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NORMAL APPROXIMATION AND CONCENTRATION OF
SPECTRAL PROJECTORS OF SAMPLE COVARIANCE

BY VLADIMIR KOLTCHINSKII! AND KARIM LOUNICI?
Georgia Institute of Technology

Let X, X{,..., X, be i.i.d. Gaussian random variables in a separable
Hilbert space H with zero mean and covariance operator ¥ = E(X ® X), and
let 3 :=n"1 Zl}:] (X ; ® X j) be the sample (empirical) covariance operator
based on (X1, ..., Xp). Denote by P, the spectral projector of X correspond-
ing to its rth eigenvalue w, and by P, the empirical counterpart of P-. The
main goal of the paper is to obtain tight bounds on

B — P2 —E|P — Pr|?
wp P{II . lrgz “E|IF : r||2§x}_<b(x)’
xeR Varl/2(|| P, — Pr||3)

where | - || denotes the Hilbert—Schmidt norm and & is the standard normal
distribution function. Such accuracy of normal approximation of the distribu-
tion of squared Hilbert—-Schmidt error is characterized in terms of so-called

effective rank of ¥ defined as r(X) = ”trz(ﬁo)o, where tr(X) is the trace of ¥

and || || is its operator norm, as well as another parameter characterizing

the size of Var(]| f’r — P ||%). Other results include nonasymptotic bounds and
asymptotic representations for the mean squared Hilbert—Schmidt norm error
]E||ﬁr — P ||% and the variance Var(|| ﬁr — P ||%), and concentration inequal-
ities for || ﬁr — P ||% around its expectation.

1. Introduction. Let X be a mean zero Gaussian random vector in a separa-
ble Hilbert space H with covariance operator ¥ = E(X ® X) and let Xy, ..., X,
be a sample of n i.i.d. copies of X. The sample covariance operator T=3,Iis
defined as follows: 3 := f,, =n1 Z’}:l (X; ® X ;). Denote by p, the rth eigen-
value of X (in a decreasing order) and by P, the corresponding spectral projector
of X (i.e., the orthogonal projector on the eigenspace of eigenvalue u,). Let P.
denote properly defined empirical counterpart of P, (see Section 2.2 for a precise
definition). The main goal of the paper is to obtain a tight bound on the accuracy
of normal approximation of the distribution of the squared Hilbert—Schmidt norm
error ||I3r — P, ||% of the estimator ﬁr. Another goal is to provide bounds on the

Received September 2015; revised January 2016.
1Supported in part by NSF Grants DMS-15-09739, DMS-12-07808, CCF-1523768 and CCF-
1415498.
2Supported in part by Simons Grant 315477 and NSF Career Grant DMS-14-54515.
MSC2010 subject classifications. 62H12.
Key words and phrases. Sample covariance, spectral projectors, effective rank, principal compo-
nent analysis, concentration inequalities, normal approximation, perturbation theory.

121


http://www.imstat.org/aos/
http://dx.doi.org/10.1214/16-AOS1437
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

122 V. KOLTCHINSKII AND K. LOUNICI

risk E||ﬁr — P, ||% of this estimator as well as nonasymptotic bounds on concen-

tration of random variables || ﬁr — P, ||% around its expectation. These bounds will
be expressed in terms of natural complexity parameters of the problem, the most
important one being the so-called effective rank r(X) that has been recently used
in the literature (see [2, 18, 20]).

DEFINITION 1. The following quantity r(X) :=
fective rank of X.

Here, tr(X) denotes the trace of ¥ and || X||s denotes its operator norm. The
above definition clearly implies that r(X) < rank(X). A recent result by Koltchin-
skii and Lounici (see [14]) shows that, in the Gaussian case, the size of the opera-
tor norm error || £ — 3| Of sample covariance S s completely characterized by
|X]lc and r(X). This makes the effective rank r(X) the crucial complexity pa-
rameter of the problems of estimation of covariance and its spectral characteristics
(its principal components) that allows one to study principal component analysis
(PCA) problems in a unified dimension-free framework that includes their high-
dimensional and infinite-dimensional versions (functional PCA, kernel PCA, etc.).
Our goal is to study the problem in a “high-complexity setting”, where both the
sample size n and the effective rank r(X) are large, although our primary focus is
on the case when r(X) = o(n) which implies operator norm consistency of both
> and P,. This setting is much closer to high-dimensional covariance estimation
and PCA problems than to standard results on PCA in Hilbert spaces with a fixed
value of tr(X) (see, e.g., [4]) that are commonly used in the literature on functional
PCA and kernel PCA. It includes, in particular, high-dimensional spiked covari-
ance models (see [9, 10, 19]) in which

m
(1.1) L= 570,80, +0"Pp,

j=1
where {6} is an orthonormal basis of H, sl2 > s% > > 531 are the variances of
m independent components of the “signal”, o' is the variance of the noise compo-
nents and P, := f _1(0; ®0);) is the orthogonal projector on the linear span of the
vectors 61, ...,0,, where p > m. This models the covariance of a Gaussian sig-
nal with m independent components observed in an independent Gaussian white
noise. It is usually assumed that the number of components m and the variances
s%, cee, s,i, o2 are fixed, but the overall dimension of the problem p = p, — o0 as

n — oo is large, implying that

m
tr(Z):Zsjz.+02p~02p—>oo asn — o0
j=1

2 L . .
and r(X) ~ sz(-’m? p- Estimation of the components of the “signal” 61, ..., 8, is
1

viewed as PCA for unknown covariance X. It is common to consider a sequence
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of high-dimensional problems in spaces R”, p = p, (rather than explicitly embed
the spaces R? into an infinite dimensional Hilbert space H)). To assess the perfor-
mance of the PCA, the loss function L(a, b) :=2(1 — |{a, b)|), where a, b € R?
are unit vectors, was used in [1]. A closely related loss function is defined by
L'(a,b):=lla®a—b®b|3 =2(1 — (a, b)?); see, for instance, [3, 18, 21]. In the
case of spiked covariance model with 0> = 1 and % — 0 as n — oo, the following
asymptotic representation of the risk holds [1]:

(p—m)(1+s2) 1

. (1 —|—s2-)(1 +59)
IEL(H-,@-):[ -4 - } 14 0(1)),
VARG ns;} n}; (SJ _sk)2 ( o )
(1.2) .
j=1,....m

In this paper, we are not making any structural assumptions on the covariance
operator X, such as the spiked covariance model, sparsity, etc., but rather study
the problem in terms of complexity parameter r(X). We derive representations of
the Hilbert—Schmidt risk E|| P — P, ||% of empirical spectral projectors in the case
when r(X) = o(n) that imply representation (1.2) for spiked covariance model.
Specifically, we prove that

. A (2
(1.3) E|P, — P53 = (14 0(1)) 2 ),

where A, (¥) =2tr(P. X P,) tr(C, £ C,) and the operator C, is defined as C, :=
D st ﬁ. In addition, we show that

2( )
(1.4) Var(|| B, — Pr)13) = (14 o(1))

where B, (X) := 2\/_ 2|| P, X P ||2]|CrZCr |2, and derive concentration bounds for
random variable || P P, ||2 around its expectation. One of the main results of the
paper is the following bound on the accuracy of normal approximation of random
variable || P.— P, ||% that holds under rather mild assumptions:

P.— P |2 —E|P, — P |3
supP{” v lrllz - | Pr i rllzgx]—d>(x)
xeR Var/ (HPr_Pr”z)

(1.5)

5C[Br22>+3rzg)ﬁ to (BE(EE))\/E Vz)]’

where ® (x) denotes the standard normal distribution function. This bound implies

| = PrI3=EIl B —Pr3 .
- is asymptotically stan-
Var ([ Br— P 1) ymp y

r(x)
B, (D)/n

that the distribution of random variable

dard normal as soon as n — o0, B, (X) — 0o and
lar, implies that r(X) = o(n) [see (4.5), (4.6)].

— 0 which, in particu-
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In our paper [13], asymptotics and concentration bounds for bilinear forms
(Pru,v),u,v € H of empirical spectral projectors P, were studied in a similar
setting under the assumption r(X) = o(n).

Note that in the case of spiked covariance model, the classical PCA is known to
yield inconsistent estimators of the eigenvectors when condition p = o(n) [which
is a special case of our condition r(X) = o(n)] fails and % — ¢ > 0; see, for ex-
ample, [10]. In [1], a thresholding procedure in spirit of diagonal thresholding of
Johnstone and Lu [10] was proposed and it was proved that it achieves optimality
in the minimax sense for the loss L(-, -) under sparsity conditions on the eigenvec-
tors of X.

