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Abstract

At a typical cusp point of the disordered region in a random tiling model we expect
to see a determinantal process called the Pearcey process in the appropriate scaling
limit. However, in certain situations another limiting point process appears that we
call the Cusp-Airy process, which is a kind of two sided extension of the Airy kernel
point process. We will study this problem in a class of random lozenge tiling models
coming from interlacing particle systems. The situation was briefly studied previously
by Okounkov and Reshetikhin under the name cuspidal turning point but their formula
is not completely correct.
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1 Introduction and results

1.1 The Cusp-Airy kernel

In this paper we will study random discrete interlacing particle systems which can
also be interpreted as certain random lozenge tiling models. The particles, or lozenges,
form a random point process which is determinantal. We are particularly interested in
the limiting point process around the type of cusp point we see in the arctic curve in
figure 1, see figure 1 in [16] or [17] for a simulation. Figure 1 illustrates the liquid region
L and its boundary &, the arctic curve. Inside the liquid region one expects to see the
extended sine-kernel point process in the limit. At the tangency points of the polygon
and the boundary £ one expects to see the GUE-corner process. At all other points of
the curve &, except the cusp, one expects either the Airy kernel or Id-Airy kernel point
processes in the appropriate scaling limit.

To clarify the situation around the cusp point consider figure 2. All possible tiling
configurations of the polygon can be encoded by the red rhombi. This is illustrated in
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The Cusp-Airy process

figure 3, where we see that the positions of the red rhombi form two interlacing regions
that meet at the dashed line. The rhombi at the common line have been coloured in
purple. The purple rhombi form a discrete orthogonal polynomial ensemble, DOPE, see
Remark 1.5. The dashed line is also a symmetry line (coloured blue in figure 2). The fact
that we have two symmetric interlacing systems meeting at common line, will imply that
the frozen boundary has a reflection symmetry in the symmetry line. It will also imply
that the particle system consisting of red rhombi will have no horizontal oscillations,
see figure 3. Therefore, when considering a scaling limit at the cusp on the symmetry
line of this determinantal point process, the correct scaling is discrete in the horizontal
direction and continuous of size n!/? in the vertical direction, where n is the size of the
hexagon. Going back to figure 2, we see that directly above the tip of the cusp the blue
and yellow rhombi form a corner. This implies that the height function in [17] will have
a jump above the tip of the cusp. This should be contrasted to the situation where one
expects to find a Pearcey process in the scaling limit around a cusp point of the arctic
curve. Then one has only one type of rhombi in the frozen configuration inside the cusp.
This also implies that the height function is flat inside the cusp.

Figure 2
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Figure 4: Integration contours for the Cusp-Airy kernel.

At the cusp, in an appropriate scaling limit, we will see that the correlation kernel for
the determinantal point process given by the red rhombi converges to a process with a
kernel that we call the Cusp-Airy kernel. We will show this for the model corresponding
to figure 1 up to certain natural technical conditions for a particular DOPE. In a simpler
model of the type studied by Petrov in [20] we will give the full proof. This type of
cusp situation in a random lozenge tiling model was discovered and discussed briefly by
Okounkov and Reshetikhin in [18] who called it a Cuspidal turning point. However, the
integration contours in their formula are not correct. Thus, the interpretation of their
formula is not completely clear, see remark 1.1 below. Also, no proof is given in [18].

Let us give the expression for the Cusp-Airy kernel.

Definition 1.1. For r,s € Z and &, 7 € R we define the Cusp-Airy kernel by

=gy
(s—r—1)

r
m LL+Cout LR+Cin w—zz

where the contours are defined in figure 4, and 1,-; is the indicator function for a < b.

K:CA((éaT)v (T7 S)) = _1T>§1s>r
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In section 3.2 we give a different formula for the kernel in terms of r-Airy integrals
and some polynomials. When r = s = 0 we see that we get the Airy kernel. Hence, we
expect the last red particle on the line r = 0 to have Tracy-Widom fluctuations. We do
not prove this in this paper as we would need to work with test function without compact
support in (1.47), and this would require more refined estimates. In the case r = s # 0
we interestingly get the r-Airy kernel, which has appeared in previous work, see [1] and

[3].

Remark 1.1. In [18], Okounkov and Reshetikhin give a formula, without proof, for
the correlation kernel in the appropriate scaling limit around the type of cusp point
studied in the present paper, but in a different model. The definition of the kernel in
[18] is somewhat formal due to the fact that the factor ﬁ% in formula (1.1) above is
interpreted via a “time-ordered expansion”, see (13) in [18]. However, for the contours
used in their formula (18) these expansions are not convergent. Similarly, in our formula
(1.1) above we can not expand ﬁ in a power series when z € L.;, and w € L. In this
case it seems more natural to rewrite ﬁ in a different way, see (3.9) in section 3.2 and

compare with the formulas derived there, see Proposition 3.2.

1.2 Random lozenge tiling model

Consider three different types of lozenges (rhombi with angles 7 and %’T) with sides
of length 1. We label these as types Y, B, and R as shown in figure 5.

Y B R
Figure 5: Three types of lozenges with sides of length 1.

Consider a ‘half-hexagon’ as shown in figure 6.

Figure 6: A ‘half-hexagon’ of height n and width n + m.

Suppose that we place n lozenge tiles of type Y on the top line of the ‘half-hexagon’
according to figure 7.

QUO—0—00—0—%

Figure 7: n tiles of type Y on the top line of the half-hexagon
Fix this configuration of n tiles of type Y on the top line, at say positions 6{"), é")7 ey
7(1"), and consider all possible tessellations of the ‘half-hexagon’ with uniform probability
distribution. A possible such tessellation is shown in figure 8.
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Figure 8: An example of a tiling and its equivalent interlaced particle configuration when
n = 8 and m = 9. The unfilled circles represent the deterministic lozenges/particles.

By considering the positions of the yellow tiles, such a tessellation can be encoded
as an interlaced particle system. More precisely, let ylm denote the position of the i:th
particle on the r:th row. Then the particles on row r + 1 will interlace with the particles
on row r according to

()

> Y %

- ygr-kl) >y (r+1)

1
ygr-k ) > y,{r) > Y1 s

for every r = 1,...,n — 1, where yl(”) = Bf”). It will be convenient to make a coordinate
transformation according to figure 9. For more details see section 1.4 in [8] and section

2.1 in [20].

H—- N B w -\
Figure 9: Coordinate transformation of lozenge tiles.

After the coordinate transformation, figure 8 becomes figure 10. Furthermore the
interlacing condition between row r + 1 and row r has changed into

(r+1)

N 1
y§r+ ) s yY) - ygdr ) > yér)... >y > Yrt1

Figure 10: An example tiling and its equivalent interlaced particle configuration af-
ter the coordinate transformation. The unfilled circles represent the deterministic
lozenges/particles.

1.3 Interlacing model

We begin by briefly recalling the underlying probabilistic model described in [8]. A
discrete Gelfand-Tsetlin pattern of depth n is an n-tuple, denoted (y(l), y@ ,y(")) €
Z x 72 x --- x Z™, which satisfies the interlacing constraint

+1 +1 +1
yY ) > yir) < yér ) > yér) S>> yv("r) > yﬁkl )’
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denoted 3"tV > ¢y, for all 7 € {1,...,n — 1}. For each n > 1, fix (™ e Z" with
Bfn) > ﬂén) > ... > B, and consider the following probability measure on the set of
patterns of depth n:

n 1 1 ; When (") — (n) > (n—l) e > (1)7
CIn(y(l)v"'ay( )):: { ﬁ Y Y Y

Z 0 ; otherwise,

where Z, > 0 is a normalisation constant. This can equivalently be considered as a
measure on configurations of interlaced particles in Z x {1,...,n} by placing a particle
at position (x,7) € Z x {1,...,n} whenever z is an element of y("). The measure ¢, is
then the uniform probability measure on the set of all such interlaced configurations
with the particles on the top row in the deterministic positions defined by 3(™). This
measure also arises naturally from tiling models as was indicated above. In [8] and
[20] it was shown that this process is determinantal. Note that the fixed top row
and the interlacing constraint implies that it is sufficient to restrict to those positions,
(x1,y1), (x2,y2) € Z x {1,...,n — 1}, with 2y > 6,(1“) +n—y and zo > &(Ln) +n — yo. For
all such (z1,y1) and (z2,y2), we give an integral representation of the correlation kernel
K, ((z1,y1), (z2,y2)) in section 4.1.

In terms of tiling models, K, ((x1,y1)(22,y2)) is equal to a correlation kernel for the
yellow particles K §,”) ((x1,y1), (x2,y2)). However at the cusp one should not consider the
correlation kernel of the yellow particles, but the correlation kernel of the red particles
instead. The correlation kernels of the different particle species are related according to
Lemma 4.1 below, which we will prove in sec. 4.2. This leads to the following result for
the correlation kernel for the red particles which is proved at the end of section 4.2.

Proposition 1.1. The red tiles (particles) form a determinantal point process with
correlation kernel

K( )((35172/1) (552»3/2
a: 1 n
dz dw kz Ta+y2— _n(2— k) 1 w — ﬁ(n
Lov<os orye (2mi)? (w—k)w—=z2 L _ g
k r1+yi—n 1= B

TQ 1 n (n)
k} xr2+y2— n(z k) 1 /6
1 1.2
Tz, (2mi)? yg/dzyg dw (w—Fk)w— ZH b (1.2)

k r1+yi—n i=1

where Z,, is a counterclockwise oriented contour containing {6(-”) : ﬁ](-”) > x9} but
not the set {ﬁ( " < <zy—1},andZ) isa counterc]ockmse oriented contour containing
{8 (n) j”) < xo} but not the set {6 > x5 + 1}. In addition, W,, contains the set

Figure 11: Integration contours
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{1 +y1—mn,..,z1} and Z,, or Z,!. The integration contours are shown in figure 11. Here
A, = minj{ﬁ§n) :j=1,..,n}and B, = maxj{ﬁj(n) :j=1,...,n}.

1.4 Asymptotic geometry of discrete interlaced patterns

It is natural to consider the asymptotic behaviour of the determinantal process
introduced in the previous section as n — o0, under the assumption that the (rescaled)
empirical distribution of the fixed particles on the top row converges weakly to a measure
with compact support. More exactly:

Assumption 1. Assume that

1 n
Hn =0 Zfﬁf“m —H
=

as n — o, in the sense of weak convergence of measures, where y is a positive Borel
measure on R.

We see that u < A\ where )\ is Lebesgue measure (recall 3 e Z"), |u| = 1, p
has compact support, and b — a > 1 where [a,b] is the convex hull of supp(u). We
write u € Mﬁ,l(lR). Additionally we note that p admits a density w.r.t. A, which is
uniquely defined up to a set of zero Lebesgue measure. Denoting the density by ¢, it
satisfies ¢ € L*(R), ¢(x) = 0 for all x € R\[a,b], and 0 < p(z) < 1 for all = € [a,b].
We write ¢ € p2,(R). Note that R\supp(u) is the largest open set on which ¢ = 0
almost everywhere, and R\supp(X — ) is the largest open set on which ¢ = 1 almost
everywhere.

Note that, rescaling the vertical and horizontal positions of the particles of the
Gelfand-Tsetlin patterns by % the above assumption and the interlacing constraint imply
that the rescaled particles lie asymptotically in the the following set:

P={(x,neR*:a<xy+n—-1<xy<b0<n<1} (1.3)

Fixing (x,n) € P, the local asymptotic behaviour of particles near (x,7) can be examined
by considering the asymptotic behaviour of K, ((2\™ yﬁ”)) ( § 9§ as n — oo, where
(@ ")}z © 22 and (257, 45" =1 = 22 satisty 2(a§”,4)") — (x.n) as n — o,
7 = 1,2. Assume this asymptotic behaviour (a more pre01se scaling will be given later
in Definition 1.3), substitute (z!™, (™) and (2", 4{") into the expression (1.2) for the

correlation kernel, and rescale the contours by 711 to get,

K (@, 5), (@57, 5)) = —1 v G §£ yg o P (w) = nfn(2))

w—z
jz " w—z
(1.4)
for all n € IN. Here,
1 n IB(TL) 1 x(1n) .
J
n(w) = — > log | w— — log|lw—=],
fa(w) n; g( n) - mZ(n) g( n)
j=z; '+y, —n
m(")fl
. 1 BN 1 : j
i=1 j=alM +yi™ —n1
EJP 21 (2016), paper 57. http://www.imstat.org/ejp/
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These expressions and assumption 1 leads us to define

X

flw;x,m) = /]Rlog(w —t)du(t) — / log(w — t)dt, (1.5)

+n—1

for all w € C\R. Steepest descent analysis and equation (1.4) suggest that, as n — o,

the asymptotic behaviour of K;z" V(@ ), (28, 4{™)) depends on the behaviour of

the roots of df dp(t) N Ut
Flwn) = 3o = [0 [T (1.6)
w rRwW—1 x4n—1 W —t

for w € C\R. In [8], we define the liquid region, L, as the set of all (x,n) € P for which
f(,x,'n) has a unique root in the upper-half plane H := {w € C : Im(w) > 0}. Whenever
(x,n) € L, one expects universal bulk asymptotic behaviour, i.e., that the local asymptotic
behaviour of the particles near (x,n) are governed by the extended discrete sine kernel
as n — +00. Also, one expects that the particles are not asymptotically densely packed.
Moreover, when considering the corresponding tiling model and its associated height
function, one would expect to see the Gaussian Free Field asymptotically. For a special
case see [21].

