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Abstract

Strong embeddings, that is, couplings between a partial sum process of a sequence
of random variables and a Brownian motion, have found numerous applications in
probability and statistics. We extend Chatterjee’s novel use of Stein’s method for
{—1,+1} valued variables to a general class of discrete distributions, and provide
log n rates for the coupling of partial sums of independent variables to a Brownian
motion, and results for coupling sums of suitably standardized exchangeable variables
to a Brownian bridge.
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1 Introduction

Let €1,€e2... be a sequence of independent random variables distributed as ¢, a
mean zero, variance one random variable. Letting S; = Zle e,k =1,2,..., be the
corresponding sequence of partial sums, Donsker’s invariance principle [11], see also
[3], implies that the random continuous function

1
vn
converges weakly to a Brownian motion process (B;)o<t<1. One way to study the quality
of the approximation of X, (¢) by B; is to determine a ‘slowly increasing’ sequence f(n)

such that there exists an embedding of both processes on a common probability space
such that

X,(t) = (S[m] + (nt — [nt})e[nt]+1)> 0<t<1

Juax Sk — Bi| = Op(£(n)).
Finding the smallest achievable order of f(n) has been a very important question in the
literature.
Skorokhod [23], also see its translation [24] and Strassen [27], achieved the rate
(nloglogn)'/*(logn)'/? assuming Ee! < oo using Skorokhod embedding, and Kiefer [16]
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showed that this rate was optimal under the finite fourth moment condition. Csérgé and
Révész [8] made improvements to the rate under additional moment assumptions. See
the survey paper by Obtdj [20] and [9] for a more detailed account.

The celebrated KMT approximation by Komlds, Major and Tusnady ([17], [18])
achieved the rate logn under the condition that ¢ have a finite moment generating
function in a neighborhood of zero. To state their result precisely we make the following
definition.

We say Strong Embedding (SE) holds for the mean zero, variance one random
variable ¢ if there exist constants C, K, and A such that for all n = 1,2,... the partial
sums Sy = Zle ei,k=1,...,n of a sequence €, ¢ ... of independent random variables
distributed as ¢, and a standard Brownian motion (B;),;>¢ can be constructed on a joint
probability space such that

P <Or<n]3§ |Sk — Bi| > Clogn+x) < Ke ™ forallz > 0. (1.1)

We adopt the standard empty sum convention whereby Sy = 0.

Theorem 1.1 (KMT approximation [17]). SE holds for e satisfying IE exp 0¢| < oo for some
6> 0.

Results by Bartfai [1], see [31], show that the rate in (1.1) is best possible under the
finite moment generating function condition. A multidimensional version of the KMT
approximation was proved by Einmahl [12], from which Zaitsev ([29], [30]) removed a
logarithic factor. For extensions to stationary sequences see the history in [2], where
dependent variables of the form X, = G(...,ex_1, €k, €xt1,...) for €;,4 € Z ii.d. are
considered. Strong embedding results have a truly extensive range of applications that
includes empirical processes, non-parametric statistics, survival analysis, time series,
and reliability; for a sampling see the texts [22] [9], or the articles [10], [28] and [21].

Here we take the approach to the KMT approximation introduced by Chatterjee [6]
that has its origins in Stein’s method [26] and appears simpler, and is possibly easier to
generalize, than the dyadic approximation argument of [17]. This alternative approach
depends on the use of Stein coefficients, also known as Stein kernels, that first appeared
in the work of Cacoullos and Papathanasiou [5]. In some sense, a Stein coefficient T" for
a mean zero random variable W neatly encodes all information regarding the closeness
of W to the mean zero normal variable Z having variance ¢2. Theorem 2.3 below, from
[6], demonstrates that a coupling of W and Z exists whose quality can be evaluated
uniquely as a function of 7" and ¢2. Theorem 1.2, that demonstrates Theorem 1.1 for the
special case of simple symmetric random walk, was proved in [6] applying this approach.

Theorem 1.2 (Chatterjee [6]). SE holds for ¢ a symmetric random variable with support
In this work, using the methods of [6], we generalize Theorem 1.2 as follows.

Theorem 1.3. SE holds for ¢, any random variable with mean zero and variance 1
satisfying Ee? = 0, taking values in a finite set .4 not containing 0.

To prove our result we first provide a construction in the case where we have a
finite number of variables and then extend to derive strong approximation for an infinite
sequence. Such extensions have been studied in the context of the KMT theorem for
summands with finite p-th moment in [19] and also in [6].

For the finite case we employ induction, as in [6]. The induction step requires
extending Theorem 1.4 of [6] from the special case where ¢ is a symmetric variable
taking values in {—1,1}. The generalization depends on the ‘zero-bias’ smoothing
method introduced in Lemma 2.4, which may be of independent interest as regards the
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construction of Stein coefficients. Theorem 1.4 here is a new result for the embedding
of exchangeable random variables and a Brownian bridge.

Theorem 1.4. For any positive integer n, let €1,¢€9,...,€, be exchangeable random
variables taking values in a finite set A C R. Let

k n
k 1
Skz E €,y Wk:Sk.—ﬁSn and 7225 E 622.
=1

i=1

Then there exists a positive universal constant C, and for all v > 0 positive constants
K;, K5 and )y depending only on A and v, such that for all n» > 1 and n > v, a version of
Wo, Wh,..., W, and a standard Brownian bridge (B;),.,., exist on the same probability
space and satisfy o

Eexp(A Joax Wi — V/nnBy, )

K 2 12
< exp(C'log n)E exp <1>T\LS’

L Ko\?n(y? — 772)2> for all A < \g.

Moreover, if 0 € A, then there exist positive constants K; and \g depending only on .4
such that

K1 )\28?
E exp(A max [Wi —V/nyByn|) < exp(Clogn)Eexp (1n") for all A < )\,

and if in addition €, ...,¢€, are i.i.d. with zero mean, then there exists a positive A
depending only on A such that

P <Or<n]?2< Wy, — \/ﬁ'yBk/n| > A" 1Clogn + x) <2 forallz > 0.

The constant C' is given explicitly in (3.8) in the proof of Theorem 3.1; its numerical
value is roughly 8.4. The constants in the second inequality of Theorem 1.4 are those
that appear in the first inequality, specialized to a case where the lower bound v depends
only on A.

Our extension of the Rademacher variable result of [6] requires a number of non-
trivial components. Example 3 of [6] demonstrates how to smooth Rademacher variables
to obtain Stein coefficients, and the author states ‘we do not know yet how to use
Theorem 1.2 to prove the KMT theorem in its full generality, because we do not know
how to generalize the smoothing technique of Example 3.” We address this point by the
zero bias method of Lemma 2.4, that shows how any mean zero, finite variance random
variable may be smoothed to obtain a Stein coefficient.

Additionally, dealing with variables restricted to the set {—1,1} avoids another diffi-
culty. In particular, the second inequality of Theorem 1.4 shows that the ‘natural scaling’
for the approximating Brownian bridge process depends on the variance parameter
v2 =n~t3"" | €2, which in the case of Rademacher variables is always one. In fact,
for such variables, the variance parameter remains the constant one when restricted
and suitably scaled to any subset of variables. In contrast, in general when applying
induction to piece together a larger path from smaller ones, their respective variance
parameters may not match. This effect gives rise to the term (72 — 1?)? in the exponent
of the first inequality of Theorem 1.4, which then needs to be controlled in order for
the induction to be completed. In doing so, one gains results on the comparison of the
sample paths of a more general classes of exchangeable variables to a Brownian bridge.

The second claim of Theorem 1.4 is shown under the assumption 0 ¢ .A. This condition
becomes critical precisely at (3.30), where we require that the smallest absolute value
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of the elements of A is positive, from which one then obtains a lower bound v on v when
invoking Theorem 3.1. This same phenomenon occurs in the proof of Lemma 4.1, on the
way to demonstrate Theorem 1.3.

The remainder of this work is organized as follows. In Section 2, we prove two
theorems, one for coupling sums S,, of i.i.d. random variables, and one for coupling W,,
of Theorem 1.4, to Gaussians. We also prove Lemma 2.4, which shows how to construct
Stein type coefficients using smoothing by zero bias variables. Theorems 3.1 and 1.4,
the first result a conditional version of the second, are proved in Section 3, and we prove
Lemma 4.1, implying Theorem 1.3, in Section 4.

2 Bounds for couplings to Gaussian variables

In this section we prove Theorems 2.1 and 2.2, generalizations of Theorems 3.1 and
3.2 of [6], and our zero bias smoothing result, Lemma 2.4. The first theorem gives
bounds on couplings of sums S,, of i.i.d. variables, and the second on coupling of certain
exchangeable sums to Gaussian random variables.

