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The generalized Pdlya urn (GPU) models and their variants have been
investigated in several disciplines. However, typical assumptions made with
respect to the GPU do not include urn models with a diagonal replacement
matrix, which arise in several applications, specifically in clinical trials. To
facilitate mathematical analyses of models in these applications, we intro-
duce an adaptive randomly reinforced urn model that uses accruing statistical
information to adaptively skew the urn proportion toward specific targets. We
study several probabilistic aspects that are important in implementing the urn
model in practice. Specifically, we establish the law of large numbers and
a central limit theorem for the number of sampled balls. To establish these re-
sults, we develop new techniques involving last exit times and crossing time
analyses of the proportion of balls in the urn. To obtain precise estimates in
these techniques, we establish results on the harmonic moments of the total
number of balls in the urn. Finally, we describe our main results in the con-
text of an application to response-adaptive randomization in clinical trials.
Our simulation experiments in this context demonstrate the ease and scope of
our model.

1. Introduction. A generalized P6lya urn (GPU) model [4] is characterized
by a pair (Y1, Y2,,) of random variables representing the number of balls of two
colors, red and white, for instance. The process evolves as follows: at time n = 0,
the process starts with (y1,0, y2,0) balls. A ball is drawn at random. If the color is
red, the ball is returned to the urn along with the random numbers (D 1, D12.1)
of red and white balls, respectively; otherwise, the ball is returned to the urn
along with the random numbers (D711, D22,1) of red and white balls. Let Y71 =
y1,0+ Di11,1 and Y21 = y2 0+ D12,1 denote the urn composition when the sampled
ball is red; similarly, let Y1 1 = y1,04 D211 and Y21 = y2,0 + D22,1 denote the urn
composition when the sampled ball is white. The process is repeated yielding the
collection {(Y1,, Y2,,); n > 1}. The quantities Ry = {(D11,,, D12,n); n > 1} and
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Ry = {(D21,n, D22,,); n = 1} are collections of independent and identically dis-
tributed (i.i.d.) nonnegative integer valued random variables, and R is assumed to
be independent of R,. We refer to

D =[D11,n D12,n:|
"7 |Dain Dnn

as a replacement matrix.
In this paper, we focus on an extension of the randomly reinforced urn (RRU)
model, a variant of the randomized Pélya urn (RPU) models, whose replacement

matrix is given by
_ |:D11,n DlZ,n] _ [Dl,n 0 }
"7 |Dan Dnpn 0 Dy,)’

where the random variables D; , and D, , are supported on [0, co), rather than
on the set of nonnegative integers. Let m := E[D; ,] and my := E[D> ,]. For the
RRU model, the law of large numbers (LLN) was established in [18], that is,

Yin  as {1 Apny=my) + 0 pmy<myy,  Emy #Fma,

1.1 Z, = —"—
(- " Yin+Yo,

ZOOa 1fm1=m27

where 23 stands for almost sure convergence and Z, is a random variable sup-
ported on (0, 1). The properties of the distribution of Z, were studied in [2, 3].
Denoting {(N1.,, N2,,); n > 1}, the number of balls of red and white colors sam-
pled from the urn, one can deduce from the above LLN that N; ,,/n converges to
the same limit as Z,,.

From (1.1), the limit of Z, is either 1 or O when m # m,. However, in ap-
plications it is common to target a specific value p € (0, 1) for the limit of Z,.
This was achieved in [1], where the modified randomly reinforced urn (MRRU)
model was introduced. The MRRU model is an RRU model with two fixed thresh-
olds 0 < p2» < p1 < 1, such that if Z,, < py, no white balls are replaced in the
urn, while if Z, > p1, no red balls are replaced in the urn. These changes occur at
random times that, in general, depend on m and m;. Thus, even if the sequences
{D1,;n>1}and {D> ,;n > 1} are i.i.d., the replacement matrices of the MRRU
model are not i.i.d., since they have the following representation:

D — [Dl,n Az, 1<p1) 0 ]
" 0 Doy -1z, =1
The LLN for the MRRU when m | 7 m is established in [13] and has the following
form:

Zy a_.S)- L1 - 1{ml>m2} + 02 - 1{m1<m2}-

A second-order result for Z,, namely the asymptotic distribution of Z,, after ap-
propriate centering and scaling, was derived in [13]. However, the validity of the
central limit theorem (CLT) for N1 ,/n in the MRRU model is not known.
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A critical issue in the implementation of the MRRU model is that p; and p;
are typically unknown. In this paper, we use the accruing information concerning
the balls in the urn to provide random thresholds which converge a.s. to specified
targets. Specifically, our replacement matrix becomes adaptive in the sense that it
reduces to

Din-1iz,<p ) 0
12 D, — s n=pP1,n s
(1.2) n [ 0 Dy V7,55,

where p1 , and py , represent the random thresholds which depend on the accruing
information. We call this urn model an adaptive randomly reinforced urn (ARRU),
to distinguish it from the RRU and the MRRU. In this paper, we investigate the
asymptotic properties of the ARRU model when m | # m,. Specifically, we estab-
lish the LLN for Z, and N; ,/n, and the CLT for N; ,/n. Before concluding this
section, we describe recent literature which is similar in spirit to the present work
but is different from the above proposed model.

Let H, := E[D,|F,—1], where F,_; is the “information” up to time (n — 1).
This is referred to as the generating matrix. Asymptotic properties of the urn com-
position for homogeneous GPU, that is, H, = H for all n > 1, have been studied
in [4] under the assumption that H is irreducible. In [22], the extended Pélya urn
(EPU) is defined as a GPU such that all the rows of H sum to the same positive
constant, that is,

(1.3) H1=cl.

Under the additional assumption that H has simple eigenvalues, second-order
asymptotic properties on the proportion of sampled color extracted from the urn
are obtained. In [16], the limiting distribution of the proportion of sampled balls
for homogeneous urn models are derived. In [5], weak consistency and asymptotic
normality of the urn composition for the nonhomogeneous GPU are established.
However, in [5], the sequence {H,; n > 1} is deterministic and converges to a ma-
trix H satisfying (1.3). Bai et al. [7] and Bai and Hu [6] extended [5] to random
generating matrices and established the almost sure convergence of the proportion
of sampled balls. They also investigate the second-order properties. A key assump-
tion in [6, 7] is (1.3). In [25], the sequence of generating matrices is defined as a
function of adaptive estimators, which guarantees the convergence of H, to a lim-
iting matrix H satisfying (1.3). For “immigrated” urn models, theoretical results
have been obtained in [26] under the assumptions (1.3), or H1 < 0. These exten-
sions do not include the RRU model, where H, is diagonal, nonnegative and (1.3)
is not satisfied. For distributional results concerning large Pdlya urns, see [8]. We
now describe an application to the clinical trial literature (see [11]). For applica-
tions to computer science, we refer the reader to [17].
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1.1. Applications to clinical trials. Urn models have a long history of appli-
cations in clinical trials, by providing randomization procedures that target cer-
tain objectives (for a review, see [19]). In this context, patients are sequentially
allocated to treatments according to the sampled colors and the associated re-
sponses are used to update the urn. This is referred to as response-adaptive, since
the probability of assignment depends on information about the treatment perfor-
mance. For a literature review on response-adaptive designs in clinical trials, see
[15, 20]. In an RRU model, responses to treatments are transformed by a utility
function to obtain the reinforcement values, in such a way that the better treatment
has higher reinforcement values. Hence, in this context, as can be seen from (1.1)
treatment allocation to patients using the RRU yields a more ethically appealing
allocation. However, in some situations, especially when the superiority of a cer-
tain treatment is not absolutely clear, response-adaptive designs can be used to
target a certain proportion p € (0, 1) of patients to be allocated to a better perform-
ing treatment and, at the same time, obtain improved inferential properties at the
end of the experiment. The inferential properties depend on the optimality crite-
ria chosen and several of these are described in [21]. For this reason, in [1] the
RRU was modified (yielding MRRU) to asymptotically attain any target allocation
proportion, p € (0, 1). This guarantees that the MRRU design has an asymptotic
allocation within (0, 1) thereby incorporating ethical constraints (namely, assign-
ing more subjects to the superior treatment) and improving inferential properties
as shown in [14]. The main issue is that, in the MRRU, p; and p; are functions of
unknown parameters (see [21]). The ARRU model presented in this paper allows
p1 and py to be functions of such unknown parameters, and adaptively updates
by substituting sequential estimates of the parameters. The limiting results in this
paper demonstrate that such procedures target the unknown optimal allocation and
provide an appropriate randomization procedure for use in practice. We demon-
strate, using simulations, that the limit properties hold even for moderate sample
sizes.

1.2. Structure of the paper. The paper is organized as follows. In Section 2,
we present the notation and assumptions concerning the ARRU model and related
main results. Specifically, in Section 2.1, we present the LLN; in Section 2.2, we
present the CLT under the assumption that the thresholds are updated at exponen-
tially changing times. Section 2.3 is devoted to the implications of the main results
in the context of clinical trials.

In Section 3, we describe several fundamental results concerning the ARRU
model that are needed in the proof of the CLT. Specifically, we prove that the har-
monic moments of the total number of balls in the ARRU are uniformly bounded.
Then we use this to obtain a uniform L-bound for the distance between the urn
proportion at successive update times and the adaptive thresholds. In Section 4,
the proofs of the main results are provided, while Section 5 contains results of a
simulation study. Section 6 contains extensions to multi-color urn models.
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Finally, some remarks concerning proofs are in order. The LLN and CLT for
N1 n/n are deduced using the asymptotic properties of Z,. For this reason, in
several results of this paper, we will provide a detailed probabilistic description of
the sequence {Z,; n > 1}.

2. Model assumptions, notation and main results. We begin by describ-
ing our model precisely. Let &; ={&; ,;n > 1} and &, = {£ ,; n > 1} be two se-
quences of i.i.d. random variables, with probability distributions @1 and w;, re-
spectively. Without loss of generality, we assume that the support S of &, and
&, to be the same. Consider an urn containing y;,0 > O red balls and y o > 0
white balls, and define yop = y1,0 + y2.,0. At time n = 1, a ball is drawn at random
from the urn and its color is observed. Let the random variable X be such that

1, if the extracted ball is red,

X1 =
"Z10.  if the extracted ball is white.

We assume X to be independent of the sequences &; and &,. Note that X is a
Bernoulli random variable with parameter zo = y1,0/y0-

Let p10 and p20 be two random variables such that p; o, p2.0 € (0,1) and
pro>pro as. Letu:S —[a,b], 0 <a<b<oo If X; =1 and zo < p1.0,
we return the extracted ball to the urn together with Dy 1 = u(&1,1) new red balls.
While, if X; =0 and zog > 02,0, we return it to the urn together with D> | = u(&.1)
new white balls. If X; =1 and z9 > p1,0, or if X; =0 and z9 < p2,0, the urn
composition is not modified. To ease notation, let us denote Wi o = 1, < 510 and
W20 =1;)>, - Formally, the extracted ball is always replaced in the urn together
with

X1D11Wio+ (1 —X1)Dy 1 W
new balls of the same color; now, the urn composition becomes

Yi1=y1.0+X1D11 Wiy,
Y21 =y20+ U —X1)Dy1Wsp.

Set Y1 =Y1,1+4+ Y21 and Z; =Y,1/Y;. Now, by iterating the above procedure, we
define p1,1 and py,1 to be two random variables, measurable with respect to the o -
algebra F1 = o (X1, X1&1,1 + (1 = X1)&2,1), with p1,1, p2,1 € (0, 1) and p1,1 > 02,1
a.s.

Let p1., and P2, be two random variables, measurable with respect to the o-
algebra:

Fo=oc(X1, X611+ —=XD& 1, ..., Xn, Xi1n + (1= Xp)é2.0),

with 1, p2,, € (0, 1) and p1,, > p2,, a.s. We will refer to p; , j = 1,2 as thresh-
old parameters. At time (n + 1), a ball is extracted and let X, = 1 if the ball is
red and X, = 0 otherwise. Then the ball is returned to the urn together with

Xnt1D1 g1t Wi+ = Xug1) D21 Wa
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balls of the same color, where D1 ;41 = u(€1.041), D2.n+1 = u(2.n41), Win =
1{2,,5;31,"}’ Wa, = l{ZnZﬁz,n}’ and Z, =Y ,/(Y1n + Y2,,). Formally,

n+1

Yint1 =10+ Z XiDy,iWii-1,
i=1
n+1

Yanp1=y20+ Y (1= Xi)D2iWa i1,

i=l

and to simplify the notation let ¥, 41 = Y1 441 + Y2 n+1. If X1 =1and Z,, >
P1.n, thatis, Wi, =0, or if X,41 =0 and Z, < p2,, that is, W, = 0, the urn
composition does not change at time (n + 1). Note that condition p; , > 2., a.s.,
which implies Wy , + W> , > 1, ensures that the urn composition can change with
positive probability for any n > 1, since the replacement matrix (1.2) is never a
zero matrix. Since, conditionally on the o-algebra F,, X, is assumed to be
independent of &1, &,, X,+1 is conditionally Bernoulli distributed with parame-
ter Z,.

We will denote by Ny, and N3, the number of red and white sampled balls,
respectively, after the first n draws, thatis Ny, =Y ; X; and N, =" (1 —
X;). Let p; and p; be two constants such that 0 < p < p; < 1. We will adopt the
following notation:

Pn = pAl,nl{m]>m2} + /32,11 1{m] <my}» P = pP1 1{m1>m2} + /O21{m1 <my}-

Let mi = [u(y)ui(dy) and my = [u(y)ua(dy) be the means of {D; ,;n > 1}
and {D; ,; n > 1}, respectively. The urn process is then repeated for all n > 1. We
assume throughout the paper that the following condition holds:

2.1 mi % ms.
2.1. Law of large numbers. Our first result is concerned with the LLN.

