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Near-extreme eigenvalues in the beta-ensembles
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Abstract

For beta-ensembles with convex polynomial potentials, we prove a large deviation
principle for the empirical spectral distribution seen from the rightmost particle. This
modified spectral distribution was introduced by Perret and Schehr (J. Stat. Phys.
2014) to study the crowding near the maximal eigenvalue, in the case of the GUE. We
prove also convergence of fluctuations.
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1 Introduction

In random matrix models, the most popular statistics is the empirical spectral distri-
bution (ESD). For a N x N matrix My with real eigenvalues (A1, ,Ay), it is:

1 N
(N) . — §
1 = Nk_l(S)\k . (1.1)

The first step in asymptotic study is to prove the convergence of ) and also of the
so called integrated density of states Ex(™). The limiting distribution o is most often
compactly supported. A second step is to prove the convergence of the largest eigenvalue
A(vy = max(Ag,---,Ay) to the end of the support of 0. At a more precise level, it is
sometimes possible to establish large deviations. In the so-called 5-models, the density
of eigenvalues is

Nﬁ N N
PY 5 (dAr, -+, dAw) = (ZD5) 7AW exp <—2ZV(Ak)> [Taxn. @2
1 1
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Near-extreme eigenvalues in the beta-ensembles

where A()) is the Vandermonde determinant. Under convenient assumptions on the
potential V, the ESD satisfy the large deviation Principle (LDP) with speed 3N?/2 and
good rate function

Iv(p) = =%(w) +/Vd,u —cy if /|V|d,u < 00, (1.3)
where ¥ is the logarithmic entropy
S) = [ [ e = sdue)dntv), (1.4
and
cy = inlf —3(v) +/Vdu. (1.5)

Moreover [y achieves its minimum 0 at a unique probability measure py which is
compactly supported, and which is consequently the limit of (V).

The most famous example is the Gaussian Unitary Ensemble which corresponds to
V(z) = 2?/2 and 8 = 2. The limiting distribution xy is then the semicircle distribution :

1
usc(dx) = % 4 — x2 1[_272] (I’) d:c, (16)

and the result of large deviations is due to [2], with ¢y = 3/4.

Moreover under appropriate conditions again, the support of iy is an interval [ay, by]
and the maximal eigenvalue A(y) converges to by .

To analyze the "crowding" phenomenon near the largest eigenvalue, Perret and
Schehr proposed in [10] and [11] to study the empirical measure :

N-1
1
UN = m Z 6>\(N)_>‘(k) S Ml(RJr), (17)
k=1
where Ay < Ay < -+ < A(y) are the eigenvalues of My ranked increasingly. They

considered the Gaussian case with the Dyson values § = 1, 2,4 and made a complete
study of [Euy, in the limit N — oo both in the bulk and at the edge.

In the present paper, we consider more general potentials V, actually convex polyno-
mials of even degree. We first prove that yx converges in probability to the pushforward
vy of uy by the mapping x — by — x. Then we prove that the family of distributions of
(1n) N satisfies the LDP with speed N? and a “new" rate function which we call I2°5,
referring to the name “Density of States near the maximum" given by Perret and Schehr
to Eun. There are two striking facts. The first one is that the LDP is obtained for a
Wasserstein topology (and not for the usual weak topology). This ensures in particular
that the rate function is lower semicontinuous. The second one is that the LDP is weak
i.e. we do not have a large deviation upperbound for closed sets but only for compact
sets. This implies that we could not deduce the convergence to the limit from the LDP as
usual. In the Gaussian case, we have V(z) = 2%/2 and

IPOS(v) = =%(v) + %Vary - Z , (1.8)
where for v € M;(R™") such that [ zdv(z) < oo, we define

Varv = /xzdy(m) - (/xdu(x))2 € [0,00] . (1.9)

Section 2 is devoted to LDPs: Proposition 2.7 and Corollary 2.8 study the pair
(AN un), which prepares the main result, the LDP for (uy)y in Theorem 2.9. The
proofs are in Section 3. To complete the description of the asymptotic behavior of uy, we
prove also the convergence of fluctuations in Section 4. Finally, in the Appendix (Section
5), we gather some properties of the Wasserstein distance on probability measures.
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2 Assumptions and main result

To begin with, let us recall the definition of the Wasserstein distance.

