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Abstract. We introduce here a class of stochastic partial differential equations defined on a graph and we show how they are
obtained as the limit of suitable stochastic partial equations defined in a narrow channel, as the width of the channel goes to zero.

Résumé. Nous introduisons ici une classe d’équations aux dérivées partielles stochastiques définies sur un graphe et nous montrons
comme ils sont obtenus sous la limite d’équations aux dérivées partielles stochastiques appropriées définies dans un canal étroit,
lorsque la largeur du canal tend vers zéro.
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1. Introduction

Let G be a bounded domain in R?, having a smooth boundary dG. We consider here the following stochastic partial
differential equation (SPDE) in G, with Neumann boundary conditions

2 2 a0
G, y) = (X, )+ 5 G y) bt 2, ) + B (2, ),

g'::‘(t,x,y)zo, (x,y) €0G, ug(0,x,y) =uo(x,y).

(1.1)

Here w2(¢) is a cylindrical Wiener process in L?*(G) and vp = v, (x, y) is the unit interior conormal at dG, corre-
sponding to the second order differential operator

19> 1 97
Le=5-5+5353
2 0x 2e% dy
The functions b and uq and the noise w2 (¢) are assumed to be regular enough so that equation (1.1) admits a unique
mild solution for every ¢ > 0 (see below for all details).
After an appropriate change of variables, equation (1.1) can be obtained from the equation

Jw Qe
Be (1,x,y) = AV, %, y) + b(vs(1,x, ) + /e 22— (t,x, ), (x,y) €Ge,

0V, (1.2)
m(t,x’Y)ZO, (-xsy)eaGEv Ua(O,X,)’)ZMO(st/g),
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where G, is the narrow domain {(x, y) € R?: (x, y/¢) € G} and D, (x, y) is the inward unit normal vector at 9Gy.
Reaction-diffusion equations of the same type as (1.2), with or without additional noise, arise, for example, in models
for the motion of molecular motors. Actually, one of the possible ways to model Brownian motors/ratchets is to de-
scribe them as particles traveling along a designated track, and the designated track along which the molecule/particle
is traveling can be viewed as a tubular domain with many wings added to it. To this purpose, see e.g. [4] and [5].

In this paper, we are interested in the limiting behavior of the solution u, of equation (1.1), as ¢ |, 0. For this
purpose, suppose for a moment that the noisy term dw</d is replaced by a regular enough function A(z, x, y) and,
for the sake of brevity, assume b(u) = 0. If (X®(¢), Y4(¢)) is the diffusion process in G U dG governed by the operator
L inside G and undergoing instantaneous reflections at dG, with respect to the co-normal associated with L., then,
as is well known (see, for example, [3]), the solution of (1.1) can be written in the form

t
ug(t, x,y) = Se(Huo(x, y) +/O Se(t — s)h(s,)(x,y)ds, (1.3)
where, for any ¢ € B,(G),

Se (@ (x, y) =Eq (X (1), Y (1))

The process (X*(t), Y?(¢)) has a slow component X*(¢) and a fast component Y*(¢), if 0 < & < 1. This means
that, before X°(z) changes a little, the y-component of the process hits the boundary many times. This leads to an
additional drift in the limit of the x-component of the process, due to the changing width of the domain and to the
averaging of the function A(s, X¢(t — s), Y¢(¢t — s)). Moreover, for a given x, the intersection of the domain G with
the vertical line containing (x, 0) can consist of several connected components (see e.g. the intervals /1 (x) and /> (x)
in Figure 1). This leads to the fact that the slow component of the process (X®(¢), Y*(¢)) lives on the graph I (see
again Figure 1).

This graph, actually, counts all normalized ergodic invariant measures of the two-dimensional process (X ), Y (1))
in G UG, where X 1= X (0)=x and Y(t) is the one-dimensional Wiener process with instantaneous reflection on
dG. The process (X (1), Y (1)), up to a time change, is our non perturbed system. Thus, the slow component of the
perturbed system (the process (X°(¢), Y4(¢)) on G UdG) is the projection I (¢) = TT(X*(¢), Y°(¢)) of (X%(¢), Y2(¥))
on the simplex of normalized invariant measures of the perturbed system. Moreover, the graph I parametrizes extreme
points of the simplex and any point of the simplex is a linear convex combination of the extreme points.

Oy Os 07 Oy

Fig. 1. The domain G and the graph I
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In [6] it has been proven that the process I1¢(f) converges, as ¢ | 0, to a continuous Markov process Z(f) on the
graph I". More precisely, it has been proven that for any z € G and any bounded and continuous functional F on
C([0,T]; "), with T > 0,

Eli_%EZF(HS(.)) =Ene) F(Z()). (1.4)

Notice that in [6] the generator L of the Markov process Z (1) is explicitly described in terms of certain second order
differential operators Ly, acting in the interior of each edge I of I', and of suitable gluing conditions, given at the
vertices of T.

Since in (1.3) the solution u, of equation (1.1), with dw< /9 replaced by the regular function %, has been repre-
sented in terms of the process (X?(t), Y*(z)), one would like to be able to use (1.4) to study the limiting behavior of
ug on [0, +00) x I', as ¢ | 0. As a matter of fact, we have shown that for any ¢ € C(G), z€Gand 0 <1 < T, itholds

lim sup |E.@(X°(t),Y*(t)) —Enee (Z(1)] =0, (1.5)
e=>0se[7,T]

where
" (x, k) = @(x,y)dy, (x,k)€T,

k(%) Jep )

and [ (x) is the length of the connected component Ci(x) of the section C(x) = {(x, y) € G}, corresponding to the
edge I. _
As a consequence of (1.5), we have obtained that for any ¢ € C(G)

lim sup |Se()p — S'(t)v<p|L2(G) =0, (1.6)

e=>0¢¢e[r,T]

where S(t) is the Markov transition semigroup associate with L and, for any A € L(L*(G)),
AVp(x,y) =Ap"(TI(x,y)), (x.y)€G.

In particular, due to (1.6), we have shown that

lim sup |u,(t) —i(t) o T, =0,

E_)OZG[T,T] (G)

where u is the solution of the partial differential equation on I'
Jii _
8—:0, x, k) = Lu(t,x, k) +h"(t,x,k), @0, x,k) =ug(x,k), (1.7

endowed with suitable gluing conditions at the vertices of I".
We would like to stress the fact that (1.5) is not a straightforward consequence of (1.4). Actually, (1.5) is a conse-
quence of the following two limits

lim sup |E;[¢(Z°()) —¢"(TI°())]| =0, (1.8)
e=>0¢e[7,T]

and
lim sup |E.¢"(II°(")) — Engye”(Z(@))|=0. (1.9)

e=>0se[7,T]

Limit (1.9_) would be an immediate consequence of (1.4), if for any ¢ € C (G), the function @ were a continuous
function on I'. Unfortunately, in general ¢” is not continuous at the internal vertices of I', so that the proof of (1.9)
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requires a thorough analysis, which also involves a few estimates of the exit times of the process Z,(#) from suitable
small neighborhoods of the points (x, y) € 3G where v2(x, y) =0.

Concerning limit (1.8), it follows from an averaging argument, but its proof requires a suitable localization in time
in the same spirit of Khasminski’s paper [7]. Here the localization procedure is more delicate than in the classical
setting considered by Khasminski, as it involves a stochastic differential equation with reflection and hence requires
suitable estimates for the time increments of the local time of the process (X*(¢), Y¢(¢)) at the boundary of G.

Now, once we have obtained (1.6), we go back to the original problem, where equation (1.1) is perturbed by a
cylindrical Wiener process w< () given by

wl(t,x,y) =Y (Qer)(x, )Bi(t).

k=1

Here Q is a bounded linear operator in L?(G), {ex}ren is a complete orthonormal system in L?(G), and { B () }ken
is a sequence of mutually independent Brownian motions. Under standard conditions on b and Q (see e.g. [2] for all
details), for any ¢ > 0 equation (1.1) admits a unique mild solution u.. More precisely, there exists a unique adapted
process u, in L? (2, C([0, T]; L2(G))), forany T > 0 and p > 1, such that

t t

up(t) = Se (Huo +f Se(t — $)b(ue(s)) ds +/ Se(t — ) dw@(s).
0 0

In fact, here we assume the stronger condition that the covariance Q Q* of the cylindrical Wiener process w2 () is
a trace class operator in L%(G), so that w2(r) € L?(2; L*(G)). In view of this, we have that the process

o
w1 :=wl®" =) (Qe) B(), =0,
k=1
is well defined in L%(2; L?(T", v)), where v is the invariant measure associated with the process Z(t). Thus, as S(1)
is a contraction in LZ(F, V), the process
t -
w; (1) :=/ St —s)dw?(s), >0,
0
belongs to L?(2; C([0, T]; L2(F, v))), for any T > 0 and p > 1. In particular, this implies the following SPDE on
the graph I'
dii(t) = [Li(t) + b(ia(1)) | dt +dw?(t), @(0) =uy, (1.10)

is well posed in L?(€2; C([0, T; L2(T, v))).
Once we have obtained the well posedness of equation (1.10), we have shown that, as in the deterministic case, u
can be obtained as the limit of the solution u, of equation (1.1), as ¢ |, 0. To this purpose, we have first shown that

t
/ Se(t — ) dw9(s) — wj (1) o TI =0.
0 L(G)

lim E sup
=0 te[0,7]

Then, as b is assumed to be Lipschitz-continuous, we have shown that this implies that, forany 0 <7 < T,

imE sup |ug(r) —a(t) o 11| 55 =0.
]

e>0  4e[r,T

Finally, we would like to mention that some special class of SPDEs on graphs have been studied in the paper [1].

