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Abstract. We develop the dichotomy spectrum for random dynamical systems and demonstrate its use in the characterization of
pitchfork bifurcations for random dynamical systems with additive noise.

Crauel and Flandoli (J. Dynam. Differential Equations 10 (1998) 259-274) had shown earlier that adding noise to a system with
a deterministic pitchfork bifurcation yields a unique attracting random equilibrium with negative Lyapunov exponent throughout,
thus “destroying” this bifurcation. Indeed, we show that in this example the dynamics before and after the underlying deterministic
bifurcation point are topologically equivalent.

However, in apparent paradox to (J. Dynam. Differential Equations 10 (1998) 259-274), we show that there is after all a
qualitative change in the random dynamics at the underlying deterministic bifurcation point, characterized by the transition from
a hyperbolic to a non-hyperbolic dichotomy spectrum. This breakdown manifests itself also in the loss of uniform attractivity, a
loss of experimental observability of the Lyapunov exponent, and a loss of equivalence under uniformly continuous topological
conjugacies.

Résumé. Nous développons le spectre de dichotomie pour les systeémes dynamiques aléatoires et nous démontrons son utilité pour
la caractérisation des bifurcations de fourches dans des systemes dynamiques aléatoires avec du bruit additif.

Crauel et Flandoli (J. Dynam. Differential Equations 10 (1998) 259-274) ont précédemment montré que 1’ajout de bruit additif
a un systéme comprenant une bifurcation de fourche déterministe produit un unique équilibre aléatoire attractif avec un exposant
de Lyapunov négatif partout, « détruisant » ainsi cette bifurcation. En effet, nous montrons dans cet exemple que la dynamique
avant et apres le point de bifurcation déterministe sous-jacent sont topologiquement équivalentes.

Cependant, dans un paradoxe apparent avec (J. Dynam. Differential Equations 10 (1998) 259-274), nous montrons qu’il y
a apres tout un changement qualitatif du systeéme aléatoire au point du bifurcation déterministe sous-jacent, caractérisé par la
transition du spectre de dichotomie hyperbolique a un spectre non-hyperbolique. Cette rupture se manifeste elle-méme aussi dans
une perte d’attractivité uniforme, une perte d’observabilité expérimentale de I’exposant de Lyapunov, et une perte d’équivalence
sous conjugaisons topologiques uniformes et continues.

MSC: 37TH15; 37TH20

Keywords: Dichtomy spectrum; Finite-time Lyapunov exponent; Pitchfork bifurcation; Random dynamical system; Topological equivalence

The second author was supported by a Marie Curie IEF Fellowship, the third author acknowledges the support by Nizhny Novgorod University
through the grant RNF 14-41-00044, and the fourth author was supported by an EPSRC Career Acceleration Fellowship EP/1004165/1. This re-
search has been supported by EU Marie-Curie IRSES Brazilian—European Partnership in Dynamical Systems (FP7-PEOPLE-2012-IRSES 318999
BREUDS) and EU Marie-Sktodowska-Curie ITN Critical Transitions in Complex Systems (H2020-MSCA-2014-ITN 643073 CRITICS).


http://www.imstat.org/aihp
http://www.imstat.org/aihp
http://dx.doi.org/10.1214/16-AIHP763
mailto:m.rasmussen@imperial.ac.uk

The dichotomy spectrum and pitchfork bifurcations with additive noise 1549
1. Introduction

Despite its importance for applications, relatively little progress has been made towards the development of a bifur-
cation theory for random dynamical systems. Main contributions have been made by Ludwig Arnold and co-workers
[1], distinguishing between phenomenological (P-) and dynamical (D-) bifurcations. P-bifurcations refer to qualita-
tive changes in the profile of stationary probability densities [29]. This concept carries substantial drawbacks such as
providing reference only to static properties, and not being independent of the choice of coordinates. D-bifurcations
refer to the bifurcation of a new invariant measure from a given invariant reference measure, in the sense of weak
convergence, and are associated with a qualitative change in the Lyapunov spectrum. They have been studied mainly
in the case of multiplicative noise [4,10,31], and numerically [2,19].

In this paper, we contribute to the bifurcation theory of random dynamical systems by shedding new light on the
influential paper Additive noise destroys a pitchfork bifurcation by Crauel and Flandoli [9], in which the stochastic
differential equation

dx = (ax —x%)dt + 0 dW,, (1.1)

with two-sided Wiener process (W;);cr on a probability space (€2, F, P), was studied. In the deterministic (noise-
free) case, o = 0, this system has a pitchfork bifurcation of equilibria: if ¢ < 0O there is one equilibrium (x = 0) which
is globally attractive, and if o > 0, the trivial equilibrium is repulsive and there are two additional attractive equilibria
+./a. [9] establish the following facts in the presence of noise, i.e. when |o’| > 0:

(i) For all @ € R, there is a unique globally attracting random equilibrium {ay (®)}peq-
(i) The Lyapunov exponent associated to {a, (w)}weq i negative for all o € R.

As aresult, [9] concludes that the pitchfork bifurcation is destroyed by the additive noise. (This refers to the absence
of D-bifurcation, as (1.1) admits a qualitative change P-bifurcation, see [1, p. 473].) However, we are inclined to
argue that the pitchfork bifurcation is not destroyed by additive noise, on the basis of the following additional facts
concerning the dynamics near the bifurcation point, that we obtain in this paper:

(1) The attracting random equilibrium {a, (®)}yeq is uniformly attractive only if « < O (Theorem 4.2).

(i) At the bifurcation point there is a change in the practical observability of the Lyapunov exponent: when o < 0 all
finite-time Lyapunov exponents are negative, but when « > 0 there is a positive probability to observe positive
finite-time Lyapunov exponents, irrespective of the length of time interval under consideration (Theorem 4.3).

(iii) The bifurcation point o = 0 is characterized by a qualitative change in the dichotomy spectrum associated to
{aq (w)}weq (Theorem 4.5). In addition, we show that the dichotomy spectrum is directly related to the observ-
ability range of the finite-time Lyapunov spectrum (Theorem 4.6).

In light of these findings, we thus argue for the recognition of qualitative properties of the dichotomy spectrum as an
additional indicator for bifurcations of random dynamical systems. Spectral studies of random dynamical systems have
focused mainly on Lyapunov exponents [1,6], but here we develop an alternative spectral theory based on exponential
dichotomies that is related to the Sacker—Sell (or dichotomy) spectrum for nonautonomous differential equations. The
original construction due to R. J. Sacker and G. R. Sell [27] requires a compact base set (which can be obtained, for
instance, from an almost periodic differential equation). Alternative approaches to the dichotomy spectrum [3,5,25,
26,28] hold in the general non-compact case, and we use similar techniques for the construction of the dichotomy
spectrum by combining them with ergodic properties of the base flow. We note that the relationship between the
dichotomy spectrum and Lyapunov spectrum has also been explored in [18] in the special case that the base space of
a random dynamical system is a compact Hausdorff space, but our setup does not require a topological structure of
the base.

In analogy to the corresponding bifurcation theory for one-dimensional deterministic dynamical systems, we finally
study whether the pitchfork bifurcation with additive noise can be characterized in terms of a breakdown of topological
equivalence. We recall that two random dynamical systems (6, ¢1) and (6, ¢2) are said to be topologically equivalent
if there are families {h,},cq of homeomorphisms of the state space such that @a(f, w, he,(x)) = he,e (@1 (¢, ®, X)),
almost surely. We establish the following results for the stochastic differential equation (1.1):

(i) Throughout the bifurcation, i.e. for || sufficiently small, the resulting dynamics are topologically equivalent
(Theorem 5.2).
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(i) There does not exist a uniformly continuous topological conjugacy between the dynamics of cases with positive
and negative parameter « (Theorem 5.5).

These results lead us to propose the association of bifurcations of random dynamical systems with a breakdown of
uniform topological equivalence, rather than the weaker form of general topological equivalence with no requirement
on uniform continuity of the involved conjugacy. Note that uniformity of equivalence transformations plays an impor-
tant role in the notion of equivalence for nonautonomous linear systems (i.e. in contrast to random systems, the base
set of nonautonomous systems is not a probability but a topological space), see [23].

This paper is organised as follows. In Section 2, invariant projectors and exponential dichotomies are introduced
for random dynamical systems. Section 3 is devoted to the development of the dichotomy spectrum. In Section 4,
we discuss the pitchfork bifurcation with additive noise, reviewing the results of [9] and develop our main results in
relationship to the dichotomy spectrum. Finally, in Section 5, we discuss the existence (and absence) of (uniform)
topological equivalence of the dynamics in the neighbourhood of the bifurcation point. Important preliminaries on
random dynamical systems are provided in the Appendix.

2. Exponential dichotomies for random dynamical systems

In this section, we define invariant projectors and exponential dichotomies as tools to describe hyperbolicity and
(un)stable manifolds of linear random dynamical systems.

