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A heat flow approach to the Godbillon-Vey class™
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Abstract

We give a heat flow derivation for the Godbillon Vey class. In particular we prove that
if (M, g) is a compact Riemannian manifold with a codimension 1 foliation F, defined
by an integrable 1-form w such that ||w|| = 1, then the Godbillon-Vey class can be
written as [—Aw A dw]qr for an operator A : Q" (M) — Q*(M) induced by the heat
flow.
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1 Introduction

Let (M,g) be a compact Riemannian manifold with a codimension 1 foliation F
defined by an integrable 1-form w on M, this is ker(w) = TF. The integrability of w
guarantees the existence of a 1-form 7 such that dw = n A w. In [4] Godbillon and Vey
proved that the 3-form n A dn defines a cohomology class gv(F) € H3,(M) that depends
only on F. Since then, many studies and aproaches had been given in order to interpret
this class (see, for example, the work of S. Hurder [5] and the references therein for a
good account of it ).

The main purpouse of this work is to give a heat flow expression for the Godbillon
Vey class. The idea is the following: Consider a drifted Brownian motion as a solution of
a Stochastic Differential Equation and the associated flow ¢; (see, for example, [1], [6]).
Denote by ¢jw to the action of this flow on the 1-form w, and let w; be the 1-form defined
by (see [3], [7])

w(v) = Blgjw(v)]  veX(M).

Then w; is a heat flow perturbation of w, since wy = w. Our main result is the following
Theorem The Godbillon Vey class of F, denoted by gv(F), is given by

gu(F) = — [jt (we A dwt)} .

t=0
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2 Godbillon-Vey class

Let M be a compact differentiable manifold and denote by Q*(M) the space of
differential forms over M. Recall that the exterior differential d : Q*(M) — Q*(M) and
the inner product ix : Q*(M) — Q*(M), with respect to a vector field X, satisfy the
following basic formulae: if a is a k—form and § is another differential form, then

dwAB) =dwA B+ (=1)*aAndp,
and
ix(aApB)=ixa B+ (=1)FanpB.

Let w be an integrable 1-form M, this is w satisfy dw A w = 0, and consider a
Riemannian metric g on M such that ||w|| = 1. Denote by F to the the codimension 1
foliation defined by the integrable subbundle E = ker(w) of TM. The integrability of w
guarantees the existence of a 1-form 7 in M such that dw = n A w. Since

(n —n(whw) Aw =nAw = dw,
we can choose 7, such that

without loosing generality.
The Godbillon Vey class of F is defined by de Rham cohomology class

gu(F) = [n Adn].

Let gr the metric on F induced by g. By the Nash theorem we can do an isometric
immersion of M into a R for N large enough. The gradients of the height functions as-

sociated to the immersion defines vector fields {X e X ~ }. Consider their projections
{X1,..., XN} to E, then, by the usual argument of isometric immersion, the Laplace
operators Ag on the leaves L € F can be written as
N
Ap =) X7
i=1

Lemma 2.1. The Laplace operator on M can be decomposed as follows
A]u = (wﬁ)Q + AE — anwﬁ.
Proof. For a smooth function f we obtain

div(V f) = Tr{(u,v) = g(u, V,V[)}

= g Ve V) + D 9(Xi, Vx,V f)

i=1

= (W)?f — (V") f + Apf. O

Fix a filtered probability space (2,G,P). Let B = (By, ..., By) be a Brownian motion
on RV*! and let V be a vector field on M. Denote by Xy = w* and Z = -1V, ;w?. The
solution of the Stratonovitch stochastic differential equation

N

dr, = (V+2)(z:) dt+ Y Xi(z:) odBy,
=0

o = T,
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is a diffusion process with infinitesimal generator given by V + %A M, Which is a drifted
Brownian motion on M.

Since M is compact we can guarantee the existence of a solution flow ¢ : R, x Q x
M — M for this equation (see, for example, [1] or [6] ). Associated to the flow ¢ there is
the heat semigroup {P; : Q*(M) — QF(M)} acting on the space of differential forms by

(Pra)(v1,y ...y vi) = Ela(pvr, . .., drvr)].

It is well known that P,w solves the evolution equation (see, for example, Kunita [7] or
Elworthy et. al. [3])

d 1 &

—(Pa) = <Lv+z +35 ZL?X) (Pa), (2.1)
=0

Poa = . (2.2)

AISOPtOd:dOPt.
We observe that, in general,

Pt(a/\ﬁ);éPta/\Ptﬂ.