Let W, : £L — H map (x,7n) € £ to the corresponding unique root of f(/x,n) in H. In
[8], we show that W, is a homeomorphism with inverse W, ' (w) = (xc(w),nz(w)) for all
w € H, where

(1w w)(™ ~ 1)

xc(w) i==w+ Cw) —oC@) (1.7)
N G )(6C — (e —1)
ne(w) =1+ @) — oC(@) ) (1.8)
and C : C\supp(p) — C is the Cauchy transform of j:
dp(t)
= —. 1.9
Cu) = [ S8 (1.9)

Thus £ is a non-empty, open (w.r.t to R?), simply connected subset of P.

In [8] a subset of L called the edge £ was determined and its geometry classified.
More precisely, the boundary behavior of ng for the open subset R < 0H = R was
studied, where

= (R\supp(u)) v (R\supp(A —p)) U Ri URs = R, U Ryx_,, w Ry u R1 U Ry, (1.10)
where

* R, := {t e R\supp(u) : C(t) # 0}.

* Ra—y = R\supp(A — p).

* Ry := {t € R\supp(p) : C(t) = 0}.

* R, is the set of all ¢t € d(R\supp(i)) n d(R\supp(A — p)) for which there exists an
e > 0 such that (¢, + €) « R\supp(r) and (¢t — €, t) < R\supp(\ — u).

* R, is the set of all ¢t € (R\supp(u)) N 6(R\supp()\ w)) for which there exists an

e > 0 such that (¢,t + €) < R\supp(\ — ) and (¢t — ¢, t) < R\supp(u).

Note that Ry n Ry = &. Ry u Ry := d(R\supp(u)) n d(R\supp(A — p)), the set of all
common boundary points of the disjoint open sets R\supp(x) and R\supp(X — p). Also
R; U R, is a discrete subset of [a, b]. In words, R,, U Ry is the interior of the set where the
density ¢(z) = 0 almost everywhere, and Ry_,, is the interior of the set where ¢(z) =1
almost everywhere. We see that R; are the jumps from 1 to 0 and Rs are the jumps from
0tol.

EJP 21 (2016), paper 57. http://www.imstat.org/ejp/
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Definition 1.2. Let t* € Ry. We set
ty :=sup{te R: (t*,t) € Ra_,} (1.11)
and
ty :=inf{t e R: (¢,t*) € R, U Ro}. (1.12)

Then in particular ¢(t) = 0 for all ¢t € (t,t*) and ¢(t) = 1 forall ¢t € (t*,¢1). f t = t* € R,
we interchange Ry_, and R, U Ry in (1.11) and (1.12)

It was shown in [8] that by considering a sequence {w,, },, € H such that lim,,_, ;o w, =
t € R = 0H one gets a parametrization of the edge &,

i 1—eC®
nl_r}rg@x(um) =t+ 0w = xe(t) (1.13)
| (O 4 =) g
nlglgcn(wn) =1+ 0 = ne(t) (1.14)
forte R, and
(=
lim x(w,) =t+ —2 = xe(t) (1.15)
o Cr(t) + tjtz - tjtl
(8201 + (it)e-0
lim n(w,) =1+ L 2 = ne(t) (1.16)
n—o0 " C;(t) + tth - tjtl

fort € R\_,, where

Calt) = /]R du(z)

\T t—x7

and I is any open interval such that /J‘ ; = Aandte I. Moreover the collection of these
smooth parametrized curves has analytic extensions across the set R; u Rs. In particular,

(xe(),me(t) = (t,1— (t —t2)e“1®) (1.17)
for t € Ry with I = (t2,¢), and
(xe(®),me(t)) = (t+ (t1 — t)e” T 1 — (t; — t)e 1) (1.18)

fort € Ry, with I = (¢,t1). Finally, it is proven in [8] that this gives a bijection Wg : £ — R,
with inverse Wy ' (t) = (xe(t),me(t)), where xg(t) and 7¢(t) are real analytic functions.

The importance of the edge £ is that one expects universal edge fluctuations at £. In
particular one expects that the local asymptotics in a neighborhood of a generic point
of £ is either given by the Airy kernel or the Id — Airy kernel. For a special case see
[20], and more generally [9]. In this paper we will consider certain singular points on
the curve £. At these points the curve will have a cusp. Typically one would expect that
the local fluctuations at these points in the limit n — oo is a Pearcey process. However,
for the situations considered in this paper this will not be the case. In fact we will show
that at these points one gets the Cusp-Airy process given by the kernel (1.1).

EJP 21 (2016), paper 57. http://www.imstat.org/ejp/
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1.5 Conditions for cusps

One can rewrite the derivative given by (1.6) as

x+n—1 T X — ) (x b T
f’(w;x,n)=/ du( )_/ d(A — p)( )+/ du(i' (1.19)

a w—x +n—1 w—

This implies that the function f’(w;x,n) has an analytic extension to the set

C\(supp(u)‘[ayxﬂ_l’x] Jsupp(\ — /“L)|[x+'r)—1,x] Usupp(u)‘[%b]). It is shown in Lemma
2.6 in [8] that the edge, &, is the disjoint union £ := &, U Ex_,, U & U &1 U &y, where

» &, is the set of all (x,n) € P for which f’ has a repeated root in R\[x +n — 1, x].
* &_, is the set of all (x,n) for which f’ has a repeated root in (x + 71 — 1, ).

» & is the set of all (x,n) for which » = 1 and f’ hasarootat y (= x+7n—1). In
particular, £ is tangent to the line n = 1.

» & is the set of all (i, n) for which < 1 and f’ has a root at x. In particular, £ is
tangent to the line y =t € R;.

» &, is the set of all (x,n) for which n < 1 and f’ has a root at x +  — 1. In particular,
£ is tangent to the line x + n—1 =t € Rs.

Moreover it is shown in Lemma 2.6 in [8] that one has following equivalent charac-
terization of the behavior of the roots of f/ := f(w; xe(t), ne(t))] whenever (x,n) € £ :

w=t

(@) (xe(t),ne(t)) € &, if and only if t € R,,. Moreover, in this case, t is a root of f/ of
multiplicity either 2 or 3.

(b) (xe(t),ne(t)) € Ex—y if and only t € Ry_,,. Moreover, in this case, ¢ is a root of f/ of
multiplicity either 2 or 3.

(c) (xe(t),ne(t)) € & if and only if ¢t € Ry. Moreover, in this case, f/ = C and t is a root
of f/ of multiplicity 1.

(d) (xe(t),ne(t)) € & if and only ¢t € R;. Moreover, in this case, ¢ is a root of f] of
multiplicity either 1 or 2.

(e) (xe(t),ne(t)) € & if and only ¢ € R,. Moreover, in this case, ¢ is a root of f] of
multiplicity either 1 or 2.

If case (a) holds and ¢ is a root of multiplicity 2 of f/ one expects to see the extended Airy
kernel process. If on the other hand ¢ is a root of multiplicity 3 of f; one expects to see
the Pearcey process. If case (b) holds and ¢ is a root of multiplicity 2 of f; one expects to
see the Id-extended Airy kernel process. What we mean by this is that we have to make
a particle/hole transformation, i.e. change the type of tiles we are considering. If on
the other hand ¢ is a root of multiplicity 3 of f; one again expects to see the Id-Pearcey
process. If case (c) holds one expects to see the GUE corner process, and similarly if
case (d) and (e) holds and ¢ is a root of multiplicity 1 of f;. In the remaining cases (d)
and (e) when t is a root of multiplicity 2 of f; one will see the Cusp-Airy process, which
will be shown in this paper.

In this article we will assume that ¢t = t. € Ry U Ry and that ¢, is a root of f/ of
multiplicity 2. If these conditions hold, then it is shown in Lemma 2.9 in [8] that the
edge at (xe(t),ne(t)) is locally an algebraic cusp of first order, that is the curve locally
looks like the algebraic curve y® = z2? in a neighborhood of the origin. Moreover, if
t. € Ry, then by Theorem 3.1 in [8] x. > t;. Then (1.18) together with the fact that
Xc + 1. — 1 =t., where x. := Xg(tc) and 7. 1= Us(tc), gives

Xe  dx
fl(tc§ Xes 770) = Cl(tc) - / = Cl(tc) + IOg |tc - Xc| - IOg |tc - tl‘

ty te—x

EJP 21 (2016), paper 57. http://www.imstat.org/ejp/
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— C(t.) + log|(te — t1)e~ €1t | —log|t. — t1] = 0.

A similar computation gives f’(t.; X¢, ne) = 0 whenever t. € R;. Therefore, f'(t.; Xc,7e) =
0 whenever t. € Ry U Ry. This implies that that (x.,7.) is a cusp of £ for t. € Ry U Ry, if
and only if f”(t.; x¢, ne) = 0. However, a direct computation shows that if ¢. € R, then

eCrlte) — 1
f”(tc; Xcanc) = C}(tc) +
te — 1t
and if t. € Ry, then
1 — e Crlte)
f'(tes Xesme) = Cr(te) + —————
te —to
Therefore, £ has a cups at (x.,7.), if and only if
Cr(te) _ 1
Chlte) = P— (1.20)
1= tc
ift. € Ro, and
1 — e Cilte)
Crlte) = ——— (1.21)

if t. € Ry. From now on we will consider only the case t. € R>. The case when t. € R,
can be treated analogously.

Assumption 2. Let t. € Ry and let (x., 7.) := (xe(te), ne(te)). Assume that f/(t.; xe, M) =
1" (te; Xe,me) = 0 so that (x.,7n.) is the asymptotic cusp point.

Lemma 1.1. Ift. € Ry and f"(te; Xe,ne) = 0, then f” (te; Xe,ne) > 0.

Proof. By Lemma 2.9 in [8], the signed extrinsic curvature kg(t) is negative for all
smooth points of the curve £. From this it follows that all cusps point into the liquid
region L. Together with Lemma 2.9 case (9) and Lemma 2.8 formula (g) in [8] it follows
that f”(tc; xe, ) > 0. O

In order to prove convergence to the Cusp-Airy kernel in our discrete model we will
have to assume that p,, will jump from empty to full not just asymptotically in terms of ¢,
but already at the discrete level. This is the content of the next assumption.

Assumption 3. Assume that for every ¢ > 0 and n large enough we have for ¢, € R»,

1
’u'n|[t2+5,t1—g] = E Z 5k/n' (122)

" |nte]<k<n(ti—e)
where |z| = max{m e Z : m < z}.

Remark 1.2. Assuming only weak convergence of the empirical measures {u,}, to a
limiting measure p will not be sufficient when considering fluctuation of the edge £. We
will need better control of the convergence of sequence of empirical measures. More
precisely, it is necessary to assume that their supports converge in an appropriate sense,
see [9]. This will not be needed here since the other assumptions that we make are
enough. Furthermore, Assumption 3 may appear restrictive. However, it is a natural
assumption in the situations studied in [20] and [8]. Indeed, if the assumption does
not hold, then Theorem 1.1 need not hold, as one would no longer have the same type
of cancellations in the integrand of the integral representation (1.39). See also the
discussion of Assumption 5 in section 1.9.
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1.6 Rescaled variables

Introduce the following notation
an :=n" ' min{t € supp(u,)} = Tfl@(in)
and
by :=n~ " max{t € supp(u,)} = n_lﬁgn)‘

Furthermore, we write

= min{B"™ : B > |nt.|} = n ' min{t € supp(i,) : t > [nte}, (1.23)
" 4~ = ' min{t € supp(An — fin) : ¢ > nt™}, (1.24)

and
tén) = n~ " max{t € supp(un) : t < nt™}. (1.25)

In words, nt(ln) + 1 is the position of the first hole after nt™, ie., nt(ln) is the position of

the last particle in a densely packed block after ntén), and nté")

particle before nt™. In particular (nté")7 m‘gn)) is an empty block and [ntﬁn), ntgn)] isa

densely packed block. Finally, we define

is the position of the last

™ = n7Yny.| and y := 1+t — 2. (1.26)

C C

We note that by Assumption 3, it follows that lim, ., a, = a, lim, . b, = b,
lim,, o0 tg") = to, limy, 0 ti”) = ¢, and lim,,_,, ™ = t,. Let o be a signed Borel measure

on R and let
U’ (z) = / log |z — t|do(t) (1.27)
R

denote the logarithmic potential of o.

Remark 1.3. Note that sometimes the logarithmic potential is defined with opposite sign.
We will however follow the convention in [22].

Consider the signed measure

dv(z) = (X[a,t2] (%) + X[xe p](@)) (@) dx — (1 — () X[t, v (2)d2. (1.28)
Then at the cusp x. + 7. — 1 = t., and

J(w; xesne) = f(w; xe)
b

~ [ 1ostw—2)dnte) — [ tog(w — a)an - (@) + [ 10stw  2)dn(o)

t1 Xe

_ / log(w — 2)dv(z) = U* (w) + i / arg(w — t)du (1), (1.29)
R R
where log denotes the principal branch of the complex logarithm function.