Throughout the paper, for A, B > 0, the notation A < B means that there exists
an absolute constant C > 0 such that A < CB. Similarly, A > B means that A >
CB for an absolute constant C > 0 and A < B means that A < B and A 2 B.
In the cases when the constant C in the above bounds might depend on some
parameter(s), say, ¥, and we want to emphasize this dependence, we will write
AS, B,AZ, B,or A<, B.Also, throughout the paper (as it was already done in
the Introduction), || - ||2 denotes the Hilbert—Schmidt norm and || - || the operator
norm of operators acting in H. With a minor abuse of notation, (-, -) denotes both
the inner product of H and the Hilbert—Schmidt inner product. We will also use the
sign ® to denote the tensor product. For instance, for u, v € H, u ® v is a linear
operator in H defined as follows: (# ® v)x = u(v, x), x € H.

In what follows, we will frequently prove exponential bounds for certain ran-
dom variables, say, &, of the following type: for some constant C > 0 and for all
t > 1, with probability at least 1 — e™', £ < C+/t. Often it will be proved instead
that the inequality holds with probability, say, 1 — 2e~". In such cases, it is easy
to rewrite the probability bound in the initial form by changing the value of the
constant C. For instance, replacing ¢ by ¢ + log2 allows one to claim that with
probability 1 —e™’, & < C/t +1log2 < C(1 +log2)1/2ﬁ that holds for all # > 1.
In such cases, it will be said without further explanation that probability bound
1 — 2e~" can be replaced by 1 — e~ by adjusting the constants.

2. Preliminaries. In this section, we discuss recent bounds on the operator
norm || ¥, — ¥ || obtained in [14] and several well-known results of perturbation
theory used throughout the paper (see also [13]).

2.1. Bounds on the operator norm || f]n — ¥|loo. In [14], it was proved that, in
the Gaussian case, moment bounds and concentration inequalities for the operator
norm ||¥ — ¥||s are completely characterized by the operator norm || X~ and
the effective rank r(X). More precisely, the following theorems hold.

THEOREM 1. Let X, X1,..., X, be i.id. centered Gaussian random vectors
in H with covariance ¥ = E(X ® X). Then, for all p > 1,

@D EVPIE ~ 215 =, ||z||oomax{\/r(f)’?}.
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THEOREM 2. Let X, X1,..., X, be i.id. centered Gaussian random vectors
in H with covariance ¥ = E(X ® X). Then there exists a constant C > 0 such that
for all t > 1 with probability at least 1 — e,

. . r(2) t ot
@2) I - Sloo ~ BIS - Bloo| = €Il ({72 V1) 2 v 2]

n n n
As a consequence of this bound and (2.1), with some constant C > 0 and with the

same probability

~ Y >
23) ||2—Enooscnznoo[,/r(n—)v¥v\/gvﬂ.

2.2. Perturbation theory. Several simple and well-known facts on perturba-
tions of linear operators (see Kato [11]) will be stated in a form suitable for our
purposes. The proofs of some of these facts that seem not to be readily available in
the literature were given in [13] (see also Koltchinskii [15] and Kneip and Utikal
[12] for some bounds in the same direction).

Let ¥ : H+— H be a compact symmetric operator (in our case, the covariance
operator of a random vector X in H) with the spectrum o (X). The following spec-
tral representation is well known to hold with the series converging in the operator
norm: X =) .. i P-, where u, denotes distinct nonzero eigenvalues of X ar-
ranged in decrez;sing order and P, the corresponding spectral projectors. Denote by
o; = 0;(X) the eigenvalues of X arranged in nonincreasing order and repeated with
their respective multiplicities. Let A, = {i : 0;(X) = u,} and let m, := card(A,)
denote the multiplicity of w,. Define g, := g,(¥) := ur — ty41 > 0,7 > 1. Let
gr ‘= &r(¥) :=min(g,_1, g) for r > 2 and g := g;. The quantity g, will be
called the rth spectral gap, or the spectral gap of eigenvalue ji,.

Let now ¥ := ¥ + E be another compact symmetric operator in H with spec-
trum a(i) and eigenvalues 6; = i (2),i > 1 (arranged in nonincreasing order
and repeated with their multiplicities), where E is a perturbation of X. By Lid-
skii’s inequality,

suplo;j (2) — 0 (2)] < sup|o (E)| = | Eco-
j=1 Jj=1

Thus, forall r > 1,

inf |6j — pur| = & —suploj —oj| = & — [ Ellec
JEA, j>1

and

sup |0 — pr| = sup |0 — 0] < | Elloo-
JEA, JEA,
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Assuming that the perturbation E is small in the sense that | E|lc < %, it is easy
to conclude that all the eigenvalues 5, j € A, are covered by an interval

(Mr — 1 Elloo, pr + ”E”oo) C(wr — & /2, r +8r/2)
and the rest of the eigenvalues of ¥ are outside of the interval
(r = (& = IIElloo), r + (& — I Ellos)) D [1tr — &1 /2, itr + &r/2].

Moreover, under the assumption || E|lco < %minlfsfr gs =: 5,, the set {o*j(f?) :
J € Us— Ay} of the largest eigenvalues of f]_consists of r “clusters”, the diameter
of each cluster being strictly smaller than 2§, and the distance between any two
clusters being larger than 26,. Thus, it is possible to identify clusters of eigenvalues
of ¥ corresponding to each of the r largest distinct eigenvalues pg,s =1,...,r
of . Let P, be the orthogonal projector on the direct sum of eigenspaces of %
corresponding to the eigenvalues 6}, j € A, (to the rth cluster of eigenvalues of
). The following “partial resolvent” operator will be frequently used throughout
the paper: C 1=, ﬁPS.

We will need a couple of lemmas proved in [13] (see Lemmas 1 and 4 therein).

LEMMA 1. The following bound holds:

~ I E]
(2.4) 1P — Prlloo < 4——.
8r
Moreover,
(2.5) P, — P, =L,(E)+ S,(E),
where
(2.6) L.(E):=C,EP,+ P,EC,
and
%
2.7) 1B < 14( = °°) :
8r
LEMMA 2. Lety € (0, 1) and suppose that
|z
(2.8) < Y&
14y 2
Suppose also that
(2.9) IElloo <(1+y)8 and |E'| < (1+7y)s.

Then there exists a constant C\, > 0 such that

é
.10 15/(8) = 5, (B = Cy 511 = 'l
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3. Bounds on the risk of empirical spectral projectors. Let P, be the or-
thogonal projector on the direct sum of eigenspaces of )y corresponding to the
eigenvalues {o j(ﬁ]), j € A} (in other words, to the rth cluster of eigenvalues of
f), see Section 2.2).

We will state simple bounds for the bias Eﬁr — P, and the “variance” E|| }A’r —
Eﬁr ||% that immediately imply a representation of the risk [E|| I3r — P, ||%.

Denote

3.1 A (X)) =2u(PX2P)u(C.X2C)).

It is easy to see that

(32) A,(D) < 2";2‘“ "I oot ()

and

(3.3) A = 2( k() - olly )
IZlloc IZ12,

which implies that

(3.4) A, () = r(D)

[assuming that || ¥| ~ and m, are both bounded, g, is bounded away from O and
r(X) — ool

THEOREM 3. The following bounds hold:

1.
. > |12 b »)\?
(3.5) IEA, — Pl <) _!°‘°<r( )y (r( )> )
g; n n
and
. > |2 b )\ ?
(3.6) IBF, = Pl S i == (T2 (F2)),
2. In addition,
A A Ar(z)
(3.7) E|P —EP |} = + P,

where

s 4 » 3/2 3 4
(3.8) oul <™ ”§4”°°((r( NV (MR,

i n n
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3. If X = 2™, the sequences | "™ || oo and m, = mﬁ") are both bounded, g, =

gﬁ”) is bounded away from 0, and

r(X) — oo, r(X) =o(n),

then the following representation holds:

. AT )\3/? A (X
69 EIf - =" o(F2) ) = (140 212

n
REMARK 1. Inthe case of spiked covariance model (1.1) forallr =1, ..., m,
2 2 2 2
(p—m)(s2 +0?) (s5+0°)(s; +07)
Ar(2)=2<p LD D sy )
Sr 1sjmjzr 7 7S))
Assuming that m, s12, el s,%l, o2 are fixed, p—ooand p=o(n) asn — oo, itis

easy to check that (3.9) implies bound (1.2) obtained in [1].

PROOF. Recall the following relationship (see Lemma 1):
(3.10) By — Py =L (E) + S,(E),

where E =% — %, L,(E) ;== C,EP, + P,EC, and S,(E) := P, — P, — L,(E).
Clearly, C, P, = P,C, = 0 (due to the orthogonality of P, and P, s # r). Also,
P, X and C, X are independent random variables (since, by the same orthogonality
property, they are uncorrelated and X is Gaussian).

