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Abstract. We will prove that: (1) A symmetric free Lévy process is unimodal if and only if its free Lévy measure is unimodal;
(2) Every free Lévy process with boundedly supported Lévy measure is unimodal in sufficiently large time. (2) is completely
different property from classical Lévy processes. On the other hand, we find a free Lévy process such that its marginal distribution
is not unimodal for any time s > 0 and its free Lévy measure does not have a bounded support. Therefore, we conclude that
the boundedness of the support of free Lévy measure in (2) cannot be dropped. For the proof we will (almost) characterize the
existence of atoms and the existence of continuous probability densities of marginal distributions of a free Lévy process in terms
of Lévy—Khintchine representation.

Résumé. Nous montrons que: (1) Un processus de Lévy libre symétrique est unimodal si et seulement si sa mesure de Lévy libre
est unimodale; (2) Chaque processus de Lévy libre avec mesure de Lévy a support borné est unimodal en temps suffisamment
grand. (2) est une propriété tout a fait différente des processus de Lévy classiques. D’autre part, nous trouvons un processus de
Lévy libre tel que la distribution marginale n’est pas unimodale pour tout temps s > 0 et dont la mesure de Lévy libre n’est pas de
support borné. Par conséquent, nous concluons que I’hypothése sur le support de la mesure de Lévy libre dans (2) ne peut pas étre
supprimée. Pour la preuve, nous caractérisons (presque) 1’existence d’atomes et 1’existence de densités de probabilité continues
pour les distributions marginales d’un processus libre Lévy en termes de sa représentation de Lévy—Khintchine.
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1. Introduction

A Borel measure o on R is said to be unimodal if, for some ¢ € R,

() = pu(fe})Se(dr) + f (o) de, (L1)

where f:R — [0, co) is non-decreasing on (—oo, ¢) and non-increasing on (¢, 00). In this case c is called the mode.
A stochastic process is said to be unimodal if the marginal distributions are all unimodal.

Unimodality in the context of free probability was investigated first by Biane [10] who proved that all free stable
laws are unimodal, and then by Haagerup and Thorbjgrnsen [12] who proved that free gamma distributions are uni-
modal and by Hasebe and Thorbjgrnsen [15] who proved that all freely selfdecomposable distributions are unimodal,
generalizing the past results. We continue research on unimodality in free probability. We have two main results in
this paper.

(Ul) A symmetric free Lévy process is unimodal if and only if its free Lévy measure is unimodal.
(U2) Every free Lévy process with boundedly supported Lévy measure is unimodal in sufficiently large time.
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(U1) and (U2) will be proved in Theorem 4.1 and in Theorem 5.1 respectively. We will investigate other properties
on the marginal distributions of free Lévy processes:

(At) Characterizing the existence of atoms in terms of free Lévy—Khintchine representation;
(De) Almost characterizing the continuity of the probability density functions in terms of free Lévy—Khintchine
representation.

These results will be used in the proofs of (U1) and (U2).

The background of (Ul) and (U2) traces back to Yamazato’s theorem in 1978 proving that all classical selfde-
composable distributions are unimodal [28]. After Yamazato’s theorem there have been contributions to the study of
unimodality by Sato, Watanabe, Yamazato and others, see [26]. However, a necessary and sufficient condition for
an infinitely divisible (ID) distribution or a Lévy process to be unimodal is not known in terms of the Lévy mea-
sure and Gaussian component. Characterizing unimodal ID probability measures seems a difficult question, but the
characterization of unimodal symmetric Lévy processes is known in terms of the unimodality of the Lévy measure.

Theorem 1.1 (Medgyessy [20], Wolfe [27]). Let i be symmetric and ID. The following statements are equivalent.

(1) w* is unimodal for any s > 0.
(2) The Lévy measure of ju is unimodal (with mode 0).

Note that if u is symmetric ID then its Lévy measure is also symmetric. Hence the mode of the Lévy measure must be
0 if it is unimodal.

Medgyessy showed the implication (2) = (1) and Wolfe showed the converse. When pu is not symmetric, the
implication (1) = (2) still holds true as shown by Wolfe [27], but (2) does not imply (1). Actually Wolfe gave the
following example.

Proposition 1.2 (Wolfe [27]). Let p be an ID distribution without a Gaussian component. Suppose that its Lévy

2 302
m? "

measure is a probability measure with mean m # 0 and variance o= < 0o. Then u** is not unimodal for s >

Hasebe and Thorbjgrnsen [15] proved the free version of Yamazato’s theorem: All freely selfdecomposable distri-
butions are unimodal. In the present paper we will prove (U1), i.e. the free analog of Theorem 1.1, thus finding another
similarity between classical and free Lévy processes in addition to Yamazato’s theorem. Wolfe’s Proposition 1.2 says
that for a class of Lévy processes, the unimodality fails to hold in large time. In free probability, the opposite con-
clusion holds; we can show (U2) saying that all free Lévy processes with boundedly supported Lévy measure are
unimodal in large time. Thus a sharp difference on unimodality appears between classical and free Lévy processes as
well as similarities.

The background of (At) is also some classical result: The existence of atoms in a classical convolution semigroup
(U**)s>0 can be characterized in terms of the Lévy—Khintchine representation. Recall that a measure u on R is said
to be continuous if w({x}) =0 for any x € R.

Theorem 1.3 (See [24], Theorem 27.4). If w is ID, then the following are equivalent:

(1) w* is not continuous for some s > 0;
(2) w* is not continuous for any s > 0,
(3) misoftypeA.

We will study atoms and try to show the free analog of Theorem 1.3, but the complete analog fails; the free analog
of assertion (1) does not imply the free analog of (2) since a free convolution semigroup does not have an atom in
large time [11, Proposition 5.12] (note that the statement in [11] is only for discrete time n € N but the proof applies
to real time). However, we will show that the free analogs of assertions (1) and (3) are equivalent.

We will prove the existence of a continuous density on R under some assumptions, which seems to have no classical
counterpart. In particular, any free convolution semigroup in large time becomes absolutely continuous with respect
to the Lebesgue measure with a continuous probability density function.
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The proofs of our results on (At) and (De) are based on Huang’s necessary and sufficient condition for the existence
of an atom and Huang’s density formula [17], respectively. The proofs of the main results (U1) and (U2) are based on
Huang’s density formula, (At), (De) and the methods developed in [12] and [15].

The remaining sections are organized as follows. Section 2 contains basic knowledge on free probability required in
this paper. We will review classical and free ID distributions and then Huang’s density formula for FID distributions.
Section 3 contains results on atoms and the continuity of probability density functions. Section 4 contains the rigorous
statement of (U1) and its proof. We will include several examples of probability measures in the free Jurek class and
also in the class of freely selfdecomposable distributions. Section 5 contains the rigorous statement of (U2) and its
proof. Then we find an unbounded free Lévy process whose marginal distribution is not unimodal at any time, thus
showing that we cannot remove the assumption of boundedness in (U2). Throughout the paper several open questions
are presented.