Let (2, F, P) be a probability space and (X, d) be a metric space. A random dynamical system (0, ¢) (RDS for
short) consists of a metric dynamical system 6 : T x 2 — €, where T =R or T = Z (which models the noise, see
Appendix) and a (B(T) ® F ® B(X), B(X))-measurable mapping ¢ : T x Q x X — X (which models the dynamics
of the system) fulfilling

(1) 90, w,x)=xforallw e Qand x € X,
(1) et +s,w,x)=¢t,0;w,p(s,w,x)) forallt,seT,we Qand x € X.

We assume throughout the document that the mapping x — ¢ (¢, w, x) is continuous for all # € T and w € Q2. Note that
we frequently use the abbreviation ¢ (¢, w)x for ¢(t, w, x) (even if the random dynamical system under consideration
is nonlinear). We also say that a random dynamical system (8, ¢) is ergodic if € is ergodic.

For the spectral theory part of this paper, suppose that the phase space X is given by the Euclidean space R<.
A random dynamical system (6, @) is called linear if for given a, 8 € R, we have

@(t, w)(ax + By) = ap(t, w)x + Bo(t, w)y

forall 7 €T, w € Q and x, y € R?. Given a linear random dynamical system (6, ¢), there exists a corresponding
matrix-valued function @ : T x Q — R?*? with ® (¢, w)x = ¢(t, w)x forall € T, w € Q and x € R4,

Given a linear random dynamical system (6, ®), an invariant random set M (see Appendix) is called a linear
random set if for each w € Q, the set M (w) is a linear subspace of R?. Given linear random sets M;, M»,

o> Mi(w)NMy(w) and > Mj(w)+ M>(w)

are also linear random sets, denoted by M| N My and M| + M>, respectively. A finite sum M| + --- + M,, of linear
random sets is called a Whitney sum M1 @ --- & M, if M1 (w) & --- & M, (w) = R4 holds for almost all w € .
An invariant projector of (9, ®) is a measurable function P : © — R4*? with

P(®)=Pw)* and PHw)®(t,w)=d(, 0)P(w) forallteTandwe Q.
The range

R(P):={(w,x) e xR : x e RP(w)}
and the null space

N(P):={(w.x) €2 xR :x e NP(w))}

of an invariant projector P are linear random sets of (9, ®) such that R(P) & N'(P) = Q x R<.
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The following proposition says that, provided ergodicity, the dimensions of the range and the null space of an
invariant projector are almost surely constant.

Proposition 2.1. Let P : Q@ — R?*? pe an invariant projector of an ergodic linear random dynamical system (6, ®).
Then

(i) the mapping w +— 1k P(w) is measurable, and
(i1) rk P(w) is almost surely constant.

Proof. (i) We first show that the mapping A — rk A on R4*¢ is lower semi-continuous. For this purpose, let {A; }ren
be a sequence of matrices in R?*¢ which converges to A € R4*“, and define r := rk A. Then there exist non-zero

vectors X1, ..., X, such that Axy, ..., Ax, are linearly independent, which implies that det[Axy, ..., Axy, Xr41, ...,
x4] # 0 for some vectors x,41,...,X4 € R4 Since limg_ oo Ay = A, One gets

lim det[Agx1, ..., ApXr, Xpg1, ..., Xq] =detlAxy, ..., AXp, Xpt1, ..., X4l

k—o00
Hence, there exists a kg € N such that vectors Agx1, ..., Arx, are linearly independent for k > ko, and thus, rk Ay > r

for all k > kg. Consequently, the lower semi-continuity of the mapping A +— rk A is proved. Therefore, the map
R?*4 _ Ny, A > rk A is the limit of a monotonically increasing sequence of continuous functions [30] and thus is
measurable. The proof of this part is complete. (ii) By invariance of P, we get that

P(w) = (1, ) P(0)®P(t, w) ",

which implies that rk P (6;w) = rk P (w). This together with ergodicity of 6 and measurability of the map w — 1k P (w)
as shown in (i) gives that rk P (w) is almost constant. ([

According to Proposition 2.1, the rank of an invariant projector P can be defined via
rk P :=dimR(P) :=dimRP(w) foralmostall w € €2,
and one sets
dim N (P) :=dim N P(w) for almostall w € Q.

The following notion of an exponential dichotomy describes uniform exponential splitting of linear random dy-
namical systems.

Definition 2.2 (Exponential dichotomy). Let (6, ®) be a linear random dynamical system, and let y € R and P, :
Q — R9*? be an invariant projector of (9, ®). Then (¢, ®) is said to admit an exponential dichotomy with growth
rate y € R, constants o > 0, K > 1 and projector P, if for almost all w € €2, one has

@, )Py ()| < Ke™®" forallt >0,
[® o) (1 - P, ()] < Ke” ™" forallr <0.

The following proposition shows that the ranges and null spaces of invariant projectors are given by sums of
Oseledets subspaces.

Proposition 2.3. Let (6, ©) be an ergodic linear random dynamical system which satisfies the integrability condition
of Oseledets Multiplicative Ergodic Theorem (see Appendix). Let Ay > --- > Ap and O1(w), ..., Op(w) denote the
Lyapunov exponents and the associated Oseledets subspaces of (6, ®), respectively, and suppose that ® admits an
exponential dichotomy with growth rate y € R and projector P,,. Then the following statements hold:

(1) V¢{)Ll,---,)\p}'
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(i1) Define k :=max{i € {0, ..., p}: A; > y} with the convention that Ay = 00. Then for almost all w € 2, one has

k p
NPy (@)= 0i(w) and RP,(0)= P 0i(w).

i=1 i=k+1

Proof. (i) Suppose to the contrary that y = A for some k € {1, ..., p}. Because of the Multiplicative Ergodic Theo-
rem, we have

1
tlim " lnHQD(t, a))v” =Ar=y forallve Or(w)\ {0} 2.1)
— 00
On the other hand, for all v € R P, (w) we get | ®(t, w)v] < K=y for all r > 0. Thus,
) 1
lim sup " ln||<b(t, w)v” <y—a forallveRP, (),
11— 00
which together with (2.1) implies that Oy (w) N'R P, (w) = {0}. Similarly, using the fact that
) 1
[_1)11_110o " lnHCD(t, a))v” =Ar =y forallve Or(w)\ {0}

and Definition 2.2, we obtain that O (w) NN P, (w) = {0}. Consequently, O (w) = {0} and it leads to a contradiction.
(ii) Let v € R P, (w) \ {0} be arbitrary. Then, according to Definition 2.2 and the definition of k we obtain that

1
lim —In|®(t, w)v|| <y — o < Ag. (2.2)
=00 t
Now we write v in the form v = v; + vi11 +--- + vp, where i € {1, ..., p} with v; #0 and v; € Oj(w) for all

Jj=i,..., p. Using the fact that for j € {i,..., p} withv; #0
lim 10| S, 0)v; | =2; < A
t—o0 t ’ 7 7 ="
we obtain that
o1
lim —]n”CD(t,a))v” = A,
t—oo t
which together with (2.2) implies that i > k + 1 and therefore R P, (w) C @P O; (w). Similarly, we also get that

i=k+1
NP, (w) C @le O; (w). On the other hand,

k P
R = NP, (0) ® RPy (@) =P Oi(w) & @ Oi(w).

i=1 i=k+1
Consequently, we have R P, (w) = @fzk 41 Oi(w) and NP, (w) = @Ll O, (w). The proof is complete. O

The monotonicity of the exponential function implies the following basic criteria for the existence of exponential
dichotomies.

Lemma 2.4. Suppose that the linear random system (0, ®) admits an exponential dichotomy with growth rate y and
projector Py,. Then the following statements are fulfilled:

(1) If Py =1 almost surely, then (8, ®) admits an exponential dichotomy with growth rate { and invariant projector
Pr=1lforalll >vy.
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(i1) If P, =0 almost surely, then (0, ®) admits an exponential dichotomy with growth rate { and invariant projector
Pr=0forall; <y.

Given y € R, a function g : R — R is called y -exponentially bounded if SUP; [0, 00) lg®]le™?" < co. Accord-
ingly, one says that a function g : R — R? is y ~-exponentially bounded if SUP;e(—c0,07 I18(F) le " < 0.
We define for all y e R

SV = {(a), Xx) € QX RY : @ (-, w)x is y T-exponentially bounded},
and
U = {(0,x) € 2 x R?: ®(-, w)x is y ~-exponentially bounded}.

It is obvious that S¥ and U/? are linear invariant random sets of (6, ®), and given y < ¢, the relations S¥ C S ¢ and
UY DU* are fulfilled.

The relationship between the projectors of exponential dichotomies with growth rate y and the sets S¥ and U”
will now be discussed.

