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GLOBAL WELL-POSEDNESS OF THE DYNAMIC é* MODEL
IN THE PLANE

BY JEAN-CHRISTOPHE MOURRAT AND HENDRIK VVEBER1
Ecole normale supérieure de Lyon and University of Warwick

We show global well-posedness of the dynamic ®* model in the plane.
The model is a nonlinear stochastic PDE that can only be interpreted in
a “renormalised” sense. Solutions take values in suitable weighted Besov
spaces of negative regularity.
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1. Introduction. The aim of this paper is to show global-in-time well-
posedness for the stochastic quantisation equation

¥X=AX—-X¥4+aX+&  onRy xR?

(- X(0, ) = Xo,

on the full space R? and in the probabilistically strong sense. Here, & denotes
a white noise over R x R?, a is a real parameter and X denotes a renormalised
cubic power. This cubic power is sometimes referred to as a “Wick power” or “nor-
mally ordered power”, and sometimes written in the suggestive form X3 — 300X,
where “00” stands for a divergent constant that appears in the renormalisation pro-
cedure. The initial condition X is assumed to take values in a certain Besov space
of negative regularity with weights.

Equation (1.1) describes the natural reversible dynamics for the Euclidean @‘2‘
quantum field theory. It is given by a Gibbs measure on S’(R?) which is formally
proportional to

(1.2) exp(— fRz[‘l‘X:A‘: — %X:Z:D dv(X),

where v is the law of a Gaussian-free field. This measure was constructed and
investigated intensively in the 1970s and 1980s (see [7] and the references therein).
In 1981, Parisi and Wu [20] proposed to construct solutions of (1.1) as a means
to obtain samples from (1.2) via an MCMC procedure. In this article, we fully
perform the construction of solutions of (1.1). In our companion article [18], we
show that solutions of (1.1) on the two-dimensional torus arise as scaling limits for
the Glauber dynamics of a ferromagnetic Ising—Kac model near criticality.

Parisi and Wu’s article [20] received a lot of attention over the years, and the
construction of solutions of “renormalised” SPDE has been a recurring theme in
the stochastic analysis literature. First results were due to Jona-Lasinio and Mitter
[14]. Using the Girsanov theorem, they constructed solutions of a modified equa-
tion

(1.3) 03X =(=A+ D7 (AX — XF 4 aX)+ (~A+ 1)

for % < & < 1, on the two-dimensional torus. Note that (at least formally), this
equation also defines reversible dynamics with respect to the ®* measure (1.2).

In the early 1990s, Albeverio and Rockner [2] studied (1.1) using Dirichlet
forms. They could show that the Dirichlet form for (1.1) is closable, and thus
construct weak solutions of (1.1). Weak uniqueness for solutions on the torus was
shown in [21]. In [17], Mikulevicius and Rozovskii developed an alternative ap-
proach and constructed martingale solutions of (1.3) on the torus for any value of
¢ € [0, 1), and showed uniqueness in law for ¢ > 0. Uniqueness in law for solu-
tions of the original equation (1.1) on the full space remained open in all of these
approaches.
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A breakthrough result was obtained by da Prato and Debussche in [5]. They
considered (1.1) on the two-dimensional torus and showed short time existence
and uniqueness in the probabilistically strong sense, via a fixed-point argument
in a suitable Besov space. Using the reversible measure (1.2), they also showed
nonexplosion for almost every (with respect to this measure) initial datum.

Our argument builds on this result and extends the method developed in [5].
The strategy is similar in spirit to the one-dimensional construction performed in
[13]. Following [5], we first construct periodic solutions for a short time on a torus
of arbitrary size, using a fixed-point argument. Deviating from [5], we derive a
priori estimates that are strong enough to imply nonexplosion on the torus for an
arbitrary initial condition in a natural Besov space. We then show that, as the torus
grows larger, the family of solutions remains in a compact subset of a suitable
Besov space with polynomial weights. This implies the existence of solutions by
extracting a converging subsequence.

The proof of uniqueness comes with a twist. The nature of the equation does not
allow for a standard Gronwall argument in Besov spaces with polynomial weights.
Instead, we “unfold” the information of boundedness in such a space into a scale
of bounds in Besov spaces with (stretched) exponential weights. We then perform
a Gronwall-type argument using this infinite scale of bounds.

We stress that we do not expect to be able to construct local solutions of (1.1)
directly on the full space via a Picard iteration. On the full space, the lack of decay
of the stochastic terms forces us to work in spaces with weights, but the nonlin-
earity Y > Y3 is not expected to be locally Lipschitz in such spaces. In fact, a
construction of short time solutions using a Picard iteration could not make use of
the sign of the nonlinear term —Y3, and we do not expect to have local in time
existence on the full space if the sign is reversed.

Recently, the three-dimensional version of (1.1) has received a lot of attention.
In [10], Hairer developed a theory of “regularity structures”. The construction of
solutions of the three-dimensional version of (1.1) on the torus and for short times
was one of the key applications given in [10]. In [4], Catellier and Chouk pre-
sented another method to derive an equivalent result. Their argument is based on
the method of “paracontrolled distributions” which was put forward by Gubinelli,
Imkeller and Perkowski in [9]. Yet another method to construct short time solu-
tions of the three-dimensional version of (1.1), using the renormalisation group,
was proposed by Kuppiainen in [15]. Four-dimensional versions of (1.1) and (1.2)
are not expected to exist [1].

The problem addressed in all of these works is somewhat orthogonal to the prob-
lem discussed in this article. More precisely, all of these works develop methods to
understand the behaviour of a large class of stochastic equations [including (1.1)]
on small scales. These methods apply to nonlinear stochastic equations satisfy-
ing a certain scaling property (called subcriticality in [10]) which permits to view
the solution of the nonlinear equation as a perturbation of a linearised stochastic
equation. It is not expected that a single general theory can give global in time
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nonexplosion results for all of these equations in finite or infinite volume; such
results will rather have to be obtained case by case. Yet, we hope that the present
article will serve as a first step towards proving global-in-time well-posedness for
the three-dimensional version of (1.1).

In [11] and [12], Hairer and Labbé obtain global well-posedness for a parabolic
Anderson model on all of Ry x R? for d = 2, 3. This model is given by a renor-
malised version of the stochastic PDE

(1.4) or = Au +un,

where 7 is a white noise in space. To this end, they significantly extend the theory
of regularity structures to include weights, and they are able to replace some of the
L°-type assumptions from [10] by a more general L” structure. This part of their
work is similar in spirit to our treatment of L”-based Besov spaces with weights
below. But their method differs from ours in an important way: Hairer and Labbé
can directly view (1.4) as a fixed-point problem for an operator which is globally
Lipschitz continuous on some (complicated) space. Their result thus follows by a
Picard iteration.

However, our uniqueness argument (see Section 9) seems related to the method
employed in [12]. Indeed, once the necessary a priori estimates are established, our
argument reduces to a uniqueness statement for the heat equation with irregular
potential, very much akin to (1.4).

1.1. Statement of the main results. Let & be space—time white noise on R4 x
RR?, and let a € R. We denote by Z be the solution of the stochastic heat equation

(L5) iatZ:AZ—i-f;‘, on R, x R?,

Z(O’ ) = XO’

and denote by Z%, Z* its Wick powers. These Wick powers can, for example,
be defined by approximation. Let p be a mollifying kernel, that is, a compactly
supported, nonnegative smooth function from R x R? to R with [ p = 1. For § > 0,

set
4 (1 x
ps(t,x) =3 '0(8_2’ 5)
Let Zs be the solution of (1.5) with & replaced by the regularised noise &5 = & * p;.
There exist constants cs, which diverge logarithmically as § goes to zero, such that

Zg—c(g, Zg —3¢sZs

converge to nontrivial limits, which we denote by Z'> and Z**. Such a construc-
tion is given, for example, in [5, 10]. Below, in Section 5 [see (5.42)] we give an
alternative, more direct construction of Z'>* and Z¥. In particular, in Theorem 5.1
and Corollary 4, we show that for every initial condition X¢ in a suitable weighted
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Besov space, the Z*"* can be realised as random continuous (in time) functions
taking values in a weighed Besov space of negative regularity.

Motivated by [5], we then say that X solves the equation (1.1) if X =Y 4+ Z,
where Y solves

WY =AY +W(Y,Z, 2% Z2%), onRy xR

(1.6) Y(0.) =0,

with
(1.7 w(Y,z,2%, 20 =—y3-3v?2 -3vZz® — 72O 1 a(¥ + 2).

Equation (1.6) can be motivated by approximation—if X5 solves the nonlinear
equation (1.1) with the noise term & replaced by its regularisation &s and if the
massive term a X is replaced by the renormalised term (a + 3¢5) X5, then Y5 =
Xs — Zs solves the regularised version of (1.6). See Remark 3 below and also
[18], Section 3, for a much more detailed discussion.

It turns out that Y is a continuous (in time) function taking values in a Besov
space of sufficient positive regularity. Hence, the nonlinear terms in (1.7) can be
interpreted through multiplicative inequalities in these spaces. We interpret (1.6)
in the mild sense, that is, we say that Y solves (1.6) if for every ¢ > 0,

t
(1.8) Y, = /0 Iy, Z,)ds,

where Z = (Z, Z'*, Z*3). Our main result states that there exists exactly one so-
lution of (1.6) taking values in some weighted Besov space Eﬁgo In short, the

space éﬁ;go is defined analogously to the usual Besov space with regularity index
B and lower indices p, 0o, except that the integration is taken against a weight of
the form (1 + |x|?)~%/2 [see (4.3) for a precise definition].

THEOREM 1.1 (Existence and uniqueness of solutions). Let 8 <2, 0 > 2,

. . n—o,0

a > 0 be sufficiently small and p < oo be sufficiently large. Let X € B; 100" Z be
the solution of (1.5), and Z'*, Z*> denote its Wick powers. With probability one,
there exists a unique Y € C(R, Bﬁ’/(;’oo) solving (1.6).

REMARK 1. As explained above, one of the key steps in the construction of
solutions on the full space is to show global-in-time existence and uniqueness for
solutions on the torus, for arbitrary initial condition in a natural Besov space of
negative regularity. This improves on the result from [5] where nonexplosion is
only shown for almost every (with respect to the invariant measure) initial datum.

This result is stated in Theorem 6.1.

REMARK 2. We expect that our method of proof can be modified to imply that
()1 X+ 1] B )r>0 is a tight family of random variables. By the Krylov—Bogolyubov
p/9,00
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method, this would give a dynamic construction of a ®* measure formally given
by (1.2). (For some values of the parameter a, there are several Gibbs measures
formally given by (1.2); see [8].)

REMARK 3. Asin[10], our solution X could be obtained as the limit of an ap-
proximation procedure with diverging constants: Let &5 = & % ps be the regularised
white noise defined above. For any § > 0, let X5 be the solution of the equation

3 Xs = AXs — (X5 —3csXs) +aXs +&s,
X5(0, -) = Xo.

The solution X could be defined as the limit of X5 as § goes to zero. Solutions
constructed in this way coincide with the solutions we construct here, and the
proof of this fact is fully within the scope of the method presented here—indeed,
essentially only some §-dependent bounds on Z and its Wick powers in Section 5
would have to be added (see Remark 20 for a discussion). However, this analysis
is not too different from the calculations performed in [10], and in order to keep
the length of the paper within reason, we refrain from giving this construction.

REMARK 4. As in [5], one could replace the term — X3 by any Wick poly-
nomial of odd degree with negative leading coefficient.

1.2. Organisation of the paper. The first half of the paper is devoted to ex-
posing some properties of different scales of weighted Besov spaces. Weighted
Besov spaces have already been studied extensively; see, in particular, [6], Chap-
ter 4; [23], Chapter 6, and references therein. Since the precise results that we need
are difficult to locate in the literature, and for the reader’s convenience, we have
chosen to make our paper essentially self-contained. Our presentation essentially
follows that of [3], with nontrivial adjustments due to the presence of weights. In
Section 2, we provide some preliminary results about functions with compactly
supported Fourier transform and Gevrey classes. In Section 3, we develop all the
necessary properties of weighted Besov spaces in the case of a stretched exponen-
tial weight. We conclude the discussion of weighted Besov spaces in Section 4, by
indicating how our results change for different choices of weights.

The actual construction of solutions of (1.1) is performed in the remaining sec-
tions. In Section 5, we recall some probabilistic preliminaries, and give a construc-
tion of solutions of the stochastic heat equation (1.5) and its Wick powers in differ-
ent weighted Besov spaces. In Section 6, we show global-in-time well-posedness
for (1.6) in the periodic case. As stated above, we use the strategy developed in
[5] to construct solutions for a short time, and then derive a priori bounds that are
strong enough to show nonexplosion for every initial datum in a Besov space of
periodic distributions. In Section 7, we extend these a priori bounds to the more
general case of solutions on the plane. These bounds imply that solutions of (1.6)
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on tori of diverging size remain in a compact subset of a weighted Besov space. In
Section 8, we show that any limiting point is a mild solution of (1.6). Uniqueness
is shown in Section 9.

Finally, some standard calculations for Gevrey functions are collected in Ap-
pendix for the reader’s convenience.

1.3. Notation. We denote by Supp f the support of the function f, by B(0, r)
the open Euclidean ball of radius r. For p € [1, oo], we write L? for the usual space
LP(R4, dx), whose norm we denote by || - |lLr. The space of infinitely differen-
tiable functions with compact support is denoted by C°. For I =N or NU {—1}
and g €[1, o], we let

1/q
[ et o = (z w) ,

nel

with the usual understanding as a supremum when g = co. We let
(1.9) eq:{(un)ne, Nulles < oo and lim un:0].
n—0o0

(Note that this differs from the usual definition of the space £ only when g = oo;
our definition makes the space separable in every case.)

We denote by S the Schwartz space of smooth functions with rapid decay at
infinity, and we denote the dual space of Schwartz distributions by S’. We write
% f or f for the Fourier transform of f, which is defined by

Fr@)=f@)= / ™% f(x) d

for f € L', and can be extended to any f € &’ by duality. We also write .Z ! f
for the inverse Fourier transform, which for f € Ll, takes the form

Flf@) = f ¢V f(g) dg

@2m)?

2. Functions with compactly supported Fourier transform. The goal of
this section is to show that a function that has a compactly supported Fourier trans-
form satisfies several regularity properties. For instance, for p > ¢, the L? norm
of such a function is controlled by its L? norm, with a constant that depends only
on the location of the support of the Fourier transform.

While such results are classical for usual L? spaces, our subsequent analysis
requires that we extend these regularity results to weighted spaces.

Three scales of weights will be used in this paper: stretched exponential weights,
polynomial weights and “flat” weights on finite cubes for periodic functions. We
could possibly have come up with a general framework that contains these three
scales as particular cases. However, we find it clearer to focus first on the case of
stretched exponential weights, which is the most delicate. We will then indicate
why the argument carries over with only notational change to the other cases.
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2.1. Gevrey classes. We begin with a brief reminder on Gevrey classes (see
also [22], Chapter 1).

DEFINITION 1. The Gevrey class of index 6 > 1, denoted by GY is the set of
infinitely differentiable functions f : R? — R satisfying

for every compact K, there exists C < 0o such that for every n € N¢,
supg [9" f| < C"*(n)?,

where n! stands for n{!---ng4! and |n| =n; +--- 4+ ng. We let Qf be the set of
compactly supported functions in G.

Gevrey classes interpolate between analytic functions (8 = 1) and C*° func-
tions. They are stable under addition, multiplication and differentiation. (Stability
under multiplication is given by Proposition 23 of the Appendix; the other stability
properties are easier to check.) We have

Gl={0) & o=1
In order to show that gf is nontrivial for 6 > 1 (following [22], Example 1.4.9),
we can first show that for « = 1/(6 — 1), the function
) R — R,

x> exp(—x )10
belongs to G?, and then observe that for any r > 0, the function
RY — R,

@ d
Nx=@n.x) e [[o¢+xder—x)

i=1

belongs to Qf. For a given compact K € R¢, one can then construct a function in
GY that is constant equal to 1 on K and vanishes outside of a given neighbourhood
of K. Indeed, it suffices to take the convolution of an indicator function with @
(for a suitable choice of r) and renormalise by ||| 1.

We will shortly introduce function spaces with weights that decay roughly as

eI (Jx] = o0) for some § € (0, 1). Functions in gf will help us counter-balance
the presence of these weights thanks to the following property (which we will in
fact use in the “reverse” direction, to construct functions with fast decay at infinity
with prescribed Fourier transform in gf).

PROPOSITION 1 (Decay of the Fourier transform). If f € gg’, then there exists
¢ > 0and C < oo such that

2.1 1f @] < ceele”,

The proof is recalled in the Appendix; see Proposition 24.
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2.2. Young and Bernstein inequalities. A key tool in the derivation of the reg-
ularity results we alluded to is Young’s inequality. Our starting point is a version
thereof that allows for the presence of weights.

DEFINITION 2. Let v, w : R — R,.. We say that w is v-moderate if for every
d
x,yeR?,
(2.2) wx +y) = v)w(y).
THEOREM 2.1 (Weighted Young inequality). Let w be v-moderate. For every
r, p,q € [1, oo] satisfying

1 11
(2.3) Stl=—4-—
r P4

and every measurable functions f, g : R? — R,

I(f*ow|, <l fvllrligwlira.
PROOF. We observe that

|frglwx) < /Ifl(y)lgl(x—y)w(x)dy

(2.2)
< / LF1IO)1gl @ — yyvmw(x — y) dy

< [(1f1v) * (1glw)] ).