2. Some notations and a preliminary result

In this section we introduce some notations and recall some important results from [6].
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2.1. The domain G, the narrow channel G, and the graph T’

Let G be a bounded open domain in R?, having a smooth boundary 3G (of class C3), and for any (x, y) € G let
v(x, y) denote the unit inward normal vector at the point (x, y). In what follows, we shall assume that G satisfies
the uniform exterior sphere condition, that is there exists g > 0 such that for any z € 3G there exists 7’ € R? with
|z — 7’| =r¢ and B(Z', r9) NG = &. As a consequence of this assumption, there exists some constant «y > 0 such that
forany z € 3G and 7’ € G

(z—2v(@)—rolz—Z[* <0 @.1)

(for a proof see [8]).
Now, for every € > 0 we introduce the narrow channel associated with G

Ge:={(x,y € R?: (x,e7ly) e G},
and we denote by v®(x, y) the unit inward normal vector at the point (x, y) € dG,. Notice that

Vo (x,ey) = co(x, y) (evi(x, y), 1a(x, ), (x,y) €9G, (2.2)
for some function ¢, : 9G — [1, +00), such that

sup  cg(x,y)=c < oo.
(x,y)€dG
e>0

In what follows, we shall assume that the region G satisfies the following properties.

I. There are only finitely many x € R for which v>(x, y) =0, for some (x, y) € 9G.
II. For every x € R, the cross-section C(x) = {(x,y) € G} consists of a finite union of intervals. Namely, when
C(x) # @, there exist N(x) € N and intervals C;(x), ..., Cn(x)(x) such that

N(x)

C) =] aw.
k=1

III. If x € R is such that v»(x, y) # 0, then forany k =1, ..., N(x) we have
le(x) = |Ck(x)] > 0.

If we identify the points of each connected component Ci(x) of each cross section C(x), we obtain a graph I',
with a finite number of vertices O;, corresponding to the connected components containing points (x, y) € 3G such
that vp(x, y) =0, and with a finite number of edges I, connecting the vertices. On our graph there are two different
types of vertices, exterior ones, that are connected to only one edge of the graph, and interior ones, that are connected
to two or more edges. See Figure 1.

On the graph I' a distance can be introduced in the following way. If y; = (x1, k) and y, = (x2, k) belong to the
same edge Ix, then d(y1, y2) = |x1 — x2|. In the case y; and y, belong to different edges, then

d(y1, y2) =min{d(y1, 0;)) +d(0j,, Oi,) +--- +d(0i,, y2)},

where the minimum is taken over all possible paths from y; to y,, through every possible sequence of vertices
Oi,, ..., 0;,, connecting y; to y>.

Now, any point z on the graph I' can be uniquely identified by two coordinates, the horizontal coordinate x and
the integer k which denotes the edge I the point z belongs to. Notice that if z is one of the interior vertices O;,
this second coordinate may not be chosen in a unique way, as there are two or more edges having O; as their end-
point.
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In what follows, we shall denote by IT1: G — I the identification map of the domain G onto the corresponding
graph I. For any vertex O; on the graph I', we denote by E; the set [T~ (0;) consisting of points (x, y) € 3G such
that v>(x, y) = 0. The set E; can be one point, several points or an interval. In what follows, we shall assume that G
satisfies the following condition:

IV. For each vertex O;, either vi(x, y) > 0, for all (x, y) € E;, or vi(x, y) <0, forall (x, y) € E;.
2.2. A limiting result

For each ¢ > 0 and z = (x, y) € G, we consider the stochastic system with reflecting boundary conditions on the
domain G

{dW®=d&m+m@%%W®MW®,XW®=L
dY®(t) = $ dBa(1) + Hva(X°(1), YE(1)) dg* (1),  Y¥(0)=y.

Such a system can be rewritten as
dZ%(t) = /o, dB(1) + Ugv(Zg(t)) de®(t), Z°(0)=z€gG, (2.3)

where o is the matrix defined by

%=<38$). 2.4)

Here B(t) is a 2-dimensional standard Brownian motion defined on some stochastic basis (2, F, {F;};>0, P) and
@ (1) is the local time of the process Z°(t) on dG, that is the F;-adapted process, continuous with probability 1,
non-decreasing and increasing only when Z*(¢) € dG. More precisely, we have the following

Definition 2.1. The random pair (Z%(t), ¢° (1)), t > 0, is a solution of problem (2.3) if Z°(t) is a G-valued {Fili=0
semi-martingale and ¢* (t) is a non-decreasing continuous process, such that

t

t
Zg(t)=2+\/aB(l)+/o o.v(Z°(5)) do* (s), ¢8(l)=/0 Iz (s)caG) d9° (5).

For the well posedness of the equation above, we refer to the monography [3] and the paper [8]. In [6], it has been
studied the limiting behavior, as ¢ | 0, of the (non Markov) process IT(Z?(¢)), t > 0, in the space C([0, T]; "), for
any fixed T > 0 and z € G. Namely, it has been shown that the process I1(Z(¢)), which describes the slow motion of
the process Z°(t), converges, in the sense of weak convergence of distributions in the space of continuous I'-valued
functions, to a diffusion process ZonT.

The process Z has been described in terms of its generator L, which is given by suitable differential operators £y
within each edge Iy = {(x, k) : ax <x < by} of the graph and by certain gluing conditions at the vertices O; of the
graph. More precisely, for each k, the differential operator £ has the form

_ 1 d d
Lif(x)= TS E(Zké)(x)’ ap < x < by, 2.5)

and the operator L, acting on functions f defined on the graph I', is defined as
l_,f(x, k) = L_kf(x), if (x, k) is an interior point of the edge .

The domain D(L) is defined as the set of continuous functions on the graph I, that are twice continuously differen-
tiable in the interior part of each edge of the graph, such that for any vertex O; = (x;, k1) =--- = (x;, ky,) there exist
finite

lim Lf(x, k),
(x.kj)— O; Fx k)
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the following one-sided limits exist
. df
xlgr}i lk(X)E(x, kj),

along any edge I, ending at the vertex O; = (x;, k) and the following gluing condition is satisfied

N;
Z(:I: lim lk(x)ﬁ(x, k)) =0, (2.6)
P X=X dx

where the sign + is taken for right limits and the sign — for left limits. In the case of an exterior vertex O;, the gluing
condition (2.6) reduces to

d
lim I (x)—f(x, k)=0, 2.7
X—>Xj dx
along the only edge /i terminating in O;.
In [6, Theorem 1.1] it has been proven that for any domain G satistying properties I, II and III, there exists a
continuous Markov process Z(t), t > 0, on the graph I having L as its generator. In what follows we shall denote by

Iﬁ’(x,k) and I_E(x,k) the probability and the expectation associated to the process Z(1), starting from the point (x, k) € I'.
Moreover, we shall denote by S(¢), t > 0, the transition semigroup associated with Z(z), defined by

SO fx, k) =Eq i f(Z@®), t>0,(x,k)eTl,

for any f :I" — R Borel and bounded.

As we mentioned above, in [6, Theorem 1.2] it has also been proven that the process IT1(Z¢) is weakly convergent
to Zin C ([0, T]; ), forany T > 0 and z € G. Namely, for any bounded and continuous functional F on C ([0, T']; ")
and z € G it holds

3LnbEZF(H(Z€(-))) =Ene) F(Z()). (2.8)

3. Functions and operators on the graph I'

In what follows, for every & > 0 we denote H, := L?(G,). In the special case ¢ = 1, we denote H| =: H. Moreover,
we shall denote by H the space of measurable functions f : I' — R such that

N
Z/ }f(x,k)’2lk(x)dx<+oo
k=1 Tk

(here N is the total number of edges in the graph I'). The space H turns out to be a Hilbert space, endowed with the
scalar product

N
<f,g>g=Z/I f g, Dl (x) dx.
k=1""k

Notice that, if we denote by v the measure on I" defined by
N
v(A):Zf Is(x,k)lx(x)dx, AeB(), 3.1
ke=1"1k

we have that H = L%(T, v).



872 S. Cerrai and M. Freidlin

Now, for any u € H we define

u™(x, k) = u(x,y)dy, (x,k)eT, (3.2)

() Jey
and for any f € H we define
ey = (M), () eG.

For any f € H and u € H we have

(", flg =u. ")y (3.3)
as
x 1 o0
A= V) dyf(x, )l (x)dx = Y (x, y)dydx.
(", g ];/Ik @) Ck(x)u(x ydyfx, bl (x)dx ;/k /Ck(x)u(x S x,y)dydx

Moreover, for any f € H we have

() = (3.4)

Actually, for any (x, k) € I" we have

fY(x,y)dy

(fY) (. k) =

Le(x) Jey

1
= I1 s d =
L (x) Ck(x)f( (x, 7)) dy Le(x) Jey o

fx,k)ydy = f(x, k).

In particular, from (3.3) and (3.4), we get that for any f, g € H
<fv’gv>[_[:((fv)/\’g>[f]=<f’g)ﬁ- 3.5)

This implies the following result.

Lemma 3.1. If {f,}nen is an orthonormal system in H, then the family of functions { J2 Inen is an orthonormal
system in H.

Moreover, we have the following result.
Lemma 3.2. The mapping f € H v fV € H is an isometry and the mapping u € H > u” € H is a contraction.
Proof. Due to (3.5), we have

= = D=1

Moreover, as a consequence of the Holder inequality, we have

=2 [ it

2
I (x)dx

u(x,y)d
Le(x) Jey ey

N
2 2 5
E P dyle(x) dx = Pdydy =l
/k L (x) Ck(x)|"‘(x )’)| vig(x)dx ;/I / |u(x y)| ydx = |ul% _

k v Ci(x)
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Remark 3.3. If f € C(I), then clearly f¥ € C(G). On the other hand, if ¢ € C(G), it is not true, in general, that
" € C("). Actually, " may fail to be continuous in correspondence of the interior vertices.

Now, let { f,,},en be a complete orthonormal system in H. In what follows, we will denote by K1 :=(f, )nen and

by K := KIL, so that H = K| @ K. This means that any u € H can be written as u + up, with u; € K;, fori =1, 2.