Theorem 2.1. For every mean zero, variance one bounded random variable ¢ satisfying
E(e®) = 0 and E(e*) < oo, there exists #; > 0 such that for every positive integer n it is
possible to construct a version of the sum S,, = >_"_, ¢; of n independent copies of ¢, and
Z, ~ N(0,n), on a joint probability space such that

Eexp(01|Sn, — Zn|) < 8.

For convenience, we adopt the convention that a normal random variable with mean
w1 and zero variance is identically equal to p.

Theorem 2.2. Forn > 1, let €1, €, . . . €, be arbitrary elements of a finite set A C R, not
necessarily distinct. Let 42 = n=1Y""" . €2, let m be a uniform random permutation of

i=1 "1’

{1,2,...,n}, and for each 1 < k < n let

- kS
Sk = Z €x(4) and Wk = Sk — o (2.1)
=1

Then for all v > 0 there exist positive constants ¢, ¢; and 0, depending only on A and v
such that for any integer n > 1, an integer & such that |2k — n| <1, and any n > v, it is
possible to construct a version of W, and a Gaussian random variable Z; with mean 0
and variance k(n — k)/n on the same probability space such that for all § < 65,

0192572:, 2 2 212
Eexp(0|Wy, — nZk|) < exp 3+T+C29 n(y"=n")" ).

We now define Stein coefficients, the key ingredient upon which our approach
depends. Let W be a random variable with E[W] = 0 and finite second moment. We say
the random variable 7" defined on the same probability space is a Stein coefficient for W
if

E[W f(W)] = BT f' (W) (2.2)
for all Lipschitz functions f and f’ any a.e. derivative of f, whenever these expectations
exist.

Theorem 2.3 (Chatterjee [6]). Let W be mean zero with finite second moment and
suppose that T is a Stein coefficient for W with |T| almost surely bounded by a constant.
Then, given any o2 > 0, we can construct a version of W and Z ~ N(0, 02) on the same
probability space such that

202(T — 02)?

Eexp(0|W — Z|) §2Eexp< 5

> forall § € R.
o
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To prove Theorems 2.1 and 2.2, we require the following definitions. Following
Section 3.2 of [13], see also Proposition 4.2 of [7], for X a random variable with finite,
non-zero second moment, we say X" has the X-square bias distribution when

1
E[f(X")] =
for all functions f for which the expectation on the right hand side exists. For a mean
zero random variable X with finite, non-zero variance o2, we say that X* has the X-zero
bias distribution when

E[X?f(X)] (2.3)

o’ B[f'(X")] = E[X f(X)] (2.4)

for all Lipschitz functions f and any a.e. derivative f’, whenever these expectations exist.
That X™* exists for such random variables, see [14] and [7].

If X is a mean zero random variable with finite, non-zero variance o2, then for any g €
C., the collection of continuous functions with compact support, letting f(z) = foz g(u)du,
using (2.3), we have

?Eg(UXP) = o?Ef (UX")
=o’E /1 f(uX)du
0
e {f(xw

= E[X f(X)]

where X" and U are independent, U ~ U|0, 1] and X has the X-square bias distribution.
Thus, using (2.4), we have

o’Eg(UX") = E[X f(X)] = o’ E[f'(X")] = o E[g(X")].

Since the expectation of g(X*) and g(UX") agree for any g € C., with =; denoting
distributional equivalance, we obtain

X* =, UX".

Smoothing X by adding an independent random variable Y having the X-zero bias
distribution, we obtain the following result which will be used for constructing Stein
coefficients for sums.

Lemma 2.4. If X is a mean zero random variable with finite non-zero variance, and Y is
an independent variable with the X-zero bias distribution, then

EXf(X+Y)] =E[(X?-XY)f(X+Y)]
for all Lipschitz functions f and a.e. derivative f’ for which these expectations exist.
Proof. Let V be distributed as X, let U be a U0, 1] random variable, and set
Y =UV"

where V,U, V" and X are independent. Note that for any bivariate function g for which
the expectations below exist, by (2.3) we have

Blg(X, V°)] = S E[V24(X, V), @.5)
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where o2 is the variance of X. Hence

E[(X? - XY)f' (X +Y)]
=E[(X? - XUV (X +UV")]

1
=E /(XQ—XUVD)f’(X—FuVD)du]
0

[ Xuvo) px +uv?) | o [P AX +uv?)

—E_ Vo 0+XV /0 e du

B '(XQ—XVDH(J;ZV“)—XQJ”(X)] CEX XY

zﬁE[V(XQ —XV)f(X+V) = VX f(X)]+ E[Xf(X +Y)]
1

ZEE[VX(X -V X+WV]+EXf(X+Y)],

where we have used (2.5) in the second to last equality, as well as the independence of
V and X, and that EV = 0, in the last. Hence, to prove the claim, it suffices to show
that the first term above is zero. Since X =; V and V and X are independent and
exchangeable, we have

VXX -V)f(X+V)= VXV -X)f(X+V)=-VXX-V)f(X+V),
demonstrating that the expectation of the expression above is zero. O

For any mean zero X with finite, non-zero variance o2 the distribution of X* is
absolutely continuous with density function

EX1(X >z
px-(z) = EX1(X > o) 5 i} (2.6)
ag
One finds directly from (2.6) that
a < X < bfor some constants a < b implies a < X* <b. 2.7)

Comparing (2.2) with (2.4), we see that T is a Stein coefficent for X if 02 E[T|X] is
the Radon Nikodym derivative % of the probability measure p* of X* with respect to
the measure p of X. Hence, in light of (2.6), if X is a random variable with mean zero
and finite variance, having density function px(z) whose support is an interval, then

setting
EX1(X > z)]

e Mex(@)>0) wehave  ELX/(X)) = Elhx (X)S (X)) 2.8)

hX (CU) =
for all Lipschitz function f and a.e. derivative f’ for which these expectations exist, that
is, hx(X) is a Stein coefficient for X. We note the first equality in (2.8) shows, by virtue
of E(X) =0, that hx(x) > 0.

Now consider a random variable X having vanishing first and third moment, variance
strictly between zero and infinity and satisfying E(X*) < oo. Then the distribution for
a random variable Y having the X-zero bias distribution exists, and from (2.4) with
g(z) = 2? and g(z) = 23, we respectively find

E(Y)=0 and E(Y?) < occ. (2.9)

Moreover from (2.6) we see that Y has density function py (y) whose support is a closed
interval. Hence the function hy (y), given by the first equality in (2.8), satisfies the
second.
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Lemma 2.5. Let ¢1,...¢, be independent and identically distributed as ¢, a random
variable with mean zero, finite nonzero variance, and satisfying E(¢?) = 0 and E(¢*) < oo,
and let Y have the e-zero bias distribution and be independent of ¢4, ..., ¢,. Then for all
Lipschitz functions f and a.e. derivative f’,

where
S, =S8, +Y with S,=¢€1+e+-+en,
and
- E[Y1(Y >
i=1

Proof. With S,(f) = S,, — €;, we have

n

B[S, f(Sn)] = B[S f(Sn) + Y F(Su)] =D Eleif(ei + Y + SO) + E[Y f(¥ + S,)]. (2.10)

i=1

For the first term of (2.10), using that the summands ¢; are independent and applying
Lemma 2.4 yields

Elef(e; +Y +S0)] = E[(¢} — &Y)f (i +Y + )] = El(¢] - &Y)f'(Sa)].

Now turning to the second term of (2.10), we first note that by (2.4) the assumption that
the third moment of ¢ is zero implies F(Y) = 0. Now using the independence of ¥ and
Sn, (2.8) yields

E[Y f(Y + S,)] = Elhy (V) £'(Y + Sn)] = E[hy (Y) f'(Sn)]-
Substitution into (2.10) now yields the claim. O

Hoeffding’s lemma, e.g. see the proof of Lemma 2.2 of [4], will be used below. It
states that if X is a mean zero random variable that satisfies a < X < b almost surely,
then

Elexp(0X)] < e®=9°%*/8 forall 6 € R. (2.11)
We also require the non central x7’ moment generating function identity,

/[_32
€xp (2(172(1))

2 _
Eexp (aV? + gV) = 1—20)172

(2.12)

valid for the standard Gaussian variable V, and all 8 € R and « < 1/2.
For the law £(X) of any random variable X let

LX) =inf{b—a:Pla <X <b) =1},

the length of the support of X. For notational simplicity we will write ¢(X), or £ when X
is clear from context, for /(£(X)). We use that ¢(X) is translation invariant in the sense
that £(X) = (X — ¢) for any real number ¢ without further mention.
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Lemma 2.6. For every almost surely bounded random variable X, there exists a constant
Yyx) € (0,00) depending only on /(X) such that when X, X»,... are independent
random variables distributed as X, the sum S,, = X; +--- + X,, and p = EX satisfy

2 4 4
E [exp (925”)} < 3 oxXP <3n02u2> foralln > 1 and [0| < ¥yx).
n

The constant 4/3 is somewhat arbitrary as any value greater than 1 can be achieved;
the proof of Theorem 3.1 requires a value strictly less than 3/2.