In particular we note that f is independent of 7.. By assumption on ; we have a
complete cancelation of the measures p and A on [t.,¢1], that is A — ”}[twtl] = 0. For the
exact kernel however, the cancelation of factors is not necessarily complete. Moreover
due to the rigidity of the interlacing system, as shown in figure 3, their will be no
fluctuations around the frozen boundary at the cusp in the orthogonal direction to the
tangential direction of the cusp. It is therefore natural to assume a discrete variation in
the orthogonal direction. We therefore assume the following scaling:
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Definition 1.3. Introduce the fixed limiting variables r, s € Z, and ¢, 7 € R. Let

co = M’ (1.30)
do
where
9 1/3
do= | —— . 1.31
o= (759) (30
Define the rescaled variables ¢, 7, € R, by
T, = nmgn) + %(r — conl/3§ )
y1 = nygn) + %(T + COnl/’jg ) (132)
XTo = nxg ) + %(s — con1/37'n)
Yo = nyg ") %(S + con1/37'n)
We assume that
lim &, =¢, lim 7, =T (1.33)

n—0o0 n—aoo0

When taking limits of the correlation kernel we will always use the scaling (1.32).
Note that by (1.26), the rescaled variables satisfy

y1+x1:n+nt£n)+r

e — () (1) 1/3
Y1 — T1 = NYe o nxe  + con/&, . (1.34)
Y2 +T9 =N+ nte"

(n) (n

Yo — 29 = nyl™ — nal™ + con/3r,

It will be convenient to introduce the notation
ny 1 n) 1
Ax§ ) = §(T — con'/3¢,), Axg ) = 5(8 — con37,). (1.35)

The rescaled coordinate system is depicted in figure 12.

(nxc ) nyﬁn)

Figure 12: Rescaled coordinate system at the cusp.

1.7 Integrand

In order to write the integrand in (1.2) in a convenient way we introduce some
notation. Let

EJP 21 (2016), paper 57. http://www.imstat.org/ejp/
Page 13/50


http://dx.doi.org/10.1214/16-EJP2
http://www.imstat.org/ejp/

The Cusp-Airy process

Hzl nt{™ (U) B k)

n(w;r) = (1.36)
! Hk r1+y1— n(wik)
m‘/gn)Jrrfl m‘/(cn)fl
= L= H (w—k)+1—0+ 1r<0 H (w—Fk)™1,
k=nt{™ k=nt{™ +r
and
n:r( n)
Qu(w; Aal™) I,y (0= K) 437
n(w; Az = : .
A Vi
nwi")-kA;Egn) nx(cn)
- 1Af”(1n)>0 H (w — k)_l + 1Az(1") 0T lAI (™ <o 1_[ (w — k).

k=n1:g”>+1 k=na:,(3")+Az(1")+1

We see that ¢,(w;r) only depends on the parameters through r. Also, since z; =
2+ Aw&"), Qn(w; Azﬁ")) only depends on the parameters through Aazgn)
Furthermore, let

Hﬁgn)gntgn) (w— 51(70) Hntg")<Bf") (w — ﬂz(n))

En(w) = — (1.38)
Hk:ntg”)ﬂ(w — k)
Lemma 1.2. We have that
K ((w1,91), (22.72))
_ x1<x2 256 dzyﬁ dw 1 - Gn (nw; 7)Qp (nw, A:El ) E, (nw)
T, Yn w—z)(z —n"lx2) Gn(nz; 8)Qn(nz; Amz ) E,(nz)
+111>m2 2% dz% dw - gn(nw; 1) Qn(nw, Azy"’) n(nw)7
I Fn w—z)(z —n"lxy) qn(nz;s)Qn(nz;Ax2 ) E,(nz)
(1.39)

where I';, is a counterclockwise oriented contour that contains the set {n‘lﬁf") = t§">}
but not the set {51@) <t 4 s}, and T, is a counterclockwise oriented contour containing
the set {n~'8"™ < t" + s} but not the set {n='8" > t{"}. In addition, ~, is the
counterclockwise oriented contour that contains the setn='{z;+y;—n,...,x1} andT',, and
4n is the counterclockwise oriented contour that contains the set n_l{xl +y1—n, .., 21}
andT,,. See figure 13 and 14.

Figure 13: Integration contours for the correlation kernel. Blue dots indicate the posi-
tions of poles and red dots indicate the position of zeroes of the function ¢, (nw; ) E,, (nw).
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Figure 14: Integration contours for the correlation kernel. Blue dots indicate the posi-
tions of poles and red dots indicate the position of zeroes of the function g, (nw; ) E, (nw).

The lemma will be proven in section 2.1.
Let v, and v, ;, 7 = 1,2, be the signed measures

1
wm®) =2 D g

B <pe(™
1o 1
_ n( D G — > 5ﬁ§n>/n> o) Gy, (140)
k=nt(" 41 m(ln)<ﬁi(n)<nz(cn) nmgn)<ﬁ§n)
1
I/.,L7j(t) = E Z (SBEW,)/”
BE”’)S'rntén)
2
1 c 1
_ n< D O — > 6ﬁ§n)/n> o D B (1.41)
k:nt(ln>+1 ntin)<[3§")<x§") x&")<ﬁ,§")
Furtheremore, define f,,, g, ; and h,,_ ; by
1
fn(w) = =log B, (nw) = / log(w — t)dv, (t), (1.42)
n R
1 . 1
Gn (W) = - log Qn(nw;Aa:; )) + fu(w) := Ehn,j(w) + frn(w). (1.43)

In particular, Re[g, ;(w)] = [;log|w — t|dv, ;(t) = Ui(w). Here, we let log be the
principal branch of the logaritm for f,(w). For h, ;(w), we let the branch cut of log
lie along the the positive real axis. With these choices of branch cuts, it follows that
fn is analytic on C\(—o0, b, ], and h,, ; is analytic in C\[t%"), +o0). In particular we note
that f,(w) has a jump discontinuity over the real line at t.. However Re[f,] is real
analytic on C\([an,t5”] U [£™,b,]), and f’ is homolorphic on C\([an, 5] U [t b,]).
Moreover, . li . f(te +ie) == fE(t.) = Re[fu(t.)] + imk/n, where k is an integer.

n

ctie—tc
Therefore exp(n(f;f (t.) — [, (t.))) = exp(2wik) = 1. Thus the jump discontinuity in the
imaginary part of f,, does not matter when we perform a steepest descent analysis in a
neighborhood of .. From now on it will be understood that when we Taylor expand f,, at
w = t., we look at the branch

O r£(n)
o+ S I g,

n!

It follows from our assumptions that f,, and g, ; converge uniformly to f on compact
subsets of C\([a, t2] U [t1,b]), see Lemma 2.1.
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We need one more assumption which will enable us to replace the non-asymptotic
function f,(2) by the asymptotic function f(z) in a neighbourhood of the critical point ¢..

Assumption 4. There is a neighbourhood U of ¢, such that

lim n?3(f! () — f'(2)) =0 (1.44)

n—0oo
uniformly in U.
Assumption 4 has to be verified in each individual tiling model. Sometimes, this is

trivial. However, it can also be quite nontrivial, in particular when the empirical measure
is a random measure. See also the discussion of Assumption 5 in section 1.9.

1.8 Main theorem

We can now give the main theorem about convergence to the Cusp-Airy kernel for
our system of red particles in the interlacing model.

Theorem 1.1. Assume that the sequence of empirical measures {,, }, satisfies Assump-

tions 1-4, and assume the scaling in Definition 1.3. Then

. PnlT2,Y2)C n
i L2001, (12,0)) = Kea((€) () (149)

uniformly for £ and T in some fixed compact subset of R, where

, x1 +y1—n—nt£")
pla1,m1) = (don3> Qn(nte;zy —na(™). (1.46)
Let ( e r) be the rescaled coordinates for particles on line r. Fixry,...,r) € Z and let
¢ : Rx{ry,...,rp} — [0,1] be a bounded measurable function with compact support.

Let Ezm) denote the expectation with respect to the determinantal point process with
kernel K7(a" ). Then,

7}320]3/3(”)[ [T J]a-e r))] = det(I — ¢Kca) L2 (Rx fra,..rae))- (1.47)
re{ri,...,rm} J

Example 1.1. Let the limiting measure du(t) = x[—1—a,—1](t)dt + X[0,a] (£)dt + X[24,17(t)dt

where a = —B%E ~ 0.28. In particular || = 1 and t. = 0 € Ry. Let ¢; = a. Then, with

I=(0,a),

t—2a

t—17

t+1+4+a

Cr(t) = log 1

+log‘

From equation (1.18) we then get (xg(0),7ns(0)) = (2(11+a),1 - 2(11_m)>. Using that

a< ﬁ < 2¢ and (1.19), we obtain

— =0,
0 S2 2a(1 + a)

—1 0 1
ds xe(0) gg ds 1—a—8da?—4a®
£7(0; x£(0), 72 (0)) :/ f—/ / ds

a 2

—1-—a 32 372
since a is a root of the polynomial 1 — z — 822 — 423. Thus Assumption 2 is satisfied. We
will now construct a sequence of empirical measures {u,}, that satisfies Assumptions

1,3 and 4. Let

|na n

1 —n+dn 1 J 1
k=|—n(1—a)] k=0 k=|2na|
EJP 21 (2016), paper 57. http://www.imstat.org/ejp/
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where d,, is chosen so that —n + d,, — |—n(1 — a)| + |na] + n — |2na] + 3 = n. Clealy,
Un — i, SO Assumption 1 is satisfied. Now,

supp(jin) = %{[—n(l — @)oo+ da} | %{0, o lnalt %{[Qnaj, ),

so by construction {u,}, satisfies Assumption 3. Now,

Vp = — 5k/n - 51{:/71 + = 6k/n7
" k=l -n(1-a)) " h=fna)+1 " 1 onal

and thus

| s ]

. dvp(t) 1 T 1 1 1 1 & 1
i = [ = R e TN ey TP Sy v
(1.48)
and
dvy,
i) = = [ S0,
| ntdn 1 |2 | 1 n
T k_l;lla” w—k/n * n k[v%;zj-&-l (w—k/n)? n, Za (w— k:/ - (1.49)
Choose r < a. Then for n large enough, —— t and —ﬁ are continuously differen-

tiable in B(0,r). Hence (1.48) and (1.49) are Riemann sums of smooth functions with
equidistant partitions. Thus, there exists a constant C' > 0, such that

c
[fn(2) = f'(2) < —,
n
holds uniformly in B(0,r) for n large enough. In particular Assumption 4 is satisfied.
This example shows that we indeed can get the Cusp-Airy limit in a natural model of the
type considered in [20].

Remark 1.4. The regularity assumption on the sequence of empirical measures made in
Assumption 3 are necessary for Theorem 1 to hold, and cannot be substantially relaxed.
If one in particular try to perform the cancellation of factors as in Lemma 1.2 without

(n)
Assumption 3, one immediately sees that g, (w;r) # 1,0 H e ?;’;H(w — k)" 4+ 1,00+

nt( n)

1r<0 Hk e (w—k), in general, and that ¢, (w; r) would also depend on the sequence

{ ﬂi(")}n. In particular the limit in Theorem 1.1 need not exist.

1.9 Random top line measure

Up to now we have assumed that the top line configuration of yellow particles is fixed.
However, for many models it is natural not to assume that the top line configuration is
fixed, but instead is a random particle process.

Let ¥ < R be finite union of closed, bounded intervals and write X,, = Z n nX. Let
X denote the set

XM — {gM e xn; B < -oe < B
We will call X(™ the set of all admissible top line configurations. Note that X (n) 1s a
finite set. We will now assume that we have a probability distribution p( (5 , ,B,L )
EJP 21 (2016), paper 57. http://www.imstat.org/ejp/
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on X, Extended to X", we assume that p(”)(ﬁ@, e T(L")) is a symmetric function
which vanishes if Bi(") = [3](”) for some i # j. Let P,, denote the probability and E,, the

corresponding expectation given by p(™. Also, let Egx) denote the expectation with
respect to the red particles in the uniform interlacing with fixed top line 3(™) that we
studied above.

Let p with supp ¢ € X be given and let f be defined by (1.5) as previously. We assume
that Assumption 2 holds with this f. In order to transfer the Main theorem to the case
with a random top line we will use the following assumption.

n)

Assumption 5. For each n > 1 there is a set Xﬁeg < X of regular top line configura-
tions such that the following holds:
M) P[] - lasn — o,
(i) If g e Xr(.?g) , n > 11is any sequence of regular top line configurations, we define
un and f, as previously. Then u,, and f, satisfy Assumptions 1, 3 and 4 above.

We now can now give a version of Theorem 1.1 when we have a random top line
measure.