The result then follows from the classical Young inequality; see, for example, [3],
Lemma 1.4. O

We let

Xl =/ 14 1x]?

be a smoothened version of the norm | - |. Naturally, | - |, is no longer a norm, but
it still satisfies the triangle inequality, since

x4 y12 < T4 P+ P 4 20x)y] <2+ x4+ )%+ 20x ]y
2
= (|x|* + |y|*) .

DEFINITION 3. Throughout the paper,

(2.4) wefix 8e(0,1) and @e(l,1/8).
We define
(2.5) wy@) =e M (ueR),

and let Lﬂ be the space L? (RY, w 1 (x)dx). We denote by (-, -),, the scalar product
in L.
I
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(Since § is kept fixed throughout, we choose to leave the dependence on § im-
plicit in the notation; the number 6 will come into play shortly.) We impose from
now on that i > 0. Note that

=expu(lyld —Ix + yl)
(2.6) s 5 5
<expu((Ix + yle + Ixl)” — [x + ¥12) <expulx|S,

since we assume § < 1. Hence, the weight w,, is w_,-moderate.

LEMMA 1 (Scaling property). Let ¢ € G7, ¢5. = ¢(-/1) and g, = .F ' ¢;.. For
every p € [1, 00] and g > 0, there exists C < oo such that uniformly over A > 1
and p < o,

lgallr, < CAY7,

where p’ € [1, 00] is the conjugate exponent of p, thatis, 1/p +1/p’ = 1.

PROOF. Since g5 = A%gi(x-), the result is clear if p = oo. Otherwise,
a change of scale gives

_ 8
a2, =247 [ g1 (oer/H dx.

By Proposition 1, the latter integral is bounded uniformly over < pg and A > 1.
0

REMARK 5. Similarly, for every y > 0, we have |[|» - [V g, [, » <24/7.
P

LEMMA 2 (Bernstein’s lemma). Let B be a ball. For every g > 0, k =
ki, ..., kg) € N and p > q €11, 400], there exists C < 0o such that for every
m=poand A >1,

A 1_1
SuppfCaB = [0"f] < calkirdG p)||f||LZq/p
(k| =ki + -+ ka).

REMARK 6. Here and in the two lemmas below, we have not been precise
concerning the range of allowed functions f. We will only use the lemma for
functions belonging to the Schwartz space S of smooth functions with rapid decay
at infinity, so we will prove the result in this setting. It is straightforward to gener-
alise the result to Schwartz distributions (i.e., elements of S’). This is not the most
general class one can think of, since there are functions in L? that fail to be
interpretable as Schwartz distributions (due to a fast growth at infinity). The main
issue then is on the interpretation of f when f € LZ a/p does not belong to S'.
We prefer to not delve into this question (but note that if f € LZ a/p

make sense of f as an element of the dual of gf by Proposition 1).

then one can
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PROOF OF LEMMA 2. We show the result for finite p and ¢, the adaptation
for the remaining cases being transparent. Let ¢p € gf be such that ¢ =1 on B, and
let ¢, = ¢ (-/1). We observe that

=7 fo)=g.+f
where g;, =.7 !¢, = 19g; (1-). Writing g\ := (9% g1); = 14(9* g1) (A-), we have
ok =agh 1.
By Theorem 2.1,
T [t % Fywh/P] o < 182wl o FwliP] L

= g w1 s,

where r is such that

1 1 1
2.7) l+—=-+4+-.
p r q
Since ||g(k) /p u = ||g§k) ”L'l;u/p’ the result follows by Lemma 1 and (2.7) once

®) _ gk g1 is the (inverse) Fourier transform of a function in gf.

g

we notice that g,

2.3. Effect of the heat flow. We now derive two results that quantify the regu-
larizing and continuity properties of the heat semi-group.

LEMMA 3 (Smoothing of the heat flow). Let C be an annulus (i.e., a set of
the form {r < |x| < R} for some 0 <r < R) and [1g > 0. There exists ¢ > 0 and
C < oo such that for every p € [1,+00o], u < o, t >0and L > 1,

A _ 2
SuppfSAC = et f]p < Ce NSl

PROOF. We show the result for finite p, the adaptation to p = oo being
straightforward (and a classical result since the weights no longer matter in this
case). Let ¢ € gf be such that ¢ =1 on C and with support in an annulus, and let
¢, = ¢ (-/A). We observe that

et “(fre fh? ) =g * [

where

() = / 5 g, (e dg

(2m)d
d

A ‘
- (2n)dv/elkx{¢(§)€_tl)\{|2 dg.
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Let us write
g (x) = f dp(ere el de,

so that g; ,(x) = (2r)~919g, ,(.x). By Proposition 25 of the Appendix,

—cA2t—c|x|1/0

8. ()] = Ce
By Theorem 2.1,

le" £llz = ICeri* HYwi/? 1o < lenawl 1l Ly,

and moreover,

1 12 _ 1/6 s
”g)»,fw—/p”Ll = Ce ch t)\.d/e clax| e“‘lxl*/p dx
< Ce—cxzz/e—c|x\1/eeu|x/x\i/pdx
@z

2V pemo / el Gulx2/p g
The integral is bounded uniformly over p < g, so the result is proved. [

LEMMA 4 (Time regularity of the heat flow). Let B be a ball and 11y > 0.
There exists C < oo such that for every p € [1,4+00], u < o, t >0and A > 1,

SuppfSAB = [(1=¢)f]p <CEr> ADIfl-

PROOF. Lemma 3 makes it clear that showing
2.8) [(1 =€) fllpp = Ca2Ifly
is sufficient. Let ¢ € Qf be such that ¢ =1 on B. As before, we can write

(1—e®) f=gui*f

but this time with
d

gni(x) = W

[ o@ - e P,
which we can in turn decompose as g; ;(x) = Qm)— )\d@’ ;(Ax) for

G0 = [ 91— e P ac.
A minor variation of the proof of Proposition 25 shows that
85, (0)] < Cra2e=H"”

from which (2.8) follows as in the proof of Lemma 3. [
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3. Weighted Besov spaces. We now introduce weighted Besov spaces, and
use the results of the preceding section to deduce several important properties of
these spaces. We will study how they relate to each other via continuous (or com-
pact) embeddings and interpolations, their duality properties, the smoothing effect
of the heat flow. Besides, a fundamental feature of Besov spaces for our purpose
is their multiplicative structure: one can extend the multiplication (f, g) — fg to
a continuous map on suitable Besov spaces. In large measure, our results parallel
those for unweighted Besov spaces (and our arguments are inspired by those of
[3], Chapter 2), although the proofs often become more subtle.

3.1. Definition, continuous embeddings and interpolation. For future refer-
ence, let us define the annulus
(3.1 C*=B(0,8/3)\ B(0,3/4).

It is straightforward to adapt the proof of [3], Proposition 2.10 (using Proposi-
tion 23) to show that there exist x, x € gf. taking values in [0, 1] and such that

(3.2) Supp ¥ € B(0,4/3),
(3.3) Supp x € C*,

400
(3.4) VeeRY, X0+ Y x(¢/2)=1.

k=0

We use this dyadic partition of unity to decompose any Z?-periodic function f €
C®° as a sum of functions with localized spectrum. More precisely, we let

(3.5) xa=%  xaw=x(/2%  *k=0),
and for k£ > —1 integer,
Sf=F 'uh).  Sf=Y.8f
Jj<k
(where the sum runs over j > —1), so that at least formally, Sy f — f as k tends
to infinity. For any o € R, u > 0, p, g €[1, +oc] and f € CZ°, we define

1
00 1

GO Sl = [ > (2“kuakf|ug>q]’ 1O 181 e

k=—1

with the usual interpretation as a supremum for ¢ = co. The Besov space Bzz’,}b
consists of the completion of C2° with respect to this norm. We denote by Bg:g the

space obtained in the same way but with LY, replaced by the “flat” space L”.

REMARK 7. We depart from the habit of defining Bg’,’q‘ as the space of distri-
butions for which || ]| B is finite. Our definition coincides with the usual one as
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soon as both p and ¢ are finite, but yields a strictly smaller space when at least
one of these indices is co. There are several advantages to this different definition.
First, it slightly simplifies the proofs of some estimates, by letting us show the es-
timate for functions in C2° and then using a density argument. It also ensures that
the Besov spaces are separable, which has a number of advantages when consider-
ing probability measures thereon. But perhaps the most important reason is related
to the presence of weights. As was already alluded to in Remark 6, there is no
canonical embedding of By} into the space S’ of Schwartz distributions, because
elements of B}, are allowed to grow too fast at infinity. On the other hand, one
can check that elements of B define linear forms on C2°. Yet, our definition of
(Nl B! does not make sense as it stands for general linear forms on C2°. We be-
lieve that it is possible to overcome this problem by making use of results such as
Proposition 1, and carry this construction on a less standard space of distributions
(we think of the dual of the space of functions whose Fourier transform belongs to
GY, with a suitable topology). However, we find our approach technically simpler.

In the definition, we are using implicitly the fact that || f|| B is finite for every
f € C2°; this can easily be checked. Before doing so, we introduce the notation

3.7) m=7"0w.  n=no,
so that for k > 0, n; = den(Zk-).

LEMMA 5. LetacRand p,q €[l,00]. If f € CX°, then ”f”Bz’Z is finite.

PROOF. Observe that for k > 0,

51 f (x) = 2K / FOMEEx — y)dy.

The Fourier transform of 7 vanishes in a neighbourhood of the origin. Hence, for
every positive integer n, the function 7, := (—A) "5 is well-defined and in L!,
and moreover,

(3.8) Sk f (x) = 2k@d=2m) / (—A)" )T (2K (x — ) dy.
By the (unweighted) Young inequality,
(3.9) 18k fllpr S2K@=120 [ (—AY £l -

In particular, for any given o € R, the sequence (||8x f || Lr)ren decays faster than
27% a5 k tends to infinity. [

REMARK 8. If o) < a», then uniformly over u, p, q,

(3.10) g S 0 F gz
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where here and throughout, we understand that the inequality above holds for every
fe Bg?,’z“ . Indeed, this is clear if f € CZ°, and then we argue by density. Similarly,
if g1 > g2, then

(3.11) 1l < 0l

.q1
while if p; < p», then thee exists C < oo such that uniformly over «, i # 0 and ¢,
do 1
—_a (_ —

1
3.12) ||f||8g1uq <Cu 'm pz)HfHBa.u .

P24

REMARK 9. Since

1 Wl
2ak ’

(3.13) 18l <

it follows that for every 8 < «,

oo sk 2(e—p)
115 =k_212 186 fllp = 5=z 1 s

Hence, for every ¢, g’ € [1, 0], we have ”f”zsﬂ*“ < ||f||3;,g uniformly over .
pd’ '

REMARK 10. The space Bg’ff is continuously embedded in L},. Indeed,

+0o0
10z = D0 W8es Ny =17 g

k=—1

REMARK 11. Conversely, L is continuously embedded in Bg’féo. Indeed, by
Theorem 2.1,

on = sup |8 p < su 1 P,
15 g, = sup 186 g < sup el 11

with sup [|n«|l;1 < oo by Lemma 1. Moreover, for each given uo, the inequality
K
holds uniformly over u < po.

We also have:

PROPOSITION 2 (Besov embedding). Leta < eRand p>r €[l,o0] be

such that
1 1
pmanil-2)
rp

and let uo > 0. There exists C < 0o such that for every g € [1, o0] and < 1o,

£ e < CILF N g
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PROOF. It suffices to show the result for f € C2°. By Lemma 2,

16 f 1l S 290Dl f g

ur/p’

from which the result follows. [

Another notable consequence of Bernstein’s lemma is the following.

PROPOSITION 3 (Effect of derivatives). Let @ € R, k = (ky, ..., kq) € N9,
P, q €[1,00] and ny > 0. There exists C < oo such that for every u < o,
(3.14) [0 Flgen < Cllfllggy (k=i + -+ ka).

REMARK 12. We have not given a meaning to 8% f for a general f € Ba

But once (3.14) is established for arbitrary f € C2°, we can define 3* f € B}, , ki
for any f € BZ’,Z by means of an approximating sequence in C2°, and (3 14) is
then automatically satisfied for every f € Bg’,’;

PROOF OF PROPOSITION 3.  As for Proposition 2, the result is a direct conse-
quence of Lemma 2, since the latter ensures that

181 ) g = 18 @) g S 2081 f 1 O
We now turn to interpolation inequalities between Besov spaces.

PROPOSITION 4 (Interpolation inequalities). Let ag, a1 € R, po, qo, p1,q1 €
[1,00] and v € [0, 1]. Defining o = (1 — v)ag + vy and p, g € [1, oo] such that
1 1—v v 1 1—v v
—= +— and —= + —,
p Po p1 q q0 q1

we have

If Nl e < 11 vtou (Al Bk

PROOF. By Holder’s inequality,
Il = W ””HL = ||f||Lp0 IIfIILpo,
hence,
2M1186 £l < (KNS £l o) T N8k SNl )

and the result follows by another application of Holder’s inequality. [
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3.2. Effect of the heat flow. The smoothing effect of the heat flow, as measured
in Besov spaces, takes the following form.

PROPOSITION 5 (Smoothing of the heat flow in Besov spaces). Leta > f €
R, uo > 0and p, g € [1, o0]. There exists C < oo such that uniformly over i < g
andt > 0,

B
e Flgge < T F g

PROOF. Since A acts by multiplication in Fourier space, we have 8; (¢'® f) =
e'®(8x f). By Lemma 3,

__ 02k
le @GNy S e 18k Sl
SO
k A Boe A2k
28k (e )l St [(27)
The term between square brackets is bounded uniformly over ¢ and k. Taking the
£9 norm of both sides of the inequality, we get the result. [J

a—p
2

12k
e NP8 S N -

PROPOSITION 6 (Time regularity of the heat flow in Besov spaces). Let o <
B eRbesuchthat f —a <2, ug>0and p, q €[1, oo]. There exists C < oo such
that uniformly over u < g and t > 0,

B
(=€) 7y = Cr= 1 g

PROOF. By Lemma 4,
2K 8((1 = &) )] g S2H @2 A D8 N

_a a—p
S22 (22 A )R8 11

The result follows since the term between square brackets is bounded uniformly
overtand k. U

REMARK 13. By the same reasoning, we obtain that if f € Bg’,g, then ¢ —
e'® f is continuous in B}Y . Indeed, it suffices to check the continuity at time 0.
By Lemma 4, uniformly over &,

I8 ((1 =€) ) 1 S N8k

and for every k, the left-hand side above tends to 0 as ¢ tends to 0. If f € By,
then this ensures that

I =) F gz = 16601 = ) N gl lo =2

since 2°’k||6kf||Llp k—> 0 even when g = o0; see (1.9) and Remark 7.
L k—o00
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3.3. Multiplicative structure. The following lemma provides a convenient way
to check whether a function belongs to a Besov space. We refer to [3], Lemma 2.69,
for a proof (which is an application of Young’s inequality).

LEMMA 6 (Series criterion I). Leta € R, p,q €[1, oo] and let C be an annu-
lus. There exists C < oo such that the following holds uniformly over . If (fi)reN
is a sequence of functions in S such that

Supp fi ©2"C and (2| fill . )gens € €7

then

+o00
f:=kZOfkeB;‘;;é; and || fllger < CLR¥ fill 1) kel eo-

REMARK 14. Let ' € GY be supported in an annulus, and 7| = 2*45’(2X.).
By the same reasoning, for every o € R and p, ¢ € [1, 0o], there exists C < 0o
such that

1™ g £l )ieriles < CULS Mg

In particular, up to an equivalence of norms, the definition of Besov spaces does
not depend on the choice of the functions x and .

If the support of the Fourier transforms are only localized in balls instead of
annuli, we get the same result provided that @ > 0 (see [3], Lemma 2.84).

LEMMA 7 (Series criterion I). Let o >0, p,q € [1,o0] and let B be a ball.
There exists C < 0o such that the following holds uniformly over . If (fi)reN is
a sequence of functions in S such that

Supp /s C2°B and (2| fill 1) e € €%,

then

+o00
fzzlgfkezs’;‘;:g and || fllger < CLR fil o) kel o

For f, g € C°, we introduce the paraproduct
feg= > 8ifoxg=> Sk-1f&s.
j<k—1 k
and the product remainder (or resonant term)

fog= ) 8jfde,

lj—kl=<1



2416 J.-C. MOURRAT AND H. WEBER

and we write [ © g = g © f. We have the Bony decomposition

(3.15) fe=fQg+foOg+fog.

The goal is to extend the notion of the product fg to elements f and g of suitable
Besov spaces, by showing that each of the terms in this decomposition has a natural
extension. Here are the key estimates.

THEOREM 3.1 (Paraproduct estimates). (1) Let o, o1, a2 € R and p, p1, p2,
q €11, o] be such that

1 1 1
a1 #0, a=(@ A0 +ay and —=—+—,
P pr P2
where we write a1 A 0 = min(ag, 0). The mapping (f, g) — f © g (defined for

f. 8 € C°) can be extended to a continuous bilinear map from B}Y,}jgo X ng ZL to

B‘;,:Z“ , Moreover, there exists C < oo such that uniformly over .,
(3.16) If ©&liggn = Cllfllgan gl s

(2) Let a1, a3 € R be such that o := a1 + ap > 0, and let p, p1, p2,q be as
above. The mapping (f, g) — f © g can be extended to a continuous bilinear map
from B! I Box Bg% ’; to BB5 D ’q’“ , Moreover, there exists C < oo such that uniformly
over i,

w < , M
1/ @ gl < Cllfllga e gl geae

PROOF. Let f, g € C2°, and let C = B(0,2/3) + C*, where C* was defined in

(3.1). One can check that C is an annulus. By (3.2)—(3.3), for k > 0, the Fourier
spectrum of Si_1 f8rg is contained in 2kC. (The term indexed by k = —1 is null.)
By Lemma 6, in order to estimate || f © g|| Bl We need to bound

[ 0Se=1 £ 3kgll L) kenles-
By Holder’s inequality,
(3.17) 1Se—1 £ 8k8lp < 1Se—1. £l 21 188l 22
while by definition,

187 £l <271 fll g

so that

ISk-1.f 1l o1 < Z 18 fll < Z 27| f gy S27CNOK Fll g

j=—1 j=—1
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and thus
1Sk-1 £8egll g2—(“1A°)"||f||3;%1g0||8kg||L52.

