)
(=D + /D2 +2X) e(=D+VD*+2X0)(B=a) 4 (D + /D2 + 2X ) e(-D—VD*+2X)(-a) |

Proof. By the Feynman-Kac formula, EP®Ref:5 exp(—\T,,), for z € [, 3], solves the
boundary value problem (Lp — A)u = 0 in (a, ), with u(a) = 1 and «/(8) = 0. The
solution of this linear equation is given by

’1"1677’1 (5*0)67"2 (z—a) + 7,267’2([37(1)677‘1 (z—a)

u(ﬂﬂ) = 7“267’2(5_0‘) e B—a) )

where r; = D 4+ v D? + 2\ and ro, = —D + v/ D? + 2. Substituting z = 3 completes the
proof. O

Proposition 2.4.

Egl;a:‘Y;RefH:a exp()\/;—ﬁ) <2, forx € [a’ ﬁ] and A < 5\, (2.6)

N = bmin(a”,87)

where m

Proof. The proof is similar to that of Proposition 2.1. By the Feynman-Kac formula,
when ) is less than the principal eigenvalue for the operator L;,~ on (o, 3) with the
Neumann boundary condition at « and the Dirichlet boundary condition at 3, the function
uy(x) = EY* Ref>i oxp(A75) solves the equation (Ly,» + A)u = 0 in (a, ), v/(a) = 0 and
u(B) = 1. Also, if u > 0 satisfies (Lpv + AN)u < 01in (o, 5), v'(a) < 0 and u(8) > 1, then A
is smaller than the principal eigenvalue and u) < u. We look for such a function u in the
form u(z) = 2 — exp ( — (8 — z)), where r > 0. Note then that u(8) = 1, v/(e) < 0 and
1 <wu<2on [a,f]. We have

exp (r(8 — x)) (Lar + Au = (7%772 —ba"r — A) + 2Xexp (r(B — z)).

It follows readily that if
%7‘2 + br min(a”, §7)
- 2exp(r(B—a))—1"
then (Lpev + A)u < 0 on [a, §]. With the choice r = -1 in (2.7), it is clear that A in

B—a

the statement of the proposition is smaller than the right hand side of (2.7). Thus,
uy(r) <u(z) <2, for A < A. O

(2.7)

3 Proof of Theorem 1.1

We will denote probabilities for the process staring from 1 at time 0 by P;. Let
Fi = 0(X(s),0 < s <t) denote the standard filtration on real-valued continuous paths
X(t). By standard comparison results and the fact that the transience/recurrence
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dichotomy is not affected by a bounded change in the drift over a compact set, we may
assume that

2, t € [0,exp ((2)'7)];

1 3.1
c(logt) ™, t > exp ((%)1"’“’). 3.1)

B(z) = bz, forallx > 1, f(t) = {

Proof of (i). Let jo = [(2)"*7] + 1. Lett; = ¢/. Then f(t;) = ¢j™, for j > j,. For
J > jo, let A; 11 denote the event that the process hits 1 at some time ¢ € [t;,¢;4+1]. The
conditional version of the Borel-Cantelli lemma [3] shows that if

> Pi(Aja|Fy) = o0, ass,, (3.2)
J=Jjo
then P;(A; i.0o.) = 1, and thus the process is recurrent. Thus, to show recurrence, it
suffices to show (3.2).

Since up to time t;, the largest the process can be is f(t;), and since up to time ¢;;4
the time-dependent region is contained in [1, f(¢;11)], it follows by comparison that

Py(Ajaa|Fy) > PR TS0 < — 1) as., (3.3)

We estimate the right hand side of (3.3). Let aéj) =0,k = inf{t > ‘71@1 cX(t) = f(tjy1)}

and o) = inf{t > k) : X(t) = f(t;)}, j > jo, i =1,2,.... Forany I; € I\,
(T <o} —{oD >t —t;} C{Ty < tipq — ¢}
Iy 1 J+1 J 1T =5+1 Js:
Also, it follows by the strong Markov property that

Pba:'y;Refe:f(tj-H)(Tl < O_l(]])) -1 (szw;REfH:f(tj-'—l)(Tf(t:H,l) < Tl))lj.

f(t5) £(t5)
Thus
bz ;Ref<«—: f(tj41) bz Ref<«—: f(tj11) l;
Pf(tj) € +1 (T1 < tj+1 — t]) >1- (Pf(t]) € +1 (Tf(tj+1) < Tl)) —

PbI’Y;Ref%:f(tJ:Fl) (3‘4)

7(t;) (Ul(j) > tjp1 — tj).

From (3.2)-(3.4), we will obtain Pl(Aj i.0.) = 1, and thus recurrence, if we can select
{l;}52, such that

= baV;Ref—: f(tj41) L\ _
Z (1 - (Pf(tj) " (Tf(t.7‘+1) < Tl)) ) =%, (3.5)
J=Jo
and
bx” ;Ref<—: f(t; j
Z Py TG (1) 4 — 1) < o, (3.6)
J=Jo
Let
e t 0o 2bt1+'y
o(x) = / exp(f/ 2bs7ds)dt = / exp(— Ydt, © > 1. (3.7)
x 0 x 1 + aé
Since L¢ = 0, it follows by standard probabilistic potential theory [6, chapter 5] that
ba iRefe—:f (t;41) o(1) — o(f(t5)) o(f(t;)) — o(f(tj41))
P, T Ty <Ty) = =1- . (3.8)
e Trer <10 = 50) Z5(7 1) o(1) — 9 F(t;41)
EJP 21 (2016), paper 46. http://www.imstat.org/ejp/
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Applying L'Ho6pital’s rule shows that

1+
iy B RCHED

T—00 =7 eXp(_Q%TJ:;’Y) a 2b,
thus, L
1 2bx Y
6(x) ~ o727 exp(~ 1"1 ), as z — oo, (3.9

Using the fact that (1 —t)! < exp(—lt) < 1—1t+ 2(it)> <1—1it,if [,t > 0and It < 1,
along with (3.8), we have
ll,‘ﬁ(f(tj)) — o(f(tj+1))
27 ¢(1) = o(f(tj41) (3.10)
for sufficiently large j, if lim 7;¢(f(¢;)) = 0.

