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Abstract: Gaussian concentration graphical models are one of the most
popular models for sparse covariance estimation with high-dimensional
data. In recent years, much research has gone into development of methods
which facilitate Bayesian inference for these models under the standard G-
Wishart prior. However, convergence properties of the resulting posteriors
are not completely understood, particularly in high-dimensional settings.
In this paper, we derive high-dimensional posterior convergence rates for
the class of decomposable concentration graphical models. A key initial step
which facilitates our analysis is transformation to the Cholesky factor of the
inverse covariance matrix. As a by-product of our analysis, we also obtain
convergence rates for the corresponding maximum likelihood estimator.
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1. Introduction

Covariance estimation is a fundamental problem in multivariate statistical in-
ference, and plays a crucial role in many inferential and data analytic methods.
For instance, methods such as principal component analysis (PCA), multivariate
analysis of variance (MANOVA), classification via linear/quadratic discriminant
analysis (LDA/QDA), canonical correlation analysis (CCA) all require estima-
tion of the covariance matrix (or some appropriate function of its entries). In
recent years, advances in science and information technology have led to an
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explosion of “high-dimensional” datasets from a variety of scientific fields. In
such datasets, the number of variables p is either of the same order of, or much
larger than the number of samples n. It is well-known that in high-dimensional
settings, the sample covariance matrix (traditional estimator for the popula-
tion covariance matrix), can perform rather poorly (see [7, 8, 16, 17, 18]). To
address the challenge posed by high-dimensionality, several promising methods
have been proposed in the literature. In particular, methods inducing sparsity
in the covariance matrix, or in an appropriate function of the covariance matrix,
have proven to be very effective in applications.

Perhaps the most well-known and well-studied class of sparsity based mod-
els in this context is the class of concentration graphical models introduced in
[10]. These models induce sparsity in the concentration matrix (or the inverse
covariance matrix). If the underlying distribution is assumed to be multivariate
Gaussian, then zeros in the inverse covariance matrix correspond to conditional
independence. Hence, concentration graphical models achieve parameter reduc-
tion in a naturally interpretable way. To understand the connection with graphs,
consider i.i.d. vectors Y7, --- Y, which are drawn from a p-variate normal dis-
tribution with mean vector 0 and covariance matrix 3. A given sparsity pattern
on = X! can be encoded in terms of a graph G on the set of p variables as
follows. If the variables ¢ and j do not share an edge in G, then Q;; = 0. Hence,
a concentration graph model corresponding to a graph G restricts the inverse
covariance matrix {2 to a submanifold of the cone of positive definite matrices
(referred to as Pg).

There are two major approaches in the literature for analyzing concentration
graphical models. The first approach is based on regularized likelihood/pseudo-
likelihood using ¢; penalization. A variety of methods using this approach have
been proposed (see [3, 7, 12, 13, 15, 20, 24, 27, 29, 35] and the references
therein). These optimization based methods often undertake estimation and
sparsity selection (selection of G) simultaneously, and have fared well in high-
dimensional settings. For a majority of these approaches, high-dimensional es-
timation/selection consistency of the corresponding estimators has been estab-
lished.

The second approach is based on the Bayesian paradigm. Dawid and Lau-
ritzen [9] introduced a class of prior distributions called Hyper Inverse Wishart
distributions for the covariance matrix ¥ = Q~!. The induced class of priors
for Q (supported on Pg) is known as the class of G-Wishart distributions (see
[31]). This class of prior distributions is quite useful and popular, and has sev-
eral desirable properties, including the fact that it forms a Diaconis-Ylvisaker
conjugate class of priors [11] for the concentration graph model corresponding to
the graph (. Subsequently, several techniques for posterior inference using the
G-Wishart distribution have been developed in the literature (see for instance
[1, 22, 25, 31, 32, 34]). The subfamily of decomposable graphs has featured promi-
nently in the Bayesian literature on concentration graph models (see for instance
[9, 23, 28, 31]). In fact, direct sampling and closed form computations of rele-
vant posterior expected values corresponding to the G-Wishart distribution are
in general available only if the underlying graph is decomposable.
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High-dimensional posterior convergence results have been established for some
Bayesian covariance estimation models in the literature. Ghosal [14] proves
asymptotic normality of the posterior for exponential family models (which
include the multivariate normal model) when p grows much slower than n. Pati
et al. [26] establish high-dimensional posterior convergence rates for covariance
estimation using Bayesian factor models. Banerjee and Ghosal [5] derive high-
dimensional posterior convergence rates for Bayesian concentration graphical
models with priors which are obtained by mixing a point mass at zero with an
appropriate continuous distribution. However, despite the great interest and ac-
tivity in Bayesian inference for concentration graphical models with G-Wishart
priors, a complete investigation into the important issue of high-dimensional
posterior consistency in this setting has not been undertaken. To the best of our
knowledge, the only results along these lines can be found in the recent work of
Banerjee and Ghosal [4]. Under standard regularity assumptions, the authors
in [4] provide posterior convergence rates for banded concentration graphical
models (with a G-Wishart prior) in the popular and useful high-dimensional
setting where the “true” concentration matrices generating the data are allowed
to be approximately banded.