THEOREM 2.1. Under the assumptions (2.1) and py, 2% 0, we have that

2.2) lim Z,=p a.s.
— 00

n

From Theorem 2.1, we can obtain the convergence of sampled balls, namely
Nin/n.

COROLLARY 2.1. Under the assumptions (2.1) and py, RS 0, we have that

2.3) lim

=p a.s.
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2.2. Central limit theorem. We next study the limit distribution of proportion

of sampled balls % By the description of the model, erl”’ depends on the se-

quence p;,, j = 1, 2. However, frequent changes to p;, may lead to an erratic

Nl,n

behavior of the sequence —>*. To stabilize the behavior of {%; n>1},wefixa
constant ¢ > 1 and introduce the sequence {p; ,; n > 0}, where

(2.4) Pin=hjy where[g'l<n<[g''].j=1.2,ieN;

that is, we update the threshold parameters only at exponential times {[¢'],i =
1,2,...}. An alternative definition of p; , j =1, 2, which is used in some proofs,
is the following: forn > 1,

(25) (151,}’1’ 152,1’1) = (ﬁ]’[qkn]’ pAZ’[qul])’ kn = [logq(n’)]
We will denote by p,, = 01,2 1{m|>my} + 02,n1m; <m,}. We now turn to the statement

of the CLT. In the following, LY represents the convergence in distribution.

THEOREM 2.2. Let p1,, and pa, be as in (2.4). Assume that for any € > 0
and j =1, 2, there exists 0 < c| < 0o such that for large n

(2.6) P(1pjn— pjl > &) < c1exp(—ne?).

Then, under the assumption (2.1), we have that

@) V(2 5, ) 4 N0 = ).

where p, = szzﬁi_l .
REMARK 2.1. The result of Theorem 2.2 continues to hold if (2.6) is not
satisfied, but o, 2% p and the following conditions hold:

(Cl) 1imsupn—>oo \/r_ZEHﬁn - :0|] < 00.
(c2) There exists & € (0, 1/2) such that p;, € [¢,1 — ¢] a.s. for any n > 1,
j=1,2.

REMARK 2.2. The asymptotic distribution established in (2.7) does not de-
pend on the value of ¢ > 1, and its main role is to reduce the frequency of updates
in o, j = 1,2. This has practical significance since, in real time implementation
of the model, updates to the database (which contains the accruing information)
are performed a limited number of times to reduce cost. In a clinical trial, a data
and safety monitoring board meets periodically to examine the updated database
and make decisions about the future course of the trial. Interim decisions can be
made using available responses collectively, rather than one-by-one. For additional
technical remarks, see Remark 4.1 below.
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Theorem 2.2 introduces an asymptotic bias for N; ,/n given by (p, — p). We
show that this bias is exactly of order O(n~!/?); our next proposition makes this
observation precise.

PROPOSITION 2.1. Let p1,, and pa, be as in (2.4). Assume also that (2.1)
holds. Then, if either (2.6) or limsup,,_, ., n E[|pp — ,0|2] < 00 holds, then

(2.8) limsupn - E[|p, — p|2] <00
n— o0

In the case when p , = p1 and Py, = po for any n > 0, Theorem 2.2 provides
a CLT for the allocation proportion of MRRU model. This is summarized in the
following corollary.

COROLLARY 2.2. In a MRRU, under the assumption (2.1), we have that

Nin
«/E( L
n

— p) 4 N0, p(1 = p)).

2.3. Application to clinical trials (revisited). Consider two competing treat-
ments 77 and 7. The random variables &; ,, and &, ;, are interpreted as the potential
responses to treatments 77 and 73, respectively, given by subjects that sequentially
enter the trial. At all times n > 1, a subject is allocated to a treatment according
to the color of the sampled ball and a new response is collected. Note that only
one response is observable from every subject, that is, X,&1 , + (1 — X,,)&2,,. The
function # maps the responses into reinforcement values D; , and D, that up-
date the urn. Typically, u is chosen such that 77 (or 73) is considered the superior
treatment when m > my (m; < my). We assume there exists a unique superior
treatment, which is formally stated in assumption (2.1).

We now describe the role of the sequences {p1 ,;n > 1} and {p2,,;n > 1} in
clinical trails. Assume the distributions w1 and uy are parametric, depending on
the vectors 01 and 6,, respectively, with § = (01,02) € ® C RY, with d > 1. Let

0, = (01 " 02 ») be an estimator of @ after the first n allocations, so that 0,, is
measurable with respect to the o -algebra F,,. We assume that the distributions |
and u; are parametrically independent, in the sense that ©; does not depend on 8,
and o does not depend on 0. Hence, 91,,, is computed with the Ny, observations
{61 : Xi; = 1,i < n}, while 92,,1 is computed with the N>, observations {&; :
X; =0,i <n}. Thus, {p1.,;n > 1} and {07 ,; n > 1} are defined as follows:

(2.9) Pra=fiy) and prn:=frB).  Vnz1,
where f1:0® — (0,1) and f>: ® — (0, 1) are two continuous functions such that

filx) > fa(x), Vx € ©;
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this implies p1 , > p2., a.s. for every n > 1. Moreover, set

p1:= f1(0) and p;:= f2(0).

The LLN presented in Theorem 2.1 suggests a direct interpretation for the func-
tions f and f> in a clinical trial context: f1(@) and f>(@) represent the desired
limiting allocations for the sequence Nj ,/n, in case the superior treatment is 7;
(my > my) or T (m; < my), respectively. This is a great improvement, since the
design can target an arbitrary known function of all the parameters of the response
distributions.

Ideally, f1 and f> are chosen to obtain good statistical properties from the de-
sign. Typically, in clinical trials, a design is constructed to satisfy certain opti-
mality criteria related to its statistical performances (e.g., power; see [21]). Let-
ting 1(#) denote the limit proportion of subjects to be allocated to treatment 7y,
this design can be obtained by the urn model described in Section 2 by choos-
ing f1(0) = f2(0) = n(#). However, in some experiments, ethical aspects are im-
portant and the main goal may be to assign fewer subjects to the inferior treat-
ment; in this case we choose fij(f) >~ 1 and f>(f) =~ 0. Designs requiring both
ethical and statistical goals can also be obtained from our design, by setting
f1(0) > n(0) > f»(0). For instance, we may take

fi@)=p-n@) +1—-p)-1,
£0)=p-n@)+(1—-p)-0, pe(0,1],

where p is a biasing term, which introduces a trade-off between the ethics and
statistical properties.

Finally, it is worth emphasizing that conditions oy, = p and (2.6) required in
the LLN of Theorem 2.1 and in the CLT of Theorem 2.2, respectively, are straight-
forwardly satisfied when we take 0 » to be maximum likelihood estimators (MLEs)
for 6.

Moreover, condition (c2) in Remark 2.1 is equivalent of the assumption that the
ranges of f] and f, are subsets of [e, 1 — ¢], for some ¢ € (0, 1/2).

(2.10)

3. Harmonic moments and related asymptotics.

3.1. Harmonic moments. In this subsection, we show that the harmonic mo-
ments of the total number of balls in the urn are uniformly bounded. This is a
key result which is needed in several probabilistic estimates, and in particular in
the proof of the CLT. More specifically, as explained previously the results con-
cerning the asymptotic behavior of Ny ,/n, depend critically on the behavior of
(Z, — pn). In Section 3.2, we provide bounds for Y,,(Z,, — p,), by using compar-
ison arguments with the MRRU model. Now, to replace the random scaling Y, by
the deterministic scaling 2, one needs to investigate the behavior of n/Y,,. Our next
theorem provides a precise estimates of the jth moment of n/Y,, for any j > 0.
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THEOREM 3.1. Under the assumptions (2.1) and (2.6), for any j > 0, we have

that
n\/J
sup E[(—) :| < 00.
n—00 Yn

In the proof of Theorem 3.1, we need the following lemma that provides an
upper bound on the increments of the urn process Z,, by imposing a condition on
the total number of balls in the urn Y,,. Hence, the proof of Theorem 3.1 is reported
after the following result.

LEMMA 3.1. Forany ¢ € (0, 1), we have that

3.1) {Y,,>b(1%8>}g{|zn+l — Zy| <e).

PROOF. The difference (Z,+1 — Z,) can be expresses as follows:
Yl,n +Xn+1W1,nD1,n+1 Yl,n

Yo+ XntitWinDips1 + (1 — Xy )WonDopy1 Yy

Consider {Z,4+1 > Z,}, since the case {Z,+1 < Z,} is analogous. Note that
{Zy+1 > Z,} implies {X, 11 = 1} and {W; , = 1}. Then, since Dy 41 <b as.,
on the set {Z,+1 > Z,} we have

Yl,n + Dl,n—H . Yl,n

o1 —2Z, <
s " Yn+D1,n+1 Yn
D
=" (1-2,)< <e,
Dl,n+1+Yn b+Yn

where the last inequality follows from {Y,, > b(1 —¢)/e}in (3.1). U

PROOF OF THEOREM 3.1. In this proof, when we have a set of integers
{lail, ..., [P1]} with ay, b; ¢ N, to ease notation we will just write {ay, ..., b},
omitting the symbol [-]. First, note that, since Dy ;, D> ; > a a.s. forany i > 1 and
Yo > 0, we have that

n
Yo=Yo+ Y (D1iXiWii—1 + Dpi(1— X)Wai_1)
i=1

n
3.2) >Yo+a-Y (XiWiio1+(—X)Wa1)
i=1
n
>Yo+a- Y (XiWii—1+ (1= X)Wai_1),
i=np
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for any B € (0, 1). To keep calculation transparent, we choose g = 1/2. We recall
that, by construction, we have that Wy ;_1, Wa,;_1 € {0; 1} and Wy ;1 4+ W2 ;1 >
1 for any i > 1; hence, the random variables X; Wy ;1 + (1 — X;)W5 ;1 are,
conditionally on the o -algebra F;_1, Bernoulli distributed with parameter greater
than or equal to min{Z;_; 1 — Z;_1}. Hence, the behavior of Y, is intrinsically
related to the behavior of Z,,.

Thus, let us introduce the sets Ay , (down), A, , (center) and A, , (up) as fol-
lows:

Acn=1] U {Z,-<c}},
n/2<i<n

Acn = ﬂ {Zie[c,l—c]}},
n/2<i<n

Aun=1 U {Z,->1—c}},
n/2<i<n

where ¢ € (0, 1) will be appropriately fixed more ahead in the proof. Then we
perform the following decomposition on the behavior of {Z;; n/2 <i <n}:

n J n J n J n J
5(5) [= (%) raan+B[(5) 1 |+ (5) Pt

On the set A., the process {Z;;n/2 <i < n} is bounded away from the ex-
treme values {0; 1}. Hence, we can use comparison arguments with a sequence
of i.i.d. Bernoulli random variables with parameter ¢ to get the boundedness of
E[(n/Yn)j 14.,]1. After that, we will focus on proving that P(Ag4, ) and P(Ay )
converge to zero with a sub-exponential rate.

First, note that on the set A, , the random variables

XiWiiag+(A—=X)Ws i

are, conditionally on the o -algebra F;_1, Bernoulli with parameter greater than or
equal to ¢ for any i =n/2, ..., n. Hence, if we introduce {B;; i > 1} a sequence of
i.i.d. Bernoulli random variables with parameter ¢, from (3.2) we have that

() ] el |

‘We now show that

n J
IimsupE|( ——————— < 00,
n—>oop |:(KO+Z?:1 Bi) ]
with Ko = Yp/a. To this end, we apply Theorem 2.1 of [12], withng =1, p = J,
Z;, = B; +Yy/n fori <n. All the assumptions of the theorem are satisﬁed_ in our

case. In fact, at first we have E[Z,] < oo because E[(Yo+ B1) /1 < K, "’ < oco.
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Next, note that Z;, are identically distributed for all i < n, since B; are
i.i.d. Bernoulli with parameter c. Finally, Z, converges in distribution, since

Z, = Y 1 Bi/n+ Ko e+ Ko. Hence, by Theorem 2.1 of [12], it follows that
E[Z, "] is uniformly integrable. As a consequence,

3 n j . — —

s | (g ) | =t B <o

Now, we will prove that P(A4,) and P(A, ,) converge to zero with a sub-
exponential rate. To this end, we will show that p; , and p;, are bounded away
from 0 and 1 with a probability that converges to 1 with a sub-exponential rate.
Formally, fix &€ > 0, such that p; +& < 1 and p; — e > 0, let « € (0, 1) and for any
n > 1 define the following sets:

Appi= { sup {p1,i} > p1 +8],
i>a\/n

Ay = {izl;lf/z{pz,i} <p2— e},

Az =] inf_{min{l = p1 5 p24}} = min{l — pi; p2} — &},
i>a/n

where we recall that p;; and p,; are the adaptive thresholds. Note that A , U
Az p U A3, = Q. We have that

P(Agn) = P(A1n) + P(A2,) + P(A3,, N Ad.n),
P(Au,n) =< P(Al,n) + P(AZ,n) + P(A3,n N Au,n)-

First, we prove that P(Aj,) and P(A,,) converge to zero with a sub-
exponential rate. Consider the term P (A1 ). From the definition of Ay ,, we ob-
tain

