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We study the density X (¢, x) of one-dimensional super-Brownian motion
and find the asymptotic behaviour of P(0 < X(t,x) <a) as a | 0 as well
as the Hausdorft dimension of the boundary of the support of X (z,-). The
answers are in terms of the leading eigenvalue of the Ornstein—Uhlenbeck
generator with a particular killing term. This work is motivated in part by
questions of pathwise uniqueness for associated stochastic partial differential

equations.
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1. Introduction. We consider the jointly continuous density X (¢,x) (¢ >
0, x € R) of one-dimensional super-Brownian motion given by the unique in law
solution of

IX(t,x)  10°X(1,x)
ar 2 0x?

Here, W is a space—time white noise, Xq is in the space Mg (R) of finite mea-
sures on the line and (X;, t > 0) is a continuous process taking values in the space

(1.1 +VX (1, x)W(t, x), X > 0.
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Ck (R) of continuous functions with compact support in R [see, e.g., Section I11.4
of [18] for these results and the meaning of (1.1)]. We abuse notation slightly and
also let X;(A) = [, X (¢, x) dx denote the continuous M (R)-valued process with
density X (¢, -) for ¢ > 0, that is, the associated super-Brownian motion.

Our goal is to study the boundary of the zero set of X;, or equivalently the
boundary of the Borel support {x : X (¢, x) > 0}, given by

BZ; =9({x : X(t,x) =0})

(1.2)
={x:X(t,x)=0,¥8 >0, X,((x — 8, x +8)) > 0}.

The two related questions we consider are:

1. How large is BZ;? For example, what is its Hausdorff dimension?
2. What is the asymptotic behaviour of P(0 < X (¢,x) <a) asa | 0?

As super-Brownian motion models a population undergoing random motion and
critical reproduction, a detailed understanding of the interface between the popu-
lation and empty space gives a snapshot of how the population ebbs and flows.
Moreover, the answers we found are not what was originally expected. Standard
estimates show that X (¢, -) is locally Holder continuous of index 1/2 — ¢ for any
& > 0 (see Proposition 5.6 below). But near the zero set of X (¢, -), one can expect
more regular behavior as the noise in (1.1) is mollified. In fact, [17] essentially
showed that near the zero set of X (¢, -) the density is locally Holder continuous
of any index less than one (see Proposition 5.7 below for a precise statement).
The increased regularity led to independent conjectures 14 years ago (one by Carl
Mueller and Roger Tribe and the other by Ed Perkins and Yongjin Wang) of the
following.

CONIECTURE A. The Hausdorff dimension of BZ; is zero a.s.

This also was spurred on by wishful thinking as such a result would help prove
pathwise uniqueness in equations such as (1.1), as we explain next.

The connection with pathwise uniqueness in stochastic pde’s with non-Lipschitz
coefficients is one reason for our interest in these questions. Mass moves with a
uniform modulus of continuity in equations such as (1.1) and more generally in

X (r,x) 10°X(1,x)
a2 oax2

for 0 < y < 1 (see Theorem 3.5 of [13]). This means one can localize the evolution
of solutions to (1.3) in space and so if pathwise uniqueness fails then one expects
that the solutions X, Y which separate at time 7" say, will initially separate at points
in BZ7(X) N BZ7(Y), where we have introduced dependence on the particular
process. This is because in the interior of the support, say where X7 > n > 0,
we have Lipschitz continuous coefficients and so solutions should coincide for a

(1.3) + X, x)W(t, x), X >0,
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positive time due to the uniform modulus of continuity, and in the interior of the
zero set solutions will remain at zero for some positive length of time thanks to
the same reasoning (and lack of any immigration terms). As a result, one expects
that the larger BZ; is, the easier it is for solutions to separate, and so the less likely
pathwise uniqueness is. This reasoning is of course heuristic but here are some
precise illustrations of the principle.

THEOREM 1.1 ([2]). Letb:R — Ry be a smooth function with support [0, 1].
Then pathwise uniqueness fails in

IX(t,x) 10°X(1,x)

ot 2 9x2 + VX (. W, x) + b(x).

(1.4)

One step in the proof is to show that BZ; N [0, 1] has positive Lebesgue mea-
sure with positive probability. This proceeds by first fixing x € (0, 1) and using a
Poisson point process calculation to show that P(X (¢, x) = 0) > 0. It is then easy
to see that the b-immigration forces X;((x — §,x + §)) > 0 a.s. for each § > 0.
The proof of the theorem then goes on to show that solutions X, Y can separate in
Urero.11 BZ:(X) N BZ(Y). In short, the presence of the immigration b changes the
nature of the boundary of the support and makes it possible to establish pathwise
nonuniqueness.

On the uniqueness side of things, two of us conjectured that the methods of [16]
would allow one to establish:

If for some ¢ > 0, P(0 < X (t,x) <a) < Ca'te,

(1.5)
then pathwise uniqueness would hold in (1.1).

We never tried to write out a careful proof of the implication in part because we
believed the correct answer to Question 2 above was the following.

CONJECTUREB. P00 < X(t,x) <a) = O(a) (which is consistent with Con-
Jjecture A above).

Nonetheless, this would be a rather nice state of affairs as it would suggest that
the y = 1/2 case of (1.3) is critical and one could expect pathwise uniqueness to
hold for y > 1/2. It is natural to expect that the y = 1/2 case would then require
additional work just as in the classical SDE counterpart resolved by Yamada and
Watanabe 45 years ago (and unlike the signed case for general SPDEs where 3/4-
Holder continuity in the solution variable is critical by [16] and [11]).

Our main results on Questions 1 and 2 will show both Conjectures A and B
are in fact false. To describe them, for A > 0, let V (¢, x) = V)‘(t, x) be the unique
solution of

V. 19*V 1,

1.6 = ,
(1.6) ot 209x2 2

V(0, x) = Adp(x),



3484 C. MUELLER, L. MYTNIK AND E. PERKINS

where V is C12 on [0, 00) x R\ {(0, 0)}. (See [1, 15] and the references therein.)
A simple scaling argument shows that

(1.7) VM (s, x) =22V (A%s,Ax)  Vr,A,s>0,x eR.

If E,, denotes expectation for X starting at X = j, then we have (see, e.g., Theo-
rem 1.1 in [15] and the references there)

(1.8) EBO (e—AX(z,x)) — E; (e—AX(t,O)) — e_vk(z,x)’

and by the multiplicative property,

(1.9) Exy(e7 ) = exp(— / VA, y>dXo<y>).

So from the above we see that V*(z, x) T V®(t, x) as A 1 00, where
(1.10) Ps, (X (t,x) =0) = Ps (X (1,0) =0) = ¢~V ¥
and so

(1.11) V®(t,x) <2/t <00

because Ps,(X; =0) =exp(—2/1) (see, e.g., 11.5.12) in [18]). If » — o0 in (1.7)
with A2 =571, we get

(1.12) VO>s,x)=s""F(xs™!/?),

where F(x) = V°°(1, x). The function F has been studied in the PDE literature
and can be intrinsically characterized as the solution of an ode. This, and other
properties of F, are recalled in Section 3. For now, we only need to know that it is
a symmetric C? function on the line which vanishes at infinity. Let Lh(x) = %N —
5h'(x) be the generator of the Ornstein—Uhlenbeck process, let m be the standard
normal distribution on the line and set L¥ (h) = Lh — Fh. By standard Sturm—
Liouville theory (see Theorem 2.3), there is a complete orthonormal system for
L?(m) consisting of C? eigenfunctions for LF, {1, : n € Z..}, with corresponding
negative eigenvalues {—A,} where {A,} is nondecreasing. The largest eigenvalue
Ao is simple and satisfies 1/2 < A9 < 1. The latter and a bit more is proved in
Proposition 3.4.

Here are our answers to the above questions. dim(A) denotes the Hausdorff
dimension of a set A C R. In the next two results, X (¢, x) is the density of super-
Brownian motion satisfying (1.1) starting with finite initial measure X¢ and BZ; is
defined as in (1.2).

THEOREM 1.2. (a) For some Cy 3, forall a,t > 0, and x € R,

Px, (0 < X (1, x) < a) < Cr2Xo(R)r~1/27h0g2h0=1,

(b) For all K € N there is a C(K) > 0 so that if Xo(R) < K, Xo([—K, K]) >
K1 t>K'and |x| < K, then

Px, (0 < X(1,x) <a) = C(K)t~1/D7rog20=1 forall 0 < a < V1.
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THEOREM 1.3. Forall Xo#0andt > 0:

(a) dim(BZ;) <2 — 2 Px,-a.s.
(b) dim(BZ;) =2 — 2Xg with positive Px-probability.

In the above results, both 219 — 1 and 2 — 24 are in (0, 1) and so these results
do disprove Conjectures A and B. In Theorem 1.3(b), one expects that dim(BZ;) =
2 —2Xg a.s. on {X; # 0} but the proof does not show this.

REMARK 1.4. Both of the above results extend immediately to solutions of
IX(t,x) 023X, x) :
1.13 — = X, x)W(t, x),
(1.13) oy T T X 0w

where the constants in Theorem 1.2 now may depend on y,o? > 0. This is
clear since a simple scaling result shows that if X is the solution of (1.1), then
ycr_ZX(azt, x) has the unique law of any solution of (1.13).

Theorem 1.2 is contained in Theorem 4.8 below. A Tauberian theorem will show
that Ps,(0 < X (t,x) <a)~a® asa | 0if and only if
Esy (e E91(X (1,x) > 0)) ~A™%  as A1 oo.
Here, ~ means bounded above and below by positive constants and o« = 24 — 1.
If we use (1.9) and (1.10), this becomes

eV _ mVRy) o as A 1 oo,

and using (1.11) this reduces to

(1.14) VR(>t,x) — V (i, x) ~17%  asi? oo.

We have not been careful with dependence on ¢ or x but by Dini’s theorem we
know that lim; _, oo V*(#, x) = V°(¢, x) uniformly for (¢, x) in compact subsets of
[0, 00) x R\ {(0, 0)}—this is Theorem 1 of [9]. Evidently to prove Theorem 1.2,
we need a rate of convergence in the Kamin and Peletier result, and Proposition 4.6

will give the following which may be of interest to PDE specialists and will be used
to complete the proof of Theorem 1.2.

THEOREM 1.5. There are positive constants C and for each K > 1, C(K),
such that for all t > 0,

(1.15)  supV®(r,x) — V (1, x) < Cr 2 203~@0=D  ya 50
X
and
C(K)t~ 2740, =D

(1.16) < inf VR, x)—V*it,x) Va2
IX|<K 7
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The lower bound in Theorem 1.3(b) is established in Section 5.1 (see Theo-
rem 5.5) by first establishing a capacity condition for a set to be nonpolar for BZ;
(Corollary 5.3) through a Frostman-type argument, and then taking the above set
to be the range of an appropriate subordinator and using the potential theory for
the subordinator (a well-known trick). The key to the above capacity condition is
a second moment bound (Proposition 5.1) which is established in Section 6. The
corresponding upper bound is proved in Theorem 5.9 in Section 5.2 by first modi-
fying the proof of Theorem 1.2 to get a bound on Px,(0 < X, ([x,x +¢€]) < 2 M)
(Theorem 5.8 which is proved in Section 7). One then uses this and the improved
modulus of continuity for X near its zero set (Proposition 5.7) to carry out a stan-
dard covering argument which in fact bounds the box dimension.

Although the failure of Conjectures A and B indicate that our approach may not
shed light on the pathwise of uniqueness of solutions to (1.1), we remain optimistic
that progress can be made on (1.3) for some values of y in (1/2, 3/4]. In fact, (1.5)
was a special case of the conjecture

117 if for some « > 3 — 4y, P(0 < X (1, x) <a) < Ca®,
' then pathwise uniqueness would hold in (1.3).

Note for ¥ > 3/4 one can take @ = 0 but in this case pathwise uniqueness is a
special case of the main result in [16] whose ideas underly our heuristic proof
of (1.17). There is also an exponential dual to solutions of (1.3) for y € [1/2,1)
(see [14]) and we believe the methods of this paper can be used to resolve the left-
hand tail asymptotics for solutions of (1.3) as well. We expect power tail behaviour
for all y, and so by (1.17), for y < 3/4 but close to 3/4, we conjecture that path-
wise uniqueness will hold in (1.3). Hence, although the 3/4-Holder condition in
[16] is sharp for pathwise uniqueness in general (by [11]), it would not be sharp
for the family of nonnegative solutions to (1.3).