Theorem 1.2. Consider uniform interlacing with a random top line given by p™) as
above, and consider the red particle point process. Let ( 7 ) be the rescaled coordinates
for particles on liner. Fixry,...,ryp € Z andlet¢ : Rx{ry,...,ra} — [0,1] be a bounded
measurable function with compact support. Assume that Assumption 5 holds. Then

tin BBy | TT [0 00 || = detlr = oKen) e or - 01:50)
7‘€{T1,...,T1y[} ]
Proof. We can write

E, [IEg(n) [ H n(l - ¢(§;ﬂ"))”

re{ri,...,rm} J

- En[lmeﬁ(n)[ [T TJa-e 5,7’))”

re{ri,...,rm} J

+En [1X(7L)\X7(29)E/3(n>[ H H(l 7¢( ;’T))” (1-51)

re{ri,...,rm} J

By Assumption 5 the second term in the right hand side of (1.51) goes to 0 as n — 0.
There is a 3™ such that

max EM[ I1 H(1—¢(£}',7‘))]

ﬁ(”)EXﬁgg re{ri,...,ra} J

is assumed at §(") = ,5’("), since the maximum is over a finite set. By Assumption 5 we
can apply the Main theorem to the sequence 3" and thus

imowm, 1 [ [0~ o]

n—o0
< limsoléplEgm)[ [T JJa-e }”ﬂ"))] =det(I — oKca) Lz ®x (r1,....rn})-

We can do the analogous argument for the lower lines, and in this way we obtain the
desired result. O
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Remark 1.5. Interlacing particle systems with a random top line occur in certain types
of lozenge tiling models. More precisely, we are interested in those tiling models that
can be decomposed into two regions, such that after possibly adding virtual particles,
these regions become interlacing regions of the type described in section 1.2, glued
together along a common line as depicted in figure 15.

T

Interlacing direction
#

T

Figure 15: Decomposition of a polygon into two interlacing regions 77 and 7> glued
together along the thick black line. The blue dots indicate the positions of virtual
particles/tiles and the black dots indicate the positions of ordinary particles/tiles.

Recall that the number of interlacing configurations with a given top line configuration
(y1,Y2, -, YN) € 7N is given by Weyl’s dimension formula in [24] for the irreducible
characters of the unitary group U(n),

[Ticicj<n lvi — yil 1
N n) = 1= aee [ - wl (1.52)
H1gi<jgzv i — jl N 1Gij<n
i#]

Let (y1, ¥, ..., yn) be the positions of the particles/tiles on the intersecting thick black
line as in figure 15. Let V be the index set for the virtual or frozen particles and let F
be the index set for the free particles, so that |V| + |F| = N, and y; is a virtual particle
if i € V and free otherwise. Assume that |F| = n, and let g : {1,...,n} — F be a set
bijection such that z; := y,(;), and z; < z2 < ... < z,. Furthermore, the virtual particles
are densely packed, which implies that they will form wedge shaped frozen regions.
However, the fact that the two interlacing regions 7 and 7> need not be symmetrical
implies that we need not have frozen regions on both sides of the intersecting black line.
Let V;, € V be the index set of those virtual particles such that they form a frozen region
to the left, and let Vg < V be the index set of those virtual particles such that they form
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a frozen region to the right. Then by (1.52), the number of interlacing configuration with
a given fixed configuration of free particles at positions (z1, ..., z,) is given by

1

No(,tn) = o ] li—wl
2Cny ., _~ 1 !
1<i<j<N
1
=5 L1 lwi=wl> TT =l TT lwi—wl 1T li—wl TT lvi—usl
N i jeFr ieF ieF i,jevr, i,j€VR
1] JeVL JEVR 1] 1]
n n
_ 1 2
= %00 [T lee=alP TTTT lex—wl [T TT low—wl TT li—wil TT 1o =l
N 1<k i<n k=1jeVr, k=1jeVn i,jEVL i,j€VR
) i#j i#j

Now, consider the set of all possible lozenge tessellations of the the original polygon.
One easily sees that each such tessellation is in a bijective correspondence with two
interlacing configurations on 7} and 7> with the same configuration of free particles
(™ = (z1,x2,...,x,) on their common top line. In particular, z; € ¥,, foreachi =1, ...,n,
where ¥ is a finite union of intervals. The set X,, then denotes the set of all configurations
of free particles. Consider the set of all lozenge tessellations of the polygon with uniform
distribution. Then this induces a probability distribution on &,,, given by

ﬁ
p™ (21, ...,z,) = P[particles at positions z, zs, ..., T, | = N @1, s ) .
D Nz, )
(140 esTn )EX
Let
wa() =[] le—ul [] l=—wl.
JjeVL JEVR
Then
P () = 1 (x; — x)zﬁwn(ml) = LAn(ﬂc)2 ﬁwn(xz) (1.53)
) ) Zn 11 i J Zn » )
1<i<yisn =1 =0

where Z,, is a normalization constant, and A, (z) is the Vandermonde determinnat.
Associated with a particular weight function w, (z) is a class of discrete orthogonal
polynomials {p, x(x)}, satisfying

D7 Pk (@)pn () wn (z) = G- (1.54)

TEX,

Such particle processes are called discrete orthogonal polynomial ensembles, DOPE,
and have been studied e.g. in [4]. In particular if one considers the random empirical
measure j, = = >." | 6,,, then u,, — uy,, where the measure p3, € M3 (X) is the unique
solution of the constrained variational problem

min {Iy[v]} = min {/szlogx—y|_1dV(w)dV(y)+/

V(m)du(m)}, (1.55)
veM3 (Z) veM3 (2) )

where V(z) = lim,, .o —n~!log(w,(z)). In the case of those problems originating from a
random tiling model as above, the potential will be of the form

V(@) = U (@) + U (@), (1.56)
where I” and I! are finite unions of closed intervals of R, such that (I" U I')° " ¥° = @

In particular lim,,_,, —n~!log(w,(x)) = V(z) uniformly on compact subsets of ¥ not
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containing the subset dX n (1" U Il). It follows from Theorem 2.1 in [7] that the
minimizer M{\/ of the variational problem (1.55) has a unique the characterization in
terms of the following variational inequalities.

There exists a constant F}} such that

UMV (z) + V(z) = F forall z € X\supp(uy) := Iy (1.57)
UMV (z) + V(z) = F} for all z esupp(uiy) nsupp(A — i) := I (1.58)
U (z) + V(z) < F} forall z € X\(supp(uiy)nsupp(A — ) := Is. (1.59)

It follows from general large deviation estimates for DOPE that we can define XT(;Q so

that Assumption 3 is satisfied for large classes of potentials, see [11]. In particular, in
the class of potentials of the form (1.56) and associated weights w,, coming from certain
tiling models, this is proved in the upcoming review article [10].

It is shown in [10] that if R; U Ry # @, with p = u{\,, then for . € R; U Ry, we must
have t. € 0X. Thus, if in particular ¢. € Ry, then there exists an interval [ts,t.], such
that [t2,t.] N supp(u,) = &. This implies that the sequence of empirical measures {1, }»
automatically satisfies the left-sided part of regularity assumption in Assumption 3. Let

Rg,?) (21, ...,z ) = P[there are particles at each of the nodes 1, ..., Z, ] (1.60)

be the m:th correlation kernel with 1 < m < n. If the potential V(z) is analytic in a
complex convex neighbourhood of %, then it is proven in Theorem 3.3 and Theorem 3.5
in [4] that for all subsets V € Iy and S € I such that dy(V, 1) > 0 and dy (S, Ig) > 0
(here, dy denotes the Hausdorff distance between sets) there exists constants Ky =
Ky(dg(V,Ig)) >0and Lg = Lg(dg(S,Ig)) > 0, such that

(n) efmnKv
a:l,.I.I.l,giGV |R7n (xh 7xm)| < CVT (1.61)
and
e—ans
max |1 — Rsy?)(l‘l’ vy Zm)| < Cs (1.62)
T1,...,Lm€ES nm

n)

for some positive constants Cy and Cg. In particular this implies that we can define Xr(eg
so that Assumption 3 holds. Unfortunately, the class of potentials given by (1.56) need
not be analytic in a neighborhood of ¥ due to the fact that we may have - no(I" uI') # 0.
However, we believe that by additional local arguments around such points, one may
generalize the methods used in the book [4] to prove that Theorem 3.3 and Theorem
3.5 in [4] also hold in this case. In particular, the effect of non-analyticity should
only matter on a very small neighborhood around the points of 0% n (1" u I'). Since
t. ¢ 0¥ n o(I" U I'), and therefore is a macroscopic distance away from 0% n (1" U I'),
the effects of non-analyticity should not matter.

Finally, let A c R be an interval and let K be a compact subset of {z € C: dy(z, An
supp(uy)) > 0}. Then, for a “generic” potential V, and a sequence of weight functions
{wy(x)}n, such that lim,_,,, —n~*log(w,(x)) = V(z) uniformly on compact subsets of %,
we should have for every € > 0 and every z € K that

oy | [ 2000 1) 63

n—00 z—1 nl-¢

where Y4 is the indicator function of the interval A. In particular, this implies that
we can define XT(Z; so that Assumption 4 holds. This result should also follow from
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Riemann-Hilbert methods adapted to the class of potentials derived from tiling models,
with the caveat that some of the local arguments need to be modified due to the possible
non-analyticity of V(z) at some of the points of dX. These questions has also been
studied in [5] for very similar models by means of discrete loop equations, though the
assumptions in [5] are not satisfied in our models, and can therefore not be applied
directly. However, in the special case when ¥ is an interval, the results in [5] do apply.
In particular they apply to the model in Example 1.2.

Remark 1.6. Let z(") = (yy), ...,y,(f),:cn +n—7r—1,2, +n—r—2,..,2,). Then, using
(1.53) the total probability distribution is given by

n—1
2 n“’" ) H det (1257-+1)2z£7~)> .
r=0

Hence, by the Eynard-Mehta theorem, the total process is also a determinantal process.
One could therefore try to derive the correlation kernel for the total process instead
of the conditional process. However, the Eynard-Mehta formula for the kernel of this
process seems very difficult to analyze. In particular, we can not expect to get such a
simple formula for the kernel as (1.2), as it would necessarily need to contain all the
information about the DOPE, which is highly non-trivial.

Vtot[(yla ceey y(nfl)’x(n)):l =

n tot

Example 1.2. Consider now the example discussed briefly in section 1.1 see fig 2. This
can be approached via the tiling model illustrated in figure 16. Elementary geometry
gives § = % — 2k, where « € (0,1/4/3). In the figure we have added densely packed
virtual particles in the intervals [0, x| and [2x + 26,3k + 26]. Moreover, the particles
contained in the interval [k + J, 2k + 2J] are distributed according to a discrete orthogonal
polynomial ensemble, DOPE, as is shown above. The fraction of particles contained in
this interval as n — oo equals 1—+/3x. We will now make the symmetric parameter choice
k = 8 = —2-. Associated to the DOPE, there is an equilibrium measure with respect
to an external field as above. See also Proposition 2.2 in [5]. Solving the minimization
problem gives the density of the measure y,

() + X2, 104(t) + S(3t)xp_a_ s 4(1), (1.64)

p(t) - X[O 3v/3’ 3\F 3733

L]
’34/3

a\

where
V(b—2x)(r—a) 2/V3 dt
27 0 (t—a)(t—b)(t—x)
4/ —x) x—a/ dt
W3 A (t—a)(t—b)(t—x)
/7—x 10/+/3 dt
(1.65)
8/v/3 «/ t—a t—b

¢(z) = —

Here (a, b) is the unique solution of

2/4/3 10//3 dt
=0
/ «/tfa (t—0b) //f«/ta t—b) VE—a)t—b)
(1.66)
and
2//3 tdt 10//3 tdt
=1
/ A/ (t—a) t—b /f«/tfa t—b A/ (t—a)( t—b
(1.67)
EJP 21 (2016), paper 57. http://www.imstat.org/ejp/
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satisfying % <a<b< %. In particular it follows that p = 1. A direct verification

(5254
that the Cauchy transform of p satisfies Assumption 2 for ¢, = 34% is very difficult using
(1.65)-(1.67) even in the case when the original polygon has an apparent symmetry.
This is due to the artificial decomposition of the polygon into two interlacing regions
which are glued together along a common boundary. After this decomposition has been
done, the original symmetry is no longer apparent in the parametrization of the edge
E. We will therefore prove that the asymptotic cusp condition holds by an indirect
symmetry argument. Instead of considering figure 16, we consider figure 17. We see the
yellow dashed line corresponds to the decomposition in figure 16 into two interlacing
regions glued together along the yellow dashed line. However, we may equally well
decompose our hexagon into two interlacing regions in blue particles glued together
along the dashed blue line instead. Moreover there is bijective correspondence between
each configuration of blue and yellow particles given by a reflection in the dashed
black symmetry line. This imply in particular that the edge £ must posses a reflection
symmetry in the dashed black line. Now, the parametrization of the edge &, given
by the density (1.65) and (1.13)-(1.16) is smooth by Remark 2.1 in [8], in fact real

analytic. Since the density p of the limit measure p satisfies p|[i o = 1, it follows
3+/3’7
from Lemma 2.7 in [8], that &£, is tangent to the line y +n —1 = —4__ However, by
Theorem 2.3 in [8], the parametrization is injective. This together with the fact that
the only singularities of the edge £ are cusps implies the edge £ has a cusp at the
4

tangent point with the line x +n—1 = V3 Lemma 2.8 and Lemma 2.9 in [8], implies

that f”(%; Xg(g%)’ ng(%)) = 0. Hence, modulo the technical issues discussed above

about how to construct ngg), we get a cusp-point where the scaling limit is given by the
Cusp-Airy process.