Jj—o0

bx” ;Ref«—: f(t; l;
1= (Pf(tj) o (JH)(Tf(tHl) < Tl)) z

Using (3.9) along with the facts that f(z) = c¢(logz) ™ and t; = ¢/, it follows that there
exists a Ky € (0,1) such that ¢(f(¢;+1)) < Kop(f(¢;)) for all large j. Thus,

o(f(t5)) — (f(tj+1))
o(1) = d(f(tj41))
for sufficiently large j,

2bclt |

),

> Kao(f(t)) 2 Ko exp(— 7 — (3.11)

for constants K, K5 > 0. From (3.10) and (3.11), it follows that (3.5) will hold if we
define [; € IN by
1 2bcl

l; = exp J
! [jﬁlogj L+

)l (3.12)

since then the general term, 1 — (P;?;;Ref{_:f(t”l) (Trty0) < Tl))lj, in (3.5) will be on the
1

Jlogj”
With [; chosen as above, we now analyze P;Z:;Refﬁf(tj“)(al(j) > tj41 —t;) and show

that (3.6) holds. By the strong Markov property, ol(jj) = Zi’zl X; + 257:1 Y;, where

{X;}2, is an IID sequence distributed according to T, ,) under P;Z”t:;)ReH’l, {V;}52, is
an IID sequence distributed according to Ty ;,) under P;Zc;_ie)fﬁf(tj +1), and the two IID

sequences are independent of one another. By Markov’s inequality,

order at least

ba™;Refe: £ (t, , N |
Pf(tj) ef—: f( J+1)(O'l(j) >t) < exp(f)\t)Ef(tj) ef<:f(tj41) GXp()\Gl(j)) _

(3.13)
bx” ;Ref—: lj bx” ;Ref«—: f(t; l;
exp(=A) (B, 1 exp(WTye,.0)) 7 (B 1y~ exp(WTyr,))
for any A > 0.
By Proposition 2.1,
By T exp(XTy ) <2, for A < A(f(t5), f(tj41)), (3.14)

where A(-,-) is as in (2.2). Using the fact that f(t;) = cjﬁ, it is easy to check that there
exists a A9 > 0 such that

A(f(t)), (tj41)) = Ao, forall j > jo. (3.15)
By comparison,
bz”;Ref—:1 D;;Ref—:1
By T e\ T, ) < Eplly™ T exp(A Ty, ), (3.16)
EJP 21 (2016), paper 46. http://www.imstat.org/ejp/
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if
D; < min bx”.
z€[1,f(tj+1)]

= 2 ~
If v > 0, choose D; = min(b, vV2Xg ), for all j > jo; thus, % < Xo. If v € (—1,0), choose
D; =b(f(tj+1))Y =bc"(j + 1) . With these choices of D;, we have for all v > —1,

2

7j < Ao, for sufficiently large j. (3.17)

It is easy to check that if one substitutes D = D;, = f(t;) = c(logj)ﬁ and 8 =
f(tj41) = c(log(j + 1))ﬁ in the expression on the right hand side of (2.5) in Proposition
2.2, the resulting expression is bounded in j. Letting M > 1 be an upper bound, it

follows that )

D2

D;;Ref—:1

Eqiy exp(5-Tr(r, 1) < M. (3.18)
) , ) 2

Noting that ¢t;; —t; = elt1 — el > ¢/, and choosing A = % in (3.13), it follows from

(3.13)-(3.18) that

Refe: (¢, ; D? .
P}’Z’)Reﬂ_'f(t”l)(al(j) >t —t) < e>(1o(—7je])(2M)lj7 for sufficiently large j. (3.19)

Recalling /; from (3.12), we conclude from (3.19) that

v. . . . D2 . ,—% N — el .
P})g(ct‘,)Refe.f(thrl)(O_l(j) > tj+1 7tj) S eXp(ffej)(QM)J T+ (log 5) lexp(%u_'y 7 _

2 (3.20)
Dy j 1 1 2beltT s . .
exp(—7e ) exp (] 47 (logj) e 1#7 7log QM), for sufficiently large j.

Recalling that D; is equal to a positive constant, if v > 0, and that D; is on the order

jﬁ, if v < 0, it follows that the right hand side of (3.20) is summable in j if 2

14+
or if Qﬁi? =1land~vy > —%. Thus (3.6) holds for this range of b, c and ~. This completes

the proof of (i).

Proof of (ii). Let j; = [exp ((2)'77)]+1. Then f(j) = c(logj) T, for j > ji. For j > ji, let
B; be the event that the process hits 1 sometime between the first time it hits f(j) and
the first time it hits f(j + 1): B; = {X(t) = 1 for some ¢ € (T, T¢(j+1))}. If we show
that

oo
> Pi(B;)) < oo, (3.21)

J=i
then by the Borel-Cantelli lemma it will follow that P;(B; i.0.) = 0, and consequently the

process is transient.

To prove (3.21), we need to use different methods depending on whether v < 0
or v > 0. We begin with the case v < 0. To consider whether or not the event B;
occurs, we first wait until time 7% ;). Of course, necessarily, T(;) > j, since f(j) is
not accessible to the process before time j. Since we may have Ty;) < j + 1, the
point f(j + 1) may not be accessible to the process at time T%(;), however, if we wait
one unit of time, then after that, the point f(j + 1) certainly will be accessible, since
Ty +1>j+1. Let M; < f(j) — 1. Now if in that one unit of time, the process never got

to the level f(j) — M;, then by comparison, the probability of B; occurring is no more

than P;fj?’)?f{?;‘—:f(%‘rl)
J

be at a position greater than or equal to f(j) — M;). By comparison with the process

(Ty < Ty(;j41)) (because after this one unit of time the process will

EJP 21 (2016), paper 46. http://www.imstat.org/ejp/
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that is reflected at the fixed point f(;), the probability that the process got to the level
f(j) — M; in that one unit of time is bounded from above by P;?;);Refezf(j) (Ty(y—m, <1).
From these considerations, we conclude that

z7; f (4 z7; (5
Py(By) < Py RS T (T < Ty ) + PR (T oa, < 1), (3.22)

Similar to (3.8), we have

pba”iRef—:f(j+1) o(f(j) — My) — o(f(5 + 1))'

G)—M; (T < T3640) = == 50y = 407G + 1)) (3.23)

For € € (0,1) to be chosen later sufficiently small, choose M; = €¢f(j). Recall that
fG) = c(logj)ﬁ. Then from (3.9) we have

o(f(J) — My) = (b(C(l — e)(logj)ﬁ) ~

1\ — — T4y ]
2 (e(1— )05 ) ™) 7 exp (- 2 11))7 logjy _

(3.24)

_2b(c(1—e) 't

1 Nl o\ =y .
5 (1 = €)(log j) ™+7) 7 =g

it
Since by assumption, % > 1, we can select € € (0,1) such that % > 1. With

such a choice of ¢, it follows from (3.23) and (3.24) that

> v. Cp(s
> P;Tj)’fi\r.f(ﬁl)(Tl < Ty(j41)) < 0. (3.25)
J=n

We now estimate PJZZ:(EJ‘W);Refo(j)(Tf(J‘)fMj < 1), where M; = ef(j), with ¢ as above. By

comparison, we have

b7 f(g Dj;Ref+,f(j
PRy Ty aa, < 1) < PR O (@), < 1), (3.26)

where D; is equal to the minimum of the original drift on the interval [f(j) — M;, f(4)];
that is,
D; = b (log j) T .