Lemma 3.4. We have

uek, < u"=0. (3.6)
Moreover,
uek; <= (W) =u. 3.7)

Proof. Thanks to (3.3), for any n € N we have
(s fulg =l £ )y

Since { f; }nen is a complete orthonormal system in H, this implies (3.6).
Next, if u € K1, then due to (3.3) and (3.4)

u® = Z(“’ fjv)H (fjv)A = Z(“’ fjv>Hfj'

j=1 j=

—_

Therefore, we get
o0
Vv
") = Z(”’ fjv)Hfjv =u.
Jj=1 O
Now, forany Q € L(H) and f € H, we define
o f=(or)". (3.8)
Due to Lemma 3.2, it is immediate to check that Q" € £(H) and

10 2oy < 1@ ey

Moreover, thanks again to Lemma 3.2, if { f;,},cn is @ complete orthonormal system in H, we have
> 2 > 2 - 2
N
210" fulig =2 1A 5 = DI eh
n=1 n=1 n=1
so that, thanks to Lemma 3.1, we have the following result
Lemma 3.5. If Q € L>(H), then Q" € Ly(H) and

12" 2y = 1Q -

Next, for any A € £(H) and u € H we define

AVu=(Au")". (3.9)
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Due to Lemma 3.2, we have that AY € £L(H) and
1A 2oy < VAl £y
Moreover, we have
(AY)" = A. (3.10)
Actually, due to (3.4), for any f € H we have
(A%)"f = (A7) = ((a(r)))" = ar.

so that (3.10) follows. Notice that in general (Q")Y # Q, for Q € L(H), as in general (u”™)" # u, foru € H. Actually,
as a consequence of Lemma 3.4, we have

(0")'=0Q <= KerQCK,, ImQCK;.

4. An approximation result
We assume here that the domain G has the special form
G={(x,y) eR*:hi1(x) <y <h2(x),x €R},
for some functions ki, hy € le (R), such that
hy(x)—hi(x)=:1(x)>1lp>0, xeR. 4.1)
In this case we have
0G = {(x,h](x)) X € ]R} U {(x,hz(x)) X € ]R},
and, for any x € R,
v(x, hi () = (1+ K@) T2 (=DRw), (DY), i=1,2.

The corresponding graph I consists of just one edge I; = R and the projected process IT(Z?(¢)) is (X*(¢), 1). More-
over, the limiting process Z (), described in Section 2, is the solution of the stochastic equation

_1I(Z)

=3 120 dt+dB(t), Z(0)=x.

dZ @)

Lemma 4.1. There exists g > 0 such that for any e <eog,z€ Gand0<r <t

¢° (1) — ¢°(r) <ce*(1+(t —r)) +&° +e +et—r), 4.2)

t
f F&%(s)dBy(s)

t
/ F5*(s)dBa(s)

where Ff’z(t) and F;’Z(t) are two adapted processes such that

sup  (|F70)|+|Fyi@)]) =2 M < o0, P-as.

£>0,zeG,t>0

Proof. By proceeding as in [6, Section 3], we denote by u(x, y) the solution of the problem

a2
Ph(r,y) =5 1+ I @R+ [T+ 0P, (.)€,

M, () = [T+ IR, B, ha(n) == [T+ 15 (0, (43)

ux,hi(x))=0, xekR.
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It is easy to compute explicitly # and it turns out that u € C,f(G). As a consequence of the It6 formula, we have

. . You, ., 1 ("0u,_,
u(Z8(0) —u(Z°(r)) =/r a(z (s))dBi(s) + E/r 5(z (s)) dBa(s)
MTou,_, . 1 ou, ., . .
+ [z om@Ee)+ S5z emE )| o
1 [T8%, 1 3%, _,
+E/r [W(z (S))+8_23_)72(Z (S))i| dS,
so that, thanks to (4.3), we obtain
. . "ou, . 1 ("0u,_,
u(Z (t))—u(Z (r)) :/r a(Z (s))dBl(s)+g/r 5(2 (s))ng(s)
"ou, . . . 1 (1%, , Lo,
+/r a(z ))vi(Z4(s)) do (s)+5/r w(z (s))ds — 8—2/ a(X“(s))ds

1
+8—2(¢8(I)—¢5(i’)),

where

1 / /
a(x) = m(\/l + |h1(x)|2 +\/1 + |h2(x)|2>.
This implies
o5 (1) — ¢° (r) = 2 (u(Z° (1)) — u(Z5(r)))

4 Ju e ! ou £
_ / M (2 ) dBis) / S Z @) dBa)

t 2 t a2 t
—¢? / 8—”(Z%))vl(Z"f@))d«zbf(s)—% / Tz o)) ds+ f a(X*(s))ds,

ox 9x2

and then

$°() — ¢°(r) < ce®(1 4+t =) + ¢ Le

X
/r %(zf(s)) dB(s)

X
fr %(zg(s)) dB(s)

t
+ee2(¢° (1) — ¢ (1) + f o (X (5)) ds.
In particular, if we take ¢g = 1/ @, we can conclude that
P° (1) — ¢ (r) <ce?(1+(t —r)) +ct—r)
0 e () dB
/ (2(5)) By )

r

+e? +e

t
/ O (25(5))dBa(s)|. & <eo.
r 0y

and this yields (4.2). (]
Now, for any ¢, y > 0, we consider the stochastic Skorokhod problem

{dzwf) =/6edB(1) +6:v(Z7 (1) dg*V (1), 1€ lky, (k+D)y), 44)
25 (ky) = Z° (ky), '
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where

6y = (8 892) . (45)

Clearly, for any ¢ € [ky, (k + 1)y) the variable Z%7 () lives in the random interval
C(Xe(k)/)) = [hl(xg(k)/)), hz(Xs(kJ/))]-
Moreover, for any ¢ € [ky, (k + 1)y) we have that Z%Y (r) = (X®(ky), Y®V (¢)), where Y#7 solves the problem

{dYW(t) = LdBy(1) + Hna(XE(ky), YOV (1)) dg™Y (1), 1 €lky, (k+ Dy),
Y&V (ky) = YE(ky).

Lemma 4.2. For any p > 1 there exists c, > 0 such that forany ¢,y >0,k eNandt,s € [ky, (k+ 1)y)

sup | @5 (1) — 957 (5)|” < cp(y? + ePyPl? + £2P). (4.6)
zeG

Proof. We have that

(Z57 (1 +ky), @77 (1 +ky)) ~ (Z](0), 97 (1)), 1€[0,p),

where
{ dZ; (1) =/5:dB' (1) + 6:0(Z5 (1)) dg (). 1 €[0,), @
Z§(0) = Z* (ky).,

for some 2-dimensional Brownian motion B!(¢) such that Z¢(ky) is independent of B'(¢), for t > 0. Moreover, we
have

(Z50). ¢ () ~ (22(t/€%). 22 (1 /7)),

where
{dzz(t) =\/61dB(0) +61v(Z(1) da (1), 1 €[0, 7/, 438
22(0) = Z° (ky). '

for some Brownian motion B(7) such that Z¢ (ky) is independent of B(t), fort > 0.In particular, this implies that for
any t,s € [ky, (k+ D)y)

E.|¢7 (1) — ¢%7 (5)|” = e*PE|ga((t — ky)/e?) — da((s — ky)/e?)|". (4.9)

Now, if u is the same function introduced in (4.3), from Itd’s formula we have

1 ("0%u
u(Zr()) — u(Za(s)) = 5/ a—yz(Zz(r))dr

" du ' oy -
+ / (2200 a(Z20) dpr) + / (220 dB()

t " 9u ~
=~ [[a(xaryar+ [ 52 (2200 dB) £ 4216) = ().

This implies

E|p2(t) — d2(9)|” < cp(It — 517 + |1 — s|P/> + 1),
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so that, thanks to (4.9), we can conclude

lt—s|P | |t —s|P/?

Ec[¢*7 (1) — ¢*7 (5)|" se,,e2p( + 1) <cp(yP +ely?? 4+ 6%P). -

8217 ep
Now, we can prove the main result of this section.

Theorem 4.3. Assume that
G={(x,y)eR*:hj(x) <y <hy(x),x e R},
for some hy, h; € Cg (R), such that

inf ho(x) —h1(x) :=1p > 0.
xeR

Then, there exists k| > 0 such that, if we set y. = e>loge ™, for any T > 0 it holds

lim sup sup E.|Z°(t) — 257 (0)|° =0. (4.10)
e~>0:¢Gref0,T]

Proof. In what follows, for the sake of simplicity, we shall denote
YE(r) :=YE%(r),  Z8(t):=2Z%Ve(r),  ¢S(r):=¢" (1), &>0.
As we are assuming the domain G to be a smooth and bounded open sets of R?, by proceeding as in [8] we can
introduce an extension ¥ € Cg (Rz) of the distance function d(-, dG), which is defined on the restriction to G of a
neighborhood of dG, such that

VU(x,y)=v(x,y), (x,y)eaG. “4.11)

Then, for each ¢ > 0 we define
H.(1) = exp<—l[w(z€(r)) + w(Ze(t))]), >0,
o

where « > (0 is some constant to be chosen later. Notice that, as W is bounded, for any « > 0 there exists ¢, > 0 such
that

1
co <H:(t)y <—, t>0. (4.12)
Ca

It is immediate to check that

{ d(Z® — Z8)(1) = 0 dB(1) + 0 v(Z° (1)) d§ (1) — 6ev(Z5 (1)) dg? (1), 1 € [kye, (k+ 1)ye),
(28 = 7257 (kye) =0,

where

a=¢a—£=<é 8)
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Then, if we set AY® (1) =Y*(r) — ye (1), for t > 0, thanks to (2.3), (4.4) and (4.11), as a consequence of [td’s formula

we obtain that for any k € N and 7 € [ky,, (k + 1)ye)