P =P( U thi=m+e)) = X PGui=pi+o.
i>a/n i>a/n
From (2.6), for large i we have that
P(p1i>p1+e)<c exp(—iez),
with 0 < ¢ < 0o. Hence, using the fact that Y, is increasing, we have that
PAL)< Y P(pri>pi+e)
i>a/n
<c Y exp(—ie?)
i>a/n
= c1 exp(—av/ne?).
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Similar arguments can be applied to prove P (A2 ,) — 0 with a sub-exponential
rate. Finally, we show that P(A3 , N Ay ) and P (A3, N A, ,) converge to zero
with a sub-exponential rate. Consider P (A3 , N Ag.,), since the proof for P (A3, N
Ay.») 1s analogous. First, let us introduce ¢ := min{pz; 1 — p1}, and rewrite A3,
as follows:

Az =] int_(poni1—pral=¢—ef.

i>a/n

Define the set Ad,n as follows:

Ad,n = ﬂ {Z; < c}}.
ay/n<i<n/2

We now set an appropriate value of ¢ such that
(3.3) {A30 N Agn) C (A3 N Aga),

for any n > 1. To this end, we need to find ¢ such that {Z; > ¢} C {Z;+1 > ¢} for
any i > a4/n. First, note that on the set A3, {02.; > (¢ — ¢)} for any i > a./n.
Hence, for any ¢ < (¢ — ¢), if {c < Z; < (¢ — ¢)} we have W, ; =0, that implies
Ziy1 > Z; and so Z; 41 > c. Alternatively, if {Z; > (¢ —¢) > ¢}, the set {Z; 1] <
Z;} is possible, and hence we have to bound the increments of Z,, to guarantee that
Ziy1 > c, that is, find ¢ such that

|Ziv1 —Zil < (¢ —¢) —c, Vi > 0.
Using (3.1), we obtain
Y
Yo +b

This guarantees that (3.3) holds for any n > 1.
Next, we show that P (A3, N Ay ,) converges to zero with a sub-exponential
rate. To this end, first note that on the set A3 ,, we have py; > po — ¢ for

(3.4) c<po:=

any i = a/n,...,n/2; moreover, on the set Ad,n, we have Z; < po for any
i =as/n,...,n/2. These considerations imply that W, ; = 0 and W;; = 1 for
any i =a+/n,...,n/2,onthe set A3z, N Ay ,. Hence, we can write
2
Y, +Y2 XDy, yio+ay"
3.5) Zn/2— o/ i=ay/n > i= aJ;/z ,

2
f+27/anDlt (yo—l—otfb)—i—aZl af
where the inequality is because Yl,aﬁ > 31,0 Yaﬁ <yo+as/nband Dy; >a
a.s. for any i > 1. Now, define for any n > 1 the set A4, as follows:

n/2

Agn=1 3 Xi> =L _(yo+avab)|,
e T = po)
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and consider the set Az, N Ad,,, N Asj. On the set A3, N Ad,n we can use the
definition of A4, in (3.5), obtaining

{A3,n N A~d,n N A4,n} C {{Zn/Z > pO} N Ad,n}-

However, {Z,,/2 > po} ﬂfid,n = . Hence, P (A3, ﬂfid,n NA4,,) =0anditis suf-
ficient to show that P(A3 ,NAg N Af ,,) converges to zero with a sub-exponential
rate.
Toward this, note that on the set A3z, N Ad,,, we have Z;1 > Z; for any
i =ay/n,...,n/2, since we previously showed that Wp; = 0 and W;; = I.
Hence, on the set A3, N Ay, {Xi,i =a+/n, ..., n/2} are conditionally Bernoulli
random variables with parameter p; > Z, s, a.s. Now, let us denote by {0; ;i =
1,...,n/2 —ay/n} asequence of i.i.d. Bernoulli random variables with parameter
20,1, defined as
Y1,0
o0n =——>+—<Z
O Vo Fay/nb 0V

it follows that P(A3 , N Ad,n N A‘En) is less than or equal than

a.s.;

n/2—a/n o
3.6 P in<————0Oo+ b) .
(3.6) ( ; Qin = L poy (0 aﬁ))

Finally, we use the following Chernoff’s upper bound for i.i.d. random variables
in [0, 1] (see [10]):

2
(3.7 P(S, <co-E[Sy]) < eXP(—% : E[Sn]),

with ¢ € (0, 1) and S, = Y_7 X;. In our case, we have that (3.6) can be written as
P(S, < cn - ELS,]), where 5, = X037 g;,, and

(" Y10 _po (otaynb)?
E[S”]‘(z “ﬁ)(ywaﬁb) anden = T o) yio(/2 — /i)’

since @ > 0 can be chosen arbitrary small, we can define an integer ng such that
¢ < cg for any n > ng, so that

P(Sn =cp- E[Sn]) = P(Sn =co- E[Sn])

Hence, by using (3.7), for any n > ng we have that

(1 —cp)?
P(A3z,N A4(-:,n) < exp(—T . E[Sn]>,

which converges to zero with a sub-exponential rate since
yi,0/2—ayn) n
E[S,]1= ym =./n.
Yo +a+/nb Vn

This completes the proof. [
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REMARK 3.1. The result of Theorem 3.1 can also be obtained by relax-
ing assumption (2.6). In that case, we need conditions 0, R o and (c2) to be
satisfied. Then the proof is similar by taking Ay, = {supl-Za\/,;{,ﬁl,i} >1—¢},
Az = {infjoo i} < €}, and Az, = {infj., sm{min{l — p1;; p2i}} > €}
Then, P(A1,,) = P(Az,)=0foranyn > 1.

3.2. A uniform bound. In this subsection, we provide a uniform bound for
the scaled difference between Z; and p;. To make precise statements, we start by
introducing additional notation. Set A i := sign(m; — mz)(,b'q_;+k — qu+k) and
fj,k = Yqj+kAj,k, forany j > 1 and any k =1,...,d;, where d; := qurl — qj.
Note that, using (2.4) forany k € {1,...,d;} A, =sign(m; —mz)(ﬁqj —Zgiti)-

Let {z;; j > 1} be a sequence of stopping times defined as follows:
38 1 =Mk Tixel=b,0l},  if{k>1:T;4e[—b,0]} #;
. T oo, otherwise.

In Theorem 3.2, we provide a Lj-uniform bound for the scaled distance between
the urn proportion qu 1 and the threshold ,5q jik>on the set {t; < k}.

THEOREM 3.2. Let p1, and p2, be as in (2.4). Then, under the assump-
tions (2.1) and (2.6), there exists a constant C > 0 such that

(3.9) sup sup E[g’ - |Aj i/l <] < C.
J=11<k=d;

where d; =g/t —¢gJ.
The proof uses comparison arguments with the MRRU model and related

asymptotic results. Hence, we first present the results concerning the MRRU model
in Section 3.2.1. The proof of Theorem 3.2 is then reported in Section 3.2.2.

3.2.1. Estimates for the MRRU model. In this subsection, we present some
probabilistic estimates concerning the MRRU model which are needed in the proof
of Theorem 3.2. We recall that for the MRRU the threshold are fixed, that is, p o =
pj forany n > 1, j =1, 2. Hence, in this subsection we consider Wy , = 1{z,<p}
and W ,, = 1z,>p,). We start by introducing some quantities related to the MRRU
model. Let {7},; n > 0} be the process defined as

(3.10) T, :=sign(my —m2) - Yu(p — Zy),
which is sometimes useful to represent it as follows:

T, =sign(my —ma) - (pY2,, — (1 — p)Y1,,).
Then, let 79 be the following stopping time:
(3.11) to :=inf{k > 0: Ty € [-D, 0]}.
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Let
L,:={0<k<n:T,_y €[-b,0]},
and let {s,; n > 1} be a sequence of random times defined as follows:

inf{L,}, if L a;
(3.12) 5, = |l AE L 7

00, otherwise,
where we recall that b is the maximum value of the urn reinforcements, that is,
D1, D2, < b as. for any n > 1. Note that by definition {s, = oo} = {ry > n}.
In Theorem 3.3, we provide the L;-uniform bound for Y,,(Z, — p), on the set
{to <n}.

THEOREM 3.3. For an MRRU, under the assumption (2.1), there exists a con-
stant C > 0 such that
(3.13) sup E[(Yulp — Zu|)*lto <n] < C.

n>1

The proof of the above theorem uses the boundedness of the moments of the
excursion times s, which is provided in Theorem 3.4 below.

THEOREM 3.4. For an MRRU, under the assumption (2.1), there exists a con-
stant C > 0 such that
sup{E[s2|to <n]} <C.

n>1

In the proof of Theorem 3.4, we need to couple the MRRU model with a par-
ticular urn model {Z,,; n > 1}. The processes are coupled, in the sense that: (i) the
potential reinforcements are the same, that is, [)l,n = D1, and [)2,,, =Dy, as;
(i) the drawing process is defined on the same probability space, that is, U, =U,
a.s. where {U,:n > 1} and {U,; n > 1} are i.i.d. uniform random variables such
that X,, 1 := 1y, ,<z,) and )~(n+1 = 1{0n+1<2”} for any n > 1, respectively.

We now describe the urn model {Z,;n > 1}. Fix a constant yy € (0, Y] and

20 = P1- Ihe process {Zn; n > 1} evolves as follows: if s, _| =0, thatis, Z,, 1 >
p1, then X,, = l{Un<P1} and
Yin=p1-50+ XD
(3.14) f1.n =PI Yo+ n Lno
Y2,n = (1 - /01) * Yo + (1 - Xn)DZ,n;
if s,_1 =k>1,thatis, Z,_| < p1, then f(n = 1{0n<2n71} and

Yin="Y1no1+ XnDin,
(3‘15) { 1,n 1,n 1+ Xn 1,n

Yo.n=Yon_1+ (1= X,)Dop;
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where Yn = 171,,1 + 172,,, and Z,, = 171,”/)7,,. The urn model is well-defined since
Sp—1 is Fn_i-measurable. It is worth noticing that Z, represents a generalized
Pdlya urn evaluated after exactly (s,—1+ 1) steps, with initial composition p1 yg red
and p1 (1 — yp) white balls. In the next lemma, we state an important relation among
the MRRU model and the process { Zpin > 1}, needed in the proof of Theorem 3.4.

LEMMA 3.2. Consider the urn model {Zn; n > 1} defined in (3.14) and (3.15)
coupled with the MRRU process {Z,;;n > 1}. Let T,, := sign(m| —m3) - Y,(p — Z,)
forany n > 1. Then, on the set {3j <n :T; <0}, we have that

[T, >0} C{T, > Ty}

PROOF. Without loss of generality, assume m| > my, which implies p = p;
and T, = Y, (p1 — Z,). Noting T, = plfz,n — (- ,01)171,,1, we now use induction
to complete the proof of the lemma. Note that, on the set {there exists j < n :
T; <0}, s, is almost surely finite. On the set {s, = 0}, that is, {7,, < 0}, we can

immediately see that {741 > 0} implies {Tn+1 > Tn+1} and {Zn+1 <Zpt1}. In
fact, from {7, <0} and {7,,+1 > O} we have X, 11 =0 and W, , =1, so that
Tyt =Ty + p1Donst < p1D2pst = p1Dons1 = Ty,
Zn¥n  _ _ p1Yo
Yo+ D2nt1— Jo+ Danti
Now, consider the set {s, > 1} and assume by induction hypothesis that

(3.16) ({T;>T;>0,Zi<Zi<p,Vi=n—sy+1,...,0n}N{Tp41 > 0}.

Zpt1 = =Zn+1.

Then we will show that Tn+1 > Ty4+1 and Z,,+1 <Zy11.5ince T, = p1Y2,, — (1 —
01)Y1.n, we note that

n+1
Thy1 =Ty, + Z [o1(1 = Xi)DyiWa i1 — (1 — p)XiD1,i Wi i—1],

i=n—sp+1

where we recall that for the MRRU model Wy ; = 1(z,<p,) and Wa; = 1(7,>,,}.
Since 1,5, <0, Wo;—1 <1,by 3.16) W), =1foranyi=n—s,+1,...,n,
Xp—s,+1 =0, and by construction Dy ; = Dy ; and D, ; = D> ;, we have

n+1

i1 < Y. [p(1=X)Dai — (1 — p1)X;iDy].
i=n—sp+1
Moreover, by (3.16) we have X; 1 =1y, <z} > I{Ui+1<2i} = )?l-“ for any i =
n—s,+1,...,n. Hence, we can write
n+1 n+1

Tis1<pi y. (=X)Dyi—(—p1) Y, XiDyi=T.

i=n—sy,+1 i=n—sy,+1
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Similarly, we can prove that Zn+1 < Z,+1. Note that

Zns, Yn_s, + 3011 XiDy;Wi i1

Zn 1 = i=n—sp+1
n+l — .
+1 +1
Yoosy + 2 i o1 XiDLiWiimr + 32070 (1= Xi) Do i Wa i
Now, since Z,,_5, > p1, Yy—s, > Yo and X; 11 > )~(Z~+1 foranyi=n—s,+1,...,n,

it follows that
p1Yo + Z?:n]fs,ﬁ»] XiDy;

yo + Z?;Lnl_an X;Dy,; + Z?;L,,l_snﬂ(l — X;)Ds;i

which completes our proof by induction. [J

Zn+1 = = Zn—l—ls

PROOF OF THEOREM 3.4. Without loss of generality, assume m| > my,
which implies p = p; and T,, = Y, (p1 — Z,). The structure of the proof is the
following. The aim is to show that P(s, = k|fy < n) converges to zero fast
enough such that E [s,f|t0 < n] is bounded. To this end, we consider the urn model
{Zn; n > 1} defined in (3.14) and (3.15) coupled with the MRRU model, such that
P (s, = k|typ < n) can be expressed in terms of {Zn; n > 1}. After some calcula-
tions, this is provided by Lemma 3.2. Moreover, we compare {Zn; n > 1} with a
generalized Pdlya urn model, whose moments are uniformly bounded. First, for
any n > 1 note that

n
E[splto <n]=)_Kk*P(sa =klto <n),
k=1
since P (s, = oolfg <n) = P(tg > n|ty <n) =0. In fact, by definition to <n — s,
a.s.