By Markov’s inequality, we have for A > 0,

PRI Ty <1) < exp(N BT exp(=XTyi)-ag,)- (3.27)

Using Proposition 2.3 with o = f(j) — M;, 8 = f(j) and D = D;, we have

D;;Ref+:f(j) _
Eggy T ep(=A Ty -n,) =

24 /DJZ + 2\ e 2PiM; (3.28)

(=D + /D2 +22) e PHVDIFM 4 (D, /D2 4 o)) e PamV/DTFROM;

If v <0, then lim;_,,, D; = 0 and M; — oo, and it follows from (3.28) that

Dj;Refe:f(j
BT exp(— Xy gy ;) < K exp(—V2A M;), (3.29)
for some K > 0. If v = 0, then D; = b, for all j, and we have from (3.28),
D ;Ref: f(4) 2¢/b% 42X
E.’ exp(—ATriiy_pr.) ¥ ——————e —(b+ (Vb2 +2)\)M;),
0 <p(=ATyi)-a;) ~ s e (= (b (v M), 550
as j — oo.
EJP 21 (2016), paper 46. http://www.imstat.org/ejp/
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Since M, = ec(log j) T, it follows from (3.29) and (3.30) that

- D ;;Ref+:f(j
> BT W exp(=ATy(j)-a1,) < o, (3.31)

J=J1
for all choices of A > 0 in the case v < 0, and for sufficiently large X in the case v = 0.
Thus, we conclude from (3.31) and (3.27) that

Z PRI Ty <1) < oo (3.32)

J=in

Now (3.21) follows from (3.22), (3.25) and (3.32).

We now turn to the case that y > 0. Let ;41 =inf{t > j+1: X(¢t) >
process cannot reach f(j + 1) before time j + 1, it follows that 7% ;)
Let C; = {X(t) = 1 forsome ¢t € (Ty(;),(j+1)}, and let G; = {X(t)
(Cj+17Tf(j+1))}- Then Bj = Cj U Gj,‘ thus,

))}. Since the

fG
< CJ+1 < Ty(jv1)-
= 1 for some t €

Pl(Bj) < Pl(C]) + Pl(Gj) (3.33)

Since the right hand endpoint of the region is larger than or equal to f(¢;41) at all
times ¢ > (;41, it follows by comparison that P;(G;) < Pf"(”w) iRefe: f(”l)(Tl < Tyj+1))-
Thus, similar to (3.8) we have

(1) = SUG+1) 30

o/
PG < =50y = a(rG + 1)

As in (3.24), but with ¢ = 0, we have

2bc1 Y

1
(c(logj) ™) " j~ 7. (3.35)

G ~ o

From (3.34), (3.35) and the fact that Qﬁﬁ:v > 1, it follows that

> Pi(G;) < oo (3.36)

J=i

For any s;, we have the estimate

Py(Cy) < PiE RO <55 1) + PPN Ty ) > ). (3.37)
Here is the explanation for the above estimate. To check whether or not the event
C; occurs, one waits until time 7 (;), at which time the process has first reached f(j).
Of course Ty(;) > j. If in fact, Ty;) > j + 1, then ;41 = Ty(; and C; does not occur.
Otherwise, one watches the process between time T (;) and time j + 1. If the process
hit 1 in this time interval, whose length is no more than 1, then C; occurs. (Note that
during this interval of time, the right hand boundary for reflection is always at least
f(j).) Otherwise, C; has not yet occurred, but one continues to watch the process after
time j + 1 until the first time the process is again greater than or equal to f(j). If the
process reaches 1 in this interval, then C; occurs, while if not, then we conclude that C;
did not occur. (Note that if X (5 + 1) > f(j), then the length of this final time interval is
0.) The random variable denoting the length of this final time interval is stochastically
dominated by the random variable T’ ;) under Pb Ref=:1 ‘since the actually drift is always
larger than or equal to b everywhere, and the actual starting point of the process at
the beginning of this final time interval is certainly greater than or equal to 1. In the

EJP 21 (2016), paper 46. http://www.imstat.org/ejp/
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estimate (3.37), one should think of s; as a possible value for the length of this final time
interval.

We first estimate Pf ;RefH:I(Tf(j) > s;), the second term on the right hand side of
(3.37). By Markov’s inequality, for any A > 0,

PRy > 55) < exp(—As;) EYRT exp( ATy ) (3.38)
Applying Proposition 2.2 with D =b, z =1 and 8 = f(j) = c(logj)ﬁ, we have

b2 exp (b(c(logj)ﬁ - 1))

EUR L oxp (=T ;) = (3.39)
! 2 /0) 1+ b(c(logj)ﬁ -1)
Letting
4
sj = 3z 1087, (3.40)
it follows from (3.38) with A = &, (3.39) and the fact that - > 0 that
> PYRT (T ) > s5) < oo (3.41)

J=J

We now estimate P;f;);Refo UN(Ty < s; + 1), the first term on the right hand side

of (3.37), where s; has now been defined in (3.40). Note that by the strong Markov

property, Ty = Ty, + ZEJ;(;J”(E —T;_1), where {T; — Ti_l}gf:(;j)] and 7Tjs(,) are inde-
bz ;Ref«—: f(7)

pendent random variables under Pf(j) , and T; — T;_, is distributed as 7;_; under
prr Ret10) 16t {X,}9)] be independent random variables with X; distributed as Ty
under Py7R2 where

D;=0b(i—1)". (3.42)
We will use the generic P and F for calculating probabilities and expectations for the
X;. Note that D; is the minimum of the original drift on the interval [¢ — 1,4]. Also note

that when one considers T;_; under Pibww;Refo @ the process gets reflected at f(j),
which is to the right of the starting point ¢, while when one considers 7; under P2D isRefe=:2
the process gets reflected at its starting point. Thus, by comparison, it follows that
the distribution of T; — T;_; under Pibww;Refo ) dominates the distribution of X;, and

consequently, the distribution of 7} under PJZZ?J.W);Refo ) dominates the distribution of
ng:(g)] X;. Thus, we have

’

[f ()]
PSRRI <55 +1) <P Xi <5+ 1), (3.43)
i=2
By Markov’s inequality, we have for any A > 0,
(£ ()] £ ()]
P X;<sj+1) <exp(A(s; + 1)) Eexp(—X ¥ X;) =
i=2 i=2
3.44
[ ()] ( )
exp(A(s; + 1)) H EPiReET2 e p(—ATY).
i=2
Applying Proposition 2.3 with « =1, # =2 and D = D,;, we have
E2D7;;Ref<—:2 eXp(f)\Tl) _
2,/D? + 2\ e 2P (3.45)
(=D + /DZ+2X) PtV (D, 4 (/D 42X ) - PimV/PEF2A)
EJP 21 (2016), paper 46. http://www.imstat.org/ejp/
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For fixed A > 0, —D; + \/D? + 2 , as D; — oo. Thus, (3.45) yields
D;;Ref+:2 2D22
E, exp(—ATy) ~ " exp(—2D;), as D; — oo. (3.46)