He (0| AY* ()|
2 1

-5 He(9)[AY?(5)12(Z°(5)) d® (s) — AYE(s)v2(Z°(5)) d§® (5)] ds
Ye
1! £ 2 & e ~
2l Ho(s)|AY(s)| [(vw(z (), V/oe dB(s)) + (V¥ (Z (s)),\/;dB(s))

+(VW(Z5()), 0:v(Z8(5)))do® (5) + (VW (Z5(5)), 6.v(Z5(s))) dp* (s)

+ %Tr[DZKII(Zg (8))oe ] ds + %Tr[D2\II(ZE(s))U}] ds]

L
a? kye

Now, we have
1 1
g—sze(s)UQ(zg(s)) aw |AYE () (VU (28 (5)), oev (25 (5)))
1 . 1 .
= 8—2<Z'S(s) —Z5(s),v(Z°(s))) — 8—2(XS(S) = X*())vi(Z°(s))
1 . .
— 5o (2@ =22 =[x - X)) <v1 )+ vz(s))
1 3 5e & 1 e &
< 8—2((2 ()= 2°(),v(2° ) = 5|27 = Z <s>|2>
1
— 5 (X ) = K@) (2°(9) + —|XS<s> O
last inequality following from the fact that for any z € G and ¢ € (0, 1)
C . 1 712 \— 1
Pl 8_2(1 + |h2‘oo) <) t3 5v3(2) <

Then, thanks to (2.1), there exists & > 0 such that we have

1 1
S—ZAYE(S)VQ(ZS(S)) de*(s) — E|Ays(s)|2(vw(z*f(s)), oev(Z°(s)))de* (s)

1/1 . .
< 8—2<%|X8(s) - Xs(s)|2 —(X°(s) — Xg(s))vl(Zg(s))> d¢(s).

In the same way, we have

1 . . 1 . . R
—E—ZAYg(s)vz(ZE(s)) deo®(s) — o |AY8(S)|2<V\II(28(S)), 6ev(Z°(s)))do® (s)

1 1 N ~ N N
<— (£|X€(s) — X[+ (X () — X“?(s))vl(Zg(s))) de® (s).

g2

t 1 n n
Hg(s)|AY£(s)|28—2|v1(Z‘E(s)) Fu1(Z5 )2 (25 () + 12 (25 (9)) | ds.

(4.13)

4.14)

4.15)
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Thus, if we use (4.14) and (4.15) in (4.13), thanks to (4.12) we get
t
ISEGIE= :—2/k (X2 ) = R +[X5 ) = R 6)]) (do° (5) +dd* (5))
Ve
t
- ‘ He(5)|AYE ()| [[V (25 (5)), /or dB(s)) + (VW(Z5(s)), v/6e d B(s))]

kye
t
+5 | |ave| s,
€ kye
so that
t
ISEO Y MISEOIE
€ kye
+5 0 s (X5 = K@)+ |XF () — X5(s))
&7 selkye.(k+1)ye]

x [(@° ((k+ Dye) = ¢°(kye)) + (67 ((k + Dye) — 6" (kye))]
t A
+‘ i Ho ()| AYS(5)|*[(VW(Z5(5)), /o dB(s)) + (VW(Z°(5)), V6. dB(5))] |
Ye
This implies,

t
E|ave@|* < 8%(y8+82)/k E.|AY*(s)[* ds
Ve

+ 8%A8(Ez!¢f(<k+ Dye) — ¢° kye)|* + B, |5 ((k + Dye) — §° kye) ),
where

Ae:=E, sup (|X8(S)—)Af£(s)|4+|X8(S)—X8(5)|2)-
s€lkye, (k+1)yel

Therefore, thanks to (4.2) and (4.6), we get
4 _c ! 4 ve )
E.|AY* ()] 58—4(7/84-82)/ E:|AY®(s)| ds—I—Ag[l—i-(S—;) }
kye

and, since &2 /ve <c, the Gronwall lemma gives

2 2
EZ|AY5(t)|“5cAS[1+ (%) ]exp[c(l’—;) }

Now, for any s € [kye, (k + 1)y.] we have

Xf(s) — X*(s) = Bi(s) — Bi(kys) + /k vi(X(r), YE(r)) dop® (),
Ve

so that, thanks to (4.2), for any p > 2

E.  sup  |X°(s) = X°()|” < cpp? + cpBe|d® ((k + Dye) — 5 kye)|” < cpy/?
selkye,(k+1)ye]

879

(4.16)
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This implies A, < cy,, so that from (4.16) we get

2 2
IEIZ|AY8(1‘)|4 < cy£|:1 + <y_§) i|exp|:c(y—;> ]
e €
= ce’loge ™ (1+ (log 8_’”)2) exp(cloge™1).

Therefore, if we take k1 < c¢/2, we can conclude that (4.10) holds true. O

5. The Neumann problem associated with the operator L,

For any ¢ > 0, we define

l<82u 1 8%u

1
Egu(x,y)zi Fye) ga—yz>(x,y)=EdiV(UEVu)(x,y), (x,y)eG. 5.1

For any ¢ > 0, the uniformly elliptic second order differential operator L., endowed with the co-normal derivative
boundary condition

Vu-ogv),; =0,

generates a strongly continuous analytic semigroup Se (¢), # > 0, in the Hilbert space H and in the Banach space C(G).
The generator of S,(¢) will be denoted by L.. For a proof of all these results see e.g. [9]. Moreover, the Lebesgue
measure on G is invariant for the semigroup S (), so that S, (¢) is a contraction on H.

In the present section we consider the Cauchy linear problem associated with £,

pe —
{%(r,x,w—ﬁspg(t,x,y), (.)€ G.1>0, 52

Voe(t,x,y) -ozv(x,y) =0, (x,y)€dG, pe0,x,y) =0(x,y), (x,y)eG.

It is well known (for a proof see e.g. [3, Theorem 2.5.1]) that the solution p, (¢) to problem (5.2) has a probabilistic
representation in terms of the solution of the stochastic equation with reflection (2.3). Namely, it holds

Pe(t,2) = S: (Dp(2) =E0(Z°(1)), 120,2=(x,y)€G.

Our aim here is studying the limiting behavior of p¢(¢), as € | 0.
To this purpose, we first introduce some notation (see [6] for all details). For any edge I} = {(x, k) : ax < x < by}
on the graph I" and for any a; < a < b < by, we denote

Grla,b):={(x.y) eI "I :a<x <b},  Gila,bl:={(x,y) eI () :a <x <b},

and for any § > 0 we define

N
G©®) = Grla + 8. by — 51.
k=1

For any vertex O; = (x;, k1) =--- = (x;, k5;) and a < x; < b we denote

G(0i.a.b):= | J{(x.y) e T (1)) : x € (a, b)}.
j=1

Finally, for any vertex O; and edge Ii, having O; = (x;, k) as one of its endpoints, and for any § > 0 we denote

Cix(®) :=={(r, ) e MU 1 x = x; £ 8,
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and then we set

C(®) := U Cir(8).

ik
Notice thatif 0 < 8’ < 8, then
Cik(S/) CG(O;,xi —6,x;i +6).

Next, for any ¢, 8,8’ > 0, with 0 < §’ < §, we introduce the following sequence of stopping times

O_ne,(S,é’ =min{t > 75’ 88" 75 (1) e G@©®)}, r,f"s"s =min{t > o, *° 3 .75 e c(8)}.
with 7’ 59" _ (0. For any fixed & > 0 we have that

lim ‘L’ £8.8" — lim o £,8.8' =00, [P-as.

n—>0oo n—)OO

and forany n e N
28(855)661(8/)’ Z€( 866)€C((S)

£,8,8

Moreover, if Z¢(0) € G(8), we have that o’ 2.8,

=0and 7,">° is the first time the process Z* () touches C(8’).

Lemma 5.1. If G satisfies assumptions 1-1V, then, for any 0 < t < T and for any ¢ € C(G) and z € G

lim sup |1E( M(ZE () — Enge™ (Z(1)] =0. (5.3)

€~>0t€[

Proof. As a consequence of limit (2.8) (whf)se proof can be found in [6, Theorem 1.2]) and of the Skorokhod embed-
ding theorem, we have that for any ¢ € C(I')

lim sup |[E.¢Y(Z°(1t)) — Enwv (Z®))|=0. (5.4)
e=0/e[0,T]

Thus, if ¢ were continuous on T, then (5.3) would follow from (5.4). Unfortunately, if ¢ € C (G) in general ¢”
not continuous on I', so that we cannot use (5.4) directly and we have to use an approximation argument.

If ¢ € C(G), it is immediate to check that ¢” is everywhere continuous but at the interior vertices of the graph I'.
However, for any § > 0 there exists s € C (T) such that

Wslloo < [0 | ¥s=¢" onTI(G(8/2).
In correspondence of each 8 > 0, we have
E:(¢")"(2° () — Ence™(Z(0)
=E[(¢")"(2°®0) = v5 (Z° )]+ [Ewy (2° ) = Eniy s (Z0)) ]|+ Eno [Ws(Z()) — 0" (Z(1)]
= 1P + 520 + P ().
If we can show that for any 8 > 0 there exists some &5 > 0 such that

lim sup sup |I]° ‘S(t)| = (5.5)
8=0cc(0,65) r€[7,T]

and

lim sup |I (t)|— 5.6)

—>0,e[
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then for any > 0 we can find §,, > 0 and &, > 0 such that

sup |E;(¢")"(2°(1)) —Enee™(Z@®)| <n+ sup |1§"S" O], e<ey. (5.7)
telr,T] te[r,T]

Since ¥5 € C(I'), due to (5.4) we have

lim sup ‘I "(t)|—
e=>0se[,T)

and then, due to the arbitrariness of 1, from (5.7) we can conclude that (5.3) holds.
In order to prove (5.5), we write

,6,8/2 ,6,8/2 8,8/2 8,8/2
If"s(t):]EZ<Ag’5(t);teU[t,f“/ ,of /)) ( eaire | J[on?, ,f+1/)>,

neN neN
where
A5 ()= (9")(Z2°®) = ¥5' (2° ).
Recalling that ¢ = 15 on TT1(G(8/2)), this yields
17° () = E; (Ae,a(t); re [ o,f"”‘/z))
neN
= Y BB eas_y I cosp_y) =y Jin (D).
neN neN
Due to the strong Markov property,
IS0 < Bell s By i (Besi o 2 > 1)
<P (5592 < 1) A s(1) < e'E. (e—f'f’a’m)Am(r), (5.8)

where

Aes)i= sup [E,(Aes);0l ™ >1)].