2. Preliminaries

2.1. ID distributions

We collect some concepts and results on ID distributions that appeared in Introduction and that will motivate defini-
tions in Section 2.2. We refer the reader to [19,24,25] for details. A probability measure on R is said to be ID (infinitely

divisible) if it has an nth convolution power root for any n € N (this nth root is actually unique). A probability measure
w is ID if and only if its characteristic function has the Lévy—Khintchine representation

1 .
() = exp[inuu — 5“#”2 + /R(e”” —1- iutl[_l,l](t))vu(dt)], ueR, 2.1)

where 7, is real, a;, > 0 (called the Gaussian component) and v, (called the Lévy measure) is a nonnegative measure
on R satisfying

v, ({0}) =0, /Rmin{l,tz}uﬂ(dtkoo. 2.2)

The triplet (1., ay, v,) is called the characteristic triplet.

Definition 2.1. Let . be an ID distribution and let v be its Lévy measure.

(1) The measure w is said to be s-selfdecomposable if v is unimodal with mode 0. The set of s-selfdecomposable
distributions is denoted by U(x). The class U(x) is called the Jurek class (see [18]).

(2) The measure w is said to be selfdecomposable if the measure |t|v(dt) is unimodal with mode 0. The set of selfde-
composable distributions is denoted by SD(x).

By definition we have the inclusion SD(x) C U(x).
In Theorem 1.3 the following terminology was used (see [24]).

Definition 2.2. An ID distribution |1 on R is of type A if its characteristic triplet (n,, a,, v,) satisfies a,, =0 and
v (R) < oo.

An ID distribution p is of type A if and only if © = §. * p for some ¢ € R and a compound Poisson distribution p.
2.2. FID distributions

Let G, be the Cauchy transform of a probability measure 1 on R

Gu(2) :=/Rz%xu(dx), zeC™, (2.3)
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and let F, be the reciprocal of G, that is

Fu(z) = zeCt, (24)

Gu (2) '
called the reciprocal Cauchy transform of u. We define the truncated cone

Tomi={zeC"|Im@z) > M,

Re(z)| < Alm(2)}. (2.5

In [11] it was proved that for any A > 0, there exists &, 8, M > 0 such that F, is univalentin I'y g such that F}, (I'y,g) D

"y, m, and so the right compositional inverse map Fl;1 Tom— CT exists such that Fyo F;l =IdinT; .
Then the free cumulant transform (or the R-transform) is defined by

Cum)=zF;'(1/2)—1, 1/z€Tin. (2.6)
This is a variant of the Voiculescu transform

0u(2) == F'(2) —2=2C.(1/2), ze€Tyum. 2.7)
Then C,, is the free analog of log /i since it linearizes free convolution:

Cumv (2) = Cu(z) +Cu(2) (2.8)

for all z in the intersection of the domains of the three transforms.

A probability measure on R is said to be FID (freely infinitely divisible) if it has an nth convolution power root for
any n € N. Bercovici and Voiculescu proved that p is FID if and only if the Voiculescu transform ¢, (z) := F l(z2)—z
has analytic continuation to a map from CT taking values in C~ UR. This condition is equivalent to the condition that
—@, extends to a Pick function, and so it has the Pick—-Nevanlinna representation (see [11])

14+xz
Z—X

o,(dx), zeC* 2.9)

0u(2)=—vu +/
R

for some y,, € R and a nonnegative finite measure o,, on R. This representation can be rewritten in the form [6]

e —1—tzl[_1,1](t)>vu(dt), zeC, (2.10)

Cu(z) =nuz +aﬂz2 +/ <
R

where n, € R, ay, > 0 and v, is a nonnegative measure on R satisfying

vll({O}) =0, /Rmin{l, tz}vﬂ(dt) < 00. 2.11)

The formula (2.10) is called the free Lévy—Khintchine representation. It has a correspondence with the classical Lévy—
Khintchine representation (2.1). The triplet (1, ay, v, ) is called the free characteristic triplet, a,, is called the semi-
circular component and v, is called the free Lévy measure of jr. For an FID distribution p, the free convolution
semigroup MEES, s >0, is defined to be the measure having the free characteristic triplet (sn,,, sa,, sv,). Note that the
finite measure o, in (2.9) and v, are related by the formula

1+1?
v, (de) = t—zo'u IR\ (0} (dF). 2.12)

For a given ID distribution p with characteristic triplet (1, a,, v,,), we can define an FID distribution A () having
the free characteristic triplet (n,,, a,, v,,). The bijection A:ID — FID is called the Bercovici—Pata bijection [10].

We then define the free analog of the Jurek class that appeared in [4] and the class of selfdecomposable distributions
introduced in [7].
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Definition 2.3. Let i1 be FID and v be its free Lévy measure.

(1) The measure w is said to be freely s-selfdecomposable if v is unimodal with mode 0. The set of freely s-
selfdecomposable distributions is denoted by U(B) and is called the free Jurek class.

(2) The measure p is said to be freely selfdecomposable if the measure |t|v(dt) is unimodal with mode 0. The set of
freely selfdecomposable distributions is denoted by SD(H).

By definition, we have the inclusion SD(H) C U(H), and in terms of the Bercovici—Pata bijection we have
A(SD(x)) = SD(H) and A(U(x)) = U(H). A freely selfdecomposable distribution p has a free Lévy measure of
the form v, (dt) = % dr where k is non-decreasing on (—oo, 0) and non-increasing on (0, co). Unless p is a point
measure or a semicircle distribution, k # 0 and so k(0+) > 0 or k(0—) > 0, and hence v, (R) = oo. By contrast, there
are freely s-selfdecomposable distributions & whose free Lévy measure satisfies v, (R) < oo.

The probability distribution & characterized by

Cr(2) = —

— 2.13)

is called the standard free Poisson distribution. It is known that for a probability measure o on R the free multiplicative
convolution X o is the compound free Poisson distribution characterized by

Cmo(z)=/ E o). (2.14)

rR1—1z

This fact can be proved by using the S-transform as in [22, Proposition 4] when o is compactly supported with
nonzero mean. The general case is shown by approximation. Note that X is bi-continuous with respect to the uniform
distance [11], but weak bi-continuity is still not known except the special case when both probability measures are
supported on [0, 00).

2.3. Atoms and probability density functions of FID distributions

Let u be an FID distribution. It is known that the singular continuous part of u is zero [8, Theorem 3.4] and the
number of atoms of w is at most one [11, Proposition 5.12], so

Ww=wd. + u* (2.15)

for some ¢ € R and w € [0, 1]. Moreover, Huang derived a formula for the absolutely continuous part . Since u is
FID, the map F’ " oy =z+ ¢, (z) extends to an analytic function in Ct. Let

v () :=inf{y > 0] Im(F; ' (x +iy)) > 0}, (2.16)
which is a continuous map on R, and let Q := F,,(C"). Then
Q={x+iylxeR,y>v,(x)} (2.17)

The map F, I extends to a homeomorphism from  onto C* UR and then the map x > x + iv, (x) is a homeomor-
phism from R onto d2. Thus one can define

Yu(x) = F (x +iv, (1), x€eR, (2.18)

which is a homeomorphism of R. For more details see [17] and also [16].

Theorem 2.4 (Huang [17], Theorem 3.10). Let ju be an FID distribution. Let V), = {x € R | v, (x) > 0}. Then the
support of the absolutely continuous part u*° is ¥ (V,,) and

d ac
L(wﬂ(x)) — v (¥)

™ —n(x2 o, x eR. (2.19)
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Moreover, | has an atom if and only if v, (0) = 0 and

. Fl(ie) — F,1(0) _
£l0 ie

w >0, (2.20)

and in this case ,u({FM_I(O)}) =w.