To prove Claim 1, note that, since EL,(E) =0, we have Eﬁ, — P, =ES, (E).
Therefore, by bound (2.7) of Lemma 1, we get

E|E|3,
&

(3.11) IEP: — Prlloo <E|S:(E)| o <14

Bound (3.5) now follows from Theorem 1. Bound (3.6) is also obvious since ﬁr, P,
are operators of rank m,, L,(E) is of rank at most 2m, and S, (E) = Isr — P —
L,(E) is of rank at most 4m,. Thus, ||S,(E)|2 < /m:|S-(E)|loc, and the result
follows from the previous bounds.

To prove Claim 2, note that Isr — Eﬁr =L,(E)+ S.(E) — ES,(E). Therefore,

A R ) .
(3.12) 1P, —EP 5 = |Lr(E)|; + | Sy (E) — ES-(E)|;

+2(L,(E), S;(E) — ES,(E)).
The following representations are obvious:

n n
(3.13) CEP,=n"'Y CX;®P.X;, PEC,=n"') PX;®CXj.
j=1 j=l1
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Note that, by (3.13), due to orthogonality of C, E P, P, EC, and due to indepen-
dence of P. X, C, X,

EP, + P,EC/||3 =E(|C,EP/ |3+ |P,EC,||3)
2

n
=2E|C,EP:|3=2E|n"' > P.X;®C,X;

j=1 2
(3.14) 5 5 s
_2EIPX®CX|3 _ 2EIPX[?ICX]
n n
_2EIPXIPEICX|? _ 2u(PEP)U(CEC) _ A()
n n n '

Next, note that E||S,(E) — ]ES,(E)H% < ]E||Sr(E)||%. Recall that S, (FE) is of
rank < 4m, and ||S,(E)|3 < 4m,|S,(E)|%. Quite similarly to (3.11), one can
prove that E|| S, (E) ||gO < g%EHEHﬁo. Therefore, by Theorem 1, we get

4 2 4
(3.15)  E[S.(E)—ES.(E)|? <m, ”Egﬂoo ((r@)) y (r(2>) )

i n n

As a consequence of (3.2), (3.14) and (3.15), it easily follows that
B|(L, (B). §,(E) ~ B8, (B)| < EV2|Lr(B) 32|, (B) — ES-(B)]3
2 2
(3.16) Ar (E FIIEII (r(z) Y (r(E)) )
n n

<m ”2;1'3 ((r(f))3/2v<r(f)>5/2>

(3.7) and (3.8) now follow from (3.12), (3.14), (3.15) and (3.16).
We now prove Claim 3. Using (2.5), we easily get

1B, — P13 =L (E)|5 + |S (E)|3 + 2(L,(E), S, (E)).

In view of (3.14), we have E|| L, (E) ||2 Ar (E) . By an argument similar to that of
(3.15) and (3.16) and under the assumption of the claim, we obtain

F(S)\3/2
E|S,(E)|3 + 2E|(L,(E), S, (E))|<( (n )> .
The result follows from the last two displays. [

4. Concentration inequalities. The main goal of this section is to derive a
concentration bound for the squared Hilbert—Schmidt error || P, — P, ||% around its
expectation. Denote

(4.1) B.(Z) :=2V2||P, S P 2| C,ECr o
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THEOREM 4. Suppose that, for some y € (0, 1),
- (1-7)g
(42) EJ$ - Elloo < —5 .

Moreover, let t > 1 and suppose that

43) m <1, ”E_”wfﬂ
8r n
1

Then, for some constant D), > 0 with probability at least 1 — e™",

12 — P13 — E|l B — P3|

B.(T D [F T3, r(E
SDV[ E) ry IER L IE r()\/;]'

gr n gr n

4.4)

Note that the first term @\/f in the right-hand side of (4.4) is dominant if

B,(X) — oo and B,r((zz)i/ﬁ — 0 [provided also that % <1and B,(X) > V1.

In the next section, it will be shown that under the same assumptions the random

I P =Py I3—E|l P~
Varl72(| 2, = P [5)

in addition, Var!/2(|| P, — Pr||2) =1+ 0(1))@. Note also that the assump—

Pl is close in distribution to the standard normal and,

variable

tion Bgfﬁ — 0 imply that r(Z) = o(n) provided that | |loo < gr and m, < 1.
Indeed,
2,,2
Ky psmems _ om =113,
BX(2) =8| P, I IBIC,ZC, 5 =8) ~T—=—— <8——2% "y,
S;ér( r :LLS) gr S#,.
(4.5) s o4
< 8M tr(S) = 8Mr(z) <r(E).
gt g;
Therefore,
by by 2
6) r(x) _ ( r(x) )
n B.(%)/n

The main ingredient in the proofs of these results is a concentration bound for
the random variables || P.—P, ||2 —||L,(E) ||2 given below (recall that £ = -3

THEOREM 5. Suppose that, for some y € (0, 1), condition (4.2) holds. Then
there exists a constant L, > 0 such that for all t > 1 the following bound holds
with probability at least 1 — e™":

18 = P13 = | Lo (E) )3 = E(1E; = P13 = | Lr(E) )]

SR /e (D)t I\ [t
o2 )
8; n n n n

4.7)
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PROOF. It easily follows from Theorem 1 that under assumption (4.2)

) K 1—)ar
||2||oo(,/r(n)vr(n))5( 2y)g < Z oo,

which implies that r(X) < n. Theorem 2 implies that for some constant C’ > 0
and for all ¢ > 1 with probability at least 1 — ™’

N N t 1t
1% - oo <E|IE — E||m+C/||z||w(\/;v;).

We will first assume that

t Ve
(4.8) cuznoof <8
n 4

with a sufficiently large constant C > 1 (the proof of the concentration bound in
the opposite case will be much easier). This assumption easily implies that t < n

and, if C > C’,
. ot t
ClZllooly/ =V =) =CllZ ooy —-
n o n n

. t
8, (1) :==EX — Xlleo + C”E”oo\/;-

Denote

Then P{[| £ — floo > 8(1)} <e™".
The main part of the proof is the derivation of a concentration inequality for the
function

g1 X0 = (17, = PR = L ®) o5
where, for some y € (0, 1), ¢ is a Lipschitz function on R with constant %, 0<
) <1,9(s)=1,s<1,¢(s)=0,s >1+y,and § > 0is such that || E|cc <8
with a high probability. This inequality will be then used with é = §, (). Together
with Theorem 2, it will imply bound (4.7) under assumption (4.8).
Our main tool is the following concentration inequality that easily follows from
Gaussian isoperimetric inequality (see, e.g., [17], Theorem 1.2).

LEMMA 3. Let Xy, ..., X, bei.id. centered Gaussian random variables in H

with covariance operator 2. Let f : H" — R be a function satisfying the following
Lipschitz condition with some L > O:

, 12
|fxry e xn) = F(x]s o0 x)] §L<Zij —x}”z) ,
=1

/ /
Xlyeeos Xpy X1y enny X, € HL



132 V. KOLTCHINSKII AND K. LOUNICI

Suppose that, for a real number M,
P{f(Xi,....Xn) =M} >1/4 and P{f(Xi,...,Xn) <M}>1/4.
Then there exists a constant D > 0 such that for all t > 1,

P{|f(X1,...,Xn) — M| > DL| 2|2V} <e™*

The derivation of the inequality of Lemma 3 from the isoperimetric inequality
is similar to the standard derivation when M is the median.

We have to check now that the function g(Xy, ..., X},) satisfies the Lipschitz
condition (with a minor abuse of notation we view X1, ..., X, here as nonrandom
vectors in H rather than random variables).

LEMMA 4. Suppose that, for some y € (0,1/2),

1-2y g
4.9) §< V8
142y 2
Then there exists a constant D,, > 0 such that, forall X1, ..., X,, X}, ..., X, € H,

g(X1. ... Xn) _g(Xll""’X;:)|

(4.10) 1
82 |22 + ” P /
<D,m E X — X .
14 rg3 [ J

PROOF. Observe that
1B = B3 = |Le ()3 = Lo (B) + (B — [ Lr(BD3
= 2L, (E), S, (E)) + || S+ (E)|; =: Z(E).