Remark 2.2. In [3], Elworthy, Le-Jan and Li, study the divergent operator 5= QO (M) —
Q*(M) defined by

N
0= ixLx,.

=0

Following them, if A =" | L% , we can show that
A= dd + dd.

Therefore, the operator A is a kind of Hodge Laplacian.
We can see that:
Lemma 2.3. Let «, (3 be differential forms. Then

d d
d%(PtCk/\Ptﬁ)zﬁd(PtOé/\Ptﬂ)

Proof. It follows from (2.1) and that Ly od =do Lx. O

Now, we apply the above formalism to the integrable 1-form w that defines the
foliation. Denote w; = Pw.

Theorem 2.4. With the notation above,

P == | G nda).

t=0

In order to prove this result we need some lemmata.

Lemma 2.5. Let w be a 1-form such that dw = n A w and X a vector field on M. Then

Lxw A dw = d(ixw A w),

and
LxwAdLxw =df + (ixw Adixn —ixn Adixw) A dw + (in)Qn A dn,

for a 2—form §.
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Proof. Since dw = n A w, then
nAdw=0, wAdw=0 and dnAw=0.
To show the first expression follows we calculate

(Lxw)Ndw = (dixw+ixdw)Adw
dixw A dw) + (ixn) Aw A dw — (ixw) An A dw
d(ixw A dw).

To prove the second expression we observe that

ixdoANdixdv = (ixnAw—ixwAn)AdixnAw—ixwAn)
= —ixnAwAdixwAn—ixwAnAdixnAw
+(ixw)n Ady
= (ixwAdixn —ixn Adixw) Adw + (ixw)?n A dn,

therefore

LxwA Lxdw = (dixw +ixdw) A dLxw
=d(ixwANdLxw) +ixdw AdLxw
=d(ixwANdLxw)+ (ixw Adixn —ixn Adixw) A dw
+ (ixw)?n A dn. O

Lemma 2.6. Let {X;}, be the vector fields over M defined as above, A = Zﬁvzo L%,
and w a 1-form such that ||w|| =1 and dw = n A w, then

[Aw A dw],p = —[n A dn)ar.
Proof. By usual computations and Lemma 2.5 we have,

(L3w)ANdw = Lx(LxwAdw)— LxwAdLxw
d(ixw Aw) — (ixw)*n Adn +
—(ixw Adixn —ixn Adixw) Adw + dg,

for an arbitrary vector field X. Specializing on X; and doing the sum we observe that

N
D (ixw)® = (ix,w)” = [|wl| = 1,
i=0
and
N
Y (ixwdix,n —ixndixw) = ix,wdix,n — ix,ndix,w = 0.
i=0
Therefore,
Z(L%w) ANdw = —n Adn+ dr,
i=0
for a 2—form v = o + 3. O

Now we have the ingredients to prove our main result.
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Proof of theorem 2.4. We calculate

d
a(wt A\ dwt) = (L(V+Z)wt A dwy + wg A dL(V+Z)OJt)

N
1

= 2(L(V+Z)wt AN dwt) + d(L(V+Z)wt A\ wt)
1 N
= 2(L(V+Z)wt AN dwt) + Aw; A dwy

1
+§d (wt A Awt) + d(L(V+Z)wt A wt).

Then, att =0

d
| Ndwy = 2(Lyyzyw A dw) + Aw A dw
t=0

+%d (WA Aw) + Ly yzyw Aw.
By the first statement of Lemma 2.5,
Ly izwNdw = d(ipy4zyw A dw),
and by Lemma 2.6
Aw A dw = —n A dn + da,

for a 2-form «. Thus

d
— wt Adwy = —n Adn + dry,
dt|,_,

for a 2-form ~. O

Corollary 2.7. With the notation of Remark 2.2, if ddw = 0 then guv(F) = 0.
Corollary 2.8. For all k > 1, the differential forms

T = w A (dAw)F,
are exact.

Proof. When k = 1 then
wAdAw =n ANdn+dg,

which is closed. For k > 1 we have that

Vi = w A dAw A (dAw)*1
=nAdyA (dAw)F?
=nAdnA (dAw) A (dAw)*—2
= +d(n Adn A Aw A (dAW)F2) + (dn)? A Aw A (dAw)*=?)
= +d(n Adn A Aw A (dAw)F2). O
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