Banded models form a subclass of decomposable concentration graphical
models. Furthermore, quantities such as the posterior mean, normalizing con-
stant etc. are available in closed form for decomposable graphical models with
G-Wishart priors. These facts led us to investigate whether one can prove con-
sistency results similar to [4] for the class of decomposable concentration graph-
ical models. In this paper we achieve this goal by providing high-dimensional
posterior convergence rates for decomposable concentration graphical models
with G-Wishart priors, where the “true” concentration matrices generating the
data are approximately decomposable (Theorem 3.1). A key initial step in our
analysis is expressing the concentration matrix €2 in terms of its Cholesky pa-
rameter. The main result is then established using a combination of extensive
analytic arguments and distributional results for the Cholesky parameter of
decomposable G-Wishart matrices. This approach is quite different from the
one taken in [4]. Based on a reviewer’s comment, we investigated and found
that the approach used in [4] can be easily and directly generalized to decom-
posable graphs, thereby providing another route to prove Theorem 3.1. Never-
theless, our extensive set on intermediate lemmas (Lemmas 3.2, 3.3, 3.5, 3.6,
3.9) regarding posterior convergence properties of the Cholesky parameter are
of independent interest, and may serve as useful tools in other related prob-
lems.

The rest of the paper is organized as follows. Section 2 contains a brief
overview of relevant concepts from graph theory and matrix theory. In Sec-
tion 3, we provide the required assumptions, and then state and prove the main
result (Theorem 3.1) regarding posterior convergence rates for decomposable
concentration graphical models. The proof of Theorem 3.1 is preceded by a se-
ries of lemmas which pave the way for establishing Theorem 3.1. One of these
lemmas (Lemma 3.7) establishes convergence rates for the maximum likelihood
estimator. The proofs of all the lemmas are provided in the appendix.
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2. Preliminaries

In this section, we provide required background material from graph theory and
graphical models.

2.1. Decomposable graphs and Cholesky decomposition

An undirected graph G = (V, E) consists of a vertex set V = {1,....,p} with an
edge set E C {(i,j) € V x V,i # j}, with (4,j) € E if and only if (j,i) € E.
Two vertices v,v’ € V are called adjacent if there is an edge between v and v'.
An undirected graph G = (V, E) is called a complete graph if all pairs of distinct
vertices in V' are adjacent, and is called a cycle if there exists a permutation
{vi,v2,--- , v} of V such that (v;,v;) € E if and only if |[i — j| =1 or |i — j| =
p — 1. The induced subgraph of G = (V, E) corresponding to V' C V is an
undirected graph with vertex set V’ and edge set given by £ = EN (V/ x V).
A subset V' of V is called a clique if the induced subgraph corresponding to V'
is a complete graph. See [21, 23] for more details.

For an undirected graph G = (V, E), we denote by M the set of all |V| x|V
matrices A = (Aij)1<4,j<|v| satisfying A;; = Aj; = 0 for all pairs (i,7) ¢ E,i #
J, and by Pg the set of all |V| x |[V| symmetric positive definite matrices that are
in Mg. A graph G' = (V' E’) is defined as an induced subgraph of G = (V, E)
if V. CVand E' = (V' x V)N E, and is denoted by G’ C G. We now recall
the definition of decomposable graphs.

Definition 2.1. (/21]) A graph G is defined to be decomposable if it does not
contain a cycle of length > 4 as an induced subgraph.

There are several other characterizations of decomposable graphs. Here is a
recursive characterization. A graph G = (V, E) is decomposable if and only if it
is either complete (no missing edges) or if there exist non-empty disjoint subsets
A, B,C of V such that (i) AUBUC =V (ii) the graph induced by B is complete
(iii) any path from A to C passes through B, and (iv) the graphs induced by
AU B and BUC(C are decomposable.

Recall that for every positive definite matrix A, there exists a unique lower
triangular matrix L (with positive diagonal elements) such that A = LLT. This
decomposition of A is known as the Cholesky decomposition and we refer to
L as the Cholesky factor of A. The following characterization of decomposable
graphs (see [31, Theorem 1]), in terms of Cholesky decomposition, will be useful
for our analysis.

Lemma 2.1. ([31]) An undirected graph G = (V, E) is decomposable if and only
if there exists a permutation of vertices V' such that after reordering the vertices
based on this permutation, every A € Pg factors as A = LLT where L € Mg
and L is lower triangular with positive diagonal entries. Such a permutation is
called a perfect vertex elimination scheme for G.

The above lemma says that for a decomposable graph G, if the vertices are
ordered according to a perfect vertex elimination scheme and Q2 = LLT, Q € Pg,
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then L has the same zero pattern as € in its lower triangle. Note that a perfect
vertex elimination scheme is not unique and several of them can exist for a
given graph G. A variety of algorithms for obtaining perfect vertex elimination
schemes (or perfect elimination orderings, as they are known in the computer
science literature) are available in the literature. See [30, 33] for instance.

2.2. The G-Wishart distribution

Let Y7, -+, Y, be independent, identically distributed MV N, (0,% = Q~!) ran-
dom vectors, where Y; = (Y“,...,Ylvp)T,l < i < nand MVN stands for the
multivariate Gaussian distribution. For an undirected graph G = (V, E) (with
V ={1,...,p}), the Gaussian concentration graphical model corresponding to
G assumes that Q € Pg. Dawid and Lauritzen [9] developed the class of Hyper
Inverse Wishart distributions for ¥ = Q~!. The class of induced priors for §) are
known as the G-Wishart distributions on Pg. In particular, the G-Wishart dis-
tribution with parameter § > 0 and D positive definite, denoted by W¢ (4, D),
has density proportional to

(det ()% 2eap|—tr(DQ) /2], Q € Pg. (2.1)

The class of G-Wishart distributions on Pg form a conjugate family of priors
under the Gaussian concentration graphical model corresponding to G. In par-
ticular, if the priors on Q € Pg is Wg(d, D), then it can be easily shown that
the posterior on Q is W (6+n, D+nS), where S = 1/n > ;| ;YT is the sam-
ple covariance matrix. If G is decomposable, then quantities such as the mean,
mode and normalizing constant for W (4, D) are available in closed form (see
for instance [28]), but if G is non-decomposable, one has to resort to MCMC to
estimate these quantities (see for instance [1, 2, 25, 32, 34]).