7eC(8/2)
Now, in [6, Lemma 3.10] it is proven that if t® = t®(ay + &', by — §’) is the first time the process X°(¢) leaves the
interval (ay + &', by — '), then for any A > 0

1
(Sh_r)r%) 5 51/1210 lim E(ak-i-&y) (1 - exp(—krs)) >0,

and

1
ah—rf(l)g al/linoglin E by s, v)(] - exp( )Lfs)) >0,

uniformly with respect to the points (ax + 8, y) and (by — 8, y) in ! ({x). This implies that there exist 0 < 8; <81,
0 <51_1 and &1 > 0 such that for every e <1, <8 and 0 <8’ < 8] A S

sup E, exp( 8”) <(1—pé).
z€C(8)
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Due to the strong Markov property, this yields

sup E, exp(—752) < (1 — po)", (5.9)

zeG
for every e < 1,8 <8y and 0 < &’ < 8] A 8. This implies in particular that
152 (0)] < ¢ Aes(®) Y (1 — p5)" <eTA83(t) 10, T]. (5.10)
neN

Moreover, in [6, Lemma 6.2] it is proven that, for some §, > 0, for every 0 < § < §; there exists &5 > 0 such that
forall e € (0,es5] and all z € G(O;,x; — 6, x; +6),withi =1, ..., N, we have

°(G(Oi, x; — 8, x; +8)) <562, (5.11)

where T°(G(0;, x; — 8, x; + 8)) is the first exit time of Z{ from G(O;, x; — 8, x; + 6).
Therefore, if we set § := 8| A 8, then for any § < 5, there exists 5 > 0 such that

B gE8:8/2

2
Aes) < ZleMo sup 05 < Zlgllnd®, relrn T,

2€G(0;,x;—8,x;+8)

This, together with (5.10), implies (5.5).
Now, for any § > and ¢ > 0, we have

11| < 2llellocPricz) (Z(1) € TI(G(8/2))) < 2l@llocErce) (f5(Z (1)),
for some f;s € C(f‘) such that Iy (s/2))c < fs <1 and f5 =0 on I[1(G(8)). This yields

10| < 2l¢lloo|Ennce) £5(Z(1)) — B 3 (Ze )| + 20l oo [Ee f3' (Ze (1) |-

According to (5.5), for any n > 0 there exists §,, &, > 0 such that

sup |E. £y (Ze))| <n, e<ey.
telt.T]

Then, for any ¢ < ¢,

sup. |1 )| =2l¢llosn +2ll¢lloc sup |En(z)fa(z(l)) E. £’ (Z.0)|.

telr, telr, T

so that, due to (5.4) and the arbitrariness of n, we get (5.6). ([l
Now we can prove the main result of this section.

Theorem 5.2. If the domain G satisfies assumptions -1V, then for any ¢ € C(G) and z € G and forany 0 <t <T
we have

lim sup ‘Ezgo(Z (t)) I_En(z)goA(Z(t)H:O. (5.12)

e=>0se[,T)

Proof. In Lemma 5.1 we have proven that forany t >0 and z € G

lim sup |E.(¢ ) (2°(®) = Enwe" (Zm)|=0.

5—>0t€[ T]

Thus, in order to prove (5.12), it is sufficient to show that

lim sup |1E( (z80) — (¢")"(z°1)))| = 0. (5.13)

e—>0le
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In what follows we can assume that ¢ € Lip(G). Actually, for any ¢ € C (G) there exists {@plnen C Lip(G) such
that

lim [gn — ¢llec =0.
n— o0
As this implies

lim ()" = (") "] =0,

n—o00

we obtain that

lim sup (|E:(¢(Z° (1) = gn(Z°®))] + [E=((¢") " (2°0) = (o) (2 0))) ) =0,

>0 1e(7,T]

uniformly with respect to ¢ > 0. Hence, for any n > 0 there exists n, € N such that

s[upT]lEz (@(Z5 @) = (") (z°®))| = n+ s[upT]UEz (@n, (Z50) = (o) " (2 )))]-
telr, telr,

For any fixed t > 0, we can assume that the partition introduced in (4.4) and in the proofs of Lemma 4.2 and of
Theorem 4.3, where we have defined the approximating process Z¢ = Z%7¢_ is such that

e 1
= kz+§ Ve,

where y; is the positive constant defined in Theorem 4.3 and k; € N. Notice that we can take ¢ > 0 small enough so
that y. < t and hence, as t > 7,

t
5 <kive<t. (5.14)

Moreover, with the notations introduced in Section 4, we have
Z5(t) = (X° (kfye), YOV (1)),
and, because of the way Y% 7:(¢) has been defined, we have
ZE(kfye) = (XE(kye). Yo (KEye)) € G®) = Z°(1) € G(O).

In the proof of (5.13) we will proceed in two steps. )
Step 1. We show that for some 0 < 8’ < § and any § < § and 8’ < 8’ A § there exists &5 > 0 such that for any z € G
and ¢ < g it holds

|E.(¢(z° (1)) — (¢A)V(z€(r)))| < ceT(@a + %Lgys,(z‘)), telr,T], (5.15)
where
L= sup [Be(p(2°0) = (o) " (2°0)); o > k). (5.16)
If we define

A:():=9(Z5() — (¢7)7 (25 (),
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for any 0 < 8’ < § and ¢ > 0 we have

E:(p(2° 1) = (¢")"(2°®))
(A (0); kfye € U[r,f"‘*‘s',o:“’)) +EZ<A O kye € | J[os?? 250 ))

neN neN
= ]E 5 I . A E I £.8,8 I e, ° A
n%% SN <k ye) How ™ >kfye) 8“”}% (o chpy (el >k ve) (1)
=Z]€53(I)+ZJ888
neN neN

As a consequence of the strong Markov property, for each n € N we have
JESY () = Bl e e B oy (Be (0105 " kEy)). (5.17)

Thanks to (5.11), for any § > 0 sufficiently small there exists €5 > 0 such that for any ¢ € (0, &5)

2[|¢lloo 8.8 _ 109l oo
E . v (Ac@);of™ > ky)| < sup E.oit? < 5.
| 25w ( 0 el KfVe 2eG(Ojxi—bxi40) 0 ki ve
Therefore, due to (5.17), we have
10 10 ki ve
| 856 (t)| ||(p||oo P ( ,8,8' <k€ ) llollooe 2]E exp( 555). (5.18)

ki ve - ki ve

As in the proof of Lemma 5.1, according to (5.18) and (5.14), estimate (5.9) implies that for any 0 < 8’ < §
sufficiently small, there exists &5 > O such that for any & < ¢;

e8.8' ||w||ooe 2 _ o cliglloe’
S|t ) < 23 1 - Py = =

1) e
= §C||§0|Io<>73- (5.19)
neN neN P

Now, let us study J,f’z(t). From the strong Markov property, we have

T30 O] S Bl s e B gy (8@ 775 > K e))

<P, ( £.8.8" o ksyg)LE 5 (1) <'E; exp( o 8.8/ )L§ 5 (1),
where L ,(¢) is the function defined in (5.16). Hence, thanks to (5.9), we get

T
St <Y - p8)e TL85,<t)< L§ 5 (0).

neN neN

forevery e < 1,8 <8y and 0 < &’ < 8] A 8. This, together with (5.19), implies (5.15).
Step 2. For any 0 < 8’ < §, it holds

lim sup L(3 5 ()= (5.20)

e=>0/e[,T)

For any ¢ > 0 we have
#(Z°0) = (") (2°0) = [¢(2° 1) = e(Z* )]
+e(Z°0) = (") (Z° )] +[(¢") " (2°0) = (¢") " (2° )]

'Mw

Il
-

I (1).
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If we denote by &, the integer such that z € IT~! (Ip,), we have

£,8,8'

T >k ye) =Eo ([T () £.3,8' £,8,8'/2

i > ki Ve, T, > (k; +1/2)ve)
ket < 6 1/2))

s Z5(), Z5(t) € G, (an, +8'/2, by, — 8'/2))

E(|1f @)

+E.(|I; ()
<E.(|If®

! ,8,8'/2
+ 209 llooPe (tf > > ki e, 102 < (K +1/2) 7).
Now, according to Theorem 4.3, since we are assuming ¢ € Lip(G), we have that

lim sup sup E.(|I{(1)
£=>0,eC(8) te[r.T]

1 Z5(1), 2£(t) € Gp, (ahZ + 8’/2, by, — 8’/2)) =0. (5.21)
Moreover,

Po(ef ™ > Kiye 0 < (K +1/2))
e 8,82 e(1e / 8,8 e £.8,8'/2 e
SIP’Z(|X (rl )—X (k[y8)|28/2, T >k, Ve, T S(kt +1/2)y8)

<P(|X*(r A Tis’s’a//z) — X (ke A tf’g’a//2)| >6'/2)

2\ 2 , ,
< (3‘) EL|X*(t A58 72) — x* (kEye A 202,

Since
Xt ATy ) = XE (ke A
Mff,s,s’/z
,8,8'/2 ,8,8'/2
=B (t AT ) = By (Ko ye A0 )+/ s VHXE(), Y(5)) do* (s),
kfygArls’ 8
from (4.2) we get
B[ X (e Aty ™) = X0 (ke Aty )P < e,
so that
’ ,8,8'/2 4
PZ(TI&B’(3 >k;€y€"[l€ / = (kf+ 1/2))/5) Sc((s/E)Z'
This, together with (5.21), implies that
lim sup sup E(|I5)]; 75 > kfy,) =0. (5.22)

e>0,e0(8) tefr,T]