From (3.42) and (3.46), it follows that there exists a Ky > 0 such that

) ()]
H ED“Reﬂ_QeXp —\Ty) < H exp —2D;) =
=2 =2 (3.47)
[f(])]_l 22 :
2K ob=1%7
H SR exp(—2bi7).
] A
=1
We have
[f())-1 ‘ ovellon 1y T
H 27 < (F(7)ID = (¢ (10g_])1+’¥) ve(log j) 17 (3.48)
i=1
Also, for some C, > 0,
[f()]-1 A1 1+ .
.o (fU)T , ¢ log j =
Y>> . C Y=——5) _C (logj)TH
; 12 L () T L (log j)
thus,
[f(])]_l 1+
ot 2bc T
[T exp(—2bi7) < exp (26Cc (log ) ™) i~ i . (3.49)
i=1
Then from (3.43), (3.44), and (3.47)-(3.49), we have
P;Z?J;;Refe:f(j)(Tl <sj+1)< exp()\(sj +1))x
2Kob? C(logj)l}r'v 2«/((logj)1+w v N2y . 2bcltY (3.50)
(1v—=) (c(log ) ™) exp (26C,¢Y(log j) &7 ) j~ 1 F

From (3.40), s; = 7 log j; so exp(A(s; + 1)) = eAj%. By assumption, 2110_:7 > 1. Thus,

choosing A > 0 sufficiently small so that l;%)\ — 21713:7 < —1, and recalling that v > 0, it
follows from (3.50) that
bx ™ ;Ref:
Z PRI <55 4+1) < oo, (3.51)

J=i

(To see this easily, it is useful to convert the long expression on the right hand side of
(3.50) to exponential form, similar to what was done in the equality in (3.20).) From
(3.37), (3.41) and (3.51) we conclude that

> Pi(C)) < oo (3.52)

J=J1

Now (3.33), (3.36) and (3.52) give (3.21) and complete the proof of the theorem. O

4 Proof of Theorem 1.2

First we prove Theorem 1.2 in the case that K is a ball. The part of the operator

1A+ V involving radial derivatives is 1 jr? (L +b(2) - ‘i—‘)d%. Of course, in general,

b(x) depends not only on the radial component r = |z| of z, but also on the spherical
Tal

EJP 21 (2016), paper 46. http://www.imstat.org/ejp/
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component . Let BT (r) = max,—, b(x) - r;7 and B~ (r) = min|y|—, b(x) * Ta1- Then by
comparison, if the multi-dimensional process with radial drift B*(\x|) is recurrent S0
is the one with drift b(x), and if the multi-dimensional process with radlal drift B~ (|z|)- £ T
is transient, so is the one with drift b(x). In the case of a radial drift B(|z|) - 77, with K a
ball, so that D; = f(¢)K is a ball, the question of transience/recurrence is equivalent to
the question of transience/recurrence considered in Theorem 1.1 with drift B(z) + %
and with D, = (1,rad(K) f(t)), where rad(K) is the radius of K. Thus, if B( )= BT (r)
and f(t) satisfy the inequalities (1.1) in part (i) of Theorem 1.2 with 21’6 < 1, then
the multi-dimensional process is recurrent, while if B( )= B~ (r) and f ( ) satisfy the

inequalities (1.2) in part (ii) of Theorem 1.2 with 2b10+ > 1, then the multi-dimensional
process is transient. (Of course, since K is a ball, radi(lC) appearing in Theorem 1.1 are
equal to rad(K).)

Now consider the case that B(r) = B*(r) and f(¢) satisfy the inequalities (1.1) in

part (i) of Theorem 1.2 with 2b° R = 1. To show recurrence, we need to show recurrence

for the one dimensional case when B(z) = bz” + &1, for large , and f(t) = c(log t)ﬁ,

for large t, with 2bc o

o) = [ el [ K

(Here C is the appropriate constant. In (3.7) we integrated over s starting from 0 for
convenience in order to prevent such a constant from entering, however in the present
case we can’t do this because of the term %.) In place of (3.9), we will now have

= 1. Thus, the function ¢ appearing in (3.7) must be replaced by

2nti Y
=C dg dt.
/ xp(— Ty )

C 2bx 1Y
~ — Y tH1=d _
$(z) ~ 5 exp(——— ol
This causes the term j~ ™ on the right hand side of (3.11) to be replaced by j_wtfi;1 ,
-2
which in turn causes [; in (3.12) to be changed to [; = | 11;; exp(Qﬁi:Wj)]. Finally, this

causes the term on the right hand side of (3.20) to be changed to
2 — Sty
exp(—%ej) exp (j%(logj)_le%lﬁwj log 2M). Recalling that D; is equal to a positive

constant, if v > 0, and Dj; is on the order jﬁ, if v < 0, we conclude that if % =1,
then the above expression is summable in j if d = 2 and « > 0. This proves recurrence
when Qﬁc_:w =1,d=2and~y > 0.

We now extend from the radial case to the case of general K. In [2], the proof of a
condition for transience was first given for the radial case. The extension to the case of
general /C, which appears as step III in the proof of Theorem 1.15 in that paper, followed
by Lemma 2.1 in that paper. This lemma implies that if one considers two such processes,
one corresponding to X; and one corresponding to Ko, where K; is a ball and /Cy D 4,
then the process corresponding to X5 is transient if the one corresponding to K; is
transient. Lemma 2.1 goes through just as well when the Brownian motion is replaced
by our Brownian motion with drift. This extends our proof of transience to the case of
general K.

In [2], the proof of the condition for recurrence also was first given in the radial case.
The extension to the general case, which is more involved than in the case of transience,
and which requires the additional condition [;*(f’)?(t)dt < co, appears in step V in the
proof of Theorem 1.15 in that paper. The analysis in that step also go through when
Brownian motion is replaced by our Brownian motion with drift. This extends the proof
of recurrence to the case of general K. (]

EJP 21 (2016), paper 46. http://www.imstat.org/ejp/
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5 Proof of Theorem 1.3

We will prove the theorem for the one-dimensional case. The proof for the multi-
dimensional case follows from the proof of the one-dimensional case, similar to the way
the proof of Theorem 1.2 follows from the proof of Theorem 1.1. Let P, and F> denote
probabilities and expectations for the process starting from =z = 2 at time 0.