Definition 2.1. Let p € [1,00[, and M} (R) = {v € Mi(R), [ |z[Pdv(z) < oo}. For two
probabilities y and v in M¥(R), the Wasserstein distance of order p is defined by

1/p
v, o) = (_nt [ 1o~ iPantan) @1
R

mell(p,v) .
where I1(u, v) is the set of probabilities on R? with first marginal . and second marginal
V.

Besides, we denote by d the usual distance for the weak topology, given by Lipschitz
bounded functions. It is known that

d S d{/{/1 S qu for q 2 1. (22)

We assume that
Assumption 2.2. V is a convex polynomial of even degree p > 2.

This assumption guarantees that py is unique, with support [ay, by|. Moreover we
have:

Theorem 2.3. The sequence of distributions of (u(N))N satisfies a large deviation prin-
ciple in (M;(R), d), with speed 3N?/2 with good rate function Iy, given by (1.3).

This result is Th. 2.6.1 in [1]. As we will prove in the following section, it can be
improved:

Corollary 2.4. The LDP still holds in M/{, endowed with the distance dw, for any q < p.
For the largest eigenvalue, we have:

Proposition 2.5. Under Assumption 2.2,
1. A\(n) converges in probability to by,

2. the sequence of distributions of (\(y))n satisfies a large deviation principle with
speed BN /2, with a good rate function J;\ satisfying J} (¥) = 400 for z < by, i.e.

2
1%115—N InPy Ay > ) = —JF(z) , 2>by (2.3)

with Jif (by) =0,
3. the sequence of distributions of (\(y))n satisfies a large deviation principle with
speed 6]\72/2, with a rate function Jy,, on the left of by i.e.

2
lim —— InPy (A < ) = —J (2) i= — inf I(p) , z<by. (2.4
i oz nPrs(an < 2) v(2) s g TV <y 24

Points 1 and 2 are in [1] Prop. 2.6.6, but are more readable in [3] Prop. 2.1. For Point
3, see [9] Rem. 2.3, [7] Sect. 4.2, [5] and [14]).

We are now interested in the behavior of . First, we have the following convergence
result:

Proposition 2.6. We denote by 7. the probability defined by

[ @t = [ e outds).
Then, as N — oo, un converges weakly in probability to the probability measure :

vy = Thy UV - (25)
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Our main result rules the large deviations of the pair (A\(y), ux). We equip M (R™)
with dy, and denote by B(u;J) the ball around p of radius 4.
We define

Zv(c,v) = Iy (1), (2.6)

which, since ¥ is invariant by the transformation 7, is also

Zv(c,v) /VdTCV —cy. 2.7)

Proposition 2.7. We have

1. Foranyc € R and u € MP(R™),
lim  liminf —— In(PY 3(A\(v) € [c— &, ¢+ '], un € Bw, (11, 6)))

5N\0,6'\0 N=o00 /3N2
> —Ty(e,p). (2.8)

2. For any closed set F C R and p € MY(R™),

2
lim lim su In(Py 5( Ay € F, eB ,0
i limsup 777 (PY5(A\w) pn € Bw,(u,9)))

< inf Ty(e.p). 2.9

Corollary 2.8. The sequence of distributions of ()\(N),uN)N satisfies a weak LDP on
R x M?(R*) equipped with the product topology, at speed SN?/2 with rate function Ty .

From these results, we may deduce on the one hand a weak LDP for the random
measure /iy, and on the other hand a conditional LDP for px, knowing A(y.

Theorem 2.9. The sequence of distributions of (uy)y satisfies a weak LDP in
(M{(R"),dw,) at speed BN?/2 with rate function

o) = il Ty(ew) = =50)+ Gv(v) —ev. (2.10)

with
Gy(v):= inf /Vch (2.11)

c€(—00,00)

The properties of I2°% and Gy are ruled by the following lemma:
Lemma 2.10. Letp—1 < q < p.

1. The infimum in (2.11) is reached at a unique point which we call ky (v).
2. v ky(v ) is continuous for dyy, .
3. v Gy(v) = [V(kv(v) — 2)dv(z) is lower semicontinuous for dyy, .
4. IDOS js we]] defined on M} (R) with values in [0, +o0c] and lower semicontinuous for
the W, topology.
5. Forb > by,
P98 (rppy) = 0.