Itis known that v, is real analytic in V,, and hence so is du*/dx in v/, (V,,). This implies that if an FID distribution
w1 is unimodal then it is strictly unimodal, i.e. there is no plateau of the density.

As an immediate consequence of Huang’s formula, we prove an asymptotic property of the tail of an FID distribu-
tion.

Proposition 2.5. If u is FID then

due
lim X
|x]—00 dx

(x)=0. 221

Proof. If v, (x) > O then v;_(zx) + v, (x) > 2|x|, and so by (2.19) we have

dude 1
o W) = s 7O (2:22)
Since v, is a homeomorphism of R it satisfies limy|— o [/, (x)| = 00, and the conclusion follows. U

3. Existence of atoms, continuity of density functions
We define the free analog of type A distributions via the Bercovici—Pata bijection.

Definition 3.1. An FID distribution p on R is of free type A if its free characteristic triplet (n,,a,, v,) satisfies
ay, =0and v, (R) < oo.

Remark 3.2. A probability measure | is of free type A if and only if u = 5. B p for some ¢ € R and a compound free
Poisson distribution p. This is because the class of free type A distributions is the image of the type A distributions
by the Bercovici—Pata bijection. The free Lévy—Khintchine representation of a free type A distribution has the reduced
form

Cﬂ(z)zcuz—i-/(L — 1>vﬂ(dt), zeC™, 3.1
R 1—zt

where ¢, € R and v, is the free Lévy measure.
The main result of this section is:

Theorem 3.3. If u is FID, then the following are equivalent:

@)) pLEES is not continuous for some s > 0;
(2) wis of free type A,

and in this case pLEBs has an atom at SFM’1 (+i0) with mass 1 — sv,(R) for 0 <s < v, (R)~Y, and /LEBS does not have
an atom for s > I)M(R)_l. We understand that UM(R)_I =o0ifv,(R) =0, i.e. wis a delta measure.

This theorem follows from the following.
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Theorem 3.4. Let u be FID and (1, a,,, vy,) be its free characteristic triplet.

(1) Ifa, >0o0ra, =0and v, (R) e (1, 00] then u = p* with continuous density function on R.
(2) Ifa, =0and v, (R) =1 then p = u*.
(3) Ifay, =0and v, (R) €0, 1) then the limit FH_I(—l—iO) € R exists and M({Fu_l(—f-iO)}) =1-v,([R).

Remark 3.5.

(i) Every selfdecomposable distribution satisfies v, (R) = oo unless it is a point measure or a semicircle distribution
(see the paragraph following Definition 2.3), so it is absolutely continuous with respect to the Lebesgue measure
with continuous density on R. This was also remarked in the end of [15]. Case (3) shows that some freely s-
selfdecomposable distributions have atoms, by contrast to the fact that freely selfdecomposable distributions do
not have atoms.

(ii) In case (3) a question is if the density of the absolutely continuous part u? is continuous or not. Actually both
are possible. An example of continuous du®® /dx is given by the free Poisson distribution m'Hs for0 <s < 1orby
Cp, % < p < 1 in Example 4.8. An example of discontinuous du?c /dx is given by the classical mixture of Boolean
stable law by, , ® u where w({0}) € (0, 1) and (a, p) satisfies some conditions, see Example 4.9 for p =1/2 and
see [4] for the general case. On the other hand, in case (2) there is no example of u that has a continuous density,
see Conjecture 3.7 for further details.

Proof of Theorem 3.4. (1) Recall that the free Lévy—Khintchine representation is given by

C[L(Z) =Nu +a/4Z2 +/R( —-1- tZl[l,l]O))‘)u(dt)a (3.2)

1—1z
and so, for z =1y,

F () =z+2C,(1/2)

—iy( =2 11 / : v (dr) ) + +/ e t1—1.17(t) | (dt) (3.3)
BRANEE R2+y2 " Y A .

If ay, >0 ora, =0,v,(R) € (1, 00] then Im(Fu_l(iy)) < 0 for some y > 0 close to 0 by (3.3), and so v, (0) =
inf{y >0 | Im(FM*1 (iy)) > 0} > 0. By Theorem 2.4, u = ¢ and the density of u? is continuous on R since ¥, is a
homeomorphism, v, is continuous on R and, as we saw, v, (0) > 0.

(2), 3)If ay, =0 and v, (R) < oo then (3.3) reduces to

_ . 2 t
F () =1y<1 - fR mvu(dt)) +cp +y2/R mvﬂ(dt), (3.4)

where z =iy and ¢, = 0, — [ 1{-1,1](t)v, (dr). By monotone convergence theorem, the function
2
yi=>1-— /R m”u(dt) 3.5)
is a bijection from (0, oo) onto (1 — v, (R), 1). Hence if v, (R) € [0, 1] then
Im(F, ' (iy)) >0, y>0, (3.6)
so v, (0) = 0. Moreover,

F ' (+i0) = lim F iy =cp (3.7)
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by dominated convergence theorem. Furthermore by dominated convergence theorem,

F 1 (iy) — F1(+i0) 12 t
fim z“‘“(]_/ﬁwdﬂ‘i/ %Vu(d’))
yl0 1y yi0 RI“+Y RIZ+Y

=1—v,(R). (3.8)

By Theorem 2.4, . = u® if v, (R) =1, and @ has an atom at ¢, with mass 1 — v, (R) if v, (R) € [0, 1). O
We can prove the following.

Corollary 3.6. Suppose that an FID measure . is absolutely continuous with respect to the Lebesgue measure. If the
density function of | is not continuous at 0, then the free Lévy measure v, is a probability measure and p =m M v,,.

Proof. By Theorem 3.4, the semicircular component a,, must be 0 and v, (R) must be 1. This implies that u is the
shifted compound free Poisson distribution 6., B (7 X v,,) having the reduced free Lévy—Khintchine representation
(3.1). From Huang’s formula for density (2.19), the discontinuity point of the density must be v, (0) = F, w L(+i0),
which is equal to ¢, from the computation (3.7). Our assumption implies that ¢, =0,so u = X,. (]

From the literature there are many FID distributions that are absolutely continuous with respect to the Lebesgue
measure having discontinuous density functions: the standard free Poisson distribution; (mixtures of) Boolean stable
laws [3,4]; some beta distributions of the first and second kinds [13]; some gamma distributions [13]; the square of
every symmetric FID random variable having a positive density at 0 [5, Theorem 2.2]. Corollary 3.6 implies that these
probability measures are of the form & X v with v({0}) = 0. In [5] a stronger result is shown for the last case: a
symmetric random variable is FID if and only if its square has the distribution & X ¢ where o is free regular.

We know that 4 = 4 in the critical case a, =0, v, (R) =1 in Theorem 3.4. Moreover, Corollary 3.6 says that a
sufficient condition for a;, = 0, v, (R) = 1 is that u = u* and its density function du/dx is discontinuous at a point.
The converse is still open, so let it be a conjecture.

Conjecture 3.7. Let v be a probability measure such that v({0}) = 0. Then the FID measure &t X v is absolutely
continuous with respect to the Lebesgue measure and the density is discontinuous at 0. More strongly, the density
tends to infinity at 0.

If this is true then we will get the complete characterization of all FID distributions with discontinuous density
without an atom.