3. Main results

In this section, we will provide the main high-dimensional posterior convergence
result. We start by introducing some required notation. For = € R?, ||z||, =
( ?:1 |z;|")Y/" and ||z||c = max; |z;| denote the standard I, and Il vector
norms. For a px p matrix A = (A;;)1<i,j<p with ordered eigenvalues |eig; (4)] <
... <leigp(A)|, we denote

| Allmax = 123}§p|‘4ij|’

Al (rs) = sup{||Az]|s : [|lz]|, = 1},

where 1 < r, s < co. In particular, we have

||A||(1,1) = m]axz | Aijl, ||A||(oo,oo) = m?XZ | Aijl, ||A||(2,2) :{eigp(ATA)}l/z-
i J
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Also, for a symmetric matrix A, we have [[Al|(1,1) = [|All(oo,00) and [|Al|(2,2) =
leigy(A)|. Now, given the graph G = (V,E), with V = {1,...,p}, we denote
AZ" = (Ajk)i<jk<p (i) B (i.k)eE, the column vectors A7 = (Aji)j=i ij)er and
AZ = (Ay, (AZ)T)T. Also,

i Ay (AT
A2t — {A> <A>)i ]

In particular, A% = AZP = A,

We now provide the model specification and required assumptions. We con-
sider a setting when the number of variables p = p,, increases with the sample
size n. Suppose that Y",....,Y," are independent and identically distributed
random vectors drawn from a MV N, (0,Q,1) distribution. Hence, {Q,}n>1
denotes the sequence of true concentration matrices. Let G, = (V,,, E,) (with
V. ={1,...,pn}) be a decomposable graph with vertices ordered according to a
perfect vertex elimination scheme. We define the matrix Q, by

(Qn)ij = ! .
0 otherwise,

and A4, = Q, — Q. Hence, Q, € Mg, . The assumption that the vertices of
G, are ordered according to a perfect vertex elimination scheme does not lead
to any loss of generality, as || — QnH(oo,oo) (see statement of Theorem 3.1) is
invariant with respect to any reordering of vertices. Let d,, denote the maximum
number of non-zero entries in any row (column) of the symmetric matrix Q.
Also, P and E respectively denote the probability measure and expected value
corresponding to the “true” Gaussian model specified above. With the model
specification in place, we now provide the required assumptions.

Assumption 1. The eigenvalues of{Q@}nzl are uniformly bounded, i.e., there
exists €9 > 0 such that 0 < ey < eigi(Qy) < eigp(n) < eal < o0, for every

n>1.

Assumption 2. Forn > 1, we use the prior Wg, (0, D,,) for the concentration
matriz Q. Here 6 > 0 and D, is a positive definite matriz which satisfies:
eigp(Dy) < a < oo, for everyn > 1.

Assumption 3. d> logp,/n — 0 and p, — .

Assumption 4. [[A;](00,00) < V(dn), where d¥?y(d,) — 0.

Henceforth, for notational and expositional convenience, we will refer to p,, Q,,
O, G, dy, D, A, as p7Q,Q,G7d7D,A. Note also that ¢, and a above do
not depend on n.

The following theorem is the main contribution of this paper and provides
the convergence rate for the posterior distribution of 2. As in [4], we provide
the convergence rate under the (0o, 00) norm, which is a stronger norm than
the more standard (2,2) norm.
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Theorem 3.1. Under Assumptions 1 - 4, for a large enough constant K (not
depending on n), the posterior distribution of Q satisfies:

where ¢, = d°/(log p/n)"/? + d*/?(d).

Remark 3.1. Based on a reviewer’s comment, we investigated and found that
Theorem 3.1 for approximate decomposable models can be obtained (with the
exact same convergence rate) by a direct extension of the approach in [4].

We now provide a series of lemmas which will play a crucial role in the proof
of Theorem 3.1. The proofs of these lemmas are provided in the appendix. The
first lemma provides inequalities involving the various matrix norms introduced
earlier in this section, in the context of sparse matrices.

Lemma 3.1. For any p X p matrizc A = (Aij)1<i,j<p With at most d nonzero
elements in each row and each column, we have

[ All(00,00) < \/EHAH(M), (3.2)
||A||(2,2) < dHA”max- (33)

The next lemma provides an expression for the Cholesky parameter L of Qin
terms of ¥ = Q~!. Note that by Assumption 4, for large enough n,

Q02,2 < 12— All2,2) < [1Q0l2,2) + | All2,2) < € +(d) < 2¢5", and

eig1 () > eig1(Q) + eigi(—A) > g — v(d) > €/2. (3.4)
Thus, Q € Pg for large enough n.

Lemma 3.2. For large enough n, let Q = LLT be the Cholesky decomposition
of Q€ Pg. Let X =Q7 . Then Lj; =0 for 1 <i<j<pand (i,j) ¢ E, and

i 1 - C e
Li=\/5 = = —, L =—-Lu(X”")"'%7, 3.5
\/Eii — (E)T(X>)~ 187 " (27)7=3 (3-5)

for1 <i<np.

The next lemma establishes distributional properties for the Cholesky parameter
of a matrix following a G-Wishart distribution.