Proof. Let V be a N(0,1) random variable independent of X. Using Hoeffding’s lemma
(2.11) conditional on V, for any function of V' we have

Elexp(t(V)(X — p))|V] < £ HVI*/8,

Applying E(exp V) = exp(6?/2), for £0 < /2 and V independent of X, X», ..., letting
t(V) = \/56% we obtain

w [on (9235)] = o (v207)] - e (o (v2rx) | 1) |
=5 [ (exeV)x) | V) | =B B (e =+ )| V) |
<E [exp( 2007V +V20u n) ] [exp <£202V2+f9ufv)]

B 1 nb? 2 < 1 né?p?
T ieeen P\i-—eez) S i-eep P \1-een);

where we have applied (2.12) in the last line. It is now direct to verify that the property
required by the lemma holds by letting ¥,x) = 1/ (v/2((X)), the unique positive solution
to

1 _4 0
1—0(X)%02/2 3

Lemma 2.7. Let ¢ be a bounded, mean zero, variance o2 € (0,00) random variable
satisfying Ee> = 0. Then the Stein coefficient hy (y), given by (2.8) for Y with the e-zero
bias distribution, is bounded.

Proof. As € is a mean zero random variable with finite, nonzero variance, the zero bias
distribution £(Y) exists. As Ee® = 0 and ¢ is bounded and non-trivial, as in (2.9) one
verifies that EY = 0 and that Var(Y") is positive and finite. Hence, as noted below (2.8),
the Stein coefficient hy (y) as given by (2.8) is nonnegative, so we need only show that it
is bounded above.

From (2.6), an a.e. density of Y is given by

1 o0
py (y) = —/ udFe(u) (2.13)
Y

o2
where we use F'x to denote the distribution function of the random variable X. From
(2.13) we may observe that the support of Y is the smallest closed interval of R containing
the support of €. Since ¢ is bounded and has mean zero, using (2.7), this interval is of the
form [a, b] for —oo < a < 0 < b < oo, hence for ¢ € [a, b] the upper limit of the integral in
(2.13) may be replaced by b.
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In particular, for all ¢ € [0, b], by (2.8) we have

 ypy (y)dy
hy (t) = Jy o W)y 0
B ftbyf;udFE(u)dy
N a?py (t)
B Ik ﬁgygugb yudF. (u)dy
B a2py (t)
_ ftbuftu ydydF,(u)
o2py (t)
f ulu? — 2)dF(u)
202py ()
b? ftb udFe(u) b
202py (t) 2

where we have used Fubini’s theorem in the fourth equality, and (2.13) in the second
and sixth. As h_y (t) = hy (—t) we obtain that hy (y) is bounded for ¢ € [a, 0]. O

Proof of Theorem 2.1: For short we write S =¢; + €3 +--- + ¢, and S=S5 +Y with Y is
as in Lemma 2.5. As the third moment of ¢ is zero and its fourtll moment is finite, as in
(2.9), Y has mean zero with finite variance, and hence so does S.

By Lemma 2.5, T = 5. €2 — SY +hy (Y) is a Stein coefficient for S. Since ¢ is bounded
=1

and the third moment of € is zero, Lemma 2.7 yields that hy (Y) is bounded. Also e
bounded implies S is bounded. In addition, as € is bounded there exists some B such
that |¢| < B, and (2.7) implies |Y| < B. Thus, we conclude that |T| is bounded.

Now invoking Theorem 2.3, there exists a version of Sand Z ~ N (0,0?) on the same
probability space such that

Eexp(8|S — Z|) < 2E (exp(26020 (T — 0%)?)) forall § € R.
Using |Y| < B we have |S — S| < B. It follows that,
Eexp(0]S — Z|) < 2E (exp(B|0] + 20*°0~2(T — 0%)?)) .
Letting Cy > B be such that |hy (Y)| < Cy, and setting 02 = n, we obtain

(T —0)? _ 35" +3C3S +3C3

02 - n

where S = Y (€2 - 1).
i=1
Hence,

202 2 5 o2
Eexp(8]|S — Z]) < 2exp <B|9 + 6009) Eexp <6925+C05>
n n
202 ) .
<o (B+ *E7 ) B oxp (129 5 ) +ew (mcsﬂ o1
n n

n
where we applied the simple inequality exp(z + ) < (e2* + %) /2.

n
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Noting for S and S that ¢2 — 1 and e respectively are bounded and have mean zero, using
Lemma 2.6 for the first two inequalities below, we see that there exists 6; > 0 such that
for all || < 6, and all positive integers n

202
]Eexp(1202§2/n) <2 and Eexp(120°C25%/n) <2 and exp <30| + 6Co0 > <2
n

Theorem 2.1 now follows from (2.14). O

We now prepare for the proof of Theorem 2.2 by providing a few lemmas. For A the
finite set in which the basic variable ¢ takes values, let

D={b—a:a,be A} and DT =DnNJ0,00), (2.15)

the set of differences of the elements in .4, and those differences that are non-negative.
We note here that D is symmetric in that D = —D. Let also

B = max|al. (2.16)
a€A

Recall the definition (2.1) of W) and observe that we may write

k k k n n—Fk k k n
Wi = Sk — ﬁSn = Z €ri) ~ Zew(i) = Z €ri) ~ Z (i)
=1 =1

=1 i=k+1
k n
1
- EZ Z (€x(i) — €x(j))s  (2.17)
i=1 j=k+1

and therefore
1 k n
Wi= 3 Wia where Wia==3 > (ext) = &) Mleriyeripl=a)  (2:18)
deD+ i=1 j=k+1

Lemma 2.8. Under the hypotheses of Theorem 2.2, forany # € R,1 <k <nandd c DF
we have

Eexp(0W;.q/VE) < exp(d®6?/2) and Eexp(§W;/Vk) < exp(B26?), (2.19)
where B is as in (2.16). Further, there exists oy > 0 depending only on A such that
Elexp(aW; 4/k)] <2 forall || < agand all d € DY. (2.20)

Proof. We may assume d > 0 as the result is otherwise trivial. Fix an integer k in
[1,n] and d € DY, and let m(6) := Eexp(0W 4/Vk). We argue as in [6]. Since W} 4 is
bounded, the function m(#) is differentiable and differentiation and expectation may be
interchanged. Hence, using (2.18) for the second equality,

1

w'(0) = ﬁE(Wk’dexp(QWk,d/\/%))
1 &
= T\/EZ Z El(en(i) = €x()) Lenisy —enirl=d) exp(Wia/VH)]. (2.2

1=1 j=k+1
Now, let ¢ and j satisfying 1 <i < k < j < n be arbitrary and let 7’ = 7 o (i, j) where

(i,7) is the transposition of ¢ and j. Then (m, 7’) is an exchangeable pair of random
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permutations. Let W,; 4 be defined as in (2.18) with 7’ replacing =. Using exchangeability
for the first equality and the definition of 7’ for the second,

El(€x(i) = €n (i) L(leny—ens) =) eXP(OWk.a/VE)]
=E[(ex () = €x (1) L[y sy —enr =) EXP(OWS 1/ VE)]
=E[(€x(j) — eﬁ(i))ﬂ(‘eﬂ(i),eﬂj)‘:d) exp(QW,;d/\/E)]
=~ Bl(ex(t) = €x() L(jenisy—encs|=d) XPOW], 4/ VE)].

Averaging the first and last expressions yields

E{(ex(i) = €x () L(lens) —enyyl=d) EXP(OWia/VE)]

1
ziE[(eﬂ(l) — €x(j )) (lexiy—€nh|= d)(exp(QWk d/\f) — eXp(@Wk d/\f))] (2.22)
Note
[Wh.a — Wi 4l
1
= Yo () ) Uer—eril=) + D (@) = () Ll —enipl=d)
k4+1<I<n,l#j 1<I<k,l#£i
F(€nti) = €x () Lllenco —encl=d) — ( Y (e~ )Ly -eml=d)
k+1<i<n,l£j
+ D () = e () ey —enip =) + (Enr(i) — 6w<j>)]1(|eﬂ/<i>—ew/<j>|:d>) ‘
1<I<k,i#i
1 n
- Z - (\éwm exy|=d) +Z 67T(l _EW(J))l(\éw(L) —ex(j)|=d)
=1 =1
1
Sﬁ[nd + nd] = 2d.