Also, note that L, (E) is an operator of rank at most 2m, and S, (E) = 13, — P —
L,(E) has rank at most 4m, (under the assumption that || E||co < gr/2 implying
that f’r is of rank m, ). This allows us to bound the Hilbert—Schmidt norms of such
operators in terms of their operator norms: ||A ||% <rank(A)| A ||§O. Thus, we get

Elloo
|g(X1,---,Xn)‘54«/§mr(||L,(E)||oo”Sr(E)HOO+||Sr(E)||io)(p(” 5” )

that, under assumption (4.9)

Since p(1El=) = 0 if || E|loc > (1 + )8, claims (2.6), (2.7) of Lemma 1 imply

S 3
4.11) lg(X1, ..., Xn)| fcymr(_—> ,

r

for some constant ¢, > 0 depending only y.
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We will denote 3/ :=n~"! > X//- ® X' and E' := 3/ — ¥. Using now (2.6),
(2.7), (4.11) and the fact that ¢ is bounded by 1 and Lipschitz with constant %

which implies that the function ¢ — w(%) is Lipschitz with constant %, we easily
get that, under the assumptions

(4.12) [Elloo = (1+y)3, |E"| o < (1 + )8,
the following inequality holds:

(21 (5)

<|g(E)—-2g(E|+ L+ =|E—-FE
13(E) — g(E)| yg|| loo

(4.13)
< 2L (E = E'), S,(B))| +2|(L, (E"), S, (E) = 5, (E))|

+|(S-(E) — S-(E'), S, (E) + S-(E))| + 7g—|}E E'| .

Using the Lipschitz bound of Lemma 2 and (2.6), (2.7) of Lemma 1, we easily
get that

82
(4.14) lg(X1,..., X)) —g(X|,.... X,)]| §c;mr?”E —E'|
r

where ¢}, > 0 depends only on y.
A similar bound holds in the case when
IElloo < (14 )8, |E' | oo > (14 y)8

[when both norms are larger than (1 + )4, the function ¢ is equal to zero and the
bound is trivial]. Indeed, first consider the case when |E — E’||o > y8. Then, in
view of (4.11), we have

bow(12) ek

3 2
=le@e(152) | <pm = < L S E - £
8r Y 8r
On the other hand, if | E — E'||oo < ¥ 38, we have that ||E’||s < (1 4+2y)§ and, tak-
ing into account assumption (4.9), we can repeat the argument in the case (4.12)
ending up with the same bound as (4.14) with a positive constant (possibly differ-
ent from c , but still depending only on ) in the right-hand side.

The followmg bound (see Lemma 5 in [13]) provides a control of |E — E'||0o:
|E - E'|

1/2 n 1/2 n
4”2” + 4426 712 4 712
S x; - X 3 xj-x
= ﬁ ( “ J ]” vnj:1|| J

j=1

(4.15)
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Now substitute the last bound in the right-hand side of (4.14) and observe that, in
view of (4.11), the left-hand side of (4.14) can be also upper bounded by 2c,, m, g—i.
Therefore, we get that with some constant L,, > 0,

lg(X1,..., Xn) —g(X], ..., X})|

12 n
cacpn B[S (B ) -]

53
4.16)  A2¢,m, =

r

1/2 1/2

A +f< ,2)

<L, ,m,— X — X
Y rg3|: «/7_1 JXZ:IH J j”

3
1< Ji2

V(;Z”XJ_XJ'“ /\8)]
j=1

Using an elementary inequality a A b < +/ab,a, b > 0, we get

RIS I

j=1

This allows us to drop the last term in the maximum in the right-hand side of (4.16)
(since a similar expression is a part of the first term). This yields bound (4.10). [

Getting back to the proof of Theorem 5, it will be convenient to prove first a
version of its concentration bound with a median instead of the mean. Denote by
Med(n) a median of a random variable n and define M := Med(||ﬁ, — Pr||% —
IL,(E) ||%). Let § := 6, (t) and suppose that r > log(4) (by adjusting the constants,
one can replace this condition by # > 1 as it is done in the statement of the the-
orem). Under conditions (4.2) and (4.8), §,(t) < (1 — )& = };gi; & for some
y' € (0,1/2). Thus, the function g(X1, ..., X,,) satisfies the Lipschitz condition
(4.10) with some constant D; = D,. Also, we have P{||E||oc > 8} <e™' < 1/4.

Note that on the event {||E|lc < 8}, g(X1, ..., Xn) = || Py — Pr[3 — IL, (E)|I3.
Therefore,

> P{|IP, — P13 — | Lo (E) |2 > M} —P{|IE|l o > 8}
> 1/4.
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Quite similarly, P{g(X1, ..., X;;) < M} > 1/4. It follows from Lemma 3 that with
probability at least 1 — e~

8n(1)? t
lg(X1..... Xp) — M| < L),m, ”g3 LBNL + V6 (0), |~
r

with some constant L;, > 0. Using the bound

Y
5a (1) < ||E||oo(,/r(n ) v\/g)

that easily follows from the definition of §, (¢) and the bound of Theorem 1, we get
that with some L,, > 0 and with the same probability

||E||3 () 1\ |t
lg(X1,....,Xpn) —M|<L,ym ( V_) z
n

g \n n

Since P{||Elloc > 8} < e~ and g(X1...., Xn) = || P, — Pr|13 — IL,(E)||3 when
|E|loo < 8, we can conclude that with probability at least 1 — 2¢~*

. DI, r(2) ot [t
1A, = P = 1L B3 - M| < Ly, o= (B2 0 2 2

& \n n

3 2
< Lymr%(r(z) viv (5) ) L
g n n n n
Adjusting the value of the constant L, one can replace the probability bound 1 —
2¢ byl —e".
We will now prove a similar bound in the case when condition (4.8) does not
hold. Then

b))
win Il [17, 7
gr 4C°

It follows from bound (2.4) and the definition of L, (E) that, for some constant
c>0,

IIEII2
gZ

r

1B = P13 — |Lo(E)|3] < cm,

‘We can now use the bounds of Theorems 1 and 2 to show that under condition

(4.2) for some C > 0 with probability at least 1 — e,

A SI2 /(e t 1\?
1B, - PR — | L(E) 3] < Cm, ) gﬂw( : )V;V<‘> )
r

n n
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In view of condition (4.17), we get from the last bound that with some L;, >0
with probability at least 1 — e~/

3 2
B PR LB <L m 12l (B0 (1 L
1A= B = Lo (BIB) < Lm A -
3

n n n

This easily implies the following bound on the median M

=13 (r@) L log2 (1ogz)2> log2

23 n n n n

M < L;,m,

Therefore, for some L, > 0 and for all # > 1, with probability at least 1 — e !

1B, — P13 — |L(E) |5 — M|

SISt I\ [t
o R )
g n n \n n

and the last bound was proved in both cases (4.8) and (4.17).
It remains to integrate out the tails of exponential bound (4.18) to get the in-
equality

A 2 A 2
E(12, — P13 — | Lo (E)|3) — M| <E[IlB; — Pol3 — | Lo (E)|; — M|
. IR /e 1N\ 1
<im 1213 <()v_>_
23 n n/\n
with some L, > 0. Indeed, denote & := |||, — P13 — |L,(E)|} — M| and
IR /() ¢ N2\ [t
An(t) :=Lym, | _!"O( ( )v—\/(—> ) —.
g n n n n

r

(4.18)

(4.19)

We have A, (1) = lz”“ (r(E) \Y, )[ It is immediate to check that, for ¢ >

L, A1) < A, (1)t5/2 Therefore it follows from (4.18) that P{& > A, (1)t7/?} <
e~ 't > 1 or, equivalently, P{& > A, (1)t} <e™’ i ,t > 1. Thus, we have

EAE(l) =/OOOIP{A§(1) >t}dt<1+/ e dr=d,

where d is a numerical constant, which implies (4.19). Along with (4.18), this
implies concentration inequality (4.7). [

We now turn to the proof of Theorem 4.

PROOF OF THEOREM 4. In view of Theorem 5, it is sufficient to obtain a
concentration bound for ||L,(F) ||% —E|L(E) ||%. This could be done by rewrit-
ing ||L,(E )||% in terms of U-statistics and using the corresponding exponential
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bounds. However, we will follow a different (more elementary) path that directly

utilizes the Gaussiness of random variables {X ;}. The key ingredient is the fol-

lowing simple representation lemma. In what follows, & 4 n means that random
variables £ and n have the same distribution.

LEMMA 5. The following representation holds:

(4.20) n|L/(B)5£2 Y wfC x|,
keA,

where yy are the eigenvalues of the random matrix I'y := % P Xi ® PX;
and X®, k € A, are i.i.d. copies of X independent of T,

PROOF. Note that n||L,(E)||% =n|P-EC, + C,EPr||%. Since the operators
P.EC, and C, E P, are orthogonal with respect to the Hilbert—Schmidt inner prod-
uct and

|P,EC, |5 =te(P,EC,C,EP,) =tr(C,EP, P,EC,) = ||C,EP, 3,
we have
IP,EC, + C+EP; |5 =|P,EC, |5 + IC-EP, |5 = 2| P,EC, 5.
Also, note that P, EC, = % ’}:1 P,X; ® C; X . Therefore,

2

n
Y PX;®CrX;

1
4.21) n||L,(E)||§ =2n||P,EC,||} = 2“—
Vnio

2

Define the following mapping:
T(ui QurQ@uz@uqg) = (U @uz uy @ uy), ui, uz, uz, ug € H.