Before considering the urn model {Zn; n > 1}, we express P (s, =k|tg <n) in
terms of {7,;n > 1}. Note that in the MRRU, if 7; > —b for some j > 0, then
P(T, < —b) =0 for any n > j. In fact, when 7}, > 0 (Z,, < p1) we have T,,;1 >
—b, because the reinforcements are bounded by b and so |T,,+1 — T,| < b as.;
while when —b < T, <0 (Z, > p1) we have T,,.1 > T, > —b, because Z,, > pj
implies Wi , =0 and so the urn is not reinforced by red balls, that is, 7,41 > T},.
As a consequence, since Ty, > —b by definition, on the set {n > #o}, we have {T,, ¢
[—b,0]} C {T, > 0}. Hence, since to <n — s,, we have forall 1 <k <n

k—1
P (s, =kltg <n)= P(ﬂ{Tn—i >0} N {T,—« < 0}‘l0 = n)
i=0

k—1
(3.17) < P(ﬂ{Tn_i > 0}[{T 4 < 0} N {10 9})
i=0

k—1
< P(ﬂ{Tn,- > 0}

i=0

Tnfk =< 0) ,
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where the last inequality follows using {T,,—x < 0} C {f9 < n}. To deal with (3.17),
we consider the urn model {Z,;n > 1} defined in (3.14) and (3.15). From
Lemma 3.2, we have that, on the set {there existsj <n : T; < 0}, the event {T,, > 0}

implies {fn > T,}. Hence, we have that

k—1 k—1
P(ﬂ{Tn_i > 0}|Ti < o) < P(ﬂ{fn_i > 0}

i=0 i=0

Th—k < 0)
(3.18) .
(i <o),
i=1
by construction, where {ZiG ;1 > 1} is the proportion of red balls of a generalized
Pdlya urn, starting with a proportion of Zg = p1 and an initial number of balls

YOG = Y0, and the same reinforcements distributions as D , and D> ,.
Now, let s be the first time the process Zl.G is above p1, that is,

G ._ [infli >1:2%>p1},  if{i=1:Z°>p} #2;
' 00, otherwise.

It can be shown using standard arguments that there exists ko € N such that for any
k > ko, there exist 0 < ¢y, ¢p < 00,

P(sC =k) < c1 exp(—c2k),

which implies that E[exp(ys%)] < oo for some y > 0.
Now, returning to (3.18), we have that

L E[s9Y ¢4
P(iQ{ZiG < pl}) =P(s>k) < —a =G

Thus, we have for any k > 1,
C
P(sy=kltg<n) < k—4

and hence
n

E[splto <n] =Y K*P(sy =kltg <n)
k=1

n
1
<Cy4- Z 2 < C < o0.
k=1
This completes the proof. [

PROOF OF THEOREM 3.3. Without loss of generality, assume m| > my,
which implies p = p;. Since T,, = Y, (p1 — Z,), we want to prove

sup,= E[T 7|ty < n] < oo.
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Let s, be the random time defined in (3.12). Then, since |T;+1 — T;| < b a.s. for
any i > 1 and from (3.12) 7,,_, € [-b, 0], we have

E[Tt <n] =Y E[T2|{sy =1} O {to < n}]P (s, = 1o <)
=0

n n—1 2
=b2+ZE[( > (Tiy1 — Ti)+Tn—l> ’{Sn =l}}
=1

i=n—I

X P(s, =l|tg <n)

n
<Y U+ D*B*P(s, =lltg < n).
=0

Now, using (I + 1)2 < 4%, we have that

n
Y U+ 1P P(s, =lltg <n) <4b*- E[s;|to <n].
=0
Finally, using Theorem 3.4 we have that the last quantity is uniformly bounded by
a constant C independent of 7, so the proof is concluded. [

REMARK 3.2. From the proof of Theorem 3.4, we have that the constant C is
independent of the initial proportion Zg. Moreover, C provides a uniform bound
for any other MRRU with initial number of balls > Yj.

3.2.2. Proof of Theorem 3.2.

PROOF. Without loss of generality, assume m| > mo, which implies p = p1.
First, fix j € N and apply Cauchy—Schwarz, so obtaining

. ~ J\N2
(E[q” - 18 k11(,=0)])* < E[(Tj,k)Zl{rj<k}]E[<—g > }
qJ

Since E[(q// Y, 7)?] is uniformly bounded by Theorem 3.1, it remains to prove
that

E[(Tj1)*1r;<i] < C,

forany j > 1 and any k =1, ...,d;. To this end, fix j € N and note that since
P1qgi+k = P1,qi forany k € {1,...,d;}, the process {Z,; sk =1,...,d;} can be
considered as the urn proportion of the MRRU model, with initial composition
(Y 4i,Y> 4i) and fixed threshold parameters o1, ¢/ and 02, q/- Then, for each j € N
we can apply Theorem 3.3, with 7y defined in (3.11) equal to 7}, so obtaining

(3.19) E[(T; )" 1(;<1y] < Cj,
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where C; is a constant depending on the initial composition (Y, a1 Y24 i). How-
ever, from Remark 3.2 we have that there exists a uniform bound C > 0 such that
C; < C for any j > 1, since all the processes {qu+k,k =1,...,dj} j=1can
be considered as an MRRU with initial number of balls > Yj. This completes the
proof. [

4. Proofs of the main results. Here, we present the proofs of the results de-
scribed in Section 2. Section 4.1 is dedicated to the proof of Theorem 2.1 (LLN)
and the related preliminary results. Then, in Section 4.2 we report the proof of
Theorem 2.2 (CLT) together with Theorem 4.1, a new result needed to complete
that proof. In the last subsections, the proofs of the remaining results of Section 2
are gathered.

4.1. Proof of the LLN. We start by reporting some preliminary results needed
in the proof of the LLN. Initially, we show that the number of balls sampled from
the urn Nj ,,, N2, and the total number of balls in the urn Y;,, increase to infinity
almost surely. To this end, we first need to show a lower bound for the increments
of the process Y, which is given by the following.

LEMMA 4.1. Foranyi > 1, we have that

min{y1,0; ¥2,0}
ElY, —Y,_1|Ficil>a- (—)

yo+ (@ —1)b
PRrROOF. First, note that
Yi =Y 1=XiD1iWii-1+0—=X))Dyi W _1.

Since X; and D1 ; are conditionally independent with respect to F;_1, and W; ;1
is JF;_1-measurable, we have that

ElY; —Yi1|Ficil=(miZioiWii—1 +ma(1 — Zi_)Wai—1)
>a-(ZiciWiiz1+ (1= Zi—)Wa,i—1),

where the last inequality is because m 1, m2 > a. We recall that the variables Wy ;1
and W, ;_1 can only take the values O and 1, and by construction we have that
Wi.i—1 + W;—1 > 1for any i > 1; then we can give a further lower bound

4.1) E[Y; —Yi_|Ficil=a- (min{Z;_1; 1 — Z;_1}).
Finally, the result follows by noting that

min{Yy ;—1; Y2,i—1} - min{yi,0; ¥2,0}

min{Z;_1; 1 — Zi_1} = Y =~ Yot G—1b U
- -

Here, we present the lemma on the divergence of the sequences Y,, N1, and
N3 . This result is obtained by using the conditional Borel-Cantelli lemma.
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LEMMA 4.2. Consider the urn model presented in Section 2. Then:

(@) Y, =3 oo
(b) min{Ny ,; N2.,} ¥ .

PROOF. We begin with the proof of part (a). First, notice that ¥, = """, (¥; —
Yi—1) + yo. Then, by Theorem 1 in [9], it is sufficient to show that

{w €Q:) Vi~ Yi | Fimi]= oo}

i=l

occurs with probability one. To this end, we will now use the lower bound of
Lemma 4.1, so obtaining

. 2, min{y1,0: y2,0} \ as.
E[Y; —Yi—1|Fi-1] > a ———= | S o0
> B - i)z 3 )

i=l i=1

Hence, we have that ¥, = 0o. We now turn to the proof of part (b).

We will show that Ny , iy 0o, since the proof for N; , is analogous. Since
Ni,n =} Xi, by Theorem I in [9], it is sufficient to show that

{a) €Q:Y PXi|Fim) = oo}

i=1
occurs with probability one. Then we obtain

n

" " y1,0 a.s.
PXi|\Fic)=) Z;> ) —————— > o0.
,; (XilFi-0 ; 2=

i=I

Hence, we have that Ny , B O

The following lemma corresponds to Theorem 2.1 of [1], and it is needed in
the proof of Theorem 2.1. This result provides multiple equivalent ways to show
the almost sure convergence of a real-valued process. We consider a general real-
valued process {Z,; n > 0} and two real numbers d (down) and u (up), with d <
u. The result requires two sequences of times #;(d, u) and 7;(d, u) defined as
follows: for each j > 0, #;(d, u) represents the time of the first up-cross of u after
Tj_1(d,u), and 7;(d, u) represents the time of the first down-cross of d after ¢;.
Note that 7;(d, u) and 7;(d, u) are stopping times, since the events {¢;(d, u) = k}
and {t;(d,u) =k} depend on {Z,; n < k}, which are measurable with respect to
Fi. We omit the proof since it is reported in Theorem 2.1 of [1], using the same
notation.
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LEMMA 4.3. Let {Z,;n > 0} be a real-valued process in [0,1]. Let
t_1(d, u) = —1 and define for every j > 0 two stopping times:

) = inf{n > t;_1(d, u): Z, > u}, ifin>7t;(d,u): Z, > u} # @;
T oo otherwise,

(4.2)
ri(d. ) = inf{n>tj(d,u):Zn <d}, lf{n>l‘j_1(d,u);zn<d}7é@;
T e, otherwise.

Then the following are equivalent:

(a) Z, converges a.s.;
(b) forany0<d <u <1,

lim P(tj(d,u) <o00)=0;
j—00

(c) forany0 <d <u <1,

Y P(tjyi(d, u)=o0ltj(d,u) < 00) = 00;

j=1
using the convention that P(tjy1(d,u) = o0|tj(d,u) < 00) =1 when P(t;(d,
u)=00)=1.

The following lemma provides lower bounds for the total number of balls in
the urn at the times of up-crossings Y;;. The lemma gets used in the proof of
Theorem 2.1, where conditioning on a fixed number of up-crossing ensures to
have at least a number of balls Y, determined by the lower bounds of this lemma.
This result has been taken by Lemma 2.1 of [1]. We omit the proof since adaptive
thresholds does not play any role during up-crossings and the proof reported in
Lemma 2.1 of [1] carries over to our model, with D,, replaced by Y,.

LEMMA 4.4. Forany 0 <d <u < 1, we have that

u(l —d) u(l—d)\/
Yijau = <m)Ytj_1(d,u) >z (m> Yio(d.u)-

The following lemma provides a uniform bound for the generalized Pélya urn
with same reinforcement means, which is needed in the proof of Theorem 2.1.
This result has been taken from Lemma 3.2 of [1]. The proof is omitted since it is
reported in [1].

LEMMA 4.5. Consider a generalized Polya urn with my = my. If Yo > 2b, for
every h > 0 we have that

P(su 1Z —Z|>h)<£(i+%>
A TAVERNYA
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PROOF OF THEOREM 2.1. Without loss of gnerality, assume m| > mj, which
implies p, = 1., and p = p;. We divide the proof in two steps:

(a) P(imsup,_, o Z,=p1) =1,
(b) P(lim,_, o Z, exists) = 1.

Proof of part (a):
We begin by proving that P (limsup,,_, ., Z, < p1) = 1. To this end, we show that
there cannot exist ¢ > 0 and p’ > p; such that

(4.3) P(lim sup Z, > p;) >e> 0.

n—oQ
We prove this by contradiction using a comparison argument with an RRU model.
The proof involves last exit time arguments. Now, suppose (4.3) holds and let
Ay :={limsup,_, ., Z, > p|}. Let

’

/
R IZ{kEOIﬁLkZ#}

and denote the last time the process {0 ,; n > 1} is above (pi + p1)/2 by

B {sup{Rl}, if Ry # @;

Lyyy = .
o 0, otherwise.