Now applying the inequality |e* — e¥| < 3|z —y|(e” + €¥) we see that (2.22) in absolute
value is bounded by

0
4|\/EE[|57T(1’) = en() [ Lllencyy—encry =) Wiid = Wi ol ((exp(0Wi.a/VE) + exp(0W}, 4/VE))]
0
< ﬂdeE[exp(ewk,d/\/E) +exp(OW, 4/ VE)]
4\/E
|0]d?
= m(0).

So, from (2.21), and the fact that 1 <+ < k and k£ < j < n are arbitrary, we obtain

' (8)] < 1 Ll Z S m(0) < d6jm(6).

=1 j=k+1

Now, using, m(0) = 1, and that m(#) > 0 for all § € R, for # > 0, we obtain

[ 0
/ m(u du S/ d*udu = m(0) < exp(d*6?/2)
0

m(u)

and for 6 < 0, we obtain

/ o), / " P(-uhdu = m(6) < exp(d62),
0 0
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proving the first inequality of (2.19).
Arguing similarly, now letting m(0) := Eexp(W,./vk) and W} as in (2.1) with 7/
replacing «, noting |Wi — Wy | = |ex;) — ex(j)| < 2B, we obtain

El(exto — ex) exp(OWi/ V] < L Bl(enty — exty P ((expl0We V) + exp(oW VD)
10]42 _ 206/B?

so that |m’(0)| < 2B?|0|m(6), implying the final inequality of (2.19).
Turning to (2.20), letting Z be a standard normal random variable independent of
Wi.a, by (2.19) and (2.12), forall d € D" and o < 1/(2d?), we have

Eexp(aW; ,/k) =Eexp (\/QQZth/\/E) < Eexp(d?az?) < \/plzm'

Now set ag so that the bound above is any number no greater than 2 when d is replaced
by max{d:d € D*"}. O

Lemma 2.9. Under the assumptions of Theorem 2.2 there exists «; > 0 depending only
on A such that foralln, all 1 <k <2n/3,and all 0 < a < ay,

3aS?

Eexp (aSﬁ/k) < exp (1 + 4n> .

Proof. The steps are the same as in the proof of Lemma 3.5 of [6]. For Z a standard
normal random variable independent of 7, by definition (2.1) of W;, we have

2
Eexp(aS;/k) = Eexp (1/ kaSkZ>
12 /2
k k n

By (2.19), with B given by (2.16), for the first term we obtain the bound
E [exp (v?aZWk/\/E) ’ Z} < exp(2aB%Z%).

Thus,
2a kS,
Eexp(aSi/k) < Eexp <2aB2Z2 + \/EZ> .
n

Recalling S, is nonrandom, using the non central X% identity (2.12), we find that

1 ox akS?
V1 — 4aB? P (1 —4aB?)n?

The proof of the lemma is now completed by bounding % by 2n/3 and choosing a; > 0
small enough so that 1/(1 — 4a; B?) is sufficiently close to 1. O

Eexp(aSi/k) < ) for 0 < a < 1/(4B?).

Proof of Theorem 2.2: We assume 6 > 0. Applying our convention that zero variance
normal random variables are equal to their mean almost surely, when n = 1 we have
So =Wy =Wy = Zy = Z; = 0 and the result holds trivially, so we assume n > 2.
Recalling definition (2.15) of DT for each d > 0 in D' and that D is symmetric, let Yy
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have the uniform U[—d/2,d/2] distribution, and be independent of each other and of the
uniform random permutation 7, and for d = 0 let Yy = 0. Set

Y = Z Y,.

deD+

For arbitrary i, j satisfying 1 <i <k < j <nlet F;; = o{n(l) : | & {3, j}}. Regarding
the collection {ey,...,€e,} as a multiset, we have

{Evr(i)78ﬂ'(j)} = {Eiai =1,... an} \ {Eﬂ'(l)vl ¢ {Zaj}}a

showing that {e,(;),ex(;)}, and therefore also e,y + ex(;) and d;; := |ex(;) — €x(j)| are
measurable with respect to F;;. Further, the conditional distribution of
X o= i) ;Ewm
given F;; is uniform over the set {—d;;/2,d;;/2}.
Let S, @) =S — Ens ), S(z (k/n)S, and vy =y — Ydij' For e, #+ Ex(4)s
applying Lemma 2.4 and the easﬂy verified fact that the zero bias distribution of the

variable that takes the values {—a, a} with equal probability is uniform over [—a, a], for
some fixed Lipschitz function f, we have

El(ex(i) — ex(j)) f (Wi + Y)|Fij]

=2 (X, f(Xij + Ya,, + W + (eni) + €n(3))/2 + Y )| Fij]

=2B[(XZ — Xi;Ya, ) [ (Xij + Ya, + W + (eni) + 23 /2 + YD) | Fy]
=2B[(X}; — Xi;Ya,,) ' (Wi + Y)| Fyj]

—2E[(d? /4 XijYa, ) f (Wi +Y)| Fij].

We note that the equality between the first and final terms above holds also when
Ex(i) = Ex(j), Doth sides being zero. Taking expectation we obtain

El(ex(y — ex(i))f (Wi + Y)] = Blti; /' (Wi + V)] (2.23)

where
—9 & — XY, fx) + i) Y, 2.24
tijy =2\ 7~ XijYa,; | = =5 —ex@En(y) ~ (Exi) — Ex())Yay,- (2.24)

It is easy to verify using (2.8), or by integration by parts, that for U ~ U[—aq, a,
1
BUS(U)] = SE[(@® - U3)f (U)),
implying

EY f(Wi+Y)] = Y EYaf(Ya+ Wi+ (Y - Yy)]

deD+
9 Z E K - Yd) F(Ya+ Wi+ (Y — Yd)] = E[Ryf (Wi +Y)], (2.25)
deD+
where
1 d? )
Ry = 9 Z <4 - d)
deD+
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Since D7 is finite there exists Cy > 0 so that

|R4| < Cp. (2.26)
From (2.17),
1 k n
Wi==> > (ent) = &x(i):
i=1 j=h+1
so lettting
Wy=Wp+Y (2.27)

and combining (2.23) and (2.25), we have
E(Wif(We)] = B[Tf (W), (2.28)

where the Stein coefficient 7', in light of (2.24), is given by

k n
1
T:EZZt'L—j+R4:R17R27R3+R47

i=1 j=k+1
where
1 k n 1 k n
2 2
Ri=s | (=R otk 3 e | Re=0 3 e Do &xti
i=1 j=k+1 i=1 j=k+1
and
1
Ry =— Y (et — ni)Va,
1<i<k<j<n
1
= Z Ydﬁ Z (€x(i) = €x())Llexi) — x|l = d) = Z YaWi a,
deD+ 1<i<k<j<n deD+
with Wy, 4 as in (2.18). Since |Yy| < d/2, we have
|Rs| < gIWk,d\. (2.29)
2
deD+
Recalling that v > 0 is a given fixed number, and that
1< 5 k(n—k)? k(n — k)n?
v == ZE?, set &%= 7(71 ol and o¢% = 7(71 )1 ,
n P n n

for a positive constant > v, noting that since n > 2 both o2 and &2 are positive. Then,

(T - 02)? n ) 2
-2 :k(n—k)n2 (Rl—O' —RQ—R3+R4)
n 2
<——— (Ri—0*-Ry—R3+Ry)" . (2.30
*k(n—k)zﬂ( 1—0 2 3+ Ry) ( )
EJP 21 (2016), paper 15. http://www.imstat.org/ejp/
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To bound this quantity, consider first

Ry -2
1 ~2
=5, | (k) Z @ Tk Z x| O
1= j=k+1
1 (n—k) 9
=5, | (m—Fk) Z @ Tk Z A e 1)
j=k+1 i=1
1 - 2k(n — k) <=
= | (=R etk D ey — >
i=1 j=k+1 i=1

1 ) ke =, n—kx= 5
=5, | (n— k) (E O Ew(i)) +h| D ST
: : =

j=k+1

1 —k k —
=9 (n—k) (nn Zgi(i)_ﬁlz 5727 ) Z 6“(]) : ZE‘”(J)