Lemma 3.3. Let Q = LL” be the Cholesky decomposition of Q € Pg, where L
is a lower triangular matriz. Under the prior distribution Wg (0, D) on , the
posterior distribution of L is: Lj; =0 for 1 <i<j<pand (3,5) ¢ E; L% are
independent for 1 <i <p and

L% |Lii ~ MVN(=(S>) V521, (S>) " n), for 1<i<p—1, (3.6)
L3 ~ Gamma((n +v; +0)/2 + 1,n¢;/2), for 1<i<p, (3.7

where S = S + D/n, v; = dim(L7) and ¢; = <§” - (?f)T(gw)*ﬁgf
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After a careful comparison, it can be argued that the above lemma follows
from [23, Theorem 4.4]. Nevertheless, we provide a proof of this lemma in the
appendix for completeness. The next three lemmas show that the difference

between relevant functions of S =5+ D/n and the same functions applied to
>, converges to zero in P-probability at a certain rate.

Lemma 3.4. For a large enough constant My (not depending on n), we have

P(I'S = Sllmax > My (Viogp/n + () < mip> M4 0 (3.8)

as n — 0o, where my and mq are constants which depend only on €y (from
Assumption 1).

Lemma 3.5. For large enough constants My (same as in Lemma 3.4) and M,
(not depending on n),

_ . s
P(max 152 = 52 . > Mi(dv/logp/n+1(@) 50, (39)
P(max [[(52) 10 > 2e1) 0 (3.10)

1<i<p (22) = <0 ’ '

P(max [[(52) 7 — (820 0.0) = Ma(d\/logp/n +(d))) =0,  (3.11)

1<i<p
as n — oo.
Lemma 3.6. Let ¢ = % — (X7)T(X>") 712>, Then

€0/2 < min ¢ < max ¢ < 2¢, " (3.12)

1<i<p 1<i<p
Let ¢; = <§“ — (%i)T(g”)_l%f Then

P o> 971 p in e <
P(lrglagxpcl >2¢, ) =0, P(lg‘lgpcl <¢€/2) =0, (3.13)

asn — oo. Also, for a large enough constant M3 (not depending on n), we have

P(as |es — | = My(dy/Togp/n+(d))) = 0, (3.14)
Note that by Assumption 1, d < n for large enough n. Hence the size of any
clique in G is bounded by n. In this case, it is known that the maximum likeli-
hood estimator exists and is unique (see for instance [21]). Although the main
goal of this paper is derivation of the convergence rate for the posterior dis-
tribution, using the previous lemmas we derive the convergence rate for the
maximum likelihood estimator under Assumptions 1 - 4.

Lemma 3.7 (Convergence Rate for MLE). For a large enough constant K (not
depending on n), the mazimum likelihood estimator § satisfies

as n — o0.
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The proof is provided in the appendix. We need two more lemmas before pro-
ceeding to prove Theorem 3.1. The next lemma gives a concentration bound
(around the mean value) for the square root of a Gamma random variable.

Lemma 3.8. If X2 ~ Gamma(a,)\),X > 0. Let p = E(X) = %ﬁéj) and
a>1/2. Then
Pr|X —p| > z) < V2ee . (3.15)

The final lemma provides the posterior convergence rate for the diagonal entries
of the Cholesky factor of €.

Lemma 3.9. For a large enough constant Ms (not depending on n), we have

Pr(max |Lii — Ly| > Ms(d\/Tog p/n + 7(d))|Y) 5 0. (3.16)
p

1<i<

We would like to remind the reader that the proofs of all the above lemmas are
provided in the appendix. With these lemmas in hand, we now provide a proof
for Theorem 3.1.

Proof of Theorem 3.1. Note that it suffices to show Pr{[|Q — Q|(oo,00) >
Ke,|Y'} 50 to get the required result. Also, since ||Q — Ql (00,00) < (d), by
the triangle inequality it suffices to show Pr{||Q — QH(OO’OO) > Ke,|Y'} 5 0. By

Lemma 3.1, we have

< Pr{Vd|Q- QH(2,2) > Ken|Y'}

< Pr{|LL" = LL"||(22) > Ke/Vd|Y'}

< Pr{|L|@2lL - I~/H(2,2) + ||E||(2,2)||L - z/||(2,2) > Ke,/Vd|Y'}
< Pr{Q2lLll¢2,2) + IIL = Lll2,2))IL — Ll (2,2) > Ke,/Vd|Y}

<

~ Ke
Prq||L— L 2.2 ZJ“Y +
{ T T
VE. /e
V2Vd

Since €/2 < eigi(Q) < eigy(Q) < 2¢5 " by (3.4), it follows that \/eg/2 <
Ll (2,0) = {eigp(Q)}/? < (€0/2)~1/2. Also by Assumption 3, it follows that
Vén/Vd > €,/V/d for large enough n. In view of these observations and (3.17),
it suffices to show that Pr{|L — f/||(272) > Kie,/Vd|Y'} B 0fora large enough

constant K. Now, let 6, = €, /d*/? = d(logp/n)'/?+~(d). It follows by Lemma
3.1 and the triangle inequality that

Pr {|L - i|\(2,2) >

Y} . (3.17)

Pr{||L — L||(2,2) > Kien/Vd|Y} < Pr{d||L — L||max > Ki€,/Vd|Y}
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< Pr{IL — M[max > K16, /4]Y }+

Pr{||M — M||max > K16, /4]Y }+

Pr{|M — Lllmax > K16, /4]Y},  (3.18)

where M and M are p x p lower triangular matrices defined by

M = —(<§>i)_1§i[m] M= L(Z>i)_123[’ii] ,

for 1 < i < p, and the rest entries in M and M are 0, i.e., M;; = ~j,; =0 for
(1,7) ¢ E,1 <i < j <p. We will deal with the three expressions on the RHS of
(3.18) separately.