Since p1., R 01, then we have that P(¢ < 00) = 1. Hence, there exists n, € N

P +p1
2

such that

&
p1+p1 > I’lg) = E

(4.4) Pt

Setting By :={t > n.} and using (4.4), it follows that

p] +p1
2

e <P(Ay) <e/2+ P(A; N BY).
Now, we show that P(A; N BY) = 0. Setting

/
C, = {a) € Q:liminfZ, < M},
n—>oo

2

we decompose P (A1 N BY) as follows:
P(A1NBY) < P(E)) + P(E»),

where E1 =A1NB{NCyand E; =A; NB{NCY.
Consider the term P (E;). Note that on the set C{, we have {liminf,_, Z, >

pitp1 +m p1

} and on the set Bf we have {0}, < } for any n > ng Hence, since

Blc N C{ D E,, on the set £ we have that Wl,,, =1z,<4: ) 2%o. Then, letting
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Tw :=sup{k > 1: W, =1} we have P(E>N{twy < 0o}) = P(E>) and, on the set
E», for any n > 7y the ARRU model can be written as follows:

Yint1 =Yy,
n+l

Yant1="Yary + Y (1= Xi)Dy,
i=Tw

where Wy ;_1 =0 for any i > tw, and W5 ;_1 =1 because Wy ;1 + Wa ;1 > 1
by construction. Now, consider an RRU model {ZiR; i > 1} with initial composi-
tion (YII?O, YZRO) = (¥Y1,7y, Y2.ry) a.s.; the reinforcements are defined as Dfi =0
and Dfl = Dy ¢y for any i > 1 a.s.; the drawing process is modeled by
XR Y= =1 (UR<ZF) and U = Uy +i a.s., where {U,; n > 1} is the sequence such
that X, 1 = 1{U,,< z,) for any n > 1. Formally, this RRU model can be described
for any n > 1 as follows:

R _vR _
Yl,n+l = Yr,o =Yi1y,

n+1 n+tw+1
Y21?n+1:Y21?0+Z(1 —X[)DJ; =Ya0, + > (1 —=Xi)Da;.
i=0 =Ty

Hence, on the set £> we have that
R R
(Yl,ns YZ,n) = (Yl,n—‘[w’ YZ,nfrW) a.s.,

for any n > ty. Since from [18] P (limsup,,_, o, Z,’f =0) =1, on the set £, we
have that {limsup,,_, ., Z, = 0}. This is incompatible with the set A; which in-
cludes E,». Hence, P(E;) =0.

We now turn to the proof that P(E) = 0. To this end, let

! b
ngzinf{kzng:{Zk<pl+pl}ﬂ{Yk>7, H
2 (p1 —pP1)/2

and note that, since by Lemma 4.2 Y, R 00, P(C1 N{r, < oo}) = P(Cy). More-

over, on the set Bf we have that {p;, < i} } for any n > ng. We now show

by induction that on the set Bf N C| we have {Z, < ,o1 Vn > 1,}. By definition,

p1+p1 . . /. .
we have Z;, < 12 , and by Lemma 3.1 this implies Z;, 1| < p|; now, consider

pl+pl

an arbitrary n>rtg if Z, <
+
if PITPL

, then by Lemma 3.1 we have Z,,1 < pi;

< Z, < ,oi we have Wl,n =0and so Z,+1 < Z, < ,01. Hence, since
Bi N C1 C Eq, on the set E| we have {Z, < ,oi Vn > t.}. This is incompatible
with the set A which also includes E;. Hence, P(E{) =0

Combining all together we have ¢ <¢/2 4+ P(Ey) + P(E>) = ¢/2, which is
impossible. Thus, we conclude that P(A{) = P(limsup,_, ., Z, < p1) = 1.
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We now prove that P(limsup,_, ., Z, > p1) = 1. To this end, we show that
there cannot exist ¢ > 0 and p’ < p; such that

(4.5) P(lim sup Zy, < p;) >¢>0.

n—oo

We prove this by contradiction, using a comparison argument with an RRU model.
Now suppose (4.5) holds and let Ay := {limsup,,_, o, Z, < pi}. Let

,Oi+pl}

R2:={k20:p’\1,k<

and define the last time the process {01,,; n > 1} is less than (p; + p1)/2 by

Tpl4pp = .
azzr o, otherwise.

_ {Sup{Rz}, if Ry # &,

Since p1 il o1, then we have that P(t

N such that

oo < oo0) = 1. Hence, there exists n, €
2

(4.6) Pt

&
ﬂi+,01 > ”8) =< 5

2

Setting By := {Tﬂi+ﬂ1 > n.} and using (4.6), it follows that

e < P(Ay) <e/2+ P(AyN BS).

Let E3 := Ay N B5. We now show that P(E3) = 0. On the set A, we have
{liminf, o Z, < p1} and on the set BS, we have {f;, > @} for any n > n,.

Hence, on the set E3 we have that Wp , = l{ZnSﬁl,n} 1. Then, letting Ty :=
sup{k > 1: Wy , =0} we have P(E3 N {ty < oo}) = P(E3). Now, analogously to
the proof of P(E;) =0, we can use comparison arguments with an RRU model to
show that on the set £5 we have {limsup,,_, ., Z, = 1}. This is incompatible with
the set A, which also includes E3. Hence, P(E3) =0.

Combining all together we have ¢ < ¢/2 4+ P(E3) = ¢/2, which is impossible.
Thus, we conclude that the event AS = {limsup,,_, ., Z, > p1} occurs with proba-
bility one.

Proof of part (b):

In part (a), we have shown that P(limsup,_, ., Z, = p1) = 1. Therefore, if the
process {Z,; n > 1} converges almost surely, then its limit has to be equal to p;.
First, let d, u, y and p] (d <u <y < p} < p1) be four constants in (0, 1). Let
{tj(d,u); j > 1} and {t;(d, u); j > 1} be the sequences of random variables de-
fined in (4.2). Since d and u are fixed in this proof, we sometimes denote t;(d, u)
by 7; and #;(d, u) by t;. It is easy to see that 7, and 7, are stopping times with
respect to {F,; n > 1}.
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Recall that, by Lemma 4.3, we have that forevery 0 <d <u < 1

Z, converges a.s. < P(ty(d,u) < o0) — 0,

o0
& Y P(tag1(d,u) =00ty (d, u) < 00) = oc.
n=1
Now, to prove that Z,, converges a.s., it is sufficient to show that
P(ty(d, u) < 00) = 0,

forall 0 <d < u < 1. Suppose Z, does not converge almost surely. Since P (¢, <
00) is a nonincreasing sequence, P(#, < 0o) converges to ¢ > 0. We will show
that for large j there exists a constant ¢ < 1 dependent on ¢, such that

4.7 P(tj1 <ootj <00) < ¢.

This result implies that ) ,, P (t,4+1 = o0|t, < 00) = 00, establishing by Lemma 4.3
that P (1, < oo) — 0, which is a contradiction.
Consider the term P (#; 11 < 0o|t; < 00). First, let us denote by Ty, the last time

the process g1, is below ,oi, that is,

.- sup{n > 1:p1, <pi},  if{n>=1:p1,<p|}#2;
P 0, otherwise.

Since p1., a p1, we have that P(‘L'pi < o0) = 1. Hence, for any ¢ € (0, %) there
exists n, € N such that

1
(4.8) ap(tpi > n,) <e.

By denoting P;(-) = P(-|t; < 00) and using t; < 7; < ;41 We obtain
P(tit1 <oo|t; <00) < Pi(1; < 00).

Hence,
4.9) Pi(ti <00) < Pi({ti <oo}N {Ty < ne}) + Pi(ty > ne).
We start with the second term in (4.9). Note that
P(rpg > ng) - P(Tﬂi > ng) -
P(ti <o0) — o -
where the last inequality follows from (4.8).

Now, consider the first term in (4.9). Since the probability is conditioned on the
set {t; < oo}, in what follows we will consider the urn process at times n after the

stopping time #;. Since we want to show (4.7) for large i, we can choose an integer
i >ng and

Pi(ty >ne) < &,

b
j 1 u(l— -~ ., <1
' Ogdii-iﬁ(Yo(y—u))

so that:
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(1) t;, >i>ngas.;
(i1) from Lemma 4.4, we have that Y7, > b/(y —u) a.s.

These two properties imply that, on the set {n > ¢;}:

() P> ,oi, since from {‘L'pi <ng} we have that n > Ty a.s.;
(i) Z; € (u,y),since Z;,_1 <u and Z;, > u and from Lemma 3.1 we have that

|Zn - Zn—l| < (V - I/t)

Now, let us define two sequences of stopping times {z,;n > 1} and {7,; n > 1},
where 1,¥ represents the first time after 7*_, the process Z;, 1, up-crosses p|, while
7, represents the first time after 7, the process Z;, 1, down-crosses y. Formally,
let 7; = 0 and define for every j > 1 the following stopping times:

o inf{n >t} Zy4n > pi}, if {n >t} Zn > p)} # 25
J +o00, otherwise;
(4.10)
o inf{n > 17 : Zg 0 <y}, if{n>17_:Zyn <y} #9;
J 400, otherwise.

Note that, since Ztl.ﬂjak_ 1 >y and Zzl._’_-[J’F < y, from (ii) we have that Z[l._’_-[;f €

(u, 7). .
For any j > 0, let {Zé; n > 1} be an RRU model defined as follows:

o/ v d PR : 5 d.
(1) (¥, ¥30) = V140, Yl,,iﬂjfsﬁ) a.s., which implies that Z{ = *£<;
Joo_1 .. . 77
nel = I{U’{+1<Z£}, where U,
U,i+r}«+n+1 a.s. and U, is such that X,, = 1y, <z, };

(2) the drawing process is modeled by X =

(3) the reinforcements are defined as 55,,1 = D2’1i+1—j’_"+n+1 + (m — mp),

Df’,H_1 = Dl,r,-+rj+n+1 a.s.; this means E[D{,n] = E[Dé’n] for any n > 1;

(4) the urn process evolves as an RRU model, that is, for any n > 0,

> J v v P
Yip =Y, + X001 41

> J v v ~NJ
Yy, =Y, +(1=X;.)D5,.1
o v o
Yn+1 - Yl,n-i—l + Y2,n+l’

> J

57 Y

n+1 ?j :

n+l1

We will compare the process {Z;,;n > 1} with the ARRU process {Z;,4,;
n > 1}. Note that at time n, we have defined only the processes Z/ such that

*
T <n.
J
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We will prove, by induction, that on the set {Tpi <ng}, for any j € N and for
any n < t;‘k+1 — r;‘:
@1 Zi<Zigens Y, ZYaurenn Y, < Vi
In other words, we will show, provided that #; > Tyl that for each j > 1 the process
Zé is always dominated by the original process Ztl.+,;,<+n, as long as Z,l.+r;f+n is
dominated by ,og (i.e., forn < t;’f 11— T}k). By construction, we have that

Zé = d# <u< ZIH-I}’" ?{,O=Y1,li+f7’
which immediately implies Yzjyo > sz,ﬁ,;. To this end, we assume (4.11) by
induction hypothesis. First, we will show that 172]; w1 > Yz,,i+,7+n+1. Since

from (4.11) Z} < Zi prrqn forn < tj’?‘ﬂ — r}“, by construction we obtain that
J
v/ _ o _
Xt = V) <zl S W0 <2y = Xitepns.
As a consequence, since W, < 1 for any n > 1, we have that

(YZ,ti+t;‘+n+1 - Y2,ti+r;‘+n) =(1- Xzi+r;‘+n+1)D2,z,»+r;“+n+1Wz,z,»+r;‘+n
v nJ
<(1=X,1)D5 14,

= (?ZJ,n—H - ?ZJ,n)’

which using hypothesis (4.11) implies 1721 ntl > Yz’ti+,;<+n+1. Similarly, we now

show that ?lj,l’l-‘rl < Yl,z,»+r}"+n+1- We have

(Yl,t,-—i-r_;k—t—n—{—l — Yl’ti+t.;<+n) = Xzi+r.;f‘+n+1D1,ti+t_;f+n+l Wl,ti-l—‘[_;‘-l-n.
From (i), we have that, as long as Z remains below ,oi, Z is also above the process
p1.n- Since we consider the behavior of Z,l.+r;,«+n when it is below p{, that is,
n< 1:;.“+1 — tj’?‘, we have that Wl,z,-+r_;.*+n = 1. Thus,

v/ D (v v/
Yigretanst = Yigaorin) 2 X Dy gy = (Y g — Yi,),

which using hypothesis (4.11) implies 171] nal = Yl,z,»+r;‘+n+1- Thus, we have

shown that, on the set {‘L’pi < ng}, for any n < t;f‘H — r}k, Z;H < Zti+t.;«+n+1,

?1]’"4_1 = Yl,t,~+1’]’-"+n+1 and ?21’,14_1 > Y2,t,~+t}‘+n+1 hold.
Now, for any j > 1, let T; be the stopping time for 7} to exit from (d, u), that
18,
inf{ R3}, if R3 # @;

T, = )
: 400, otherwise,
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where Ry :={n>1: Z,{ <d or Zé > u}. Note that, on the set {tp; <ng},

{1, < 00} = [gfl{z,ﬁn} <d} c { U [gf]{z,{_r;} < d}}
- j:rj’ffn -

C:U{Tj<oo}}.
j=0

Hence,

Pi({ri <00} Nizy =ne)) < Pi({

ICe

{T; < oo}} N {tpi < ng}>

<Y Pi({Tj <oo}n {tp <ne}).
=0

Consider a single term of the series; by setting & = ”Ed we get

P;({T; < 00} N{r,; <ne}) < P,-([su;ﬂZ,{ — Z| = h} 0 iz, <ne)
n=
< Pi(sup|Z,{ — Z(])| > h).
n>1

Note that {Z,{; n > 1} is the proportion of red balls in an RRU model with same
reinforcement means. Then, using Lemma 4.5, we obtain

P,(ilgﬂz,{ - Z(j)| > h) = Ez[P({igIﬂZr]z - Z(j)| = h}"FfiJrfT)]

=55, 3)
— l Ytj* h2 h ’

where E;[-] = E[-|t; < oo]. Moreover, using Lemma 4.4, the right-hand side can

be expressed as
bl/pi(l—y)\/ /4 2
mly ) Gin) Gevi)
v, \ya=pD/) \n2 " h

Since from Lemma 4.2 Y;, converges a.s. to infinity, and since t; — 00 a.s. because
T; > i, we have that E ,-[Y,i_l] tends to zero as i increases. As a consequence, we
can choose an integer i large enough such that

b 4 2 1 —pj 1
Y, I\h h)\1—p1/y 2

which setting ¢ = 1/2 4 ¢ implies (4.7), that is,
P(tiy1 <oolti <00) <¢ < 1.