Lett; = e’ as in the proof of part (i) of Theorem 1.1. We have

BTy <t + th-!,-lPQ(Tl >tj)=e+ ZejHPg(Tl > t5). (5.1)
=1 =1

Recall the definition of j, and of A;;; from the beginning of the proof of part (i) of
Theorem 1.1. From (3.3) we have for j > jo + 1,

j—1
Py 2 1) < Bz Ac) < T (1= PR (@ <t - 1), 6.2)
1=Jjo
If we show that )
. ba;Ref«—: f (¢,
jlg?c Py, ) (T St — ) =1, (5.3)

then it will certainly follow from (5.1) and (5.2) that F>T7 < oo, proving positive recur-
rence. In order to prove (5.3), it suffices from (3.4) to prove that for some choice of

positive integers {/;}72; ,
. bx Y ;Refs—: f(tj41) b
Jim (P, TN Tp(ty00) <T1))7 =0 (54)
and )
. bV iRefe—:f(tj+1) ; _(4) _
]hj}IgO Pf(t]) it (O’lj > tj+1 — tj) =0. (5.5)

From (3.8), (3.11) and the fact that lim, o (1 —3)*/®¥) = 0, if lim, 0 g(y) = oo, it follows
that (5.4) holds if we choose

2bclty
1+~

lj = [j 7 (log j) exp( 7). (5.6)

With this choice of /;, we have from (3.19),

; D? T4y .
bx Y ;Ref«+: f(t; L .\ 2bc

P eret J+1)(Uz(j) >tiv1 —t5) < EXP(—TJe]) exp (77 (logj)e 77 7log2M), (5.7)
where, as noted after (3.20), D; is equal to a postive constant if v > 0, and D; is on the

order j 77, if € (~1,0). Thus, (5.5) follows from (5.7) if 2¢=" < 1 O

6 Proof of Theorem 1.4

As in the proof of Theorem 1.1, we can assume that b and f satisfy (3.1). We will first
show that
X(t)

liminf ——= < p a.s., forany p > (1

1+~ )ﬁ
oo (1) '

© 2belty
The proof of (6.1) is just a small variant of the proof of recurrence in Theorem 1.1; that
is, part (i) of Theorem 1.1. As in that proof, let ¢; = eJ. Recalling the definition of jj
appearing at the very beginning of the proof of part (i) of Theorem 1.1, it follows from
(3.1) that f(¢;) = cjﬁ, for j > jo. In that proof, for j > jy, A;11 was defined as the
event that the process hits 1 at some time ¢ € [t;,¢;41]. For the present proof, we define

(6.1)

EJP 21 (2016), paper 46. http://www.imstat.org/ejp/
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instead, for each p € (0,1), the event Ag.’jr)l that the process X (t) satisfies X (t) < pf(t;)
for some t € [t;,t;+1]. We mimic the proof of Theorem 1.1-i up through (3.9), using
A;’fl in place of A; 1, replacing the stopping time 7 by the stopping time 7 (; ), and
replacing ¢(1) by ¢(pf(¢;)). Instead of (3.10), we obtain

bz ;Refe: f(t;41) o1 o(f(t5) — o(f(tj41))
1— (P Tre. T ) > [ 2
(Pre;) (Trt,) < Tore))” = 5 L (6.2)
for sufficiently large j, if lim;_, I; f((pf Jf(ttjj)))) =0.

Instead of (3.11), we have
d(f(t5)) — d(f(tjs1)) d(f(t;)) o ( 2bct
STt oL = Matori)) = K2 (= 75

for sufficiently large j, for constants K, K5 > 0. From (6.2) and (6.3), it follows that
(3.5) with T} replaced by 7),;(;,) will hold if we define /; € IN by

(1-p"t7)j), (6.3)

1 2bcl
I = ex 1— o)1, 6.4
i [jlogj p(le( p')5)] (6.4)
since then the general term, 1 — (P;Z‘Z_;)Refo (tj“)(Tf(tj o <T, f(tj)))lj, will be on the

order at least @
We now continue to mimic the proof of Theorem 1.1-i, starting from the paragraph
after (3.12) and up through (3.19). We then insert the present /; from (6.4) in (3.19) to

obtain

. Pt , D? | ity ,
Uy T o) > 40— ) < exp(——e/)(2M) 7T g oxp (255 (1= 47)))
2 (6.5)
v 1 2be 1t (1=p"+); ) ]
exp(——-¢’) exp ( - -e 17 P log QM), for sufficiently large j.
2 jlogj

Recalling that D; is equal to a positive constant, if v > 0, and that D, is on the order j ™,
if v <0, it follows that the right hand side of (6.5) is summable in j if %(1 —-ptt) <1,

_1
or equivalently, if p > (1 — 2;:{17) 7. Analogous to the proof of Theorem 1.1, we

conclude then that Pl(Ag-’) ) i.0.) =1 for p as above. From the definition of A;” ) and the
fact that f is increasing, we conclude that (6.1) holds.
To complete the proof of Theorem 1.4, we will prove that

X(1)

lim inf T >p as., forany p < (1
For this direction, we will need some new ingredients. Recalling again the definition
of jo appearing at the very beginning of the proof of part (i) of Theorem 1.1, it follows
from (3.1) that f(t) = c(logt) ™ fort > efo. Let 7y = inf{t > e’ : X(t) = f(¢)}, and for
j>2lett; =inf{t > 7,1 +1: X(¢t) = f(¢)}. By the remarks in the paragraph preceding
Theorem 1.4, it follows that 7; < co a.s. [Py], for all j. By construction, we have

1 1
Ty (6.6)

 2belty

T; > j, forall j > 1. (6.7)
Let e € (0,1) and let p € (0,1). Define s = s(t) by
p(1 —2€)f(s) = p(1 —€)f(t), fort > eo. (6.8)

Since f(t) = c¢(log t)ﬁ, we have

1-c yl4y

s(t) = (=2 (6.9)

EJP 21 (2016), paper 46. http://www.imstat.org/ejp/
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Of course, f(s(t)) = {== f(t). For j > jo, define B; to be the event that the following

three inequalities hold:
LX(1t)=A—-ef(r), i <t<7+1
. X(t) > p(1 =€) f(r5), 7 +1 <t <7jp1;
iii. Tj+1 < S(Tj).
(We have suppressed the dependence of B; on € and p.) It follows from (6.8) that on
the event B; one has X (t) > (1 — 2¢)pf(t), for all t € 7, 7;41]. Thus, for any N, on the
event N2 ° yBj, one has liminf; % > (1 — 2¢)p. We will complete the proof of (6.6)

by showmg that
lim Py (N2, B;) =1, (6.10)

M—o0

forall p < (1 — gt )ﬁ and all sufficiently small € (depending on p).