1 (n lines)

Figure 16

1.10 Outline of the paper

We now give a brief outline of the paper. In section 2.1 we prove Lemma 1.2. Due to
the fact that f” (¢, Xc, ne) > 0, it will be necessary to change the integration contours of
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Figure 17

the correlation kernel given in Proposition 1.2 to be able to deform the contours to the
local steepest ascent/descent contours. This is done section 2.1. In section 2.3 we prove
the existence of global ascent/descent contours and finally in sections 2.4 and 2.5 we
perform the local asymptotic analysis to arrive at the final result

In section 3.1 we prove a certain reflection symmetry of the Cusp-Airy kernel in
the axis r = 0. In section 3.2 we proceed to prove an alternative representation of the
Cusp-Airy kernel in terms of r-Airy integrals and certain polynomials. In section 4 we
derive the integral representation of the kernel for the interlacing particle system, or
the yellow particles and prove Proposition 1.1.

2 Proof of main result

2.1 Discrete cancellation in the correlation kernel

In this section we will perform the discrete cancellation of factors in the correlation
kernel (1.2). In the continuum limit, this corresponds to the cancellation between the
measures p and A on the interval [¢.,¢;], where u [totr] = A. The difference is that on the
discrete level, the cancellation need no longer be exact.

We now prove Lemma 1.2

Proof. Using Assumption 3 and the definition of ™+ and ¢\ we have

n nt(m n
[T =8 Tl g @ = BT o (0 = B Ty g (w0 = B7)

iizﬁ—m—n(w - k) il:fl-‘ryl—”(w N k)
na:(c")

B Hk=’.nt£") (w — k) Hﬁgn)éntén) (’LU — ﬁz(n)) Hntgn)<6§n) (w - ﬂz(n))
= 1 _ k E,n)

Hk::m +y1*”(w ) H:int§"’>+1(w h k)

nazgn)

IR e @ =) TIE o (0 = ) Tl g (@ = B Tl o (w0 = 87
- 1 —k 1 " —k g")

Hk:w1+y1—n(w ) Hk=nt£ )(w ) 1_Izz7”“5(1m+1(u) a k)

= g (w; 1) Q (w; Az B, (w),

where we have used the definitions of ¢,, Q),, and F,. Similarly, we get

1, (= —8")

[ty i Qs An )
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Finally we rescale the integration variables according to w — %

r, =17, I, =1Z, and v, = 7, = 1w, Since we have cancelled out poles we

n

w and z — %z Set

may deform I',, to be a contour that contains the set {n~! 62-(”) = tg")} but not the set
{n=18" <t + s}. Similarly, we may deform I, to contain the set {n~!8™ < t{" + s}
but not the set {n=15" > n=1¢{"}. 0

2.2 Change of integration contours

In order to perform a steepest descent analysis in a later section, it will be necessary
to change the integration contours so that they may be suitably deformed around the
critical point.

Proposition 2.1. The correlation kernel can be rewritten as

K (60,7 (105 9)) = —Loysay Ba((@1,31), (22, 92)) + K ((x1,31), (w2, 92)),  (2.1)

) en(Fn (W)= Fn(2))+n(hn,1 (w)—hn,2(2)
_ 1. yg dz}lg dw 1 q(nw;r) e )
ILA+TS T+

(274)2 z—n"lzy q(nz;s) w—z
(2.2)
and
1 1 q(nz;r) _
B, _ d ) n(hn,1(2)=hn,2(2)) 2.3
() (o) = g b e S0 2.3)

Here the contours are as in figure 18; more precisely:

e I'} is a counter-clockwise oriented contour that contains the interval [tg”) -

max{|r|, |s|},b.] and nothing else of the support of v,,. Furthermore, I'}, contains

the contours I'2, v2 and

« T2 s a clockwise oriented contour that contains v2 and the interval [t —
max{|r],|s|}, £ 4 max{|r|,|s|}] and nothing else of the support of v,,.

* v} is a clockwise oriented contour that contains the interval [t;"), b,] and nothing
else of the support of v,,.

* 2 is a clockwise oriented contour that contains the interval [tE") —max{|r|, |s|}, M
max{|r|,|s|}] and nothing else of the support of v,,.

Proof. The starting point is lemma 1.2. The proof will consist of a series of deformations
of the contours. It will be convenient to introduce the notation

D 7§dz gﬁ o L (i) Qu(nw; Aa") By (nw) By (n2) !
Ly = (2mi)? Jp L z=n"twy gu(nz;s) Qn(nz;Axgn)) W — 2

for some contours I, v. First assume that x; < 2 and consider the deformation of v,, in
figure 13 into two contours 42 and «0 as shown in figure 19. Next consider adding the
contour ~,. This is shown in figure 20. Consider the contour 72 + ~.. Then the integrand
of K7(2" ) in (1.39) has one residue inside the domain bounded by 7} and 2. Computing
this residue gives

;% Z% dw 1 qn,(nw; T) Qn(nw; Axgn)) En(nw)En(nz)*l
(27Ti)2 r YouvE z—n"1lay qn(nz;s) Qn(nZ,A.rén)) W — 2
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Figure 18: Integration contours

Figure 19: Integration contours

0

Figure 20: Integration contours

—1 Ig*l _

_ L Hiirz-&-yz—n(nz — k) 2 = L sz?tti")-s-s(nz k) dz

2mi Jp, H?:xﬁyl_n(nz —k) 2mi Jp, z"l:m‘én)ﬂ(nz —k)

1 ) xo—1

= M H (nz — k)dz = 0,

270 Jr, qn(nz;s) e

since I',, contains no poles. Hence
Ty = =i, (2.4)

Next, we deform the contour I',, into the contours I'’, and I'? according to Figure 21.
This gives us

T = I+ I
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Figure 21: Integration contours

Figure 22: Integration contours

Figure 23: Integration contours

— =g+ g, by (2.4)

v
= U + ) + Uy + )
We now instead assume that z; > x5. We then deform deform the contour fn into the
contours I'} and I'2 according to figure 22. Finally, we deform the contour 7, into the

contours 79, 42 and 7., according to figure 23. However, using that the only residue
contained in 79 is the pole (w — z)~!, we get

; 1 qn(’]’LZ 7’) 1'2—1
gm 1 In\N=,7) —k)dz =0,
AT 2mi Jra gu(nz;s) kzlll(nz "

since the contour f}b contains no poles in z. Similarly, we get that

Jw =0

2450

nIn
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f\l

N/

BN N
N

Integration contours

Figure 24:

Figure 25: Integration contours

since 7Y contains no poles in w. This gives
(n)  _ g () (n) ()
Tom, =T+ m T Ims ey

where the contours are shown in figure 24. We now deform the contour '} into ' +Cp, ac-
cording to figure 25. Clearly the contribution along ¢ vanish and to prove that the contri-
bution from Cr, vanishes as R — oo we observe that that g,, 2(z) = v, 2(R) log |2|+O(|z| 1)
and lim,,_,, v, 2(R) = ¥(R) > 0. From this it is not difficult to see that limp_, | CR)7 | =
0.

We now have the contours as shown in figure 26. Using that I'} = —T'}, 31 = —1
and I'2 = —T'2 where the minus sign means orientation reversion, we get
) ( ) (n)
Teh = Tom s T i
_ 7(n) (n) (n)
= Jripn Iy + JF%vl TUTEAE

We see that 72 is inside I'> which is inside &Z. Using the residue theorem we find

(n) m 1
JFH’Y'VL JF2 _’Yn - (277—7,)2 é@ dz

1

(2mi)? rz

EJP 21 (2016), paper 57.

1 qn(nZ'r) Qn(nz; Aa:{‘)
z =12 qn(nz38) Q, (nz; AzlY)

(nz;s)
1 %L(nzvr) n hn1(w)—hn 2(2))
z — n71$2 Qn(nz7 8)
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f\3

[e2% tg")

Figure 26: Integration contours

= B ((z1,91), (x2,y2))-

Furthermore, Jé’f)ﬁz = J1(Jll)_72- Together, this gives

R N B R

TnAn %ﬂiﬂyg, o
Hence, by lemma 1.2, we get

K7(3n) = 1oy <z, JI(‘Z)'yn + loi>a, JIE‘:):YTL

= oo (S~ I Iy )

11 _~2
Fn’yn n " o

B,)

= Laisaa B+ i+ — I —

n

“LavzaaBa I, I+ I+ T

This gives us finally,

K%”((xhyl), (22,Y2)) = =Ly >0, Bn((@1,91), (22, y2)) + J((;;)ﬁrgb)@}lﬂg)

=—1, > Lyg dz 1 qn(nz;7) et 1 (w)—=hn 2(2))
=T omi r2 2= n"twe gu(nz;s)

. n(fn(w)=nfn(2))+n(hn,1(w)=hn,2(2))
N 1' yg dz&lg dw 1 qn(nw;r) e
(2mi)? Jr1 s a2 2= nTlwg gn(nz;s) w—z

n

by the definitions of f,,, h, 1 and hy, 2. O

2.3 Global choice of contours

Recall the asymptotic function f(w;x.) given by (1.29),

flw;xe) = /Rlog(w —t)dv(t) = U"(w) —|—i/ arg(w — t)dv(t).

R

For every 6 > 0 we let Q5 := {w € C : d(w, supp(v)) > ¢}.
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Lemma 2.1. The functions f,(w), gn,1(w) and g, »(w) converge uniformly to f(w;x.) on
Qs B(0, R), for any § > 0 and any R > 0.

Proof. This is a standard consequence of the weak convergence of p, and Vitali’s
theorem, (see [23] page 157). O

Lemma 2.2. Consider the function v([x,+)), where the measure v is as defined in
(1.28). Then v([z,+w)) is monotonically decreasing on (—o0,ts), constant in (ts,t1),
monotonically increasing on (t1, x.), and monotonically decreasing on (., +®). More
precisely,

Tl ifr<a
M([x7+w))_(Xc_tc) &<.T<t2
_ M([tﬁ +OO)) - (XC - tc) to <x <t
) =N e +o0) — (1= et <o < X @5)
M([Z‘,—FOO) Xc<.13<b
0 x € (b, +0)

Proof. By definition of v we have

0 0

([, +00)) = / (Xt () + Xtnx) (B) + Xy (D) (E)dE — / Xitw et

x x
0

[00)
:/_ (X[a,tg](t)+X[tc,xc](t)+X[Xc,b](t))90(t)dt_/ Xlte x4t

0

— ([, +0)) — / Xt (D),

xr
from which (2.5) follows. The monotonicity properties are immediate from these formulas.
O

Since f(w; x.) = f(w; x.) it is sufficient to prove the existence of the contours in the
upper-half plane H.

Lemma 2.3. The asymptotic function f(wj;x.) has global steepest ascent/descent con-
tours in the upper half plane as shown in figure 27.

a t2 i)

Figure 27: Steepest ascent and descent paths for the asymptotic function f(w;x.). The
support of vt is indicated by a red line and the support of v~ by a blue line.

Proof. Since f(w;x.) = f(w;x.) it is sufficient to prove the existence of the contours
in the upper-half plane H. We note that U" is real analytic in C\supp(v) and that
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[ arg(w — t)du(t) is real analytic in C\(—o, b]. Moreover, the boundary values on the
real axis are given by
lim U"(w)=U"(z)

w—zeR
we

and

lim arg(z — t)dv(t) = mv([z, +0)).

w—ozeR
weH R

In particular, U (w) has a continuous extension to all of C.
Since f”(t¢; Xe, me) > 0 the local steepest ascent/descent structure around ¢, is as in
figure 28.

IS
QU

a

SH

Figure 28: Local steepest ascent/descent contours of the asymptotic function Re f(w, x.),
where a denotes ascent contour and d denotes descent contour.

Recall that the contours of steepest ascent/descent are those for which Im f(w) =
Im f(t.) = mp([te, b]). Note that U”(w) = v(R)log |w| + O(Jw|™!) as |w| — o0. Therefore
hm%?ﬁ) U”(w) = +oo. This implies that the descent contour have to be contained in some
ball B(0, R), R sufficiently large. On the other hand since the function Im f(w) is real
analytic, the curve Im f(w) = Im f(¢.) has to be either a closed curve in B(0, R)\supp(v)
or end somewhere in supp(v). Assume the first case. Then, clearly there has to be a
point ¢, # t. on the curve such that f’(¢,) = 0. By Theorem 3.1 in [8], we must for such a
t, have t, € R\supp(r) and f”(t,) # 0. At such a point we have descent contour exiting
at angle +7/2 and ascent contours exiting at 0 and 7. This gives a contradiction. We may
therefore assume the second case holds

It follows from Lemma 2.2 that if 7v([t.,00)) < 0 then the equation 7v([z,©)) =
mu([te, +o0)) has no solution and the steepest descent contour from ¢. has to go to
infinity, which is impossible. If 7v([t., 00)) = 0, then we have to be in the first case above
which is impossible. Thus, 7v([t.,©)) > 0 and Lemma 2.2 implies that the equation
v ([z,0)) = mu([t., +00)) has at least one solution ¢, for = € (x.,b) and no solution for
x € (—00,t2) U (t1, xc) U [b, ). In figure 29 we give a plot of what the function 7v([z, +0))
may look like. If v([x, 00)) is strictly monotonically decreasing at t., then ¢, is the unique
solution to the equation above. Otherwise, by the monotonicity of v([x, 0)), there exists
an interval [t.,¢}] such that wv([z, 0)) = mu([t., +0)) for all x € [¢,,tF]. In particular,
(to,tF) n supp(p) = @.