This completes the proof. [
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PROOF OF COROLLARY 2.1. This corollary has been proved in Proposi-
tion 2.1 of [13] for the MRRU. That proof is only based on the fact that the urn
proportion Z, converges a.s. to a value within the interval (0, 1), while the rein-
forcement rules do not play any role. Hence, the proof used in [13] can be applied

to the ARRU, since Z,, RS p € (0, 1) for ARRU using Theorem 2.1. [

4.2. Proof of the central limit theorem. Before the proof of Theorem 2.2, we
recall that {r;; j > 1} is the sequence defined in (3.8) as follows:

inf{k>1:T;x €[-b,01}, if{k>1:T;x€[—b,0]}#;

T j = .
00, otherwise.

Fix v € (0,1/2) and, for any j > 1, let r; := quTv and R; :={r; > r;}. The
following theorem is critical to the proof of Theorem 2.2.

THEOREM 4.1. Let p1, and p2, be as in (2.4). Then, under the assump-
tions (2.1) and (2.6), we have that

(4.12) P(Rj,io.)=0.
We delay the proof of this theorem to Section 4.2.1.

PROOF OF THEOREM 2.2. Without loss of generality, assume m;| > mj,
which implies p = p;. To prove the main result, we establish

@ ﬁ(% - %)% N, p1(1 = p1)), and
(b) \/l’_l(z’ilnz"*' _ Zi:lplj—l) as o

n

Finally, result (2.7) is obtained by using Slutsky’s theorem to combine (a) and (b)
together.
Proof of part (a): Let us define a random variable J,,; := ﬁ (X; — E[X;|Fi—1D,

for any n,i € N with i < n. Then, for each n € N, the sequence {S,; =
Z{:l Jni; 1 < j <n}is amartingale. Now we apply the Martingale CLT (MCLT).
First, note that ani <1/n forany n € N and |J,;| < € for any n > ¢~2; thus,

n [e72]+1 2
[e77]+1
Y E[i el Fia] < Y 1/n= — =0
i=1 i=1
Also,
1
E[J;1Fi] =~ E[(Xni — E[X,i| Fio11)21Fioi1]

Ziy(1—=Zi—1)
n 9



CLT FOR AN ADAPTIVE URN MODEL 2987

since p1 aid p1, from Theorem 2.1 we get Z, 2% 01, which implies

im1 Zi—1(1 = Z;i—y)
ZE 1 Fi—1 Z—“n T o1 - py).

From MCLT [15], it follows that

% S (X — ELX\Fi) = v
i=1

n

=1 Xi X Z,-1>
n

L N0, p1 (1= p1)).

We now turn to the proof of part (b). We first express

1 Zi 1 PLi—1 1l _
\/E(Zl—; R ) Z(z pLi)

n
= Bin + an,
where
p g i [ _
B, = ﬁ ;) (Zi — p1.i), By, = ﬁ, [C%;]H(Zi — 01,i),

and we recall k,, is defined in (2.5) as k,, := [logq (n)], with g > 1. We begin with
Bji,,. Note that

[q*"] kn—1 d; kn—1 dj
Z(Zi_ﬁl,i)z Z Z(qu—}-i_ﬁ],qj): Z Z(_Aj,i)’
i=0 j=1i=1 j=1i=1

where we recall that d; = g/t — ¢/ and Aji= ,51,(1,- —Z,jy; forany j > 1 and
1 <i <d;. Hence,

ko—1 d; k,—1 d;
1 < / 1 % Yl 1Al
Bl ==+ | 20 Y-850 = = X (ZEE)
[ j=li=l1 f j=1 dj
similarly,

dkn

n

Now, defining for any j > 1

d4
2ili 1Ak, il
Ner

(4.13) bj =
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it follows that

kn
Bual + 1Bl < = Z NG

Now, we have
kn/2—1

1 1 &
Bial + 1Bl = — Z bj\Jd; + N3 bj\Jd;
=kn/2

5(M> Hio + ( sup (b1)) - Ho,

W i>ky/2
where
| Kn/2-1 |
Hln ZZ% ]gl \/z, H2n = —nJZI\/Z

Usingdj = (q — 1)q/, we express

= LTS Gy = (=) ()

w )
Hzn:\/f— i(f)’ (ﬂkn+ljgﬂkn/2>-(j_;1—:l)-

Sincen > g kn it follows that Hy, < Cand Hy, < ,/qC, where C =

2

i)
B, By|<|———)-C b;i}) - C.
e +(sup 1) v

To conclude the proof, we will show that b ; 2%0.
First, fix an arbitrary constant v € (0, 1/2) and let r; := q’ 5 for any j > 1;

then write
Z| ( D ,,|) ( Z |A,l|>
jl 1 ]1 1 \/71 rj+1

=Fij+ Fj.

Let us consider term Fj j, we have that
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sinced;j = (q — 1)g’ and ri/\q’ =qj%. Now, forany i =1, ..., r; we note that

1Al SN Zgigi — Zgil +18j—1.4; (| + 101 gi-1 — b1 4i 3

hence, we have F; < Ey; +E2j + E3j, where

[ (
Elj = Z|qu+l q]| )
vq — TjiZi

B [q72] N

2] _\/qT]'| ]—l,dj_]|9

P )
3j = \/qu ! |101,q1*1 _pl,qu-

Let us consider the term E;;. By Lemma 3.1 we have |Zy — Z;_1| < b/Y;_1, and
hence

£ < [g72] br; < b ) <qJ( +v)>
i< — . L = . .
T Va1 Y, \Jg—1 Y,

q q
Then by using Markov’s inequality we obtain, since g > 1,

o
Z ( >g) <—ZE[ } ‘j(%‘”)592q"'(%‘”)<oo,
Ygi €0

j=1 Yyi
where C = sup;~{E[k/Yk]} is finite from Theorem 3.1. Thus, from the Borel-

q1(2+V)

Cantelli lemma it follows that E; 2%0.
Now, consider the term E»;. We have

(hm J(E2; >e}><P<hm UR)

Jzk jzk
. [qU D3]
+P(hm {7 [A d|>£}ﬂ7€‘>
k oo.L;Jk 4/q— />

where the term P (limg— oo U;>¢ Rj) = 0 from Theorem 4.1. Then, by using
Markov’s inequality we obtain

[qUFD3]
Z ({ﬁ |Aj,d_,.|>e}m7a§>5M,

where

L& g
M = — E|l ——— - |A; 4.1 .
2 [«/q—l A1 RJC:|
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Now, for any j > 1 let us introduce the set Q; := {r; > d,}. Using RJC - QJC from
rj <dj, and by multiplying and dividing by q’*!, we have that

1 .
M = E[q"Aj 4115 ¢ —G+h=2)
SFZ I I
1
< E j+1|A 4 |1 ] —(+D=%)
&\/qTZ J
1

o0
< ——(sup{E[¢" | Ak 11 5¢ g~ UTDA=2) < oo,
8m<k2[;{ [ k Qk]});

where the finiteness follows from Theorem 3.2 and the result follows from the
Borel-Cantelli lemma since g > 1.

Let us consider the term E3;. For any & > 0, by using Markov’s inequality we
have

P(E3j >¢) <

1 L A
b\/ﬁE[ 2 |101ql Pl,qul|]-

The right-hand side of the above expression can be rewritten as follows:

I

ﬁ [2 |01 qJ ,51,qj71|]-

Now, by decomposing the last expectation into

qu<1;”>

[~.

J L

Elg} 151,07~ by g-1l] = Bl <101 = B g ]+ Elad o1 = by 1]

we can see that

k
2

ad 2sups ({E[g2 - [p1 — P k111 & 1w
ZP(E3J->8)5< = e 4 >Z‘1 el

j=1 j=1

which is finite because of (2.6). Hence, by another application the Borel-Cantelli
lemma, E3; A5 0; then we have Fj; 250,

Finally, let us consider term F>;. First, we multiply and divide by (d; —r j)q_%
to obtain sz = CjF3j, where

d‘—}"‘
cj=—"—2L F Z EIINT)

q%@ ji= ri+l1
Since cj — 4/q — 1, let us focus on F3;. Since P(Rj,i.0.) =0 (Theorem 4.1), it
is sufficient to show that F3;1 RS 2% 0. For any ¢ > 0, by Markov’s inequality it
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follows that

d.
1 1 d i
P({F3j>5}nR]C)§g( - > E[qélAj,illR/C])

dj—r;j i=rj+1
Now, since
& j j
i:%—l E[q21A;illge] = (d) — i’j)(jﬂj}??fwdj{E[ﬂlz |Aj,i|1ch]}),

we have that

P({F3; > e} NRS) <

DI~

1 . )
= 2 (sup_, max (Ela"1ci1ee]) )

SCq_%,

where the last inequality follows from Theorem 3.2. Now, summing over j we
have that

n n .
Y P({F3;>e)NRE)<CY q7% < oo
j=1 j=1

Finally, using the Borel-Cantelli lemma we get that F>; 2% 0, which concludes
the proof. [

REMARK 4.1.  As a follow up to Remark 2.2, the condition g > 1 allows us to

establish \/ﬁ(% — 0On) 230. As q decreases to 1, the behavior is not clear

n
. . . . " Zie
and requires further analysis. Evidently, the remaining term +/n (% - %)

converges to a normal random variable which does not depend on the value of ¢,
and hence the asymptotic distribution in (2.7) is the same for any g > 1.

4.2.1. Proof of Theorem 4.1.

PROOF. Without loss of generality, assume m| > my, which implies p, = p1
and p = p;. To prove (4.12), we need to study the sequence of sets {R = 1}. On
the set R j, the urn proportions do not cross the thresholds at times ¢/, ..., g/ +r},
where, as before, ¢ > 1. Hence, R ; will be included in A; U B}, where A; and
B; represent the events in which the urn proportion is always above and below,
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respectively, the thresholds at times g7/, ..., ¢’ + r;. To show that A; and B,
cannot occur i.0., we need to appropriately express them by using the following
scaling processes:

(@ Tjx= Yqj+kAj’k = Yq,-+k(/61’qj — Zq,-+k), defined for any j > 1 and any
k=1,...,d;. This process describes the closeness between the urn proportions
and the adaptive thresholds.

(b) T, =Y,(p1 — Z,), defined for any n > 1. This process describes the close-
ness between the urn proportions and the limit of the threshold’s sequence.

c) T (/’1) =Y ik (p1 — ﬁl,qf)’ defined forany j > 1 and k =1,...,d;. This
process descrlbes the closeness between the adaptive thresholds and their limit.

Let us now define formally the sets .A; and B;. First, note that if the urn proportion
crosses the threshold at time (¢/ + k), then T, ¢i+k - Tyiyxk—1 <0, since only one

among 7, 4i+k and T gi+k—1 is within the 1nterva1 [—b, 0]. Thus, from the definition
of 7; in (3 8), we have that

{Ajk—1-Ajr <0} CS{r; <k}.

This implies that

[ﬂ jk—1" ,k>m}
- [ﬂ{A,,k < 0}} U { MNi{A,x > 0}].
k=1

k=1

Since Y iy Ajx=Tyipg — T](’(,’('), we can write R; € A; U B;, where

rj

rj
Aj:=(Djx.  Bj:=[)DS4
k=1

k=1
Dk ::{Tq.f+k<Tj(,/l)<l)}v k=1,...,r;.

The idea is to prove that these events cannot occur infinitely often; to this end,
consider A; (for instance) and rewrite the set D; ; as

“4.14)  Dj,; = {qu+rj T(pl) Z( gi+i — Tgiio1) < T]'(’K;;) B qu},

where the last inequality follows using telescopic series. In the set D; »; we have
a sum of bounded random variables, that is, (7 Qi+ — qu +i—1)> whose means are

i—1 .
strictly positive on .A;, because .A; in included in (),”; D;x; hence, provided

that the difference (Tj("(;}) — Tq j) increases with j slower than r;, we could prove
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that the set cannot occur infinitely often. Roughly speaking, it means that, if the
adaptive threshold ,61’ g is not far enough from the urn proportion Z 4l then the
average increments of the urn proportion make very likely that Z; ; crosses o1, ¢

before g/ +7 ;. Similar arguments apply for B;. More formally, fix ¢ > 0 and define
the set C; as follows:

{|T(pl) q/‘>8] q§}

so that CJ.C is the set where the difference |Tj(f;;) — Tq j| increases with j slower
than r;. Hence, it follows that
RjS{A; —C;j}u(B; —C;1UCy,
and the result (4.12) is obtained by showing that
P(A; —Cj,i0)=P(B; —Cj,i.0)=P(Cj,i0.)=0.