It follows from property 5 in Lemma 2.10 that I2° is not a good rate function since
the level sets are not compact. Then, (uy) is not exponentially tight in scale N 2 (see [6,
Lemma 1.2.18]) and we do not know if the large deviations upper bound in Theorem 2.9
is true for closed sets. Nevertheless, we can prove exponential tightness in a weaker
topology, conditionally that A y) remains bounded, which leads to:
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Proposition 2.11. Letp — 1 < ¢ < p.
For any closed set F of M{(R™1) and any C > by, we have

. 2 .
limsup 7 In(Pys(in € F [Aw) € [=C,C)) < = inf [P%%(n). (2.12)

The conditional large deviations are ruled by the following theorem.
Theorem 2.12. Letp — 1 < ¢ < p. Let F be closed and G be open in M} (R™).

1. Ifc > by, we have

2
lim;upmlnﬂ’%@ (,U,N ceF | Ay €lc,e+ 5]) < —gggzé(c,u) (2.13)
2
lirrjlvinf g lnIPg’B (un € G| Aw) € [c,c+6]) > —Nigél{s,(c, i, (2.14)

where ), (¢, i) := inf e (e c16) Zv (a, p1) satisfies

lim Z3 (¢, 1) = Ty (c, ) - (2.15)
6—0
2. Ifec < by, set
= T - inf  Ty(c 2.16
Jv (¢, 1) vie p) ventbi v(ev) (2.16)

= Ty(en) —Jy (o).

(see Remark 2.13).
Then

2
lim]\?upWInIP{Xﬁ (unv €F | Ay €[c—6,q) < fgrelfF(]{j(c,u) (2.17)
. 2 N : )
thlnfmlnIPVﬁ (v € G| Xw) € le—0d,d) > —ﬂlgéjv(c, ), (2.18)

where J (¢, 1) == infoepe—s,q Zv (a, u) — Jy (c) satisfies

lim 79 (¢, 1) = Jy (¢, 1) - (2.19)

Remark 2.13. Let us compute the projection on R of the rate function (2.7) i.e.

J = inf  Zy(e,p).
vl = it Tviep)
We have, by invariance
J = inf - Vdv —cy .
V(C) V:EI;AEMIPI(I]%{‘*'):M:TCV (V) +/ o

Recall that the support of ;i is assumed to be [ay, by]. Then, either ¢ > by and we can
take v = py, Jy(c) =0, or ¢ < by and we get
Jy(c) = inf Iyv(v) = Jy, (c).
V( ) v:Supp vC(—o0,c) V( ) V( )

We recover Point 3 of Prop. 2.5.

As noticed in Prop. 2.1 and Rem. 2.3 in [9] there is a unique p such that Jy (¢) = Iv (u),
let us call it ¢, In the Gaussian case, its explicit expression is in [5] (up to some notational
changes).
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Remark 2.14. Let us notice that for fixed ¢, Zy (¢, -) and Jy (¢, -) may be seen as condi-
tional rate functions. From (2.6), we conclude that

Tv(c,u) =0 iff p =7y,
whereas from (2.16) and the above remark, we conclude that
Jv(e,p) =0 iff p=r7.pu°.

Remark 2.15. Let us now give some additional comments relative to the Gaussian case:
V(z) = 2?/2. In this case, kv (u) is the mean of pi.e. m(p) = [zdu(z) and Gy (p) is its
variance. Therefore,
1 3
[pO%(u) = =) + 5 Var(p) = 7,
and
Vidr — z?
dvy (z) = 271[0,4} (z)dx.
™
As we have seen above, the rate function 1295 is zero for probabilities of the form
= Tpisc, b > 2 and thus is not a convex rate function. Notice that this particular
functional is semicontinuous not only for dy,, but also for the weak topology. It is a

consequence of the semicontinuity of Var. To prove this fact, use the representation
1 2
Var(p) = §IE(X -Y)

where X and Y are two real random variables independent and p distributed, and then
apply Fatou’s Lemma.

A nice consequence is that the weak LDP satisfied by py holds also in the weak
topology (see p. 127 Remark (b) in [6]).

3 Proofs

In this section, we begin with the proofs of the easiest results and we end with the
proof of the main result.

3.1 Proof of Corollary 2.4
The set

Ko = {u € Mu(R), [V (@)ldue) < 21}
is compact for the weak topology and is used to prove the exponential tightness for (V)
in [1] p. 78. Actually K, is also a compact set for the g-Wasserstein distance for ¢ < p
(see the Appendix). It is then enough to apply Theorem 4.2.4 of [6].