CONVENTION. We willuse E aZ to denote expectation for the Markov process
Z starting at a point a and (abusing the notation slightly) use E 5 to denote the
corresponding expectation where Zp now has law u—sometimes p will be only a
finite measure.

We close this section with a heuristic explanation for the connection between
our problem and the largest eigenvalue of LE. Let UMt x) = dd—k V*(t, x). Then
(1.14) with o =2X¢ — 1 (as is required) would clearly follow from

(1.18) U(t,x) ~ 2720 asi 1 oo.
A formal differentiation of (1.6) shows that U = U* satisfies

8U—IU” VU Up=$
at_2 ’ 0 =00,
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which has Feynmann—Kac representation

UMt,x)=EB (50(3,)exp{— /t VAt —s, Bs)a’s})
0

2 )\,21’
= E(())‘ £.A%) (exP{_
0

The last line follows by time reversal and the scaling relation (1.7). Here, B under
E(x%,xx)
0

(1.19)
Vl(s, Bs)ds}>p;(x).

is a Brownian motion starting at 0 conditioned to equal Ax at time A%z
A further use of (1.7) shows that

(1.20) Hu,x)=uV'(u, Jux)=VVi1,x) 1 F(x)  asu? oo.

If Y(u) = B(e" — 1)e /2, u >0, then Y is an Ornstein—Uhlenbeck process with
Yo = Bp. If we ignore the conditioning in (1.19), and use the Markov property for
B att =1, we obtain as A — oo [ignoring dependence on (¢, x)]

A2t

U)‘(t,x)’vEg(exp -, Vl(s,Bs)dsD
A%—1 Vs+1B
~ E, |ex —/ s+1V1(s+1,7s>s+1_1ds}>
v log(2%1)
= Em(exp —/ H(e", Yu)du}) (s=é"—1)
0

log(2%1)
~E, <exp — / F,) du}) [by (1.20) and a bit of work]
0

~ Cexp|{—holog(r’r)}
~ C)L—2)\()’

giving us the required (1.18). The next to last line follows by a standard eigen-
function expansion recalled in Section 2. There are of course a number of nonrig-
orous steps in the above. Some of them [like the use of (1.20)] will be verified in
this work, but our basic approach will not follow this plan but rather depend on a
Campbell measure formula (see the proof of Lemma 4.1 in Section 4).

2. Eigenfunction expansions. Let Y; denote the Ornstein—Uhlenbeck process
associated with the infinitesimal generator L. In this section, we usually will drop
the Y in the notation EY . Its semigroup is denoted by P, and its resolvent by R;. If
¢ € C[—00, 00] (the space of continuous functions with finite limits at +00) with
¢ >0, we let L%h = Lh — ¢h, the generator associated with the diffusion, Y?,
obtained by killing Y at time py = inf{z : fé ¢ (Ys)ds > e}, where e is an indepen-
dent exponential variable. We denote its semigroup and resolvent by be and Rf
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(A > 0), respectively. The above semigroups are strongly continuous contraction
semigroups on L2(m). The contraction part is elementary as m is stationary for Y.
For the strong continuity, see Lemma 2.1 below for P; and it is easy to check that
lim; o || P f — P;d)fllz =0 for all f € L?>(m). For now, we will consider L and
L? defined on D ={h € C>N L3*(m) : Lh € L*(m)}.

LEMMA 2.1.  Forall f € L*(m), lim; o E,, ((f(Y;) — f(¥0))?) =0.

PROOF. As Y; is stationary under P,,, a standard approximation argument al-
lows us to assume f is continuous with compact support. The result now follows
by dominated convergence. [

We let Lg and Lo denote the infinitesimal generators of the L%(m) = L>-

semigroups P,¢ and Py, respectively, on their domains D(Lg) and D(Lg), respec-
tively. So, for example,

D(Lo)={f € L?:3Lof € L? such that lim| (P f = )/t = Lof |, = o}.
t
The subscript 0 is a temporary measure to avoid confusion which we address now.

LEMMA 2.2. (a) D(LY) = D(Lo) and LY f = Lo f — ¢f forall f € D(Ly).
(b) Lgis an extension of the differential operator L?, the latter on D.

PROOF. (a) This is a routine calculation. The fact that ¢ € C[—o00, co] helps
here.

(b) By the above, we may assume ¢ = 0. If f € D, then M;(¢) = f(Y;) —
f(Yp) — fé Lf(Y;)ds is a square integrable martingale under P,,. Therefore,

Ief = prre-iil= [ (E ( [ t Lf(Ys)ds) /i - Lf(x)>2dm(X)

5/0 En((Lf(Yy) — Lf(Y0))*)ds /1.

The last expression approaches 0 as ¢t — 0+ by the previous lemma, and the result
follows. [

Henceforth, we will drop the subscript 0’s on Lg (in view of the above result
this should cause no confusion).

Here is the result we will need to describe our main results. In (e), C ([0, c0), R)
is the usual space of continuous paths with the topology of uniform convergence
on bounded time sets.
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THEOREM 2.3. (a) There is a complete orthonormal system (cons), {{, :n €
7.}, of C? eigenfunctions in L*(m) for L? satisfying L®VY, = —A,y,, where
{An} is a nondecreasing nonnegative sequence diverging to 0o, —Ag is a simple
eigenvalue and g > 0.

(b) R‘f is a symmetric Hilbert—Schmidt integral operator on L2(m). There is a

Jjointly continuous symmetric kernel Gf :R? — [0, 00) such that

R = [ GYCx y)h(3) dm(y)

and
© 1
Gl y) =Y —— v (@)U (y),
A n;wrxn

where the series converges in L*>(m x m) and uniformly absolutely on compacts.
(c) The killed diffusion Y has a jointly [in (¢, x, y)] continuous transition den-
sity, q®(t, x,y) =q(t, x, ), for t > 0, given by

qt.x.y) =Y e " Y ()P (),

n=0

where the convergence is in £2(m x m) and uniformly absolutely for (t,x,y) €
(e, 00) X [g, 112 for any & > 0. Moreover, if 0 < § < 1/4, and s* = s*(8) > 0
satisfies

— e_S*

1 —es"

(s™ will increase to 0o as 8 |, 0), then there is a ¢(8) such that

*
oS /2

2.1 28 =

(2.2) q(t,x,y) <c(@®e ™ exp(8(x> +y?))  forallt > s*().

(d) If 6 = [ Yodm, then for any § > O there is a cs > 0 such that for all t > 0
and x € R,

(2.3) e)‘oth(Pqﬁ > 1) = 0yo(x) + r(r, x),
where

2.4) Ir(r,x)| < Caeaxze_()“‘_)‘")’,
(2.5) Yo (x) < Cgesz,

and for t > 5*(§),

o0
(26) |r(t’x)| S Ze_()tn_)ho)t|wn(x)| / |1ﬁn|dm S C(Ses_xze—()bl—)x())t.
1



3490 C. MUELLER, L. MYTNIK AND E. PERKINS

(e)As T — oo, P (Y €| pp >T) — P weakly on C([0, 00), R) where P>°
is the law of the diffusion with transition density (with respect to m),

1100()1) e)hot.

(2.7) qt,x,y)=q(t, x,y) Tot0)

PROOF. Parts (a), (b) and the first equation in (c) follow from standard Sturm—
Liouville theory. Here, note that multiplication by the square root of the normal
density converts L? into the operator

APg=4g"/2— (x*/8 —1/4+¢)g,

now acting on L?(dx), and so one can proceed as in Example 2 in Section 9.5 of
[3]. One applies a minor variant of Mercer’s theorem on page 245 of [19] for the
uniform convergence; only the continuity of G‘f takes a bit of work. The bound
(2.2) and part (d) can be proved through minor modifications of the arguments in
the proof of Theorem 1.1 of [21]. Details of these arguments may be found in the
Appendix of [12].

(e) Fixx e R.If0 <t <1 < T and ¢; are bounded measurable functions, then

2
Ex(l‘[ ¢ (Vi) 1(pp > T)) /Pelpy>T)
i=1

2
=E, (l_[ i (Yi)1(pp > 12) Py, (pp > T — lz))/Px(,qu >T)

i=1

2 Ovro(Y, )e—)»o(T—tz)
= |:EX (l_[ ¢Z(Yt,)1(p¢ > t2) ewotz(x)e—)\()T >

i=1
eI (T — 1y, V)
Ovo(x)e=*oT

2
+E, (1‘[ 61 (Y) 1 (0 > 1)
i=1

0o (x)e= T
OYo(x)e=*T + (T, x)e—*oT

=[T1 + T2] x T3,

where (2.3) is used in the second equality. By using (2.4) with § = 1/4, we have

2
|Ty| < llé1 ”OO”¢2”OOe}‘otzEx(c(geay’Z)e_()"_AO)(T_Q)

2= T o)

< c(x)ee= 12T —10) _, as T — oo.
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By (2.4), we also have

1| < (T, x)e” ™"
 Oyo)e ol — | (T, x)le~oT

|T3

Caesxze—()»l —r)T

= —
- OYo(x) — Cae‘sxze—()\l—ko)T

Use these last results in (2.8) to conclude that

0 as T — oo.

2
Aim (1‘[ $i(Yi) | py > T)

i=1

2
= Ex (l_[ ¢i(Y)1(pg > fz)i/fo(Yzz)ek‘m)/l/fo(x)
i=1
Yo(x2)

2
=//6I(I1»x,X1)q(l2—t1,X1,XZ)i:l_[1¢i(Xi) Jol)

x M1 M=) g (x1) dm (x)

which by definition equals

2
[[ v x0d =050 [T 60 dmt) dme.
i=1

Similar reasoning gives the convergence of the k-dimensional distributions for
all k.
It remains to establish tightness. If 0 <s <t <ty < T witht —s < 1, then

2.8) Eo((Yi —Y)* | pg > T) < Ex((Ys = Y)*Py,(pg > T — 1))/ Pc(pp > T).

It is now easy to use (2.3), (2.4) and (2.5), together with Cauchy—Schwarz to bound
the right-hand side of (2.8) by ¢/(x, 1) (t — s)% at least for T > Ty(x, fp). This gives
the required tightness and the proof of (e) is complete. [

3. A nonlinear differential equation and some associated eigenvalues. Re-
call that F(x) = V°°(1, x). We start by recording the convergence results from
Theorems 1 and 2 of [9] which were discussed in Section 1. Part (b) in fact is
immediate from (a) and (1.7).

PROPOSITION 3.1. (a) limy_ oo 14 (t,x) = V°(t, x), where the convergence
is uniform on compact subsets of S.
(b) For any A > 0 and a > 0,
lim sup [tV*(r, xt1/?) — F(x)| =0.

—>00 |X|§(l
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In the PDE literature, F : R — [0, 00) is characterized as the unique solution of
the following differential equation:

F'y) oy, F2(y)
@) 5 +5F(y)+F(y)— 5 =0,
(3.1 (i) F >0, FisC?onR,

(i) F'(0) =0,  F(y)~coye />  asy— 0.

Here, ~ means the ratio goes to one as y — oo and ¢g > 0. This result follows from
[1], with f : [0, 00) — [0, c0) satisfying equations (1.7)—(1.9) of that reference
(with N =1 and p =2 in our setting), where F(y) =2f(+/2y) for y > 0 and we
extend F to the line by symmetry. The above ODE is then immediate from the
theorem following (1.9) in [1] and the trivial fact that the condition F’(0) = 0 and
fact that F is C? on the positive half-line ensures the symmetric extension is C2 on
the line. In fact (see the the aforementioned theorem of Brezis, Peletier and Terman
[1]), uniqueness holds if the strong asymptotic in condition (iii) is replaced with

(iii)’ F'(0) =0, lim y?>F(y)=0.
y—00
Here are some additional properties of F'.

LEMMA 3.2. (a) Forall y > x0 >0,
F'(y) = exp{—y*/2 + x5 /2} F'(x0)

+ /y exp{—y*/2+2°/2}F(2)(F (2) — 2) dz.
X0

22 F;(g) — —co, where co is as in (3.1)(iii).

(b) limy_, oo €”
(©) 1< FO) <2.
(d) F is strictly decreasing on [0, 00).