"o

=53 (n=k)?—k(n—hk)> i — (n—kk=k) >

i=1 j=k+1

k n
n — 2k 9 9
=3 | =R _dw—k Y g
=1

j=k+1

Hence, forall k =1,2,...,n, with B as in (2.16),

2 < In =241 P
Ry — 0%l < ( Zs >+kZ W<J>+Io s

1=k+1
< [n — 2k| 25— o < |n72k|B2+|&2_02|.
2 2
Choosing k such that |n — 2k| < 1, we obtain
B2
IRy —0?| < 7+|&2—02. (2.31)
Regarding Ro, for any k € {1,...,n} we have
Ryl = zn: < BISK| (2.32)
= — 57‘. ; ~ . .
2 n (@) k

j=k+1

Hence, for k such that |2k — n| < 1, from (2.30), (2.31), (2.32), (2.29) and (2.26), and
that 52 — 02| = |28 (42 _ 2)|, we obtain

2
(T —0?)? n 2 2 d
< — Z
= S CEDIE B /2+|J o”| + B|Sk| + E 2|Wk,d|+Co
deD+

Sz W2

< 2 2\2 k ;
_C<1+n(7 17)—|—k—|— E 2

deD+

for some constant C depending uniquely on A and v.
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We now verify that the hypotheses of Theorem 2.3 hold for Wk of (2.27) and T'. Clearly
Wk satisfies E(Wk) =0 and ]E(Wk) < o0o. By (2.28), T is a Stein coefficient for Wk, and T
is easily verified to be bounded. Writing Z for short for nZ;, in the statement of Theorem
2.2, we note that Z is distributed N(O,O’2), and by Theorem 2.3 we can construct a
version of Wj, and Z on the same probability space so that for all 6,

Eexp(0| Wy, — Z|) < 2B exp(20%0 (T — 62)?)

2 2 22, Sk Wia
<2Eexp | 200 [ 1 +n(y* —n°) +?+ Z k’ .

deD+

With D = 1>, 1. d we have [W;, — Wk| <|Y| < dZD+ |Y4| < D. Letting ¢ = |DT|+ 1, we
€
have

E exp(0] W, — Z])

2 w2
<2exp(D]6] 4+ 206 +2C6°n(7? — n)?)E exp (20925;: +2007 > de)
deD+

) 2 VV2
sqexp<D|9|+2092+2092n(72—”2)2)<Eexp(20q92%) D, Eexp (20(192 S ))
deD+t

by the convexity of the exponential function. Using Lemmas 2.9 and 2.8, there exists
03 > 0 depending only on A and v such that for all § < 3, we obtain

E exp(0|Wy — Z])

2 2
< gexp(D|9\ +2C6? +200*n(v* — n*)?) (exp (1 + 6Cq92§;> +2(qg— 1)>
52
< 2exp(D|0] + 2CH? + 2C0*n(v* — n*)?) (exp (1 + 6C’q924;) + 2) :

Now choose 6, > 0, depending only on A and v, so that
2exp(Dy +2C07) < e andnote exp (1+6°z)+2<exp(2+6°z) foralla >0,

implying that for § < 6, := 03 A 0y,
S2
Eexp(0|W), — Z|) < exp <1 +2C0%n(y? —n*)? + 2+ 6Cq924")
n
_ 257721 2, (2 232
= exp | 3+ 6Cql n +2C0°n(yv= —n*)° |,
which is the desired bound. O

3 The induction step

In this section we present Theorem 3.1, which we use to prove Theorem 1.4 that
generalizes Theorem 1.4 in [6]. Let €1, €o, . . . €, be arbitrary elements of a finite set A C R,
not necessarily distinct, and let = be a uniform random permutation of {1,2,...,n}. For
each 1 < k < n recall

k
Sk = Z €x(4) and Wk = Sk —

1=1

kSn

(3.1)
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We show (Wi,...,W,) and a positive multiple of a Gaussian vector (Zi,...,7Z,)
obtained by evaluating a Brownian bridge process on [0, n] at integer time points can be
coupled on the same space so that the moment generating function of their maximum
absolute difference achieves the exponential bound (3.6) below. In place of coupling,
the result of the theorem can be equivalently stated in terms of the existence of a joint
probability function pZ(s,z) on (S1,...,S,) and (Z1,..., Z,) having the correct marginals
whose joint realization obeys the desired bound.

It will be helpful to regard the collection € = {¢y, ..., €, } as a multiset. We say s € R"
is a ‘path’ corresponding to a multiset of ‘increments’ € when there exists 7 € P,,, the set
of permutations on {1,...,n}, such that s can be achieved by summing the increments e
in the order given by 7, that is, when s is an element of the set of all feasible paths

k
Al i={s€R" 5, =Y €r@pk=1,...,n,m € Py}. (3.2)

i=1

Conversely, the multiset of increments corresponding to a path s is given by
€= {51,820 — S1,.+-, 80 — Sn—1}, (3.3)

so that s € A? if and only if € =e.

Suppose that among € are [ distinct numbers, appearing with multiplicities mq,...,my,
necessarily summing to n. Then letting f*(s) be the probability mass function of
(S1,...,S5,) as given by (3.1), we have

n! 1 1

and fl'(s) = ‘An|]l(s cAl) = ‘An|]l(es =e), (3.4)

Al = ————
| EI m1!m2!...ml!
that is, the distribution f(s) is uniform over A?.

The following result is a conditional version of Theorem 1.4.

Theorem 3.1. Let ey, €9, . .. €, be arbitrary elements of a finite set A C R, not necessarily
distinct, 7 a uniform random permutation of {1,2,...,n}, S, and Wy as in (3.1), and
v =n"t S €2. Then there exists a positive universal constant C, and for every v > 0
positive constants K7, K» and \g depending only on A and v such that for any integer
n > 1 and every 1 > v one may construct a version of (W}),-,,, and Gaussian random
variables (Z}),<,, With zero mean and covariance o

iAd)n =V )

(3.5)

COV(Z,L', ZJ) = (
on the same probability space such that

E exp(A Ofg%xn (Wi —nZi)

K1 )\2S2
< exp (Clogn+ AT

+ Ko\2n(y? — n2)2> forany A < \g.  (3.6)
Proof. As the result holds trivially for A < 0 we need consider only A > 0. Also, as Wy =0
and Z, = 0 by convention it suffices to consider the maximum over 1 <4 < n in (3.6). We
use Theorem 2.2 and induction to prove the theorem.

Recall the constants oy from Lemma 2.9 depending only on 4, and ¢y, ¢ and 65 from
Theorem 2.2, depending only on A and v. With B given in (2.16), letting 65 be the unique
positive solution to

1 4
—— =, (3.7)
V/1—-B%?2/2 3
EJP 21 (2016), paper 15. http://www.imstat.org/ejp/
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depending only on .A. We will demonstrate the claim holds with

2+ log4 [e%1 02 05
C=—_—>-, K =8 Ky =18¢y and M= ,/— AN—= . 3.8
log(3/2) 1 o frT e 0T\ B2e " 2 " G (3-8)
Note that any multiset € = {¢1, ..., €, } of elements of A lies in exactly one set of the
form

n 1 n
Bn(a’7b) = {{617627"'7671} : Zei = a,gZE? = b2}
i=1 i=1

as a and b range over all pairs of feasible values of S,, and ~, respectively. Fix one such
feasible pair a,b, which may be notationally suppressed when clear from context, let
€ € B"(a,b) be arbitrary and fix any value 7 > 0.

With f*(s) the probability mass function of (S1,...,S,) given in (3.4) and ¢"(z) the
probability density function of a Gaussian random vector (71, ..., Z,) with mean zero
and covariance (3.5), we show that for each n > 1, we can construct a joint probability
function p7 (s, z) on A7 x R" having the desired marginals

> isn) =0"e) and [ plsa)da= £ (3.9)
sCA? "
and satisfying the exponential bound

/>

sc AT

ia
S; — — —Nz;
1<i<n n "

[exp <)\ max

)oits.2)]

K1>\2a2

< exp (C logn + + Kao\?n(b* — n2)2> forall A € (0,)],  (3.10)
for all n > v, with C, K1, K5 and Ag as in (3.8), with C universal and the latter three
constants depending only on .4 and v.

We will prove the claim by induction on n. For n = 1 we note that W; = 0 by (2.1)
and Z; = 0 by convention, since it has mean zero and covariance given by (3.5). Hence
(3.6) holds for n = 1 for all C, all nonnegative K;, K5, and all )y, and in particular for
the set of constants specified in (3.8).