4. Characterizing symmetric unimodal free Lévy processes
We show the main result (U1), the free analog of Theorem 1.1.

Theorem 4.1. Let 1 be symmetric and FID. The following statements are equivalent.

(1) /,LEE‘Y is unimodal for any s > 0.
(2) wisin UEH).

Remark 4.2. There are symmetric unimodal distributions which are not freely s-selfdecomposable. Such examples

are given by ¢, in Example 4.8 for p € [%, % + ‘1/—05) or by Theorem 5.1. Thus the assertion (1) in Theorem 4.1 is not

equivalent to “uBs s unimodal for some s > 0.”

Thus, if u is symmetric and ID then we have the equivalence
1™ is unimodal forall s >0 <= A(/JL)ES is unimodal for all s > 0.

The easier part of the proof is (1) = (2) and it follows from the following lemma.
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Lemma 4.3. Let i be FID, and let v be its free Lévy measure. Then it holds that

1
[ f(x)v(dx) =lim — / S (dx)
R ot Jr
for any bounded continuous function f on R which is zero in a neighborhood of 0.
Proof. This follows from [11, Theorem 5.10] since we have (2.12). O

Proof of Theorem 4.1. (1) = (2). Note that a symmetric (possibly infinite) measure p on R is unimodal if and only
if the distribution function D, (x) := p((—00, x]) is convex on (—00,0), i.e. Dy(px + (1 — p)y) < pDy(x) + (1 —
p)D,(y) forall p € (0,1),x,y € (—00,0).

Let v be the free Lévy measure of p. The convergence in Lemma 4.3 implies that the functions D, (x) :=
D"MEEI/" (x) converge as n — oo to D, (x) at all points x < O where D, is continuous. Let x, y < 0 be continuous
points of D,,. Since D,, is convex, by taking the limit we have

D,(px+ (1= p)y) < pDy(x)+ (1 — p)Dy(y), 4.1

where p is taken so that D, is continuous at px + (I — p)y. Such p’s are dense in (0, 1) and then by the right
continuity of D, (4.1) holds for all p € (0, 1). Again by right continuity (4.1) holds for all x, y < 0. This implies that
D, is convex, and hence v is unimodal. O

The converse part (2) = (1) requires more efforts. Let v be the free Lévy measure of a probability measure p.
Consider the function A,:CT UR — [0, co] defined by

o 2v(1)
Av(x+1y)—‘émdt. (42)

This function is important since, if © has no semicircular component,

sy<§ —Ay(x +iy)> = |m(F,:E%S (x +1iy)) -

for x € R, y > 0 (it is easy to extend the definition of A,, when w has a semicircular component so that (4.3) holds,
but for simplicity we will avoid such a case). The function A, was denoted by Fj in [15].

Lemma 4.4. Let p be an FID distribution and (n,, a,, v,) be its free characteristic triplet. Suppose that a, =0,
vu(R) =00 and s > 0. If the equation A,(R sin(9)el?) = % has at most two solutions 0 € (0, ) for each fixed
R € (0, 00), then ,bLEBs is unimodal.

Proof. The proof is similar to [15, Proposition 3.8]. Let us denote vy := v, m, and V¥ := wﬂaas. The assumptions

"
imply that v;(0) > 0 and MBHS is absolutely continuous with respect to the Lebesgue measure and the density f;(x) :=

dpEs /dx is continuous on R by Theorem 3.4.
We first show that for each p € (0, 00), there are at most two solutions x to the equation

vy (x)

p=1( )=

4.4)
It then suffices to consider x such that vs(x) > 0, and for such x, vs(x) is the unique solution y > 0 to the equation

Ay(x +iy) = % (4.5)
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The curve {x +iy e CT | m = p} can be expressed as {# sin(@)e'? | 6 € (0, )} in polar coordinates, which is

a punctured circle tangent to the x axis at 0. By (4.4) and (4.5) it suffices to show that for each R > 0 there are at most
two solutions 8 € (0, ) to the equation

A, <L sin(e)ei9> = 1, (4.6)
o s

which is the case by assumption.

By Proposition 2.5 and the continuity of f;, the density f; attains the global maximum at a point xq. If wBs were
not unimodal then the density would attain a local maximum at a point x; # xq (since f is real analytic and hence it
does not have a plateau). By intermediate value theorem there exists ¢ < f;(x1) such that the equation f;(x) = c has
at least four solutions, a contradiction. O

Lemma 4.5. Let i be symmetric and FID, and let v be its free Lévy measure. Assume that v is of the form v(dt) =
£(|t]) 1r\{oy (t) dt, where £: (0, 00) — [0, 00) is a function that satisfies the following conditions:

(@) ££0, e C*((0,00)) and ¥’ <O0;
(b) lim, o 134(t) = 0;
(c) There exists M > 0 such that £(t) =0 fort > M.

Then for any R € (0, 00) the function
0 — A,(Rsin(0)e”)
is strictly decreasing on (0, 7] and strictly increasing on [ 5, 7).

Proof. Let u be a new variable defined by t = (R sinf)u. Then

2 .
. ¢(Rusin®
Av(Rsin(Q)e‘g)stiné?/ u”t(Rusin6)

—~—~du, 6€e(0,m). 4.7
r 1 —2ucosf + u? . €0.m “.7)

Let h(u) := ¢(Ru), u > 0, and

00 2 /1 — 2
E(x) :=/ LY V1= x2)du, xe(—1,1), (4.8)
o 1 —2xu+u?
E(x):=§x)+&(—x), xe(=1,1). 4.9)
Since v is symmetric, we have
Ay(Rsin(0)e’) = E(cosh), 60 e (—m, 7). (4.10)
Since E is symmetric, it suffices to show that

E'(x)>0, xe(0,1). 4.11)

For any x in (—1, 1) we note first by differentiation under the integral sign that

[} 2 301 _ 42
S’(x)zf (— SR G 0 ) L (/1= x2) du
0

w2 —2xu+1 @?=2xu+12)/1—x2

00 3
+ / (' (/1= x2)) du. (4.12)
0

u? —2xu+1
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We can prove the following:

u xt? 263(1 — x?)
k(x,u) = — dr
(x, ) /0 ( t2—2xt+1+(t2—2xt+1)2>

4x3u —3xu —2x%2 +1 u—Xx
= — 4xv/1 — x2arctan| ———
xut u? —2xu+1 o * («/1—x2>

+ (1= 262 log(u? — 2xu + 1) — 1 +2x% + 4xy/1 — 2 arctan(%). (4.13)
— X

By integration by parts, (4.12) becomes

£ (x)= /00 K(x,u)(—h (uv/1 —x2))du, (4.14)
0

where
K (o) = k(o) + 20
x,u) =k(x,u _
u? —2xu +1
4x%y? — u? —2xu 2 2
R S + (1 —2x7) log(u” — 2xu + 1)
u—x X
+4xv1 —x2 (arctan<7> + arctan(i)). 4.15)
V1—x2 1—x2

Therefore
() = / " LG ) (=h (/1= x2)) dus. (4.16)
0

where
Lx,u):=K(x,u) — K(—x,u). “4.17)

In order to show (4.11) it suffices to show that L(x,u) > 0 for (x,u) € (0, 1) x (0, 00). For this we compute the
derivative

9 4u?x((5 — 8xDu* +2(3 — 2xHu + 1)
—L(x,u)=

4.18
u W? — 2xu + 1)2W? + 2xu + 1)2 (4.18)