As (¢")Y is continuous in G(8), for any § > 0, we can repeat the same arguments used for /7 (¢) to prove that

lim sup sup E.(|I5@)]; 150 > kfy,) =0. (5.23)

=0 cC(8) telr,T]

Now, it remains to study

(150t > kye).
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As a consequence of the Markov property, we have

B, (I (0); 700 > ko ye) = B (W (e /2, Z8 (Ko ) ): 7000 > K ys),

where
Yis,x,y)= E(x,y)(p(xv Yls)(x,y)(s)) - ‘PA(X» h(x,y))v

h(x,y) is the integer defined by (x, y) € n! (I ), and Yy « y)(s) is the process defined, as in (4.7), by the equation

1 1
dYf (3 (5) = —dB(s) + va(x. ¥, () ddf (). 5 €10,70). ¥, 1y O = .
Now, by proceeding as in the proof of Lemma 4.2, we have that

Y(s,x,y)= IAE(x,y)(p()Cv Y2,(x,y) (5/82)) - ‘PA(xa h(x,y))v

where Y; (x y)(s) is defined, as in (4.8), by the equation

dYs,(x,y)(8) = dB(s) + 12(x, Y2, () A2 (1), s €[0,¥e/6), Y2, (2. (0) = y.
Notice that, due to our assumptions on the domain G, forany § >0andk=1,..., N,
Grlax+8,bx —8) = {(x, ) €R2 hy 4 (x) < y < hox(x), x € (ax + 8, b — 8) ),

for some smooth functions A x(x) and A2 i (x), and, if lx(x) is the length of the cross-section Ci(x) = {(x,y) €
Grlar + 68, by — 6)}, we have

inf Ik(x) = inf (hg,k(x) - hl,k(x)) =:lxs>0.
xe(ag+8,bx—8) xe(ag+8,bp—5)

For any (x, y) € Gi(akx + 8, by — §), the process Y3 (x y)(s) lives in the interval [A1 x(x), h2  (x)]. Because of the way
the process Y2 (x,y)(s) has been defined, for any f € C([h1(x), h2x(x)]) we have

]

By f (Yo, ) =D eI foef ek 1y € [hiax), hax(x)],
j=0

where

e,fo(y)=#, e () = icos<j—”(y—h1,k(x))>, j=12...,
; VI (x) J L (x) L (x)

and

_ _ (YL
ago(x) =0, oy, j(x) =— o) j=12,....

Recalling how ¢” is defined, this implies

(o)
_ 2 .
Y(s,x,y) =y e /%I o0 ) ef lef (1),
Jj=1
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so that for any p > 1/2 we have

o) e8] e . o) 5 5 s\ 7P o)
|1//(s X, y)| S (x) Z —(2s/e )ak,](x)z|<§0(x’~),e])§’j>| SCp||§0||oo<;> Zak)j(x)_/’
j=1 =1
NEIN s\TPS s\
=cp<%> ||<p||3,o(8—2> >k 2pscp||¢||§o<8—2)

j=1

Therefore, we can conclude that

558 >kfye)

[B(15@: 77 > ki ye) | < B (19 (ve/2. 2° (ki) oo

§2\~/2
fcp”(p”oo<_> .
Ve

As we are assuming that g2 /ve = 0, as ¢ — 0 (see Theorem 4.3), we can conclude that

lim sup E. (I3 (1); '1:155‘S > kiye) =0,

e>0¢e[7,T]
and, together with (5.22) and (5.23), this yields (5.20).

Conclusion. Due to (5.15), for any n > 0 we can fix 0 < §; < 8, and &, > 0 such that for any ¢ <,

1 &
_La,,,s,;(’)’ telr, T].

E.[0(2°()) — (") (25 )] < n+ 5

Thus, according to (5.20), due to the arbitrariness of 1 we can conclude that (5.13) holds true, and (5.12) follows. [

In Sections 2 and 3, we have introduced the semigroups S(7) and Se (1), associated respectively with the operators
L and L. With these notations, as a consequence of (2.8), we have that for any f € C(I'),z€ G and t > 0

lim S0V (2) = (50 £)” ). (5.24)
Now, in view of Theorem 5.2 we get also the following limit result.

Corollary 5.3. Under Hypotheses 1-IV for the domain G, forany 0 <t < T, ¢ € C(G) and z € G, we have

lim sup |S:(1)p(z) — S)"e(z)|=0. (5.25)

e=>0¢¢[7,T]

Moreover, for any ¢ € H

lim sup [S. ()¢ — S(t) <p|H—11n%) sup |(Se(0)p)" — S)¢"| 5 =0. (5.26)

e>04¢[7,T] telr,T]
Proof. Since S(t)V¢ = (S(t)¢”)V, limit (5.25) is an immediate consequence of (5.12). Moreover, as

sup sup |Sg(t)¢(z>|—sup sup, IEzw(Zs(t>)|<||¢||oo,

zeGtelr,T] zeGtelr,T

and

sup sup |(.§'(t)<p/\)v(z)|= sup sup |S(1)e" (x, k)|
zeGtelr,T] (x,k)el te[r,T]

= sup sup [Eqne™ (Z®)| <119 oo < [¢llsos
(x,k)el te[r,T]
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by the dominated convergence theorem, from (5.25) we get (5.26) for any ¢ € C (G). Now, if ¢ € H, for any n >0
we can find ¢ € C(G) such that |¢ — ¢|g < n/4. This implies

1S9 = S |y < |Se() (@ = §) = S (9 = @) |y + [Se () = S1)V ¢,

IA

g +[8:(0@ — 5173,
so that we can find &, > 0 such that
|Se () — S(1)V g, < g e < e
Due to the arbitrariness of 7, this implies (5.26) for a general ¢ € H. ]

As the Lebesgue measure on G is invariant for the semigroup S (¢), for any & > 0 and ¢ € C(G)

/Sg(t)cp(z)dzzf 0(@)dz, t=>0.
G G

Now, due to (5.25) and the dominated convergence theorem, when we take the limit as & goes to zero we get
/ §(t)v<p(z)dz:/ ¢(2)dz, t=>0. (5.27)
G G
Now, if we take f € C ("), we have that fVe C(G), so that, thanks to (5.27) and (3.4), we get
/G (S f) @ dz= /G (SO()") (2dz= /G V() dz. (5.28)

Moreover, thanks to (3.3), if v is the measure defined in (3.1), for any g € H we have

/gv(z)dzz(gv,l)Hz(gJ)g:/gdv-
G r

Thus, according to (5.28), we can conclude

/S(l)fdv:/fdv, t>0.
r r

This implies the following fact.

Theorem 5.4. The measure v is invariant for the semigroup S(t). Hence S(t) extends to a contraction semigroup on
LP (T, v), for every p > 1, and in particular on H = LZ(F, V).

As S(t) extends to a contraction semigroup on H, due to Lemma 3.2 we have that for any u € H
150 ul, = [(S@u™)’|, = |SOu™| ;7 < u| 5 < luln. (5.29)
Moreover, L turns out to be symmetric in H.
Lemma 5.5. Forany f, g € D(L), it holds

(Lf,g)g=(fLg g
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Proof. This is an immediate consequence of the boundary conditions imposed on functions in D(L) and of the
definition of the scalar product in H. Actually, if f, g € D(L) we have

(L0 =] / Lo f G R g (e, Dl () dx = = Z / o ) (e g e, ol o)

1 el _
zizlkf/glalk _EZ‘/; lk(x)f/(x9k)g/(ka)dx:(f?Lg)[-}
k=1 k=1""k

O
6. From the SPDE on the narrow channel G, to the SPDE on the domain G
We are here interested in the following stochastic reaction diffusion equation in the narrow channel G,
0
Be (1, x,y) = SAve(t,x, ) + b(ve (2, x, y)) + /e 2% (x,y) € G, 6.1

avsaxy) 0, (x,y)€dGe,  ve(0,x,y) =up(x,ye™h,

where 9/dv, denotes the normal derivative at the boundary of G.. Here we assume that b : R — R is a Lipschitz-
continuous function and uo € C(G). Moreover, we assume that w2 (¢) is a cylindrical Wiener process taking values
in H, = L*(G,), having covariance operator 0:0;: € ,C]L(Hg), that is, for any #, s > 0 and u, v € H,

E{w? (1), u)y, (w (), v}, = (¢ A$)(Q: QFu, v)y, (62

In particular, there exist some complete orthonormal system {e} }xcn in H, and some sequence of independent standard
Brownian motions { (t)}en, all defined on the same stochastic basis, such that

w () (x,y) =) Qcef(x, MB{(1), 1>0.

k=1

For any €1, &2 > 0 and f € H,,, we define

€1 —1
JSQ,S]f(x’y):ﬂgf(xvglgz }’), (xvy)EGa‘z-

Clearly, J;, ¢, maps H;, into H,, and for every &1, &2, €3 > 0, we have
Je3,60 0 Jepe1 = Jo61-
In particular, ng ¢, = Je1,6,- Moreover

(Jsz,al u, Jsz,al v)Hez = (u, U)Hg] . (6.3)

Lemma 6.1. Let us fix €1, &2 > 0. Then, if {ex}xeN is a complete orthonormal basis in Hg , we have that {Jg, ¢, ek }keN
is a complete orthonormal basis in H,.