Given n > 2, suppose that foralll =1,2,...,n — 1 and all multisubsets ¢ of A of size [
we can construct plc(s, z) satisfying (3.9) and (3.10). Take k = [n/2], let Ul denote multiset
union and define the sets

SG"”“ ={s: Z € = s for some €1, €5 such that |e;| = k,e; Ues =€}, and
€cer
Bf’k(s) = {(€1,€2) : Z e=s,le] =k,e;Ues =€} forse Sk,

€cey

That is, SE”’k is the set of all feasible values at time k of a path having increments €, and
Be k(s) is the set of all ways of dividing the n increments € into sets of sizes k and n — k
so that the path at time £ takes the value s. Counting the number of paths that take the
value s € S7* at time k shows that g/"*(s), the marginal density of S, in f/(s), is given
by

k n—=k
s gugmen (s MG A

9" (s) = A7 (3.11)
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Similarly, let A% () denote the marginal density function of Zj, in ¢"(z), that of the
Gaussian distribution with mean zero and variance k(n — k)/n. By Theorem 2.2, there
exists a joint density function ¢’ ok (s,2) on S¢' * « R and positive constants c;, ¢y and 6,
depending only on A and v, such that

/ Y (s, 2)dz = g2 (), D YEE(s, ) = M2, (3.12)

sesk
and for§ <6, andn > v,

/ EZ {exp <9

c10%a?

k
s — Za —nz > M’"k(s, z)] dz < exp <3 + + co0?n(b* — 7]2)2)(3.13)

S,

For s€ S™*, z € R, and recalling the definition (3.3) of €%, s!,s? such that (¢5 €5 ) €
BI¥(s), z! € R* and z2 € R"F, let

1 2 2

(s, 2,8", 2", 8%,2%) = " (s, 2) Peo(€8,€% ) pha (sl,zl)pfsgk(s ,z°) (3.14)
where

A
Zicreareni o A Mg

Interpreting (3.14) in terms of a construction, one first samples the joint values s and
z of the coupled random walk and Gaussian path at time k, then chooses increments
corresponding to s' and s?, the first and last half of the walk according to their likelihood
over the choices of those whose increments over the first half of the walk sum to s, and
whose union of increments over both halves must be ¢, and then samples coupled values
of the paths with discrete Brownian bridges before and after time k.

One may verify that 4" is a density function by integrating over z' and z? using the
second equality in (3.9) followed by applying the second equality in (3.4), integrating
over z, and then summing over all s' and s? and s, this last operation being equivalent to
summing over all paths s with increments €, see (3.17) and the explanation following.

Now, let (S, Z,S*, Z', S?, Z?) be a random vector with density 7" where S' = (S}), ., ;.
S? = (S)cicp_pand Z' = (Z}), .., Z* = (Z?),<;<,_x- Let S be obtained by ‘piecing’
the paths S' and S? together at time % according to the rule

P s(€1,€2) = ((e1,€2) € BMF(s)).

S} 1<i<k
Si_{ S+82, k<i<n, (3.15)
here noting Sy = S, and define Z by
Z}+417  1<i<k
Zi_{ ZiQ_k‘f'ﬁZ k<i<n, (3.16)

here noting likewise that Z, = Z, since Z} = 0. Now as in [6], we demonstrate that
pe(s,z), the joint density of (S, Z), achieves the desired marginals (3.9) and exponential
bound (3.10).

1. Marginal distribution of S. Let s be the path constructed from s,s! and s? as S is
constructed from S, S! and S? in (3.15). Note that

{s:sc A"} ={s: (&) e B (s1)},
and that S;, = S almost surely. Hence, if S ¢ A then from (3.14) S has probability zero.

For the marginal of 4" to be non-zero on s, s!,s?, first s must be a feasible value at time
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k for a path with increments ¢, then s! must be a path of increments that attains the
value s at time k, and finally the collection of increments determined by s' and s2 must
match the given set € of increments. In this case we obtain from (3.9), (3.12) and (3.11),
that the marginal distribution of (S, S!, S?) is given by

/’ye (s, 2,8, 2", 8% 2%)dz*dz" d=

= gb(s)Pes(€ € ) fR0 (51 130 (5?)

65

_ Sucnenrto A [|AZ " AR AR 1 (3.17)
Az | Yicr garen o) ME MG T AL 1AL

1

M

= [é(s).

Now observing that (3.15) gives a one-to-one correspondence between (S,S!, S?) and S
we find that S has marginal density f!*(s) as in (3.4).

2. Marginal distribution of Z. Consider A% x AZ"* the set of all pairs of paths
(sl, s2) with increments €; and €5 respectively. Using (3.9) and (3.12), and noting that
(5 ,€5 ) = (€1,€2) for (s',s?) € AE x AZ~F, the marginal distribution of Z, Z', Z? is given

by

n 1 .2 2 2
§ E § Ve (57 z,8,2°,8",Z )
seSMF (e1,e2)eBIF (s) (st,s2)e Ak, XA?{k

Y W (s2) > Peslee) > pe,(st.2" )l M (5%, 2°)

sesy* | (e1.€2)€B" (5) (s!,s2) €Al x Az *
k
= Z w: (572) Z P6,8(61’62) Z p51 S Z Z p )
ses " | (e1.€2)€B" (5) steAg s2eAr

= D WM | ) Peslene)dt(z)¢n T (2)

sSSPk L(ex 62)63"’k( )
= ¢" M) (2! )h””“(Z)

where we have used that 2(61762)662,16(8) P. s(e1,€2) = 1. Hence Z, Z' and Z? are indepen-

dent with densities h™*(z), ¢*(z') and ¢"*(z?) respectively, implying that Z given by
(3.16) is a multivariate mean zero Gaussian random vector. As in [6], one can verify that
Z has covariances given by (3.5), and hence Z ~ ¢"(z).

3.The exponential bound. For 1 < ¢ < n, letting
n

we show that

Kl)\2a

IE exp(A nax |Wi —nZ;|) < exp (C’ logn + + KoA?n(b? — n2)2> for A\ € (0, \o)
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where C, K1, K5 and )\ are as in (3.8). We continue to proceed as in [6].
Again writing S for Sy, let

) S ' s A=k,
Ty, = 1r£iagxk S; - nZ; |, Tr = kril?_éb ST — k(a S)—nZ:,
and

T::‘S—ka—nZ’.
n

Note that when 1 < i < k£ we have

n k

1S S a1
< 1_ W 1 >z
‘Sl ? Z; | + A an‘

§TL+%T§TL+T.
Similarly for k£ < ¢ < n one can verify |W; — nZ;| < Tg + T, proving

max Wi —nZ;| <max{Ty +T,Tr+T}.

Now fixing A < ), the inequality exp(z V y) < e* + ¢V yields

exp(A max Wi —nZ;|) < exp(ATL + AT) 4+ exp(A\TRr + AT). (3.18)
<i<n

To prove that the exponential bound holds, we develop inequalities on the expectation of
the two quantities on the right hand side of (3.18), starting with the expression involving
Tr.

Note that e’ determines S, and since e is fixed €5” is also determined, so by (3.14) the
conditional density of (S', Z!) given (€5, Z) is plsi(s',2"). Now using that the moment
generating functions of 7y, and T are finite everywhere and that 7" is a function of {S, Z},
invoking the induction hypothesis and applying the Cauchy-Schwarz inequality twice,
with 72 = (1/k) 28, €% ;) We obtain

Eexp(\L + AT) = E {E (exp(/\TL)|esl, Z) exp()\T)}

L2 1/2

< []E <E (exp()\TL)|€S ,Z> > E(exp(2)\T))]

2K \25?
k

4K \25?
k

1/2
< exp(Clogk) [IE exp ( + 2K N2 k(yE — 772)2) Eexp(Q)\T)}

1/4
) E exp (4K2A2k(77 — 772)2)] (E exp(22T))"/2.
(3.19)

< exp(C'logk) [E exp (

For the first expectation in (3.19), (3.8) implies that 0 < 4K;\? < a4, and as |2k —n| <
1 we may invoke Lemma 2.9 to yield

2q2 2 2
E exp (4[(125> < exp (1 + ?’Kl)‘a> ) (3.20)
n
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For the second expectation in (3.19), recalling the definition of 7%,

k 2
1 U?
Eexp (4K:X\°k(7v; — n*)?) =Eexp 4K2)\2E <§ (€ — n2)> =FEexp (92;> ,(3.21)

i=1
where 0 = 2\\/ K>, and we write
K n By .
Uk = Z(Ei(i) %) = Z (Qzllieﬁ([k]) - n772> = Zam
=1 i=1 i=1

where [k] = {1,...,k} sothat 7([k]) = {x(i) : i = 1,2,...,k}, and a; = € L)) — (k/n)n*
To bound (3.21), we will argue as in Lemma 2.6. Observe that for V' a standard
normal random variable independent of Uy,

2
E exp (92[?;> = Eexp (\/%VkUk>

T
= Eexp <\@9|V|Sg\/g(V)Uk>
=Ee <\/§9|V|U V)=1)P(sgn(V) =1
=Eexp ik sgn(V) = (sgn(V) =1)
+ Eexp (\/59'\‘/%'(—Uk) sgn(V) = —1) P(sgn(V) = —1).