PROOF. The differential equation (3.1)(i) may be rewritten as
(€ PF'(2)) = e PFQ)(F(2) - 2).

(a) follows easily. To derive (b), take x¢ large and then use the asymptotics from
(3.1)(iii). For (c), note by (a) with xo = 0, F is increasing until F < 2. So if
F(0) > 2, it can never pass below 2, a contradiction. If F'(0) = 2, then by unique-
ness to the initial value problem, F' = 2, another contradiction. It now follows from
(a) with xg = 0 that F’ < 0 for positive values until F' hits 2 but evidently this can
therefore never happen. This proves (d). It remains to prove F(0) > 1. A sim-
ple calculation using (3.1)(i) gives (yF + F’)’ = F(F — 1). Integrating over the
line, we get [ F?dy = Jr Fdy.If F(0) <1, then by (d), 0 < F < 1 on (0, 00)
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which contradicts the above equality of integrals. (Note that the Remark prior to
Lemma 11 in [1] gives F(0) > 1.) O

In the PDE literature, V*°(z, x) given by (1.12) is called a very singular solution
of the heat equation with absorption. One can easily check (or see Section 1 of [1])
that V. =V®isa C2 (on § =[0,00) x R — {(0, 0)}) solution of:

AV 1d*v 1,
W B =22 2
(3.2) *
@) V(@O,x)=0 for all x # 0; limf V(t,x)dx =o00.
t—0JR

Recall that X;(dx) = X (¢, x) dx, where X solves (1.1). Translation invariance
and (1.9) imply that

(3.3) Ex,(e7*) = exp(— / VA y —x) dXo(y))-

We let N, denote the canonical measure associated with X starting at §, (see Sec-
tion I1.7 of [18]). It is an easy consequence of Theorem I1.7.2 of the latter reference
that

(3.4) exp(— f (1 —e %0 de(X)) = V),

PROPOSITION 3.3. Forall x € R, e=F™ = Ps (X(1,0) = 0) and F(x) =
N, (X(1,0) > 0).

PROOF. The first equality is immediate from (1.10). Let t =1 and A 1 oo in
(3.4) to derive the second. [

We recall the general exponential duality which underlies the above (see,
e.g., Theorem I1.5.11 of [18]). For ¢ nonnegative, bounded and measurable, let
V(t,x) =V (¢)(t, x) be the unique mild solution of

vV 1%V 1
(3-3) 3t 20x2 2 0=¢
If X[(¢) = j(ﬁdXh then
(3.6) Ex, (exp(—X1(¢))) = exp(—Xo(Vi(9)))-

Ifgpe Cg (R) (functions with continuous bounded partials of order up to 2), then
V (¢, x) has continuous bounded derivatives of order up to 1 in ¢ and 2 in x, and
(3.5) holds in the classical (i.e., pointwise) sense.

Now return to the eigenfunction expansions of Section 2 in the case where ¢ =
F or F/2. We denote dependence on ¢ by Lo(¢) and wg) , and (-, -) is the inner
product in L?(m).
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PROPOSITION 3.4. (a) Ao(F/2) = % and the corresponding eigenfunction is
WOF/Z(x) = cFexz/zF(x), where cp > 0 is a normalizing constant.
(b) % < M (F) < 1. More precisely,

% + % [ F)(¥d)? (x)dm(x) < ro(F) < 1 — % / (cre 2 F(x)) ()2 dm(x).

PROOF. Let ¢ (x) = e /2F(x) € C2 N L2(m) [the latter by (3.1)(iii)]. Then
1 F
LF/ZW — 5(,S///e—xz/Z)/exz/Z o Ew

_ex2/2|:F_” xF' F F2]

2 2+2 2

()
2 ’

the last by (3.1)(i). This shows € D C D(L) and L¥/>y = — 1. Recall by The-
orem 2.3(a), the eigenfunction corresponding to the simple eigenvalue —Ag(F/2)
is positive, as is F. By orthogonality of eigenfunctions corresponding to distinct
eigenvalues we must therefore have Ag(F/2) = % and W(f 2 — cyr, for some nor-
malizing constant ¢ > 0.

(b) The variational characterization of Ao gives
3.7) ho(F) =min{(—L v, y): ¢ € D), |2 =1},

where the minimum is attained at Y = w(f . (The latter is clear and to see the former

one can set Y = Rf ¢ and expand ¢ in terms of the basis ,.) If we set Y = z/foF /2

we therefore get

M(F) < (=L y)=2(=L" Py, y) + (Ly. ¥)
1 o0 / 2
=240(F/2) - 5 /_ ' ()2 dm

1 2
-

where the next-to-last equality holds by an integration by parts [Lemma 3.2(b)
handles the boundary terms], and the last equality holds by (a). Turning next to the
lower bound on Ag(F), if Yo = w(f , we have, using the variational characterization
of 1o(F/2),

1
ho(F) = (=L Yo, o) = (~L ™y, vo) + 5 f Fygdm

1 1 1
zAO(F/2)+§/Fw3dm=§+§/Fw§dm. 0

Henceforth, we will write Yy, A, and p for w(f , M (F) and pf, respectively.
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4. Asymptotics for super-Brownian motion at the boundary of its support.
Recall that X (¢, x) is the density of super-Brownian motion which solves (1.1).
Define

H,(x) =uV"'(u, Jux)

@.1)
—VVE1L,x) A VO, x) = F(x),  asu? oo,

uniformly on compacts, where we have used (1.7) in the second equation and
Proposition 3.1 in the convergence. By (1.11), one obtains the elementary inequal-

ity

e VD) _ o= VEEX) ooy vy i x)
4.2) x o
< (eVIED —em VD)

NOTATION. We let p(t, x) = p;(x) denote the standard Brownian density.

In the following lemma, recall that Y is the Ornstein—Uhlenbeck process starting
at x under P,.

LEMMA 4.1. Let h > 0 be a bounded Borel measurable function on the real
line, let B be a standard Brownian motion starting at 0 under POB ,and set T =
log(A%t). Then for >t > 1 and any finite initial measure Xo,

E))go (f e XD R X (¢, x) dx)
1
= Eg (exp(—/o Vl(u, B(u))du)
T
4.3) X Egl (exp(—/o Hes(Ys)ds)

x /[h(wo—l—«/?YT)

x exp(—; / Hr (YT + wOJ;XO) dXo(xo)ﬂ dXo(wo))>.

PROOF. Let W; be a Brownian motion starting with initial “law” Xy under
the finite measure E}z) Apply the Campbell measure formula for X;, or more
specifically use Theorem 4.1.1 and then Theorem 4.1.3 of [4] with § =1 and
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y = 1/2 to see that
E))((O(/ e_kX(”x)h(x)X(t,x)dx)
(4.4) = Ey, x Ex, <h(W,)

x exp(—rX (1, Wy)) exp(— /Ot Vre—s, Wy — W,)ds)).

In the above, we approximate X (¢, x) by [ pe(x — y)X;(dy) and let ¢ |, 0 in order
to apply Theorem 4.1.3 in [4]. This limiting argument is easy to justify; use (3.6)
with ¢&* = Ap, and the bound V (¢*4)(t — 5,X) < Apeti—s(x) < At — 5)~1/2
to take the limit through the Lebesgue integral in s. Now use (3.3) and then the
scaling (1.7) to conclude that

E?go(/ e_kX(”x)h(x)X(t,x)dx)
t
= E%(h(WQexp(—/ VAt —s, W, — W) ds
0
4.5) - [Via W= dxot) ) )
=EY (h(W;)exp(— ft VIt —5), (W, — Wy)A2 ds
0

— )2/ VG2, MW, — xo))dXo(x0)>>.

If Wy=W, — W,_s and B, = AW)\_zu for u < A’t, then under E)V(‘; and con-
ditional on Wy, B is a Brownian motion starting from 0. Noting that W; =
Wo + 7! B,2,, we may rewrite (4.5) as

1 A2
E}V(l; (h(WO + XBM;) exp(—/ Vl(u, By) du
0
—Azf Vi(32t, B, +A(Wo—xo))dXo(XO)>)
1
=E}g)(exp(—/ Vl(u,Bu)dM)Egl |:h(W0+)‘_1BA2t—1)
0
Ar—1
xexp(—/ V1(1+u,Bu)du
0

- AZ/ VA1, Bya,_y + A(Wo — XO))dXo(XO)>D-
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Set
Yy =B(e — l)e_s/z,

which is an Ornstein—Uhlenbeck process starting at By under E 51- Then (4.5)
equals

1 T
E}z)(exp(—/o V](u,Bu)a’u>E,§1 [exp(—[) esV](es,eS/ZYs)ds>
o7
xh(Wo—i-\/z:YT)exp(—/T

T2
x V! <eT, T2y 4+ %(WO — xo)> dXo(xo)>]>

1
= E}vg) (exp(—/o Vi, Bu)du)

T
x E}, [exp(— / HeAvm)ds)h(Wo +V1Yr)
0

X exp(—t_I/HeT <YT + WO\/_EX())dXO(xO))]).

Recalling that Wy is independent of B under E WO, we see that the above equals the
required expression. [

We will use the following lemma which will allow us to apply Lemma 4.1 to
first get a preliminary bound on V> — V* for large A, and then reapply these
results to get exact asymptotics.

LEMMA 4.2.  Assume for somer > 1 and A >0
Ef ( f e XX X (¢, x)dx) <CHA"  Vi> A

Then
sup[Vo(t, x) — V (e, x)] <t 712C@/2)r — 1) AT vas A
X

PROOF. Recalling (1.8), we have
VR _mVEEN) - pX (o7 MXD (X (1, x) > 0)).

The left-hand side is Lebesgue integrable in x [e.g., it is bounded by V*°(z, x)
which is Lebesgue integrable by (1.12) and the asymptotics for F'] and so

/e_vk(”x) —e VTN gy = Egg (/ e MU (X (1, x) > 0) dx).
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It is easy to differentiate with respect to A > 0 through the integrals on the right-
hand side and so conclude, for any A > A,

" _57(/ o VA _ =V () dx) g (f e_)‘X(”x)X(t,x)dx)

<C@®1".

For A > A, integrate the above over [A, c0) and so deduce from (4.2) that for A > A,

VR, x) — V*(t, x)dx < eQ/I/eva(t’x) — e VT gy

(4.7)
< Ltcmxl—’.

r—1

Next, use the Markov property of X to see that, for A > A,

(
(
B (e N e
(4.8) < E3 (X:i2(Vi5 = Vi)

4/t
<128 C(tl/z)kl_’
r —_—

’

where we used (4.7) in the last line. Finally, use (4.2) again to obtain the required
bound. [

The critical term in (4.3) is exp(— fOT H,s(Y;)ds). To estimate its decay rate,
we introduce

Zr=Z7(Y)= exp(/oT F(Y;) — Hes(YS)ds>

T s
4.9) =exp( [ VL7 VALK ds ) 2o <00
0
as T — oo.
Let Ao = o(F) € (%, 1) be as in Proposition 3.4. Choose ¢ € (0, 249 — 1) and set

(4.10) 8(4.10) = 2k0 —e>1.



BOUNDARY OF THE SUPPORT OF SBM 3499

LEMMA 4.3. (a) For all t > 0, there is a C(t), nonincreasing in t, such that
sup, VoO(t, x) — V*(t, x) < C(t)A'=%@10 for all A > 0.

(b) There is a constant C so that Zoo — Z1 < Ce_T(‘S(“-lO)_l)/zfor allT >0.1In
particular, Z is uniformly bounded by some constant Cz.