Multiplying both sides by 2* and taking the £ norm, we obtain (3.16).
For f ® g, we only know that for some ball B, if |j — k| < 1, then the Fourier
spectrum of §; f 6y g is contained in 2% B. We must thus rather use Lemma 7 instead

of Lemma 6. The proof remains the same, except that we need to impose « > 0.
0

REMARK 15. We can also distribute the weights unevenly between the two
terms in the right-hand side of (3.16). Indeed, if vy, vy > O are such that

1_v1 %)
p o p2
then
(3.18) 18l = | fwi P gw2 P2y < f 1y gl

by Holder’s inequality. Using this inequality in (3.17), we see that we can replace
the right-hand side of (3.16) by

Cllf g gl gozesa
if desired, provided that ;1] = v and py = vy satisfy
1 2
ﬁ e M_ + M_.
p P P2

(3.19)

Theorem 3.1 can be turned into multiplicative inequalities, which will play a
central role in our analysis. We treat separately the cases of positive and negative
regularity.

COROLLARY 1 (Multiplicative inequality I). Let o >0, p,q € [1,00], v €
[0, 1], and o > 0. There exists C < oo such that for every u < o, if

d d
ﬂlza—i_(l_v);v ﬂ2:a+v;7 ,U,IZV[L, MZZ(I_V)M
and if p1, p2 € [1, o] are defined by
1 v 1 1—v
(3.20) —=— and — = ,
P1 p P2 p

then the mapping (f, g) — fg can be extended to a continuous linear map from
Byl x Byly to Byl , and moreover,

2
< ( s . < ( .
||fg||5;fq‘ = ||f||3§§1‘fq ||g||3;25‘q = ”f”laﬁ}[;”' ”g”liﬁ?fz
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PROOF. The first inequality follows from the decomposition (3.15) and Theo-
rem 3.1 with &1 = oy = «. The second one follows from Proposition 2. [J

REMARK 16. If we assume instead that

1 1 1
_:_+_ and E:ﬂ_i_&’
2 2 W ) p p1 D2

then by Remark 15, we also have

< : 12
178lsgu = Cllfllgzerligll 5z

COROLLARY 2 (Multiplicative inequality II). Let o <0 < B be such that o +
B>0, p,qgell,oo],vel0,1] and ug > 0. There exists C < oo such that for
every L < o, if

d d
o/=a+(1—v);, ﬁ/=ﬁ+v? pr=vu,  po=(l-vu,

and if p1, p2 € [1, oo] are defined by (3.20), then the mapping (f, g) — fg can be
extended to a continuous linear map from BZ’I{L g X Bgf g to Bz’qu , and moreover,

2
(3.21) 178l = CllLf s, ”g||3ﬁ~2’f,, =C ”f“Bt;:]ul IIgIIBg’/.quz.

PROOF. We get from Theorem 3.1 that
1/ © 8l SIS © gllginn S 17 gy, I8N
and the same estimate holds for f ® g instead of f © g. Moreover,
an < o,
1/ © gllggs < s, gl g

These estimates lead to the first inequality. The second one follows as before using
Proposition 2. [

REMARK 17. If we assume instead that
1 1 1
14 P1 P2 P P1 P2

then by Remark 15, we also have

o < . .
I £& g < CILF gz Il g



DYNAMIC &* MODEL IN THE PLANE 2419

3.4. Duality. Recall that (-, -),, denotes the scalar product in Li.

PROPOSITION 7 (Duality). Let « € [0, 1) and po € R. There exists C < 0o
such that the following holds. Let p,q € [1,00], p’ and q’ be their respective
conjugate exponents, and < po. The mapping (f, g) — (f, &), (defined for
f. g € C2°) extends uniquely to a continuous bilinear form on Bg’f; X B;ff,
moreover,

(3.22) |(f. @l = Cllf s gl g
P

and

PROOF. It suffices to show that for every f, g € C2°,

(3.23) Z |Gk fr818) ] S I s 8 1l g
ki>—1 ' P.q

We decompose the proof into three steps.

Step 1. Let C denote the annulus B(0, 10/3) \ B(0, 1/12). Let ¢ € gf be such
that ¢(0) = 0 and ¢ = 1 on the annulus C, let ¢ = ¢ (-/2%) and let ¢ = .Z ().
In this step, we show that for every [ > —1 and every k > [ + 2,

(3.24) Ot 819)y0 = / 51 S 818wy > ).

By Parseval’s identity,
Q) (e f.819) = / 5eF (Brg *y) = / ST ()82 (E)T(E1 — &) dey deo.

For [ > 0, the integrand on the right-hand side is zero unless ¢ € 2kC* and
0 € 2!C*, where we recall that C* was defined in (3.1). Since we assume that
k > | + 2, the integrand being nonzero implies that {; — & € 2€C. This conclu-
sion remains valid when [/ = —1. Hence, multiplying the integrand by ¢ ({1 — £2)
does not change the value of the integral, and using Parseval’s identity again, we
obtain (3.24).
Step 2. Let o’ € (a, 1). We now show that
(3.25) lwy * il 27w,

By a change of variables,
v v y v
wr 310 = [0, = 0By = [w,(x = 3 o a.
Since ¢ (0) =0, we have qu =0, and thus

wr i) = [ (wa(x = %) = wa )} ay.
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Recall that by Proposition 1, () <ecly " for some ¢ > 0, and that

wy (x — 2y_k) y
e “’“‘(i)‘

We first analyse the integral over |y| > 20 where lop > 0 will be chosen later, and
decompose it as the union of 2l < ly] < 20+ > lp. We obtain

/lylzzlo <w” (x B %) B w“(x)>‘7’<y> dy‘

+00
S w3 2% expl2u2 1) - ).
I=ly

(3.26)

The summand in the sum above is bounded by
exp(2u2% — 2! + dilog(2)),

so if we choose [y to be the smallest integer such that 200 > k29 then the sum in the
right-hand side of (3.26) tends to 0 super-exponentially fast as k tends to infinity.
In order to show (3.25), it thus suffices to show that

[ (5= 52) = w0 )0 8] £ 27,

By the definition of w,,, we have |w, (x —z) — w, (x)| < |z]w, (x) uniformly over
x € R? and z such that |z| < 1. The left-hand side of (3.27) is thus bounded by a
constant times

(3.27)

20 .
Sewn (Il

with ||qV5||L1 < 00, so the proof of (3.25) is complete.
Step 3. Combining the results of the two previous steps and Holder’s inequality,
we obtain that for every / > —1 and every k > [ + 2,

|6 S, 818)] S 27K / 15k £ 811w
(3.28) "
ST S S g lorgl -

For any k and [/, we also have |(8x f, 6;8) .| < ”‘Skf”Lﬁ”(Slg”Lﬁ/’ so for any k and /,

we have

(3.29) et 8180 S 2B S g 10081 -
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Let us write uy = 1x>_12" O“"||6kg|| ,,/, v = 2*("‘/*"1)""| and u * v for the convo-

lution of the sequences u and v (1ndexed by Z). By Holder’s inequality,

oG f a9l S D0 2 M8k f Ul Do 27 sigl 2a(k D—o'k—1|

kI>—1 k>—1 >—1
f, ” (2ak||3kf||Lﬁ)kZ_1”eq||u*v||eq’-

By the standard Young inequality for sequences, [lu x vl < [|u|l,q [[V]l;1, and
lv]l,1 < o0, so we obtain (3.23). [

REMARK 18. Although this will not be used below, note that one can spread
the weights unevenly in (3.22) if desired. Using the modified Holder inequality
(3.18) in (3.28) shows that for i1, iy > 0 such that

1 2
I )
p p

one has

(£l = CIF g Nl e

3.5. Besov and Sobolev norms. We now show that for every « € (0, 1), one
can estimate the Besov norm || - ||B(lx,{4 in terms of ||f||L}L and ”Vf”L,l/

PROPOSITION 8 (Estimate in terms of V f). Let« € (0, 1) and g > 0. There
exists C < oo such that for every u < o,

-1 l—a o
I e < WU NV ANy + 1y

REMARK 19. In particular, there exists C < oo such that

T lgee < IV LIy + 1Ny

PROOF OF PROPOSITION 8. It suffices to prove the result for f € C2°. For
£ > 0, we define the projectors

Pef= > &f and Pif= ) &f

—1<k=<t k>£+1

sothat f =P, f + Pj f, and by the triangle inequality,

1 F g =< WPeSf N+ |PE £ g
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For the first term, recalling (3.7), we get

Pefllgee = 3 2Nl = D 2l [l

—1<k=<¢t —1<k=<t
(3.30) ' '
< o < pte
< 2 2%kl Iy S2N0F s
—1<k=<t

where we used Theorem 2.1 (Young’s inequality) and then Lemma 1. On the other
hand, using the fact that for £ > 0, the function n; has vanishing integral, we get

1P f [ e

= > 2l Sy
k>e+1
_ ka _ _ _Mlxli
—kZ;IZ /Rd /Rd e (f(x —y) = f(x))dyle dx
phag=k [ ok ( = ) = SOl ) .
Skgl /Rd} k()| /Rd o e dx ) dy

By (2.6),

/f(x _ y)e—ulx\‘s dx < eMIYIi”f”L}L’

and as a consequence,

/|y|>1|2ky’7k(Y)|(/Rd | f(x — )I)}))|— f(x)|e_ll«IXIi dx) dy < 2“|2k'|’7k||L1_M”f”L}Lv

with [[[25- |mll;1 < 1 by Remark 5. Moreover, for all x, y € R?,
—®

fE—»—f@I_ 1
Iyl ¥l
so using that |||2¢- el S 1,

/ !2"ynk<y)!(/ G =D = JO e dx) dy S IVl
lyl<I Rd |yl Z

1 1
[ vra-myal= [vre-m]a
0 0

To sum up, we have shown that

1P fllgen < D0 2°TD(F Ny + 1Vl

k>0+1
(3.31) )
S27 (IIfIIL/lL + IIVfIIL}L),

and thus
£l S 20 Uy + 257D ey, + IV FDzy)-

The result then follows by optimizing over £. []
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3.6. Compact embedding. Finally, we prove a compactness embedding be-
tween Besov spaces. An efficient way to proceed is to show that it follows from
a similar result in unweighted Besov spaces. We first need to “project” onto un-
weighted spaces.

PROPOSITION 9 (Projection on unweighted Besov spaces). Leta € R, p,q €
[1,00] and ¢ € C°. The mapping [ +— ¢f extends to a continuous linear map
from By to B‘;‘,:g.

PROOF. The proof is similar to that of Corollaries 1 and 2. We need a modifi-
cation of Theorem 3.1 that allows the destination space to be unweighted.
Recall the definition of n and (1x)r>0 in (3.7). By Proposition 1,

_ 1/6
Inl(x) Se .

Let M be such that the support of ¢ is contained in [—M /2, M/2]%. Since for
every k > 0,

Sgp (x) = 2K / SN2 (x — y))dy

with ¢ compactly supported, we obtain that for every k > 1 and |x| > M (redefin-
ing c to be smaller),

1/6

(3.32) 15k (x) < 2kde =12

and thus for every |x| > M,
1/6

1Skl (x) < D 18;1(x) Se .

j<k
By Lemma 5, we also know that || Sy¢|| L~ is bounded uniformly over k. Hence,
we can mimic the proof of Theorem 3.1 but with (3.17) replaced by

ISk—198k fllLr S Sk f 27

where the implicit constant is uniform over k. We thus obtain that the mapping
f > ¢ © f extends to a continuous linear map from B4 to 5’%’,2- Similarly, for
every B e R,

1Sk-1f8kbllLr S2PKUSe-1 117

where we used (3.32) and the fact, ensured by Lemma 5, that ||z | r < 2Bk
(and where the implicit constants depend on ). Hence, for every 8 € R, the map-
ping f > f © ¢ extends to a continuous linear map from By} to B}X,f;ﬁ 0 More-
over, the same conclusion also holds for the mapping f — ¢ ® f, so the proof is
complete. [

We will also need the following result.
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LEMMA 8 (Besov norms on large scales). Let ¢ € C2°, and for m > 1, let
Om =@ (-/m). For every o € R, p,q € [1, 00] and n > 0, we have

Sup [ [l g < 0.
m>1 ’

Moreover, if the support of ¢ is contained in an annulus and p # oo, then

w —> U,
16mll oot ——>0

PROOF. The identity ||¢,, ||z = ||@||L is obvious, and for p < oo we have

9nllig = [, 8 /m|Pw, (v < I8l [ w0 dx.

and in particular, the left-hand side is bounded uniformly over m. Similarly, for
any multi-index k € N, we have [|9* @yl = —7 (|05 ]| o<, so that [[0¥ ¢, Iz is
bounded uniformly over m.

If in addition, p < oo and the support of ¢ does not intersect B(0, €) (for some
¢ > 0), we get in the same way that

wy (x)dx —= 0.

1
[ nl g < el [

x|>em

By (3.8), Proposition 1 and Theorem 2.1, we have
18kl o S 2X2V (=AY a1

and we thus obtain the announced results. [

PROPOSITION 10 (Compact embedding). Leta >a’ € R, p,q € [1, oo] with

p #00,and u' > > 0. The embedding B;x,jg C BZi’lﬂ s compact.

PROOF. Let (f;)nen be a sequence that is bounded in ngg. We wish to find a

/ /
subsequence that converges in BZ ’1” .
Let ¢ € C2° be such that

=1 onB@O,1), ¢=0  outsideof B(0,2),

let ¢,y = ¢(-/m), 1 <« and p; > w. For every fixed m, up to extracting a
subsequence [which we keep denoting by (f,;) for convenience], there exists

fm e B‘;'io such that
| f = £ [0 7 O

Indeed, this follows from Lemma 9 and [3], Theorem 2.94. In particular, we have
fm e B! and

_ fmy .,
H¢mfn f ”Bp,ll’M m 0.
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The convergence along a subsequence holds for any given m, and thus up to a
diagonal extraction, it holds for every m simultaneously. By the boundedness as-
sumption on the sequence (f;;) and the multiplicative inequalities (Corollaries 1
and 2),

(m) = lim < 2. lim < oy
| f I}Bi}{m Jm {1y fn ”B;ll’“l S ldm IIB% im sup I fn IIBz:/; S ldm HBZIT’
for some & and [t > 0 depending only on ¢, o, it and p1. By Lemma 8, ||¢, IIBa.,z
p.1

is bounded uniformly over 2, so that the same holds for || f ™| B

It is clear that for m < k, the distributions £ and f® 001n01de on B(0, m).
In particular, for m <k,

F == A= pup) (£ - 1Y),

Letting ap < o1 and p > w1, we can use the multiplicative inequalities to obtain,
for every m <k,

L£7 = fOllgezsa S 1T = bmll o | £ = Ol SN = Gl g

for some @ and @ > 0 depending only on a1, vy, 01 and o (where we used the fact
that || £ B is uniformly bounded in the last step). By Lemma 8, it follows
P

that the sequence (f ™) is a Cauchy sequence in Bzzi“ ?, and thus converges to
some f € Bizi” *. We have the diagram

Dm fn m} f(m)
2 \ (m — 00),

fnmf

where every convergence holds in 5 p?,lu 2, and the bottom horizontal arrow is the
convergence we want to show. This convergence is proved by observing that the
convergence of ¢, f, to f, as m tends to infinity is uniform in n. Indeed, it suffices
to observe that

— < — [ < _ _
Il fn ¢mfn||3Z?{“2 St ¢m”3‘;llt”fn”3‘;11”1 S ¢m”3ii'f’

and to use again the fact that |1 — ¢, || > 0 as m tends to infinity. [
p,1

4. Other scales of weights. We now indicate how the above results carry
over to polynomial weights, and to flat weights on cubes for periodic functions.
Throughout the paper, when we refer to a result of Section 3 in the context of
polynomial weights or in the periodic context, it is understood that the result is
adapted according to the rules we now explain. In the previous sections, we were
careful to give estimates that hold uniformly over u < g, for some given pg. Such
uniformity will only be used for exponential weights, so the reader may leave this
aspect aside.
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4.1. Polynomial weights. For o € R, we let

4.1 Wo (x) = |x[.7,

~

and write Zf; for the space LP (R4, @y (x) dx). From now on, we will always as-
sume that o > 0. It is clear that

Wo (X + )

Wo (¥)
and W_, is dominated by w_;. Moreover, the weight W, is integrable if and only
if o > d. In Section 2, there is only one place where we assumed the weight to
be integrable (that is, n # 0), namely in (3.12). We simply need to replace the

assumption that p # 0 by the assumption that o > d. Thatis,if o > d and p| < pa,
then there exists C < 0o such that

(4.2) I llgse, < Cllf g,

which is the analogue of (3.12). All the other estimates of Section 2 are valid for
every o > 0 if one replaces Lﬁ by LY throughout. As an example, the conclusion
of Lemma 2 becomes

5 |x|: :w—o'v

N 1_1
SuppfCAB = [0 flgy < AT f g
Foranya e R,0 >0, p,q €[1, +o0] and f € C°, we define
(4.3) 1 f gz =1 18 £ 22)is 1 Lo

The Besov space ggg is the completion of C2° with respect to this norm. The re-

sults of Section 3 then follow seamlessly, simply replacing B%’f; by B\gig through-
out. As an example, the conclusion of Proposition 2 becomes

<
1 Bgg < M1f ligeorin-

There is one more place where we used the property that the weight is integrable,
namely in Section 3.6 on the compactness embedding (in Lemma 8). Again, we
simply need to add the requirement that o > d to obtain the result for polynomial
weights. Explicitly, the compactness embedding becomes the following.