Proposition 2.5. If the linear random dynamical system (6, ®) admits an exponential dichotomy with growth rate y
and projector Py, then N (P,) =U" and R(P,) =S” almost surely.

Proof. Suppose that (6, ®) admits an exponential dichotomy with growth rate y, constants «, K and projector P, .
This means that for almost all w € €2, one has

|@@, @) P, ()| < Ke”=®" forallt >0,
(2.3)
[® o) (1 - P, ()] < Ke? ™" forallr <0.

We now prove the relation N (Py) =UY almost surely. (D) Choose (@, x) € U? with w in the full measure set F' € F
where both (2.3) and Birkhoff’s Ergodic Theorem hold, and with x arbitrary. We have that || ® (¢, w)x| < Ce”’ for all
t <0 and some real constant C > 0. Write x = x1 + x2 with x; € RP, (w) and x; € N P, (w). By Birkhoff’s Ergodic
Theorem there exists a sequence #; — —oo such that for all i € N one has 6w € F, and hence
Ix1ll = [ (=1, 6, 0) (11, @) Py ()|
= | ®(—t;,6,0) P, (6,0) P (t;, w)x |

< Kef(y —a)t;

O(t, w)x| < CKe ViVt = CKe™.

The right-hand side of this inequality converges to zero in the limit i — oo. This implies x; = 0, and thus, (v, x) €
N(Py).(C) Choose (w, x) € N'(Py). Thus, forall + < 0 and almost all w € €, the relation || P (¢, w)x|| < K+t x|
is fulfilled. This means that ® (-, w)x is y ~-exponentially bounded. The proof of the statement concerning the range
of the projector is treated analogously. ]

3. The dichotomy spectrum for random dynamical systems

We introduce the dichotomy spectrum for random dynamical systems in this section. For the definition of the di-
chotomy spectra, it is crucial for which growth rates, a linear random dynamical system (6, ) admits an exponential
dichotomy. The growth rates y = £o00 are not excluded from our considerations; in particular, one says that (6, ®)
admits an exponential dichotomy with growth rate oo if there exists a y € R such that (8, ) admits an exponential
dichotomy with growth rate y and projector P, = 1. Accordingly, one says that (6, ®) admits an exponential di-
chotomy with growth rate —oo if there exists a y € R such that (9, ) admits an exponential dichotomy with growth
rate y and projector P, =0.
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Definition 3.1 (Dichotomy spectrum). Consider the linear random dynamical system (6, ®). Then the dichotomy
spectrum of (6, ®) is defined by

Y= {y e R: (0, ®) does not admit an exponential dichotomy with growth rate y}.
The corresponding resolvent set is defined by p :=R \ Z.
The aim of the following lemma is to analyze the topological structure of the resolvent set.

Lemma 3.2. Consider the resolvent set p of a linear random dynamical system (0, ®). Then p N R is open. More
precisely, for all y € p "R, there exists an € > 0 such that B¢(y) C p. Furthermore, the relation 1k Py =1k P, is
(almost surely) fulfilled for all { € B(y) and every invariant projector P, and P; of the exponential dichotomies of
(0, ©) with growth rates y and ¢, respectively.

Proof. Choose y € p arbitrarily. Since (6, ®) admits an exponential dichotomy with growth rate y, there exist an
invariant projector P, and constants o > 0, K > 1 such that for almost all w € €2, one has

2| @@, @) Py ()| < Ke¥ =" foralls >0,

|®t o) (1 - P, ()] < Ke” ™" forallt <0.

Set g := %a, and choose ¢ € B.(y). It follows that for almost all w € €2,
2|01, w) Py ()| < Ke®~2" forallt >0,
|o¢, ) (1~ P, ()| < Ke®2" forallr <0.

This yields ¢ € p, and it follows that tk P, =1k P, for any projector P; of the exponential dichotomy with growth
rate ¢. This finishes the proof of this lemma. a

Lemma 3.3. Consider the resolvent set p of a linear random dynamical system (6, ®), and let y|, y2» € p N R such
that y1 < y2. Moreover, choose invariant projectors Py, and Py, for the corresponding exponential dichotomies with
growth rates y1 and y». Then the relation 1k P, <1k P, holds. In addition, [y1, y2] C p is fulfilled if and only if
tk Py, =1k Py,, and in this case one has that P, = P; almost surely for all y, ¢ € [y1, y2].

Proof. The relation rk P, <rk P,, is a direct consequence of Proposition 2.5, since S"' C §¥2 and "' D U*>. Now
assume that [y1, y2] C p. Arguing contrapositively, suppose that tk P, # rk P,,, and choose invariant projectors Py,
¢ € (y1, y2), for the exponential dichotomies of (6, ®) with growth rate ¢. Define

Co = sup{{ € [y1, y2]: 1k P, ;érkuz}.

Due to Lemma 3.2, there exists an ¢ > 0 such that tk P,y =1k P; for all £ € B, (). This is a contradiction to the
definition of ¢y. Conversely, let rk P,, =1k P,,, then Proposition 2.5 together with the fact that S”' C §*2 and U"' D
U2 yields that R(Py,) = R(Py,) and N'(P,,) = N'(P,,) almost surely, hence P,, = P,, almost surely and P,, is also
an invariant projector of the exponential dichotomy with growth rate y;. Thus, one obtains for almost all w € €2,

[®, )Py, (@) < Kie™ ™" forallt >0
for some K| > 1 and o > 0, and

[®t, @) (L = Py ()| < K2 t®)" forallt <0
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with some K> > 1 and oy > 0. For all y € [yy, y»] these two inequalities imply, by setting K := max{K;, K>} and
o ;= min{a, oz}, that for almost all w €

2| ®(t, ) Py, (@) < Ke¥™®" forallt >0,
[®t, @) (1 - Py ()| < Ke”T®" forallt <0.

This means that y € p, and thus, [y1, y2] C p. Now for arbitrary y, ¢ € [y, y2] with y < ¢ one hasrk P, <rk P;, and
since the relation rk Py, =1k P, also holds, one must have that rk P,, =1k P;. Then Proposition 2.5 together with the
fact that S¥ C 8¢ and U D U yields that R(Py) = R(P;) and N'(P,) = N (P;) almost surely, and hence P, = P;
almost surely. (]

For an arbitrarily chosen a € R, define
[—00,a] :=(—00,a] U {—o0}, la, 00] := [a, 00) U {oo}
and
[—00, —00] :={—00},  [00,00]:={o0},  [—00,00]:=R.

The following Spectral Theorem, describes that the dichotomy spectrum consists of at least one and at most d
closed intervals.

Theorem 3.4 (Spectral Theorem). Let (0, ) be a linear random dynamical system with dichotomy spectrum X.
Then there exists ann € {1, ..., d} such that

¥ =lay,b1]U---Ulay,, byl
with —oo <a; <by<ay<by<---<a, <b, <oo.

Proof. Due to Lemma 3.2, the resolvent set p N R is open. Thus, ¥ N R is the disjoint union of closed intervals. The
relation (—o0, by] C X implies [—00, b1] C X, because the assumption of the existence of a y € R such that (9, ®)
admits an exponential dichotomy with growth rate y and projector P, = 0 leads to (—o0, y] C p using Lemma 2.4,
and this is a contradiction. Analogously, it follows from [a,, c0) C X that [a,, co] C X. To show the relation n < d,
assume to the contrary that n > d + 1. Thus, there exist

f1<f<--<lg€p

such that the d + 1 intervals (—oo, ¢1), (¢1,8$2), - .., ({4, 00) have nonempty intersection with the spectrum X. It
follows from Lemma 3.3 that

0<rtkP; <tkPy,, <--- <1k Py, <d

is fulfilled for invariant projectors Py, of the exponential dichotomy with growth rate ¢;, i € {1, ..., n}. This implies
either rk P;; =0 or rk Py, = d. Thus, either

[—00,0iINE =2 or [{4,00]NT =@

is fulfilled, and this is a contradiction. To show n > 1, assume that ¥ = &. This implies {—o00, oo} C p. Thus, there
exist £1, {2 € R such that (¢, ®) admits an exponential dichotomy with growth rate ¢ and projector Py, =0 and an
exponential dichotomy with growth rate £, and projector P, = 1. Applying Lemma 3.3, one gets ({1, {2) N X # .
This contradiction yields n > 1 and finishes the proof of the theorem. (]

Each spectral interval is associated to a so-called spectral manifold, which generalises the stable and unstable
manifolds obtained by the ranges and null spaces of invariant projectors of exponential dichotomies.
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Theorem 3.5 (Spectral manifolds). Consider the dichotomy spectrum
Y= [a13b1] U---u [an,bn]

of the linear random dynamical system (8, ®) and define the invariant projectors Py, :=0, P, :=1, and for i €
{1,...,n =1}, choose y; € (b;, a;+1) and projectors Py, of the exponential dichotomy of (6, ®) with growth rate y;.
Then the sets

Wi :=R(Py,) NN (Py,_,) forallie{l,... ,n}

are fiber-wise linear subsets of RY, the so-called spectral manifolds, which form a Whitney sum, i.e. for almost all
weQ

Wi(@) @ - ®@Wy(w) =RY,

and moreover, for almost all w € Q, Wi (w) # {0} fori e {1, ...,n}.