PROOF. By Lemma 3.2(b) and (4.1), we may first choose K and then Tj so
that
“4.11) sup F(x) <¢/2, sup sup F(x) — Hes(x) <¢€/2,

lx|=K s>T |x|<K
which in turn implies

4.12) sup sup F'(x) — Hes(x) < /2.

s>Ty X

Now take & =1 in Lemma 4.1, recall that m is the invariant law for Y and use the
Markov property at Ty to conclude that, for T = log(A%t) > Ty,

E%, </ e—W”x)X(z,x)dx)/Xo(l)

< E,i <exp<— /OT Hes(Ys)ds>)
T-Ty
4.13) <Er <E§T0 (exp(—/(; H 541y (Ys) dS)))
< E,Z <exp<— /OTTO F(Ys)ds>)

x exp((e/2)(T —Tp)) by (4.12)

< (D) PPY(pr > T — Tp),

where we recall that pf is the lifetime of the killed Ornstein—Uhlenbeck process
Y. Now use Theorem 2.3(d) to see that, for A > A’ (¢), the far right side of (4.13)
is at most

(t)LZ)f/ze—)no(T—To) [9 / Wodm + C/e_()"_)‘")(T_TO)} <c- («/;)L)—5(4.10)’

for some universal constant c. We now may apply Lemma 4.2 to conclude that
sup V°(t, x) — VX (1, x) < C(t)ra! 010
X
first for A > A(¢), and then for all A > 0, the latter using (1.11) and by increasing
C(t). It is easy to use the explicit form for the constant in Lemma 4.2 to see that

we may take C(¢) to be nonincreasing in ¢.
Turning next to (b), we have, from (4.9) and (a),

o
Zr < exp(C(l)/ e~ Cai0=Ds/2 ds> = ¢p.
0
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This bound and (a) imply that
00 S
Zoo — 21 < Zoo[l - exp(—/ veo(n, vy — vela, Ys)dsﬂ
T

<coC(1) foo e~ Gu10=Ds/2 4
T

_ 20C0) i
S.10) — 1 -

Recall the law P2° from Theorem 2.3(e). We need a slight extension of the latter
result.

LEMMA 4.4.  For any ¢ : R — R bounded and measurable,
lim EY(Zr¢(¥p) | p > ) = EX(Zoo) [ $0dm /6.

PrOOF. If T > T; > 0, then the monotonicity of T — Z7 and Lemma 4.3(b)
imply that
(4.14) EX(1Zr = Zi|Igl(Y7) | p > T) < Cliglloce™ 107D/,

So using this and the bound in Lemma 4.3(b), it clearly suffices to show that, for
each 71 > 0,

(4.15) dim EY(Zng(Yr) | p>T)= E§°(ZT,)f¢wo dm /6.

By the Markov property and the eigenfunction expansion in Theorem 2.3(c), the
left-hand side of the above is

Tli_)moo Ef (ZTl 1(p > Tl)fq(T =T, Y7, 2)9(2) dm(z))/PxY(,o >T)

= lim EY (ZT1 1(p > Ty)e PoT—T)
(4.16) -

x [ evodmyotrr)) /P o> 1)
+ lim 6(x,T),
T—o00
where (recall that Z, is uniformly bounded)

8(x, T)| < CII¢||ooE}f(/ > [ (Yry)|
n=1

% e—)m(T—Tl)|-¢-n(Z)| dm(Z)>/PxY(/0 >T).
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Now use the second inequality in (2.6) with 6 = 1/8 to deduce that for T — T1 >
s*(1/8),

_ Y2 /8
8, T)| < Cllpllowe ™ T csEX (" 1/%)/PY (p > T)
< C/(x)efle/PxY(p >T)—0 as T — oo,

the last convergence by (2.3) and (2.4). (2.3) also shows that the first term in (4.16)
is
e)»()T]

Vo(x)0 +r(T, x)

Y 1//0(YT1) ) 20T
—£!(z 1> T e [ovodmpo 1oy @41

= EXZn) [ ¢vodmpo.
This establishes (4.15) and so completes the proof. [J

Tim E! (Zngo(rn)1p > T) [ ovodm

PROPOSITION 4.5. Assume h > 0 is a bounded Borel function on the line.

(a) There is a universal constant C45 > 0 such that, for any t > 0,

Aliﬁrgo()uzt)k‘)E)}((O (/ e XD X (1, x) dx)
= C445//h(wo +/12)

X exp(—t1/F(z+tl/z(wo—xo))dXo(xo)>

x Yo(z) dm(z) d Xo(wo).
(b) There is a constant C such that, for all A, t > 0,

(Azt)AOEigo (/ e_kx(z’x)h(x)X(t,x)dx) < CllhllscXo(1).

PROOF. Set T =log(A’t). To simplify the expression obtained in Lemma 4.1,
introduce

Ir(wo, y) = exp(—t1 [ Hor (317120 - xo>)dxo<xo>),

Iso(wp, y) = exp(—r“ / F(y + 172wy — x0)) dXo<x0>)

and

T
Wwo.x. 7) = EY (exp(~ [ F(Y)ds ) Zrhtwo + Vi¥r)Ir(un. YT)),
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then Lemma 4.1 states that, for A27 > 1,

E§o (f e XD B X (2, x) dx)
(4.17) 1
=E} (exp(—/ V(u, B(u)) a’u) / U (wo, B1, T) dXo(wo)).
0
It follows from (4.1) and Lemma 4.3(a) that

0< F(x)— H,(x) <c(DHu170@0)/2 vy, > 0, x eR,

and so
0=<Ur — Iso)(wo, Y1)
(4.18) < XoM) L Ta=sai0)2
t
= c(1)Xo(1)r~(IH8@10)/2) 1=0w.10),

Therefore,

W (wo, x, T)

Pl (p>T)
4.19)

= EX(Zr (\)h(wo + V1Y) IT(wo, Y1) | p > T)
= EX(Zr (V)h(wo + V1YT) Ioo(wo, Y1) | p > T) + 8(T, x, wo)
where, by (4.18),
|8(T, x, wo)|

(4.20)

< lhlleoCzc(1) Xo(1)r =1 H0@10)/231=8w100 5 0 a5 1 — oo.
Lemma 4.4, together with (4.19) and (4.20), shows that
W(wo, x, T)

oo PY(p > T)
— 0
4.21) x (P

=zﬁ%zw)/hwm+~ﬁngawmwwmwdm@w&
and the first line in (4.19) implies

|W (wo, x, T)|
—v - = Czlhlle.
Pi(p>T)

Apply (2.3) and (2.4) with § = 1/8 to conclude

(4.22)

(4.23) [T PY (p>T) — 09o(x)| < cset e= =207
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Returning to (4.17), we have for A2t > 1 (assumed henceforth)

(AZI)AOE))((O (/ e XX (1 x) dx)

=E} [exp(—fol Viu, B(u))a’u)

/‘I’(wo,Bl,T)
X —_—

(4.24) Pl o= T)

dX (wo)e™" P (p > T)}

— E§ (exp(—/o1 Vi(u, B(u))du) EX(Zso)

x [ o+ ViD Loe(wo, 2902 dm ) dxo<wo>wo<31>)

as A — oo, where (4.21) is used in the last and dominated convergence may be
applied thanks to (4.22), (4.23) and (2.5). This gives (a) with

1
@29 cas=E(ep(= [ Vi B ) ER(Zolr)po(BD) ).
For (b), if A%t > 1, use (4.22), (4.23) and (2.5) to bound the second line in the
display (4.24) by
cllhllooXo(D EE (€2 V7/%) < cllh o Xo(1).
If A2t < 1, the expression to be bounded is at most ||h||ooE§0(Xt(1)) = ||h]lco X

Xo(). O

Here is the promised refinement of Lemma 4.3(a) giving the exact rate of con-
vergence in Proposition 3.1(a).

PROPOSITION 4.6. () There is a constant Ca.¢ such that

sup VO(t, x) — VA(t,x) < Cagt 2200~ @0=D v 5.
X

(b) For any K > 1 there is a C4 ¢(K) > 0 which is nonincreasing in K such
that, for any t > 0,

(4.26) ian VOt x) = VRt x) = Cu o (K)t 27200~ @0=D gy > 172
[x|<K+«/t
and
inf  V®(t,x) — V*(t,x)
> Cuo(K) (7P At 27203~ C0=D gy s
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PROOF. (a) Apply Proposition 4.5(b) and Lemma 4.2 to see that, for A7 > 1,
sup V°(t, x) — V (1, x) < 1712720209 — 1) IA" R0 D
X

= C'e 1 (En) @D,
For A%t < 1, by (1.11) the left-hand side of the above is at most
sup VOut, x) < 217! < 20/1471 (\/Z)L)—(ZM)—I).
X

This proves (a) but with an additional factor of ¢®. This can be removed by ap-

plying the scaling result (1.7) and the above bound for # = 1 to conclude that, for
all L >0,

VOt x) — VA, x) =t~ (V® = VY (1, x/VD)
< (_jt_l («/;)L)—(ZA()—I).
(b) Set h = 1|_k k) in Proposition 4.5 with X = 8¢ and argue as in the first line
of (4.6) to see that, for A > A(#, K) and a universal positive constant c,
d
Cdh )k

= Es, (/ e XX (@, x)dx)

(4.28)

e—V)”(t,x) _ e V) gy

(4.29)

K/t
o - —XAoy —2Ao
zc./—K/ﬁeXp( 17 F(2))Yo(2) dm(z)t™"OA

= co(t, K)L =20,
Integrate out A to conclude that, for A > A(¢, K),

K K N -
/ VR(t, x) — Vi, x)dx 2/ e VX)) _ = V) gy
-K

(4.30)
- co(t, K))\l—zx().
— 2x0—1
If0 <A < A(t, K), then
/K V® — VM, x)dx > : v — v2EEY ¢ vy d
4.31) i . x_/—K( )t x)dx
=ci1(t,K) > 0.

The last inequality holds since the first line of (4.8) shows strict positivity of
V(t,x) — V*(t,x) for all # > 0 and x. (4.30) and (4.31) imply that, for some
c(t, K) >0,

K
(4.32) / (VX — V¥ (t, x)dx > ca(t, K)A 720 va> 1.
—-K
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From the third line of (4.8), we have

e VX)) _ mVR(x)
— Es (e—xf/zw,*/z) _e—X,/zw;;a))
> Es, (e_Xt/Z(Vt/Z)XI/Z(Vt% - Vzk/z))
> Es (e WX WX, 5 (VS = V) by (LID)].
Soifr=r()=4/tand G =G(t) = Vf;‘ﬁ — Vtk/z, we seek a lower bound on

(4.33) Ef (e WX, (G)).

If Vi(¢) denotes the nonlinear semigroup associated with X (see Section IL.5 of
[18]), we may use the Campbell measure formula for X, as in (4.4) along with

Vs(r) = zirr 5 (i.e., the nonlinear semigroup with ¢ = r constant) to see that if W

is a Brownian motion starting at x, then for |x| < K, (4.33) equals
12 2r

EVY x EX (e_’X’/z(l)ex <—/
* O p 0o 24rs

— ex (i)<1+ﬁ>_2/ (v —x)G(y)d
(4.34) = €xXp 2+ ¢1/2) 4 P2y y)ay

K
> o(t, K) /_ GOy

dS)G(Wt/2)>

>c/(t, K)p~ 7D forall A > 1,
the last by (4.32). Now use the first inequality in (4.2) and the above to derive

| ilan V.t x) — VM, x) >t K)A ™™D forall A > 1,
x|<
and where we may assume ¢’(¢, K) > 0 is nonincreasing in K for each .
The scaling relation in (4.28) and the above bound for r = 1 shows that for all
A > t—l/z’

| Iir}(fJ VOt x) — VH(t, x) = lxilrifKt_l(Voo — VY™, x)
(4.35) FI=AVi =

> ¢'(1, K203~ @ho=1)

This gives (4.26) and it remains to prove (4.27). By (4.26), we may assume ¢ < 1
and 1 <A <t~Y/2. Then ¢(K) = infjy<x V°(1, x) — V!(1, x) > 0, where the last
inequality holds by the strict positivity of the difference for each x as noted above.
By scaling, as in the above display, the left-hand side of (4.35) is at least ~!¢(K)
which implies (4.27). U
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The following Tauberian theorem is implicit in Theorem 1 of [5] (see especially
page 350). The explicit constants below are not given there but follow from an
elementary argument which can be found in an Appendix of [12].

LEMMA f1.7. Let U be the distribution function of a sub-probability on
(0, 00), set U(X) = [y e dU (x) and let p > 0.

(a) Assume for some Cr >0
(4.36) UML) <CoA™P  forall > 0.

Then U (a) < eCaaP? forall a > 0.
(b) Assume (4.36) and, for some C1 >0, L >0,

(4.37) UN)>CiA™?  forallr> A
Ifdi = G 2log((C2)P*2) v 2p v 1)7P, then
(4.38) U(a) > dja? foralla €0, 1].