It can be extended in a unique way by linearity and continuity to a bounded linear
operator T - HOHQH@H— HQ H® H® H.

Recall that P, X;,j=1,...,nand C,X;, j =1,...,n are centered Gaussian
random variables and they are uncorrelated (see the proof of Theorem 3). There-
fore, they are also independent. Conditionally on P, X ;, j =1, ..., n, the distribu-

tion of random operator U := ﬁ 2?21 P,X; ® C,X; is centered Gaussian with
covariance

EUQUIPX,j=1,...,n)

n
=n"' Y E(PX;®CX; @ P X; ®C,X;|P,Xj,j=1,....n)
j=1
=T, ®E(C, X ® C, X)) =T (T, ® (C,2C})).
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Note that I', can be viewed as a symmetric operator acting in the eigenspace of
eigenvalue (,, and it is nonnegatively definite. Thus, it has spectral representation
U= e A, Y@k ® ¢k, where y > 0 are its eigenvalues and ¢ are its orthonormal
eigenvectors (that belong to the eigenspace of ). It follows that

BU©UIPX.j=1...on=T( ¥ n#©n OECX8CX)).
keA,

Let X® k € A, be independent copies of X (also independent of X1i,..., X,).
Denote V = ZkeA,. JYekbr ® C, X® Tt is now easy to check that

BV O VIPX =1 =T( ¥ nli 8 4 ©ECX9C, X)),
keA,

implying that conditional distributions of U and V given P, X, j=1,...,n are

the same. As a consequence, the distribution of n||L,(E )||% =2||U ||% coincides
with the distribution of random variable

422)  2ivI3=2 Y nla @ CxPl =23 n|cx®),
kGA, kGA, D

Note that

lex®F =33

277]( ]’
S#FJEA (M'Y )

where g j = ,us_l/z(X(k),Gj),j € As,k € Ay, s # r are i.i.d. standard normal
random variables, {0; : j € A} being an orthonormal basis of the eigenspace cor-
responding to ug, s > 1. In view of representation (4.22), we get

Yk s 2
nLiBFE2 3 Y 3 i
ke, s#r jelAg Hs =
and, since yx, k € A, and g j, j € Ay, k € A, are independent,

Eykﬂv Etr(Ty)mg g
nE|L(E)|5=2 E E E =2 E —_——
” “2 keA, s#r jeAs (s — /,L,.)z SFEr (s — /,Lr)z

_ 22 tr(PrZPr)mszlLs _ 22 mrlerle;
sr (s — mr) sr (s — r)
=2tr(P, X P)tr(C, 2Cr) = A (D).

Therefore,

24 2 Mr s Yk , 2
L. (E —E|\L,(E = — =1
L Bl ) Z TX Gt

2 Z Z Wrtg s (_ _ 1)

keA sr (s — /f’dr)2 Mr
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In order to control the right-hand side in the above display, the following ele-
mentary lemma will be used (see, e.g., [20], Proposition 5.16).

LEMMA 6. Let {&} be i.i.d. standard normal random variables. There exists
a numerical constant ¢ > 0 such that for all t > 0

(et =) <2(oo] - vorl -5 )

Applying the bound of the lemma to the first term in the right-hand side of
relationship (4.23) conditionally on yi,k € A,, we get that with probability at
least 1 —e™!

} 30393 Wr s Vk(m%’j_l)‘

(1 — 1 )2
ke, s#r jelAg (,bLs Mr)

< (Z M,msuf ZkeA, sz)l/zﬁ v sup Mribs — SUPren, Vk T
e (s — pr)t M% n s#r (Ws — r)? Kr n
Since SUPkeA, Yk = 1T 1l oos ZkeAr Vk <m, (T, || and
m M M
B}(Z)= Z s
s;ér lu“r)

the last bound can be rewritten as

‘ Z Z Z Mr s Yk (U/%,j _ 1)

(1 — )2
keA, s#r jeAy (s — )™ 1t

1T ||oo«[v||2||2 ITrlloo
wr n gr Ky N

As to the second term in the right-hand side of (4.23), the following bound is
straightforward'

5 T )

nen iz (s — Mr)2 Wy

(4.24)

< B.()

(4.25)

_Zmrﬂrmsﬂs T — PrXPrloo . Ar(2) ITy — P X Pl
s;ér (I/Lb :u‘r)z I/Lr n I,Lr ’

Theorems 1 and 2 easily imply that for all # > 1 with probability at least 1 — e’

1T, — tr Prlloc =

< m, my r ot
W Y Ve

n
n 'Y PX;®PX;—E(P,X®PX)

o
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Under additional assumptions m, < n, t < n, this bound could be simplified as

n, t
(4.26) ||r,—M,P,||oo§ur(‘/—v‘/—)
n n

and it implies that I lloo <1.
Thus, representatlon (4 23) and bounds (4.24), (4.25) imply that with probabil-
ity at least 1 — e’

|LA(E)|5 = E| L (E)|3]

J ||2||2z A(z) /—m, /
< ~
B0 g2

To complete the proof, it is enough to combine bound (4.27) with concentration
inequality of Theorem 5, to use bound (3.2) to control A,(X) and to take into
account conditions (4.3) to simplify the resulting bound. [J

(4.27)

5. Normal approximation of squared Hilbert—-Schmidt norm errors of em-
pirical spectral projectors. The main result of this section is the following the-
orem.

THEOREM 6. Suppose that, for some constants ci,c» > 0, m, < c; and
1 Z|loo < c28r. Suppose also condition (4.2) holds with some y € (0, 1). Then the
following bounds hold with some constant C > 0 depending only on y, c1, ¢3:

5.1) jgﬁplB@)(”P Pf”g‘E”ﬁr—Prll%)fx}‘<I>(x)
1 r(X) B.(2)/n
R )
and
P — P |3 —E|P — P13
su [P{”r rzA r r2<x}_q)(x)
(5.2) xeil U varl2(1P = P T

1 (%) B, (Z)Jn
SC[Br(z)ﬂer(z)\/ﬁ log( () vz)}’

where ® (x) denotes the distribution function of standard normal random variable.

This result essentially means that as soon as B, (%) — oo and B,r((zz)i/ﬁ — 0 as

1B =P I5-ElI P =P 113
Var'2(| B, = P [3)
asymptotically standard normal. As it could be seen from the proof given below,

n— oo (for T = ™), the sequence of random variables
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the first term in the normal approximation bound, ﬁ, is related to a Berry—

Esseen-type bound on normal approximation of ||L,(E )||% —E|L,(E) ||%, which
is the quadratic function of the Gaussian data (based on the first-order term in

the perturbation series for 13,). The second term B,E(Ez)i/ﬁ\/ log(B’ﬁ(EE))‘/ﬁ Vv 2) is re-

lated to approximation of ||13r — P, ||% —EJ P — P, ||% by the quadratic function
IL,(E)||5 —E|L,(E)|3 (see Theorem 5).

We will first establish the following fact that would allow us to replace
bound (5.1) by a normalizing factor Var!/2(|| P.— P, ||%) in bound (5.2).

B, (%)

o M

THEOREM 7. Suppose condition (4.2) holds for some y € (0,1). Then the
Jfollowing bound holds with some constant C,, > 0:

IZ13, r(®) my+1

n N
(5.3) —)Varl/z(llPr — Pl —1<Cym,

B.(Z & B (X)/n n
Bound (5.3) shows that, under the assumptions m IZ1% _r(x) =o0(1) and
' ’ " g B(D)Vn
m, = o(n), we have
B, (%)

Var!/2(|| P, = P,|I13) = (1 4+ o(1)) =

REMARK 2. Note that in the case of spiked covariance model (1.1), for r =
1,...,m,

(57 +07)2(s7 +0%)?

B/(%):= 2\/§< >

1<jgmr G sD?
5.4
(57 +0%)%et(p—m)\'/?
+ 8 ) 9
sr
which, under the assumption that the parameters m, s12, e, s,%l, o2 are fixed, but
p = pn — 00 as n — oo yields that
27/2(s2 4+ 62)o2
(5.5) B.(2) = (14+0(1)) V27 = Jo/P as p — oo.
r
Note also that r(X) ~ slz‘j;z p. Thus, the condition p = o(n) implies B,l;(z):)i/ﬁ —0

as n — 0o. Therefore, Theorem 7 yields that

2252 + 0702 JF
4 - .