Proof. The sets W, ..., W, obviously have linear fibers. We first show that W;(w) # {0} almost surely for all
iefl,....n}. If Wi(w) # {0} does not hold almost surely, then Proposition 2.1 implies that P, (w) = 0 almost
surely, and Lemma 2.4 implies [—00, y1] N ¥ = &, which is a contradiction. A similar argument may be used for W,.
In the case 1 < i < n, using Lemma 3.3, one obtains

dimW; =dim(R(P,,) "N (P,,_)) =1k Py, +d — 1k P,_, —dim(R(P,,) + N (P,,_))) > 1.

Now the relation Wi (w) & -+ ® Wy (w) = R? P-a.s. will be proved. For 1 <i < j <n, due to Proposition 2.5, the
relations W; C R(Py,) and W; C N (Py, ) C N (Py,) are almost surely fulfilled. This yields that, almost surely,

W (@) NWj(w) C R(Py, (@) NN (P, (w)) = {0}.
One also obtains
R? = Wi (@) + N (Py, (@)
=Wi(w) +N(PJ/1 (a))) N (R(Pyz (a))) +N(PV2 (a))))
= Wi (@) + N (P, (@) NR(Py,(®)) + N (P, () = Wi (@) + Wa () + N (P, (w))

using the fact that for linear subspaces E, F, G C R? with E D G fulfill EN(F 4+ G) = (E N F) + G. It follows
inductively that

R =Wi(@) + -+ + Wy(@) + N (Py, (@) = Wi(@) + - - + Wy (@)

for almost all w € Q. O

Remark 3.6. If the linear random dynamical system (6, ®) under consideration fulfills the conditions of the Mul-
tiplicative Ergodic Theorem, then Proposition 2.3 implies that the spectral manifolds W; of the above theorem are
given by Whitney sums of Oseledets subspaces.

The remaining part of this section on the dichotomy spectrum will be devoted to the study of boundedness proper-
ties of the spectrum. Firstly, a criterion for boundedness from above and below is provided by the following proposi-
tion.

Proposition 3.7. Consider a linear random dynamical system (6, @), let ¥ denote the dichotomy spectrum of (6, ),
and define

ot () = {ln+(||<1><1,w)il||>, T=2,
T Intsupepo 1y 190G, )F ), T=R.
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Then % is bounded from above if and only if

esssupa ™t (w) < oo,
weR

and ¥ is bounded from below if and only if

esssupa (w) < 00.
weR

Consequently, if the dichotomy spectrum X is bounded, then ® satisfies the integrability condition of the Multiplicative
Ergodic Theorem.

Proof. Suppose that X is bounded from above. Then there exist K > 1 and I' € R such that for almost all w €
[®@, w)| < Ke™ forallt >0,

which implies that esssup,,.q @™ (w) < In(K) + |T'|. On the other hand, suppose that ess sup, .o @t (w) < co. Then
there exists a full measure set F € F such that for all € F we have o™ (w) < f for some positive number . Define

Q= ﬂQnF.

nez
Due to the measure preserving property of 6, we get that P(2) = 1. Then for all w € £, we have
[0 0] < [0~ 11). 61| |06 10) -+ [ @1 )] <D foralls = 0.
Let y > B be arbitrary and £ < y — 8. Then
[®t, o) <efe” " forallt >0,

which implies that ® admits an exponential dichotomy with growth rate y and projector P, =1, and hence X C
[—oo, B]. Similarly, we get that 3 is bounded from below if and only if esssup,.q o~ (w) < co. This finishes the
proof of this proposition. O

The following example shows that there exist linear random dynamical systems which satisfy the integrability
condition of the Multiplicative Ergodic Theorem, but which have no bounded dichotomy spectrum.

Example 3.8. Let (2, 7, P) be a non-atomic probability space and 8 : Z x 2 — Q2 be a metric dynamical system
which is ergodic. Then there exists, by using [14, Lemma 2, p. 71], a measurable set U of the form

oo k
uv=JJou G.D
k=1 j=0

where U;, i € N, are measurable sets such that

(i) forallk,£eN,ie{0,...,k}and j €{0,..., £}, we have
0;jUrN6;Uy =2 wheneverk #/Lori#j,

(i) 0 <P(Up) < 5 forallk € N.

We now define a random variable a : 2 — R by

I, weQ\U,
a(w) =1k, kisevenand w € 0;U,
}. kisoddand w € 6;Uy,
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with j € {0, ..., k}. Using the random variable a, we define a discrete-time scalar linear random dynamical system
®:ZxQ— Rby

a(p-10) - --a(w), n=l,

d(n,w)=131, n=0,
a@@_10)" ' a@w)t, n<-1.

A direct computation yields that

In(2k)
< 00,
8Kk3

Eln* (| (1 w)|) =Y @k + DPUx) In2k) <Y "2k +1)
k=1 k=1

and

M2

Elnt (o, o)1) = 2k +2)P(Us+1) In(2k + 1)

~
Il

InQk + 1)
—— <
(2k + 1)3

=

2k +2)

WK

»
I

1

Then the linear system @ satisfies the integrability condition of the Multiplicative Ergodic Theorem. The fact that the
dichotomy spectrum of @ is unbounded from above follows from

[®®, )| =k" forallwe Ui withk evenand 0 <n <k + 1.

Similarly, one can prove that the spectrum is unbounded from below.

4. Random pitchfork bifurcation

We first review in Section 4.1 the main results of [9], which concern the one-dimensional stochastic differential
equation

dx:(ax—x3)dt+adW,, “4.1)

depending on real parameters « and o and driven by a two-sided Wiener process (W;);cr. This stochastic differential
equation has a unique random equilibrium {ay(w)}yeq for all & € R. We then show in Section 4.2 that there is a
qualitative change in the random dynamics at the bifurcation point « = 0 in the sense that after the bifurcation, the
attracting random equilibria {a,(®)},eq have qualitatively different properties for « < 0 and « > 0 with respect
to uniform attraction, which is lost at the bifurcation point. We also associate this bifurcation in Section 4.3 with
non-hyperbolicity of the dichotomy spectrum of the linearization at the bifurcation point.

4.1. Existence of a unique attracting random equilibrium

Consider the stochastic differential equation (4.1). We first look at the deterministic case o = 0. Then for o < 0, the
ordinary differential equation (4.1) has one equilibrium (x = 0) which is globally attractive. For positive «, the trivial
equilibrium becomes repulsive, and there are two additional equilibria, given by &./a, which are attractive. This also
means that the global attractor K, of the deterministic equation undergoes a bifurcation from a trivial to a nontrivial
object. It is given by

P « <0,
-V val, a>0.

It was shown in [9] that such an attractor bifurcation does not persist for random attractors of the randomly per-
turbed system where |o| > 0, and we will explain the details now.
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The stochastic differential equation (4.1) generates a one-sided random dynamical system (0 : R x Q@ — Q, ¢ :
]R(J)r x € x R — R) which induces a Markov semigroup with transition probabilities 7' (x, B) for x € R and B € B(R).
Note that since solutions of (4.1) explode in backward time, the system is only defined for nonnegative times.

The stochastic differential equation (4.1) induces a Markov semigroup with transition probabilities T (x, B) for
x € R and B € B(R). A probability measure p on B(X) is called a stationary measure for the Markov semigroup if

,o(B):/T(x,B)dp(x) for all B € B(R).
R

It can be shown [1, p. 474] that for any « € R and |o| > 0, the Markov semigroup associated with (4.1) admits a
unique stationary measure oy, With density

(e -27))
Pa,o (X) = Ny o €Xp ox® — =x , “4.2)

o2 2

where N, o is a normalization constant. This stationary measure corresponds to an invariant measure y of the random
dynamical system (6, ¢) generated by (4.1). The invariant measure u has the disintegration given by

Ue = lim ¢(t,0_,w)p for almost all w € Q2.
—>00

It was shown in [9] that 1, is a Dirac measure concentrated on a, (@), and linearizing along this invariant measure p
yields a negative Lyapunov exponent, given by

2 2
Ag = —F/R(ax —x3) Da,o (x)dx.

Moreover, the family {a,(w)}yeq is the global random attractor (see Appendix), which implies that the attractor
bifurcation associated with a deterministic pitchfork bifurcation (that is, K, bifurcates from a singleton to a non-
trivial object) is destroyed by noise, and p is the unique invariant measure for the random dynamical system. Also
{ay (w)}weq 1s the only solution to (6, ¢) which does not explode and exists for all times.