In particular if p <1 and A <4, then

-1
(4.39) U(a)z%(log(4zcz>) a?  forallae(o,1].
1

THEOREM 4.8. Let X (¢, x) be the density of super-Brownian motion satisfy-
ing (1.1) with finite initial measure X.

(@) Pg (0<X(t,x) <a)<eCycXo(l)r~1/D0a%0"1va, 1 > 0,x eR.
(b) Forall K > 1, there is a C4g(K) > 0 such that if Xo(1) < Kt and Xo([x —
KT, x + K1)/ Xo(1) > K2, then
PE(0<X(t,x) <a)
(4.40)
> Cug(K)Xo(D)e~ /2~ M0g2 0=l vo <a < V1.
In particular if |x — xo| < K/t and t > K~ then

@441 Pf (0<X(t,x)<a)> Cug(K)t= /2= hg20=1 v <q < V1,

and if Xo(1) < K, Xo([—K, K1) > K~ ', t > K™, and |x| < K, then

P¥ (0<X(t,x) <a)
(4.42) Xo
> Cug(KDK D020 yo<a< /i,
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PROOF. We will apply Lemma 4.7 to U(a) = P(0 < X(t,x) <a). By (1.9),
(1.10) and translation invariance,

U = Ex (e X I1(X (1, x) > 0))
(4.43) = eXP(— / VAt y — X)dXo(y)>

— exp(—/ Veut,y — x) dXo(y)>.
(a) Use Proposition 4.6(a) to see that, for A > 0,

U(A) = f(Voo - V)L)(t» y—x)dXo(y)
(4.44)
< CueXo(1)t~ 120y ==

and so (a) is immediate from Lemma 4.7(a).
(b) Consider first t = 1. By (4.43), (1.11) and (4.26) for A > 1,

009> exp(— [vea.y- x)dxo<y>) [ =vAay—xaxowm
> exp(—2X0(1))Cy6(K) Xo([x — K, x + K])2~ 07D
=Ci(K,x, Xo)p~@o=D,

So by this and (4.44), we may use (4.39) in Lemma 4.7 (with p =2A¢0 — 1 < 1) to
see that

PZ(0<X(1,x) <a)

Ci(K,x,X 4eCypeXo(1) \\ !
. 1(K, x, Xo) <10g< eCs6X0( ))) 4201 va e[o. 11.
4 Ci(K, x, Xo)

For general ¢, we may use the scaling relation (4.28) and (4.43) to see that if
X! (A) =t71X((y/1A), then by the above for 0 < a < /1,

Pg(0<X(t,x) <a)
= Py (0 < X(1x/V1) <a/V1)

Ci(K,x/\/t, Xb) 4eCy6Xo(1)/t
4 Ci(K,x//1, X))

A simple calculation, using the definition of C1, shows that there is a Co(K) > 0
so that if X is as in (b), then

C1(K, x /T, Xb) = Co(K)Xo(1)/1,

(4.45)

))_l(a/ﬁ)ZAo—l‘
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and so

) <4€C4.6X0(1)/l
O _—
Ci(K,x, Xo)

Use the above in (4.45) to conclude that
PE (0 < X(t,x) <a) > C(K)Xo(Dt ™ (a//D)P07 L.

)5c3(1<>.

This proves (4.40), and the last two assertions follow by elementary reasoning.
(The last follows first for K > 4, and hence forall K >1.) O

5. Proof of Theorem 1.3.

5.1. Lower bound on the Hausdor{f dimension. Recall that X is asin (1.1) and
the boundary of the zero set is

BZ; =0({x: X(t,x) =0})

(5.1)
={x:X(t,x)=0,¥8 >0, X;,((x — 8, x +6)) > 0}.

The key step in our lower bound on the Hausdorff dimension of the boundary of
the zero set, dim(BZ;), is the following second moment bound. The bound will
depend on a diffusion parameter org > 1, whose exact value is not important (but
o*g = 6 will work). For a finite initial measure Xy and ¢ > 0, define Xop,(x) =

J pu(x —wo)Xo(dwo) and

2
hixo(z1,22) =1t Xopy2(zi)
(5.2) i=1

1t
+t_7~0/0 (t —s)—mpgag(,_s)(m _ZQ)X0p4U§Z(Zl)dS'

PROPOSITION 5.1. There is a constant Cs_1 such that for all A2 > 9/t), and
all 7y, z2:

(a) )\4A0E§O(Xt(Zl)Xt(ZZ)e_AX’(Zl)_)LX[(ZZ)) < Cs.1h:,xy(z1, 22).
(b) hexo(z1,22) < Cs1 (072X (1) |21 — 22| 7220 + (1720712 X (1))?).

We will prove this result in Section 6 below, but first show how it can be used
to obtain lower bounds on dim(BZ;). The lack of symmetry between z; and z; in
the definition of &, x, indicates that our bound is not optimal, but it is the negative
power along the diagonal which will be important for us, and our results suggest
that this is optimal.

If we introduce random measures

(53) L?‘((ﬁ) — (Azt)xof¢(X)X(t, x)e—)»X(t,x) dx,
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then Proposition 4.5 shows that for some finite measure £; and any bounded Borel
function ¢,

lim E(L}(#)) = (@),
A— 00
and the above result shows that £ (Lf‘( 1)?) remains bounded as A — oo.
CONJECTURE. There is a random finite nontrivial measure L; on R such that

for any bounded continuous ¢,

LX) — Li(¢p)  in L* as A — o0.

Assuming this, it is then not hard to show that for some sequence \, 1 00, th”
approaches L; weakly on the space of measures a.s. and that L; is supported by
BZ,. We further conjecture that L;(1) > 0 a.s. on {X;(1) > 0}.

If gg(r) = r~P for B > 0, and p is a finite measure on R, and A is an analytic
subset of R, let

(1, ) g /fgﬂ lx — yl)du(x)du(y),
1(gg)(A) =inf{(u, i), : u a probability supported by A}.
Then the gg-capacity of A is C(gg)(A) = I(g,g)(A)_1 (see, e.g., [8], Section 3).

THEOREM 5.2. For every K > 1, there is a positive constant Cs (K ), nonin-
creasing in K, so that for any analytic subset A of [—K, K1, initial measure, X,
satisfying Xo(1) < K and Xo([—K,K])>1/K,andt € [K~, K],

PR (ANBZ; # @) = Cs52(K)C(g21,-1)(A).

PROOF. Let 0 <8y <e 1, and let 0 < k; < 1 < ky be the solutions of 8y =
ke~ ki . We will choose 8y small enough below, noting that as § |, 0, k;(8) | 0 and
k> (8) 1 0co. We approximate BZ; by

BZ(e) = {x: X (1, x)e  Xt0)/e > Soe} ={x 1 kie < X(t,x) < kpe},

where the second equality is by an elementary calculus argument and we have
suppressed dependence on ¢ > 0. Now fix K > 1 and assume X¢ and ¢ are is in
the statement of the theorem. Let F be a compact subset of [—K, K]. If [(A) =
1(g23,—1)(A) and C(A) = C(g2:,—1)(A), we may choose {xiN :1<i<N}CF
so that (suppressing the superscript N) as N — oo,

_ (2r0—1) _
(5.4) Iy = N(N Z;;m xj|7@0D S 1(F)=1/C(F).
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(See, e.g., Lemma A of [20].) By Theorem 4.8, there are constants C(K) >
C(K) > 0sothat for 0 < ¢ < g¢(K),

P(kie < X (1, x;) < kae) > [C(K)O ™" — C(K kO™ ehom! > gPo= 1,

where in the last line we have chosen 6y = §o(K) sufficiently small so that kj is
very large and k; is close to 0. Therefore, by inclusion-exclusion and Proposi-
tion 5.1, for € < gp(K),

PY (F NBZ(e) # 2)

>ZPX (xj €BZ(e) =3 D", , P, (xi. xj € BZ())

i=1
EX (X (1, x) X (1, xj)e X Ox)/e=X e
(80€)>

> N82)\40_1 _ Z
i#]
Z N82A0—1 _ C/(K)Z(l + |X1 _xj|l—2)x0)84)uo—2
i#]
> Ne?o~! — c(K)[NePo 1P .

200—1

= el ( Therefore

Now choose ey — 0 so that Ney

P (FNBZ(en) # 2) > (4c(K))_1C(F) as N — oo.

1
= 4c(K)ly
This implies that

P{ (F NBZ(ey) # @ infinitely often) > (4c(K)) ™' C(F).

An elementary argument shows that the event on the left-hand side implies that
F N BZ; # & and so the proof is complete for A = F compact. Use the inner
regularity of capacity to now extend the result to analytic subsets of [-K, K]. [

COROLLARY 5.3. Let A be an analytic set such that C(g2;,—1)(A) > 0. Then
for any nonzero Xy and any t > 0, XO(A NBZ; # @) > 0.

PrROOF. Choose K large enough so that C(g2;,-1)(A N [—K, K]) > 0 (inner
regularity of capacity), Xo([—K, K]) > 1/K,and K >tV v Xo(1). The result
is then immediate from the above theorem. [

LEMMA 5.4. Let o =2ig — 1 and let Z be the subordinator starting at zero
with Lévy measure v where

H(x) = v([x, 00)) = x“(log((1/x) + 1))%.
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Then
(5.5) Cga)({Zs:5€(0,D}) >0 a.s.
and
5.6) any analytic set A satisfying dim(A) < 2 — 2XAg is polar for Z,
that is, P(Z; € A for some t > 0) =0.
ProOOF. If

gy = /Ooo l—e™dvu) = A/()oo Hu)e ™ du,

then Karamata’s Abelian—Tauberian theorem and a short calculation shows that for
some ¢ > 0, lim; _, o0 g(1)/(A%(log M)?) = c. If

£r)=r®(log(1/r)) *(loglog(1/r))' ™

and f —m(A) is the f-Hausdorff measure of A, then [6] (see also Lemma 2.1 of
[7]) shows that

f—m({Zs:s <t})=cut  for some positive cp.

By [20], this implies (5.5). Note that lim;_, o+ % = ¢, and so by The-
orem 4.4(iii) of [7], (5.6) also holds. (A short calculus argument shows that
(log H)” > 0 and so by Theorem 2.1 of [7], the condition B of Theorem 4.4(iii) is

valid.) O
Recall that dim(B) is the Hausdorff dimension of a set B C R.
THEOREM 5.5. IfXo#0andt > 0, then P}{o (dim(BZ;) > 2 —2ig) > 0.

PROOF. Let Z; be as in Lemma 5.4 and set F = {Z; :s € (0, 1)}. We assume
Z is independent of the super-Brownian motion X and so work on the product
space (2, F, P) = (Qx, Fx, P.) x (Qz, Fz, P{). By (5.5) and Corollary 5.3,
we have P(BZ;(w1) N F(wy) # &) > 0. This implies that

P ({01 : P ({wn : F(w2) NBZi(w1) # @}) > 0}) > 0.
By (5.6), this in turn implies that P)ifo (dim(BZ;) > 2 — 2Ag) > 0, as required. [
5.2. Upper bound on the Hausdorff dimension. 'We begin with a classical re-
sult on the modulus of continuity of the density X (¢, x), t > 0, of super-Brownian

motion, the solution of (1.1), where the initial condition is an arbitrary finite mea-
sure Xo.
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NOTATION. If (#;,x;) e Ry x Rfori =1,2, let

d((t1, x1), (12, x2)) = VIt1 — t2| + |x1 — x2].

The following is an easy consequence of Theorem I1.4.2 (and its proof) of [18]
and standard consequences of Kolmogorov’s continuity criteria. (One should use
the decomposition (II1.4.11) in [18] for ¢ > 2¢g.)

PROPOSITION 5.6. If& € (0, 1/2), then forany K € N thereisa p(K, &, w) >
0 a.s. such that

V(r,x) e[K™', K] x [-K, K],
(5.7) V(t',x') €[0,00) x R, d((t,x), (', x')) < p
implies |X (', x') — X (¢, x)| <d((¢'. x'), (t, x))".

Moreover, there is a 856 > 0, depending only on &, and a constant C(Xo(1), K, &)
so that

(5.8) PY (p(K.&) <r) <C(Xo(1), K, &)r%¢  forallr > 0.