Var2(|| B, — P|13) = (1 +o(1)) .

r
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Moreover, the bounds on the accuracy of normal approximation of Theorem 6 are
of the order

P, — P53 —E[P — P}
SUPP{II ] i r||2§x}_q>(x)
xeR Var/ (”Pr_Pr”z)

< c[% + /%10g<% vzﬂ,

s0, the asymptotic normality of || ﬁr — P, ||% holds if p = p,, > coand p =o(n) as
n—oo. If p< /@, the first term in the normal approximation bound becomes

dominant, so, the error rate is O(ﬁ). By the optimality of the normal approxi-

mation rate in the classical Berry—Esseen theorem, it could be seen from our proof
below that the rate O(ﬁ) is optimal in this range of the values of p.

We now provide the proof of Theorem 5.3.

PROOF OF THEOREM 5.3. In view of relationships n|L,(E)|2 £ 2|V |3 and
(4.22) (see the proof of Lemma 5), we have

4 4
Var(|L(E)[3) = — Var(IVI5) = Var( > wlex® ||2)
keA,

4 2
(5.6) = —E[Var( ve|lCr x®
n’ keXA:, | ”

PX1,..., P,Xn)i|

4 2
+ n—ZVar<E[ S nlcx®|
ke,

P,X],...,P,Xn}).

Recall that yx, k € A, depend only P.Xy,..., P.X, and that X® ke A, are
independent of X1, ..., X,. Thus, we get

E[Var( 3wl e x® )

ke,

P,X],...,P,X,,)}

=B ¥ 2 var(|C, x V)|

keA,
5.7

2
= > E[¢]Var(|C: X O
keA,

=E[|IT,|13] Var(|C X ||?).
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By an easy computation,

" 2

n' Y PX;®PX;
j=l1

E(T |3 =E

my+ 1
_Jnrur(l4- 4 )
2

and, for i.i.d. standard normal random variables {7}

1
Var(]|C, X |1?) Var(Z > T u)2 J) 4mru23,2(2).

SHET jEA
Therefore,
E[Var( > wlex®Ppx, .. P,Xn)]

keA,
(5.8) )

B2 (%) ( m, + 1)

= 1+ .
4 n

Similarly, we have

Var(IE[ Z Vi || Cr 2 . ey PanD
keA,

(5.9) - Var( > nE[|c,x® ||2]>
ke,
= Var(tr(T",)) (B[ C, X [12])?
and
WMﬂM=@ﬂi E[ICX[7])* = AH(D),
Am}ut
implying that

P, )= A

2mr

(5.10) Var(]E[ > vl c

ke,
It follows from (5.6), (5.8) and (5.10) that

B2(%) my + 1 2A2(%)
(1+ )+

(5.11) Var(| L, (E)|3) =

n mpn

Denote now
=P — P |3 —E|P — I3,

(5.12)

n:= L (E); — E| L (B3,

143
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and 052 =[E&2, a,% = [En?. Combining concentration bound of Theorem 5 with the
identity E|§ — n|> = [$°P{|& — n|* > t}dt, we obtain that

213, r(2) 1
(5.13) o — oyl < JE|E —n2 < Cym, By

for some C,, > 0 depending only on y.
To complete the proof, observe that identity (5.11) implies that

A1 2423
(L) - ’<\/1 HE m BX(D)n

B, (z)

< 1+mr+1_1+ \/EAr(E)
n My B (X)/n
< my+1 n \/EAr(E)
~ n Jmy B (2)/n’
then bound A, (X) using (3.2) and combine the resulting bound with (5.13). [

We now return to the proof of Theorem 6.

PROOF OF THEOREM 6. Under notation (5.12), we will upper bound
SUP,cr |P{ﬁ§ <x}— ®(x)|. Theorem 7 will allow us to rewrite the normaliz-
ing factor in terms of the variance. First recall that by Theorem 5, with probability

atleast 1 —e™’,

3 2
(5.14) € =0l < Lym, 120 (@Viv(i) ) .
g n

B n n n

Also, by (4.23),

2 Mr s 2
— —1
77 nen 27&: ZA (ns — //Lr)z )
2 Mr s Vi
DI )2(——1)<mz,,~—1>
€A, ;ér]eA IU’Y /‘Lr
(5.15)
MrMgUs
+ — - 1)
n ien, s; (s — phr)? <,ur
=101+ 8+ 3.

Similarly to bound (4.24), we get that with probability at least 1 — e’

Ty — wr Pr ||oof =02, 1T — ur Prlloo £
Ir n g2 Ir n

(5.16) |2 S B(X)
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Assume that 1 <t <n and m, < n. It follows from (5.16), (4.25), (4.26) and also
from bound (3.2) on A, (%) that

B, (E)

\/@v\ﬁﬁ ||2||2 m
n I’l
S0 A (I [
<<@v\/§>\/? ||z||2 o
<Ff>

Under the assumptions of the theorem m, <1, || X S &, it is easy to get from
(5.14), (5.15) and (5.17) that

a
(5.18) LR
where
(5.19) B i -1

B (E) ke, s#r jeA (Ms Hr )2

and the remainder ¢ satisfies the following bound with probability at least 1 —e™":

t ( ) f l3/2
S f B (2)/n B.(2)/n’
We now use the Berry—Esseen theorem and a simple limiting argument that

allows one to apply it to a (possibly) infinite sum of independent random variables
(5.19) to get the following bound:

(5.20) 12|

Z ” mrﬂ;msllg
SFEr —_
sup|P{r <x} — ®(x)| < (s —pir)
xeR mr Ems 3 1>
SFEF — )4
(s —r)
D
~ g B.(D)

(5.21)

2 2
where we also used the fact that BrZ(E) =8> x4 %
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It follows from (5.18), (5.20) and (5.21) that with some constants ¢’, ¢”” > 0, for
all x e R,

S
B (%)

rle=cr (Y B g

(5.22)

t r(X) 32 _ c’
SCD(x—l—c([ B, (E)f\[ Br(E)ﬁ))+e +B,(E)
t r(%) 132 L,
NI XN Br@)ﬁ)“ "B

where we used the fact that @ is a Lipschitz function with constant less than one.
Quite similarly,

gt =
B (%)

S C e )

<<I>(x)+c(

(5.23) =) 3 ,
t r t _ c
- CD(X (f B, (DI‘[ Br(zwﬁ)) ¢ T B
>d(x)—c ( ! r(>) 2 ) ot c”
N X N X W B.()’
It follows from (5.22) and (5.23) that
n
P P{ B, (%) } P)
(5.24 =) 3 ,
t r t c _
(f IV AN Br@)ﬁ) B e
The last bound will be used with
(5.25) t=logB,(¥) A log<%£;/ﬁ \Y, 2) Alogn,
which implies that
t r(x) 32 1

—t
(526) TSRV BV Bow  BE

and we also have
132 - logn +/log B, (%)
B.(Z)yn~ Jn  B.(%)
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Without loss of generality, we can assume that B, (X) is bounded away from 0 by
+/log B, (¥)

a numerical constant so that B, (2) <1 (otherwise, the bounds of the theorem

trivially hold). This implies that B, (E) f ](:/g_" and (5.24) implies

} d(x)

sup
xeR

P{B@)

3 [ 1 @ [ (Br(Z)\/ﬁ\/z)_Flogn].

‘5@ B@vn 5) NG

We can now use Theorem 7 to replace the normalization with
normalization with the standard deviation of &. To this end, note that

§ n 1 n
628 e B T (U_g: B Br(2)>§'

(5.27)

B ():) by the

Under the assumptions m, < 1 and | 2|« < &, we get from Theorem 7 that
‘ n ‘ r(x) 1
B, (%) B, (2)\/_

Without loss of generality, we can and do assume that r(x)

B, (%)J/n
enough constant ¢ > 0 so that |%ag — 1] < 1/2 (otherwise, the bound of the

theorem is trivial). Then

‘ 1 n n Ifl r(X) 1

(& simbl<lsisn - = ()

o B(%) B.(X) B (2)y/n B, (%)
Combining this with bound of Theorem 4, we get that with probability at least
l—e?!