By calculus, for x € (0, @], the map u +— L(x,u) is strictly increasing in (0, co). For x € (@, 1), there ex-
ists a unique «(x) € (0, oo) such that the map u — L(x, u) is strictly increasing in (0, «(x)) and strictly decreas-
ing in (a(x), 00). Since L(x,0) =0 and lim, o L(x, u) = 4wx+/1 — x2 > 0 for x € (0, 1), we then conclude that
L(x,u) > 0for (x,u) € (0,1) x (0, 00). O

Proof of Theorem 4.1. (2) = (1). We first assume that © € U(H) has the free characteristic triplet (n, 0, v) and the
free Lévy measure v satisfies the assumptions of Lemma 4.5, and moreover,

V(R) = co. (4.19)

By Lemma 4.5, for each R > 0 the function 6 — A, (R sin(0)e'?) has at most two solutions 6 € (0, ), and so by
Lemma 4.4, ;LES is unimodal.
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A general symmetric 4 € U(H) with free characteristic triplet (1, a, v) can be approximated by the probability
measures considered above. The arguments are similar to [15, Lemma 6] so only the sketch is given here. The free
Lévy measure v is of the form £(|¢|) dt where ¢: (0, oo) — [0, 00) is non-increasing. Then we define

ehy, o<r<i
O@0=1¢w), L<i<n, (4.20)
0, t>n.

Then En < £2+1,n € N. Take a nonnegative function ¢ € C*(R) such that supp(¢) C [—1, 0] and fi)l p()dr =1.
Define ¢, (¢) :=ne(nt) and £, := (¢ * £2)|(0,oo). We can show that supp(¢,) C (0, n], £, < £,41 and £,(¢) 1 £(¢) at
almost all 7 € (0, co) (with respect to the Lebesgue measure). Finally take a nonnegative function p € C*°(RR) such
that p(—1) = p(¢), p is strictly positive in a neighborhood of 0, o’(t) < 0 for ¢ € (0, 00), supp(p) is compact and

Jg p(1)dt = 1. We define

—1

v (de) 1= €, (J21) de + = +f np(nt) dr. 4.21)

Let w, be the FID distribution having the free characteristic triplet (1, 0, v,). The free Lévy measure v, satisfies the
assumptions of Lemma 4.5 and (4.19), so ,uEHS is unimodal for all s > 0. One can show the weak convergence
2 2

t
T VAN = v (dn) + ado, (4.22)

so by [7, Theorem 3.8] ;L;ES converges to ,uEES weakly for each s > 0. Since pLEES is unimodal and the weak convergence
preserves the unimodality, w5 is unimodal. ]

Up to now there is no counterexample to:

Conjecture 4.6. Let p be an ID distribution. The following are equivalent:
(1) w* is unimodal for any s > 0;

2) A(,u)EES is unimodal for any s > 0.

In the classical case if we drop the assumption of symmetry, then Theorem 1.1 fails to hold as Proposition 1.2
shows, so there are non-unimodal probability measures in the Jurek class U(x). The free analog is not known.

Conjecture 4.7. There exists a non-unimodal probability measure in U(H).
Examples of freely s-selfdecomposable or selfdecomposable probability measures are provided below.

Example 4.8. Let ¢, be a mixture of a Cauchy distribution and 5o:

¢p(dx) = pdo + (1 )IR(x) dx, pel0,1]. (4.23)

This measure is symmetric and unimodal. It was proved in [4, Proposition 5.8] that ¢, is FID if and only if p €
{0} U [%, 1]. Moreover, we claim here that:

(1) ¢p isin SD(H) if and only if p =0, 1;

(2) ¢p isin U(H) if and only if p € {0} U [5 o> 3 1.

The first point (1) is easier. By Remark 3.5(1), ¢, is not in SD(H) for 0 < p < 1. The Cauchy distribution ¢y has
the free Lévy measure 7~ Y¢=2dr and the delta measure ¢ has the free Lévy measure 0, so ¢y, ¢; € SD(H).
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The second point (2) is more delicate and needs a lot of computation. Let p € [%, 11, for which ¢, is FID. The
Voiculescu transform is given by

1
gocp(z)zi(—z—i+\/zz+2(2p— Diz—1), zeC™, (4.24)

where the map 7 +— \/z2 +2(2p — )iz — 1 is defined analytically in C so that it preserves the set i(0, 00). The
Stieltjes inversion formula implies that the free Lévy measure is given by —ﬂ—iz limy 0 Im(¢c, (x + iy)) dx. We put

10 — (x +10)24+22p — Di(x +i0) — 1,0 € (=7 /2, 37/2). Note then that r = /x* + ux? + 1, where u == 2(8p* —
8p+1) €[=2,2]. Then limy o Im(¢c, (x +1iy)) dx = AT sin %, and so we get the free Lévy measure

ve, (dx) = (V2= (r =2 +1)) 1y 0y () dx, (4.25)

1
24/ 27 x2

which is symmetric. With the new variable y = x2, the density of ve , reads

Vi tuy+1—y+1 > 0. (4.26)
2\/_71')1 \/ y y y

After a lot of calculation, we can show that the function (4.26) is non-increasing on (0, 00) if and only if u € [— =, 2],

which is equivalent to p € [54{(‘)[, 1].

Example 4.9.
(1) The free Meixner distribution fm, ; for a € R, b > —1 (see [1,23]) is defined by

V41 +b) — (x —a)?

fm, ,(dx) = b tax i D) 1[0_2\/1_‘_—;)’”+2m](x) dx + 0, 1 or 2 atoms, “4.27)
(142b)z+a—+/(z—a)? —4(1 +b)
G = , 4.28
fma. (2 2622 +az+ 1) 29
—a+z—y(@—a?-4b
Pfm,, , (2) = 4.29)

2b ’

where J/w is continuously defined in C\ [0, 00). It is known that fm, p, is FID if and only if b > 0 [23]. For b > 0,
its free Lévy measure is given by

= V- -, d 430
Ve, (46) = —— 1102 yp.ar2v/bn o)) 4X- (4.30)

By elementary calculus, we have the following equivalence for a € R, b > 0:
fm,, e SDE) <= fm,, cUH) <= d’><4b.
(2) The free stable laws are freely selfdecomposable. Let 2 be the set of admissible pairs
={(@.p)laec(.2],pel0, 11N[1—a" " a™']}. 4.31)

Assume that (o, p) is admissible. Let £, , be the free stable law [10,11] characterized by the following.
1) Ifa #1, then

(pfa,p (Z) = _eipaﬂzl—c{7 Z e (C+~
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(i) Ifa =1, then

22p —1
o, ,(2) = —2pi + % logz, zeCT .

Then the free Lévy measures are as follows.

() Ifa #1, then

sin(a (1 — p)m) sin(oprr)
Veg,p = MTI( 00,0)(x) dx + 71(0 o0y (x) dx.

(i) Ifa =1, then

2(1—p) 2p
vfl,ple( ooO)(X)dX-l- 1(() 00)(x) dx.