We will now prove that P(A; —C;,i.0.) = P(B; —C;,i.0.) =0. From (4.14)
we note that, on the set C -C,

IZ( /J,-l_ ql—|—1 ])<8.] q%}=gj9

,Dfrjgiz( q/+i — qJ—H 1) > —¢j q%}zj:j‘
As a consequence, we have
rj—l
.Aj -C; { m Djykﬂg-},
k=1
ri—1
Bj —Cj - { m ngﬂ}—j}.
k=1
Now, consider the increments (7 givi —Tgi 4i—1) fori=1,...,r; contained in the

sets £ and F; above; recall that
(Tyivi = Tyigic) =10 = Xgig ) D2 i iWa gigizi
— (I =pD)XyitiD1giviWigivia-

Fix an arbitrarily small £; > 0 and introduce two collections of i.i.d. random vari-
ables (A1, ..., A,j) and (Bq, ..., Brj) defined as follows:

A =p1(1— 1{qu+l.<,01+81})D2,qj+l'7

B; = /01(l - 1{Uq‘,~+l.<p1—61})D2,qj+j - (- pl)l{qu+i<p1—€}D1,qj+iv
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where (U PYERTRRY Uq j+1) are the i.i.d. (0, 1) uniform random variables such that
qu +i = 1{U

Gi+i<Z

Jric1h
First note that, b; ct)nlstruction, on the set A; we have ﬂ;]: UZgivk > Prgivihs
and hence A; C ﬂ;jzl{Wl,qu = 0}. Thus, since using (2.6) we have Z, 2% 01
by Theorem 2.1, on the set .A; we have that
{(T, gi+i — Tgitie D> Al iel,... rj,
occurs with probability 1 as n — oo. Similarly, by construction, on the set B; we
have ﬂ;jzl{qu+k < P1,4i+k}> and hence B; C m;j:1{W1,qj+k = 1}. Thus, using

Zy g p1, on the set A; we have that the event

{(T, givi — Tgivi—) = B}, iel,....rj,

occurs with probability 1 as n — co. As a consequence, for large j, we have that

rj A
P(A; —Cj,i0.) < P(ZA,- < 8j2q%,i.0.) and
i=1

Tj
P(B; — J’10)<P<ZB > —gj q210)

i=1
Set

Tj T
Py _P<ZA <égj q ) and Ppg; _P<ZB > —gj q )

i=1 i=1

We will now use Chernoff’s upper bounds for i.i.d. bounded random variables A;
and B; [see (3.7)]. First, notice that:

(1) E[Ai]l=pi(1—=p1—&)mz >0,
(2) E[Bi]=p1(1 —p1 +&)my—(1—p1)(p1 —&)m; <0,
(3) |Ail,|Bil <ba.s.foranyi > 1.

Note that P4; can be written as P(S; < c; - E[S;]), where §; = Z;jzl (A;/b) and
£j2q?
T ElAb
since c; — 0, we can define an integer jo such that ¢; < ¢q for any j > jo, so that
P(Sj<cj-E[Sj]) < P(Sj <co- E[S}]).
Hence, by using (3.7), for any j > jo we have that

(1 = cp)?

- -E[Sj]),

Pyj < exp(—



CLT FOR AN ADAPTIVE URN MODEL 2995

which converges to zero exponentially fast since

 EIA g

E[Sj]=

We can repeat the same arguments for Pg;, with the i.i.d. random variables (—B; +
b)/2b € (0,1) fori =1,...,r;; in this case, c; tends to a constant ¢ < 1, so that
the proof follows with cg € (c, 1). Thus,

o

> (Paj + Pgj) < 0,
=1

yielding
P(A;—Cj,io)=P(B;—Cj,io0.)=0.
We will now show that P(C;,i.0.) = 0. Note that since |Tj-(”;1],) | < |Tj(,€il,-)| and
Tyi =Yy (o1 = prgi-0) + Yoy Brgim = Zy) =Ty +Tjmra; s
it follows that
(p1) (p1) (o1) T

Tt = Tl <\ T | 1T o [+ 1T a0

which implies that
~ e i
{Cj,i0.} C {|T(p1){ > 3] q2 1.0. } U {|Tj,dj| > gqué,i.o.}.
Now, since Y;, < Yo + bn, it follows that
{Cj, 1.0.} C {glj, i.0.} U {gzj, 1.0.},

where

. YO J ~ ) I
Gij -={<—b j+1+1)6]2|,01—/01,qj|>] ?w]—b}’

Yo . n &
Goj = 5 j+1+1)q |Z i+t — p1gil > ] g

We will now show that P(G);,i.0.) = 0. By using the Markov’s inequality we
have

gb & Elg¥1p1 — o]
Zp(gl")_—X_:(qu—i_l ) > 9

j=1
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where

k A
C:=sup E{[q2]p1 — py 4]} <
k>1

from (2.6). Hence, using the Borel-Cantelli lemma, it follows that P(G;,
i.0.) =0. _

Now, consider G ;. Let H; := {j~2q%- |Aj.d;| > ¢} and since
P(Gyj,i.0.) = P(H;,i.0.)

we now focus on H ;. First, for each j > 1, we recall that Q; = {t; > d;} and we
decompose H ; as follows:

H; CQjU{H;N QJC},
which leads to

P(H;,i.0) < P(Q;,i.0)+ P(H;N QS i0.).
First, consider P(H; N QJC., 1.0.). By using Markov’s inequality, we have

o0 o0
> P(#H;nQS) 52
j=1 j=1

(supgs 1 {Elg* 1A g 11ge 1)
<

.2 b
€ =17
which is finite from Theorem 3.2. Hence, again from the Borel-Cantelli lemma we
have that

P(H;N Q5 i0.)=0.

We will now show that P(Q;,i.0.) = 0. To this end, we can follow the same
arguments used in the first part of this proof, except that here we define

¢ =T ~T,1| > e/},

In this case, to show P (C;,i.0.) = 0 we have to prove that the following two events
cannot occur infinitely often:

(i) G :={(b,ﬁ—°ﬂ+1>|p1 -
(i) Gaj := (G + Dlp1 —

A £
pl,q.ll > qu}’
qu| > 28_b}

Result (i) is implied by (2.6), while (ii) follows from Theorem 2.1. Hence, we have
that

P(Cj,i.0)=0.
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Then, similar to the first part of the proof, we deal with the sets A; — C; and
B; — C; by applying Chernoff’s upper bound to the probabilities

dj dj
PAj:P<ZAi<8qJ) and ij:P<ZB,->—qu),

i=1 i=1

which implies Z?’;l P4j < oo and Z?’;l Ppj < oo. Hence, from the Borel-
Cantelli lemma we get

P(.Aj —Cj,i.O.) = P(Bj —Cj) =0,
which implies P(Q;,1.0.) = 0. This completes the proof. []

REMARK 4.2. The result of Theorem 4.1 continues to hold if (2.6) is not
satisfied, but o, = p and condition (c1) hold. Moreover, since in the proof we

use Theorem 3.1, if (2.6) does not hold condition (c2) must be assumed (see Re-
mark 3.1).

4.3. Proof of Proposition 2.1.

PROOF. Without loss of generality, assume m| > my, which implies p, = p1
and p = py. First, we have
2}

_ 1
(4.15) E[nlpi,— )] = ;E[

n—1
> (pri—p1)
i=0

and note that

n—1 ky dj
Z(ﬁl,i —p1) = Z Z(ﬁ],qjﬂ' - Pl)l{qkn+i§n}
i=0 j=0i=0
kn—1
=> dj(pyq4i —p1)+(n — qk”)(/31,qkn — p1),
j=0

where we recall k,, is defined in (2.5) as k,, := [logq (n)]. Since d; = (q — l)qj, the
LHS of (4.15) is equal to
2:|

—1)2
(g—1 E[
and, defining ¢; := ﬁj |01, ¢/ — P1l, we can rewrite the last expression as follows:

n
-1 2 ky—1 ) _ L kn 2
(q ) E[(Z(\/&)].C‘j—i_[%}ckﬂ) :|
n =

kn—1

S WD (VT By — pD) + (” —
j=0 1

k n

_ 1 )(lal’qkn _,01)

V@ (g -1
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Now, using the Cauchy—Schwarz inequality and using (\/_kn = 1)) < ﬁkn’ the

above expectation is less than or equal to

ky kn . .
K=Y 3 (" @ - E[A]E[S,].

J1=0 j2=0
Now, by the symmetry in K;,,, we can use the following decomposition:

Vi kn kn kn kn

kZ_kZ_ )-ZZ()HZ Yo+ Y > 0O

J1=0 j2=0 =0 jr=\/k, J1=vkn jo=v/kn

kn \/E kn kn
522 Z(-H— Z Z OF

J1=0 j2=0 S1=vkn jo=vkn

we obtain
kn ki
K, <sup{E 22 2:(\/7)11(\/7)12
jzl J1=0 j2=0

kn kn
+ max {E[5]}- Y. Y (Vo'W

kn<j=<k . .
Vo= <k = o=
= Kln + K2n-

Now, consider K, ; we have that
Va1 _ kn+1 _
K = swpl Bl 22 ) (W),
j>1 \/a— 1 ﬁ —1
and by multiplying for (¢ — 1)?/n we obtain
_ 2 Vi1 _ kp+1 _
(L) supt ) () (M),
\/6_1 Jj=1 \/ﬁ \/ﬁ

Using (2.6), we have that sup ;- {E [c?]} is finite. Moreover, since n < g**! by
definition of k,, we have that

kp+1 1 kn+1 1

((ﬂ) > -/ ((ﬂ)“ ) S
N N

Similarly, we can consider K5, and write

kn+1 _ 1\2
Kow< max {E[cﬂ}-(M) ,
Von<j<ks 7 Va-—1
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Then, by multiplying for (¢ — 1)>/n we obtain
-1 2 kn+1 _ 1 2
< q ) max {E[2]}- (L) ,
Va—1) Jki<j<k vn
and from (2.6) and n < ¢*»*! we have max /e i<k, {E[c?]} is finite and

<(«/6_1)i2__1__ 1>2§q.

Then, combining all together, we obtain

. _ s (¢ —1)?
limsup E[n|p1,, — p1]°] <limsup ———K>,

n—oo n— oo n

<q(1 + /q)* -limsup E[n|p1, — p11*],

n—oo

which is finite because of condition (2.6). [

4.4. Proof of Corollary 2.2. To prove this result, we apply Theorem 2.2 to the
urn model with fixed thresholds, that is, p1, = p1 and p2, = pp for all n > 0,
since in this case p, = p for all n > 0.

5. Simulation studies. In this section we describe some simulation studies
that illustrate the theoretical results presented in Section 2 in the context of clin-
ical trials. We recall from Section 2.3 that the random variables & , and & , are
interpreted as potential responses to competing treatments 7; and 7>, whose distri-
butions w1 and uo depend on parameters 61 and 6, respectively. Let § = (61, 6>).
Now, letting f1 and f> be two continuous functions, we recall that p; = f1(#) and
p2 = f2(@), and the adaptive thresholds are p; , := fi (én) and Py, = fz(én) for
all n > 1, where 0 » 1s the adaptive estimator of @ after the first n allocations.

The main goal of this section is to illustrate the asymptotic behavior of the al-
location proportion Nj ,/n and of the parameter estimator 9,, Simulations are
performed with N = 10° independent urn processes, each that evolves follow-
ing the model described in Section 2 with adaptive thresholds p; , and p3 , that
change at exponential times {g/; j > 1}, with ¢ = 1.25 [see (2.4)]. For all the N
urn processes, we used as initial composition (y1,0, y2.0) = (2,2) and as sample
size n = 200. The functions f1 and f> are chosen as in (2.10) with p = 0.75. We
analyze both Bernoulli and Gaussian responses.

5.1. Bernoulli responses. We assume responses to treatments 77 and 7> are
Bernoulli distributed with parameters p; and pj, respectively. In this case, § =
(p1, p2). We examine two target allocations:

(@) n(@) = — p1)/(2— p1 — p2), proposed by [23];
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TABLE 1
Simulations of Ny ,/n and én are given for different designs, with mean square errors given in
parentheses. The target allocation is py = (1 — p) - 1 + p - n(0) with p = 0.75. Simulation used
N =10 ARRU processes with n = 200 and changes at times {qj; Jj =1} with g = 1.25. Initial
composition (y1,0, ¥2,0) = (2,2)

Bernoulli responses

P1 P2 141 Ni,n/n P1,n P2.n
@n=10-p1)/2—-p1—p2)
0.9 0.7 0.44 0.44 (0.07) 0.89 (0.03) 0.7 (0.04)
0.9 0.5 0.38 0.41 (0.06) 0.89 (0.03) 0.50 (0.05)
0.9 0.3 0.34 0.40 (0.07) 0.89 (0.03) 0.30 (0.04)
0.9 0.1 0.33 0.43 (0.12) 0.89 (0.03) 0.11 (0.03)
0.7 0.5 0.53 0.50 (0.07) 0.70 (0.05) 0.50 (0.05)
0.7 0.3 0.48 0.48 (0.05) 0.70 (0.05) 0.30 (0.04)
0.7 0.1 0.44 0.48 (0.06) 0.70 (0.05) 0.11 (0.03)
0.5 0.3 0.56 0.53 (0.06) 0.50 (0.05) 0.30 (0.05)
0.5 0.1 0.52 0.53 (0.04) 0.50 (0.05) 0.11 (0.03)
0.3 0.1 0.58 0.56 (0.05) 0.30 (0.04) 0.11 (0.03)
b)n=/p1/(/P1+ /P2)

0.9 0.7 0.65 0.57 (0.11) 0.89 (0.03) 0.69 (0.05)
0.9 0.5 0.68 0.63 (0.08) 0.89 (0.03) 0.50 (0.06)
0.9 0.3 0.73 0.69 (0.06) 0.89 (0.03) 0.30 (0.06)
0.9 0.1 0.81 0.76 (0.07) 0.89 (0.02) 0.11 (0.04)
0.7 0.5 0.66 0.58 (0.11) 0.69 (0.04) 0.50 (0.06)
0.7 0.3 0.70 0.66 (0.07) 0.70 (0.04) 0.30 (0.06)
0.7 0.1 0.79 0.74 (0.07) 0.70 (0.04) 0.12 (0.04)
0.5 0.3 0.67 0.60 (0.10) 0.50 (0.05) 0.30 (0.05)
0.5 0.1 0.77 0.70 (0.08) 0.50 (0.04) 0.11 (0.04)
03 0.1 0.73 0.64 (0.11) 0.30 (0.04) 0.11 (0.03)

(b) n(0) = /p1/(J/P1+ /D2), proposed by [21].
Hence, from (2.10) with p = 0.75, we have
p1=025-140.75-n(p1, p2), and pp=0.25-0+0.75-n(p1, p2).