PROPOSITION 11 (Compact embedding). Leta >a’ € R, p,q € [1, oo] with
p #ooand ¢’ > o > d. The embedding B\ZT - [S’\g”la is compact.

4.2. Flat weights on cubes. We will also need to use Besov spaces that are
tailored for the periodic setting. One natural option would be to base the defini-
tion of these Besov spaces on discrete Fourier series (those adapted to the torus
under consideration). We choose a slightly different route here: we prefer to view
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functions on the torus as periodic functions on the full space, and to use the con-
tinuous Fourier transform of these functions instead. The latter approach has two
advantages. First, the construction is closer to what was done for the weighted
Besov spaces above, so the extension of the previous results to these spaces is
more transparent. Secondly, we will build solutions on the full space as limits of
solutions on increasingly large tori, so viewing functions on a torus as periodic
functions on the full space is more natural for our later purpose.

We say that a function f : R? — R is M-periodic if for every z € MZ¢, we have
f(z+ )= f. We write iff,[ for the L? space of M-periodic functions equipped
with the Lebesgue measure on [—M /2, M/2]%, and || - || i for the associated

norm. We note that if f, g : R? — R are measurable functions with f being M-
periodic, then for r, p, g as in Theorem 2.1, we have

If*glzr = Clfllze llgmllza .

where

gmi= y, g-+y.

yeMZ74

From this modified form of Young’s inequality, one can then proceed as before,
since the functions we consider are rapidly decreasing to 0 at infinity. For instance,
the analogue of Lemma 2 reads: if f is an M-periodic function with Supp f € A B,

1_1 . . . .
then ||8kf||ip < kG ”)||f||iq . In short, since the weight is now flat, its
M M

powers are trivial and the inequalities simplify. For every M -periodic function
f € C*, we define

VAl (o WA 7779 ey

and let B% 2/1 be the completion of the set of M-periodic functions in C* with

respect to the norm | - || M- Section 3 then carries over with obvious changes.

For instance, for «, 8, p and r as in Proposition 2, we have ||f||Ba,M < C”f”B/i,M.
p.q rq

5. The stochastic heat equation and its Wick powers. Now that the nec-
essary facts about weighted Besov spaces are established, the remaining sections
are devoted to the actual construction of the solution of the stochastic quantisation
equation (1.1). In this section, we provide some probabilistic preliminaries and
perform the construction of solution of the stochastic heat equation and its Wick
powers in a weighted Besov space.

We start by recalling the definition of a space—time white noise £. Formally, &
is a centred Gaussian distribution on R x R? with covariance

(5.1 Ee(t, )E(t, x") = 8(r — /)% (x — x),
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where 8(-) denotes the Dirac delta function and 89(-) is the Dirac delta function
over R?. Of course, (5.1) does not make sense as it stands, but it can be made rig-
orous easily, by integrating against a test function ¢ : R x R? — R and postulating
that

(5.2) E£(@)” = 101172 @pa)-

DEFINITION 4. Space-time white noise is a family of centred Gaussian ran-
dom variables {£(¢), ¢ € L2(R x R%)}, such that (5.2) holds.

The existence of space—time white noise in the sense of Definition 4 on some
probability space (€2, F, IP) follows immediately from the Kolmogorov extension
theorem. Furthermore, the mapping ¢ — &(¢) is automatically linear on H :=
L>(R x RY) [in the sense that for every ¢p, ¢ we have almost surely £(¢;) +
E(p2) = &(d1 + ¢2)]. Below, we will often use the somewhat formal notation

e = [ o@ewa),

although £ is almost surely not a measure. In particular, for a given ¢ € LZ(R x
R?), the random variable & (¢) is only defined outside of a set of measure zero, and
a priori this set depends on the choice of ¢.

We will need a periodised (in space) white noise, defined on the same probabil-
ity space. For every M > 0 and ¢ € S(R x R?), we set

(5.3) En(9) = / 6 (26 (d2) = E (D),
RxR4
where
(5.4) ot 0 =1y wy() Y $.x+y).
yeMZ74

For every ¢ € S(R x R¥), we have
dm € L*(R x RY),

so that (5.3) makes sense. Furthermore, for every ¢ with support contained in
R x [—%, %]d, we have £(¢) = &p7(¢) almost surely.

From now on, we assume that F is the completion of the sigma-algebra gener-
ated by {£(¢): ¢ € H}. Under this assumption, it is well known that we have the
orthogonal decomposition

L@, F.»=PpHY,
k>0

where #®) denotes the kth homogeneous Wiener chaos. More precisely, £ =
R, HV = (£(¢): ¢ € H}, and for every k > 2, we have

HO =1 (¢): p € HOwmk],
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Here, H®sm* denotes the set of square integrable, symmetric kernels ¢: (R x
R4 — R, and I; denotes the k-fold iterated stochastic integral (see [19], Sec-
tions 1.1.1 and 1.1.2). Below we will often use the notation,

I(¢) = /(RXRd)k¢(Zl,---,Zk)f(le)"'f(de)-

Let us recall that for every kernel ¢ € H®smk we have the following isometry:

2
E(/ ¢<m,...,Zk)s(dzo---adm)
(RxR4)k
(5.5)
= k! oz dzy - - dzy
/(Rde)k¢(Zl’ ,Zk)7dzg Zk

We also recall Nelson’s estimate (see [19], Section 1.4.3), which states that for
every k > 1 and p > 2, there exists a Cy, , such that for every X € HP,

2
(5.6) (E|X|P)? < Cr pEX>.

Below we will also need the following Kolmogorov lemma. Recall that accord-
ing to (3.7), for k > —1, we have n; = y_IXk-

LEMMA 9. Let (t,¢) — Z(t, ¢) be a map from R x L2(RY - L2(Q, F,P)

which is linear and continuous in ¢. Assume that for some p > 1, € Rand k > %

and all T > 0, there exists a function Kt € LOO(R”"), such that for all k > —1,
xeRYands,t e [-T,T],

(5.7) E(Z(t, ni(- — x))|” < Kr(x)P27FP,
(5.8) E|Z(t, mi(- — x)) = Z(s, qk (- = x))|P < K7 (x)P27K@=IPp P,

Then there exists a random distribution Z which takes values in C (R, g%/[f ) for
any o' <o —k and o > 2, and which satisfies for all t € R and ¢ € S(R?)

(5.9) Z(t, ¢) = (Z(1), $) almost surely.

Furthermore, for every T > 0, we have

(5.100 E sup T||2(t, -)|}ga/_a <C(T,a,d, p) /Rd K1 (x)P g (x)dx.

—T<t< p.p

We stated this lemma in the case of polynomial weights, but the same statement
holds if W, is replaced by another integrable weight, for example, stretched expo-
nential. In particular, the following modification of Lemma 9 follows by the same
method, and we omit the proof.
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LEMMA 10. Let Z satisfy the assumptions (5.7) and (5.8) of Lemma 9. If in
addition, Z has the property that for some fixed M > 0 and all t € R, ¢ € S(R?)
and z € MZ4,

(5.11) Z(t, ) =Z(t, p(- — 2)) almost surely,

then Z takes values in the Besov space B of periodic functions and

(5.12) E Tsup HZ(t)H ’ ,M <C(T,a,d p)/ y K7 (x)? dx.
-T=<t<T =72.7

PROOF OF LEMMA 9. For fixed k > —1 and ¢ € R, we start by defining a
random function Z (¢, -) which will play the role of 6;Z(¢, -). The natural definition
would be

(5.13) Zi(t,x) =Z(t, ni(- — x)).

Unfortunately, Z(¢, ni (- —x)) is only defined outside of a set of measure zero which
depends on x (and ?), so that it is not clear if (5.13) can be made sense of for all
x simultaneously. We circumvent this problem by the following trick (which is
motivated by the Shannon sampling theorem [16], Section 1.4). Set g = zltzi%’
and let X% € S(RY) be real valued, symmetric, such that ¥ is constantly equal to 1
on the annulus B(0, 2% 8) \ B(0, 2k 3) and such x; vanishes outside the annulus
B(0,2%1)\ B(0,2*3) [for k = —1 we assume that 7_; is 1 on the ball B(0, 3)
and vanishes outside of B(0, %)]. Finally, define 7j; = %~ 1%

For x € £;Z4, we define Z; (¢, x) as in (5.13), and for x € R¢ \ exZ4, we set
(5.14) Zu(t )= ) e{Zilt, Mik(x = ).
yeekZd
As 7 is a Schwartz function and the assumption (5.7) implies that, for example,
—d—
> 1+ 1)z ) <00
yeekZd

almost surely, it follows that (5.14) defines a smooth random function on a set of
measure 1. Furthermore, we have for k > 0

3
(5.15) Supp F(Zk(t,-)) € B<0 2’< ) \B(O 2’<8>
and Supp F(Z_1(¢,-)) € B(0, %). Next, we set Z(1) = > k>—12Zk(t, -). Equation
(5.15) implies that this sum converges almost surely when tested against a test
function with smooth and compactly supported Fourier transform. In the estimates
below, we show that Z is a well-defined random distribution.
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We claim that for fixed x € R?, Z satisfies (5.9), at least if ¢ has Fourier trans-
form in C2°. Indeed, we have for such ¢

@0.6)= ¥ @a20)= ¥ X o [ 20— ngwdr.
k>—1 k>—1yeg 74

As a next step, we use the fact that both 7j; and #; have a Fourier transform sup-
ported in the annulus B(0, 2"%) \ B(0, 2"%) which implies for our choice of g
that

> ey =) 90 = [ 1y = )ik + 9 ()) dy =859 .

yeerZ4

where the convergence takes place in L?(R?). Hence, by continuity of Z(z, -) we
can conclude that

(Z().¢)= Y Z(t.50) =Z(1. ).

k>—1

In particular, this implies that for every x, (5.13) holds almost surely.
Now we can estimate for t € [—T, T'|

E|Zc(r, |2, :/RdIE|Zk(t,x)|p@g(x)dx
:/RdE|Z(t, k(- —x)) [P0y (x) dx

52—k“1’/ K7 (x)P W, (x)dx.
Rd

This bound in conjunction with (5.15) and the series criterion, Lemma 6, implies
that for o’ < &

E||Z(t o] - Z 2k“/pJEHZk(t, -)||€p <C(a, o, p) /IRd K7 (x)P Wy (x)dx.

PP kZ—l

In particular, almost surely Z is indeed a well-defined distribution in gg/[ﬁ‘ Further-
more, the assumption that ¢ has compactly supported and smooth Fourier trans-
form can be removed from (5.9) and can be replaced by ¢ € S.

In the same way, we can bound for s, ¢t € [T, T']

E|Zk(t, ) — Zi (s, -)II’L{I; = /RdEIZ(t, k(- — x)) = Z(s, k(- — X)) |P o (x) dx
< |t — s|fP2 k=P fRd K7 (x)? Wy (x)dx.

So after summing over k, the (usual) Kolmogorov criterion permits to pass to a
modification of the process # — Z(¢) which satisfies (5.9) and (5.10). U
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With these preliminary results in hand, we can start the construction of the solu-
tion of the stochastic heat equation and its Wick powers in weighted Besov spaces,
in the case when d = 2. The space—time white noise £ does not satisfy the condi-
tions of Lemma 9, and indeed it can only be realised as a space—time distribution,
and not as a continuous function in time taking values in a space of distributions.

However, we do not need to perform this construction. Instead, we start directly
by analysing the properties of the solution of the stochastic heat equation

0/ Z=AZ+E, onR+xR2,
20, =0.

There are many equivalent ways to interpret this equation. We choose to simply
postulate Duhamel’s principle, and to define for every ¢ € L?(R?) and every ¢ > 0

t
(5.17) 2.9)= [ [ 0. K@ —r.-—y)er.ay.

Here K denotes the standard Gaussian heat kernel, that is, for # > 0 and x € R?
Kty = (|ﬂ3
,xX)=—exp|l——).
4t TP\ a

We also define Z,;, the solution of the equation with periodised noise, as in (5.17)
with & replaced by &j,. Furthermore, for any n € N, we define the Wick powers

(5.16)

Z:n:([,¢)
(5.18) )
= /;[O,I]XRZ)” (Qb» jl:[l K(t— Fj,-— yj)>%‘(dr1, dyp)---&(dr,, dy,),

and as before Zj; is defined by replacing every occurrence of £ in (5.18) by &y.

THEOREM 5.1. For every M > 1 and every integer n > 1, there exist modifi-
cations Z™ and 2131 (in the sense of Lemma 9) of Z™ and Zy; .

ForeveryT >0,a >0and p > %, there exists a constant C = C(T, p, ) such
that forall M > 1 and o > 2,

(5.19) E sup 2" (t)||f’,w <c/ We (x) dx,
0<t<T R2
(5.20) E sup ||zM(t)||”_w _c/ W (x) dx.
<l<
Furthermore, ZA’,’; is M-periodic and
(5.21) E sup 250w = CM.
0<t<T

Finally, we have
(5.22) E sup |Z" (t)—ZM(t)”p_M <CM*°.

0<t<T
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Throughout the proof of Theorem 5.1 (including the two lemmas at the end),
we use the following conventions: for x > 0, we set log, (x) = log(x) Vv 0. Fur-
thermore, we set

_|inf{lx +y; y e MZ?},  if M <0,
IRIELE if M = co.

x| p
Sometimes it is convenient to write ZJ = Z""".

PROOF OF THEOREM 5.1. Equation (5.5) and polarisation show that for any
n, o, ¢ € S(R?), t;, 1 > 0, and for any M € [1, oo], we have

E(Z3 (1), ¢1)(Z3 (22), ¢2)
=nt [ [ 6G06 0 (Hartin, i vy — )" dr ds
R2 JR2
For M = oo, the generalised covariance in the last expression is given by
Hoo(l1, 125 X1 — X2)

1A
(5.23) =/ 2K(l‘1 —r,x1—2)K({t —r,x3 —z)drdz
0 R

1 ot — x]?
_ _/ _exp<_u) de.
8 |t —1] 14 4¢

while for finite 0 < M < oo, we get

1 H+n ] — —y?
(524) %M(tlv t25 x| — x2) = —/ — Z eXp<—M) dg
8 |t —1] 14 2 4
yeMZ

Pointwise bounds on the kernels %), are derived in Lemma 11 below.
From the bounds provided in Lemma 11, we get for any k > —1 any x € R?,
anyt <T andfor 1 <M < o0

E|Z3 (1, me (- — 0)[?
=E|Zji (. 0|
=n!./R2 fRZ M (XD (x2) (Sm (2, 1, x1 — x2))" dxp dxo

(5.31)
St [, [ meCenmee) (1 +1og, (11 = xal3))" dx da.

The integral involving the kernel 1 poses no problems, because the 7y are uni-
formly bounded in L!. We split the integral over the logarithmic kernel into an
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integral over {|x1[, [x2] < %} and an integral over the remaining part of R? x R?.
For the first integral, we get for k > 0

/ ” / o, MG me(x2) log o (11 — xal3)" dxy dxa
lx11=F JIxl<7

525 S [, [ moGnmea)(og, (1 — ™)+ klog@)" dxr dva
Sn (144").

Here, we have used the fact that ni () = 22k no (2%.). The integral in the second line
converges because ng is a Schwartz function.

The integral over R? x R?\ {|x1], |x2| < %} can then easily be seen to be uni-
formly bounded in k and M using the decay of the n;. More precisely, one uses the
fact that for k > 0 and any m > 2 we have ni(x) = 22k77(2kx) <m W The
integral in the case k = —1 can easily be checked to converge as well. Hence, sum-
marising these calculations and applying Nelson’s estimate (5.6) for any p > 2, we
get uniformly over r < T, x € R2, M e[l,00] and k > —1

(5.26) E|Zy (t, me (- — )P Sronp 1+ 1k 2.
In the same way, for 0 <11, < T we have for M € [1, oo]
E|Z% (11, mi (- — x)) — Zig (2, mi (- — 1)) >
ZH!/ / e (xD) Nk (x2) 234 (11, 12, x1 — x2) dxy dxa,
R2? JR2
where the kernel 2" satisfies for 0 <A <1

DLt 1, x) = (A (1, 11, 0))" + (Hu (2, 12, X)) = 2(Hu (1, 12, x))"

(531)(5.32) [, — 1 |*
Z |t — 12|

ST (1+log (Ixl3)" ™).

|x |37
Then performing a similar calculation to (5.25) using the fact that () =
22kno(2%.) and that 5o is a Schwartz function, as well as Nelson’s estimate, we
get

E[Z" (. me- =) = 2" (12, me(- = )"
(5.27)

Ap ko pn—=1)
Stoap ltt — 0] 2275 k|2,

The bounds (5.26) and (5.27) permit to invoke Lemma 9 (and Lemma 10) to con-
clude that (5.19), (5.20) and (5.21) hold.