Now using the independence of |V| and sgn(V), and that sgn(V) is a symmetric +1
random variable, we obtain

E exp (9205) = % [E exp (ﬁem'\‘%) + Eexp (ﬂe(—Uk)%ﬂ . (3.22)

Recall that random variables X1, X5, ..., X,, are said to be negatively associated, see
[15], if for any two disjoint index sets [ and J,

E[f(Xi,i € Ng(X;,j € )] <B[f(Xi,i € DE[g(X;,j € J)] (3.23)

for all coordinatewise nondecreasing functions f : R/l - R and ¢ : Rl — R.

Let Xi,..., X, be negatively associated. It is immediate that a X; +b,...,aX, + b
are negatively associated for all ¢ > 0 and b € R. In addition, letting Y; = —X; for all
t=1,...,n, for f and g coordinatewise nondecreasing functions and / and J disjoint
index sets, as — f(—-) is coordinatewise nondecreasing, we have

E[f(Yi.i € Dg(Yj.j € J)] = E[(~f(~Xs,i € 1))(~g(~X;.j € J))]
< E[(—f(=Xi,i € D)E[(—g(=X;,4 € ))] = E[f(Y;,i € D]E[g(Y],j € J)],
demonstrating that — X7, ..., —X,, are negatively associated. Combining these two facts,

aX; +0,...,aX, + b are negatively associated for all « € R and b € R. By a direct
inductive argument on (3.23),

n n
I Hfi(Xi)] < JTEf (X)) (3.24)
i=1 i=1
whenever the functions f;,i = 1,2,...,n are all nondecreasing.
EJP 21 (2016), paper 15. http://www.imstat.org/ejp/
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By Theorem 2.11 of [15], taking the real numbers in Definition 2.10 there to consist
of k ones and n — k zeros, the indicators 1ic (x)),- -, Lner(x]) @re negatively associated;

hence so are a4,...,a, and —aq,...,—a,. Thus, by (3.24), we have
14 —~ |V
E |exp (\@HU;@ V| =L |exp V26 a— | |V
& 14 : V]
<TIE |exp(V20a;—=2 ) | V| =T[E |exp | V20 (€;) —7° )’V} (3.25)
< I [ (Vo ) | v] =TT e (v20 (2 =) (5

Now since —n? < efr( ) —n? < B2 —1?, using Hoeffding’s lemma (2.11) with © = b2 —n?,

%

the mean of efr(i) —n?, we obtain

k

I® [exp <\/§9<ei<i) - ﬁ%‘) ‘ V} - <B4Z;iV2 . % )k

B492V2
= exp ( 1 + \/iﬂu\/%|V|)

B*9?v?

< exp (B4izv2 + \/ié)ux/EV) + exp ( + ﬁé);ME(V)) .

Using that V' and —V have the same distribution, taking expectation in (3.25) and
then applying the non-central chi square identity (2.12) yields

E {exp (\@HU;CL‘//E'H <2E {exp ( B4i2vz + \/iem/%vﬂ

4
< gexp <3k92u2) (3.26)

2 o k62 2
= X
V-2 P\ i-Ber2)

for all 0 < 6 < 65, by (3.7).

Using the fact that —ay, ..., —a, are negatively associated and that —a; and a; have
supports over intervals of equal length foralli = 1,2,...,n, (3.26) holds with Uj, replaced
by —Uy. Thus, by (3.22),

2 4
Eexp (9201;’“) < gexp (3k92u2) for 0 <0 < 05. (3.27)

Using (3.8) we see that 0 < 4K,\? < 62, and as k < %” by (3.21) and (3.27), and
recalling that u = b? — n?, we have

Eexp (4K2/\2/<;(712 — 7]2)2)
8 16 32
< gexp <3K2)\2k(b2 - 772)2) < 3exp (9K2)\2n(b2 - n2)2> . (3.28)

For the third expectation in (3.19), again by (3.8), 0 < 2X < #,. Hence by (3.13),

4eiN2a?

IE exp(2AT) < exp (3 + + dea N2 n(b? — n2)2> : (3.29)

Applying bounds (3.20), (3.28) and (3.29) in (3.19), and setting

Q=1+ + 402)\2n(62 - 772)2,

K>\22 QK)\Q 62— 22 4 /\22
3K1)\%a +3 9 né n?) and Qs =3+ c1\a
n n
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we obtain

1 1
Eexp(ATy, + AT) < 3"/*exp (Clng + ZQu + 2Q3>

3K1 + 8c1)\%a? 8Ky + 18
< 2exp (C’logk+2+ ( 1+4 c)Ae + ( 2; 02))\2n(b2—n2)2> .
n

Again by (3.8), 3K7 + 8¢; = 4K and 8K + 18¢cs = 9K5,. Since k < 2n/3, we have
logk =logn — log(n/k) <logn —log(3/2).
Thus, using from (3.8) that C'log(3/2) = log4 + 2,
K1)\2%a?

n

K1/\2a2

Eexp(ATy, + AT) < 2exp (C’ logn — C'log(3/2) + 2+ + Ko\ n(b* — 772)2)

1
= 5 oxp (C’ logn + + KoA?n(b? — n2)2> .

In like manner we obtain this same bound on Eexp(ATg + AT'), so (3.18), now yields

K1>\2(l2

exp(A max Wi —nZ;|) < exp (C’ logn + + Ko \2n(b? — 772)2) .

This step completes the induction, and the proof. O
Proof of Theorem 1.4: Let A be the set of the r distinct values {a4,...,a,} and let
€1,€2,...,€, be exchangeable random variables taking values in A. Let
n
M= (M,...,M,) whereforj=1,...,rweset M, = Z]l(ei =a;),
i=1

the number of components of the multiset € = {¢1, ..., €, } that take on the value a;. With
L denoting distribution, or law, clearly

L(er,ea,.. . en) = Y L(e1,€2,...,6,|M = m)P(M =m)

m>0
where m = (my,...,m,) and m > 0 is to be interpreted componentwise. As M is a
symmetric function of €, €a, . .., €,, the conditional law L(e;, €a, ..., €,|M = m) inherits
exchangeability from L(eq, €s,. .., €,), that is,
E(El, €2, ... ,én‘M = m) =d ,C(Gﬂ,(l), €x(2)y-- > 67‘.(“)|M = m)

where 7 is uniformly chosen from P,. In particular, given M = m,

k

k
Y ei=aY e forallk=1,...,n

=1 i=1

where =; denotes equality in distribution. Hence, (3.6) of Theorem 3.1 yields the version
of the first claim of Theorem 1.4 when conditioning on M, and taking expectation over
M yields that result.

We now demonstrate the second claim under the assumption that 0 ¢ A, which
together with A finite implies that

v = min|a| (3.30)
acA
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is positive. With this value of v the constants ¢y, c; and 65 as given by Theorem 2.2 depend
only on A, and let C, K, K> and )\ be as given in (3.8) for this v. As v > v, conditional on
€1,...,€n, inequality (3.6) of Theorem 3.1 holds for n = v, and the argument is completed
by taking expectation over M as for the proof of the first claim.

For the last claim, under the hypotheses that ¢4, ..., ¢, are i.i.d. mean zero random
variables, since K; depends only on .4, by Lemma 2.6 there exists A > 0 depending only

on A such that
K 2 Q2
E (M> <o
n

Thus from the second claim of the theorem we obtain

- <
IE exp(A omax (Wi — VnyByyn|) < 2exp(Clogn),

and applying Markov’s inequality yields

Eexp(Amaxo<p<n Wi — vy Bi/nl) oA
exp(C'logn)

IN

— | > AT
P (Orgnkagn Wi —VnyByn| > A7 Clogn + x>
< 2exp(C'log n)e_/\m Py -

exp(C'logn)

4 Proof of Theorem 1.3

’

In this final section we prove Theorem 1.3 by first demonstrating a ‘finite n version
of the desired result in the following lemma.