Near the zero set Z = {(¢, x) : X (¢, x) = 0} one can improve the above modulus
since the noise term in (1.1) will be mollified. This idea plays a central role in
the pathwise uniqueness arguments in [17] and [16]. The following result can be
derived using the same proof as that of Theorem 2.3 in [16] (see also Corollary 4.2
of [17]). There are a few minor changes as these references study the difference of
two solutions as opposed to the solution itself. The minor changes that are required
are outlined in an Appendix of [12].

THEOREM 5.7. If& € (0, 1), then for any K € N there is a ps7(K, &, w) > 0
a.s. such that

Y(t,x) € Z such that t > K_l,
(5.9) V(t',x") €0, 00) x R, d((t, x), (', x)) < ps7
implies X (1, x') <d((t', x'), (1, x))°.
In order to get a good cover of BZ;, we need a version of our low density bound

Theorem 4.8(a) for small intervals. (Set M = 1 and € = a in the following result
to compare.)

THEOREM 5.8. Thereisa Csg > 0 so that forallt >0, M > 1,0 <¢ < Jt,
x € Rand Xy,

Px, (0 < X, ([x, x +&]) < e2M) < CsgXo(1)r~1/2 =20 pp19 201,
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This will be proved in Section 7 below. We now show how it gives an upper
bound on dim(BZ;).

THEOREM 5.9. Forallt > 0, dim(BZ;) <2 — 2 P}{O-a.s.

PROOF. By scaling we may take ¢+ = 1. By translation invariance, it suffices to
show

(5.10) dim(BZ; N[0, 1) <2 — 21 Py -ass.

Fix § > 0 and choose & € (0, 1) so that 19(1 — &) < §. Let p57(&, w) be as in
Theorem 5.7 with K = 2. Then by Theorems 5.8 and 5.7 for any x € [0, 1] and
O0<e<l,

P (Ix,x + 1N BZy # 2, 3¢ < ps7)
< P;((O(O < X ((x —e,x+ 25)) < 68€+1)
< CXp(1)g2o~1+19¢-D

< CXo(1)gPo~1-9,

A standard covering argument using intervals of the form [i /N, (i + 1)/N] now
gives dim(BZ1 N[0, 1]) <2 —2Xxp + § and (5.10) follows. [

Theorem 1.3 is now immediate from Theorems 5.5 and 5.9.

6. Proof of Proposition 5.1. We now consider the proof of Proposition 5.1.
As before, Y is the Ornstein—Uhlenbeck process starting with law u under P}[ and
we enlarge this space to include an independent random variable Wy with “law”
Xo. The same convention is in place on the space carrying a standard Brownian
motion starting at 0 under P(f, and P/ denotes the Brownian semigroup. We fix
a pair of bounded nonnegative continuous functions on the line, ¢;, i = 1,2 and
define

A 2u

(6.1) x//*(u,x):Eﬁ(@(r‘Bmﬁx)exp{— ; v‘(r,B,)dr}>.

Recall from the end of Section 3 that p = pr. We note that the parameters A; > 0,
i =1, 2, in the following result are not the eigenvalues A; (F) from Section 3.
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LEMMA 6.1. There is a constant Ce 1 so that for all A; > 0, )»izt >1, ifTi =
log(Al-zt), then

E?((O(/ ¢1(X1)¢(XZ)CXP(—MXt(X1)—)anz(X2))dXz(X1)dX¢(X2)>

2
< Cot [ EX (i (Wo + V1Y) 1(0 > T'))
(6.2) i=1

t t
+f Eé*(f ¢1(W0+Bz)exp<— | Vf‘r(Bz—B»dr)

X w)‘z(t —s5, Wo+ Bs)> ds.

PROOF. For ;> 0,x € R (i=1,2)and § > 0let X = (A1, A2), ¥ = (x1, x2)

and V;(x) = Vt’m’f(x) be the unique smooth solution of

V. AV V2

(6.3) =3 T Vo(-) = A1 ps(- — x1) + Aaps(- — x2),
so that
(6.4) E?)go (e_}‘l PéXt(xl)—)»zP,;'Xt(Xz)) — eXp(—Xo(V,))

[recall (3.5) and (3.6)]. Let Ut(j )(x) = U,(j )8,4,% (x) denote the unique solution of

BU,(j) B AUt(j)
a2

so that by Feynmann—Kac (see page 268 of [10]),

(6.5) VPR U U 6 = pe = x)),

. t N
(6.6) U (x) = EB <p5(B, — x‘,-)exp(— /0 V[S_’ﬁ’x(Bs)ds>).
Next, define

e - M R
6.7) V,M’x (x) = V,‘S’O’M’x(x) +/() U,(l)"s’k’h’x(x)d)u.

In the above, it is easy to justify differentiation with respect to ¢ and x through the
integral and so by (6.5) we have

- - 8,0,A2,X\2
av. AV | e M % %
6.8) LA __W . ) O R TOR Y

and by integration by parts,

(6.9) =

=80, %12 8,0,12,X\2

1% 1% Al : 2

( t2 )V . ) +/ yordady (D8adaR gy
0



BOUNDARY OF THE SUPPORT OF SBM 3515

A quick check of the initial condition at t =0 and a comparlson of (6.8) and (6.9)
show that V satisfies (6.3) and 50 V=V. Continuity of V in X is clear from (6.4),
and hence continuity of U () in & follows from (6.6). This allows us to differentiate
(6.7) with respect to A1 and conclude

avé,i,i - aV(S,X,)? -
(6.10) ——— =yWSrT and symmetrically, ——— = U®@-Sh,
oA ol
We can differentiate the left-hand side of (6.4) (set Xo =16, ) w1th respect to Aq
and then A; under the integral. This shows that U;S o x( )= axzaxl (Vo 13 ) exists

and is continuous in A, and the differentiation yields [use (6.10)]

2
E’)go ( n(P(s,Xt (x;j)e i Pa'Xt(Xi))>

i=1
(6.11) EW: (1),8,1,% (2),8,1,% E
=exp(—Xo (V")) [Xo(U ) Xo (UD5") — Xo(U*)]

=T1(8, % %) — (8, %, X).

It is clear from (3.6) that if V%% is the solution to (6.3) with initial condition
3,4, x;
Vo () =Aips(- — x;), then

(6.12) VOAE S phhis fori=12,

Using the above and (6.6), we see that

f¢1(X1)¢2(x2)T1(5,X,M,m)d)mdX2
2
< ¢i () EE( ps(Wo + Br — xi)
[ Tercwzs (pscwi+ 3,

t
X exp(—/o V,(s_’ﬁi’xi (Wo + By) ds)) dxidxs.

The above equals
2
f/ 1_[ ¢i (x))ES (Pa(Wo + By — x;)
(6.13) xexp< / '”’ (Wo + By —x,)ds)) dxidx;

2
~[]E¢ (¢1(W0+Bz+s)exp( / V,S_*@"’O(Bs—Btmds)).

i=1
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An elementary argument using (3.6) shows that

(6.14) lim exp(~ v2hi0(B, — B,_s)) =exp(—V/" (By — B))).

The elementary bound V (¢)(t,x) < P/(¢)(x) for ¢ nonnegative, bounded and
measurable shows that

(6.15) V2R O(B — Biys) < P (hips)(By — Biys) < Ai(t —s) V2.

The above two results allow us to apply dominated convergence in (6.13) and
conclude that

lmsup / / 1 (1) b2 ()T (8, 3y 31, x2) dix) dxa

((b,(Wo—I—B,)exp( /Vk(z—sB, B)ds))

“Ir
fie

E(or0wo+ B0
t
X exp(— / V*i(s, By) ds)) (time reversal)

1‘[155(¢, Wo + A7 Bkz)

1=

—

22t

Xexp(— Vl(u,Bu)du)> [by the scaling (1.7)]
0

2

l_[ (¢l Wo+4A; szz )

A2t—1
xexp(—/o (1+u)V1(1+u,Bu)(1+u)_1du>),

where we have used the Markov property at + = 1 in the last line. Now proceed as
in the proof of Proposition 4.5, using Lemma 4.3(b), to conclude that

lim sup / f 31 (12 ()T (8, 3 X1, x2) dx1 dox2
540

(6.16) )
<C[]EL(d:i(Wo+tYr)1(p > TY)).
i=1
Consider next the contribution from 7> in (6.11). By (6.10) and (6.6), we have
0

e VEAE () < EB(ps(Bs — x2)) < (1 —s)~ V2.
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As the above bound is Lebesgue integrable, the dominated convergence theorem
and (6.10) give

8 t — t 2o
o [ VB as= [ U2 B0 s,
iy Jo 0

This in turn allows us to differentiate (6.6) (with j = 1) with respect to A, and
conclude

855, _ B b osix
U™ (x)=—E;| ps(B: — x1)exp( — A V(B dr

t N
x / A0 ) ds>.
0
Therefore, —T»(8, A, X) > 0 and
- / / Ty(6. 5. X1 (1) (x2) dxy dixy

</ E(?(pa<wo+3t —x)
t s X -
X exp(—/(; V2 (Wo + Br)dl’)¢1 (x1)

t -
x /0 U,(E)S’S’}”’X(Wo+Bs)ds>¢2(x2)dx1 dxy

t
S/O Eg(/Pa(Wo+Bt—x1)

t
x exp(— fo VoA (W, 4 B,)dr>¢1(x1)
X/Eg(s)_yw()(m(ét—s —X2)

t—s R
X exp(—/ Vta_’ﬁz_’iz (Bu)du>>¢>2(xz) dxo dxl) ds.
0

In the last line, B is a Brownian motion and we have used (6.12) and (6.6). The
above equals

t t
fo E§ (¢1(Wo + Bz+a)e><p(— fo vor0p, — B,+5)dr)
B A =8 500,05 A
X Eg +w, <¢2(Bts+8)exp<_ /0 V2w (By — Bts)du)>) ds
t t
—>/O E§ <¢1(W0 + Bt)exp<—/0 VM (B, — B,)dr)

t—s

% Ef o (#2Bisyexp( = [ V2 (B~ Boydu) ) ) .
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as 8 | 0. Here, we used dominated convergence and (6.15) as in (6.14). If B, =
B, Bt s—u (a Brownian motion starting at 0), then the above shows that

lim sup[— [[ 7265 D120 dx dm}

540
t t
<[ (¢1 (Wo + By) exp(— | v - Br)dr)
(6.17) x EF' (¢>2(W0 + By + B,_,) exp<_ /H v*2(B!) dr))) ds
0
t t
Z/ EE <¢1(W0 + B,)exp(—f VM —r By — B,)dr)
0 0

x Y2 (r — s, Wo + BS)> ds.

The last line is an easy consequence of the scaling relation (1.7). Now use (6.11)
and Fatou’s lemma to see that

EX, ( / / B1(x1)2(x2) X, (x1) X (xp)e M XD =22 Xel02) g dx2>

2
< ligri%)nf[‘// [16:()Ti(8. 5. %) dxy dxs
i=1

2
+ ¢,‘(X,')(-T2(3,X,f))d)€] dXQ].
I

Finally, apply (6.16) and (6.17) to bound the above by the required expression. [

PROOF OF PROPOSITION 5.1. Let 77 and 7> denote the first and second terms,
respectively on the right-hand side of (6.2), where ¢ and A = A = A, are fixed as
in Proposition 5.1, and let T = log(1?7). Consider first the much easier 7. Recall
from (2.3)—(2.5) we have, for any § > 0,

(6.18) PY(p>T) <cse™ e
Therefore,

WMEY (61 (Wo + V1Y) 1(o > T))
=320 [ [ [ gitwo + iviar (o, y) dm(s0) dm(y) dXo(uwo)
< [ #itwo + VinAP P! (0 > Ty dm(y) dXo(wo)

S/ ¢i (wo + «ﬁy)t_koc(sesyz dm(y)dXo(wo),
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the last by (6.18). Now let o2=(1-285"1A simple substitution now shows the
above is at most

et f i () Xoprg2 (xi) dxi.

This in turn implies

2
(6.19) APOT) < ¢ a1 20 // [ [[¢i x) Xop,g2(xi)] dx1 dxa,
i=1

where here o2 is any number greater than 1. Below we will choose a convenient

value of o2 when doing the 73 bound.