1 n r(%) 1 ! r(¥)
’(E‘ rm) S (B SN IS~ vBr@)ﬁ‘ﬁ)'
Using the last bound with ¢ defined by (5.25), we easily get that
1 n r(x) B, (X)s/n logn
- _ <=7 N e
629 ‘(Ug AR o e D R

By proving bounds on ]P’{(f—is < x} similar to (5.22), (5.23), it follows from (5.27),
(5.28) and (5.29) that

+ % < ¢ for a small

sup P{E §x} — d(x)
xeR Ot
(5.30)
1 () B (Z)n logn
= C[Br@) WEON ( 5 V2> G ]
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To complete the proof, it is enough to show that the term logn” in bounds (5.27)

and (5.30) could be dropped. To this end, use bound (4.5) to get

logn _ 1 JB(® _ 1 N BX(®) _ 1 L r®
Vi 7 B (Z) n'A Y BA(Z)  B.(X)V/n ™ B(3)  B(X)yn
1 (%) B,(2)/n
~B®  Bxa m(Tz) vz)'

Thus, we indeed can drop the term 10% in bounds (5.27) and (5.30) simultaneously

increasing the value of constant C. This yields bounds (5.1), (5.2) and completes
the proof. [J

6. Concluding remarks.

1. Asymptotics of llﬁr — P, ||%. We start this section with deducing an asymp-
totic normality result from the nonasymptotic bound of Theorem 6. To this end,
consider a sequence of problems in which the data is sampled from Gaussian
distributions in H with mean zero and covariance ¥ = . Let X = X be a
centered Gaussian random vector in H with covariance operator ¥ = X and
let X; = X%"), o Xn = X be iid. copies of X™. The sample covariance
based on (XY’), ..., XY is denoted by 3,. Let o (£™) be the spectrum of ™,
Mﬁ"), r > 1 be distinct nonzero eigenvalues of > arranged in decreasing or-
der and Pr("), r > 1 be the corresponding spectral projectors. As before, denote
Aﬁ") ={j: aj(E(”)) = ,uﬁ")} and let ﬁr(") be the orthogonal projector on the di-
rect sum of eigenspaces corresponding to the eigenvalues {o j(fln), S Aﬁ")}.

Suppose that the spectral projector of £ to be estimated is P = Pr(n"), the

corresponding eigenvalue is u = Mﬁ:), its multiplicity is m™ = mg’) and its

spectral gap is g™ = gﬁ;’). Denote

By := B, (2™) :=2v2|cW ™| | pPMz®p®™,.

The following assumption on X will be needed.

ASSUMPTION 1. Suppose the following conditions hold:

» )
6.1) supm(”) < 400 and sup”_ﬂ < 400
n>1 n>1 g(n)
r(z™)
(6.2) B, — oo and -0 asn — oo.

B, \/n



ASYMPTOTICS AND CONCENTRATION OF SPECTRAL PROJECTORS 149

Note that Assumption 1 implies that r(X®™) — oo and r(X™) = o(n) as n —
oo. This easily follows from

DAY
B, <23/2V/m® <T) K(Z0) = 0(,/r(2M))
and (6.2). It is also easy to see that, under mild further assumptions, B, = || X ®|)>.
COROLLARY 1. Suppose Assumption 1 holds. Then
s _ po 2y _ (B
Var(| P — P™|7) = — (14 o0(1))

and the sequences of random variables

n(|P® — PME — B P — PO }
B, n>1

(6.3) {

and

{(nﬁ(") — PW|3—E|P® — P<">||%>}
JVar(I1 P — P03y nzl

both converge in distribution to the standard normal random variable.

2. Data-driven versions of asymptotic results. Neither normal approximation
bounds of Theorem 6, nor the asymptotic normality result of Corollary 1 could
be directly used to construct confidence regions for spectral projectors of covari-
ance operators or to develop hypotheses tests. The reason is that, in these results,
the squared Hilbert—Schmidt norm IIﬁ(") — P(”)II% is centered with its expecta-
tion and normalized with its standard deviation [or, alternatively, with #}:)] that
depend on unknown covariance operator X. It would be of interest to develop
“data-driven” versions of these results, but this problem seems to be challenging
and goes beyond the scope of the current paper. At the moment, we have only a
partial solution (that is far from being perfect) of this problem in the case when
the target spectral projector P is one-dimensional (that is, the eigenvalue 1
is of multiplicity one). We briefly outline such a result below. Assume that we are
given a sample of size 3n of i.i.d. centered Gaussian vectors

(X0 X0 R0 R R0 o),

with common covariance operator %"V, For each of the three subsamples of size 7,
define its sample covariance operator:
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Let P™ be the orthogonal projector onto the eigenspace associated with the eigen-
value 2™ of =™ (which is of multiplicity one with a high probability). Similarly,
P™ and P™ are the orthogonal projectors onto the eigenspaces associated with
the eigenvalue 1 of £ and the eigenvalue 2™ of £, respectively. Denote

b = (™, P®) 1 and B™ = J(Pm, pm)_1.

It turns out that the statistic —25™ can be used as an estimator of the expecta-
tion E||P™ — P™|Z while the statistic |(1 4+ 5™)? — (1 + b™)?| can be used
to estimate the standard deviation Var!/2(J| P — p®) ||%) (note that 5™ was in-
troduced and studied in [13] as an estimator of a “bias parameter” of empirical
spectral projectors and empirical eigenvectors). Moreover, it can be proved that,
under Assumption 1, the sequence

64) { | P — P™3+ 2H™ }
n>1

|(1 4 b™)2 — (1 + bM)2|

converges in distribution to a random variable with the following density:

2L (575 (5]

x € R is the standard Cauchy density, « = 1/6 and 8 =

where f(x) = m

@ (in fact, the limit is distributed as the ratio %, where &, n are two correlated
centered normal random variables and, as a result, the limit distribution is a mixture
of two rescaled Cauchy distributions).

For the spiked covariance model (1.1) with m, slz, ...,s,i, o2 being fixed and
p = pn = 00 asn — 00, it is easy to find a simpler version of data-driven normal-
ization with the limit distribution being standard normal. For simplicity, assume
that m = 1, so, the goal is to estimate the first principal components 8. Recall that

2 2N~2 [
in this case B, = B (X ™) = 22051 +asza Pl [see (5.5)]. Based on the fact that

1
1200 = slz +o?and tr(T™) = s12 + p,,az, we suggest the following estimator
A~ A~ (n) &)y ()
of By: B, =2v/2R2rr s =)=ty )

AT _m(m ) (pn — 1)3/%, where fu} is the largest eigenvalue
nH1 -

of £ = Lyn X ,-(n) ®X l-(”). In the case of such a spiked covariance model, As-
sumption 1 is equivalent to p = p,, — 0o and p = o(n). Under these assumptions,

it is easy to prove that % = % (1+o0p(1)).Let P =61 ®0;. Then it can be proved
that the sequence

n A(n n ~(n
65) {187 - PP+ 250

n n>1

converges in distribution to a standard normal random variable.
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3. Simulations. To illustrate the asymptotic behaviour of standard PCA, we
consider the following spiked covariance setting. Let X1,..., X, X 1,...,5(,,,
X1,..., X, be 3n i.i.d. random vectors in R? with covariance ¥ = s12(01 ®01) +
02Ip, sl2 =2,0%= 1/10, where 6 is an arbitrary unit vector in R”. For selected
values of (n, p), we computed the statistic || ﬁl(") — P ||%, l?n and the empirical bias
estimators Bgn), Z;gn) as well as the statistics (6.4), (6.5) and

(6.6) (1B = Py|3 4 26™).

n
By
The last statistic is not completely data driven, it involves B, that depends on
unknown parameters of covariance. It is included in our simulations to study the
impact of estimation of B, on normal approximation. We performed 1000 replica-
tions of this experiment.

In Table 1, we compare the sample mean of the statistic || Isl(n) — P ||% denoted
by m, (that provides an estimator of the risk IE||131(") — Py ||% based on the re-

peated samples of size n) to the estimated risk —2135") for each individual sample
and the first-order approximation of the theoretical risk derived in (1.3) which can

2 2y2
be computed easily in this model since A, := A1(X) = 2%(1) — 1). More
1
pn) o~
precisely, in the second row of the table the sample means of |2b,|mi+|mnl over 1000

replications of the experiment are presented. The results show that —ZI;Y’) provides
a somewhat better approximation of the risk E|| f’l(") — P ||% than the first-order
approximation (1.3) for small sample size. For relatively large sample size, the
first-order approximation (1.3) becomes more precise than the estimator —213%") .
In Table 2, we compare the sample variance of the statistic || 131(") — P ||% denoted
by S’,% to the variance estimator Vn =1+ 5?)2 -1+ 55"))2)2 and also to the

2
first-order approximation of the theoretical variance f—g derived in (1.4) with B, =

2 2y ,2
2\/§(S‘++)0J p — 1. Again, in the second row of the table the sample means of
21

TABLE 1
Relative deviation of the risk approximation % and the risk estimator —2b§")

from the sample risk my, for p = 103

n 100 200 300 500 103 2.10%
%‘l’ﬁ"' 0.49 0.24 0.15 0.1 0.049 0.008
126" i |

0.07 0.06 0.054 0.052 0.045 0.036

|r;l)l|
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TABLE 2 )
. .o . . - . . , B,
Relative deviation of the variance estimator V,, and the variance approximation n—g

from the sample variance S’% for p=103

n 100 200 300 500 103 2.10*
2,2 2
Bife =5l 0.62 0.65 0.66 0.58 0.42 0.07
17— 0.82 0.73 0.67 0.58 0.39 0.05
T . . . . . .
% —_ A2 . . .
‘Vn§2Sn| over 1000 replications of the experiment are presented. We observe that

V, and f—§ provide reasonable approximation of the variance of || 131(") — P ||% only
for relatively large sample sizes.