First, by the union-sum inequality, we have

Pr{||L — M||max > K16,/4|Y}

= Pr{ max |Lji — Mj;| > K15n/4y}
(1,§)€E,1<i<j<p

= U {ILji — Mj;| > K16, /4}Y
(1,)€E,1<i<j<p
= pd prax Pr{|LJ1 - M]l| > K15n/4‘Y}a (319)

(1,5)€EE,1<i<j<p

where the last inequality follows from the fact tha‘g_there are at most d neighbors

for each vertex i, 1 < i < p. Let ¢ = maxj<i<j<p( .S =)}, where (52171 j > i
.

stands for the diagonal element of (.S =%)~! corresponding to the vertex j. Then

it follows from (3.19) that

Pr{||L = M||max > K16,/4]Y'}
L, — M K
d max Pr vl Lji jil > VK16,

PeaetiSon | G TV
JJ7

Ki6
(4,)€B,1<i<j<p 4./c

Y

YLH . (3.20)

Lji—Mji
where z;; = VL= Mgi) : 771)
V(520

in the last equality is taken with respect to the posterior distribution of L;.

Hence,
Y, Li; H

(Y,L;;) ~ N(0,1) by Lemma 3.3 and the expectation

Pr{||L — M||max > K16,/4|Y}

K16,
pd max E [Pr {|zj,-| > NVOLSLY
(4,)€B,1<i<j<p 4./c

(-0 ()

IN
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IN

2pd exp{—nK75, /(8¢c)}
< 2p2Ki/(@) (3.21)

)

where @ is the standard normal cdf and the second inequality follows from
1 — ®(t) < exp{—t2/2} for t > 0. Note that for any n > 0,

P(2p> 115 > )
}5(2;02_}{12/(80) >1,c< 26 ") + Plec>2¢)

< P(2p2_K12£°/16 >n)+ Plc> 2661).

IN

With K chosen large enough such that 2 — K?¢p/16 < 0, it follows from As-
sumption 3 that 2p2~Ki</16 5 0 as n — oco. It now follows from (3.10) in
Lemma 3.5 that
2p2_K12/(8C) L)

Thus, by (3.21), we get Pr{||L — M||max > K16,/4|Y} L) Hence, the first
term in (3.18) has been dealt with. - -

We now focus on the second term in (3.18). Let [(S>%)~1S 7], 7 > i be

e

the component of (.5>%)~19 ~ corresponding to vertex j. Recall that ¢; =

S — (575> 15> and & = S, — (52)7(5£>%)"1£>. Note that

o <~ S =
S>z —1 S> L E>z —12> .
omax (57, - (5778,

< N < >0\ —1 %
_ A [(S=9)~! 53]3‘0 O] 123]%4
1<i<j<p,(irj)EE ci ’ G ’
N
< max (57783 le; — |+
T 1<i<j<p,(ij)EE ci
— . _ < >0\ —1 %
A ‘. [(Ss>)~'s3l (=)~ '%3)
1<i<j<p,(i.j)EE ¢ G
o
< max CiC; (579 151]] l—i
T 1<i<i<pGig)eE ¢ ¢ G
TN i1
max C~ [(S>l) ! S>Z]J [(E> ) 12>2]J (3 22)
1<i<j<p,(ij)EE ¢ é

. 1/¢;
Note that the first column of (gzz)_l is [—(<§>Z)/_Cl<§>z/cz] It follows from
(3.22) that
max (570753 - (87793

1<i<j<p,(i,j)€E

T>iy- =1 ST iy S >iy—
< (max ;| (1S =) 7 [lma) (max G| (S =) 7H = (35 7 |max)+



High dimensional posterior convergence rates for decomposable graphical models 2839

F . ~ .
max G[|(5 =) 7! = (£2) 7 [lmax
K]

= (max & [|(S2) 7! = (52 ) (14 max e[ (2 max)  (3:23)

Let M, = 2M> (8672 + 1), where My is as in Lemma 3.5. Then %ﬂv{z)*l =
€0 0 260

degt > 2¢5 ! Tt follows from (3.23), Lemma 3.5 and Lemma 3.6 that,

_ — . — -~ -
P S>HTLe > — (2297182, >M6n>
(1o NE>752) - (29830 2 M
_ —. . _
< P (max 10521 = (52071 x> M26n) = (maxci > 2651) v
1 K3
_ ) M. 2Ms5) — 1
P (max ||(§Zl)_1”max Z 460/( _12) )
[ 260
- 0, (3.24)

e = S
as n — oo. Let r = mai(1§i<j§pl(i7j)6E |[(Sfl)71 S>1]J — [(E>z)7123]j|. NOW,
by the form of M and M, max; L; < (eig,(2))'/? < (ep/2)"1/? and (3.18), we
have

Pr{|IM = 8 = K16 /41 }

IA

Pr {m;axLii > Klén/(4r)|Y}

IN

P’/‘ {maxf/“ —+ max |L” — En| Z K157l/(47")‘Y}
1 K3
< Pr {max |Lii — Lis| > K16,/ (4r) — (60/2)—1/2|Y} . (3.25)

Note that for any n > 0,

P(?‘ Z M45n)
<P (Pr {max Ly — Las| > K1/ (AMy) — (260)71/2|Y} > n) + P(r > M)
(

If K is chosen large enough such that Kj/(4My) — 269)’1/2 > 1, then by
Lemma 3.9 and (3.24), it follows that Pr{max;|L; — Li;| > Ki0,/(4r) —

(2¢0)"1/2]Y'} 5 0. By (3.25), we get that Pr{||M — M||max > K16,/4]Y} 5 0.
Hence, the second term in (3.18) has been dealt with.