We proceed to bound the difference ;' := Zj; — Z". Unlike the preceding
calculation, we need to make use of the decay of the weight in an essential way.
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Indeed, for |x| > 1—A/é we simply bound
|57 (1 (- = 0)[”

(5.28) <, ElZy (8, mi (- — ) [P + E|Z™(t, ni (- — x))|P

(5.26)
NTnp1+|k|

and in the same way
E|Zif (11, mk (- — %)) = Zi (82, mi (- — x)) [P

(5.27) o 1)
STnkp |t1_t2|22p

(5.29)

Hence, for such x the difference Zj; satisfies the bounds required to apply
Lemma 9 for a function K7 that does not depend on x. If |x| < % we write

B3 (e neC =) P =t [ [ aCome e @y s = xi.x = x2) o
The kernel appearing in this expression is given by
Ry (t; X1, x2)
= (A (1, t,x1 —x2))" 4+ (Hu @, 1, x1 — x2))" = 2(Hp,00 (15 X1, X2))",
where

M, 00(t, X1, X2)
(5.30)
Z // " K(t—r,x1—z)K(t—r,xz—z—y)drdz.
yeMZ? 7 7
Estimates for the kernel .}, « are collected in Lemma 12. These bounds yield for
[x —x1], |x —x2| < % and any m > 1
a1y 1
|y (t; x — x1,x — x2)| S1om (14 log (lx1 — x2] 1)" 1)W

We get

/... / Mm(x])nk(xz)%(r;x—xl,x—xz)dxl dx;
X1 <

=16

Stz / [ merma(1 +log, (11 — ol 1)) dxrdva
(525) 1 -
S,

M?2m
If one of the x; satisfies |x;| > ﬁ, we can use the fact that the n; are rescaled
Schwartz functions to get the same polynomial decay of arbitrary order in M also
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in the integral over the rest of R2. Applying Nelson’s estimate once more and
merging with (5.28), we get

E|\ 2 (i (- — )P Sromp (1 1K) Kr (),

where K7(x) =1 for |x| > % and K7(x) < M~?" else. Interpolating this bound
with (5.29), it is easy to obtain a similar bound for the time increments. Hence, we
can conclude by observing that for any m large enough,

L Krmeds Su M2 [ @, (0 dx S0 1277,

lx|= 15

O

LEMMA 11. Let ) be defined by (5.23) and (5.24). Then for every T > 0
we get uniformly for x e R and 0 <t1,to < T and M € [1, 00]

(5.31) (11, 13 x) < C(T)(1+log, (1x3}")).
Furthermore, forany A € (0,11 and 0 <t1,tp <T
it — |
(5.32) | A (01113 %) = Hag (11, 123 %)| < C(T, A)IIXT
M

PROOF. We first show (5.31). For M < oo, we can assume without loss of
generality that the infimum inf{|x + y|: y € MZ?} is realised for y = 0 which
implies that |x| < %

Then the term corresponding to y = 0 in (5.24) can be bounded by

1 [n+] x|?
—/ —exp(——) de
8 [ty —12] l 4¢

27 | |x|? 1] 1 |
< —exp———)de< | —exp(——)de / T _de
N/o eeXp( 4@) ~Jo eeXp< 46) Lo

<7l +10g+(|x|_1).

This calculation already shows the desired bound (5.31) in the case M = oo. For
M < oo for z = |x + y|, we use the bound

1 ot ] 2 2T\ ™"
81 Jity—n| £ 4¢ 0o £\|z| |z|=™

valid for every m > 0. To bound the sum over y # 0 in (5.24), we choose an m > 1
and obtain

1 n+t 1 —v|?
iyt 2 ()
T Jit —1| YEMZ2\[0)

1
Sm,T Z W SJm,T Z

yEMZA\{0} yeMZ2\{0}

1 < T M72m.

|y[2m ~
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Here, we have made use of the fact that |x| < M implies that |[x +y| > (1——=

1
V2 ﬁ)|y |
forallye M 7. Hence, (5.31) is established.

To see (5.32), we can again assume without loss of generality that in the case
M < oo we have |x|y = |x|, and hence |x| < %M. We get for any M € [1, 00)

1 x + y|?
(5.33) |t ti:x) — Sty t2; x)| < - > exp de.
honh t yeMZ? 4t

Here, the intervals /; and I, are given by
L=[0,]ti —n|] and DL =[r+mn, 2]+

with the convention [a, b]1 = [a, b] if a < b and [a, b]+ = [b, a] else. In particu-
lar, we have |I{| = |I2| = |t; — 1| and both intervals are contained in [0, 27 ]. In the
case M = oo the sum in (5.33) has to be replaced by the single term corresponding
toy=0.

For each term in (5.33) we get, setting z = x 4+ y and choosing m > 0 appropri-

ately
1 |Z|2) 1 Y m |l‘1 _ l‘2|””\1
Zexp( P dzgf —(—> A6 <,y p 220
/zluzzz p( 4¢ " Jron €\ 22 m T T

For the term involving y = 0, we choose m = X € (0, 1] in this bound. As above
this already establishes (5.32) in the case M = oco. For M < 0o, we use an arbitrary
m > 1 to bound the terms for y # 0. We then obtain, using as above that |x + y| >

(1= )yl

1 Ix + y|? 1
/ ZCXP< 26}’ >dZ Smr [ — ] Z TEa
hob vemz2\jo} ¥

yEMZ2\{0}
)
St It — | M~

So, (5.32) follows as well. [J

LEMMA 12.  Let #)1.o0 be defined by (5.30) and #5, H#y by (5.23), (5.24).
ForO0<t<T,1<M <ooandxy,xp € R? with [x1], |x2| < %, we have

(5.34) T oo (t; X1, X2) < C(T)(1 4+ log (Jx1 — x2|7")).

Furthermore, under the same assumptions ont, M, x1, xa we have for every m > 1

1
(5.35) | 0,00 (5 X1, X2) — Koo (t, 15 X1 — x2)| < C(T, m)W,

1
(5.36) | 000 (85 X1, X2) — HM (2,15 x1 — x2)| < C(T, )<
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PROOF. We start by establishing (5.34). The term in (5.30) corresponding to
y = 0 can be bounded easily

t
Kit—r,x1—2)K(@ —r,xy—2)drdz
/O/[_%]z ( (

(5.31)
< Hoo(t, t;x1 —x2) Sr (1+logy (Ix) — x| ™h),

where in the last inequality we have used the fact that |x{|, |x2]| < % implies

that |x; — x2|3 = |x1 — x2|. For the remaining terms, we use the fact that for

ze[-%, Y472, |x,] < ¥ and y € MZ?\ {0} we have [x; —z—y| > |y| —|x2—z| >

(1-— % — %)lyl. We obtain for every m > 1

1 t—r "
Z K({t—r,x2—z—y)Sm Z t—r\|xa—z—y|?
yeMZ2\{0} yeMZ2\{0} SR

(5.37)

(l _ r)m—l
~m M2m )
which implies that

Z / / K(t—r,x1—x2—2)K(@{—r,—z—y)drdz

M M]2
yeMZ2\{0}
(5.38)
t
<m W/o ./1;@(1‘ — )" K@t —rx1 —x3—27)drdz
1
ST o

So, (5.34) follows.
To see (5.35), we write

TM 00t X1, X2) — Hoo(t, t; X1 — X2)

= Z // K(t—r,x1—2)K@{ —r,x3—z—y)drdz

M M2
yeMZ2\{0} 2]

_/0 /Rz\[ M M]ZK(t_r’xl_Z)K(t—r,xz—z)drdz.
3.7

We have already seen above in (5.38) that the first term on the right-hand side is
bounded by C](V’;é’,,,T) for any m > 1. For the second term, our assumption |x1 |, |x2| <
% enters, because it implies that for any z ¢ [—%, %] and for m > 1 we have

K )< 1 ( M? )< 1 (t—r)’"
—r,X] — —exp| —
1z ~t—r P 16¢—r)y) " r—r\ M2
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Therefore, we can conclude that

t
K(it—r,xi—2)K({t—r,xp—2z)drdz
AL@AF%%P ( K ( )
< 1 ! m—1 < 1
wa/o A;Z(f—”) K(I—F,XZ—Z)d’”dZNm,TW,

and (5.35) is established.
Finally, in a similar way we get

JM 00(t; X1, X2) — Ky (t, t; X1 — x2)
t
(5.39) =/0 '/[‘_%’%JZ(K(t—r,xl—Z)—KM(t—r,xl—Z))

X Ky (t —r, xp —z)drdz.

We use once more the fact that |x; + x3| < % and argue as in (5.37) to see that

uniformly over z € [—%, %]2 we have

K (1 ) — Kyt )| < ! (t_r)m
—r,x1—2z)— —rX1—=2) | Sm—— .
1 Z M 1 Z mt_r M

So that after integrating out the remaining kernel K in (5.39) we get the bound
(5.36). O

It remains to treat the case of nonzero initial condition X for (5.16). We will
need the following lemma only in the case d = 2, but as it causes no extra effort,
we state and prove it for arbitrary spatial dimension.

LEMMA 13. Let|a|< 1,1 <p<ocoand o > 2. Fix X € gg:‘;. For every
M > 1, there exists an M -periodic distribution Xy € B;")II‘;’ such that for every test
function ¢ with compact support contained in B(0, %), we have

(5.40) (Xm,9)= (X, 9).

Furthermore, the Xy are bounded in 1’3\%‘; uniformly in M and converge to X in

every space B fora <o and 6 > o.

P
PROOF. Let ¢ € CX° be such that
¢ =1o0n B0, 1/4), ¢ = 0 outside of B(0, 1/3),
and let ¢y = ¢ (-/M). We define

Xy =oduX.
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By Lemma 8 and the multiplicative inequality, Xy is well-defined as an element
of Bg (;,, and moreover,

sup ||XM||E§°‘“ < o00.
M=>1

Since Xy is supported in B(0, M /3), we can define the M-periodic distribution

> Xu(—2).

zeMZ4
This distribution satisfies (5.40). We now show that

sup [| Xallgze < oo.
M>1

(It will be clear that the proof can be adapted to yield that for every M, X is in
B"‘ M y We start by writing, for any k > —1 and M > 1,

Sk Xy = 5kX1(;1n) + Ska(&m),
where

(in) _

Xy .
> S Xu( - DY _w mya( = 2),
zeMZ4

5t X(out) Z Sk X m (- —Z)(l—l[ u, Aé[)d( —2)).
zeMZ4

For 6; X (in), we get

X 17y = 3 [Ioefunte =Py e = 9Bo (00
zeM7Z4

:/ M Md|8kXM(x)|p Z @(;(X—l-Z)dx.
[=%.3) zeMZ4

For x € [—7, 5 )d we can write

. - 1 1
Z We (x +2) = We (x) + Z Ix + 2 |UN Wy (x) + Z |_
7eM74 2eM74 zeM74
270 270
SWe(x)+ M7,
where we have used that fact that uniformly over M > 1, x € [—7, 7)‘1 and 0 #£

z € MZ4, we have |z] < |x 4 z|. Observing that uniformly over M > 1 and x €
[—M M)d, we have wy (x) 2 M7, we can conclude that

Y o (x +2) S o (),

zeM74d



DYNAMIC ¢* MODEL IN THE PLANE 2441

and hence (I8¢ X " 17, < I8k X nr 1%,

In order to treat (SkX](&uo, we recall that (Sk)N(M =g * )N(M, where n;, = 22k17(2k 9
and 1 € §. Formally,

o = Nk(x —-) PR
Xl = [ e = 0% = [ BE 2o K,
o
and arguing by density, we obtain by Proposition 7 that

ne(x —+)
'LU

56X ](r) < ‘ LSO

Xl
1’
Since n € S, it is straightforward to check [using for instance (3.9)] that for any /,
there exists C < oo such that uniformly over M > 1 and |x| > M,

~ C -
|8k X m|(x) < T 1X a3 -

This bound allows to give a uniform bound on §; X 1(&“0 (x). We can assume without

loss of generality that x € [—7, 7)”{ and write
(out) s e c
X = Sk X —2) SIX o _
KXy () Zd kXu(x —2) S 1 Xmllges Zd g ]
zeMZ zeMZ
z#0 z#0

<% —kl g1
S WXl go2 MM,

Integrating the pth power of this uniform bound against w,, we obtain the desired

t
X117

bound on || 5 7p and hence the uniform in M bound on || X 3 ||%W . The fact
a p.p

that || X s ”gm u < oo follows by the same arguments.

p.p
To see the convergence of X s to X as M tends to inﬁnity, we only need to recall

that by Proposition 10 and (3.11), the embedding of B% % into B2 ‘; is compact,
and that every accumulation point is identified to be X by (5.40). D

For M > 1 and every integer n > 1, let Z™ and Zj; be the modifications con-
structed in Theorem 5.1 (we drop the tildes for notational convenience). We define

Vi) =eXo, V@) =e® Xo.um,

where Xy is the periodic distribution constructed from X as in Lemma 13. We

also define
1 log(t~!
c(t):/ / K(rx)?dy = 080
t JR?2 8

1
_ 2
CM(I)—/I /[#’%]ZKM(T,)C) dx.
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It is easy to see that uniformly in ¢ € [0, 1],

) 2\2 1 _w2
(541) |C(l) - CM(t)} E 4”K1M||L2([0,1]><R2) S ; Me 2 )
where 1, is used as a shorthand for the indicator function of the set {(¢, x): x ¢
-4, 2712

Finally, we set
ZV =27, =20+ V),
2% = (@0 - ) + 220V ) + V),
(5.42)
7% = (Z%(1) = 3¢(0)Z() +3(Z% (1) — cO)V (1)
+3Z(OVE) + V@),
and we define Z:1: . Z% 73 by replacing all the distributions Z, 2%, 23", v
nM> LM “rm OY TOP 8

and ¢ by Zy,, Z:A%I:, Z}Sj, Vu, ¢y in the definitions above.

REMARK 20. As in Section 1.1, let &5 = £ % ps be a regularised space—time
white noise, and let Zs be the solution of the stochastic heat equation (5.16) with &
replaced by &5. For every positive §, Zs is a smooth function, and hence arbitrary
powers of it can be defined without ambiguity. For each 7 > 0 and x € R?, the
random variable Z;(¢, x) is Gaussian, centred and with variance

EZs(t, x)* =Ts(t) = 1K 1[0 11xR2 * Ps ”%ﬂ(Rsz)'

For every t > 0, this number diverges logarithmically as § tends to 0, and the time
dependence reflects the fact that we chose to work with homogenous initial datum,
rather than with a process in equilibrium. Our processes Z, Z2, Z3 arise as limits as
8 — 0 of the Wick powers with respect to this covariance structure, that is,

Zs—> 2, -t —>Z% 73 -36(0)Zs — 2.

However, in order to be consistent with [5, 10, 18] we prefer to work with processes
that arise as limits of an approximation scheme with time-independent renormali-
sation constant. If we set

¢s =T (1) = 1K 1o 1xp2 * 0572 g2y
then
z§ —¢s and Zg — 3¢5Zs

still converge. The numbers ¢(#) in the definition (5.42) correspond to the limit of
¢s — ¢s(1) as & goes to zero.
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We summarise the results of this section in the following corollaries. The second
integrability index of the weighted Besov spaces will not be important, and from
now on we will always choose it as 0o. The first corollary will be used as input in
the construction of the periodic solutions on a torus; see Section 6.

CO/R\O}LARY 3. FixO<a<landT >0,0 >2and p > 1. We assume that
X()EB;’%’OU.
Thenforn=1,2,3,a =a + % and o' > a we have for every 1 < M < 00

(5.43) E sup 1" DRz |7, < oo
0<t<T 00,00

PROOF. First, we observe that for M < oo the bound (5.21) implies for all n

E sup |Z (0] 5 au < o0
0<t<T

- -4
Indeed, we can chose @ = 5 and p = _ V p to get

ST

E s |Z5 Ol = (B sup 12O )

0<t<T 0<t<T

Prop. 2,(3.11)
S (B sup [Z5®]5 an)” < oo

O<t<T B; 5

<

We get for any 8 > —«

Prop.5  ayp _atp
[V ggn S 7 2 I Xomllgoam St 7 11 Xomll g-am
00,00 00,00 p,00

~

Lem. 13 444

< Tz R—A,0 .

S T I Xollgg
Furthermore, (5.41) implies that ¢y (1) <1+ (log(t_l) Vv 0) uniformly over ¢ €
[0, T']. The desired bound (5.43) then follows from the multiplicative inequality,

Corollary 2. [J

The following corollary will be used together with the a priori bounds of Sec-
tion 7, to show the convergence (along a subsequence) of the periodised solutions
when M goes to infinity (see Section 8).

R COROLLARY 4. FixO<a<1,T >0,0 > 2, p> 3, and assume that X¢ €
B,% - For every o' >« and & > o, with probability one, there exists a sequence
(My)y going to infinity such that forn =1, 2, 3,

sup sup e ||B—oza < 00,
k O<t<T
lim sup "~ Do/ |z — th || o =0.

k—=o000<t<T 0

Vl
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PROOF. By (5.19) and (5.22), with probability one, there exists a sequence
(My )k going to infinity and such that forn =1, 2, 3,

Sup sup ||ZMk(t)||B o < 00,
k 0<t< L.

hm sup [|Z" (1) — ZMk(t)HB_M =0.

k—000<t<T

Furthermore, according to (5.41), we have

em () S 1+ (log(t™1) v 0),
lim sup [cp(r) —c(r)| =0,

—00<r<T
where the implicit constant in the first inequality is uniform in M. Finally,
Lemma 13 and Proposition 5 imply that
Vi @) | gro St lim sup ¢3 | Vae(r) — V() gz =0.
P M—o00<i<T

where the first inequality is valid for any y > —a and the second for y > —a’.