4.2. Qualitative changes in uniform attractivity

In order to establish qualitative changes in the attractivity of the unique attracting random equilibrium {ay (®)}neq, a
detailed understanding about the location of this attractor is needed.

Proposition 4.1. Consider (4.1) for a € R, and let {a, (w)}weq be its unique random equilibrium. Then for any ¢ > 0
and T > 0, there exists a measurable set A € ‘ono (see Appendix) of positive measure such that

ay(Osw) € (—e, &) foralls €[0,T] and w € A.
Proof. The unique stationary measure p, o for the Markov semigroup associated to (4.1) with |o| > 0 is equivalent to
the Lebesgue measure with the density function given by (4.2). The invariant measure 8, and stationary measure p
are in correspondence by the following relations: the invariant measure is obtained as the limit of the pullback images

of the stationary measure, i.e.

Sa(w) = 11_1)120 @(t,0_;w)p foralmostall w € 2,

and the stationary measure is obtained as the expectation of the invariant measure, i.e.

p()= /Q 8a(w) (1) dP(w) (4.3)
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(see [9]). Now define
ce—laIT
ni=—
2(1+1ol)

Since the support of p is the entire real line, it follows from (4.3) that the set
Ap:i={w e Qaq(w) € (—n, 1)} (4.4)
has positive probability for any o € R. The global pullback attractor {a, ()} is measurable with respect to the past of
the noise F° - (again see [9]), and hence A; € Fo oo~ Define
Ay = {a)e Q: sup |w@®)| < ﬁ} er!
1€[0,T] 2

which, by [15, Section 6.8], has positive probability. Since the sets A; and A, are independent, the set A := A} N
Ay € FT also has positive probability. Choose and fix an arbitrary w € .A. By the definition of A we have that
lag (@)| < n. Since ay (w) is a random equilibrium of ¢ it follows, using the integral from of (4.1), that

t
aq (B;w) = ag (Osw) + / (otaa Orw) —ay (9,60)3) dr + a(a)(t) — a)(s)). 4.5)

Choose and fix an arbitrary ¢ € [0, T']. Define Z := {s € [0, t]: a, (65@) = 0}; by continuity the set Z is closed (but
possibly empty). We consider the following three cases:

Case 1. If t € Z, then |ay (6;w)| = 0.

Case 2. If T isnot empty and ¢ ¢ Z, then s :=supZ < ¢ and a, (6;®) = 0. By the definition of Z and continuity, we
have either a, (6, w) > 0 for all r € (s, t] or ay (6,w) < 0 for all r € (s, ¢]. Using this observation and (4.5), we obtain
that

t
|aq (6,0)| < |0|n+/ || |ag (6r ) | dr.
N

Case 3. If T is empty, then either a, (6;w) > 0 for all s € [0, ¢] or ay(6sw) < O for all s € [0, ¢]. Using (4.5) and
noting that |ay (w)| < n, we arrive at the following inequality:

t
|aq Bi0)| < (14 Ial)n+/0 lot||ag (B5)| ds.
In view of the three cases above, we have that
t
|aa(9,a))|§(l+|a|)n+/ |ot| |ag (Bs)| ds  for all ¢ € [0, T1.
0

Then, using Gronwall’s inequality, we obtain that
|aa (G;0)| < (1+|o])ne!* <& foralls e [0, T].
Thus we have that for all w € A, ay(6;w) € (—¢, ¢) for all ¢ € [0, T'], which completes the proof. O

We now give a detailed description of the random bifurcation scenario for the stochastic differential equation (4.1)
by means of both asymptotic and finite-time dynamical behaviour. The asymptotic description implies that there is
a qualitative change in the uniformity of attraction of the unique random attractor {ay(w)}yegq. On the other hand,
the finite-time description shows that after the bifurcation, even if the time interval is very large, the (asymptotic)
Lyapunov exponent cannot be observed with non-vanishing probability (by a finite-time Lyapunov exponent); how-
ever, before the bifurcation, the (asymptotic) Lyapunov exponent can be approximated by the finite-time Lyapunov
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exponent. Finite-time Lyapunov exponents for random dynamical systems have not been considered in the literature
so far, but play an important role in the description of Lagrangian Coherent Structures in fluid dynamics [13].

Let {ay(w)}peq denote the unique random equilibrium of the stochastic differential equation (4.1). Then
{ay (w)}weq 1s called locally uniformly attractive if there exists § > 0 such that

lim sup ess sup|<p(t, a))(aa(a)) +x) — aa(O,w)| =0.

=0 ye(-5,8) weR

Theorem 4.2 (Random pitchfork bifurcation, asymptotic description). Consider the stochastic differential equa-
tion (4.1) with the unique attracting random equilibrium {ay(w)}weq. Then the following statements hold:

(1) For a <0, the random attractor {ay(®)}weq is locally uniformly attractive; in fact, it is even globally uniformly
exponential attractive, i.e.

|g0(t, w,X)— go(t, w, aa(a)))‘ <e* ’x — aa(a))| forall x e R. 4.6)
(i1) For o > 0, the random attractor {ay(w)}weq is not locally uniformly attractive.

Proof. (i) Let x € R be arbitrary such that x # a,(w). Using the monotonicity of solutions, we may assume that
o(t,w,x) > @(t,w, a,(w)) for all £ > 0. The integral form of (4.1),

t
p(t,w)x =x —I—/ (oup(s, w)x — ((p(s, w)x)3) ds +ow(t)
0

yields that

r
o(t,w)x —e(t,w)ag (@) <x —ay(w) + oc/ (go(s, w)x — (s, a))aa(a))) ds.
0

Using Gronwall’s inequality implies (4.6), which finishes this part of the proof.
(i1) Suppose to the contrary that there exists § > 0 such that

lim sup esssup|p(t, w, aq(®) +x) — aq (B;w)| =0,
=0 xe(=5,8) weQ

which implies that there exists N € N such that

Ja
sup ess sup|<p(t, W, ay (W) +x) — aa(Gtw)| < e forallz > N. “.7)

xe(—=48,8) wef
According to Proposition 4.1, there exists A € F° - Of positive probability such that a,(w) € (—%, %). Note that
—4/a and /a are two attractive equilibria for the deterministic differential equation

¥ =ax — x>,

Let ¢ (-, xo) denote the solution of the above deterministic equation which satisfies x (0) = xg. Then there exists T > N
such that

¢(T,8/2)>? and ¢(T,—8/2)<—?. (4.8)

For any ¢ > 0, we define

Af = {a)e Q: sup o) < e].
tel0,7T]
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Clearly, A € F{ has positive probability, and thus, P(A N AS) = P(A)P(A]) is positive. Due to the compactness
of [0, T'], there exists ¢ > O such that for all w € Aj, we have

Ja

|o(T,@,8/2) = ¢ (T, 8/2)| < ==

and |o(T,w,—8/2) — ¢(T,—38/2)| < ?,

which implies together with (4.8) that

o(T,w,8/2) > ? and o(T,w,—8/2) < _?.

Due to the fact that |ay (@)| < % for all w € AN AF, we get that for all w € AN AT
sup |@(T, 0, aq (@) + x) — ag (Orw)|
xe(—4,9)

> max{ |(p(T, w,8/2) — ay (01 w)

o(T, 0, —8/2) — aq(Orw)|}.

s

Consequently,

sup esssup|<p(t, W, ay (W) +x) — a(x(Gtw)| > ﬂ
xe(=48,8) weR 4

’

which contradicts (4.7) and the proof is complete. ]

For the description of the bifurcation via finite-time properties, we consider a compact time interval [0, 7] and
define the corresponding finite-time Lyapunov exponent associated with the invariant measure 84, (,,) by

1 B0
Ag"" = Fln 8—;(T,a),aa((u)) .

Clearly, the (classical) Lyapunov exponent A3° associated with the random equilibrium a, () is given by

oo __ 12 T,w
Ay = lim A%,
T—o0

In contrast to the classical Lyapunov exponent, the finite-time Lyapunov exponent is, in general, a non-constant

random variable.

Theorem 4.3 (Random pitchfork bifurcation, finite-time description). Consider the stochastic differential equa-
tion (4.1) with the unique attracting random equilibrium {ay(w)}yeq. For any finite time interval [0, T], let )»OT/“’
denote the finite-time Lyapunov exponent associated with {ay(®)}weq. Then the following statements hold.:

(i) For o <0, the random attractor {ay(w)}weq IS finite-time attractive, i.e.
kg"" <a<0 forallweQ.

(i1) For o > 0, the random attractor {a,(w)}weq is not finite-time attractive, i.e.
PlweQ:2* >0} >0.