Finally, we compute empirical densities of the statistics (6.4), (6.5) and (6.6)
and compare them with their respective theoretical limiting distributions in Fig-
ure 1. For (6.5) and (6.6), we also provide the empirical mean and variance. This
simulation study seems to confirm the theoretical limiting distributions we derived

mean = 0.02, variance = 1.65 mean = —0.018, variance = 1.40 mean = —0.02, variance = 1.12 mean = —0.03, variance = 1.04
0.4 0.4 0.4 0.4
0.3 0.3 0.3 0.3
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0 0! 0 ] 0
-5 0 5 -5 0 5 -5 0 5 -5 0
n =100 n = 1000 n=5000 n = 20000
mean = —0.07, variance = 4.01  mean = —0.07, variance =2  mean = —0.02, variance = 1.56 mean = 0.03, variance = 1.05
0.4 0.4 0.4 0.4
0.3 0.3 0.3 0.3
0.2 0.2 0.2 0.2
0.1 HH 0.1 0.1 0.1 ‘ “
0 = 0 0 0
-5 0 5 -5 0 5 -5 0 5 -5 0 5
n =100 n = 1000 n=5000 n = 20000
0.3 0.3 0.3 0.3 —
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0 0 0 0
0 5 -5 0 5 -5 0 5 -5 0 5
n = 100 n = 1000 n = 5000 n = 20000

F1G. 1. Top: empirical distribution of (6.6) and standard normal density for p = 1000. Middle:
empirical distribution of (6.5) and standard normal density for p = 1000. Bottom: empirical distri-
bution of (6.4) and density of the theoretical mixture of Cauchy distributions for p = 1000.
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TABLE 3
Ratio of By, and B, for p = 103

n 100 200 500 103 5.10°
g_; 0.65 0.78 0.90 0.94 0.99

above for the statistics (6.4), (6.5) and (6.6). In Table 3, we compare 1§’n to the
theoretical value B, in our experiment. It appears that the estimator B, of B, is
reasonably precise for n > 103 in this spiked covariance model.

4. Beyond the Gaussian case. Extension of the results of the paper beyond the
Gaussian case poses several challenging problems. An interesting class of mod-
els to consider would be log-concave distributions in high-dimensional spaces,
but this seems to be a rather hard task. Even in a simpler case of sub-Gaussian
random vectors, the difficulties are considerable. A major stumbling block is the
extension of concentration inequality of Theorem 5 to the case of i.i.d. random
vectors X, X1, ..., X, that are not necessarily Gaussian. Standard concentration
inequalities for product measures available in the literature do not seem to provide
a straightforward solution of this problem. One exception is the model described
by the following assumption.

ASSUMPTION 2. Let X = ©1/2Z where ¥ is a d x d covariance matrix and
Z is a random vector in H = R¥, sampled from the density eV, V: R R,
with mean zero and identity covariance matrix /4. In addition, assume that V is a
smooth function with the Hessian V” satisfying the condition V" (x) = cI;, x € R?
for some constant ¢ > 0.

This is a special class of log-concave distributions in R and it is known that
linear forms (X, u), u € R¢ are sub-Gaussian random variables (for general log-
concave distributions such linear forms are only sub-exponential). Moreover, con-
centration inequalities for Lipschitz functions similar to the Gaussian concentra-
tion inequality also hold under Assumption 2 (see [16], Theorems 2.7 and 2.18,
Proposition 2.18). For this model, bound of Theorem 1 holds (as it does in the
general sub-Gaussian case, see [14]) and so does bound of Theorem 2 implying
that the effective rank r(X) plays the same role of the main complexity parame-
ter as in the Gaussian case. Moreover, concentration bound of Theorem 5 could
be also easily extended for the observations satisfying Assumption 2 with, essen-
tially, identical proof. Thus, as in the Gaussian case, the study of normal approx-
imation and concentration of ||13r — P ||% —E| P.— P, ||% reduces to the study of
|L,(E )||% — E|L-(E )||%. Unfortunately, such models (with an exception of the
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Gaussian case) are of limited interest and extending concentration inequality of
Theorem 5 to more general models looks rather challenging.

There are also serious difficulties with the development of normal approxima-
tion bounds for ||L,(E)||% — E||L,(E)||% in the non-Gaussian case. A possible
approach is based on the following simple representation that is a consequence
of (4.21):

n(|Lr(E) |3 —E|L (E)]3)

——Zh(X,,X)—Eh (X, X)) + Zh(Xl,X)
i=1 i)

where
(6.7) hy(x,y) == (Px, Pry)(Crx,Cry), x,yeH.

The problem of normal approximation is then reduced to the study of degener-
ate U-statistic Uy, ;=Y _ j hy(Xi, X ;) with symmetric kernel /,.. Such problems
have been intensively studied in the literature, primarily, based on the martingale
approach (see Hall [8], de Jong [5]). The following characteristics are involved in
the conditions of asymptotic normality of U, ,:

v =EY2R} (X1, X2),  va=EV RN, X)),
(6.8)
«r := Var(h(X, X)).

We will also need

b0 = EY2h2(X1, X2),
(6.9) -
where h,(x,y) :=Eh, (X, x)h,(X,y),x,y € H.

Note that the kernel 4, depends only on the covariance X, but the corresponding
characteristics v, 2, v, 4, V2 depend on the whole distribution of X (that might not
be completely characterized by X in the non-Gaussian case).

As in Corollary 1, let X ™) be a mean zero random vector in H with covari-

ance £ ™ (but not necessarily Gaussian) and let X g"), s X,(,") be its i.i.d. copies.
Denote by h; " the kernels generated by > ™ as in (6.7) and, similarly to (6.8),
(6.9), define v5, v}, 5. As before, denote u =, P™ = P, P =
B EM =%, — %™ etc. Also denote

o h(”) vén) = vr(")z, vi") = vr(”)4,

Dé") ~r(n)2, k™ = K,(:’).
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Theorem 1 of Hall [8] yields the following condition of asymptotic normality of
i R X, X )z if
(fjén))Z + n—l(vé(ln))4
vy
then the sequence of random variables
{ Zi<j h(n)(Xi(n)’ X_g'n)) }
n>1

_ (n)
2-12pp;

(6.10)

—0 asn — oo,

is asymptotically standard normal. Under an additional assumption that

O
(6.11) — =0 asn — oo,
n(wy")?

this result implies that the sequence

{n(HLrn(E("))u% —E|IL,,(E™)|3) }
2\/51)%") n>1

is also asymptotically standard normal. Together with concentration bound of The-
orem 5 (that holds under Assumption 2), these considerations yield the following
asymptotic normality result.

PROPOSITION 1. Suppose, for all n > 1, X™ e R satisfies Assumption 2
with some V = V" and with some constant ¢ > 0 that does not depend on n. If,

in addition, conditions (6.1), (6.10), (6.11) and the condition
r(Z(”))

W
vy A/n

0 asn— oo

hold, then the sequence

{ | P — P™|5—E|P™ — P<">||%}
JVar( P — por3y Dez

is asymptotically standard normal.

In the Gaussian case, the conditions on the kernels hﬁ") could be simplified
and expressed in terms of the quantity B, (X)) leading precisely to the condi-
tions of asymptotic normality of Corollary 1 (and providing its alternative proof).
However, in the general, not necessarily Gaussian case, the conditions of normal
approximation would remain expressed in terms of the kernels hﬁ"). Moreover,
they depend not only on covariance matrices -, but on the actual distribution
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of the data, they are more complicated and much harder to interpret. In addition,
the bounds on the accuracy of normal approximation in the non-Gaussian case that
follow from Berry—Esseen-type bounds for U -statistics and for martingales (see,

e.g.,

[7]) are significantly weaker than the bound of Theorem 6 proved in the pre-

vious section (but only in the Gaussian case). New Berry—Esseen type bounds for
U -statistics by Eichelsbacher and Théle [6], based on Stein method and Malliavin
calculus in a Poisson space, look very promising, but they have been proved only
for a Poissonized version of U -statistics.

Complete understanding of this and other aspects of the problem (such as con-
centration bounds of Theorem 5) in the non-Gaussian case is beyond the scope of
this paper.
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