Lemma 4.1. There exists a constant A such that for every finite set A of real numbers
not containing zero, there exists a constant A > 0 such that for any positive integer n,
any €, €1, €a,...,€, i.i.d. random variables with mean zero and variance one satisfying
Ee® = 0 and taking values in A, and S), = Zle €i,k=1,...,n, it is possible to construct
a version of the sequence (Sk)o<k<n, and Gaussian random variables (Zy)o<k<, with
mean zero and Cov(Z;, Z;) =i A j on the same probability space such that

Eexp(AlS, — Z,|) < A (4.1)
and
Eexp(A orgnl?%(n |Sk — Zk|) < Aexp(Alogn). (4.2)

Proof. As in Theorem 3.1 it suffices to prove the result with the maximum taken over
1 < k < n. Recall the positive constant 6, from Theorem 2.1, the values ﬂg(x) from Lemma
2.6, B from (2.16), and let C, K7, K3 and )¢ be as in Theorem 1.4 for v = min,c 4 |al. Set

01 X e Veery 1

A=minq —, —, , , . 4.3

{2 4’ 4/K, V2 'B+1 (4-3)

Let g"(s) and h™(z) denote the mass function of S,, and the density of Z,, respectively;

in particular h"(z) is just the N'(0,n) density. By Theorem 2.1, as 2\ < #;, with §™ the
support of S, there is a joint probability function ¢"™(s, z) on 8™ x R such that

[ iz =g, X s =) (4.9)
R seS”
and
/ [Z exp(2A|s — z|)yY" (s, 2z) | dz < 8. (4.5)
R [sesn
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Given any multiset of values € = {¢1,...,¢,} from A, let pZ(s, z) be the joint density
function guaranteed by Theorem 3.1; from that result, the marginal distributions of s
and z are, respectively, f*(s) as in (3.4), and ¢"(z), that of a mean zero Gaussian vector
with covariance (3.5).

For any s € §", define

B"(s) = {{e1,€2,...,€}: Zei = s}.

Now, recalling the definition (3.3) of €3, for s € §”, s such that € € B"(s), z € R and
z € R", let

Y (8, 2,8,2) = Y™ (s, 2)P(e = €°|S,, = 3)ple(s,2), (4.6)

where the multiset € on the right hand side is composed of n independent random
Variableg distributed as e. Interpreting (4.6) in terms of a construction, to obtain
(S,Z,S,Z) one first samples the joint values S and Z of the coupled random walk
and Gaussian path at time n, then conditional on the terminal value S, one samples
increments e consistent with the path s from their i.i.d. distribution, and finally one
couples a walk S to the discrete Brownian bridge Z in such a way that a certain multiple
of it and (W4, ..., W,,) given by

W,=5S,— -5, (4.7)

are close.
To verify that (4.6) determines a probability function, recalling (3.2), note first that

Z P(e = €[S, = s)p(s,z)

s:eSeEB™(s)
= > > Ple=05|S,=s)pj(s,2) = Y  Ple=06|Sy=35) > p(s.z)
deB"(s) s€EAY §€B(s) sc AR
= Y P(e=4|S, =9)¢"(2) = ¢"(2).
seBn(s)
Now by (4.4),
ST AMsz8,2) = h"(2)4"(2), (4.8)

SES™ s:e5€B™(s)

and integrating over z and z yields 1.
Let (S,Z,S,Z) be a random vector sampled from ~"(s, z,s,z), and define Z =
(Zl,.. 7Zn) by

Zi=Z;+ 2.

3| =

Using that Z and Z are independent by (4.8), and that the latter has covariance given by
(3.5), it follows that Z is a mean zero Gaussian random vector with Cov(Z;, Zj) =1iAJ.

Regarding the marginals of s, integrating (4.6) over z and z, with f*(s) given by (3.4),
we obtain

/n /]Rv”(s, z,8,z)dzdz = g"(s)P(e = €¥|S,, = 5)fia(s) = P(e = €°) fla(s) = P(e = es)| Ak

€S
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The first term is the likelihood that the independently generated increments correspond-
ing to those of s, while the second term is the chance that these increments will be
arranged by the uniform permutation in an order that produces s. Hence, the marginal
correspond to the distribution of S.

It only remains to show that the pair (S, Z) satisfies the bounds (4.1) and (4.2). Note
that for 1 <+ < n, recalling (4.7), we have

1Si — Zi

’WZ—+ZS—<Z—+ZZ>’
n n
< Wi-Zil+ 1S - 2| 4.9)

From (4.6), one can easily check that the conditional distribution of (S, Z) given (€5, Z) =
(€,2) is pl(s,z).

Letv> =n~'>"" | €? and recall v = minge 4 |a| > 0. Asy > v and 4\ < )\ by (4.3), we
may invoke Theorem 3.1 conditional on {e, Z}, and choosing 1 = v we obtain

7 (4.10)

=~ 16K1A2S?
E(exp(4A max (Wi —~Zi|)|e, Z) < exp (C’ logn + 1n">

with C' and K; depending only on .A. Applying the Cauchy-Schwarz inequality and (4.5),
as S and Z are measurable with respect to {¢, Z}, from (4.9) we obtain

E exp(A ax 1Si — Zil)

<[E(E(ex (A max |W; — Z;]) e Z))QEGX (2A|S = Z)) i

> p 1<isn i i ; p

<[8E(E(exp()\ max |W; — Z|)’e Z))z} i (4.11)
- 1<i<n ! ¢ ’ ' ’

Using conditional Jensen’s inequality, the triangle inequality and the convexity of the
exponential function in the first three lines below, (4.10) yields

2
(E( exp(A max (Wi — Zi)|e, Z))

< E(exp(Q)\ max |W; — Z|) €, Z)

1<i<n

IN

1 - 1 - .
5]E(exp(4)\ max Wi —~Zi|)|e, Z) + 5E(exp(4)\ jpax, WZi — Zi|)|e, Z)

1 16K1)\282 1 =
< Z o 7n Z — .
< 5 exp <C’logn+ " + 2E(exp(4)\h 1|1r£?§xn\Zl|)|e, Z)
1 ~
< exp(Clogn) + 5E(exp(4)\|'y —1] max 1Zi|)|e, Z). (4.12)

For the first term in the fourth line, Lemma 2.6 yields
16K, \252
Eexp () <2,
n

1] < Bin (2.16) and 4\/K1 X < ¥y, by (4.3).

For the second term in (4.12), observe that conditional on (e, Z), 7 is a mean zero
multivariate Gaussian random vector with covariance given by (3.5). Equivalently,
conditional on (e, Z), the distribution of (Z;//n)1<i<n is that of a Brownian bridge on

since €; has mean zero,
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[0,1] sampled at times 1/n,2/n,...,1. Thus, letting B;,¢ € [0,1] be a Brownian bridge
independent of (¢, Z), since v is a function of ¢, we have

E(exp(4Aly — 1] max |Zi])|e, 2)

“=le, Z)

=E(exp(4vnAly — 1| max |Be])]e, 2)
ten|/n
<E(exp(4v/nAly — 1| max |By|)]e, Z)

<E(exp(4v/nAly — 1| max Bt) + exp(4v/nAly - 1| Orgggl(—Bt))k, Z).

From [25], the distribution of X = maxg<;<1 B; is given by
P(X <) =1—exp(—22?) for x>0.

Using this identity, and the fact that — B, is also a Brownian bridge, it is straightforward
to show that for any real number a, we have

- < 2/8).
E(exp(aorgtagxl B;) + exp(a Orgtagxl( By))) <2+ V2raexp(a?/8)
Thus, since B; and v are respectively independent of, and a function of, €, we obtain
E(exp(4Aly - 1 max |Zi])]e. 2)
<2+ V2rdy/nAly — 1] exp (2A%n(y — 1)?)
<24+ 4(B+ 1)V2mnAexp (2/\271(72 — 1)2) (4.13)

where in the last step, we used |y — 1| < B+ 1 where B is given by (2.16), and that v > 0
implies 1 < (v +1)°.

Since Ee} = 1, we have n(v*—1)% = (3 (¢ —Ee?))Q/n and E(e? —Ee?) = 0. As €2 < B2
and 0 < v2X < 9.2, by (4.3), Lemma 2.6 yields

Eexp (2A\°n(y* — 1)) < 2.
Additionally, since A\(B + 1) < 1 by (4.3), taking expectation in (4.13) yields
E(exp(4A|y — 1] max Zi])) = 24 8(B + 1)vV2mnA < exp(C) logn) (4.14)
for some universal constant (.
Thus, by (4.11), (4.12) and (4.14), we have
Eexp(A max [S; — Zi)

1 ~ 1/2
< [8E(exp (Clogn) + §E(exp(4)\h —1] max 1Zi)|e, Z)D]

1 1/2
<gl/2 [exp(Clog n) + B exp(C log n)}

<Aexp(Alogn)

for some universal constant A, whi(ih we may take to be at least 8. The proof of (4.2)
is now complete. Lastly note that Z,, = 0 implies Z,, = Z, hence (4.5) yields (4.1) as
A > 8. O

Theorem 1.3 follows from Lemma 4.1 in exactly the same way as Theorem 1.5 follows
from Lemma 5.1 in [6], noting that the reasoning applied at this step does not depend on
the support of the summand variables of the random walk.
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