3.2 Proof of Proposition 2.6
Let f a bounded Lipschitz function with Lipschitz constant and uniform bound less
than 1. Then,

N-1 N

1 1

I~ —1 SO = Aw) - N > Flby = Ayl
1 1
1 N—-1
= | Z(f(()‘(N) = Aw)) = f(bv = Aw))) +
N-—-1
1
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N—-1
m D (Fby = Awy) = Fby = Aw))

1

2
< A —bv|+ﬁ-

Therefore d(pn, p, p™M) < [A(w) — bv| + .
From the convergence of 1Y) to puy,, and A(v) to by, we deduce that py converges to
Tbv My . 0O

3.3 Proof of Lemma 2.10

1) Notice that the uniqueness of xy comes from the convexity of V.
2) Let f(c) = [ V(c— x)dv(z). Then kv (v) is the solution of

f'(c) = /V’(c —x)dv(z) =0.

Since the polynomial V” is of degree p — 1 and, for dy,, the functions v — [ 2*dv(z) are
continuous for k£ < p — 1, this implies the continuity of v — kv ().
3) Denote by my,(v) the kth moment of v. We can write [V (kv (v) — z)dv(x) as

aymy(v) + F(my(v), ... myr (v), my (1)

where F is a polynomial function and a, > 0. The function m,(v) is lower semicontinuous
as the supremum of the continuous functions [(|z|? A M)dv(z). The functions sy () and
mg(v), k < p—1 are continuous in v for qu. Therefore, Gy is lower semicontinuous.
4) We refer to [1] for the same properties of [y, using e.g. for the positivity that
IPO% (1) = Iv (T () (12))-

From [2], —X(u) is lower semicontinous for the topology of the weak convergence,
and therefore is lower semicontinuous for the stronger topology W,,.

At last, Gy is lower semicontinuous from the 3).
5) First notice that 7,u has a support in RT iff b > by,. From (2.10) and (2.6) we have
then

IPO8 (rppy) = ifclffv(Tchuv%
and this infimum is 0, reached at ¢ = b since 73 is an involution.

We could have also argued that, since the sequence p converges to 7, uy and I%?OS
is the rate function in the LDP for y, this insures that I295(7,, uy) = 0.

3.4 Proof of Theorem 2.9
It is enough to take ¢ = ky (1) in the lower bound (2.8) in Proposition 2.7 to obtain:

. EE 2 N DOS
lim l}gggofm In(Py (un € Bw, (1, 0))) = =1y (),

which implies the lower bound for open sets.
For the upperbound, we take F' = R in (2.9). a

3.5 Proof of Proposition 2.7

Since the potential V' is assumed to be a convex polynomial, it is lower bounded by
Viin- Changing V into V' — V,,,;, induces a change of ¢y into ¢y — Vi, S0 in the above
proofs we may and shall assume V' > 0.
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If ]P‘I\,{ 5 is the distribution defined in (1.2), we denote by Q ~ the non normalized
measure Qy ;3 = Z{ ;P{ 5. From [1, p.81], we know that:

. 2 N
W e M) = e
Therefore, it is enough to prove the weak LDP for the measure Q.

The proof will consist in two parts: the lower bound and the upper bound.

3.5.1 Proof of the lower bound

We need an approximation lemma whose second statement is an easy consequence
of Lemma 3.3 in [2] (see also [1] p. 79). Indeed, the statement is given there for the
distance of the weak convergence. Since the measure v (and therefore its approximation)
has compact support, the same is true for the Wasserstein distance.

Lemma 3.1.1i) Let u € MV(R"), for any 6 > 0, there exists a compactly supported
probability v such that dyw, (p, ) < 6.

ii) Let v be probability on a compact set in R*, with no atoms. Let (V) the sequence
of real numbers defined by

1
21y = inf{z 2 0[v([0,2]) = -},

) ) ) 1
ZHLN inf{x > $17N| V(}:EH_LN,CE]) > N’ 1<i<N— 2}
Then,
2N o gN-2N xN—l,N’

and for any 6 > 0 and N large enough,

1 N-—1
_— <o.
d, <U,N1 ;aww) <6

Proof of i)
For M > 0 and p € M (R™T), we denote by i the compactly supported probability
defined by di™ = (u([—M, M])) "' 1 jz<any dp.

It is easy to see that ™ converges weakly to 1 as M tends to co. Moreover, by
dominated convergence theorem,

g | P iandn(e) Saioe [ laPdute).