2bcl+
We write
N

PNy By) = [ P(ByINZy B, (6.11)
J=M

where N} B; denotes the entire probability space. Let
C;={X{t)>(1—¢)f(ry), ; <t <7+ 1}

(Note that C; depends on the random variable 7;.) Let P(1 Of(r) denote probabilities for
the diffusion process corresponding to L.~ without reflection, starting from (1 —¢€) f(7;).
Noting that if 7,11 < s(7;), then X(7j41) = f(7j41) < f(s(7;)), it follows by the strong
Markov property and comparison that

Py(Bj| MZy Bivry) >

b . (6.12)
P05 To-a ) > Trisr))s Tres(ryy < 8(15) =75 = 1) = Pu(Cfl75).
Also,
<1 e)f(m(Tp 1-0(ry) > Ti(s(r)s Trisiryy) S 8(75) =75 = 1) =
P oty o= 70) > Trtstrans Trtstrn A Tor-o(ry) < 8(m3) =75 = 1) 2 6.13)
<blwe 1) To1=0£(ry) > Tr(s(ry))) =
PU e Lo A To1- () 2 8(75) =75 = 1).

In order to get a lower bound on P;(B;| N/}, Bi,7;), we will bound Pi(C¢|7;) and
P(bf”je)f(Tj)(Tf(s(Tj)) AN Tp1—e)f(r;) = 8(15) — 75 — 1) from above, and we will calculate the
asymptotic behavior of P(bf”_e)f(Tj) (To1—c)f () > Trs(ry))-

We start with Py (Cf[7;). Let Pg™ denote probabilities for a standard Brownian motion

starting from 0, and let 7, = min(7T,,T_,), for z > 0. By the strong Markov property and
comparison we clearly have

Py(C¢lmy) < PPM(Tepiryy < ). (6.14)

From [6, Theorem 2.2.2], we have PPM(T), < t) < 2exp(— ) Thus from (6.14) we obtain
1

Py (Cf|7j) < 2exp (- 56202(log7j)%). (6.15)

We now turn to Pf{”we)f( y(T(s(ry) N Tpi— €)f(TJ) > s(r;) —1; — 1). Denote by Y (t)

Tj

the diffusion corresponding to the operator 1 5 dmg + bx7 - d and the measure P(1 O f(rs)’

EJP 21 (2016), paper 46. http://www.imstat.org/ejp/
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and denote by W(t) standard Brownian motion on (p(1 — €)f(7;),o0) with reflection
at the endpoint. Denote probabilities for this Brownian motion starting from x by
pURet=p(1=9f(m3) " (e superscript 0 signifies 0 drift.) Since the drift of the Y diffusion
is positive, we can couple Y (¢) and W(t) so that W(t) < Y (t), for all ¢t € [0, T1—e)f(r,) A
Tf(s(m)], where T),1-¢)f(r;) and T (s(r,)) refer to the hitting times for the Y process.
(Note that we have been using the generic T, for the hitting time of a for any process,
the process in question being inferred from the probability measure which appears with
it.) Thus, for any ¢ > 0,

bz 0;Ref—:p(1—e€) f(75)
Py mp)Trisrn) N Tpi—ep(my 2 1) < P70 (Tt (s(r7) = 1)- (6.16)

For ease of notation, in the analysis below, we let L1 = p(1 —€)f(7;), Ls = (1 —€) f(7;)
and Ls = f(s(7;)). Let P2M denote probabilities for a standard Brownian motion starting
from z. By the isotropy of Brownian motion and the fact that a reflected Brownian motion
can be realized as the absolute value of a Brownian motion, we have
0;Ref—:p(1—e) f(15) .

Py (Tpiseryy 2 1) = PLotp, (Togony AT (1y-1,) = 1)- (6.17)
Using Brownian scaling for the first inequality and symmetry for the second one, we
have

t
PR (T gy AT gy 2 1) = PR, (T2
(Ls— L)

¢ (6.18)
PPNy > — ),

0 ( 1= (Lg_Ll)Q)
As is well-known, there exist %, A > 0 such that PSM(T; > t) < ke™ ™, for all t > 0. Thus,
from (6.16)—(6.18), choosing ¢ = s(7;) — 7; — 1, we conclude that

Als(my) =75 — 1)). (6.19)

bxY
P 1) Trtsten AN To—as ) 2 8(73) =75 = 1) S wexp (= (Ls —L.)°

We now calculate the asymptotic behavior of P(bf_we)f(T,)(Tp(l_e)f(Tj) > Tf(s(T,-))) via
2 L ’
that of P(l’l_e)f(Tj)(Tp(l_e)f(Tj) < Tf(s(r,)))- Similar to (3.8), we have

P(f(s(13))) = (1 =€) f (7))

P (To—opry < Tris(ry) = . (6.20)
(1—e) f(m5)\F p(1—€) f(75) f(s(73)) gf)(f(s(TJ))) —(p(1— E)f(Tj))
In light of (6.9) and (3.9), it follows from (6.20) that
~ o((1 —€)f(7))
P (To—o ey < Tiisr))) ~ ——2n 220 as 7; — 00. (6.21)
(=05 Tea-0sp < Tren) ~ gra o)y 27
From (3.9) and the fact that f(¢) = ¢(log t)ﬁ, we have
1— ) _2bcttra—ottY o 14,
¢(( E)f(TJ)) pry,rj T (1=p )’ as 7; — oo. (6.22)
o(p(1 —€)f(7;))
Thus, from (6.22) and (6.21),
P(lfe)f(,rj)(Tp(l,é)f(fj) < Tf(s(.,.j))) ~ p'yTj v , as Tj — 0Q. (6.23)
From (6.12), (6.13), (6.15), (6.19), (6.23) and (6.7) we have
) 2kttt o 14,
Pu(Bj| Nishy Biry) 21— 2977, 00
(6.24)
1 2 A =7 —1
2 exp ( - 56262(logrj)m) — Kexp ( — (S((gjj)_ gi)z )),
for sufficiently large j.
EJP 21 (2016), paper 46. http://www.imstat.org/ejp/
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Since
(%)1+‘V
s(ry) =7 =1 _ 7 ol
(La =L (g = 0)2(1 = €22 (log 7)™
and since 7; > j by (6.7), it follows that (6.24) holds with 7; replaced by j on the right
hand side of the inequality. Then taking the conditional expectation with respect to
MJ_;; Bi on the left hand side, to remove 7; from the conditioning there, we conclude that

)

. v+ 5
Pi(Bj| M), B > 1—2p7j~ (=0
1 () g (6.25)
2exp(—f€202(logj)%) —Hexp(— J J —),
2 (123 — 0)2(1 = €)2c(log j) ™7
for sufficiently large j.
(=Y
Clearly, > 72 exp ( — i —i-1 ) < oo. Since by assumption v < 1, it

2
(25 —p)2(1—€)2c?(log j) TH7

follows that 327% ; exp (— e%c*(log j)™7) < oc. Since 25"