L;::

For the last term in (3.18), note that L= = {—(i”)“liffm

] by Lemma 3.2

and M? = [(f?’)L”lfPLJ . Then, by Lemma 3.6 and the fact that

S>>y —1 < S>>y —1 _ (i) 1 < -1
e (%) s < mmae [(£2)7 |2 = ma eign (£2) " < (eo/2) ",
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also note that

T>N-I>] ) < s> =Iy>1 e 7
e ETHTEILE < max (IR G max é

IN

max ||(§~]zi)_1 [l max max Gi,

we have

Pr{I81 = Lljmax > K18,/4]Y }

< »>HIn>; Li; — Lij| > K16, /4]Y
< Pr{(0 g ()7 S0 s - > 05,
< { 1+ max | (5%4)~ 1||maxmaxc,) max | Li; — Lii| > K1, /4‘Y}

< Pr{(l +deg ) max | Li; — Lig| > K16n/4‘Y}. (3.26)

It then follows from Lemma 3.9 that PT{||M - EHmaX > K10,/4|Y} —P> 0 for

Ky > 4M5(1 + 4ey ?). We have now shown that all the three terms on the RHS
of (3.18) converge in P-probability to zero. This completes the proof. O

Appendix

Proof of Lemma 3.1. Banerjee and Ghosal [4] provide a proof of this result for
banded matrices. The proof below, for general sparse matrices, is based on
similar arguments, and is provided for the sake of completeness.

For any p x p matrix A = (A;;)1<i j<p With at most d nonzero elements in

each row and each column, [|A|(0,00) = max; D _; [Aj;] < max; Vd > Af <
V| Al (2,2), Where the first inequality follows by Cauchy-Schwarz and the second
inequality follows from that /> A% = el All2 < SUp|z(,=1 [Az[l2 = [| Al (2,2),
where the i** component of e; is 1 and the rest are 0.

Now, note that [|A[|, ) = eigy(ATA) < AT A1) < [IAT |0l Al =

| All (00,00) I Al[(1,1), Where the first inequality follows by the Gershgorin circle
theorem. Thus

A

l4lles < 14lan /1Al o0

Ay Ay
\/m;»xp J|\/mgx;| i
< (V[ Aler)?

d[| Allmax-

This completes the proof. O
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Proof of Lemma 3.2. Let R be non-negative definite matrix such that any prin-
cipal submatrix of R of size < d is positive definite. We will show that the
function

tr(AR) —logdet(A), A € Pg, (3.27)

has a unique minimizer, denoted by A. Furthermore, the Cholesky factor of A,
denoted by C' satisfies Cj; = 0 for (i,j) ¢ E or i < j, and

~ 1 ~ ~ .
Cy = : C> =—-Cyu(RPH'R>. 3.28
\/R“- — (R))T(R>)'R; 7 (B RS (3.28)

To prove this assertion, we first note by Lemma 2.1 that the minimization
problem in (3.27) is equivalent to minimizing the function ¢(C) = tr(CCTR) —
2log det(C) where C' varies over lower triangular matrices in Mg with positive
diagonal entries. Now, straightforward matrix algebra and the fact that C € Mg
imply that

(C) = Y (CTRC; —2logCy;)

N
Il
—

|
AME &Mﬁ

@
Il
-

((C3)TRZC5 ~ 2108 i)

(C5 + Cu(R)'R;)TR™(CT + Cu(R™")'R3) +

Il
M=

1

.
I

C%(Ry; — (R)T(R”H)™IRZ) — 21log Cj;. (3.29)

-

=1

It follows that the first sum in (3.29) is minimized if and only if
C; =-Cu(R”")'R7,

and the second sum is minimized if and only if

Ciyi = !
"V R - (RY)T(RZ)TIRG
Thus, the assertion in (3.28) holds. Lemma 3.2 now follows by noting that Q is

the unique minimizer for the function tr(A%) — log det(A), A € Pg. O

Proof of Lemma 3.3. The fact that L;; = 0for 1 <i < j <pand (i,j) ¢ E
follows directly from Lemma 2.1. Under the prior distribution W¢ (4, D) on €2,
the posterior distribution of Q is Wg(d + n,nS + D):

F(QIG,Y) x (det(Q)) O+ 2exp[—tr((nS 4+ D)) /2]. (3.30)
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The Jacobian of the transformation Q — LLT is 2P [[0_, L% ™", where v; =
dim(L7), by Lemma 1 of [2]. Hence, the posterior of L is:

p
FILIG,Y) o [T Ly HLE) T+ Peap]~tr(nSQ) /2]
i=1
p p ~ . ~ ~ . ~ . ~
= [T Lot eap{—n/2) (L5 + Lu(S7)7185)TS7* (L7 + La(S™1) 71 57)
=1 i=1
+ L3 (S — (S7)T(57) 187N
p
= H Lttt lerp{—nL2c; /2 exp{—n/2
=1
p—1
x Y (L5 + La(57)71S7)"S7 (L7 + Lu(57')7157)

i=1

—

, (3.31)

by a similar calculation as (3.29). It follows from (3.31) that L= are independent
for 1 <i<pand

L7 |Lis ~ MVN(=(5>)718> Li;, (S~ /n), for 1<i<p-—1,
L% ~ Gamma((n +v; +0)/2+1,n¢;/2), for 1<i<p,
where ¢; = S;; — (Sf)T(gm)_lgf O

Proof of Lemma 3.4. Tt follows by Assumption 1 and Lemma A.3 of [7] that
there exists constants mi,ms and § depending on ¢y only such that for 1 <
1,7 < p, we have:

P(|S;; — £ij] > t) < my exp{—mant®}, |t| < 4.
Hence, by the union-sum inequality,

P(|S = X|lmax > t) = P(lglepé |Si; — iij| >t) < mip? exp{fmgntz}. (3.32)
<i,j<p

Recall that S = S + D/n and note || D|max < ||D]|(2,2) < a. Hence, for a large

enough M; such that 2 — maM?/4 < 0, we get

P(I'S = Sllmax = Mi+/log p/n)
< P(|S = Zllmax + [ D]lmax/n > Mi+/logp/n)
< P(||S = Sllmax + a/n > My\/log p/n)
< P(||S = Slmax = (M1/2)/logp/n)
< myp? M L,

as n — oo. The last inequality follows from (3.32).
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Note that

12 = Sllmax < 1% — S22 < ||53||(2,2)HQ — 22 IZl22) < 2¢5°7(d).
Hence for M; > max (260_2, ,/%), we get

PUIS = $llmax > My (Vg p/n + ()

_ _ - _
< P(IS = Sllmax + IZ = Slmax > Mi(vlogp/n + 7(d)))
< P(IS - £llmax > Mi/logp/n) — 0, O

=
Proof of Lemm(<1_3,5, Note that for 1<_§ i <p, S2%— X2 can be at most size
d x d. Hence, || S 2" — £2%||(59) < d|| S 2" — 27| ax by Lemma 3.1. It follows
from Lemma 3.4 that

_ —_.  __.
P (o 152 - 271 0oy > drdvog
S p <1l'éla<x ||(§ZZ - izi”max Z Ml V logp/n)
Sisp
_ o
< P(|'S = &l|max > Mi\/logp/n) — 0, (3.33)

as n — 0o. Note that

> S > A >1 ~>1 > -2
g}gp”z‘z—z‘zﬂ(z,z) < fgflgxp||ZJH(2,2)||Q‘Z—QJ||(2,2)||2J||(2,2) < 2¢, “y(d).

Hence, by triangle inequality, and the fact that M; > 2¢; 2 we get

_ . .
P (max 52" — 82| (2.) > M1(d\/m+’Y(d))>

1<i<p
< P (1n<1a<x 152 $2|(2,2) > Mld\/logp/n> — 0. (3.34)
SUSPp

—.
Note that by Assumption 1, d < n for large enough n. Hence, (S 2")~1 is well-
defined for every 1 < i < p for large enough n. Also note that

max [[(8%) 7|22 = max (eigi(£9)) 7! < (eigi ()7 < e

1<i<p 1<i<p
and
T>iy— >y — T>iy— T>i o> s>y —
105297 = (29 M2 < 152 Ml S = =2 e 152 ie,2)-
Thus,
s
max [[(:5=) 7| 2,2)

1<i<p

< £2)1
nax [|(X=) " 2,2 +
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1<i<p
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=
>
S -1

1<i<p

S

—1 >iy—1 Ti_ s
< 6t (1 e 152 e e 152 - 52 0.

1<i<p

o e
It follows that if €5 ' maxi<;<p || S 2! — £2%||(29) < 1, then

-1

e €
max (.S =) 7|22 < :

IA
lav]

INA
lav]

_ S >i N> ’
1— ¢ maxi<icy || S 27 — 52| (2.9

ey _
max [[(52) ) 0y > 2)

%

S

1<i<p

=5 2 1)

) -1
> 2e +
— = —_. 2 2€
1— €' maxi<i<p || 927 — 27| 2.2 )

- S>i e>i
cg " max |52 =57 (2 21)-

1<i<p

IN

<

_>

_ i _
P (s 10529 e > 265"

1<i<p

1<i<p

— . _
P (max |52 = 82 (2,2) > 60/2> +

— . _
P <egl max || .52 — 82| (2.9) > 1>

1<i<p
_ —_.  __.
2 (s 521 = 520z > Mo/
Sisp
0,

- G>i e>i S>iy—
) 22 fg.ag(p”sZ — 52 (2,2) max ()7 (2,2

iy— -1 - T s>
) 2o 2 26" 6 max [[S2F =2 o) <1> +

(3.35)

as n — oo. Also, let My = max(2M; /€3, (2¢52)?), then egMa/(2¢5 ") > M.

Note that

IN

<

S>iv—1  s>iy—1
max (£ 7! = () iz

max ||(22i)_1“(2,2)||22i - 22i||(2,2)||(§_32i)_1||(2,2)

1<i<p

(2¢5%)*y(d) < M2y(d)

(3.36)

Hence, it follows from (3.34), (3.35) and max;<i<p [[(£2") 7| (2.2) < €0~ * that
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P (s 10527 = (82) ey 2 Mataygpln +(0))

o (5207 = (£20) 02y > Madfog/n

o 1052 ey s 1527 = 52 > codMadToma

5210 > (oMa/(2657) d\/logp/n)

IA
av]l

INA
av]l

IA
av]]
N N N N
=
oY)
5
ot
v

p T>iy-1 .
- >
P ( max (52 ) > 265 )
. (3.37)
as n — oo. ’

Proof of Lemma 3.6. Note that the first column of (£2%) =11 { (E>11)/Cf2>/5_ .