This implies the convergence in W, distance (see Proposition 5.3, ii)). O

To prove the lower bound (2.8), we will repeat almost verbatim the proof of [1] pp.
79-81, but follow step by step the réle played by (). We assume that Z(c, u) < oo so
that ¢ has no atoms. We can also assume that x4 is compactly supported, by considering
1M defined in Lemma 3.1. One can check that Z(c, i) — Z(c, u).

Recall that

N-1

1
PN = N7 Z Oxm)=Acwy
k=1

where the )\ are the increasing sequence of eigenvalues.
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Then, if C = [c — ¢',c+ ¢'] and B := Bw, (11, 6),

Qn(A\w) € C,un € B)

= N!/ LA, An)dAy ... dAy (3.1)
ANﬁ{ﬁzszillJAN,)%EB,)\NEC}
where
Anv={A1 <A< ...<An}, (3.2)
and
BN <
7 — T _PY )
Ly() = [T = 317 exp(=== 3V (0) (3.3)
1<J =1
BN N—-1
= H RYEDVILN | IV —— O VOAN =)+ V(W)
i<j<N-—-1 i<N =1

= Ln((A))icns AN)

where {\, = Ay — \;, i < N} is a decreasing family of positive numbers. Since the
density Ly ((A})i<n, An) is symmetric in (A}), we can write:

Qn(A\v) € C,un € B)

N Ly s Ny, AN, - dN y_d A
RY “'xCn{xr o)t 3, €B}

From Lemma 3.1, for N > Ny,

) 1 N-1
{()‘;e)k: |>‘;c_xk’N|<Z»Vk<N}C{(>\Z)k1 N_1 5>\;CGB} ;

k=1

and we can write Ly as

Ly = [ I0=2"Y) = (X = 2?™) 2™ —22VP TT N7

i<j<N i<N
BN = iN /AN
X exp—7ZV)\N—x — N =" N+ V(v —c+0)).
i=1

Sety; =\, —2%Y, i < N and yy = Ay — c. Then,

Q(un € B)
> N/ H lyi — y; + 2t — 2P NP H lyi + 2N P
AN(d) jijeN i<N-1
g N
exp(——- (Y (Vv +0) = (i +2") + Viyw + ) [ ds
=1 <N
where
Ay = {m<y2<...<ynv-1}

An©) = {(W1s--- yn) : (Wi)ien €[0,6/2]N L yn € [=6,0]} N A .

Since on Ay, the (y;) and the (z*V) form both increasing sequences, we have the lower
bound:

lyi — yj + "N = 2PN > sup{|atN — 2PN |y — vy}

EJP 21 (2016), paper 52. http://www.imstat.org/ejp/
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and we use the same minoration as in [1] for the term

A = ] -y +atN =N
i<j<N
> JI Y =2 I Y =2 VP2 T = vl 2.
i1<j<N i<N—1 i<N-—1

For the second term, we use, since the y; and 2> are positive,

| R = | T

i<N—1 i<N—1
We get:
QA €C,un € B) > Py1Pn 2,
where
N-1
BN
Pyi = Nexp—T Zl Vie—=z ’N) +Vi(c)
X H |1'in o 1.]7N|ﬂ H |1.’i7N _ xi+1,N|ﬂ/2 (34)
i+1<j<N
and
Pyo = / — i1 |2y
An(s 1<N 1

N-1

BN iN iN

XeXP—TZV(C—x’ —yityn)—V(c—a"")
i=1

N
X exp —% [V(yn +c) ol T dvi-
i<N

Since we have assumed that y is compactly supported, the sets {z#¥ 1 <i < N — 1} are
uniformly bounded and by continuity of V,

limsup sup sup |[V(c—az"" +2) - V(c—z"N))| =0,
620 N 1<i<N |2]<5

and
lim sup |[V(c+z)—V(c)| =0.
6—0 |z <5
Moreover, writing u; = Y1, i+1 = Yi+1 — Yi, With 6” = min(§/2, ")

/ H lyi = vira Pyl H dy;
{(y)

i< N[0, SIN1INAN N {yn €[-6,6]} ; SN 1 i<N

Z / . u?(UQ"'U _ 35/2 ﬁ/znd
{(ui)i<N€[0, 51N

i<N
n\ C1N
> oV ((JSV)

for some constant C;, which yields

2
5%113 hn}\fmfﬁN log Py > 0.