(3) Let by sym, @ € (0, 2) be the symmetric Boolean stable law defined by

db,sym _ sin(ar /2) Bl  xeR 4.32)
dx T |x[% 4 2[x|% cos(am /2) + 1
1
Gn . S— c (C+, 4.33
b & = Gy -

where for a # 1 the map z — (—iz)' ™% is defined analytically in Ct so that it maps i(0, 00) onto itself. For
any probability measure p on [0, 00), the classical mixture by sym ® p is known to be in U(H) for o € (0, %] 4,
Theorem 5.13(2)], but it is not freely selfdecomposable unless u = 8q. If we denote by u? the induced measure by
the map x — xP, the free Lévy measure of by sym ® w'/® is given by

vbuysym(@u]/"‘ — H|Z’(l—20()/(x X fa,l/Z X Mgl/a’ (4.34)
see [4, Proposition 4.21(1)]. Mixtures of some positive Boolean stable laws are also in U(H), see [4, Proposi-
tion 4.21(2)].

(4) The probability measure m X my, , was investigated in 2], where my, ,, is a monotone stable law. We restrict the
parameters to (a, p) € (0, 1) x [0, 1], and then the monotone stable law is defined by

Fn,,(2) = (2 + 7)1/ zecCH, (4.35)

where all the powers are the principal value. Since my, , is unimodal with mode 0 for p € [1+a, 1JrOl] [14],

and since the free Lévy measure of 1 X my , is My 5, S0 the measure 1 Xmy , is in UH) for a € (0,1),p €
[15a: Tral-
(5) The Student t-distribution with 3 degrees of freedom

2
St3(dx) = ——=1 dx, 4.36
3(dx) Ty R(x) (4.36)
z+2i
G =, 4.37
st; (2) P T (4.37)
—z =2+ 2% +4iz
sty (2) = > : (4.38)

is FID, where the map z — /72 + 4iz is defined in CT so that it preserves i(0, 00). The free Lévy measure can
be written as

— = (2V2 =Vt 41632 — 22) Iy o) () dx. (4.39)

vst; (dx) =

\/_JTX
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One can easily show that the function 2+/2 — (v/x* + 16x2 — x2)1/2 is decreasing on (0, 00), and hence the density

function of the free Lévy measure is of the form j(x)/x?, where j(x) is increasing on (—oo, 0) and decreasing on
(0, 00). This in particular implies that Sty is freely selfdecomposable.

5. Unimodality of free Lévy processes with boundedly supported Lévy measure in large time
The main result of this section is (U2) which does not have a classical analog.

Theorem 5.1. Let u be an FID measure whose free Lévy measure v satisfies supp(v) C [—M, M] for some M > Q.
4M?
a2(w)

Suppose that p is not a point measure. Then [,LEES is unimodal for s > . The constant 4 is optimal.

Remark 5.2. Note that v has a bounded support if and only if u has a bounded support.

Proof of Theorem 5.1. Step I (Basic calculation for good free Lévy measures). Let (1, a, v) be the free characteristic
triplet of . Assume that ; does not have a semicircular component (i.e. a = 0) and that v(dr) is of the form % dr,

where k € C°°(—00, 00), supp(k) C [—M, M] and k > 0 in a neighborhood of 0. Then u is absolutely continuous
with respect to the Lebesgue measure and the probability density function is continuous on R by Theorem 3.4 since
now V(R) = oco.

Let u be a new variable defined by t = (R sin6)u. Then

AU(Rsin(Q)eie)zf ulk(RusnG) 4, g e 0,7). (5.1)

r 1 —2ucosf + u?

Take any nonzero function A: (0, co) — [0, co) from C%(0, 00), supported on (0, M/R] having bounded derivatives
h,h',h” on (0, 00). Then let

£4(x) = /Oo %h(u\/l —x2)du, xe(-1,1). (5.2)
0

— 2xu + u?
Note then that if we define k,f (1) := k(£ Ru) for u > 0, and
ER(V) =g+ (1) +§-(=x), xe(=1,1), (5.3)
then it holds that
AU(R sin(@)eie) = Eg(cosh), 6Oe(—m,m). 54

For any x in (—1, 1) we note first by differentiation under the integral sign that

, [e'e) 2M2 >
%-h(X)z./O mh(u 1—x )du

> u’ X
— . h (uv 1 — x2) du, 5.5
/0 1 —2ux+u? J1—x2 (u x%) du (5.5)

and by integration by parts,

00 2
£ (x) = / (th(u\/ 1 —x2)du
0

—2ux +u?)?
o 8 u2 .
ou . h 1—x2)d
+/0 3M<1—2ux+u2> 12 (“\/—X) u
% 2u(x 4 (1 —2x%)u)
) /1 =) o 5.6
./0 (1 —2xu +u?)2(1 —x2) (u x?) du 56
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Using Leibniz’ formula and integration by parts, we find that

[e'¢) _ 2
&, (x) =/ 9 ( 2u(( = 2xu + x) )h(u\/l —x2) du
0

3x \ (1 — 2xu + u)2(1 — x2)

© u+ (-2 () 3
+K) (1—2xu+u2)2(1_x2)mh (M\/ﬁ)du

2u(x + (1 =2xH)u) —
_/0 a((l —2xu +u?)2(1 —x2)>h(u b= x?) du

© 2u(x 4+ (1 —2x3)u) d i
+/0 (1 —2xu 4+ u?)2(1 — x2)2 (_x”)@h(“m) du

_ / ” P00 /1= %) du, (5.7)
0 x2)?

(1 —2ux +u?)3(1 —

* 9

where
Pu,x) =14 5u®+3ux — 3ux + 3x% — 11ux? — 12ux> + 20’ x> + 12u°x*. (5.8)

By putting x = cos 8, we will show that

2
if R € (0,00) and s >

1
=: T then the equation Er(x) = — has at most two solutions x € (—1, 1)
o2(w) s

through Steps 2—4 below.

Step 2. We will show that if s > T and 0 < R < +/2M then the equation Zg(x) = % does not have a solution
0 €(0,m).1f0 <R <~2M,t € [-M, M] and s > T then it holds that

252, . 2 _ R_2 2 R_2 .
R“sin“0 — 2Rt sinf cosb + t° = 2 +t 5 cos(260) + Rt sin(20)
R4
<M*+M*+ T—i—thz
<2M? +3M? < 4M?, (5.9)

and so we obtain

Er(x) = Ay(Rsin(0)e)

B /M 2v(dr)
~ J_m R%sin?6 — 2Rt sinf cosf + 12

a*(w) 1
=7 !>, 5.10
T am? s (>-10)

Note that ff/lM 2v(dr) = 02(). Thus the proof is finished.

We may thus assume that R > ~/2M hereafter.

Step 3. We will show that if R > V2M and s > T then the equation Er(x) = % does not have a solution x €

(—1, —(1 = My) U (1 — M 1), Recalling that x = cos6, for |x| > 1 — X we have that sin’ ¢ < 4 — M M7
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and we have the estimate

/M 2v(dr)
_m R2sin?0 — 2Rt sinf cos 6 + 12

/M 2v(dr)
>
M R?2-M?/R? +2RM+/M?/R? + M?