This bound and the multiplicative inequalities in Corollaries 1 and 2 imply that
for any @” > o and y > —a« in the first inequality and for &” > o’ and y > —a/ in
the second inequality, we get for n = 1, 2, 3 that

(nfl)a//+y+na

IVi@lge St 2,
P o
BRI/ _ ’
im sup r VI () = V()| s =0,
M_’OOOSIST BEOC

o

We can always choose «” such that & ;“ ¢ < o'. Then the desired bound follows

from another application of the multiplicative inequality, Corollary 2, using at sev-
eral places the fact that according to (3.11) decreasing the integrability index p
only makes a Besov norm weaker. [

6. Construction of solutions on the torus. The aim of this section is to show
existence and uniqueness of global solutions of (1.6) in the periodic case.

Since for the most part, the index ¢q in 3;1 24 will not play an important role in
our analysis, we introduce the slightly lighter notation

oM . pa,M
(6.1) BaM .= et

Let 0 < o < o’ < 1/3 (that we think of as being small), 8 € (1, 2) (that we think
of as being close to 2) and T > 0. For Z = (Z, Z®@ 73)) in the set

C(10, T1, BM) x €((0, T1, BM) x €((0, T1, BZ),
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we write

"2 "G

62)  NZll gy = sup (1Zillgamr V1| Z | gaors vV 2| 7| gmotr)

9 0<t<T 00 00 [e9)
(recall that a Vv b stands for the maximum between a and b). We let ,@;O]g be the set
of Z such that this norm is finite. For ¥ € C([0, T, B&M), Z=(Z,Z2P,7%) ¢
fog’ and t < T, we write
63) WY, Z)=-Y—3Y27Z -3,z — 2% +ay, + 7).
The multiplicative inequalities imply that W (Y;, Z,) is well-defined for every ¢ > 0
[it actually suffices that Y belong to C([0, T], ng’M ) for some «” > «]. For a
given Yy € B&M and T > 0, we wish to solve

{a,y =AY +W(,Z), on[0,T]xR?

4 Y(0, ) = Yo,

which we interpret in the mild form. That is, we say that Y solves (6.4) if Y €
C(0, 11, B&M) and if forevery t < T,

t
Y, ='2Yp +/ eTTIA(Yy, Z,) ds.
0

We let
(6.5) SLM (Y0, 2)

be the set of solutions of (6.4).
The goal of this section is to prove the following global existence and unique-
ness result for (6.4).

THEOREM 6.1 (Global existence and uniqueness on the torus). For every § €
(1,2), the following holds for 0 < o < o sufficiently small. Let T > 0, M > 0,
Z=(Z,2D,7%) ¢ fiolg and Yy € B&M There exists exactly one solution of
equation (6.4) over the time interval [0, T']. In other words, the set S'OTC;M Yo, Z) is
a singleton.

We start by proving the following local existence result.

THEOREM 6.2 (Local existence and uniqueness on the torus). Let p € [1, 00)
be such that

a' + B

(6.6) +3(o/+ l) <1,

4
let Z=(Z,Z®,z0) ¢ Q;ogl and K > 0. There exists T* (depending on || Z|| zu
and K) such that for every Yy € BEOM satisfying || Y()HZ[?M < K, equation (6.4) has
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exactly one solution over the time interval [0, T* A T]. In other words, the set
SEATM (Y, Z) is a singleton.

REMARK 21. The condition on o', 8 and p displayed in (6.6) can be im-
proved. Note that it suffices to assume o’ to be sufficiently small to ensure that a
p € [1, 00) exists that satisfies (6.6).

PROOF OF THEOREM 6.2. An important aspect of the theorem is that we want
T* to depend on Y only through the bound K on || Yo 7 P In order to achieve this,

we split the construction of a solution into two steps. In the first step, we construct
a mild solution using only the information that Yy € L% ; the price to pay for this
is that the solution will be defined in a larger space than anticipated. In the second

step, we show using the additional information that Yy € B&M that the solution
thus constructed belongs to C([0, T*], B&M). Finally, we argue about uniqueness
in a third step.

Step 1. In view of (6.6), we can choose o’ > a’ such that

1 1
¢ +'B+3(a”+—)<1.
2 P

We construct a solution of (6.4) in C((0, T*], Z§g;/’M ) by a fixed-point argument.
Let y be such that

O[//+,B

1
(6.7) y>a’'+— and +3y <1.
p

For notational convenience, we assume that 7 > 1. For any T* < 1, we define the
norm

WYz = sup " 1Y;ll zorar

0<t<T* o0
and the ball
Bre =¥ €C((0, T1, BLM) : 1Y ll7+ < 1},

For Y € %7+, we let
t

(6.8) .//T*Y(t):e’AYOJF/ AITIAY (Y, Z)ds (1< T).
0

Our aim is to show that for 7* small enough, the operator .#7~ is a contraction
from A~ into itself. To begin with, it is clear that for every ¢, .#7r+Y (t) is M-
periodic. We now argue that for 7* sufficiently small, .Z7+ maps %7~ into itself.
(The periodic versions of) Propositions 2 and 5 ensure that

a”+ﬁ,M ~

"o "’
e Yol gorw < €Yol 2 St~ F TP Y0l o St~ 0l
S0 B, r .
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where we used Bemark 11 in the last step. From this, one can check that ¢ — e’ AYo
isin C((0, T, Bg‘O’M), and moreover,

lle
can be made arbitrarily small by taking 7* small enough (in terms of K) since
o’ 1
y>5+ rE
Concerning the integral term in (6.8), we observe that by the multiplicative in-
equalities (and the trivial embedding of Besov spaces B%M as « varies),

[ (¥, Z)| goem S N1Ys || wrm F Y112 g 125l g

2
(69) + ”Yv ”Bgc”,M “ Z§ )Hégo”‘-M
1 Z8 | gt + 1Yl garan + 11 Z5 | g
Moreover, since || Z|| sy is finite [see (6.2)], if Y € By~ then
H\'IJ(YSaZS)”é—Dt.M < §7 g gy g 2 < s

since we assume that y > o” > &’. As a consequence, using Proposition 5 again,

1
H / =92 (y,, Z,)ds
0

! _etd”
g = /0 (t=5)" 2 |W ¥y, Z)) gam ds

0‘<0‘) o 3
/(t sV ds

1(173}/

N

where in the last step we used the fact that «” < 1 and that by (6.7), we have
3)/ < 1. Using (6.7) once more and B > 1, we see that | —a” — 2y >2 — B8 —
— 6y > 0, so that the right-hand side above multiplied by ¢ tends to 0 as ¢
tends to 0. The fact that the process ¢ — f e'=9Ap(Yy, Z,)ds taking values in
Bg‘OM is continuous poses no additional difficulty. Hence, we have shown that the
Il - ll7*-norm of this process can be made arbitrarily small provided that we choose
T* small enough.
This concludes the proof that for 7* sufficiently small, the operator .#7~ maps
ABr+ into itself. The contraction property then follows along similar lines.
Step 2. We now take the solution Y € C((0, T*], ng,M ) constructed in Step 1

and show that it actually belongs to C([0, T*], Z’S’&M). Recall that
t
Vo=t + [ M, 2)ds,
0

and that we already know that

1Yl gorm < 00.
Boo®
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By Remark 13, the function ¢ — ¢’ AYo belongs to C([0, T*], B&M). Similarly to
what was done in the previous step, we can estimate

H/ =2y (y,, Z, )ds

N/ (0 =) 2 W (¥ Z,)| go ds

N/(t—s) s ds

< t a+ﬁ 3)/
since we have “+’3 < 1 and 3y < 1. The continuity of ¢ fé e =AY (Y, Z,)ds
in Boé at any pomt in (0, T*] follows along the same lines. The continuity at time
0 follows from the fact that [recall (6.7) and o < a”']
a+p
2
Step 3. For T* as defined by Step 1, let Y, Y € S'OTO*’M(YO, Z). We wish to show

that Y =Y. Since Y, Y € C(o, 1], B&M), it follows from the reasoning in Step 1
that one can find 7** < T* depending only on

+3y < 1.

sup ¥l g and  sup ||l g.u
t<T* t<T*

such that both ¥ and Y belong to Pr«. Since T** < T*, the argument in Step 1
ensures that .#7+ is a contraction from %r+ into itself. As a consequence, Y and
Y coincide on [0, T**]. We can then iterate the reasoning (keeping the same 7**)
and thus guarantee that Y and Y coincide on the whole interval [0, T*]. (Note that
this argument is easily adapted to show the uniqueness part of Theorem 6.1.) [J

In order to upgrade the local existence result to a global one, we need a control
of the Lf,[ norm of the solution. We recall that we denote by SOTO’M (Yo, Z) the set
of solutions to (6.4).

THEOREM 6.3 (A priori estimate on the torus). Let p be an even positive
integer such that

! 1
(6.10) o (p+2)<1 and ¢ ;’B+3(o/+—)<1,
V4

letT >0,M >0and Z € 3201};1 There exists C < oo such thatif Y € S‘OTO*’M(Y(), Z)
for some T* < T, then

sup [1Yellzr < I¥ollzr +C.

0<t<T*
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At a formal level, the idea for proving this a priori bound consists in testing
equation (6.4) against Y7~ !, which leads to a useful identity concerning 9, || Y; ||"L~’ b
M

The rigorous derivation will need several preliminary steps, starting with a time
regularity estimate.

PROPOSITION 12 (Time regularity of solutions). Let Y € S(’QM Yo, Z), and
assume that (6.10) holds for some p. For every k < B/2, Y is k-Héblder continuous
as a function from [0, T] to LY.

PROOF. We show Holder regularity of Y at time 0, the adaptation to arbitrary
times in [0, 7] being straightforward. For conciseness, we write
(6.11) W =W (Yy, Zy).

By definition of the notion of solution, we have
t
Y, =e'2Yy + ]0 I=IBY (s,

The fact that 7 — ¢'2Y; is x-Holder continuous as a function [0, T] — I:ﬁ 18
a consequence of Proposition 6 (and Remarks 9 and 10) and of the fact that Yy €
B&M. For the time integral, we use (6.9) again (but with the additional information
that Y € C([0, T1, B%M)) to obtain that

(6.12) sl g S 572,
so that
t A 4
/ e(l‘—S) \Ds dS o rg / (t _ s)_‘)‘”lIJs ||l§—a,M dS
0 B% 0 >
t /
5 / (t _S)—as—Za ds
0
(a=a’)

1-3a’

~

The result follows since 1 — 3a’ > B/2 by (6.10). O
We denote by (-, -) s the scalar product in i%,l

REMARK 22. By Proposition 7, for every y € R, the mapping (f, g) —
(f, g)m extends to a continuous bilinear form on Z’S’ZOM X BE{’M, and thus also on
B&M X B;OV”’M for every ¢ > 0 by Remarks 8 and 9. In particular, by Lemma 5,

we see that for every « € R and M-periodic ¢ € C*, the mapping f — (f, ¢)um
extends to a continuous linear form on B%M.



2450 J.-C. MOURRAT AND H. WEBER

PROPOSITION 13 (A mild solution is a weak solution). IfY € S‘gc;M(Yo, Z),
then for every ¢ € Bé&M andt <T,

t
6.13) (Y, o)m — (Yo, P)m =/0 [—(VY;, Vo) m + (¥ (Y5, Zy), b)) ds

PROOF. Step 1. Recall our notation (6.11). We first show that for every M-
periodicp e C* and ¢t <T,

t
6.14) (Yo dhy — (Yo. bu =/0 [(Ys, ABhr + (s, $) ] ds
Since Y is a mild solution of (6.4),
t t K
/ (Y, Ad) prds :/ <eMY0 +/ eSTWAY, du, A¢> ds.
0 0 0 M

Observe that for every s > 0,

(e*2Y0, Ad),, = (A" Y0, @), = ds(e* Yo, 8),,
so that

t
[ (e 0, 8]y d5 = (Yo, 8]y — (Yo, 0

Similarly, we compute

/ f AeS WAy, duds—/ / AeS™OAY, ds du
_f (=02 _1d)w, du.

Combining the two, we obtain

t
fo (€2Y, Ag),, ds

t
:<etAYO+/O PAGDER TS du,¢>

which is (6.14).
Step 2. We now conclude the proof. First, the mapping f +— (Vf, Vo) is

continuous over l’;’géM, so we have (Y;, A¢)y = —(VYs, Vo). Hence, for every
¢ € C(R?),

t
(Yoo h)as = (Yo, 9has = [ [~(Ts, V)ar + (Wi, )] ds
It then suffices to argue by density using (6.12), Proposition 3 and Remark 22. [

t
—/0 (Wa, ) dit — (Yo, )ut

M

We are now ready to derive a rigorous version of the identity on o, Y; ||li7 » al-
M
luded to before.
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PROPOSITION 14 (Testing against Y/ ™'). Let Y € §LM(Y,, Z). For every
even positive integer p such that (6.10) holds,

1 t
SUYIZ, — 1Yol ) = /0 [—(p = DIVY, YET2VY)y + (s, YT ] ds.

REMARK 23. We could of course extend Proposition 13 to allow for functions
¢ that depend smoothly on time. This would bring about the additional term

t
(6.15) /0 (Y. Bych )y ds.

However, since ¢ — Y,/ s only Holder continuous in time (see Proposition 12),
it is not clear a priori how to make sense of (6.15) for ¢ = Y”~!. In essence, the
argument below consists in noticing that we can make sense of Young integrals
when both the integrand and the integrator are Holder continuous for an exponent
strictly above 1/2.

PROOF OF PROPOSITION 14. We begin by observing that, for any 0 < u <
v<T,

1Yol = WYallfy = (Yo, Y01y = (Y Y271)y

= (Vo Y7y = VYT )y + (Yo, YT = YT,
so by Proposition 13,
1YolZ, = IYull7p —{¥e, Y7 =¥~

—/ —(VY5, V(YL™h),, + (W, v27Y) ] ds.

For any subdivision t = (#9, ..., t,) suchthat 0 =1y <--- <t, =, we thus have

1%l =Yo7, —S® =30,

where we used the shorthand notation

n—1

1
&)= Z(Ytz+1’ Ytl+1 Yffj >M’
i=0

0 =5 [Ty 0

Since 7 > Y; is a continuous function from [0, 7] to B&M with 8 > 1, in particular
t = VY; is a continuous function from [0, 7] to L§; by Proposition 3. Using also
(6.12), one can check that as the subdivision gets finer and finer,

30— [T~ D 7720y 377 1
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We now argue that as the subdivision ¢ gets finer and finer,

p—1 p p
(6.16) S(1) — T(HYtll% —I%oll7, )-
Note that
-1 -1 -2 —2
(6.17) YO YT =W, Y)Y Y.

We show that the contribution of each term in the sum above is asymptotically the
same as the contribution of the first one. For instance with the last term,

-2 -2
(Yt,-H, (Yti+1 - Yfi)Ylf_H >M - (Yti+1’ (Yfi+1 - Yti)Yff) )M

= <(Yfi+1 - Yti)z’ Yfi+1 (Yp_3 +ot th]_3)>M‘

lit+1

Since ¢t +— Y; is bounded in I:pM, an application of Holder’s inequality leads to

|<Yti+" Yryyy — Y’z‘)th:z)M - <Yti+l’ Yiipy — Yz,*)thﬂ)M‘

-3 -3
= |<Yli+1(Yzf R 4 ), Yy — Yli)2>M| S 1Y — Yy ”%PM

lit1
2
Sltivr — ™

for some k > 1/2; see Proposition 12. We can argue similarly for the other terms
in the sum (6.17). This estimate implies that as the subdivision ¢ gets finer and
finer, the difference between G(¢) and

n—1

(6.18) S Wi (0= DY 2 Yoy = Yoy
i=0

tends to 0. The same argument also shows that the difference between

n—1
P _ P __ r p
Il = V0l = Sl = %07
and
n—1
—1
(6.19) Z(LPYI?H Y _Yti)>M
i=0

tends to 0. Since the quantity in (6.18) is (p — 1)/ p times that in (6.19), these two
observations imply (6.16). [

PROOF OF THEOREM 6.3. Recall that W (Y, Z,) is defined as a sum of terms,
see (6.3). If we decompose it as W (Y, Z;) = —YS3 + V'(Ys, Z,), we can then
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rewrite the identity of Proposition 14 as

1 ; . i 2
620 S0, = 1o0Z, )+ [ [ = DIV VP, + 172, Tds

/ A

= Z,),YPh,, ds.
0

Ly

We will now show that the integrand on the right-hand side is controlled by the
integrand on the left-hand side. For notational convenience, we write

As= Y2V Be= (Y

Decomposing W’ as a sum of terms, we see that the first term we need to estimate
is (YSZZS, Yspfl)M = (YspH, Zs)m - By Proposition 7, we have

e AMES M Zas “B;‘;IM 1Zs g
By Proposition 8, we get
724 gon S PP Y0NSy + 102
and by the Cauchy—Schwarz inequality,
[YPOYs[7y < |¥2IVEP L 19072z, = AsBs.

ptl
Moreover, Jensen’s inequality implies that || Y’ + I il <B/ ** (where the implicit
constant depends on M). Using also the fact that sup, 7 || Zs || g-«.n < 00, We get
- o0

1
Cya-mrt

6.21) (Y2 ), | < AL B Py B,

This term is controlled by an arbitrarily small constant times (Ag + By). Indeed,
o n (oe +a )
— — -«
2

)
< 1,

one can define exponents y; < 1, y» < 1 such that
o l +1
— 4 —(—+(1 —a)p—> —1,
2yt y2\2 p+2
and Young’s inequality (the one for products, not for convolutions) implies that
p+l1

(Y2 Zy)y| S AT+ B+ BYT

Since sup,o(—x + x¥) < oo for any y < I, it is clear that the right-hand side
above is bounded by % (As + By) plus a universal constant.
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Estimating the other terms coming from W’ is similar. For instance, the second
term we need to estimate is (Y Z S(z) ,Y? _1) u=Yr z 5(2)) M- By the same reason-
ing,

(02, Z)g | S 1421 g | 22 g,
with
192 gom S 1727 9%,y + 192,

S A o, + 1771z,

1 1— 1 2

1— 1—
,SAS p+2 +Bs p+2+Bs p+2,

A
>
=
=
e
_|_
=
=
e

where for simplicity, we used Remark 19 instead of the full strength of Proposi-
tion 8 in the first line, and then the Cauchy—Schwarz, Jensen and Young inequali-

ties. Since || Z|| zu is finite [see (6.2)], we have ||Z§2) | g=am < s~ and thus
(o] o0

1 1 2
’

1—-— 1——— 1——2_
KYSP’ Z§2)>M‘ < (As p+2 + B, P2 + B, p+2)s—a‘

~

1
Observing that sup, . o(—x +ax?) S a7, we obtain that

622 R s Mt
Similarly,

(DA MBS (A7 gl gl
so that
(6.23) _M + ](Yf_l, Zs(3)>M| < (D)

10
The contribution of the term a(Y 4 Z) can be similarly controlled by A and B,
with no divergence for small s. In short, we have shown that

1 C e
S(YilZ, —1¥olZ, ) 5/0 s~ P+ g

The integral on the right-hand side is finite since «’(p + 2) < 1, so the proof is
complete. [

PROOF OF THEOREM 6.1. We assume that «’ is sufficiently small that there
exists a positive integer such that (6.10) holds. In order to construct a global so-
lution, we take 7* from Theorem 6.2 according to the a priori bound on the Lf,l
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norm of the solution provided by Theorem 6.3, and then simply glue together local
solutions until the time interval [0, T'] is covered. Uniqueness was already obtained
in Step 3 of Theorem 6.2. [J

7. A priori estimates. The goal of this section is to derive strong a priori esti-
mates on solutions of (1.6). This will enable us to show that “periodised” solutions
of (1.6) constructed in the previous section all belong to suitable compact subsets
of polynomially weighted Besov spaces.