EJP 21 (2016), paper 52. http://www.imstat.org/ejp/

Page 10/17


http://dx.doi.org/10.1214/16-EJP4
http://www.imstat.org/ejp/

Near-extreme eigenvalues in the beta-ensembles

On the other hand, from the choice of the z*~, we have

hmiz‘/c—x :/V(c—x)du(x).

Finally the product in (3.4) can be managed exactly as in [1] p. 80. We conclude

IH(Q()\(N) e C,un € B)

N [BNZ2
//ln (y — x)du(x)du(y /Vc—xdu (x)

which is the expected lower bound. |

570 5N\0

3.5.2 Proof of the upper bound

We start as in the proof of the lower bound with the representation (3.1). Formula (3.3)
can be rewritten as

2 m(Ex(3) oy | / u(jz — gy (@) (v)
+ 2N = 1) [n(eldny (@
_ (N—1)2/V()\N—a:)duN(x)—(N—l)V(/\N)

- 2 V) (3.5)

where puy = 7 ,]j;ll Sxn—x. Since we are on the set Ay deﬁned in (3.2).

Under Qy, the ); are a.s. distinct so (ux)®?({(x,y);z = y}) = +— a.s.. Therefore, for
every M € R we can write,

_2//x<yln(|:c —yDdpn (@)dpn (y) =

_2//< In(|lz = y)dun (x)dun (y) + M ((um@z({(x, )iz =y}) — 1\71—1)
> [ [t = A My @ ) -
= —xM(p) - % (3.6)

We have assumed V' > 0 so the second term in the third line of (3.5) is non positive. For
the first term of the same line, notice that

(N —1)? / VOw - 2)dun(@) < —(N — 1) inf /V(c ) (x).

ceF

We bound the term in the second line of (3.5) by (N — 1) [ |z|dun(z). On the event
{pn € B}, we have

g1ogEN(A) < —(N-=1)%inf <2M(y) + inf /de>

15} veEB cEF
(N = 1) sup / leldv(z) + (N — )M
vEB
N
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Since Ny v
B _ B
N! /AN exp—§;V(Ai) = {/exp—QV()\)d)\} ,

and sup,¢p [ |z|dv(z) < oo, we obtain:
2 _
limsup —— In(Q(A(n) € F,uny € B) < — inf (—EM(V) + inf /VdTCV> .
N BN veB cEF

To let § — 0, we need semicontinuity in . We know that =¥ is lower semicontinuous.
Assume that F' = [a, o). Since V is convex, the infimum inf.>, [ V(c—2)dv(x) is reached
at ¢ = ky(v) or at ¢ = a, so that

igi/V(C—:ﬂ)dy /v max(a, sy () — )dv(z)

which is a lower semicontinuous function of v.

We obtain:
liy limsup - In(@A™) € Py € B)) <
- (—ZM(N) + hellf?/v(c - x)du(x)) . (3.7)

and since XM grows to ¥ as M goes to infinity, this yields the upper bound (2.9).

The same is true for F =] — o0, al.

Now, take F' a non empty closed set. If ki (u) € F, (3.7) is clearly true. If ky (u) ¢ F,
then ky(v) ¢ F for v € B for small §. Denote by a_ = sup{z < ky(u),z € F} and
ay = inf{x > Ky (u),x € F}. Then, F C] — 0o0,a_] U [ay,00] and

lim hmsup In(Q(un € B,A\(n) € F)) <
N0 N
- (—EM(,u) +/V(a, —x)du(x) /\/V(aJr - x)d,u(a:)) . (3.8)
The last term in the above equation is inf.cr [ V(e — z)dp(z). O

3.6 Proof of Propostion 2.11 and Theorem 2.12
From Corollary 2.8, we have

lim sup — lnIPVﬂ(uN cF, A\ €[a,b]) < inf  Zy(e,p), (3.9)

ﬁN HGF,CG[a,b]

as soon as F is compact. To extend this property to closed sets, we follow the classical
way and prove:

Lemma 3.2. Let g < p. For any —o0 < a < b < co and M > 0, there exists a compact set
K, v of M{(R") such that

. 2
hmj\?up AN? In (IPVB()\( € a, b, un ¢ Kopnm)) < —M. (3.10)

Proof. Let
Ky = {pe MI(R"): /|V|du <M},

which is compact of M{(R*) from Proposition 5.3.
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With our assumptions on the potential V, there exists ¢y, co > 0 such that
V()| <c1a? 4 co,

Let a < b and C = sup{|al, |b|}.
For N > 2, using the convexity of z?