In Table 1, we report simulation results on the mean and the standard error of the
allocation proportion Ny ,/n and of the estimators p; , and p; ,, defined as

. iy Xi€ri . Y (I =X)é;
Pln="7""1"T° and P2.n = .
Nl,n NZ,n

5.2. Gaussian responses. We now assume responses to treatments 71 and 7
are normal distributed with parameters (m1, 012) and (my, 022), respectively. In this
case, § = (my, o2, ma, 07). We examine two target allocations:
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TABLE 1
(Continued)

Normal responses

mq my o o) P1 Ny,n/n O n O3 n
(©n=o1/(01+02)

10 5 1 1 0.63 0.61 (0.05) 1.01 (0.13) 1.01 (0.16)
8 5 1 1 0.63 0.59 (0.07) 1.01 (0.13) 1.01 (0.16)
6 5 1 1 0.63 0.55(0.12) 1.01 (0.14) 1.01 (0.15)

10 5 4 1 0.75 0.73 (0.06) 4.00 (0.47) 1.01 (0.20)
8 5 4 1 0.75 0.71 (0.07) 4.00 (0.48) 1.01 (0.19)
6 5 4 1 0.75 0.66 (0.13) 4.03 (0.50) 1.01 (0.18)

10 5 1 4 0.50 0.49 (0.05) 1.01 (0.14) 4.00 (0.57)
8 5 1 4 0.50 0.48 (0.07) 1.01 (0.15) 4.03 (0.56)
6 5 1 4 0.50 0.43 (0.11) 1.01 (0.16) 4.03 (0.54)

(d) n=01/ma/(01/m3 + 02 /m1)

10 5 1 1 0.56 0.55 (0.05) 1.01 (0.14) 1.01 (0.15)
8 5 1 1 0.58 0.55 (0.07) 1.01 (0.14) 1.01 (0.15)
6 5 1 1 0.61 0.53(0.12) 1.01 (0.14) 1.01 (0.15)

10 5 4 1 0.69 0.67 (0.06) 4.03 (0.49) 1.01 (0.18)
8 5 4 1 0.71 0.67 (0.07) 4.03 (0.49) 1.01 (0.18)
6 5 4 1 0.73 0.65 (0.13) 4.03 (0.51) 1.01 (0.18)

10 5 1 4 0.45 0.44 (0.05) 1.01 (0.15) 4.03 (0.54)
8 5 1 4 0.46 0.44 (0.07) 1.01 (0.16) 4.03 (0.54)
6 5 1 4 0.48 0.42 (0.11) 1.01 (0.16) 4.03 (0.53)

(c) n(@) =o01/(01 +02), used in [15];
(d) n(0) =o1/my/(01/m2 + 02,/m1), proposed by [24].

Hence, from (2.10) with p = 0.75, we have
p1=0.25-140.75-n@), and pr=0.25-040.75-7n(0).

In Table 1, we report simulation results on the mean and the standard error of the
allocation proportion Nj ,/n and the parameter estimators 612n and 822n, defined
as

1,n ’ 2,n — ’
Nl,n N2,n

where iy, =Y 1 | Xi&1,i/Ninand rit , =37 (1 — X)&2,i /N2 .
The results show that our methods target the true parameters effectively. In real

clinical trials, further calibration may be performed to reduce small bias.

52 — 3P X6 — ity p)? 52 _ "= X)(Eri — o p)?

6. Extensions to multi-color urn models. It is important to note that all the
results presented in this paper can be extended to the case of K > 2 colors, when
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there exists j € {1, ..., K} such that m; > my for any k # j. In the context of
clinical trials, the functions f; should be interpreted as the target allocations for
Njn/n when T; is the superior treatment, and the variables W; , should be all
defined as I{anﬁj,n}'

Acknowledgments. The authors thank Professor A. M. Paganoni of Politec-
nico di Milano for stimulating discussions and ideas on the urn models consid-
ered in the paper. The authors thank also Professor G. Aletti of Universitd degli
Studi di Milano for supporting this research and several useful discussions. Part
of Andrea Ghiglietti’s work was carried out while he was a doctoral student at
the Department of Mathematics, Politecnico di Milano. This research was started
while Andrea Ghiglietti was visiting the Department of Statistics, George Mason
University. Part of Professor Rosenberger’s research was conducted while he was
a Visiting Scholar in the Department of Mathematics, University of Southern Cali-
fornia. Part of Professor Vidyashankar’s work was carried out when he was visiting
the Department of Mathematics, Universita degli Studi di Milano. All three authors
thank their hosts for their hospitality.

REFERENCES

[1] ALETTI, G., GHIGLIETTI, A. and PAGANONI, A. M. (2013). Randomly reinforced urn de-
signs with prespecified allocations. J. Appl. Probab. 50 486—498. MR3102495
[2] ALETTI, G., MAY, C. and SECCHI, P. (2009). A central limit theorem, and related results, for
a two-color randomly reinforced urn. Adv. in Appl. Probab. 41 829-844. MR2571318
[3] ALETTI, G., MAY, C. and SEccHI, P. (2012). A functional equation whose unknown is
P ([0, 1]) valued. J. Theoret. Probab. 25 1207-1232. MR2993019
[4] ATHREYA, K. B. and KARLIN, S. (1968). Embedding of urn schemes into continuous time
Markov branching processes and related limit theorems. Ann. Math. Statist. 39 1801—
1817. MR0232455
[5] BAIL, Z. D. and Hu, F. (1999). Asymptotic theorems for urn models with nonhomogeneous
generating matrices. Stochastic Process. Appl. 80 87-101. MR1670107
[6] BAIL Z.-D. and HU, F. (2005). Asymptotics in randomized URN models. Ann. Appl. Probab.
15 914-940. MR2114994
[7]1 Bal, Z. D., Hu, F. and ZHANG, L.-X. (2002). Gaussian approximation theorems for urn
models and their applications. Ann. Appl. Probab. 12 1149-1173. MR1936587
[8] CHAUVIN, B., POUYANNE, N. and SAHNOUN, R. (2011). Limit distributions for large Pdlya
urns. Ann. Appl. Probab. 21 1-32. MR2759195
[9] CHEN, L. H. Y. (1978). A short note on the conditional Borel-Cantelli lemma. Ann. Probab. 6
699-700. MR0496420
[10] DEMBO, A. and ZEITOUNI, O. (1998). Large Deviations Techniques and Applications, 2nd
ed. Applications of Mathematics (New York) 38. Springer, New York. MR1619036
[11] DURHAM, S. D., FLOURNOY, N. and L1, W. (1998). A sequential design for maximizing the
probability of a favourable response. Canad. J. Statist. 26 479-495. MR1646698
[12] ETEMADI, N., SRIRAM, T. N. and VIDYASHANKAR, A. N. (1997). L) convergence of re-
ciprocals of sample means with applications to sequential estimation in linear regression.
J. Statist. Plann. Inference 65 1-15. MR1619664


http://www.ams.org/mathscinet-getitem?mr=3102495
http://www.ams.org/mathscinet-getitem?mr=2571318
http://www.ams.org/mathscinet-getitem?mr=2993019
http://www.ams.org/mathscinet-getitem?mr=0232455
http://www.ams.org/mathscinet-getitem?mr=1670107
http://www.ams.org/mathscinet-getitem?mr=2114994
http://www.ams.org/mathscinet-getitem?mr=1936587
http://www.ams.org/mathscinet-getitem?mr=2759195
http://www.ams.org/mathscinet-getitem?mr=0496420
http://www.ams.org/mathscinet-getitem?mr=1619036
http://www.ams.org/mathscinet-getitem?mr=1646698
http://www.ams.org/mathscinet-getitem?mr=1619664

[13]

(14]
[15]
(16]

(17]
(18]

[19]
[20]

(21]

(22]
(23]
[24]
[25]

[26]

CLT FOR AN ADAPTIVE URN MODEL 3003

GHIGLIETTI, A. and PAGANONI, A. M. (2014). Statistical properties of two-color ran-
domly reinforced urn design targeting fixed allocations. Electron. J. Stat. 8 708-737.
MR3211029

GHIGLIETTI, A. and PAGANONI, A. M. (2016). An urn model to construct an efficient test
procedure for response adaptive designs. Stat. Methods Appl. 25 211-226. MR3506205

Hu, F. and ROSENBERGER, W. F. (2006). The Theory of Response-Adaptive Randomization
in Clinical Trials. Wiley, Hoboken, NJ. MR2245329

JANSON, S. (2004). Functional limit theorems for multitype branching processes and general-
ized Pélya urns. Stochastic Process. Appl. 110 177-245. MR2040966

MAHMOUD, H. M. (2009). Pélya Urn Models. CRC Press, Boca Raton, FL. MR2435823

MULIERE, P., PAGANONI, A. M. and SECCHI, P. (2006). A randomly reinforced urn. J. Statist.
Plann. Inference 136 1853—-1874. MR2255601

ROSENBERGER, W. F. (2002). Randomized urn models and sequential design. Sequential Anal.
21 1-41. MR1903097

ROSENBERGER, W. F. and LACHIN, J. M. (2002). Randomization in Clinical Trials: Theory
and Practice. Wiley, New York. MR1914364

ROSENBERGER, W. F., STALLARD, N., IVANOVA, A., HARPER, C. N. and RICKS, M. L.
(2001). Optimal adaptive designs for binary response trials. Biometrics 57 909-913.
MR 1863454

SMYTHE, R. T. (1996). Central limit theorems for urn models. Stochastic Process. Appl. 65
115-137. MR1422883

WEL, L. J. and DURHAM, S. (1978). The randomized play-the-winner rule in medical trials.
J. Amer. Statist. Assoc. 73 840-843.

ZHANG, L. and ROSENBERGER, W. F. (2006). Response-adaptive randomization for clinical
trials with continuous outcomes. Biometrics 62 562—-569. MR2236838

ZHANG, L.-X., Hu, F. and CHEUNG, S. H. (2006). Asymptotic theorems of sequential
estimation-adjusted urn models. Ann. Appl. Probab. 16 340-369. MR2209345

ZHANG, L.-X., Hu, F., CHEUNG, S. H. and CHAN, W. S. (2011). Immigrated urn models—
theoretical properties and applications. Ann. Statist. 39 643—-671. MR2797859

A. GHIGLIETTI A. N. VIDYASHANKAR
DEPARTMENT OF MATHEMATICS “F. ENRIQUES” W. F. ROSENBERGER
UNIVERSITA DEGLI STUDI DI MILANO DEPARTMENT OF STATISTICS

VIA SALDINI 50 GEORGE MASON UNIVERSITY
20133 MILAN 4400 UNIVERSITY DRIVE MS4A7
ITALY FAIRFAX, VIRGINIA 22030

E-MAIL: andrea.ghiglietti @unimi.it USA

E-MAIL: avidyash@gmu.edu
wrosenbe @ gmu.edu


http://www.ams.org/mathscinet-getitem?mr=3211029
http://www.ams.org/mathscinet-getitem?mr=3506205
http://www.ams.org/mathscinet-getitem?mr=2245329
http://www.ams.org/mathscinet-getitem?mr=2040966
http://www.ams.org/mathscinet-getitem?mr=2435823
http://www.ams.org/mathscinet-getitem?mr=2255601
http://www.ams.org/mathscinet-getitem?mr=1903097
http://www.ams.org/mathscinet-getitem?mr=1914364
http://www.ams.org/mathscinet-getitem?mr=1863454
http://www.ams.org/mathscinet-getitem?mr=1422883
http://www.ams.org/mathscinet-getitem?mr=2236838
http://www.ams.org/mathscinet-getitem?mr=2209345
http://www.ams.org/mathscinet-getitem?mr=2797859
mailto:andrea.ghiglietti@unimi.it
mailto:avidyash@gmu.edu
mailto:wrosenbe@gmu.edu

	Introduction
	Applications to clinical trials
	Structure of the paper

	Model assumptions, notation and main results
	Law of large numbers
	Central limit theorem
	Application to clinical trials (revisited)

	Harmonic moments and related asymptotics
	Harmonic moments
	A uniform bound
	Estimates for the MRRU model
	Proof of Theorem 3.2


	Proofs of the main results
	Proof of the LLN
	Proof of the central limit theorem
	Proof of Theorem 4.1

	Proof of Proposition 2.1
	Proof of Corollary 2.2

	Simulation studies
	Bernoulli responses
	Gaussian responses

	Extensions to multi-color urn models
	Acknowledgments
	References
	Author's Addresses