Our setting bears similarities with that of the previous section. One main differ-
ence with what was done before is that we will work with polynomially weighted
Besov spaces instead of “periodised” ones. We assume throughout that o > d = 2,
and introduce the slightly lighter notation

D00 . 20,0
Bo = BY.

LetO<a<a' <1/6,8€(1,2),T>0and p>1.For Z=(Z,Z?®,Z%) in the
set

-~

C([0. T, B%) x C((0. T1, By%) x C((0. T1, B, ),
we write
o= "“17@ 20 || (3)
(7.1) 1]l 7 —Oilt-lgT(“Zt”g;;,a VI Zi7 | gyae VI 27 ).

We let ,@?3\‘; be the set of Z such that this norm is finite. For Y € C([0, T'], B\fl’f),
Z=(Z, AZS Z(3)) € Q/ﬁ\‘; andr < T, we write

(7.2) W, =W, Z)=—Y —3Y2Z, -3Y,Z® — 2 1 a(v, + 7).

The multiplicative inequalities imply that W(Y;, Z,) is well-defined for every
t > 0, since we assume p > 1. Since we will ultimately only be interested in so-
lutions with Yy = 0, we take advantage of this simplification right away and only
consider solutions of

8,Y =AY + ¥ (Y, 2), on [0, T] x R?,
(7-3) =Y(O, ) =0.

Again, we will interpret this equation in the mild form. More precisely, we write
Y e §3TI;U(Z) if Y €C([0, T], B\gf) and if forevery t < T,

t
Y, :/ =M (y,, Z,)ds.
0

We will assume throughout that

p is an even positive integer such that

o + B
2

(7.4) a'(p+2)<3/4 and +3a’ < 1.
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Our strategy parallels that of the previous section in that, informally, we want
to multiply (7.3) by Y”~! and integrate to get information on 9, |Y; ||A In order

to carry the argument rigorously, we first need to assert that solutions of (7.3) have
sufficient time regularity.

PROPOSITION 15 (Time regularity of solutions). Let Z € 5’3\‘; and k < B/2.
IfY e §3TI;U (2), then Y is k-Holder continuous as a function from [0, T'] to Zf;

The proof makes use of the following simple consequence of the multiplicative
inequalities, which will be used again later on.

LEMMA 14 (Estimating V). Let & > «. There exists C < oo such that
C_IH‘I/(Ys,_s)HB wo < ||¥s IIAap + 1Y IIAMIIZ IIB o
3p

F1¥illgio | 2 gy + 120 ] 00

1 ¥slizzp + 125l g
PROOF. Recalling the decomposition of ¥ in (7.2), we begin by observing
that, due to Remark 11,
17750 < 15 122 = 1753,
We proceed to estimate
A e P P
2

< 2 & o,

N IIYsIIgg[,f 1Zsll g
where we used Corollary 2 in the first step and Corollary 1 in the second one.
Similarly,

%22 | e S1Yslge |22 e
5 Y5 ||[§§"p" H Z§2) “B\;&,U ,
p

where we used Remark 8 [or (4.2)] in the last step. For the same reasons,

H Z§3) + Y+ Zs ”B‘;a,a 5 ” Zs(3) Hg;a.c + ||YS”Z?,” + ||Zs||l§3*;‘-"' Il

PROOF OF PROPOSITION 15. As before we only discuss Hélder regularity at
time 0. By Lemma 14 and since Z € and Y eC([0,T], B ) (with g > 1),
we have

(7.5) 1¥sllgae = [ WYy, Z)) | geo S 572
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(where the implicit constant depends on Y and Z). Hence, by Proposition 5,

t
H/ 1AM ds
0

t
</ (t — )| Wy || 5o ds
By ~Jo *By

I /
,S/ (t — ) %2 ds
0
< t1—3a/

since @’ > «. The conclusion then follows by Remark 10 since 1 — 3o’ > /2
by (7.4). O

REMARK 24. As the proof reveals, the index of Holder regularity in Proposi-
tion 15 could be improved (for instance, one can choose x = 8/2). We prefer to

stick to the present version, because it corresponds to the general statement with

=B

initial condition Yy € B>’ (compare with Proposition 12).

3p

The fact that mild solutions are weak solutions remains valid in the present
context (the proof being the same as that of the first step of Proposition 13). We
denote by (-, -) the scalar product in the unweighted L? space.

PROPOSITION 16 (A mild solution is a weak solution). If Z € Q/’g\‘; and Y €
§3Tl;g (Z), then for every ¢ € C° andt < T,

t
(7.6) <n,¢w=[;Un,A¢)+(w(n,ZQ,¢ﬂd&

This can be upgraded to the following statement. We denote by (-, )5 the scalar
product in L2, which can be extended to distributions outside of L2 through
Proposition 7.

PROPOSITION 17 (Weights and more general test functions). There exists C

such that the following holds. For every Z € .,@/’g‘;, Ye §3T ;’ (Z)and ¢ € g;}g (with

p’ the conjugate exponent of p),

t
(1.7) (Y1, d)s :/o [—(VYs, V§)o + (V(Ys, Zy), ¢), ] ds + Err(t),

where the error term satisfies
'
(7.8) En()| <C [ (1. 18), ds

PROOF. We first argue that (7.7) holds for smooth, compactly supported ¢,
and then conclude by density.



2458 J.-C. MOURRAT AND H. WEBER

Step 1. For any ¢ € C2°,
(Y5, Ap) = —(VY;, Vo)
in the sense of distributions. In fact, since Y € C([0, T'], Ef ;) with 8 > 1, in par-

ticular VY; belongs to E?,” (in the sense that each coordinate of VY belongs to
this space, see Proposition 3) and the right-hand side above can be interpreted as
a space integral. We apply Proposition 16 with ¢, as a test function [recall that
W, was defined in (4.1)]. We observe that the gradient of this function is

. oV([- ),
(Vp)we — T‘Pwa-
%
=G

We have established (7.7) for ¢ € C2° and with

(7.9) Err(r) = /Z(VYS, Go)o ds.
0

Step 2. We now conclude by density. In view of Proposition 3, we have VY €
C([0, 1], B’? p_ 1’g) (in the sense that each coordinate of VY belongs to this space).
Hence, for smooth, compactly supported ¢ and ¢,

l ~ ~ ~
[ 1Y Vo = (V0. V1o |ds < IV = Vol g1 o < 16— Bl e
P, P,

by Propositions 7 and 3, where p” is the conjugate exponent of 3 p. Similarly, we
infer from (7.5) that

! ~ ~
[ 10 ) = (¥ @ ds < 16— Fllges,

The other terms can be treated similarly (using also the fact that G is uniformly
bounded). Since @ < 1,2 — B8 < 1 and p” < p’, we can use Remark 8 [cf. also

(4.2)] and obtain by density that for every ¢ € B‘;} o

t
(Y. P)o = /O [—(VY,. Voo + (Wy. $)o ] ds + Err(r)

with Err(¢) given by (7.9). The bound (7.8) follows from the fact that G is bounded.
O

PROPOSITION 18 (Testing against Y,p _1). Recall that we assume (7.4). There
exists C < oo such that if Z € ﬁg‘; andY € S3TI;" (2), then

1 t . _
;||Yt||§g:/(; [—(p — D(VY,, YI2VY) + (W(Y,, Z,), YP~1), ]ds + Err, (1),
with

t
By )] =€ [ (VXLI% 1P, ds
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PROOF. We first check that we can use Proposition 17 with ¢ = Y,/ ! fora

fixed ¢, that is, we check that Y, e glza, where p’ is the conjugate exponent
of p. By the multiplicative inequality (Corollary 1),

177 ge SIYeNG

p—1
= 1Y%
(p=p’ P

gl,a
p
Since Y; € B\g,a and 8 > 1, we have indeed Y,‘D_1 € gl’,". As a consequence, we
can proceed as in the beginning of the proof of Proposition 14, that is, write
1Yol 2y = 1Yl = (Yo, Y7 = Y70 = (Yo, YY), — (Y Y7,

and then use Proposition 17 to obtain that for any subdivision ¢t = (¢, ..., #,) with
O=1=<---<t,=t1,

IIYzII& - IIYOII& —6@) =710 +72() + Er®),

where
n—1 | 1
SO =Y (Yi Yy, =Y,
i=0
n=l oniy -1
31(L)=_Z/, (VY5 V(¥ ), ds,
i=0""
n—1 li+1 1
32(£)=Z/ (U5, ¥ ), ds
i=0"%
and

n—l ti+1 1
B <C Y [ (VLY b
i=0""

By Proposition 3, the function ¢ — VY; belongs to C([0, T], [52',6 p_ 1’U). Moreover,
a direct adaptation of the argument at the beginning of this proof shows that ¢

) €4 - belongs to C([0, T, B\Il?’,a), and as a consequence, the function ¢ > VY !

belongs to C([0, T], gg’,"). By Proposition 7 (and since 8 > 1), this suffices to
ensure that as the subdivision ¢ gets finer and finer,

31— - /0 (V¥ V() ds,

and similarly,

n—1

lit1 ¢
Zf. (Vs 1¥177), dHfO (IVYs]. 171771, ds.

i=0"1
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Now, using (7.5) and the fact that r — W, is in C((0, T'], g;“’”), together with

the fact already seen that ¢ — Ytp - is in C([0, T, g;}a), we obtain that as the
subdivision gets finer and finer,

t
3o(t) = / (W, YP71)_ds.
0

There remains to check that as the subdivision ¢ gets finer and finer,
p—1
SO — == (I%ilg, =~ IYolZ,).

The proof is the same as that of the similar statement (6.16) in the proof of Propo-
sition 14. We only need to verify that the function 7 — Y; is k-H6lder continuous
as a function from [0, T'] to L%, for some x > 1/2. This is guaranteed by Proposi-
tion 15.

PROPOSITION 19 (A priori estimate in Z{,’) Recall that we assume (7.4). For
every K < 00, there exists C < o0 such that if Z € Q%‘; satisfies ||Z||fg:37; <Kk,
p

Y € §3TI;U(Z) andt < T, then
t
(7.10) 1702, +f0 [y 22V g ds < C.

PROOF. As in the proof of Theorem 6.3, the starting point is to decompose
W (Ys, Z,) into —Yf + W/, so that the identity derived in Proposition 18 becomes

1 ! _
_||Y,||1Lig +f0 [((p— DY} 2|VYS|2”Z£ + }|Y5P+2||Zé]ds
(7.11) t
= L2, + COvYL ), ] ds

We write
As=YP2IVYPlz, Be= Y g

We will now show that the integrand in the right-hand side of (7.11) is bounded
by a linear combination of terms of the form C||Z||"%, s 72AL* B/*. We will then
3

p
summarize all the terms into Table 1, analyse the value of the exponents y1, ..., y4
and conclude. The integrand in the right-hand side of (7.11) is a sum of two terms.
We begin with the second one:

(95, 1%51P71), < AV2[¥P 2 < AL BP0,

by the Cauchy—Schwarz and Holder’s inequalities. This estimate is reported on the
first line of Table 1.
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Each term in the first column is bounded by gﬁféi;terms of the form C||Z||}:%§LS_V2 AP B* for
the values of vy, ..., y4 displayed on the corresponding lines. Recall that v, v,V € (0, 1)
” »2 ” 4 1-y3-»4
(VYL Y517~ o 0 0 3 e 7
(225, ¥ Do 1 0 W ) g o L S -
1 0 0 e e,
0,z v hel / = 2,147 -
1 o 0 ﬁ ﬁ
12, 7Pl 2 5 b Ly > 50D
1 20/ 0 b s
s, ¥y 0 0 0 2, 2

We now move to the study of (W[, Y? _1)(,. We decompose | into a sum of
terms that we will analyse in turn:

W =-3Y27-3YvZ® — 70 4 47 +av,
(1220, 7070, | = (0 20, | S 1Y g 120

where we used Proposition 7 for the inequality, and where p” is the conjugate
exponent of 3p. On the one hand,

Zillg—ao < || Z]|| 50 .
1Zlgsee <121 5,

On the other hand, we would like to use Proposition 8 to estimate || Y +1 lg=e -
.1

Compared with the proof of Theorem 6.3, a new difficulty appears since Propoéi—
tion 8 gives an estimate of the norm in Besov spaces with lower indices equal to
1, while we have p” > 1 here. We solve this difficulty by appealing to an interpo-
lation inequality, for which we now introduce some notation. Let

p+2 p+2
=—— and v="——

(7.12) q= 1 €(0,1),
so that
(7.13) 1 . 1—v v

. 7 =— 7

Note that 1 — v > 1/3, while & < 1/4 since we assume « < «’ and (p +2)a’ < 1.
Hence, there exists «; < 0 such that

3(1—v)
o0=——

(7.14) 1

+vaj.
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The interpolation inequality (Proposition 4) now reads

]_
72+ s, < D27 1|2

Since o1 < 0, by Remarks 9 and 11,

ptl
1Y g S IV N = 877,
while by Proposition 8,

3/4 1/4
70 gne S DIV 1 4 [ gy

By the Cauchy—Schwarz inequality,
|| Ysp|VYS‘|||Z(l’ S Vv ASBS9

while by Holder’s inequality,
ptl
[y iz < B
To sum up, we have shown that

1 1 1
pt 3 %+1 pt pt+

U g 3 ) —
|(YSZZS’YSP_1)U| ,S “Z”@)BS 1)+2(A§BS 4 p+2 +Bsp+2)l v

3(1—v) 3(l§u)+p+; 1-23\;
P 8 r+
SIZlIg A © B

+

+1ZI 7 B

s

(S

We summarize this computation by two lines of Table 1.
We now turn to the evaluation of

|z, YN, | S ¥ e 1287 y00
where p denotes the conjugate exponent of 2 p. We first note that
|22 500 <121 557

We then prepare the ground for the adequate interpolation inequality by setting

. p+2 . p+2
g=—— and V="—7—,
P 4p
so that
1 1—v v
- = + =.
Iz 1 q
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Since 1 —V > 1/2 and « < 1/4, there exists &; < 0 such that
1-9

5 +voy,

o=
and the interpolation inequality is

1Y | e < IIY”IIAuzaHY”||~w
’ ‘1

We have

_P_
Yp i <BP+2’
Y7110 B

~

while for simplicity, we can now use Proposition 8 in the form given by Remark 19:

Y21 gime STV Yllzy + 1Yy

The estimation is completed by the following two observations:

1Y 1vYsllz <A Y 1z

P

Pl - p+2
Y7z < B
To sum up, we have shown the estimate
L
2

, L A _
(5P 7P, S1Z0 s B2 (AP BT 4 BI)!,

which is summarized on the corresponding two lines of Table 1.
The same analysis can be performed for

(22, v,

’

by setting
_ p+2 _ p+2
q:—’ V=,
p—1 3p
so that
1 _I—V )
P 1 T

and proceeding as before. This leads to the estimate

p— —

( 1/232(p+2)+B_2) ’

p
2

(zP, v, |<||Z||As‘2°’B

which we report again in Table 1. The same argument also leads to

p—1 _

(A1/232<p+2) +B_2) ’

17
2

(Z5, YP7Y), 1 S 1Z1l 75, Bs
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whose contribution can be absorbed into that of the previous term (so we do not
report it in the table). Finally, we have

p
(YS’ Ysp_l)a = ”YSPHZ}, S Bsp+2’

and we have finished to fill the table.
In order to conclude the proof, we have to show how to control a term of the
form C||Z ||y1(, ~72 A B!* by the terms A, and Bj that appear on the left-hand

side of (7. 11) We note first that we always have y := y3 + y4 < 1. Moreover,
Young’s inequality for products ensures that

AVBY < AV 4+ BY.