Proof. (i) follows directly from Theorem 4.2(i).
Ja

(ii) Choose & := 5~ > 0. According to Proposition 4.1, there exists a measurable set A € FT_ of positive proba-
bility such that for all w € A

ay(Osw) € (—e,e) foralls €[0, T].
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Let w € A be arbitrary and we will estimate )»GTl @ Let Oy (2, w) := 83% (t, w, ay(w)) denote the linearized random dy-
namical system along the random equilibrium a, (w). Note that the linearized equation along the random equilibrium
aq(w) is given by
E(D) = (¢ —3a0(6,0)°)E (),

from which we derive that

t
Do (t, ) = exp(/ (o — 3aq (050)?) ds>.
0

We thus get

1 T
Ao =g — ?/O 3aq (B,w)* dt >

AR

which completes the proof. O

Remark 4.4. Finite-time Lyapunov exponents are numerically computable quantities which measure expansion or
contraction rates in a vicinity of a random equilibrium, and the change of the sign of finite-time Lyapunov exponents
marks a bifurcation point observable from a practical point of view. For a system with some specified structures such
as positivity, we refer to [24] for a powerful method to compute the maximal Lyapunov exponent with an explicit
bound.

4.3. The dichotomy spectrum at the bifurcation point

We will compute the dichotomy spectrum of the linearization around the unique attracting random equilibrium {a, (w)}
of the system (4.1). As a direct consequence, we observe that hyperbolicity is lost at the bifurcation point o = 0.

Theorem 4.5. Let @, (¢, w) := aaﬂ“ (t, w, ay(w)) denote the linearized random dynamical system along the random

equilibrium ay (w). Then the dichotomy spectrum Xy of ®q is given by
Yo =[—00,a] foralla eR.

Proof. From the linearized equation along a, ()
§(1) = (o —3aq(6r0)°)§ (1),

we derive that
t
Oy (t, w) = exp(/ (Ol —3ag (HSa))z) ds>. 4.9)
0

Consequently,

|<I>a(t, a))| <"l forallt e R,
which implies that X, C [—o00, «]. Thus, it is sufficient to show that [—oo0, «] C X,. For this purpose, let y € (—o00, o]
be arbitrary. Suppose the opposite, that ®, admits an exponential dichotomy with growth rate y, invariant projector

P, and positive constants K, . We now consider the two possible cases: (i) P, =1 and (ii) P, =0:
Case (i). P, =1, 1i.e. we have

Oy (1, w) < KeV ™" forallr > 0. (4.10)
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Choose and fix T > 0 such that e3” > K. According to Proposition 4.1, there exists a measurable set A € I of
positive measure such that

G (Bs0) € (—//2,/e/2) forallwe Aands €0, T].
From (4.9) we derive that
3e

|<1>a(T, a))| > ACES I Ke(y—s)T’

which is a contradiction to (4.10).
Case (ii): P, =0, i.e. we have for almost all w €

1
DOy (1, 0_10) > ?N”)’ forall z > 0,

which together with (4.9) implies that

InK — V)t !
W > / o (0,6_,)% ds. @.11)
0

Choose and fix T > 0 such that

(T-1? WK+ @—y)T
> .
3 3

Consider the following integral equation

4 2

'
x(t) :/ (ax(s) —x(s)3) ds + E —at— +t.
0 4 2

Clearly, the explicit solution of the above equation is x () = ¢. Due to the compactness of [0, T'], there exists an ¢ > 0
such that for any x(0) € (—¢, ¢) and w(r) with sup,c ryl@ () — % + Ol% — t| < ¢ then the solution x(¢) of the
following equation

t
x(t) =x(0) —l—/ (ax(s) —x(s)3)ds +w(t)
0

satisfies that sup,c;o 71 1x(#) — | < 1. According to Proposition 4.1, there exists a measurable set A € FO of
positive measure such that ay (w) € (—¢, ¢) for all w € A7 . Define A € }'OT by

A= {a)e Q: sup |o) — /4t ar?/2—1] < s}.
te[0,T]

Therefore, for all w € A; N AT, we get

sup |aa(9,a)) — t| <1,
t€l0,7T]

which implies that

(T-13 WK+ @—y)T
> .
3

T
/ aq (6 a))2 ds >
0 3

Note that P(A; N A =P(A;)P(AS) > 0. Then for w € 67 (A7 NAT), the above leads to a contradiction to (4.11),
and the proof is complete. (]
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We have seen in Theorem 4.3 that the bifurcation of (4.1) manifests itself also via finite-time Lyapunov exponents:
before the bifurcation, all finite-time Lyapunov exponents are negative, and after the bifurcation, one observes positive
finite-time Lyapunov exponents with positive probability for arbitrarily large times. This implies in particular that for
positive « the set of all finite-time Lyapunov exponents observed on a set of full measure does not converge to
the (classical) Lyapunov exponent when time tends to infinity. The following theorem makes precise the fact that,
in contrast to the Lyapunov spectrum, the dichotomy spectrum includes limits of the set of finite-time Lyapunov
exponents.

Theorem 4.6. Let (9, ®) be a linear random dynamical system on R¢ with dichotomy spectrum . Define the finite-
time Lyapunov exponent

1 |®(T.
AT o, x) =~ VL T 20 we Qandx e RO\ (0},
T llx I

Then

lim esssup sup A(T,w,x)=supX
T—>00 4weQ xeRd\{0)

provided that sup ¥ < oo and

lim essinf inf A(T,w,x)=infX
T—o00 weQ xeR4\{0}

provided that inf ¥ > —o0.

Proof. By definition of A(7, w, x), we get that forall 7, S >0

(T+ S)esssup sup AT+ S,w,x) <Tesssup sup A(T,w,x)+ Sesssup sup A(S,w,x).
weR  xeR4\{0} weR  xeR4\{0} w€eR  xeR4\{0}

This implies that the function [0,00) N T — R, T = T esssup,cq SUP R\ (0} MT, w, x) is subadditive; we thus
obtain that the limit 7 — oo exists and so

lim esssup sup A(T,w,x)=Ilimsupesssup sup I(T,w,x).
T—00 weQ yeRd\(0) T—o0 weR xeRd\(0)

We first prove that provided sup ¥ < oo, we have

y :=limsupesssup sup A(T,w,x)=supX.
T—oo weQ xeRI\{0}

Since sup ¥ < oo it follows that there exists K > 0 such that
[®, w)| < Ke'sP> forallt>0. (4.12)

Assume first that y < sup X. This means that there exists a #y > 0 such that for all # > 7 and for almost all w € 2, we
have | ® (1, w)|| < e/ V9P Z)/2 Thys, together with (4.12), we obtain for all 7 > 0 and for almost all w € 2 that

[ w)| < Ke!(rHsuw®)/2, K :=max]1, KeoCwE=1/2],

Hence, sup ¥ < (y + sup £)/2, which is a contradiction. Assume now that y > sup X. This means in particular that
sup ¥ < oo. Hence, there exists a K > 0 such that for almost all w € 2, we have

@, w)x| < Ke'YTPE2| x| forall x e RY.
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This leads to A(f, w,x) < (y +sup X)/2 forall x € R?\ {0}, and thus,

y =limsupesssup sup AT,w,x) <(y +supX)/2,
T—oo we xeRd\{O}

which proves the first equality. Similarly, one can show that

lim essinf inf A(T,w,x)=infX
T—o0 weQ xeR4\{0}

provided that inf ¥ > —oo, which finishes the proof of this theorem. (]

In the following example, we construct explicitly a linear random dynamical system with sup ¥ = oo but

lim esssup sup A(T,w,x) < oo.
T—>00 weQ xeRd\(0)

An example of a linear random dynamical system with inf ¥ = —oo but

lim essinf inf A(T,w,x)> —00
T—o00 weQ xeR4\{0}

can be constructed analogously. This example shows the importance of the assumption sup £ < oo or inf ¥ > —oo in
the above theorem.

Example 4.7. Following the construction in Example 3.8, there exist infinitely many measurable sets {U,},en of
positive measure such that for n > 2, U,, 0U,, §>U,, are pairwise disjoint. We define a random mapping A : @ — R
as follows:

L weU,U0Uy,n>2,
Alw)=3n, webU,n=>?2,
1, otherwise.

Let @ denote the discrete-time RDS generated by A. Since In ||A(-)|| is neither bounded from above nor from below,
we get that ¥ (®) = [—o00, oo]. On the other hand, it is easy to see that for all 7 > 2 we get that

ess sup|d>(T, a))| =1,
we

which implies that

1
lim esssup — ln|<i[>(T, a))| =0.

T—00 peqn 1

5. Topological equivalence of random dynamical systems

This section deals with topological equivalence of random dynamical systems [1,16,17,21]. This concept has not
been used so far to study bifurcations of random dynamical systems, and the main aim of this section is to discuss
topological equivalence for the stochastic differential equation (4.1) from Section 4, given by

dx = (ax —x3) dt + o dW;.