By Lemma 2.2 and the discussion above, the only possible end points are t,,¢; and
t. Or to,t1,t, and tF. Assume that it ends at ¢;. Then we get a closed contour in H
containing the interval [t.,¢;], and such that the boundary value of Im[f(w)] equals
Im[f(t.)] = mp([te, b]) everywhere on the curve. However, since Im|[f(w)] is harmonic
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mv([z, +00))

Figure 29: An example of a plot of the function [ arg(z — t)dv(t) for some possible v.

inside the domain bounded by the curve, this implies that Im[f(w)] is constant, a
contradiction. Similarly, the descent contour cannot end in ¢;. Thus it has to end either
at t, or one of ¢ and ¢/ .

This proves the existence of the global steepest descent path of f(w, x.). We now
consider the ascent path. Recall that the ascent and descent paths cannot intersect
because f’ = 0 has no nonreal solutions. This follows from the characterization of the
boundary of the liquid region in [8]. By considering the local ascent and descent contours
we know it cannot end at ¢;. Suppose that it ends a 5. However, by a similar argument as
before, this is not possible. Moreover, by the continuity of U (w) it cannot end at ¢.. Thus,
the ascent contour will become an asymptote of the line {te’? : t € [0, +0),0 = 7u([t.,b])}
since [ arg(w — t)dv(t) = v(R)arg(w) + O(Jw|™!) as |w| — c0. Now assume that the
decent path ends at ¢; and that the ascent path ends at ¢}". Again by forming a closed
contour containing the interval [¢_,¢]] and exploiting the harmonicity of Im[f(w)], we
get a contradiction. Thus as before, contour will become an asymptote of the line
{te® 1t € [0, +0),0 = mu([te,b])}. O

2.4 Estimates and localization

We start with some preliminary results that we will need. By lemma 2.1 and Assump-
tion 4, if we take Jp small enough, then |g, ;(w)| < C for |w — t.| < Jy, where C is a
constant. We have the Taylor expansion

1
gn,i(z) = gmi(tc) + g;l,i(tc)(z - tc) + 79Z,i(tc)2(z - tc)Q

2
1
+ ég;i’,i(tc)g(z —t)? +rni(2)(z —te)?, (2.6)
where
1 9n L(w)
Tn,i(2) = 7/ : ——dw. (2.7)
21 Jutosy (=8P (L— 25

From (2.7) we see that, if we take §; < /2, then there is a constant C(dy) so that
Irn.i(2)] < C(do), (2.8)
for all z € B(t., d1). Consider a curve
2(t) = te + C(1), (2.9)
t € I, such that |((¢t)| < Ct < 6, forall t € I, I an interval. From (2.6) we obtain

Re[gi 1 (2(1)) — gni(t0)] = g (1o RE[C()] + (1 RE[C()7] + gl (t)Re[C(1)]
(2.10)

+Re[ry,i(=(1))¢(t)"].
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Note that, by the assumption on ((t),
[Re[¢(t)]] < O, [Re[¢(t)’]] < Ct?,  [Re[rn(=(t))¢(1)"]] < Ct, (2.11)

for all t € I, where the constant C is independent of §;.
By the definition (1.43), we have that

i) = 3, log <2_<x§:) +fb)>

k=Az{™

if Az{™ <0, hy,i(z) = 0if Azl™ = 0 and

Az(™ (n)
. T k
hn ) - 1 - - 9
(2) ,;1 og | z ( . +n)>
if Az{™ > 0. Write x; = sgn(Az{") (= 0if Az{™ = 0). Then,
|Aaz{™| 1
b i(2) = =k — (2.12)
) T k
12— (B )
From this, and (1.35), it follows that, if |z — t.| < 41, with §; small enough, then
\h;”(z)\ = Cnl'/3, |h;’”(z)| < Cn'/3. (2.13)
Similarly to (2.6), we get
hn,i(z(t)) = hnﬂ'(tt:) + h/n,z'<t6)<(t) + Sn,i(z(t))C(t)Qv (2.14)
where
|sn.i(2())] < Cn'3, (2.15)

and z(t) is given by (2.9).

We will now discuss the localization of the asymptotic analysis of the kernel to a
neighbourhood of ¢.. Let §; > 0 and let By = B(t., d1) be a (small) ball around ¢.. The
descent contour D from Lemma 2.3 intersects 0B, n H at the point D5, see figure 30

D
Dy

te
By

Figure 30: The global descent path D close to t.

We now formulate a lemma that will allow us to neglect the contribution from D
outside Bs.

Lemma 2.4. If we choose 0, sufficiently small, there is a constant bo(d;) > 0 such that
for n large enough
Re[gn,i(D2) = gn,i(te)] < —bo(d1). (2.16)
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Proof. We take ((t) = te(®), 0 < t < 6,, where 6(6;) is chosen so that ((6;) = Ds. It
follows from Lemma 2.1, f'(t.) = f"(t.) = 0, and f”(¢.) > 0 that, given £; > 0, we have

"

|9ni(te)l <1, |gnlte)l < e (2.17)
for large n, and there is a ¢; > 0 so that
gii(te) = a1 (2.18)

for all sufficiently large n. Also, since f'(t.) = f”(t.) = 0 and f”(¢.) > 0, a local Taylor
expansion of f shows that §(§;) — 7/3 as d; — 0. Consequently,

Re ((t)% = t3 cos 30(d1) < —%tS (2.19)

for 0 < t < ¢, if §; is sufficiently small. From (2.10), (2.11), (2.17), and (2.18) we see that
1
Re [gn.i(D2) — gn.i(te)] = —Eclai” + Ce1(01 + 67) + C8

f 1
=c168| — The Cle1 (672 + 071 + C'61 | (2.20)

We can now choose §; so that C’d; < 1/48 and then ; so that 0’51(51_2 + 51_1) < 1/48. We
then get (2.16) with by(d;) = ¢13/24 and the lemma is proved. O

Let B3 = B(t.,2) be a small ball around ¢.. The descent contour D intersects 0Bz nTH
at the point D3. Let C be as in figure 31 and D’ be the part of D outside By and Bs, so
that D’ lies strictly in H. Hence, from Lemma 2.1, it follows that g,, ;(#) — f(z) uniformly
on D’ asn — 0.

D
D3

Figure 31: The global descent path D and C close to .

The next lemma gives the estimate we need on C.
Lemma 2.5. There is a constant by (d2) such that b;(d2) — 0 as d2 — 0 and
Re[gn,i(2) — gn,i(D3)] < b1(02) (2.21)
for all z € C if n is sufficiently large.
Proof. Let D3 = xg + iyo and set
z(t) =x9 +i(yo—t), 0<t<yo <.
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We have chosen §; so small that zg > x.. From (1.42) we see that

d d (1 oy, 1 1 on
“Re[fu(z))] = (= D1 logla(t) —n B+ = Y logle(t) —n 18]
dt dt \ n

ﬁ£n><tén) Bgn)>t(1n)

)

dl < 1 (n) (n)
— o Z log |2(t) = n™ k| = uy ' (t) +uy ’ (t).
k=t{" 41

Note that u{")(¢) < 0 and

=4 L 2 o (= 5) = 0 2)

!
|
|
N
Q
NS

since :vE")/n — Xe¢ < Tg as n — oo. Thus,

Re [fn(2) = fu(D3)] < Cd2

for all z € C if n is sufficiently large. It remains to estimate % Re[h, ;(2(t))]. Consider h, 1
and assume Ax&") > 0, the other cases are similar. From (1.43) and (1.37) we obtain

(xo— 7’2>2 (g —1)2

if n is sufficiently large. Here we used again the fact that :cE") /n — X < zo. This proves

the lemma. O

! 1 | sl
ogn (n) ]

—IRe Ay, t)]| < A — 1

R S T

k=nz"’+1

Clogn

<
Y

\62

From Proposition 2.1 and (1.46) we see that

Pn (72, y2) Con1/3 = n
MTK;Q)((JSLyQ,(Z‘Q,z&))

1 con1/3
(@mi)* Jrysrs  Jyignz 2 nTian

(d0n2/3)7‘q(nw’ ,,,) en(gn,l(w)_gn,l(tc))_n(gn.Z(Z)_gn,Q(tC)) (2.22)

(don?/3)sq(nz; s) w—z

Note also that

r—1 1/3 (0, _ 1/3
2/3r o n/3(w—t.) —k/n
(don”°)" qn(nw;r) kllo( 0 (2.23)

if » > 0O; there is an analogous formula if » < 0 and if » = 0 the expression is = 1.
By uniform convergence we have that g, ;(2) — f(2)| < $bo(61) for all z € D' if n is
large enough. Thus, if z € D’ we have

Re[gn,i(z) - gn,i(D2)] < Re[gn,i(z) — f(2)]

+Re[f(D2) ~ gai(D2)] + Relf(z) — f(D)] < sho(1)

<0
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where we have used that D’ is a descent curve. Combining this with Lemma 2.4, we
obtain

1
Re[gn,i(2) = gn,i(te)] < —500(d1). (2.24)

for all z € D'. Given §; we choose J; so small that b;(d2) < by(d1)/4. Since D3 € D’ we
find, using Lemma 2.5 and (2.24) that

1
Re[gn,i(2) = gn,i(te)] < —bo(d1). (2.25)

for all z € C if n is sufficiently large.
Note that
Re g,.2(2) = Vn2(R)log |2z| + O(|z| 1) (2.26)

as |z| — o, and v, 2(R) — v(R) > 0 as n — 0. In (2.22) we can let I'2 and 72 be small
circles around ¢, inside By and deform %1L to the descent contour D’ +C (and its reflection
image in the lower half plane). Using (2.26) we see that we can deform I'} to the ascent
contour A. We can now use the estimates (2.24), (2.25) and (2.26) to see that in the
integral (2.22) we can ignore D’ + C and the part of A outside B in the limit. More
precisely, we also have to combine this estimate with the estimates and computations
inside B, that we will do in the next section. We leave out the details.

2.5 Local analysis
Let {M, },>1 be a sequence satisfying

M,

iz 0, n*BMy|f(te)] —0 (2.27)

Mn - m)
as n — oo, which exists by Assumption 4. Consider the ball B; = B(t., M,n~"/3). Again
we will only discuss the descent contour; the ascent case is analogous. As above, we
take ((t) = te’?1) in (2.9) with M, /n'/3 < t < 61, so that 2(6;) = t. + ((61) = Ds, see
figure 32.

By

Figure 32: Local contours in the region Bs\B;

It follows from (2.10),(2.11) and (2.18) that there is a constant C' so that

1 Clgnq(te)l  Clgy i(te)l
3 N, n,i
Re[gn,i(z(t)) - gn,i(tc)] < -t ﬁcl - 2 — ¢

—Ct]. (2.28)

It follows from Assumption 4 that n?/3 f! (t.) — 0 and n?*?f”(t.) — 0 as n — . Combining
this with (2.13) we see that, for t € [M,,/n'/3,6,],

g;ll tc 2/3 B
| ’tz( ! <CTZZW (1£5(te)] + Cn =) (2.29)
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and

" te 2/3
M O £ te) + Cn=20). (2.30)

Using (2.27) we see that the right hand sides of (2.29) and (2.30) are < ¢;/72 if n is large
enough. Also, we can assume that §; has been chosen so small that C't in (2.28) satisfies
Ct < 06y < ¢1/72. It then follows from (2.28) that

1
Re [gn.i(2(t)) — gn.i(te)] < —ﬂclt3 (2.31)

for t € [M,,/n'/3,6,]. If we let
2(t) = to + don~3te?(00)
€ [M,,,5;n'/3], then (2.31) gives the estimate

3
dpci 3

nRe [gni(tc + donfl/gteie(‘il)) —gni(te)] < — o1

(2.32)

This estimate can be used together with the corresponding estimate for the ascent
contour to control, in the limit, the contribution from the parts of the descent and ascent
contours that lie in By\B;. We find that we can neglect the contributions from Bs\Bj;.