Turning now to 73, we can write T» = f(; T»(s)ds, where Tp(s) is the integrand
on the right-hand side of (6.2). We may replace the Brownian motion B; with
A7'B,,> (the new B is still a Brownian motion starting at 0) and use the scaling
relation (1.7) to conclude after a short and familiar argument that

To(s) = EF (¢1 (Wo +271B, o)yt (r — s, Wo + 271 (B2, — B2 )
(6.20)

A2t
X exp(— Vl(r, Br)dr>).
0
Case 1. Assume Az(t —s5)>1.
Apply the Markov property of B at time 1 to the right-hand side of (6.20) and
conclude that

Ia(s) < E£ (¢1 (WO + )\_le—l)WA(f -9, )\_I(Bmz—l - BA2(t—s)—l))

Ae—1
xexp(—f vig + 1,B,)dr>>,
0

where B remains independent of Wy. As before, Y (u) = B(e" — 1)e is a sta-
tionary Ornstein—Uhlenbeck process. If U = log(A*(t — s)), then arguing as in the
proof of Lemma 4.1, we may re-express (6.21) as

(6.21)

—u/2

To(s) < EY (¢1(W0 VIYPW (5, Wo + TV7 — T —5Y0)

T
xexp(—/o Heu(Yu)du>>

<e“’E), <¢1(Wo + NIt — 5, Wo + VY1 — VT —5Yy)

X exp(— /(;T F(Yu)dbl)),

(6.22)
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where we used Lemma 4.3 in the last inequality. The above equals
e fdn(wo + iyt (t = s, wo + vy — V1T =5 yDqu (o, y1)
X gr—u(y1, y2) dm(yo) dm(y1) dm(yz) d Xo(wo)

(6.23)
< oy [ p1(wo+ Iy — s, wo+ Vv =i =5 )

2 _ _
x V(1 — 8) M0 H0gr_y (v1, y2) dm(y1) dm(y2) d Xo(w),

where in the last line, 1/2 > §; > 0, and we used (6.18) and the symmetry of qy
in integrating out yy.
At this point, we take a break from the long proof and obtain a bound on /*.

LEMMA 6.2. For any O'g > 1, there is a C6.2(002) such that for all x and all
0<s<t,

YH —5.0) < Coah 0t =) TOPL ().
0

PROOF. If A2(r—s) < 1, we can drop the negative exponential in the definition
of ¥ and note that A=2M0(t — §)~*0 > 1 to conclude that

Yt —s5,%) < AT —5) TP o (x),

from which the required bound follows easily.

Assume now that A%(f —s) > 1. If ¥ and U are as above, then the same rea-
soning leading to (6.22) and (6.23) above [compare the definition of ¥ with the
right-hand side of (6.20) without the ¥*] leads to (for any 0 <8 <1/2)

U
Yyt —s,x) <CEY (qﬁz(«/t —sYy +x)exp(—/ F(Yu)du)>
(6.24) 0

< Cs(t —s) Py~ / oo (x + A/t — sy)e‘sy2 dm(y).
An elementary argument now gives the required bound with og =1-25)"" O

Returning to the proof of Proposition 5.1 in Case 1, we use the above lemma in
(6.23) and then the substitution z; = wq + /7 y2, to obtain

Ta(s) < C(og. 81)A~*0(t — 5)7*0
X /f ¢1(wo + v1y2)
X Pla_yd2(wo + Viyy = i=s ypeti

(6.25) X qr—u(y1, y2) dm(y1) dm(y2) d Xo(wo)
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< C(02. 81)2 %0 (1 — 5)~20 / $1(21)b2(22)

X [// Pol(i—s) (22 =21 + V1 = 5y1)

X qlog(t/1—s) (V15 (21 — wo)t~1/%)

X ealy%Pz(Zl — wo) dm()’l)dXO(U)O)] dz1dz.

Case la. Assume also t/2 <'s.
Let 8 = ¥Z=L for which ¢="®) = 1/2 [recall that s*(8) is as in (2.1)]. There-
fore, log(t/t — s) > log2 = s*(8), and so by (2.2),

Qoa(t/—s) (1, (21 — wo)t ~12) < ce 018U exp(§(yT + (21 — wo)*t ™).

If §; =8 and 0f = (1 —48) ™! = (3 —2+/2)~! <6, this implies that the expression
in square brackets in (6.25) is at most

2
70 =51 [[ Doz @2 = 21+ VT s30e T dmy)
x exp(8(z1 — wo)?/1) pi (21 — wo) d Xo(wo)
<ct™H(r —s)M // pag(,_s)(m —z1t+w)

x exp(—(1 = 48)w’/ (21 = ))) (27t — )2 dw
x exp(—(1 — 28)(z1 — wo)?/2t) 2 t) ™2 d Xo(wo)

<70 =5 [ prag_y) (@2 = 21+ Wy (W) dwXop,z, 1)
=ctM(t — S)A"ngg(,_s)(zz — 20 X0Pg2,(21)-
Use the above in (6.25) to conclude that in Case 1la,

To(s) < CA~M0(t — )~ Hop~0
(6.26)
x [ 010822 a2 = 20 Xoppz, (1) dzi 2.

Case 1b. Assume 0 <s <1/2 (<t —172).

The last inequality is immediate by our hypothesis that A%t > 9 > 2. Return
to (6.25) with the choices of §; and og made in the previous case and let R =
log(¢/t — s). Bounding the transition density (with respect to Lebesgue measure)
of the killed Ornstein—Uhlenbeck process starting at y; by the unkilled process and

noting the latter has a normal density with mean y 1e~R/2 and variance 1 — e~ R,
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we get

gr(y1,2)e <2 Qr) "2

—(z—yre R/2)?

2(1 —e k)

gexp( )(2%)_1/2(1 —e_R)fl/Z.

Setting z = % and simplifying, this becomes

gr(1, (z1 — wo) /1) pr (21 — wo) < ps(z1 — wo — v/t — 5y1).

Now use this in (6.25) to conclude

To(s) < CA— 0 (1 — 5)= 20 / 61212 (22)
627 <[ U Pazo—sy (@2 — 21 + T = sy)et

X ps(z1 —wo — /1 — SYl)dm()’l):| dXo(wo)dzidzs.

The fact that 002 =(1—-48)"'>0=28)"'>1anda simple substitution shows
that the term in square brackets is at most

fs.1(21, 22, wo)
(6.28)
= / Po2—s)(22 =21 F WIPe2 ;g (W) Pg2 (21 — wo — w) dw.
We claim that

(6.29) Js.1(21, 22, W0) = Py (22 = 21) Py, (21 = wo).

By scaling, it suffices to obtain the above for og = 1. Set a = z; — z2 and b =
Z1 — wo, so that

For (21,52, wo) = / Pr—s (W — @) pr—s () ps (b — w) dw.

A simple calculation (complete the square) shows that

2 204 . _
oo 0 = )71 ) e~ LD 2 )

Now use ab < aa? + (4a)~'b* with o = 5/16 to see that

fs.1(z1, 52, wo)

a2(1—2a)) ( b2(2—(20t)_1))
- )expl —————

N T 2 +5)



BOUNDARY OF THE SUPPORT OF SBM 3523

_ 21 -2 b2(2 — Qa)~!

1 1/2 a® 1/2 b
<Qm) (t—s5)" / exp(— 160 — s))t_ / exp(—g),

where we use s < t/2 in the next to last line and the value of « in the last line. This
completes the proof of (6.29).

Now insert (6.29) into (6.27), noting that (¢ — §)™*0 < ¢t~ to conclude that
in Case 1b,

Tr(s) < CA™4o(t — g) P00
(6.30)
x [ [ $1@002 Py @2 = 20 Xopygy (21 d21 d.

Case 2. Assume A2(f —s) < 1.
Use (6.20), the Markov property at time 1 and then argue as in (6.23) to see that

X Yt — 5, Wo+ A7 (By2_) — Bag_g)(®)))

A2r—1
xexp(—/o Vl(r+1,B,)dr>))

= C[/ P32 (1—s)(X0) P1_32(1—s) (X1 — X0)

X E}c/l (¢1 (Wo + «/;YT)I//*(t — s, Wo++/1Yr — xo)fl)

T
X exp(—/o F(Yu)du>>dx1dxo.

By definition, YAt —s,x) < P/_ ¢2(x), and so arguing as in the derivation of
(6.25) we get

Ix(s) < C// ¢1(Z1)¢2(Zz)[/f/ Di—s (Zz —z1+ );—O)mz(,_s)(xo)

(6.31) X P1_sz—s) (X1 — X0)qr (x1, (21 —wo)t /3

X pi(z1 — wo) dx1 dxg dXO(u)o)i| dzi1dzy.

Let gs.:(z1,z2) denote the expression in square brackets. A simple calculation
shows that our condition A%¢ > 9 implies T > s*(1/8), and so, by (2.2),

_ 1 _ 2
gr(x1, (21 —wo) ™) < C(W21) ™ eXP<§<X12 + M))
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First, use this in (6.31), and then set 012 =4/3 and use 1 — A2(t —s) < 1 and an
easy calculation to obtain

8s.1(21, 22)
< CA™2opho // Pr—s(z2 — 21+ (x0/1)) P32 (1—5) (X0)
X P1_i2(—g) (X1 — xo)e)‘lz/8 dx1dxopy2;(z1 — wo) d Xo(wo)
< CA™2opho f pr—s(z2 — 21 + (x0/1)) Pr2¢1—s5) (X0)

2
x eo/4 dxoxopglzl(m).

2 A(—s)
If o5 = T2(s)/2 then
(6.32) At —s) <05 <222t —s)
and so

2
2 4 0'2
e P2y (30) = Py (0)) T30 = V2o (x0),

which in turn implies
g5.1(21,22) < CA7H0r™70 / Pi-s(22 = 21+ (x0/1)) Py2 (x0) dx0 X0 g2 (21)
= c)\—mt‘*op(%z/kz)“,_s)(zz — 21)X0p,2(21)
<CA P M ps (22 — 21)Xopy2(21),
the last by (6.32). Use this in (6.31) to see that, in Case 2,
Ta(s) = Ci 207 [ [ g1@gatea)

X p3(i—s) (22 = 21) Xop,2,(21) dz1dz2
(6.33)

< C oy~ j $1(21)d2(22)

X Pao2(1—s) (22 — 20 XoPg2,(z1) dz1dza,
the last using 3 < 203 and 012 < 002.
Now combine (6.26), (6.30) and (6.33) to see that (6.30) holds forall 0 < s <t

and conclude that

TZE/ ¢1(21)¢>2(Zz)[CF4X0t"\0

t
x/o (t—s)_k"pggg(,_s)(m _ZZ)XOP4U§I(Zl)dS:| dzydz;.
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Combine this with (6.19) to see that if
Jra(z1,22) = )»4)“0E(Xt (z1) X+ (Zz)e_)\Xr(Zl)—)\Xz(Zz))’

then for A%z > 9, and 002 as above,

/¢1(Zl)¢2(22)ft,k(zl,ZZ)dZIdZZ5/ $1(21)$2(22)Chy x, (21, 22) dz1 dzo.

This implies that f; 3(z) < Ch; x,(z) for Lebesgue a.a. z = (21, z2). Note that
Fatou’s lemma shows that 4, x,(-) is lower semicontinuous while f; ; (-) is contin-
uous by dominated convergence. Therefore,

(6.34) f10.(2) = Chy x,(z)  forall z,

proving (a).

The first term in the definition of h; x,(z) is trivially bounded by Cr=2h0—1 »
Xo(DH2 A simple substitution in the integral shows that the second term is bounded
by

(6.35) Ct=0712X0(1)|z1 — 22|12,
This proves (b), and so the proof of Proposition 5.1 is complete. [

7. Proof of Theorem 5.8. Let V¢ = V(bljpe)) and let yooe —

limp_s oo Ve where the pointwise finite limit exists by monotonicity [from (3.6)]
and the bound

- 2
7.1 Ve )<Vt x) = ——— < =,
(7.1) (t,x) <V (b)(, x) T+ (12 = 1
The scaling relation for vbe is
(7.2) for each r > 0, VhE(s, x) = r2\7br_2’”(r2s, rx).

We state two lemmas which will be used to prove Theorem 5.8 and prove them
after establishing the theorem.