The concept of topological equivalence for random dynamical systems [1, Definition 9.2.1] differs from the corre-
sponding deterministic notion of topological equivalence in the sense that instead of one homeomorphism (mapping
orbits to orbits), the random version is given by a family of homeomorphisms {A,},cq. The precise definition for
one-sided random dynamical systems is given as follows.
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Definition 5.1 (Topological equivalence). Let (2, 7, P) be a probability space, 6 : T x 2 — 2 a metric dynamical
system and (X1, d1), (X2, d2) be metric spaces. Then two one-sided random dynamical systems (¢ : ']I‘(J)r XQAxX| —
X1,0) and (¢ : Ta’ x Q x X9 — X3, 0) are called topologically equivalent if there exists a conjugacy i : Q x X1 —
X fulfilling the following properties:

(1) For almost all w € €2, the function x > h(w, x) is a homeomorphism from X to X».
(i) The mappings (@, x1) — h(w, x1) and (w, x2) — (o, Xx7) are measurable.
(iii)) The random dynamical systems ¢ and ¢, are cohomologous, i.e.

o (t, w, h(w,x)) =h(6;0, 91 (t, ,x)) forallt >0, x € X| and almost all w € L.

A bifurcation is then described by means of a lack of topological equivalence at the bifurcation point. The following
theorem says that near the bifurcation point o = 0, all systems of (4.1) are equivalent.

Theorem 5.2. Let ¢, denote the one-sided RDS generated by the SDE (4.1). Then there exists an € > 0 such that for
all a € (—¢, ¢) the random dynamical systems @, are topologically equivalent to the dynamical system (e 'x); yeR.

Proof. Let a,(w) denote the unique random equilibrium of (4.1). According to the results in [9], we obtain that

5 ffooo u? exp(g%(om2 — %u“)) du
Eay(0)” = — T T3
fiooexp(?(au —yut))du

and therefore,

0o 2 4
i exp(—7) du o

1% exp(—;;—42) du

lim Eay (0)? =
a—0

Then there exists an &€ > O such that for all « € (—¢, €), we have

3
§:= A—L]an(a))2 —a>0.

For any x e R and (1, w) € Ra' x €2, we define
Y(t, 0, x) = @q(t, 0, x + do (@) — ag (Or0). (5.1

By using the transformation function f (w, x) := x —ay (w), the random dynamical systems ¢, and ¥ are topologically
equivalent. Hence, it is sufficient to show that v is topologically equivalent to the dynamical system (e 'x), ycRr; the
proof of this is divided into four parts.

Part 1. We first summarise some properties of y:

(1) Since ay (w) is a random equilibrium of ¢, , it follows that

Y(t,w,0)=0 forallt>0andw e 2. 5.2)
(2) Due to the monotonicity of ¢, for x1 > x>, we have

Y(t,w,x1) > Y, w,x2) forallwe Qandr>0. 5.3)

(3) From (4.1), we derive that
t

Yt w,x) =x+ / Y (s, 0, %) (@ — ao (s0)* — aa(O;0)¢pa (5, ©, ag (@) + x)
0

— 0u (s, @, g (@) +x)7) ds,
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consequently,
t
v, w,x)=x exp(/ o — g (Bsw)? — ay (Bsw) @ (s, , ay(w) + x)
0

—<pa(s,a),ao,(w)+x)2ds>. 5.4

Part 2. We shall now demonstrate some estimates on . According to Birkhoff’s Ergodic Theorem, there exists an
invariant set 2 of full measure such that

1 t
lim - / aq (050)% ds = Eagy (w)>. (5.5)
0

t—>+o00 t

Choose and fix @ € Q. From (5.5), there exists T > 0 such that for all || > T we have

L[ 2 2
" ay (Bsw)°ds — Eay (w)
0

<§é. (5.6)
The elementary inequality u? + uv + v? > %uz for u, v € R implies with (5.4) that for x > 0

! 3
w(taa)v-x)ixexp<\/\ o — Zaﬂt(e‘Ya))ZdS>7
0
then for ¢t > T, (5.6) implies the following estimate

U (1,0, x) <xe 3, forallx > 0. (5.7)

Note that the function v as defined in (5.1) can be defined for certain negative times also (as the cocycle ¢q is
invertible locally), and we have

lim Y(t,w,x)=00 forx>0 and lim ¢, w,x)=—00 forx <0, (5.8)
t—k(w,x)+ t—k(w,x)+

where k (w, x) denotes the infimum of the domain of the function ¢t — (¢, w, x).
Part 3. We now show the required conjugacy. By (5.2) and (5.3), for x > 0 we have ¥ (s, w, x) > 0 for all s >0,
and consequently by (5.7) and (5.8) we obtain that

o o0
lim Y(s,w,x)ds =0 and lim / Y (s, w, x)ds = oo.
r—o0 J,. r—k(w,x)+ Jr
Hence there exists a unique r(w, x) such that
o0
/ (s, w,x)ds=1. 5.9)
.

(w,x)

Similarly, r(w, x) for x < 0 is defined to satisfy

o
/ (s, w,x)ds =—1, (5.10)
r(w,x)
and we define r(w, 0) := —oo. Using the cocycle property of ¥, we obtain that

r(a),x)=r(93w,1ﬂ(s,a),x))+s. (5.11)
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Define the function

PACER x>0,
glw,x):=10, x=0,
—e"@X) 0.

We will now show that g transforms the random dynamical system  to the dynamical system (e'x); ycr. For any
x > 0, we have ¥ (s, w, x) > 0 and thus from the definition of the function g it follows that

g(6s0, Y (s, 0, x)) = "BV ),
which implies together with (5.11) that
g(0sw, ¥ (s, w,x)) = "N = ¢S g(w, x).

Similarly, for x < 0 we also have g(0sw, ¥ (s, w,x)) = e *g(w, x) for all s € (k (w, x), 00), w € Q2.

Part 4. We will show that g, : R - R, x > g(w, x) is a homeomorphism, and that g is jointly measurable. Choose
and fix w € Q.

Injectivity: From the definition of g, it is easily seen that for x; > 0 > x, we have

8o (x1) > 0> g,(x2).
On the other hand, based on strict monotonicity of ¥ we get that for x; > x > 0
o o0
/ w(s,w,x])ds>/ (s, w,x3)ds =1.
r(w,x2) r(w,x2)

Consequently, r(w, x1) > r(w, x2) and thus g, (x1) > g, (x2). Similarly, for 0 > x; > x, we also have g,(x1) >
8w(x2). Therefore, g, is strictly increasing and thus injective.

Continuity: We first show that lim,_, o0+ g, (x) = 0. Let ¢ > 0 be arbitrary. Choose T > T such that fs—‘e_%f < %
ande 7T <e¢. By (5.7), for all r > T we have
Y, w,x) < e iy,
As a consequence, for all x € (0, 1) we get
o0 o0 s 1
/ ¥(s,w,x)ds 5/ e ¥ ds < —. (5.12)
T T 3
Since limy—.q ¥ (s, w, x) =0, [—T, f] is a compact interval and lim,_,o K (w, x) = —o0, there exists §* > 0 such that

T 1
/ i I/I(s,w,S*) ds < 3

T

which together with (5.12) implies that

o0
/ Y(s,w,x)ds < % forall x € (O, min{l,é*}).
-7

Therefore, r(w, x) < —T and thus 2o (x) < ¢ for all x € (0, min{1, §*}). Hence, limy_, o+ g,(x) = 0. One can simi-
larly show that lim,_,o— g, (x) = 0, and thus g, is continuous at 0. The continuity of g on the whole real line can be
proved in a similar way.

Surjectivity: It is easy to prove surjectivity from

lim g,(x) =00 and lim g,(x) = —o0.
xX—00 X——00
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Measurability: By the definition of g, in order to prove the joint measurability of g it is enough to show the joint
measurability of the mapping (w, x) > r(w, x). Since the map x + r(w, x) is continuous for each fixed w € €, it
follows from e.g. [7, Lemma 1.1] that it is sufficient to show that the map w > r(w, x) is measurable for each fixed
x € R. Choose and fix an arbitrary x > 0, and let 8 € R be arbitrary. Then, by the definition of r(w, x) we have

{w:r(w,x)fﬁ}: {a):/oow(t,a),x)dtfl}
B

= m {a):/nt/f(t,a),x)dt<l}.
B

neN,n>p

It should be clear that for each n € N, the map w — |, g ¥ (t, w, x)dt is measurable, and consequently the map w —

r(w, x) is measurable. The case x < 0 is similar, and we have defined r(w, 0) = —o0 for all w € Q. Thus we obtain
the measurability of the map w — r(w, x) for all x € R.
This completes the proof of this theorem. ]

This theorem implies that the stochastic differential equation (4.1) does not admit a bifurcation at @ = 0 which is
induced by the above concept of topological equivalence. In addition, because of the observations in Theorem 4.5, this
concept of equivalence is not in correspondence with the dichotomy spectrum (linear systems which are hyperbolic
and non-hyperbolic can be equivalent).