We now define the local contours that will be used in B;. Let Dy = ¢, + M,n"1/3¢¥(1)
Fix z > 0 and y < 0. We define 7., in the upper half plane by

2(t) = te + don YVPuy (t) == to + don V3 (x + te'¥ (1), (2.33)

where 0 <t < M},. Here 0,,(6;) and M are such that z(M) = D,. Note that M), /M,, —
1 as n — oo. I the lower half plane we just take the mirror image. We define f,ll

analogously corresponding to the ascent contour, see figure 33. Also, we define fi by
2(t) = te +don~Y3riet, 0 < t < 27 and 72 by z(t) = t. + don~Y3ree”, 0 < t < 27, where
0 <7y <7y < min(x, —y), see figure 33.
Write

i%)((xlvyl) ($2,y2

1 55 yg cont/3
(277@) - o z—n"lzy
en

(d0n2/3) (nw 71) ((]n l(w) 9n, l(t ))—TL((],L 2(Z) In, 2(t ))

2.34
(don?/3)sq(nz; s) w—z ( )
From (2.22) and the discussion above it follows that
. pn($2,$1)00n1/3~( ) . (n)
lim on(@r) 2 Ly ((z1,91), (22, 42)) = T}E{}OK{L (z1,91), (z2,92))-
Consider the contribution from 7. . Write
n(gn1(w) = gna(te)) = n(fo(w) = fu(te)) + hn1(w) — hn1(te).
In analogy with (2.6) we have, with z(¢) given by (2.33),
1
n(fa(2(t)) = f(te)) = 0 £ (te)doun(t) + §n1/3f,’{(tc) otn (1)
f”’( D3 un ()2 + n Y37, (2()) diu, (1)4, (2.35)
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—1/3
nTl /

(n) —1/3

Figure 33: Local contours in By. Herer;” =n r; fori=1,2.

where |7, (2(t))] < C for 0 < t < M. Since |u,(t)] < CM,,
[n Y37, (2(t))dgun, ()] < Cn~ Y3 M2 -0, (2.36)
asn — o for 0 <t < M,, by (2.27). Also,

023 f! (t)doun ()| < CMn?3|f (t.)] (2.37)
IR () dgun ()] < CMERY3| 1 (te)].

By (2.27) and Assumption 4 it follows that the right hand sides of (2.37) go to 0 as
n — oo. Furthermore it follows from Assumption 4 that n/3|f”(t.) — f"(t.)] — 0 as
n — o0. Hence, we have shown that

A(alte) = F(te)) = L1 a0 + (1) = gun(? + 0(1) 238)

uniformly for ¢ € [0, M/ ] as n — oo, by our choice (1.31). From the definition of 6,,(4,) it
follows that n'/3/6,,(6,) — 6(61)| is bounded, and thus M2|6,,(6;) — 0(61)| — 0 as n — o by
(2.27). From this we see that

MUn(2(0)) = (1)) = 5(o+ 16700 + (1), 2.39)
uniformly for ¢ € [0, M] ] as n — o. From (2.14) we obtain
T 1 (2(1) = h1(te) = By, 1 (Fe)don™ P un () + 5,1 (2()dgn ™ un (t)?, (2.40)
and by (2.15),

In=23d2s,1(2(t))un (1)?| < Cn~ Y2 M2 — 0, (2.41)
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uniformly for 0 < ¢t < M/, as n — o by (2.27). Recall (2.12) and consider the case when
Azgn) > 0. From (2.12) we see that

Az{™ 1| 1 1
—1/3p1 1
nVBR () + —— | < — - 4
n,1\tc (tc _ Xc)n1/3 n1/3 ];1 t — £ _k te — Xe
n n
A (n) (n)

I S I it c

= 01/3 _ () 2/3

nl/ =l — te = % n2/

since |Az§")\ < |r/2 —con/3¢,| < Cn'/3, |xgn)/nfxc| <1/n, &, — &asn — and x. > t..
It follows that

—1/3 / _ Cog s 2 42
n= V3R () TR 0 (2.42)

as n — . Using this and the control on 6,,(41), it follows from (2.40), (2.41) and (2.42)
that

Bt (2(t)) = Bna(te) = —%(x + te?01)) 1 o(1), (2.43)

Q(tc - Xc)

uniformly for 0 < t < M,, as n — co. We have chosen ¢y, (1.30), so that

Codo
_— = —1. (2.44)
2(tc - Xc)
Thus
B (2() = hpa(te) = —€(x + @) 4 o(1), (2.45)

uniformly for 0 < ¢t < M,, as n — . Now, by (2.23), for r > 0,

(d0n2/3)rqn (nz(t);r)

1:[ 3 (don =3 (x + te?®(0)) 4 n1/3 (¢, — ¢ ) k/n?/3
- do

= (:,C + teie(‘sl))r e°M

uniformly for 0 <t < M,, as n — 0.
We can do the same type of computations for T',, T, and 72. This gives us

codo =(

. n)
lim —————5L
e 3t — @y (o )

= &l/ dZ/ dw ! w—reswg_?z w2
Q(to - Xc)(27m)2 — L1 —Cout LRrR+%Cin w—z 2%

1 1w
- 7/ dz/ dw R R (2.46)
@2mi)? o v S tnre, W22

It remains to consider the asymptotics of B,, in (2.2).

iy Pn(@2:92) con'/?

B, ; , 7
d g 2 Prl@non), (@2,p2))

L Con1/3 (d0n2/3)rqn (nz, 7') B 1(2)=hn 1 (te)—(hn 2(2)—hn 2 (te)
= lim 13,50, — dz e , , )
n—o0 2mi J_F 2z — wo/n (don?/3)3q, (nz; s)
(2.47)
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. =2 . ) . . .
since T',, has the opposite orientation to I'2. Using the same asymptotics for ¢, and h,, as
above we get

1

ey /gt .

gy
(s—r—1)"

This gives us finally the complete Cusp-Airy kernel

ICCA((&; 7“), (7_7 5))

T—g)sr-1 1 1 w" : :
= 717’251$>7‘( 5) | + ) / dZ/ dw Teéwd*%23*6w+7z.
(s—r—1)! (27m0)? J o, 1., Sni, W—ZZ

(2.48)

It is not difficult to check that the asymptotics above is uniform for &, 7 in compact
subsets of R. A standard argument using the Hadamard inequality then proves (1.47).
This completes the proof of the Main Theorem.

3 Representations and properties of the Cusp-Airy kernel

3.1 Symmetry property of the Cusp-Airy kernel

From the geometry of the problem we expect that the Cusp-Airy process should be
symmetric around the line » = 0. This is indeed seen in the kernel as the next proposition
shows.

Proposition 3.1. The Cusp-Airy kernel satisfies

Keal(§ =r), (1, =5)) = (=1)"""Keal(T;5), (§,7))- 3.1)

In particular, this implies that the correlation functions satisfies the reflection symmetry

pn((fb —’/‘1), (527 _T2)7 () (g‘rbv _TTL)) = pn((fb 7"1), (£2’ TQ)’ ey (gna Tn)) (3.2)
for all n.

Proof. First note that under the change of variables z — —z and w — —w the contours
transform according to: L, - —Lg, Lg —» —L}, C;, —» C;,,, and C,,,; — C,yy. Thus we
see that

ICCA((&? _T)? (7—7 —S))

(r =gy

(—s+r—1)

1 1 w" lw3flz37§w+‘r2

+ — dz dw ——es3 3 :{Z—>727w*>f’u}}
2mi)* J 2, boue  no, W EZE

¢y

(r—s—1)!
—1)5— " 1 S 1.3 1 :

+ (el ) 5 / dz/ dw Zeptmguioratiw {z & w}
(27TZ) _gRUCguut _zL chin Z-w w"'

r—s (€ — T)T_s_l
(r—s—1)!

s—r s
+ 4(_1)- 2*/ dz/ dw ! W egw=§a"—ruwtez,
(27”) — L1 UEin —ZLrUCout w—z 2"

= _1725175>7T

= lrzelpss(—1)"7°

= lrzeliss (1)
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Let C be a negatively oriented circular contour around the origin which is contained
inside C;,,. The residue theorem implies that

S . .
1 / dZ/ dw 1 w 6%71)37%2377'104'52
2
@2mi)? )z o6, J-thobn W2 2T
S
_ 1 s—r (§—7)z 1 I w %wsf%z377w+§z
- dzz°""e + 5 dz dw —e
27t Jo (27mi)? ) _ o, 15 gy W—2Z 2

Cin

_ r—s—1 s
=—1,5¢ (E-7) Tt 1. 2/ dz/ dw 1 w—re%wg_%thw’sz.
(r—s—D " @2 )gyre, Josne w22

This gives

(€ =yt
(r—s—1)!

( 1)7‘_5 1 ws 1'11)3 173 TW
tw— 128 —rwtes
(27i)?2 dz & dww mppr it ’
—ZLL+Cin ~ZLRr—Cin

We can now change C — C,,; and C;,, —» —C,,;. This finally gives

]CCA((ga —7’), (7—7 _5))

T r—s—1
- (1)5T1T>S((§T—;_1)![1725 — 1]

S—Tr S
+ 4(_1)‘ 2 / dz/ dw ! w—e%ws_%23_7w+52
@2mi)* Jop o6 Jtnoe, wW—22"

(ol

’CCA((§7 77”)’ (7.775)) = 1T>§1T>S(71)Sir m

- (*1)57T17*>s

e (o
= ( 1) ]-£>‘r]-7‘>s (T P 1)|
—1)5—" 1 S 1.3 1.3
+ L/ dz/ dw D edw’-32 —rutes
(27”)2 LLVCout ZLRUCin w—zz"
= (=1)*""Kea((r,5)(& 7)) -

3.2 Representation of the Cusp-Airy kernel

In this section we will derive an alternative representation of the Cusp-Airy kernel
involving the so called r-Airy integrals and certain polynomials. Define the r-Airy
integrals,

1

T or

A (u) /e%iangi“a(iia)ir da,

¢
where r > 0 and ¢ is a contour from c0e®™/% to coe™/¢ such that 0 lies above the contour,
see [1]; compare also with the functions s(™ and t(™) in [3]. Note that A (u) = Ai (u),
the standard Airy function. Let L /* be the contour L ; shifted to the right so that 0 lies
to the left of it, see figure 35; define L} analogously by shifting L to the left so that 0
is to the right of it. It is straightforward to check that

]. 1 B _]. r 1,3
— 3 uyT quy = !/ emEF UL g = AT (u), (3.3)
27 [ g% 2me oo
R L
and 1)" 1 1 1
u/ esw’muw gy — — P L Ry g A (u), (3.4)
21 [ g w"” 2mi ) z"
forr > 0.
Define the polynomials P, (w, ¢) and p,(£) through
- —Lwltuw d" 1w —uw
Pn(w,f) =€ 3 W&* (35)
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and
pn(”) = Pn(07u) (3.6)
By Cauchy’s integral formula, we have for r» > 0,

1 ~1)!
e%w:;fuwwr dw — ( )

— - / e3P Uz g, Dr—1(u). (3.7)
27 Jeg,,, 21 Gt

Note that L, + C,,; = L, see figure 34. Thus,

-1 1 1 1
!/ e’ gy = R Sy P A (w) + (=1)"pr—1(u).  (3.8)
2t J o, w" 27t J o, 2"

LL I—R
Cout

Figure 34: Deformation of the contours L ;, and C,,; so that L ; can be moved to the
right of 0.

I

s O

L /
\

Figure 35: Integration contours moved to the right of 0.

We can now give a different formula for the Cusp-Airy kernel in terms of the r-Airy
integrals.
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Proposition 3.2. The Cusp-Airy kernel can be written as

(=9

(S —r— 1)[ + KCA((&T)» (T7S))7

Koa((§r), (1,8) = —lrzelssr
where K¢ 4 is given
(i) forr, s >0, by
Reallerh(n9) = [T AT+ 047 €+ O
(ii) forr >0, s <0, by
Real(Er(r9) = (1) [7 A%+ 04T €+ N
(iii) forr <0, s >0, by
Real(Ers(n) = (1) [ 747G+ 0A7, (6 + 2 i

+ (—1)‘“*/0 Dot (T + NAZ(E+ N)dX
s—r—1

s—1
+ (=1 Y pR(N) A k(O + (=) pr(T)ps—r—1-4(8),
k=0

E
(=)

(iv) and forr,s < 0, by

Keoal(é,7),(1,8) = (=1)*7" /OOO AT (T + NAZ(E+ N dA.