Ay (Rsin(0)e”)

(5.11)

“ | =

1 M
- [ Avan=1">
2 _Mf v( >

and so the proof is finished.
Step 4. We show that if R > V2M then the equation Er(x) = con51dered in[—(1— 3 R2) 1-— 3 Rzz] has at most

two solutions x. For this it suffices to show that there exists xo = xo(u, R) € (—i i) such that Ep is decreasing
n[—(1— W)’ Xo) and increasing on (xg, 1 — —2]. Then it suffices to show that
o BR00) =k (1) —§_ (=) <Ofor —(1 = 35) <x <~

<Xx
o ER(x)=§, (x)-i-é ( )c)>0for—£ <x§§
i E%(x)=§k+(x) . ( x) > 0 for % V2 cp< M
R
Furthermore, it sufﬁces to show that

(1) & (x) <0 forx € [—(I — %2) —2,
2) E (x)>0f0rx€[—— —]
3) gh(x)>0forxe[§,1—

(1) This follows from (5.6).

2R? 1

. . M 1 _
(2) We want to use the expression (5.7). Recalling that R > V2M, we get u < PV < A 1 for
|x] < 4 So it suffices to show that
2
P(u,x) >0, |x|§%_, O<uc<l. (5.12)
This is proved as follows. We have the identity
u?—6 4
P(u,x) =1+ 5u® +3u(l —u*)x + 12x2u2(x + 0 ) - 2<12 + 10u ) (5.13)
u
From (5.13), we have the inequality
342 1/ u*
Pu,x)>1+5u> — —Zu(1 —u?) — = = + 104>
(u,x)>1+5u 2u( u) 2<12+ u
3V2 1
=1- fu(l —uz) — —ut
2 24
23 3 2
2——iu(1—u2) |x|§£,0<u§1. (5.14)
24 2 2
It is easy by calculus to show that the right hand side is strictly positive. Hence (2) follows.
(3) By (5.6) it suffices to show that
M V2 M?
2
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To show this claim, first note that x + (1 — 2x%)u > x — w. We then put y = (%)2 e (0, %] and consider the

RA/1—x2
function
) ﬁ(zxz - DY’ 4 2
fx,y):= (1—x ) X< — ﬁ =—14+4y)x"+ (1 +4y)x" —y. (5.16)
—x
The function x — f(x, y) is strictly decreasing on [4, 1-— %], and so
yz
SO = f(1=y/2,9) = T2 (44 = T2y + 317 = 4y%). (5.17)

By calculus, the function on the right hand side is strictly positive on (0, %]. Hence f(x, y) > 0 and thus we obtain
(5.15).
Step 5. Steps 2—4 imply that the equation A, (R sin(@)el?) = % has at most two solutions 6 € (0, ) for each fixed

R €(0,00) and s > T. Hence /,LEES is unimodal by Lemma 4.4.
In general, let « be an FID measure with free characteristic triplet (1, a, v) such that supp(v) C [-M, M]. There
exist functions k,, € C*°(—o0, 00) such that supp(k,) C [-M — %, M + %], k, > 0 in a neighborhood of 0 and

[t|kn(t) w 12
—
1+ 12 1+ 12

v(dt) +ady, n— oco. (5.18)

kn

Let u, be the FID probability measure corresponding to (1, 0, i z(|[ ) dr). From [7, Theorem 3.8], we have that

pBs 2B s> (5.19)

Note then that

M+1/n W M
2 (1an) :/ |1k (1) dt —>/ 2v(dr) +a=o*(w). (5.20)
—M—1/n -M
—152
We know that ,uf'las is unimodal for s > %(7;)). Since the unimodality is preserved by weak convergence, wBs s
unimodal for s > 42M 2 .
o=()

Step 6 (Optimality of the constant 4). Let C < 4 be the optimal constant such that MES is unimodal for

C sup{|x|?: x € supp(v)}
5§ >

- o2(w) ’ (5.21)
where v is the free Lévy measure of . Let up, be the compound free Poisson distribution defined by
Cu@ =4 zeCb>0, (5.22)
-z 1+z
The free Lévy measure is given by
vp =bd +5_1. (5.23)

Let ¢y 5 := I/IME%? Vs = VMEEJ for simplicity. Due to Theorem 2.4 of Huang, the support of the absolutely continuous

part of uiﬂs is ¥p.s (Vi 5), Where

b 1 1
Vs = R -1 0, 5.24
e {xe ‘(x—1>2+<x+1)2>s} ' 524
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and v, ¢ is a homeomorphism of R. It is clear that {£1} € V}, 5, and moreover, if € > 0 is small enough then we find
that 1 — & ¢ V4 4_s.. This implies that the support of /LEEM_SS) has at least two connected components, and hence
M§(4_55) is not unimodal for small & > 0. Since o2(up) = f{_l 1 2vp(dt) = 1 + b and supp(vp) C [—1, 1], we get

C > (4 —5¢)(1 +¢&* and hence C > 4 by letting ¢ |, 0. O

There exists an FID measure p such that /LES is not unimodal for any s > 0. We can take p even to have finite
moments of all orders. The construction is similar to [16, Proposition 4.13].

Example 5.3. Let |4 be the FID measure defined by

> a,b Z
Culz)=) —=, 5.25
W= " (5.25)
n=1
where
a,,b, >0, n>1, (5.26)
bpy1 —b, >0, n>1, 5.27)
lim (bpi1 — bn) = 00, (5.28)
n—0o0
00 o0
/ u(dt) =Y " bhay < co. (5.29)
0 n=1

The free Lévy measure is given by ¥ oo | ay8p,, S0

Av(x+iy)=zm, xeR,y>0. (5.30)

n>1

Let vy := v, m and Y5 := Vs for simplicity. Recall that
. . 1
vs(x) = inf y>O‘Av(x+1y)<— . (5.31)
s
Let xy := %. Then |xx — b,| > mfor any k,n > 1. Hence

2 ‘X,
Ay(xg) < <m) ’;bnan -0, k— o0 (5.32)

This implies that for any s > 0, there exists K = K (s) € N such that A, (xx) < %for all k > K. Hence

Vs () ¢ s ({x € R | vy (x) > 0}) = supp((™)™) (5.33)

for k > K. Since ,bLEHS has at most one atom, Vg(xi) ¢ supp(;LEEs) for infinitely many k. Since A,(by) = 00, so
Vs (by) € supp(uES ) for any s > 0 and any k € N. Therefore the support of wBs consists of infinitely many connected
components for any s > 0. This in particular implies that /,LEES is not unimodal for any s > 0. In the specific case

2 .
b, =2" and a,, = 27", the free cumulants are all finite:

00 o0
/ 2"y (dt) = Zz—”zﬂ’"” <00, meN. (5.34)
0

n=1

This implies that w has finite moments of all orders [9].
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Since the partial free convolution semigroup (MES)szl can be defined for all probability measures i on R (see
[8,21]), a similar question can be considered for non FID distributions.

Conjecture 5.4. If u is a compactly supported probability measure on R, then there exists T > 1 depending on
such that ,uEB“ is unimodal for s > T.

Example 5.3 constructs a probability measure p with infinite connected components such that w5 is not unimodal
for any s > 0. When the number of connected components is finite, there is a possibility of extending Theorem 5.1 to
measures with unbounded support.

Problem 5.5. Let i be an FID (or not) probability measure whose support has a finite number of connected compo-
nents. Does there exist T (> 1) such that ,uEBs is unimodal for s > T ?

Acknowledgements

T. Hasebe was supported by Marie Curie Actions — International Incoming Fellowships 328112 ICNCP and by Grant-
in-Aid for Young Scientists (B) 15K17549, JSPS. N. Sakuma is supported by Scientific Research(C) 15K04923,
JSPS.