Finally, we observe that sup,-o(—x + ax?) < aT-7, and as a consequence,
A . 1
Sz —VzAV <(1Z V)\(f RAIEA
1o +CIZIG s AT S (1205 577)
and similarly with A replaced by Bs. Hence, it follows from (7.11) that

t t %
||Yt||[z)p +/0 ||YSP—2|VYS|2||Zl ds 52/0 (||Z||%s—yz)1fy ds,
o o p

where the sum is over all yy, y2, ¥ = ¥3 + 14 described in Table 1. In order for the
integral to be finite, we need to ensure that » < 1 — y in all cases. This is granted
by the assumption that &’ (p + 2) < 3/4 (the critical case being the third line from
the bottom in the table). [

We now upgrade the LY estimate to an estimate on a Besov norm of the solution.
We do it in two steps: in the proposition below, we derive a time-averaged estimate.

PROPOSITION 20 (Weak a priori estimate in Besov spaces). Let p > 4 be an
even positive integer such that (7.4) holds, and let & be such that

1
(7.15) a<a<oa+—.
p

For every K < 00, there exists C < 0o such that if Z € 2?3\‘; satisfies ||Z||_§;r <K
and Y € §3T[;0 (Z), then

T p—1
| e <c.
0 r/3

PROOF. Letv=2/(p—1)€(0,1).Since pa <ap+1<a'(p+2)+1<2,
we have & < v. Hence, there exists ag < 0 and 1 € (0, 1) such that

o = (1 —v)ag+ vay.
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By the definition of v, we also have

3_1—1) v

p p

By the interpolation inequality (Proposition 4),

~ 1—v v
(7.16) IIYSIIgZ,/g < ||Ys||8*770’0 IIYsIIg(lw-

Since ap < 0, Remark 11 and Proposition 19 ensure that

(7.17) IYsligeoo S W¥sllzy S 1

(where the implicit constant depends in particular on K). Moreover, by Remark 9
and Proposition 8 (which we only use in the weaker form provided by Remark 19
here), we have

I¥sllgr S W¥llzy + IV Yslzy S I¥slizz + IV lzz-

Using Proposition 19 with p = 2 [noting that (7.4) is clearly satisfied for p = 2],
we obtain that

t
(7.18) 1Y Nl %0 ds < 1.
0 By ~

Combining (7.16), (7.17) and (7.18), we arrive at
t
[, as s,
0 By

which is the announced result. [

We now conclude with a pointwise-in-time estimate of the Besov norm of solu-
tions.

PROPOSITION 21 (Strong a priori estimate in Besov spaces). Let p > 10 be
an even positive integer such that (7.4) holds, and assume furthermore that

p—la+p
p—4 2

(7.19) < 1.

For every K < oo, there exists C < oo such that if Z € 5%\(; satisfies ||Z||§§y <K
3p
andY € S;.Fl;(T (2), then

sup [Vl gso < C.
t<T p/9
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PROOF. Let& € (o, o + 1/p]. Recall from Lemma 14 that
aao S Y5l 2 I N ZO o
19550 S W¥slan + 1¥slas 1 20l e + 1Yl g 1267 | 0

p/3

©T ; p—p
27 gae + 1¥slgee + 12l g

From the definition of || Z]| 7 in (7.1) and Remark 8 [or (4.2)], it follows that
3p

19sllgose < (sl %, +572) (12035, + 1),

r/3

so that

(7.20) II‘PsIIg;/aga (Y5 IIﬁ”+S_2“)

p/3
(where the implicit constant depends in particular on K). By the definition of ¥ €
83,7 (2),

t
Y; = / eTIMy ds,
0
so by Proposition 5 and (7.20),

||Yt||AﬂaN/ (1 =) F (¥, +57) ds

p/?

51+/<r—s> P11, ds.
0

p/3
since a+’3 +2a’ < 1 by (7.4). By Holder’s inequality, since we assume

1 a+p

<1,

it follows that the remaining integral is smaller than a constant times

o 3/(p—1)
IIY Iz , ds ,
17/3

so Proposition 20 enables us to conclude. [

REMARK 25. Informally, we started from
Y =AY +W(Y, 2),

multiplied by Y”~! and integrated to get an estimate on the L” norm, which we
then upgraded to obtain Proposition 21. A similar strategy enables to find an a
priori estimate on the modulus of continuity of the solutions. Indeed, for any fixed

s € [0, T], we write an equation for I7t =Y —Ys (s <t <T),testitagainst 17,’771,
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and proceed as before. We obtain that under the assumptions of Proposition 21, the
set

(v €857 (@.1Zl 7, < K}

is a family of uniformly equicontinuous functions in C([0, T], B\ﬁ’/(;).

8. Construction of solutions in the plane.

THEOREM 8.1 (Existence of solutions in the plane). LetT >0,8 <2, a >0
be sufficiently small, p be sufficiently large, and o > 2. Let X € B; pa 7, and let

Z=(Z,Z%,Z%) beasin (5.42) [that is, Z is the solution of (1.5), and Z™ are its
Wick powers]. With probability one, there exists Y € C([0, T, Bﬁ’/(;) solving (1.6).

PROOF. Recall that we denote the periodic approximations of Z by
Z.y=Zom. 234, Z55).
By Corollary 3, for any o’ > « and every integer M > 1, the quantity

2M)

o/ +E 52
sup (1 Zewll ooz g V1° | 20y 2.
B 3"

2o+ 2 3.
| g P RNZE

(o] BOO o0
is finite almost surely. For o + % <o + % sufficiently small, Theorem 6.1 en-

sures that there exists Y..ps € C([0, T, B&M) such that
t
(8.1) Yi.m =/ e(t_smlII(Ys;M, Zg. ) ds.
0 ;

In particular, Y..); € C([0, T1, B5).
We further impose that p > 3% be sufficiently large that
p—1p
— <
p—42
and then 0 < o < o' sufficiently small that (7.4) and (7.19) hold. We learn from

Corollary 4 that with probability one, there exists a subsequence (My); tending to
infinity and such that

1,

SUp 12,30 77, < 0.

By Proposition 21, it thus follows that with probability one,

(8.2) sup sup || Yz p || gpo < 0.
k t<T p/9

By Remark 25, with probability one, (Y., ) is a family of uniformly equicon-
tinuous functions in C([0, T], B\ﬁ’/‘;). By Proposition 10 (or Proposition 11), for
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every ¢’ > o, we can thus extract a subsequence that converges uniformly in
C(0, 1], Eﬁ;; ) to some Y'; and moreover, Y € C([0, T'], B\g’/‘;). It then suffices to

pass to the limit in (8.1) to obtain (1.8), using the fact ensured by Corollary 4 that

forn =1, 2, 3, with probability one, supy—, - (1=t ||Z;’?1’Wk —-Z" [P —
- ’ 3p —00

0. O "

9. Uniqueness of solutions in the plane. Consider the parabolic Anderson
problem

9.1)

Y =AY +WY (on [0, T] x R?),
Y(0,)=0,

interpreted in the mild sense:
t
(9.2) Y, = / eI (W, Y) ds.
0
We want to find sufficient conditions on W and Y to guarantee that Y = 0.

THEOREM 9.1 (Uniqueness for the parabolic Anderson problem). Assume
that there exists K < 0o, p > 1, uop > 0 and a,a’, b € (0, 00) such that for ev-
eryu <ppandt<T,

9.3) | Well g < K1~ ™.

Let Y be a solution of (9.1) such that for some C < 00, & > o and ¢ < 00, it holds
forevery u < ugandt <T that

9.4 I1Yill g < Cp™.
P
If
0l 1 0 1
9.5) a+a+—+b<1 and a+a+—+a’<1,
2 P P

then Y =0.

REMARK 26. The constant ¢ does not appear in the condition (9.5). This is a
manifestation of the fact that (9.4) can be somewhat weakened if desired, as the
reader can easily check from the proof.

The proof relies on the following estimate.

PROPOSITION 22 (Recursive estimate). Leta > o, p>1,a > 0and u > 0.
There exists C > 0 such that for every n > 1,

! _atd 1
9.6) IYell a2 SC/ (t—s5) 2 7P| Wsllg-amn | Ysll 5 _r_ ds,
B, " 0 P B,

(n+D¥
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where

9.7) pp= o H

PROOF. Note that

1 u:gﬁl_ 1 ) N S
(p/2)2n%  p\n® (n+1)*

It thus follows from Remark 17 that

+ = —_—
pin+D* p  pm+1D)F

9-8) [ Ws Y || oty S IWsllgoaan 1Y ||

(n+1)a ’
/

We now observe that

%4 /w““%wyw

_ata 1
sﬁu—wz PIW Yl

By

! _otd 1
5/0—@ FSIW, Yl e ds,
0 B *2nd

P
2

2 u ds
pa

where we used Proposition 5 in the second step, and Proposition 2 in the third. The
conclusion follows by (9.8). [

We now prepare for a Gronwall-type argument via the following lemma.

LEMMA 15 (Iterated integrals). Let y1, y2 > 0 be such that v + y» < 1, and
define recursively

l(t) =1,
t
L1 (2) :/0 (t—s) Vs 721, (s)ds (n eN).

For every y > y1 and T < 00, there exists C < 0o such that uniformly over n € N
andt <T,

9.9) I(1) <
n

PROOF. Lety =y; + y» and, forn e N,

1
J, :f (1— u)_ylu_yz"'”(l_”)du_
0
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We first show by induction on n that

n—1
(9.10) L) =" e

The case n = 0 is trivial (we understand the product as being 1). For n € N, a
change of variables gives

1
1n+1(t)=r1—yf (1 —w) " a1y (1) du,
0

s0 (9.10) implies the same statement with n replaced by n + 1.
In order to conclude, it suffices to show that there exists C < oo such that for
every n sufficiently large,

logn>1_7’1

9.11) Jn§C<
n

We consider n sufficiently large that —y» +n(1 — y) > 0. For any ¢ € [0, 1), we
can decompose the integral defining J,, along fol 4 ll_s and obtain that

J, <e (1 _8)—V2+n(1—y) +A =y~ Lol=n

Choosing ¢ = c(logn)/n for some constant ¢ gives an upper bound that is asymp-
totically equivalent to

n i clogn\!=n
() e (22
clogn n

It then suffices to fix ¢ sufficiently large to obtain (9.11), and thus conclude the
proof. [

PROOF OF THEOREM 9.1. In view of (9.5), there exists a > O such that
a+a 1

p

We fix = po. By Proposition 22 and the assumption in (9.3), there exists C > 0
such that for every n > 1,

9.12) (1+ab<1-—

ds,

—b ! _ata_ 1 —0{/
1Yl o <Cps /(z—s> E s Y e
B[,n 0 B (n+1)

oc+a

where w, is as in (9.7). We define y; = + —, y» =o', and I,(¢) as in
Lemma 15 [note that y; + 32 < 1 by (9.9)]. By 1nduct10n we obtain

—b
n
(9.13) ||Y,||Bi_ﬂ §C”<U Mk) I, (1) sup 1 Ys || Hl)a-
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As n tends to infinity, we have

ap
IU/}’I n1+aa

so in particular (for some possibly larger C < 00),

n —b
(1‘[ Mk) < C"(nh)+P.
k=1

In view of (9.12), we can define ¢ such that y; <y < 1 and

(9.14) A4+ab<1—vy.
By Lemma 15 and (9.4), the right-hand side of (9.13) is thus bounded by
(o ()10 ((n + 1)“)".
(nH!=7 2

This quantity tends to 0 with n by (9.14), so || Y;|| gion = 0 for every t < T, and
P
thus Y =0. O

THEOREM 9.2 (Uniqueness of solutions). LetT >0,8<2,0 >2,« > 0 be
sufficiently small, and p be sufficiently large (depending on o). Let X¢ € B;“"’,
and let Z = (Z,Z%, Z*¥) be as in (5.42) [i.e., Z is the solution of (1.5), and Z*"
are its Wick powers). With probability one, if YV, Y? e C([0, T, gg"’) are two
solutions of (1.6), then YyH =y®,

PROOF. The process Y := Y1) — y@ solves
t
Y, =/ UMWY ds,
0

where
W=—(rO)2_yDy® _(y@?2 _3y® 4 y®)z _372% 44
We verify that for suitable choices of parameters, the conditions of Theorem 9.1
are satisfied. Observe that
Supﬂwe—mxli < x| o,
"

and as a consequence,

. < - |l =p
sup i -lly S 1+ lzg,
(9.15)

C
sup i - [l g S - 1l zasep -
MPH Bk Bl
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Since the solutions YV, Y@ are in c(o, 1], gﬁ’g), we get that for some ¢ < oo,

sup sup u ||Y,||BM <00 a.s.
0<t<T p=po

By Remark 8 and up to a redefinition of ¢, we also have that for every & < 8,

sup sup uf|| Yyl i < 00 a.s.
0<t<T n=<po By

By Corollary 4, with probability one,

sup (I1Zillguo v 1% 277 [ 77) < oo
0<t<T

By the multiplicative inequalities, it follows that with probability one,

sup * ||W,||B—ao < 0.
O<t<T
Using (9.15), we see that for any given » > 0 and 0 < o < o', we can choose p
sufficiently large that

sup sup i by ||Wt||37w < 00.
0<t<T n=po

The conclusion thus follows from Theorem 9.1. O

APPENDIX: GEVREY CLASSES

We begin by recalling two classical facts about Gevrey classes: first, the sta-
bility of G’ under multiplication; second, that the Fourier transform of a function
in G¥ has fast decay at infinity. We then prove a third result that was needed in
Section 2.3, whose proof is in large measure a combination of the proofs of these
two more classical facts.

PROPOSITION 23 (Stability under multiplication). For every 6 > 1, the
Gevrey class G is stable under multiplication.

PROOF. Let f,g € GY, and let K be a compact subset of R?. There exists
C < oo such that for every x € K and n € N4,

" f| g|(x) < " @n?.

We have

0'(fe1= 3 (n) 0" Fo"s,

m<n
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where we use the multi-index notation (') = The number of m’s such

n!
(n—m)'m!”
o (Inl+d :
that |m| < |n|is ("), so it suffices to show that on K,

(:1) |8n—mfamg| < Cll’lH—l (ny)Q
On K, the left-hand side above is bounded by
n!C"H [ — mytm!] 7,

and since (n — m)!m! < n!, the proof is complete. []

PROPOSITION 24 (Decay of the Fourier transform). [If f € gf., then there ex-
ists ¢ > 0 and C < oo such that
(A1) f©)] < Cemek”"

PROOF. It suffices to show that (A.1) holds uniformly over |{| > 1. For any
n e N4, writing " = {{“ -.-¢h?, we observe that

" f @] =10"F (@) ff\a”ﬂ <M+ my?,

where we used the fact that f is compactly supported and in G? in the last step. As
a consequence, for every positive integer m, letting M = |m /6] (the integer part
of m/0)and M = M + 1, we have

(€= 37 2 B — o o
™1 f @) M f @l =M (al™ + -+ 1eal ™) F @) < MY’

(we use C as a generic constant whose value can change from an inequality to
another). One can then check that the right-hand side above is bounded by

CM+1(M!)9 < CM+1M9M < Cm+1mm
We have thus shown that uniformly over || > 1 and m,

£ ()] sc(é—lm/@)m.

Since

(ch)m

+o0 1/6
| F o) = Z('“ }f(§)|<CZ

m=0 !

and m! > (m/e)™, it suffices to choose ¢ > 0 sufficiently small that cCe < 1 to
obtain the result. []
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PROPOSITION 25 (Exponential decay). Let ¢ € gf be supported in an annu-
lus C, and let

g,(x) = / ¢ (2)e P dg.

There exists C < oo and ¢ > 0 such that uniformly over x € R and t > 0,
1/6

{gt(x)| < Ce—Ct—C|X|

PROOF. It suffices to show that there exists C < oo and ¢ > 0 such that uni-
formly over { e C and n € N9,

(A.2) 8"(["“2) < I et
Indeed, given this, the proof of Proposition 23 shows that uniformly over ¢,
a"(¢(§)e—t|§|2) < CIMH+ (et

and then we can repeat the proof of Proposition 24 to obtain the result.
We now show that (A.2) holds with & = 1. Let us write f(y) =" and g(¢) =
—|§|2. By Fad di Bruno’s formula, forn e Nand 1 <iy,...,i, <d,
" |B|

0
= () ’
3, €©) 2, /) ﬂ Moo 2©

where I is the set of partitions of {1, ..., n}. Because of the form of g, the term
indexed by B in the last product is zero unless | B| < 2. It thus suffices to focus on
showing that

‘Z f(‘”')(g(i))‘ < It lpte=e,
where the sum runs over partitions 7 whose constituents have at most two ele-
ments. Moreover, f(|”|)(y) =¢I7le!Y | and there are
n!
mi'my!2m2

partitions of {1, ..., n} by m; singletons and m, sets of 2 elements (m| 4+ 2my =
n). Let r € (0, 2) be such that |¢|> < r = ¢ ¢ C. It suffices to check that

n! _
Z tm1+m2€ tr

' o < C|n|+1n!e—ct_
m1+2my=n myna:

(A.3)

Since 2N =YV (1,:/) we have (m + m»)! < 2™ F"2p 1 1m5!, and thus, for m; +
2moy =n,

mitms ¢ on fmitma _ (il)”(tr/Z)ml"Hm - (i)nelr/Z'
mi'mo! - (mp+m)! r (my +mp)! — \r
This implies (A.3) (with ¢ =r/2), and thus completes the proof. [
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