Proof. From Definition 1.1 we have that

Reallen): (rs) = o d dw W pwt g —gurs
T T.S [ — - o v .
CA , ) \T, (27Ti)2 Lo+ s Lt Cin w— 2z 28

Consider the case (i). If r, s > 0, then C;,, does not contribute, and using L ;, + C,,; =
L/, see figure 34, and the formula

» 1
/ e~ Mw=2) gy = (3.9)
0

valid if Re (w — z) > 0, we find

- ©f1 1 1 1 1
Kca((&,r),(7,5)) :/ —/ 6_523“”’\)2—8 dz —/ e3 W =(E+Nw T g | da
0 21 ) o z 2mi [ g%
L R

o
- / A (7 4+ A)AF (€ + N d),
0
by (3.3) and (3.4). Here, we also used the fact that since » > 0, we can move L to L§~

In the case (ii) we have r > 0 and s < 0, and thus neither C;,, nor C,,; contribute.
Using (3.9) and then moving L ; to L ;¥ and L to L %, we obtain

_ 0 1 1
’CCA((§7T), (7" 5)) = / 27/ 6*%z3+(‘r+/\)2278 dz 27/ e%w3,(§+)\)wwr dw | d\
0 U gL* T f&k

-1 [T an A
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Next, consider the case (iii). If »r < 0, s > 0, we can write

/ dz/ dw=/ dz/ dw+/ dz/ dw

L1+ Cout ZLRr+Cin Zr ZLRr+Cin GCout ZLRrR+Cin

:/ dz/ dw+/ dz/ dw+/ dz/ dw:= 11 + I, + I3.
gL gR cbpout ZR C. <g1n

Consider first ;. By (3.4) and (3.8) we get

© 1 134 (40 1 1 LB (642 1
I = — e 37 TITAVE —dp | | — esW ENY_—_ gy | dA
0 27t J o, z$ 2mi ) w"

- (_1)5/00C AT (T + M)A (E+ M) a (3.10)

Since |w| > |z| if z € C,ut and w € L, we can use the identity

1 L Lk

=Y —r
— s k+1
w—z “w
to see that
s—1
1 1.3 1 1 1,3 1
I = — ISR — P Ry P A ——— 7
2 (271'1' /%m” z5—k ) (271'2' /gR w—rtk+l

[
Il
= o

p&4kl@v(<DTM*IA:H%+¢5>+p_WMx@)

k

0

s—1 s—1
= ()" N (M)A 1 (O + D (D ()t em1-i(6). (3.11)
k=0 k=0
If z € C,ut and w € C;,,, then
1 E wk
w—2z ;O zh+1

and we see that, by (3.7), and the fact that C;,, is negatively oriented, we have

b= 5 ([ et ) ([ e
= o\2mi Je,,, zsth+l 2mi J,, wr—k

—r—1 s—r—1

= > Pork(MP—r k() = X PE(TIPrs1-r(E). (3.12)

k=0 k=s

Adding up (3.10)-(3.12) we have proved (iii). The case (iv) follows from (i) by using
Proposition 3.1. O

Note that if we take » = s > 0, then by (i),

Kea((§r), (1,8) = /OOO A (T HNAT(E+ N dh = KU (7,6),

which is called the r-Airy kernel. Note that when r = 0 we get the standard Airy kernel.
The r-Airy kernel has appeared previously in the work [3] on largest eigenvalues of
sample covariance matrices and in [1] on Dyson’s Brownian motion with outliers. See
also [2].

Though we do not show it in this paper using the results above and some further
estimates it should be possible to prove that the scaling limit of the position of the last
(red) particle on line r, close to the cusp point, has the distribution function F,.(z) =
det(I-K (T)) L?(z,0)- In particular, when r = 0 we should get the Tracy-Widom distribution.
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Remark 3.1. It is instructive to compare the Cusp-Airy kernel to the GUE-corner kernel.
Recall that the GUE-corner kernel is given by

Nn—n'—1
o 7 (.’E — X )
K(na rsn ,xr ) = _1n>n’1w>x’2n " m
/ / dw w" w2_22+2zz—2wz’ (3.13)
27T’L o -z Zn 7 .

where z,2’ € R and n,n’ € Z and n,n’ > 0, and where the contours are shown in
figure 36.

Iy

)
L/

Figure 36: Contours for the GUE-corner kernel.

In a sense, one can regard the Cusp-Airy kernel as a double sided version of the GUE-
corner kernel. If one changes the assumption that f{c has a simple root at t. € Ry | Rs,
then a similar computation as in the Cusp-Airy case will yield the GUE-corner kernel for

an appropriate scaling limit of K,L((xgn), y§">), (s () yé"))).

4 Derivation of the correlation kernel

4.1 Integral representation of the correlation kernel for the yellow particles

In section A.1 in [8] it was shown that the correlation kernel for the interlacing
particle system is given by

Kn((z1,01), (22, 92)) = Kn((z1,51), (72, 92)) — ¢(y1 yo) (1, T2), (4.1)

where

Kn((xhyl)v (IQ, 1/2))

T ro—1 (n) . (n)
(n— yl Hj:a:2+y2—7z+1( k J) l—p;
RS 4.2

(n—y2 _1 ! l=x14+y1—m Jlrlj-;yl n(li.]) i#k Blgrn) _Bl(n)

and

¢Ezl),y2)($17 x2)

z2—1 (n) _ _ p(n)
- 1 ' 2 Z H;=x2+y2—n+1(6k 7) 1—[ -8, C@3)

11 4 (n
k=1l=z14+y1—n Jj= 951};1[/1 "(l j) itk 5k —/51'

=loseo, 7T (

To arrive at an integral representation for the correlation kernel we now make use of
the following corollary of the residue theorem:
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Corollary 4.1. Let 2 € C be an open simply connected bounded domain with positively
oriented boundary Jordan curve -y, then for an analytic function f(z) in ), we have for
{z1,...,2n} € Qand z; # z; if i # j

O ) = RO N EE

Proposition 4.1. The correlation kernel for the yellow tiles have the following integral
representation

K7 (21, 0), <x2,y2>)

x 1 n

-1 ( d k2 12+y2 n+1( k) 1 L wfﬂl( )

oo —1 (2mi) ? (w— k) w—zII (n)
( — Y2 T k r14+y1—n i=1 _/8‘

xo—1 n n
(n — yl)' 1 Hk2 To+y2— n+1( ( )
- 111212 . dz n
(n—yo — 1) (2m0)2 [ , Hk 1 by — o (w— k W=z 5(”)
(4.4)

where Z,, is a counterc]ockwise oriented contour containing {B(-”) : ﬁj(-”) > x9} but

not the set {B <wzy—1}and Z, 1s a counterclockwise oriented contour containing
{8; (), gm - x2} but not the set {B > x9+1}, and W,, contains the set {z1+y;—n, ..., 21}
and Z and z).

Proof. The correlation kernel for the yellow tiles is the same as that for the interlacing
particles, i.e. it is given by (4.1). From (4.1) to (4.3) we see that

(n—y2 — D! ()
g K z1,y1), (22,
g Ry (@e), (22,02))
n T To—1 (n) '
=1z, < Z 1. le Hjim2+y2—n+1( k —j) 1— 6l(n)
= T1<T2 n >z 1.:1 -~ . _
k=1 B >z l=z1+y1—n jzmljjé?lﬂin(l ) L1 ](C ) 7@( )

z 22-1 () _ ;
Zl Hjix2+y2—n+l( e — ) l_ﬁi( )

H;Lzﬁ?l_"(l —J) i#k Bl(cn) - 61@ .

n
T Z Lo o, (4.5)
k=1

l=x14+y1—m

Consider the first expression in the right hand side of (4.5). Using Corollary 4.1 we can
rewrite the [-summation and we find

xo—1 (71) . n
Z 1 dwnjix2+y2—n+l(6k _j) H wfﬂz( )
ac1<;r2 B 212 2 Z v 1—[11 ('lU s n) (n)

j=z14y1—n 7) izk By — B
n zro—1 n . n
-1 Z 1. i% dwnjixﬁyrnﬂ( 5 —J) 1 [T 1(”’_52‘( ))
= lgi<as 2 : T . n n)y
7 (P (A () B T (B = B)
Since the w-contour is outside Z,, the sum over the ﬂk > x5 can be rewritten using

Corlollary 4.1 and we find
Lo, <oy % dw% dz J wz+yz —n+l . i=1 i )
1 27m J 11+y1 n(w —j) w—z H:‘L=1(Z _ Bl(n))

The second expression in the right hand side of (4.5) can be rewritten in exactly the
same way and we have proved the proposition. O
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4.2 Particle transformation

From knowledge of a correlation kernel for the yellow particles we now want to
derive an expression for a correlation kernel for the red (and blue) particles.

Lemma 4.1. Correlation kernels for the red and blue tiles (particles) are given by

K (21,31, (x2,92)) = —EK$ (21,31, (22,92 — 1)
K ((1,01), (22,92)) = K3 ((x1,91), (22 + 1,52 — 1)).

Proof. Let Kp be the Kasteleyn matrix of the adjacency matrix of the honeycomb graph
Gp of the polygon P. It is defined according to

if (y,m) = (z,n)

if (y,m) = (z,n—1)

if (yym)=(r+1,n—1)
0 otherwise

Kp((z,n); (y,m)) = (4.6)

— = =

Recall that if (y, m) = (x,n) we have a yellow particle (rthombi of shape) at position (z,n)
in our lattice. Similarly, if (y, m) = (z,n — 1) we have a red particle at position (z,n) and
if (y,m) = (r + 1,n — 1) we have a blue particle at position (x,n).

It was shown in [20] Theorem 6.1 that inverse Kasteleyn matrix K5 1 is related to the
correlation kernel of the yellow particles Ky according to

Kpt((y,m); (z,n)) = (=1)V =+ K (2,0 y, m). (4.7)

From Corollary 3 in [15] one has that the probability of finding a set of edges {b w1, ...,
brwy} is given by

k
Pledges at {w1by, ..., wrbi}]| = (HKp(w,-,bi)> det(Kgl(bi,wj))ﬁj

Now finding k red particles at positions {(x;,n;)}¥_, is equivalent to finding the edges
{((zi,m;), (xi,n; — 1))}*_, Hence, the probability of finding k red particles at positions
{(2i,m9)}i=, equals

IP[red particles at positions {(z;,7;)}%_,]

= P[edges at positions {((x;,n;), (x5, n; — 1))}, ]

= det(Kp" ((zi,n; — 1), (25, nj))fj

= det((~1)" TR (g, s, mg - D)

= det(—K§7n)(.’I}'i,ni;l‘j,nj — 1))5”']
However, by definition

pr((x1,n1), (22, n2), ..., (%, 1)) = P[red particles at positions {(z;,7;)}*_,]
= det(K” (i, ni3 yj,15))1<i <k
Hence, we find that as a correlation kernel for the red particles we can take
K@) (i, nisy;,ng) = K3 (wi,niaj,m; — 1),
Similarly, for the blue particles we can take
Kgl)(a:i,ni;yj,nj) = K§;n)(1'i7n7‘,;37j +1,n; —1).

This concludes the proof. O
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We can now prove Proposition 1.1. Combining Lemma 4.1 with (4.4) we see that a
correlation kernel for the red particles is given by

. ' T2 1 2 —k n (n)
1w1<x2 (n y1)| ; dZ k Tatya— n( ) n (w ﬁ )
(n_yQ)' k T1+Yy1— n(w k)w 21:1
! 932 1 s —k n (n)
( y2) 27”’ o’ v, k T14+y1— n(w k) w—2z i=1 A
We can remove the prefactor (n=y1)! gince it cancels in the determinantal expression for

(n— y 2)!
the correlation functions. This proves Proposition 1.1.

5 Appendix. Determinantal point processes

In this appendix we give a brief introduction to determinantal random point processes
that suffices for our purposes. See e.g. [13], for a more complete treatment.

Let A be a Polish space. Fix N € N u {0} and Y = A", a space of configurations
of N-particles of A. Denote each y € Y as y = (y1,...,yn). Assume, forall y € Y
and compact Borel sets B < A, that the number of particles from y contained in B is
finite, i.e., #{y; € B} < . Let F be the sigma-algebra generated by sets of the form
{yeY : #{y; € B} = m} for all m < N and Borel sets B — A. A probability space of the
form (Y, F,P) is referred to as a random point process.

Given such a process, m < N, and B c A™, define N7 : Y — IN by,

N?(ZA = #{(yllv -7yim) € B: Z.1 F o F im}a

forall y e Y. In words, N}7'(y) is the number of distinct m-tuples of particles from y that
are contained in B. Then define a measure on A” by B — E[N}'] for all Borel subsets
B < A™. Assume that this is well-defined and finite whenever B is bounded. Then,
given a reference measure A on A, the density of the above measure with respect to A",
whenever it exists, is referred to as the m! correlation function, pm. That is,

/Bpm(acl7 coy Tm)dA[z1] . dA[z] = E[NE],

for all Borel subset B < A™.
A random point process is called determinantal if all correlation functions exist and
there exists a function K : A> — C for which

Pm(T1, s Tm) = det[ K (z, 25)]7% 21,

forall x1,...,2, € A and m < N. K is called the correlation kernel of the process. Note,
correlation kernels are not unique. For example, when A = R, a new kernel J : R? - C
can be defined by J(u,v) := %K(u, v) for all u,v € R, where w is any non-zero complex
function. Also, kernels can be viewed as integral operators on L?(A) by the relation,

/Kuv v)dA[v],

whenever the right hand side is well-defined.
Finally consider a measurable function ¢ : A — C with bounded support, B, for which

2 HQSHOO / det[K(iﬂiy‘rj)]Z]‘:ld)‘[xl] .. d)\[il'n] < 0.

n=0
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Proposition 2.2 of [13], then gives,

E[] (1 - o(x;))] = i (*1')"/ ﬁ¢(xj)det[K(zi,zj)];zjzldx[xl]...dx[zn].
n=0 ' =1

. n
J
This quantity is referred to as the Fredholm determinant, denoted det[I — ¢K]2(p).
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