Proof. For any &, k € N, we have

&1 - _
(Jey.e1€k> Jaz,s|eh)H52 =— //C; ek(X,ElEQ IY)eh(X,Elgz 1y) dxdy

//G ex(x, y)en(x,y)dxdy = (ex, en) H, = .n-
€l
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Moreover, as
(fs Jer.1€0) Hey = (Jey 6, ' €k) He, »
if {ex}ken is a complete system in H,, , we have
(fiJrerekdn, =0, VkeN <= Joynf=0 <— [f=0.
This implies the completeness of the system {J;, ¢, ex}keN. U
Now, for any e1, &2 > 0 and Q € L(Hg,), we define

Isz,sl 0= J62,€1 ocQo Jsl,ez € E(Hez)-

Lemma 6.2. For every €1, &2 > 0, the operator I, ¢, is an isometry from L(Hg,) into L(Hg,) and from L,(Hyg,) into
£2(H82)'

Proof. Due to (6.3), for any f € H,;, we have
|J82,81f|H82 = |f|H8|,

so that I, ,, maps L(Hg,) into £L(H,,) as an isometry. Moreover, if {ezz}keN is a complete orthonormal system in
H,,, according to Lemma 6.1 we have

[e¢]

(Uep e @67 =3 enies QUercné?) iy
k=1

WK

2
”182,81 Q”gz(ng) =

~
Il
<N

M

|Q(Jer.ea?) 3, = 121,

~
Il

This proves that I, ¢, is an isometry from £, (Hg,) into L2(Hg,). O

With the above notations, if v, is a solution of equation (6.1) and if we define
1
ug(t,x,y) = —=J1,e0e)(t, x,y) = ve (1, x,8y), 1>0,(x,y) €G,
Je
we have that

d(J1 ew)

o7 (t,x,y), (6.4)

ou
8—;(& x,¥) = Loug(t,x,y) +b(ust, x, ) +
where L, is the uniformly elliptic second order differential operator defined in (5.1).

Lemma 6.3. Assume that there exists some Q € Lo(H) such that
Qs=1,10, €>0. (6.5)
Then Ji cw@e () ~ w2 ().
Proof. According to (6.2) and (6.3), for any ¢, s > 0 and u, v € H we have
E(J1cw® (1), u) (11w (), v), = B(w (1), Je 1)y (w (), Je1v),
=t AS) Qe Qe 1u, Je1v)y, =t As)J1eQe Qi Je 11, v)y,

&

=( /\S)<(Il,e Q) (11,6 Qe)*u, U>H'
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As we are assuming (6.5), this allows to conclude that J; ;w @ (¢) ~ w@(z). O

Remark 6.4. If Q € £,(H), then there exist a sequence {Ax}xen and a complete orthonormal system {eg}xen in H
such that

Qe = Arex, keN.
Then, since in (6.5) we assume Q, = I, 1 Q, we have
Ocfi =M fi, keN,

where { f }ren is the complete orthonormal system of He, defined by f;° = Je 1ex, for any k € N.
Concerning the boundary conditions satisfied by u, we have the following result.

Lemma 6.5. For any ¢ > 0, we have
Vo, - vfaG =0 <= Vu,-o.v),; =0. (6.6)

Proof. According to (2.2), for any (x, y) € G and ¢ > 0, we have
dug 1 Ju,
Vus(tv-x’ y) : a8v(x1 y) = _(t» X, y)Vl()ﬁ )’) + _2_(t1 X, y)VZ(xs y)
ox &= dy
dVg 10vg
= —(t,.x,gy)VI(.X, )’) + __(t’x»g)’)‘ﬁ()ﬁ )’)
ax g dy
= ——Vu(t, x,8y) - v¥(x, €y).
ece(x,y)
This implies (6.6). O
As a consequence of (6.4) and Lemmas 6.3 and 6.5, we can conclude that if v, is a solution of problem (6.1), then
ug coincides in distribution with the solution of the problem
w?

e (1, x,y) = Lotts(t,x, )+ bus(t, x,y) + 22=(t,x,y), (x,y)€G,

(6.7)
Vue(t,x,y) ozv(x,y) =0, (x,y)€dG, us(0,x,y) =uo(x, y).

In what follows, we shall assume that the non-linearity b : R — R is Lipschitz-continuous. In particular, this means
that the mapping
B:H—H, ueHw— Bu)=boueH,

is well defined and Lipschitz-continuous. Notice that, in the same way, we have that B : H — H is well defined and
Lipschitz-continuous.
Definition 6.6. An F;-adapted process u, € LP(2; C([0, T1; H)) is a mild solution for problem (6.7) if

t

t
us(t):Sg(t)uo—f—/ Ss(t—s)B(ug(s))ds—i—/ Sg(t—s)de(s).
0 0

We are assuming here that Q. € £,(H,), then, according to Lemma 6.2, we have that Q € £,(H). This implies that,
if we define

t
we (1) = / Sa(t — 5)dwl(s), 638)
0
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then w, € LP(R; C([0, T]; H)) (in fact this is true also under weaker conditions on Q). In particular, since the
mapping B : H — H is Lipschitz-continuous, as a consequence of a fixed point argument in L” (2; C([0, T]; H)) we
can conclude that there exists a unique mild solution u, € L?(2; C([0, T]; H)) to equation (6.7).

7. From the SPDE on G to the SPDE on the graph T

In Section 6, by a suitable change of variable, from the stochastic reaction-diffusion equation (6.1) in the narrow
channel G, we have obtained the following stochastic reaction diffusion equation in the fixed domain G

Jw?
Be (1, x,y) = Lotts(t, %, ) + bus(t,x,y) + 22=(t,x,y), (x,y)€G, 7.1
Vue(t,x,y)-o.v(x,y) =0, (x,y)€0dG, us(0,x,y) =uo(x, y).

Our purpose here is to study the limiting behavior of its unique mild solution u, in the space L? (2; C([0, T']; H)), as
e— 0.
To this purpose, let us consider the problem

dil - . dw? _ N
a(r,x, k)= Li(t,x, k) + b(ii(t, x, k)) + T(r,x, k), (0, x,k) =ul(x, k), (7.2)

where ug € C(G) and L is the second order differential operator on I', defined in the interior part of each edge I; of
" by the operators Ly, given in (2.5), and endowed with the gluing conditions described in (2.6) and (2.7). Here w<
is the cylindrical Wiener process defined by

o
(1) = (Qe;)"Bj(t), (1.3)
j=1
where {e} jen is a complete orthonormal system in H and {8;(7)} jen is a sequence of independent standard Brownian

motions. Thanks to (3.3), this means that for any f,g € H and t,s >0

E(C ), f)a(02 ). g) 7 =D _((Qep)". )z{(Qe)™. gzt As)
j=1

Z Qej. f¥),(Qej.8"), t As)=(QO* V. 8¥),(t As)

=((00* V)" g) st A)=((Q0")" f.8)5(t A 5).

Notice that if we assume Q € L, (H), then, due to Lemma 3.1, we have

~.
—

oo oo

QQ ej,ej) Z(QQ*E >H_||Q||£2(H)<OO

j=1 j=1

so that the series in (7.3) is well defined in LZ(SZ; H ), for any ¢ > 0, and defines a H -valued Wiener process, with
covariance operator (Q Q*)".

As we have seen in Section 2, the operator L is the generator of the Markov transition semigroup S(t) associated
with the limiting process Z(¢) defined on the graph I' and introduced in [6]. Thus, we can give the following definition.

Definition 7.1. An adapted process u € LP(; C([0, T]; I-_I)) is a mild solution fo equation (7.2) if

t t
ﬁ(t):S(t)u()\—i—f S(r—s)B(ﬁ(s))der/ St —s)dw?(s).
0 0
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As we are assuming Q € Ly(H), then w2 (1) € L%(, H), for any ¢t > 0. Moreover, as S(1) is a contraction on H
(see Theorem 5.4), the process wj (¢) defined by

t
wz(t):=/0 St —s)dw(s), >0,

takes values in L (; C([0, T1; H)), for any T > 0 and p > 1. Therefore, as the mapping B : H — H is Lipschitz-
continuous, we have that for any 7 > 0 and p > 1 there exists a unique mild solution u € L?(; C([0,T]; H)) to
equation (7.2).

Theorem 7.2. Assume that the domain G satisfies assumptions 1-IV. Moreover, assume that the nonlinearity b : R —
R is Lipschitz-continuous and Q € Lo(H). Then, for any ug € C(G), p>1and 0 <t < T we have

imE sup |u.(t) —a()" |}, = imE sup ue () —a()|% = (7.4)
€0 te[r,T] teft,T]

where u, and u are the unique mild solutions of equations (7.1) and (7.2), respectively.
Before proving (7.4) in the full generality of Theorem (7.2), we prove (7.4) in the case B =0 and ug =0.

Lemma 7.3. Under the same assumption of Theorem (7.2), for any T > 0 and p > 1 we have

imE sup |we(t) —wi(1)"]}, =0, (1.5)
€0 1ef0,7]

where w (t) is the stochastic convolution defined in (6.8).

Proof. By using the stochastic factorization formula (see e.g. [2] for a proof), for any ¢ € [0, T] and « € (0, 1/2), we
have

(we () —wi (1))

sinTo
=/Ot(t —9)*718G =)V () ds +/O[<t — ) [Se(t —5) = 5t — )V ]S 5 (5) ds,
where
S (s) = fos(s —0) [Se(s —0) — S(s —0)Y]dw? (o),
and
Yy o(s) = /0 5 —0)8(s — 0) dw(o).