We will show now that the concept of a uniform topological equivalence is the right tool to obtain the bifurcations
studied in this paper.

Definition 5.3 (Uniform topological equivalence). Let (2, F, P) be a probability space, 8 : T x Q2 — Q a metric
dynamical system and (X1, d;), (X2, d>) be metric spaces. Then two one-sided random dynamical systems (¢ :
']I‘aL X Qx X1 — X1,6)and (¢; : Tar X Q2 x Xo — X», 0) are called uniformly topologically equivalent with respect to
arandom equilibrium {a(w)},ecq of ¢; if there exists a conjugacy / : 2 x X1 — X fulfilling the following properties:

(1) For almost all w € €2, the function x — h(w, x) is a homeomorphism from X to X».
(ii)) The mappings (w, x1) — h(w, x1) and (w, x2) — h~l(w, x;) are measurable.
(iii) The random dynamical systems ¢; and ¢; are cohomologous, i.e.

P (t, w, h(w,x)) =h(6;0, ¢1(t,®,x)) forallt >0, x € X| and almost all w € L.
(iv) We have

lim esssup  sup dz(h(w,x),h(w,a(w)))zo
320 LeQ xeBs(a(w))

and

lim ess sup sup dl(hfl(a),x),d(w)) =0.
=0 »eQ xeBsh(w,a()))

Note that, in comparison to the concept of topological equivalence (Definition 5.1), we added (iv) to take uniformity
into account.
We show now that uniform topological equivalence preserves local uniform attractivity.

Proposition 5.4. Let (2, F,P) be a probability space, 0 : T x Q — Q a metric dynamical system and (X1, d1),
(X2, d2) be metric spaces, and let (¢ :’]I‘g X Q x X1 — X1,60) and (¢, : T(‘; X Q x Xy = X»,0) be two one-
sided random dynamical systems which are uniformly topologically equivalent with respect to a random equilibrium
{a(w)}peq of 1. Let h : 2 x X1 — X7 denote the conjugacy. Then {a(w)}weq is locally uniformly attractive for |
if and only if {h(w, a(w))}weq is locally uniformly attractive for ¢;.
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Proof. Suppose that {a(w)}yeq is locally uniformly attractive for ¢; and let n > 0. Then there exists a y > 0 such
that

esssup  sup  da(h(w,x), h(w, a(w))) <n.

weR  xeBy(a(w))

Since {a(w)}yeq is locally uniformly attractive for ¢1, there exists a § > 0 and a T > 0 such that

esssup  sup  di(g1(t, w,x),a(w)) < Y forallt >T.
weR  xeBs(a(w)) 2

Hence, for all t > T', we have

esssup  sup  da(h(6rw, 91 (1, , %)), h(6;0, a(b0))) < 7.
weR xeBs(a(w))

This means that for all # > T', we have

esssup  sup  da(p2(r, 0, h(w, X)), h(6iw, a(b;0))) <7,
weR xeBs(a(w))

and there exists a 8 > 0 such that

esssup sup di(h™ (@, %), a(w)) <
weQ  xeBg(h(w,a(w)))

N

Finally, this means that for all # > T', we have

ess sup sup dr(¢2(t, 0, ), (61, a(6,w))) < n,
weQ xeBg(h(w,a(w)))

which finishes the proof that {4 (w, a(®))},eq is locally uniformly attractive for ¢;; the converse is proved similarly. [J
As a consequence of this proposition, it follows that (4.1) admits a bifurcation.

Theorem 5.5. The stochastic differential equation (4.1) admits a random bifurcation at « = 0 which is induced by
the concept of uniform topological equivalence.

Proof. This is a direct consequence of Theorem 4.2 and Proposition 5.4. |

Appendix
A.1. Metric dynamical systems

Let B(Y) denote the Borel o-algebra of a metric space Y. Consider a time set T =R or T = Z, and let (2, 7, P) be a
probability space. A (B(T) ® F, F)-measurable function 6 : T x Q@ —  is called a measurable dynamical system if
0(0,w)=wand O(t+s,w) =0(t,0(s,w)) forallz,s € T and w € 2. We use the abbreviation 6;w for 6 (¢, w). A mea-
surable dynamical system is said to be measure preserving or metric if PO(¢, A) =PA forallt € T and A € F, and
such a dynamical system is called ergodic if for any A € F satisfying 6; A = A forall t € T, one has PA € {0, 1}. A par-
ticular metric dynamical system, which naturally is used when dealing with (one-dimensional) stochastic differential
equations, is generated by the Brownian motion. More precisely, 2 := Co(R,R) :={w € CR,R) : (0) = 0}. Let
be equipped with the compact-open topology and the Borel o-algebra F := B(Co(R, R)). Let P denote the Wiener
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probability measure on (€2, F). The metric dynamical system is then given by the Wiener shift 6 : R x Q — €, de-
fined by 9(f, w(:)) :== w(- + 1) — w(t), and it is well-known that € is ergodic [1]. On (€2, F), we have the natural
filtration

]-'St ::a(a)(u) —w@):s<u,v< t) forall s <t¢,
with 0,71 F = FI 1L,
A.2. Invariant measures

For a given random dynamical system (6, @), let ©® : T x Q x X — Q x X denote the corresponding skew product
flow, given by O(t, w, x) := (6;w, (¢, w)x). This is a measurable dynamical system on the extended phase space
Q2 x X. A probability measure p on (2 x X, F ® B) is said to be an invariant measure if

(1) w(©®;A)=pu(A) forallteTand A e FQB,
(i) mou="P,

where mqu denotes the marginal of w on (€2, F). If the metric space X is separable and complete, then an invari-
ant measure u admits a P-almost surely unique disintegration [1, Proposition 1.4.3], that is a family of probability
measures ([Lq)weo With

M(A)Z/ / La(w, x) die (x) dP ().
QJX

A.3. Random sets

A function w — M (w) taking values in the subsets of the phase space X of a random dynamical system is called
a closed (compact, respectively) random set if M(w) is closed (compact, respectively) for all w € Q and the map
w +— d(x, M(w)) is measurable for each x € X. We use the term w-fiber of M for the set M (w). Note that if X is
a Polish space, then closed (compact, respectively) random sets are measurable sets of the product o -algebra F @ B
[11, Remark after Definition 14]. A random set M is called invariant with respect to the random dynamical system
0, @) if p(t, w)M(w) = M (6;w) forall t e R and w € Q.

A.4. Random attractors

A nonempty, compact and invariant random set o + A(w) is called global random attractor [11,20] for a random
dynamical system (6, ¢) with metric state space (X, d), if it attracts all bounded sets in the sense of pullback attraction,
i.e., for all bounded sets B C X, one has

tlim dist(go(t, 0_;w)B, A(a))) =0 foralmostall w € 2,
—00

where dist(C, D) := sup..c d(c, D) is the Hausdorff semi-distance of C and D. A global random attractor (given it
exists) is always unique [8]. The existence of random attractors is proved via so-called absorbing sets [12]. A compact
random set B(w) is called a compact random absorbing set if for almost all w € 2 and any bounded set D C X, there
exists a time 7 > 0 such that

¢(t,6_,0)D C B(w) forallt>T.

Suppose that ¢ (t, w, -),t € T, w € L, is continuous. Given a compact random absorbing set B(w), it follows that there
exists a global random attractor {A(w)}yeq, given by

A) = Je.0_0)B(w) foralmostall € Q.

=017
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A.5. Lyapunov exponents and multiplicative ergodic theory

Given a linear random dynamical system (6, ®) in R, a Lyapunov exponent is given by

1
A= lim —1n||<l>(t, W)X H for some w € Q and x € RY \ {0}
t—=o0 |t|

The Multiplicative Ergodic Theorem [1,22] shows that there are only finitely many Lyapunov exponents provided the
random dynamical system is ergodic and fulfills an integrability condition. More precisely, consider a linear random
dynamical system (0 : T x @ — , & : T x Q — R4*?) suppose that 0 is ergodic and ® satisfies the integrability
condition

sup Int (@, )*'|) e L' (®),

t€(0,1]

here In* (x) := max{0, In(x)}. Then the Multiplicative Ergodic Theorem states that almost surely, there exist at most
d Lyapunov exponents 1| < Az < --- < A, and fiber-wise decomposition

R? = 01(w) ® 02(w) @ ---® Op(w) for almost all w €

into Oseledets subspaces O; C R4 such that for all i € {1,..., p} and almost all w € L2, one has

1
lim —In||®@, w)x| =1; forallx € O;(w)\{0}.
t—too |t
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