References

[1] M. Anshelevich. Free martingale polynomials. J. Funct. Anal. 201 (1) (2003) 228-261. MR1986160
[2] O. Arizmendi and T. Hasebe. On a class of explicit Cauchy—Stieltjes transforms related to monotone stable and free Poisson laws. Bernoulli
19 (5B) (2013) 2750-2767. MR3160570
[3] O. Arizmendi and T. Hasebe. Classical and free infinite divisibility for Boolean stable laws. Proc. Amer. Math. Soc. 142 (2014) 1621-1632.
MR3168468
[4] O. Arizmendi and T. Hasebe. Classical scale mixtures of Boolean stable laws. Trans. Amer. Math. Soc. 368 (2016) 4873—-4905. MR3456164
[5] O. Arizmendi, T. Hasebe and N. Sakuma. On the law of free subordinators. ALEA Lat. Am. J. Probab. Math. Stat. 10 (1) (2013) 271-291.
MR3083927
[6] O.E.Barndorff-Nielsen and S. Thorbjgrnsen. Lévy laws in free probability. Proc. Natl. Acad. Sci. USA 99 (2002) 16568-16575. MR1947756
[7]1 O.E. Barndorff-Nielsen and S. Thorbjgrnsen. Self-decomposability and Lévy processes in free probability. Bernoulli 8 (3) (2002) 323-366.
MR1913111
[8] S.T.Belinschi and H. Bercovici. Atoms and regularity for measures in a partially defined free convolution semigroup. Math. Z. 248 (4) (2004)
665-674. MR2103535
[9] F.Benaych-Georges. Taylor expansions of R-transforms, application to supports and moments. Indiana Univ. Math. J. 55 (2) (2006) 465-481.
MR2225442
[10] H. Bercovici and V. Pata. Stable laws and domains of attraction in free probability theory. Ann. of Math. (2) 149 (1999) 1023-1060. With an
appendix by P. Biane. MR1709310
[11] H. Bercovici and D. V. Voiculescu. Free convolution of measures with unbounded support. Indiana Univ. Math. J. 42 (1993) 733-773.
MR1254116
[12] U. Haagerup and S. Thorbjgrnsen. On the free gamma distributions. Indiana Univ. Math. J. 63 (4) (2014) 1159-1194. MR3263926
[13] T. Hasebe. Free infinite divisibility for beta distributions and related ones. Electron. J. Probab. 19 (81) (2014) 1-33. MR3256881
[14] T. Hasebe and N. Sakuma. Unimodality of Boolean and monotone stable distributions. Demonstratio Math. 48 (3) (2015) 424-439.
MR3391380
[15] T. Hasebe and S. Thorbjgrnsen. Unimodality of the freely selfdecomposable probability laws. J. Theoret. Probab. To appear, 2016. DOI:
10.1007/s10959-015-0595-y.
[16] H.-W. Huang. Supports of measures in a free additive convolution semigroup. Int. Math. Res. Not. IMRN 2015 (12) (2015) 4269-4292.
MR3356753
[17] H.-W. Huang. Supports, regularity and EB-infinite divisibility for measures of the form (MEEP )94 . Available at arXiv:1209.5787v1.
[18] Z.J. Jurek. Relations between the s-selfdecomposable and selfdecomposable measures. Ann. Probab. 13 (2) (1985) 592-608. MR0781426
[19] B. V. Gnedenko and A. N. Kolmogorov. Limit Distributions for Sums of Independent Random Variables. Addison-Wesley, Reading, MA,
1968. MR0233400
[20] P. Medgyessy. On a new class of unimodal infinitely divisible distribution functions and related topics. Studia Sci. Math. Hungar. 2 (1967)
441-446. MR0222929
[21] A.Nicaand R. Speicher. On the multiplication of free N -tuples of noncommutative random variables. Amer. J. Math. 118 (4) (1996) 799-837.
MR 1400060


http://www.ams.org/mathscinet-getitem?mr=1986160
http://www.ams.org/mathscinet-getitem?mr=3160570
http://www.ams.org/mathscinet-getitem?mr=3168468
http://www.ams.org/mathscinet-getitem?mr=3456164
http://www.ams.org/mathscinet-getitem?mr=3083927
http://www.ams.org/mathscinet-getitem?mr=1947756
http://www.ams.org/mathscinet-getitem?mr=1913111
http://www.ams.org/mathscinet-getitem?mr=2103535
http://www.ams.org/mathscinet-getitem?mr=2225442
http://www.ams.org/mathscinet-getitem?mr=1709310
http://www.ams.org/mathscinet-getitem?mr=1254116
http://www.ams.org/mathscinet-getitem?mr=3263926
http://www.ams.org/mathscinet-getitem?mr=3256881
http://www.ams.org/mathscinet-getitem?mr=3391380
http://dx.doi.org/10.1007/s10959-015-0595-y
http://www.ams.org/mathscinet-getitem?mr=3356753
http://arxiv.org/abs/arXiv:1209.5787v1
http://www.ams.org/mathscinet-getitem?mr=0781426
http://www.ams.org/mathscinet-getitem?mr=0233400
http://www.ams.org/mathscinet-getitem?mr=0222929
http://www.ams.org/mathscinet-getitem?mr=1400060

936

[22]
(23]
[24]

[25]
(26]

[27]
[28]

T. Hasebe and N. Sakuma

V. Pérez-Abreu and N. Sakuma. Free infinite divisibility of free multiplicative mixtures of the Wigner distribution. J. Theoret. Probab. 25 (1)
(2012) 100-121. MR2886381

N. Saitoh and H. Yoshida. The infinite divisibility and orthogonal polynomials with a constant recursion formula in free probability theory.
Probab. Math. Statist. 21 (1) (2001) 159-170. MR1869728

K. Sato. Lévy Processes and Infinitely Divisible Distributions. Cambridge Studies in Advanced Math. 68. Cambridge University Press, Cam-
bridge, 1999. MR1739520

F. W. Steutel and K. van Harn. Infinite Divisibility of Probability Distributions on the Real Line. Dekker, New York, 2004. MR2011862

T. Watanabe. Temporal change in distributional properties of Lévy processes. In Lévy Processes, Theory and Applications 89-107. O. E.
Barndorff-Nielsen, S. I. Resnick and T. Mikosch (Eds). Birkhiduser, Basel, 2001. MR 1833694

S. J. Wolfe. On the unimodality of infinitely divisible distribution functions. Z. Wahrsch. Verw. Gebiete 45 (1978) 329-335. MR0511778

M. Yamazato. Unimodality of infinitely divisible distribution functions of class L. Ann. Probab. 6 (1978) 523-531. MR0482941


http://www.ams.org/mathscinet-getitem?mr=2886381
http://www.ams.org/mathscinet-getitem?mr=1869728
http://www.ams.org/mathscinet-getitem?mr=1739520
http://www.ams.org/mathscinet-getitem?mr=2011862
http://www.ams.org/mathscinet-getitem?mr=1833694
http://www.ams.org/mathscinet-getitem?mr=0511778
http://www.ams.org/mathscinet-getitem?mr=0482941

	Introduction
	Preliminaries
	ID distributions
	FID distributions
	Atoms and probability density functions of FID distributions

	Existence of atoms, continuity of density functions
	Characterizing symmetric unimodal free Lévy processes
	Unimodality of free Lévy processes with boundedly supported Lévy measure in large time
	Acknowledgements
	References