(1= p'7) > 1is equivalent
2bcl TV (1—e) 1+ 14+
i~ 1 ) < o, forall p <

1
to p < (1 — 5o9) ™", we also have Y27 j

_1
(1 — 2;:{%) 7 and sufficiently small ¢ (depending on p). Using these facts with (6.25)
and (6.11), we conclude that

lim lim P1(ﬂ§'v:MBj) =1,

M—o00 N—oo

1
which gives (6.10) for all p < (1 — 5% ) ™ and all sufficiently small ¢ (depending

on p). O

7 Proof of Theorem 1.5

Proof of (i). The proof is almost exactly the same as the proof of Theorem 1.4 start-
ing from (6.6), using (logt)! instead of (logt)™> (and with b = ¢ = 1). The one
place in the proof where this results in a meaningful difference is in the estimate
on P('ﬁis)f(Tj)(Tp(l,E)f(Tj) < Ty(s(r;)))- We have (6.21) as in the proof of Theorem 1.4.
From (3.9) and the fact that f(¢) = (logt)!, we have, instead of (6.22),

ﬁgﬁ;f{f@jﬁ ~pTexp (= (1= )1 = pH ) (log 7)),

Using this with (6.21) gives, instead of (6.23),

b
PA 5y Toa-e£(r) < Tr(sry)) ~

2
pY exp ( - (1 =1 - p1+7)(10g7'j)l(1+7)>, as 7; — 00.
1+~
By (6.7), 7; > j. Since (1 ++) > 1, the right hand side above is summable for all

p € (0,1). The proof of Theorem 1.4 then gives liminf;_, % > pa.s., forall p e (0,1);

thus, limint;_,, == > 1 a.s. Since < , we conclude that im; , =+ = 1 a.s.
hus, liminf, o, 5 > 1 a.s. Since X () < f(t lude that li =1

Proof of (ii). We first prove (1.4). We follow the same kind of strategy used to prove (6.6)
in the proof of Theorem 1.4. Let {7;}52, be defined as it is following (6.6). Let ¢ € (0, 1)
and ¢ € (0,1). If we were to define s(t), for ¢t > 1, by

f(s) — (14 €)s? = f(t) — t? (equivalently, s' — (1 +€)s? = t' — t7),

we would have s! = ! + (1 +€)s? — t9 > t! + t9. In light of this, we define for simplicity
s = s(t) by
st =t 4 et?.

EJP 21 (2016), paper 46. http://www.imstat.org/ejp/
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Then
F(s(#)) = (s(t)" = t' + et o)
s(t) =t(1+ etq_l)% =t + et'T77! 4 lower order terms, as t — oc. .
and
F(s(t) = (L+e)(s()) = (s(t)' = (1 +e)(s(1))? =
(7.2)

thet? — (1+e€)(s(t)? <th—t9 = f(t) —t9.
Let B; be the event that

L X(t) > f(ry) —erf, ; <t <75+ 1
i X(t) > f(ry) =7, 7+ 1<t <70
iii. Tj+1 < S(Tj).

(We have suppressed the dependence of B; on € and q.) It follows from (7.2) that on
the event B; one has X (t) > f(t) — (1 +€)t9, for all t € [rj, 7;41]. Thus, for any N, on the
event N7 NB one has

limsup (f(t) — X(¢) — (14 €)t?) < 0.

t—o00

Therefore, the proof of (1.4) will be completed when we show that

Jim Pr(n52,B;) =1, (7.3)
for some ¢ € (0,1) and all g > ¢o.
We write
PNy B)) H Pi(B;| NIZ), By), (7.4)
j=M

where OM 1B denotes the entire probability space. Let
Cj:{X()>f(TJ)7€T 7 <t<Tj+1}

(Note that C'; depends on the random variable 7;.) Let Pji”(w y—erd denote probabilities for
q

the diffusion process corresponding to L.~ without reﬂectlon, starting from f(7;) — €T} .
Noting that if 741 < s(75), then X (7j41) = f(7541) < f(s(7;)), it follows by the strong

Markov property and comparison that

i—1
Pi(Bj| MiZy Biy7j) >

] . (7.5)
Prepy—ert (Tp(rpy—r2 > Tyisr))ys Triseryyy < () =75 = 1) = PA(Cfl75).
Also,
ZL”Y
Py et (Tp(e—rt > Trisrs Thisiry) < 8(m3) =75 —1) =
Piyert Ty —rt > Trisr)s Trise) A Ty —rs S 8(my) =75 = 1) 2 -

P y—ert (Tr(ryy—rt > Ty(s(ry) =
ZL”Y
Biy—ert (Tp(strn A Tp(ryy—re 2 8(15) = 75 = 1).

In order to get a lower bound on P;(B;| /), Bi,7;), we will bound Pi(C$|7;) and
Pl'(l — o (Tr(s(ry)) A Tf(T7) 2 2 s(7;) —7; — 1) from above, and we will calculate the

asymptotic behavior ofP Fry)—ert o (Ts(r,)— > Tr(s(r;)))-
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We start with P (C§|7;). We mimic the paragraph containing (6.14), the only change
being that ¢f(7;) is replaced by er/'. Thus, similar to (6.15), we obtain

1
Pl(C’ﬂTj) < 2exp ( - 5627']»2(1). (7.7)

We now turn to P}?:Tj)_ET; (Ty(s(ry)) /\Tf(fj)—rj > s(1j)—7;—1). We mimic the paragraph
following (6.15), the only changes being that (1 — €)f(;) is replaced by f(7;) — e/,
p(1 —€)f(7;) is replaced by f(7;) — 7} and b is set to 1. Similar to (6.19), we obtain,

A(s(my) — 75 — 1))
(Ls — L1)?

Pitryy—ert Tytsie A gy —rs 2 8(15) =75 = 1) S wexp (= , (7.8)
where Lz = f(s(7;)) and Ly = f(7;) — 7}/

We now calculate the asymptotic behavior of P*’ (Tf(Tj),T_;z > Ty (s(r;))) via that

f(rj)—erf
of szrj)—erf (Tf(Tj)_qu < Tf(s(Tj))). Similar to (3.8), we have
q
. s(75))) — T;j) — €T
P Ty < Ty = SO =0l ) — ) o
)7 e o(f(s(15)) — o(f(5) — 1)
For any A € R, we have
(t! 4+ X9 = ¢!+ L X(1 + )79 + lower order terms as t — co. (7.10)

We now make the assumption, as in the statement of the theorem, that ¢ > ¢g. Thus,
Iy + g > 0. Using this in (7.10), along with (3.9) (with b = 1) and (7.9), and recalling that
f(7j) = 7} and that, from (7.1), f(s(7;)) = 7} + €7}, we conclude that

Pf(wfj)fer_;? (T (ry 72 < Ty(s(ry)) ~ exp(=2(1 — e)le-"H'q), as 7; — oc. (7.11)
From (7.5)-(7.8) and (7.11), we have
Pi(Bj| Ny Biy ) > 1 — 2exp(—2(1 — 6)7]1,7“1)_

As(ry) — 7 — 1
(3((;3 )_ LTi 2 )), for sufficiently large 7;.