{un(V) = MY 0 {Aw) € [a, ]} € {(u™M(V) = M}

where
M = ¢, (CP2P~1 1 2P~ M") 4 ¢y

It remains to use the exponential tightness for the ESD ("), see [1], p. 77) where it is
shown that:

. 2
hm;UPWmGPJ\XB(M(N) ¢Ky)) <-M

where M is an affine function of M. From Lemma 3.2, (3.9) is satisfied for F a closed set
of M{(R™T). ]

3.6.1 Proof of Proposition 2.11

By Proposition 2.5, we know that for A = [-C, C] large enough, then ]PQB(A(N) €A)—1,

so that

o2
WWlnP%(AW) €A)=0,

and then, for a closed set F,

. 2
hmj\?upmlnﬁ’g’g(ﬂN eF|An €)=
2

BNQ lnIP%B(,uN S F,)\(N) S A)

lim sup
N

<— inf T 3.11
> ME%‘I}CEA V(Ca,u’)v ( )

from (3.9) for closed sets. Now, we use the easy bound

inf T > inf T = inf ID95(p).
,U,E%‘I,ICEA V(C7M) _,LLGF,cu’l:'I(l—oo,oo) V<C7 'u> ;?ElF v ('u>

3.6.2 Proof of Theorem 2.12

We use Proposition 2.5 to estimate the probabilities of the conditioning events. On the
one hand (3.9) for closed sets and (2.3) lead to (2.13) and on the other hand (3.9), (2.4)
and Remark 2.13 lead to (2.17), using that Jy, is decreasing on [—o0, by].

For the lower bounds, we use the lower bound coming from the LDP for both variables
(Theorem 2.7 (1) or Corollary 2.8) and (2.3) and (2.4), respectively.

It remains to prove (2.15) and (2.19), but it is straightforward since

lim  inf /V(a —z)dp(x) = lim  inf /V(a —z)du(x)

6—0 a€lc,c+4] 6—0a€lc—4d,c]

_ / Vie—2)du(x).
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4 Fluctuations

We want to study the fluctuations of 1 around its limit vy given in (2.5). There are
two contributions: the fluctuations of the largest eigenvalue and the fluctuations of the
ESD. This yields a dichotomy according to the behavior of the test function. For the sake
of simplicity, we choose a simple assumption on the test function f which is far from
optimal. For V and  we introduce a new assumption:

Assumption 4.1. V satisfies Assumption 2.2 and 8 = 1,2,4, or V(x) = 22/2 and 8 > 0.
Proposition 4.2. Let f be a bounded C? function with two bounded derivatives.

1. IfV and f satisfy Assumption 4.1 and if vy (f') # 0,
N2 (un (f) = wv () = e (F)TWg

where TWy denotes the Tracy-Widom distribution of index 3 (see [12] for a defini-
tion), and where = denotes the convergence in distribution.

2. IfV satisfies Assumption 2.2 and § > 0 and if vy (f') =0,

N (un(f) = vv(f)) = N(=f(0) + mv (f), 0% (f))

where
ot (f) = % > kai, 4.1)
k=1
with
ay = %/0 f (bV;aV(l - cosH)) coskOdb ,
and
me($)= (5 -1) [ 10w~ 0wt 4.2)

where ~y is a signed measure on [ay, by | given by formula (3.54) in [8].
Let us notice, from Remark 3.5 in [8], that in the Gaussian case, V(z) = 22/2, then

1 1 1 dt
dyy(t) = 1572 + 152 Tamvion

Proof. Let H > by — ay. Set K the random set defined by

Kg={(Aqy, A ) by —H <Ay 5 Avy Sbv + H},
and
M = max {1 si @), swp |f@)], sup I:vf’(ff)} .
z€[—2H,2H] x€[—H,H] x€[—H,H]
Setting

N-1

Sn(f) = (N -Dun(f) = Z Ty = Awy)

we make a Taylor expansion of f :