LEMMA 7.1. Let puy denote the uniform law on [0, 1]. For any 59 € (0, 1)
there is a C7.1(8¢) > 1 so that for all . > 0,

L
Ef (exp(= [ 791w B du) ) = Coapm @0,

The analogue of H, in (4.1) is (for any b > 0)

(7.3) HP (u, x) = u VP (u, Jux) = V0 (1, x),

where we used (7.2) with r = u~!/2. The latter expression suggests that

limy, 00 H(u, x) = V(1, x) = F(x). Let ZL = exp(fy F(Y,)—H" (¢, Yy) ds).
With Lemma 4.3(b) in mind, we have the following.
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LEMMA 7.2. There is a constant C7 such that for all b, T > 0,
Zh < Crab A1)

PROOF OF THEOREM 5.8. Let ¢, ¢ and M be as in the theorem and set A =
(eM)~!. An elementary argument, partitioning [x, x 4 ] into two nonoverlapping
intervals of length &/2 and replacing M by 4M, will in fact allow us to assume

(7.4) e <1)2 <,/t]2.
By (3.6) and translation invariance,

P))((O(O < X/([x,x +¢€l)/e <eM)
<eEx (1(X,(Ix.x +&] > 0) exp(—AX, ([x, x +£])/¢)))

(1.5) = fexn(~ [ 71y~ axo)

—exp(—/Voo’s(t,y—x)dXo(y))]

Differentiate the last inequality (with x = 0 and X( a point mass) with respect
to A, using dominated convergence to take the derivative through the integral, to
conclude for )/ > 0,

%(CXP(—V(X//S)’S(L x)) — exp(—V>#(t, x)))

_ _% EX (exp(— (/€)X ([0, £])) 1(X: (10, £) > 0))
= —E} (exp(—(1'/) X, ([0, £1)) X, ([0, 1) /).

Integrate both sides from A to oo and then integrate out x to conclude (by Fubini)

_A/eE _ 7008
fe VAES(tx) _ =V ) g

o0 !
— / / EX (e~ */9X0D x ([0, £]) /) dx dA .
}\' X
The bound (7.1) and the above show that

/(VOO’S — Ve (1, x) dx

_yA/eE _ 00,8
EeZ/t/e VHEE () _ =V () g

<t / / EX (em /XD x ({0, £1)/6) dx d.
Py

© /
= A / Ef (emW/eXixxtel y, ([x, x + e]) /) dx d.
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Now use the Markov property at time /2 just as in (4.8) and then apply the above
to see that

e VHEE ) _ =V (1)
< / Py =) (VO (/2 y) = VMo (2/2, ) dy
<12 [ [ B (e IONR LD K o1y, o) fe) dy di
and so, by (7.1), if fo, () = [ E (- /20X L3 teD X, ([y, y + €]) /) dy, then

~ ~ 0
sup[ Vo8 — VA5 (¢, x) < (1) f Forp (V) d.
x A

Returning to (7.5), we therefore see that [recall A = (¢ M )1
PE (0 < X ([x, x +€])/e < eM) < eXo(1) Sl;p[VOO’S — VMeE (@, y)

7.7 00
Xo(1 . "d\'.
< c(t)Xo( )/(SM)1 feap2(V) dn

Let . denote the uniform distribution on [0, £]. Argue as in the derivation of (4.4)
to see that

fea(W)=E5 ( / e ¢/ Xily.y el f Ljo,e1(x — )X (¢, x) dx dy/s)

& t ~ 5/
o [ ool s o)
0 0

t
B =2 /e,
:Em(exp(—/o Vv /”(S,Bs)ds>).

Now apply the scaling relation (7.2) with r = ¢! to see that, for e 2¢ > 1,

r_.
fer(M) < Efg (exp(—/o v 8’1(8_2s,8_1Bs)£_2ds>>
B £ e
(7.9) =E, (exp(—/(; yae (M,Bu)du)>

=8 (ew(- [ e, B du )y (B))

(7.8)

where



3528 C. MUELLER, L. MYTNIK AND E. PERKINS

and we have used ¢ 72t > 1. So if Y, is the Ornstein—Uhlenbeck process
B(e* — 1)e™%/2, T =log(te~?) and b = ¢, then, as in the proof of Lemma 4.1,

Y(x)=EY (exp(— /OT H (e, Ys)ds>>
=EY (zl; exp<— /OT F(Ys)ds)>.

By Lemma 7.2 and then (6.18),
Y (x) <Cra(bAD)PPY (p > T)
(7.10) ,
< Cr2(b A1) Peged™ o0,

Take 0 < 6 < 1/4 and use the above in (7.9) and then Holder’s inequality with
g=48""and p= (1 —48)"", to get (with b = 1¢)

1 1-48
fer(W) <csb A1)y 2o MR (exp(— /0 Vb’l(u,Bu)du>) :

So recalling (7.7), applying the above found with 7/2 in place of ¢ [by (7.4) we
have 8_2% > 1] and using Lemma 7.1, we have

PR (0 < X, ([x, x +&]) <&*M)

20 s 20
< cOXo(e0c; [ )
(eM)~

L., 1-46
X [Eﬁl (exp(—/o V“’l(u,Bu)du)ﬂ dx

1
<c()Xo(1)e?*o~1¢] U 1 w0 dw
-

+/loo|:E51 (exp(— /01 v lu, Bu)du>):|]_48dw:|

<c()Xo()e? 071 [M”

/
1(ek Al

1 .

<c()Xo(He* oM,

by choosing § and &g sufficiently small since A9 > 1/2. This gives the required
result for = 1. By scaling (see, e.g., Exercise I1.5.5 in [18]) it follows for general
t>0. O
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PROOF OF LEMMA 7.2. Lemma 3.2(c) and (7.1) show that F, H? <2 and so
by (3.6) and (1.8),

F(x)— Hb(u, x)

eZ[e—Hb(u,x) _ e—F(x)]

IA

—1/2

e2[E§i (exp(—bu /Ou X(1,y) dy) - 1(X(1,0)= O)):|

< ez[Eg(l(o <X(1,0) <u~/8))

—-1/2
- Jo X{,y)dy
+E§§<1(X(1,0)zu 1/8)exp(—bu1/2 — ))}

IA

(7.11)

= 62(T1 +1>).
Theorem 4.8(a) implies that
(7.12) Ty < Cu~@0=D/8,

We apply the modulus of continuity in Proposition 5.6 with £ =3/8 and K =2
and so set pg(w) = p(2,3/8, w). Choose ug so that

(7.13) u D= <12 forall u > ug.
If u > ug, po(w) >u~1/? and y € [0, u~'/?], then on {X (1,0) > u~1/3},
X(L,y)=X1,0) =y =u"B—u$2>u"182  [by(7.13)].
Therefore, for u > uyg,
_ b _
Ty < P (po <u™''?) +exp(—5u(1/2) (1/8))

(7.14)
< Cu%6/2 4 exp(—gu3/8>.

Combining (7.12) and (7.14), we have
F(x)— H(u,x) < C(u_(zxo_l)/8 + u_55‘6/2) + &2 exp<—§u3/8),
first for u > ug, and then for all # > 1 by increasing the constant C. Therefore,
Z’; < Cexp(/OT ezexp<—ge38s> ds)

8e2 [/
J

=Cexp<— e_ww_ldw>
/2

3
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8e? !
< Cexp(i/ wldw>
3 Jp/2al

<C[bA1]7%, O

PROOF OF LEMMA 7.1. Sety =3+ipe(l,3)and =12 e (L, 1). The
exponent on A (in the statement of the Lemma) is negative and so we may assume
without loss of generality that A > 1. For A > 1, use an obvious symmetry to see
that
(7.15)

Y(A) = Efl <exp<—/01 vhIs, Bs)ds>>

1
=E} (1(30 e P 1-1P)ER (exp(—/o VAL, Bs)ds))>
1
+ 26 (180 € (0.5 ), (exp(= [ V6 B s )

=T+ 2T>.

By Feynman—Kac, we have

- t I —s, By
(7.16) V“(z,x):Ef(u[o,l](Bt)exp<—/0 %ds)).

If VOA’I was nonnegative continuous, this would follow from [10] (page 268) and
for general nonnegative Borel initial conditions it follows by taking bounded point-
wise limits [use (3.6)]. Now bound Vv 1(u x) above by V(L) (u, x) =
use this bound in the exponent in (7.16) to conclude that

oLl B
V&, x) = APC (B €10, 1] eXp( /2(2+/\s) S)

2
24 At

2+)uu and

(7.17)
PE(B, €10, 1).

Ifxe[xP/2,1—(#/2)]and r < A~2PU+8)_for some ¢ > 0, then by (7.17),
- 21
VPl x) > ——(1—-PE(B, ¢10,1
(t.x) 2 5= (1= P2 (B, ¢10.1]))

A
= m(l =),
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where 1, = exp(—kzﬁe/ 8  Therefore,

I—X_ﬂ A—Zﬁ(l#—s) (1 _ n)\))\’
B — —
fi= /—/s Ex (eXp< 2/0 1+ (s/2))2 ds)

1
xl( sup |Bs—x|§§)»_ﬁ)>dx

sg)\_zﬂ(H'S)

+PB( su |B|>1rﬂ
(7.18) 0 P sl= 5

s<)—26(1+e)
3 1=2B(14+8) 7-2(1-115)
f} + Cexp(—22P¢/8)

< oA~ (1-2604+)2(1-ny)

5[1+

< Cek_z(l_zﬂ(1+28)),
where the last inequality holds first for A > A(e), and then for all A > 1 by increas-
ing C,.
For T», we use the scaling relation (7.2) with r = A8 to see that
VAI(s, x) = A2P yr A ()Lzﬂs, Aﬂx),

and so

1
TZZ)‘_ﬁE/fA_,g <exp<—/ % Zﬂ’kﬂ(kmS,lﬂBs))»zﬂ dS))
0
B G Sal—28 3B
(7.19) :)LﬂEm(f:)(p(—/0 Vv ’ (M,Bu)du)>

| ~
<3 Ef (exp( = [ 7w B du )i )

where

A1 o,
&(x):Ef(exp(—f v ﬂ’l(s—l—l,Bs)ds)).
0

By (7.10) with b = A!=2# and A?# in place of re~2, for any & > 0,
7 (x) < Cped** 5.7 2B%0,

Use this in (7.19), and then for any p > 1 choose § > 0 so that 1 — 28 > p~!

apply Holder’s inequality to see that

—B(1+2x0) B ! Sal—28.1 l/p
(7.20) T <cph 0 EM(BXP(_/O \% (u, Bu)dy>> .

, and
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Combine (7.15), (7.18) and (7.20) to conclude that for any ¢ > 0 and p > 1
there are constants C, and ¢, so that

W()\) < Cs)\'*2(172/3(1+2€)) + Cp)\‘fﬂ(1+2)to)w()\'172/3)]/p
(7.21) -
< CATVH2 pc 2By (a2,

where the last line uses ¥ > 1. Now fix r € (1, y), choose ¢ > 0 so that

y —2e>r,
and then p > 1 so that
28y + 7 > 7.
2p

The latter is easily seen to be possible by the choice of r and a bit of arithmetic.
With these choices of ¢ and p, we then may choose A’ = A’ (r) sufficiently large so
that (by our choice of ¢) for C, and ¢, as in (7.21)

A < Lo s
=3C, =
and (by our choice of p),
w2rarrien < Ly g
2cp
Using the two bounds above, we see that (7.21) becomes

—r

2

Let N = N(r) be the minimal natural number such that 2/ ¥ > ). Now choose
Co=Co(r) > 1 so that for all 1 <A <2@/M",

(7.23) L) < Cor™".

We now prove by induction on n > N that (7.23) holds for 1 < 1 <2@/")" Tt holds
for n = N by our choice of Cp, so assume it holds for 1 <A < 2@/y)" (n>N),

and let A € [2@/7)" 2(2/7’)"+1]. Then A > )/ and
(7.24) A2 <@/
Therefore, by (7.22), (7.24) and our induction hypothesis,

)\’—)’
(7.22) V() < ok O )P for 2.

—r

—r
v(h) < A + %)\W/(ZP)CS)/P)L—W/QP)

<Cor™".

This completes the induction and so for any r < % 4+ Ao, ¥ (X) < Co(r)A™" for all
A>1. O
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