2exp (— %62qu) —rexp (—

From (7.1), we have S(Tj) -7 —12> %leﬂ_l for large 7;. From (7.8) and (7.1), we have
Ly — Ly = f(s(7)) — f(7j) + 7] = (1 + €)7]. Thus, for large 7,

s(rj)—1—1 € 1—q—1

(Ls—L1)2 —2(1+e2 "

If1 —qg—1 > 0, then we can complete the proof just like we completed the proof of
Theorem 1.4 and conclude that (7.3) holds, and thus that (1.4) holds. Note that in order
to come to this conclusion, we have needed to assume that ¢ > ¢o = max(0, —Iv) and
that 1 — ¢ — I > 0; that is, we need max(0,—lv) < 1 — ! and ¢ € (max(0,—lvy),1 —1). A
fundamental assumption in the theorem is that [ € (0, ﬁ) For these values of [, the
above inequality always holds. Thus, (7.3) holds for those ¢ which are larger than ¢y and
sufficiently close to gy. Consequently, (1.4) holds for all ¢ which are larger than gy and
sufficiently close to qo. However, if (1.4) holds for some ¢, then clearly it also holds for
all larger ¢. Thus, (1.4) holds for all ¢ > qq.

We now turn to the proof of (1.5). We have v € (—1,0] and ¢ = —l € [0,). Let
t; = jk, for j > 1 and some k > 1 to be fixed later. For M > 0, let A%}-l be the event
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that X (¢) < f(t;) — Mt{® for some t € [t;,¢;11]. Clearly, limsup,_, FSO-X® > A on the

td0
event {A;‘/[ i.o.}. The conditional version of the Borel-Cantelli lemma [3] shows that if

> Pi(AN|F,) = 0, (7.12)
j=1

then Pl(Aju i.o.) = 1 Thus, to prove (1.5), it suffices to show that (7.12) holds for all
M > 0.

Since up to time t;, the largest the process can be is f(t;), and since up to time ¢;;4
the time-dependent region is contained in [1, f(¢,;11)], it follows by comparison that

a7 ;Ref+—: f(t;
Pl(Aj]Vil‘]:tj) > Pf(tj)e —:f( '+1)(Tf(tj)—]\/1t;° < tj+1 - tj). (713)
Clearly,
z7;Ref—:f(tj4+1)
Pf(tj)e il (Tf(tj)fMth <tjv—ty) =
oY Refer: ()~ MY £ (t;41) (7.14)
£(t5) (Ty(ey)—naeo < tjpr = 1),

where P;;;?;ef*’:-f (£5)= M5 f(t541)
J
f(t5) — Mt5* and f(tj41).
We estimate the right hand side of (7.14). We have

corresponds to the L.+ diffusion with reflection at both

{Trey-nrero < Tr)t = {Tptpen) > tivn = 15} C{Tpyy-aner0 <t — 15}

Thus,
w"’;Reﬁ—):f(tx)—Mtgo7f(tj+1)
Pre,) ’ (Ty(ey)—mezo < tjsr —15) 2
m"’;Reﬁ—):f(tj)—Mtgo,f(tj+1)
1t)) (Tyie)-nae0 < Tyes0))— o 15)
27 Refer: f(t;)— Mt f(t; ’
f(tj)e > f(t5) G0 ( J+1)(Tf(t]‘+1) St — tj) _
ot x“’;Ref—>:f(t-)—Mtj°
Pf(tj)(Tf(tj)—JWt?O < Tf(tj+1)) - Pf(tj) ! (Tf(tj+1) > tj+1 — tj),
where P]?(Wtj) corresponds to the L.~ diffusion without reflection.
Similar to (3.8), we have
¥ o(f(t;) — o(f(tj41))
P (T ey prero < Tpe = , (7.16)
f(ty)( f(t;)—Mt; f(t1+1)) ¢(f(t]) — Mtgo) — ¢(f(tj+1))

where ¢ is as in (3.7) with b = 1. We now choose k so that kl(1 + ) > 1. Then since
(F(tir)) ™ = (F(t)HY = (G + DFEF) — hO+)
is on the order jkl(1+v)—1, it follows from (7.16) and (3.9) that

2 ¢ f t.
Pf(tj)(Tf(tj)fMt;?O < Tf(tj+1)) ~ Qb(f(tj()(—j])\;t?[]) (717)

Now

(f(tj))lﬂ _ jkl(lﬂ);

(7.18)
(f(t;) = MEP) ™ = (¥ — Mj=F )7 = RO — M (1 +9) 4 0(1), as j — oo.
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Using (7.18) and (3.9), we conclude from (7.17) that
hjrgg.}f P;(h)(Tf(tJ)f]Wtjo < Tf(fj+1)) > 0. (719)
m"’;Ref—):f(tj)—]\/fth

We now consider P;, ) (Tt(t,4,) > tj+1 —t;). By Markov’s inequality, we
have for A > 0,

:E'Y;Ref%:f(tj)fMtjo

£(t5) (T(ty40) > tiv1 —t5) < 20
x7;Ref—: f(t;)—Mt3° .
exp ( — Atj41 — t.i))Ef(tj) eXp()‘Tf(th))-

We apply Proposition 2.4 to the expectation on the right hand sideiof (7.20)L with
a= f(t;) — Mt = j" — Mj=7, g = f(t;41) = (j+ DM, b=1and A = X, where ) is as
in the statement of the proposition. Then

x;Ref—: f(t;)—Mt0 -
Ef(tj) ' ’ eXp()‘Tf(tHl)) <2 (7.21)

Since v < 0, we have min(a?, 87) = §7; thus,

(j+ Dk

A= .
(2= 1) (G + D = 7 + Mj*h)

Now (j +1)*" — j*! is on the order j*'~!. Recall from the previous paragraph that we have
chosen k so that k(1 + ) > 1. Thus, the denominator on the right hand side above is on
the order j*~1, and thus ) is on the order j*7=**1 Since t;.; —t; = (j + 1)¥ — j* is on

the order j*~1, the expression (t;+1 — t;)\ is on the order jk(l_l(l_w). By assumption,

I[(1—7) < 1; thus lim;_,o0(¢j4+1 — t;)A = co. Using this with (7.21), and substituting A = A
in (7.20), we conclude that

. 7 ;Ref—: f(t;)—Mt1°

lim Pf(tj)e - J (Tf(tj+1) > tj+1 — tj) =0. (7.22)

Jj—o00

From (7.13)-(7.15), (7.19) and (7.22) we conclude that (7.12) holds for any M > 0. O
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