FOwy = Awy) = flbv = Awy) +enf (bv — i) + 7rn5(f),
with

EN = /\(N) —bV
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and
i () 1y < Me¥;
Adding,
N—-1 N—-1 N—-1
SN(f) = D flbv —Aw) +en D fbv = Aw) + Y ren
v N 1
= > flbv = X)+en > f'(by = Xi) + Ru(f) (4.3)
=1 =1
where
N-1
Ry(f) =Y men(f) — fl=en) —enf'(—en),
1
satisfies
|Rn(f)1ky < M(Nefr + len] +1). (4.4)
Setting
N
AN() = Y flbv =) = Nwv(f)
1;1
= > flbv =) - N/f(bv — z)dpy (z), (4.5)
=1
(4.3) gives
Sn(f) = Nvy(f) = Nexvv (f') + An(f) + enAn(f') + Rn(f) - (4.6)

The two sources of fluctuations are the convergences of e (rescaled) and Ax(f).
On the one hand we know (Prop. 2.5) that

ey — 0 in probability, 4.7)
and the fluctuations are ruled by
NPey = TWp . (4.8)

(see [4] in the cases 8 = 1, 2,4, and [12] for the Gaussian case and 8 > 0).
On the other hand, under our assumptions on V' and f,

AN(f) = N(my(f); o0 (f)), (4.9)

where my (f) and aQ(f) are given by (4.2) and (4.1), respectively (see ([8] Theorem 2.4)).
1. If vy (f') # 0, we set, for the sake of simplicity

N7Y3[Sn(f) — Nv(f)] = N Penvy (f') + Ry(f).
We have then, if ®(f) := Elexpliv(f)TWg3],
EelN 2SN () =Nv(f)] _ o(f) =
FelN?/Penv(f) _ o(f)
L E (eiN2/%Nu<f'> [eiRGV(f) _ 1} 1KH)
LB (eiNz/SsNy( ) [emm - 1} 1%) , (4.10)
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e The first term converges to zero, thanks to (4.8).

* The second term is bounded by E (|R)y(f) A 2|1k, ) which tends to zero since on
Ky

IRy (f)] < NTY3AN(H)|+N"Y3enAn(f)
+MN?3(en)? + MN~Y3(|en| + 1)

and each of these terms tends to zero in probability, thanks to (4.9) and (4.7).

* The third one is bounded by 2P((K)°) which tends to zero, since the extreme
eigenvalues tend to the endpoints of the support.

This allows to conclude that

N3 (un(f) = oy v (f)) = v (f)TWg .

2. If v(f") =0, then,

Sn(f) = Nv(f) = An(f) = £(0) + en An(f') + Bx(f), (4.11)
with Vo

Ry(f) =Y men(f) = (f(=en) = f(0)) —enf'(—en).
From (4.9), 1

An(f) = F(0) = N(=£(0) + my (f); 0% (f)) -

Moreover ey Ay (f’) and Ry (f)1x,, tend to 0 in probability. The rest of the proof goes
as before. O

5 Appendix

We give some properties of the Wasserstein distance dyy, .

Definition 5.1. Let p € [1,00[, and M} (R) = {v € Mi(R), [ |z[Pdv(z) < oo}. For two
probabilities y and v in MY (R), the Wasserstein distance of order p is defined by

m€M(p,v)

1/p
v u) = (_jnt [ lo = opanan) (5.1)
R

where I1(u, v) is the set of probabilities on R? with first marginal ;1 and second marginal
V.

Remark 5.2. For the Wasserstein distance of order 1, we have the duality formula

d - s du— | fdv) .
w, (1, 1) |fTEE<1(/fH /f V>

We now give a characterization of the convergence of probabilities in the topology
induced by dw, on M} (R). We refer to [13, Def. 6.8 and Theorem 6.9].
In the following, we denote by u,, — 1 the weak convergence of probabilities, i.e. against
bounded continuous functions.

Proposition 5.3. Let (u,)n>0 a sequence of probabilities in MY (R) and pn € MY (R). The
following assertions are equivalent:

1) de (M'rnu) — O>
i) pn — and/\m|”d,un(x) — /|x|pdu(x)
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iii) pn, — p and limsup/ |z|Pdp, () < / |z|Pdu(z),

n—oo
iv) pp, — pand lim lim sup/ |x|Pdpn (z) =0,

v) For all continuous functions f with |f(z)| < C(1 + |z|?), one has
[ t@dua@) [ s@)dnta).

The condition in iv) is the condition of tightness, or relative compactness, in (M7 (R),
dw,). In particular, it follows that, for any M < R, the set

Kar i= {p, [ laPdula) < 1)
is a compact set in (M{(R), dw,) for any ¢ < p.
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