Thanks to (5.29), we have that S(¢)" is a contraction on H. Then, for any p > 1/« it holds

E sup |w.(t) —w;(®)|? < ,,a(T)/ E|Y; ()|}, ds

tel0,1]

t
+¢pa(T)E sup /|[Sg(t—s)—5'(t—s)V]le(s)mds. (7.6)
te[0,T]1J0

For any fixed s > 0 and « € (0, 1/2), we have

p/2
| l(s)‘H—cp(Z/ 2”l’SE(G)Qe]—S(U) er|Hdo> .
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As both S, (o) and S(o)V are contraction in H, we have
o0 ) o
> I8:(0)Qej — 5(0)Y Qe <D 1 Qe
j=1 j=l1
and then, as Q € £>(H), for any n > 0 we can find n, € N such that
o0 s 5
> / o 2[S:(0) Qe — S(0)" Qe;|, do <n. (1.7)
j=ny+170

Once fixed ny, due to (5.26) and the dominated convergence theorem we have that
ny s )
li S i — S(0)Y Qe;l;, do =0,
1%];/0 |S:(0) Qe — 5(0) Qe |, do
and this, together with (7.7), due to the arbitrariness of n implies that

T
lim | E|Y. (s)]" ds=0. (7.8)
0

e—0

Next, forany 0 < 7 <t < T we have
t
/0 [Set =) = St —)V]YZ ()5 ds

t—t B t _
:/O \[Sg(t—s)—S(t—s)V]Yé’z(s)mds—}—/ |[Set —5) = 5@ —)V|YE 5 ()| ds
i

1—1 T 1/2
5/ ’[Sg(t—s)—S(t—s)V]Yiz(s)|st+C«/?(v/ |Y§’2(s)|§;ds> .
0 0

Now, if for any § > 0 we denote k(T, §) = [T /4], for any t < T we have

t—71 B
/0 |[Set —5) = S —)V]|YE 5 ()| ds

k(T,5) _ k(T,5) (k+1)8
<cp Y sup |[Ses) = SV |YEL kS| +cp Y / Y2, (s) — Y, (k8)|7 ds.
k=1 selr,T] k=1 kS

This implies that

t
E sup /|[Sg(t—s)—S(t—s)V]Y;Z(s)ﬂ;ds
t€[0,T]1J0

K(T.5) K(T.8) . (k+1)8

<cp > E sup [[Sc(s) = S&)V]YEL k)| +cp D / E|YE ) (s) — YE,(k8)[7, ds
=1 SElrT] ol Uks

T 5 12
+cﬁ</ E[Y;z(s)|;ds) )
0

As Qe Lr(H), forany0 <r <s, e >0and g > 1, we have

00 g q/2
E|Y;,2<s>—Y;,2<r>ri,=cq(Z / G‘Z“ISS(G)erﬁ,dO) < s —r)(17204)2,
j=1""
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so that

t
E sup /0|[Sg(t—s)—S‘(t—s)v]Yoiz(s)mds§cp(T)8(1_2a)p/2+cp(T)ﬁ

te[0,T]
k(T,5)
+cp D E sup |[Se(s) — S(o)V]YE L k8)|h
k=1 selr,T]

Therefore, if for any > 0 if we pick §,, 7, > 0 such that
ep(TI8I 2002 4 e, (T) /7y < g

we have

1
E sup /|[Sg(t—s)—5'(t—s)v]Yof’Z(s)’st
t€[0,7]1J0

k(T,8,)

+cp Z E sup |[Sg(S)—S(S)V]Yof,z(k‘sn)m'
= selr,.T)

=

NS

Thanks to (5.26) and the dominated convergence theorem, due to the arbitrariness of 1 > 0 this allows to conclude
that

t
lim E sup / |[Sg(t —5)—=S@ —S)V]Yofz(s)mds =0.
=0 110,710 '

This, together with (7.8), thanks to (7.6) allows to get (7.5). U

Proof of Theorem 7.2. As we have seen in Section 6, since u, is a mild solution to equation (7.1), we have that u,
satisfied the following equation

t

ug (1) = Se(Hug +/ Se(t — ) B (ue(s)) ds + ws (1),
0
where
t
wg(t)=/ Se(t —5)dw@(s).
0

This implies that for any p > 1and T > 0
|ue(t) — ()" |4, < cp|Se(uo — S1) uo|?,
+c, P! fOZ|S€(z‘ —)B(ue(s)) — (St —5)B(i())) |} ds
+eplwe) —wp ([} (7.9)
Now, forany ¢ >0, p > 1 and 0 < s < 1, we have
|Se(t — $)B(ue(s)) — (St — 9)B(ii(s))) |7,
< cp|Se(t = 9)(Bus(s)) = B(a)) ") |7y
tcpSe(t = 9)B(i(s) "~ (S¢ —)B(a()))” |7,
< cp|B(us(s) = B(a)) [ +¢p[Se(t =) B(a(s)) " = (5 = 9)B(a())"[;-
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Since B(ii(s))¥ = B(ii(s)"), we have

|B(us(s)) — B(ii()) |7, < cplue(s) —ii(s)” |7,
and then

[ -
/0 |Se(t — $)B(ue(s)) — (St —9)B(i(s))) |7 ds
t
< cp/ |ue(s) — ﬁ(s)v|st
0
t
+cpf |Se(t —$)B(it())” = (St — 5)B(i(s)))"|? ds. (7.10)
0
Therefore, due to (7.9), we have
t

|ue(t) — ()|} < RS(1) + C”/o |ue(s) —ia(s)" |}, ds,
where

RE (1) := cp|Se(Ouo — S(t) oy + cp|we(0) —wp ()|}

t
+ cp/ |Se(t —$)B(ii(s))” — (S — )B(())) " |5, ds.
0

By comparison, this yields

13
juey =) [} = [ IR ) ds R0 @.11)
so that

T
sup [ue () —i(0)"|% gc,,(T)/ Ry (s)ds+c, sup Ry (7).
telr,T] 0 te[r,T]

Now, forany 0 <7 <t < T, we have
[ -
/0 |Se(t —$)B(ii())” — (St —5)B(ii(s)))"|% ds

t—1 t
Scp/O |Sg(t—s)B(ﬁ(s))v—(S(t—s)B(ﬁ(s)))v|st+cp/ (14 |u(s)|%) ds

-1

T } y T 12
§Cp/0 sup |Ss(r)B(i(s))” — (S B(a(s))) |st+cpﬁ</() (1+|ﬁ(s)|§,_”)ds)

re(r,T]

This means that

t
E sup /|Sg(t—s)B(zz(s))v—(S(z—s)B(ﬁ(s)))V|§,ds
te[0,T]1Y0

r = \4
gc,,/o s[upT]|Sg(r)B(ﬁ(s))v—(S(r)B(ﬁ(s))) |st+c,,(T)E|ﬁ|£([O’T];H)«/?.
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Hence, for any n > 0 we fix 7;, > 0 such that

t
E sup /|Sg(t—s)B(12(s))v—(S’(t—s)B(ﬁ(s)))v|st

t€[0,7]1J0

=

N

T
tep / sup[S:(r)B(i()" — (S¢)B(@(s)) |}, ds.
0 relr,T]

As 7 is arbitrary, due to (5.26) we can conclude that
t
limE sup / |Se(t —$)B(ii(s))” = (St — 5)B(ia(s))) | ds = 0.
=0 ter0,71J0
This, together with (5.26) and (7.5), implies that

lim E sup R; (t) =0,

e>0  4e[r,T]

and due to (7.11) we can conclude our proof.

8. From the SPDE on the graph I" to the SPDE on the narrow channel G,

Let us consider the equation

dit - ) dwA _
E(t,x, k)= Lu(t,x, k) +b(u(t, x, k) + 7(t,x, k), @(0,x,k) = folx, k),

8.1)

where fy € C(I') and L is the second order differential operator on I', introduced in Section 2. Here w? () is a

cylindrical Wiener process defined by

wh() =) AfiBj(10), 1=0,

j=1

8.2)

where {f;}jen is a complete orthonormal system in H, {Bj}jen is a sequence of independent standard Brownian

motions, and A is a bounded linear operator on H.
Due to (3.4) and (3.9), we have

Af=(AYfY)", feH.

Now, as we have seen in Section 3, any # € H can be written as u = u| + up, with u; € K| and u; € K. Therefore,

if we define
Qu=A"u;, uecH,
we have that

Quln = [AVur] ;< [AY] g lrler < NA gyl

so that Q € L(H). Moreover if {g;};cN is a complete orthonormal system in K5, we have that {h;}ren := {fl.v}jEN U

{gi}ien is a complete orthonormal system in H and then, thanks to Lemma 3.2, we have

1012,y = > 10hly = S| OfY |5,

keN jeN

2
= Z|Avfjv|H = Z|(Avfjv)A|§9 = Z |Aff|%1 = ”Allzﬁz(ﬁ)'

jeN jeN jeN
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This means that A € £,(H) if and only if Q € L2(H).
Thus, we can introduce the stochastic PDE in the fixed domain G

Jw?
Be (1,x,y) = Lotts(t, %, ) + bus(t,x,y) + 22=(t,x,y), (x,y)€GC,

8.3
Vug(t, x,y) - opv(x,y) =0, (x,y) €9G, ue(0,x,y) = fy (x, ), ®-3

where w€(r) is the H-valued Wiener process defined by

wl() =" OB ()= QfBj(t), =0,
k=1

j=1

and {B; }ren 1= {Bj}jen U {B/}ien, for some sequence {B;(1)};en of independent Brownian motions, independent of
the sequence {8} jen.
Since forany i, j € N

(1)) =(Ar)) = Af;. Qsi=0,
we have that
o0
wh (1) = "(Qh) B (1).
k=1
This means that we are exactly in the situation covered by Theorem 7.2 and we have that for any > 0 and p > 1
. — VP s A_ =P _
SIER)EWSU)—M(I) |H_SIE)I})E|ug(t) —u(t)|ﬁ_0. (8.4)
It is important to notice that (8.4) follows directly from (2.8) and does not require all what we have done in

Sections 4 and 5.
Finally, if we set

Us(t»xs y):\/g(‘]&lu&‘)(tvxv y) :uﬁ(tsx7 y/s)v (x,)’) € GSv

we have that v, satisfies the equation in the narrow channel G,

Q¢
Be (1, x,y) = AV, %, y) + b(vs(1,x, ) + /e22=(t,x, ), (x,y) €Ge,

v y o 8.9
E(LL}’)ZO, (-xsy)eaGEv Ua(O,X,}’)Zf() (x’ye )7

where d/9v, denotes the normal derivative at the boundary of G, and Q. = I 1 0.
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