Also note that eigy (£29)7!) < 1/& < [|(£29)7Y|(2,2)- Thus
miné; = (max{1/¢}) 7" = (max|[|(%)7Y|(2,2)) 7" = mineigi (577) > €o/2,

and

max & = (min{1/G;}) ™" < (min{eig (3=)")}H ™' = m}Xllizill(z,z‘) <2

Similarly,
€ < miin@- < mlaxc’i < eal.
Note that
max ¢ < mZaX@ + mzax|ci — G|
< mlaxc}- + mzaxcic’i|1/ci —1/&|
< M+ maxe ]| (52) 71 = (£2) 7 ),

—. .
which implies that if ;' max; [|(.SZ9) ™! — (£29) 7| max < 1,

max ¢; < 1 Tz 1 s>y -1 '
1 €9 maXZH(S ) (E ) Hmax

Hence, for all large n,
P (max ci > 260_1)
_ . _
< P (maxci > 265", g P max [[(SZH) T — (22 7 |l max < 1) +

P (et max | (527" = (£ s > 1)
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_ 6_1
< P == —— > 2" | +
1 — g max; [[( )71 = (£29) 71 rnax

P (e mac [ (52) 71 = (S2) 7 s > 1)

By (3.37), it now follows that for all large n,

P (max ci > 2661)
)7 = (%) lhmax = €0/2) +
P (6" max | (527 = (£) e 2 1)

S 2P (m?XH(S_z>_1 - (izi)_lumax Z M2d\/ logp/n)

— 0,

<_>7,

IN

P (max I1(’s

as n — 0o. Now,

max|c; — ¢ = maxcéll/e; —1/6)

(2 ?

—. _ .
5207 = (52)

IA

(mauxe; — 3] + max ;) max ¢; ma |
3 K3 3 3
. _ .
< (maxfes — ail + ety Lmax [ (5271 = (827 s,

%

which again implies that if €5 * max; [|[(SZ%) ™! — (2297 || max < 1,
_ - i
o max [(52) 7 = (£ Uhmax (g9

max |¢; — G| <
i 1

)~ )
1 — gt max; [|(S )1 — (229) 1| ax

(S

Let Mz = 2¢; 2 Ms, then

Msd+/1 M d+/1
3 ogp/n 3 fzgp/n Mzd\/m,
Jngal\/logp/neO 2¢,

for all large n. It follows from (3.37) and (3.38) that for all large n,
P (m?X|Ci —¢i| > Msd\/m)
< P (max|e; — &l = Mydy/logp/m, e maux [ (521) 7 = (52) 7 s < 1)
5271 = (527 e > 1)

T>iy—1 >iy—1 Msd/ logp/n
max [|(S =) — (2 | max > s
i + M3d\/logp/ney "

p (.- ST>iy— S>iy—
+P<601miaX||(SZ) 1_(22) 1||max21>

+P (eolmaXH(

<P

/N
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_ —. o
< 2P (max [[(52) 7" — (52) " fax > Mady/Togp/n)
3
-0, (3.39)

as n — oo. Note that by (3.36),

max|é — ¢ = maxd¢éll/é — 1/
S 2652 maxH(i}Zi)*l - (Szi)ilnmax
< 25" Myy(d)

we get
P (max |e; — & > My(dv/log p/n +~(d)))
< P (max|e; — &l > Mydy/log p/n)
— 0. z
Also, by (3.39), and the fact that min; ¢; > €q, it follows that for all large n,

P(minc; < ¢/2) < P(ming —max|c; — G| < €/2)
K2 K2 7

< P(mzax|ci—c}| > €/2)
< P(max|c; — | > Mydy/log p/n)
— 0, 1
as n — 0o. This completes the proof. O

Proof of Lemma 3.7. Note that Q is the unique minimizer of the function
tr(AS) — logdet(A), A € Pg. Since all principal sub matrices of S with size
less than or equal to n are positive definite with P-probability one, it follows
from (3.28) (with R = S) that the Cholesky factor L of Q satisfies

~ 1 ~ ~ .
L = , L> =—L;(S”H718>, 1<i<p. (3.40
\/Sn‘ —(S7)T(S>)-1sz (87%)7°55 <i<p. (3.40)

Now, using (3.32) and repeating the proof of Lemma 3.5 verbatim, except by
using S in place of S, we obtain (similar to (3.11)) that

P(max [[(52)7! = (£7)H2,0) = Ma(dy/log p/n +(d))) =0, (3.41)

1<i<p
for a large enough constant Ms (not depending on n). Now, it follows by (3.40),

and the fact
>i Sii (Si)T
S = Sz S>i |0
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that the first column of (SZ7)~! is given by (LjiLi)j>i i) jer: Similarly, by
Lemma 3.2, it follows that the first column of (229~ is given by
(LjiLii)jZi,(i,j)EE- By (341), we get that

P ( max |IA/]1[A/“ - iﬂi“| Z Mg(d\/ logp/n + ’y(d))) — 0, (342)
1<i<j<p,(i,j)€E

as n — oo. In particular, (3.42) implies that

P(max |L}; — L3| > Ms(d\/log p/n +~(d)))

1<i<p
= P( max |L“+L”||L” —L“| > M,y d\/lng/n—l-’V )
0,

%

as n — oo. Since L;; > 0 and Veo/2 < Ly < 2/€p (by Lemma 3.2 and 3.6),
we have

P(max |Li; — Lii| > My(d\/log p/n +~(d))/\/€0/2) — 0, (3.43)

1<i<p

as n — 0o, which further implies that

P(min Ly > /&/2) — (3.44)

1<i<p

as n — oo. Note that || L||max < ||L||(2 29 < \/2/€o. Hence, we get, for j >
i,(i,7) € E,
\LjiLlii — LjiLiu| > La \f/ — Lji| — Lji|Lis — ~n‘\

Lii|Lji — Ljil = v/2/eol Lii — Lus| (3.45)
It follows by (3.42), (3.43), (3.44) and (3.45) that

P < max |Lji — Lji| > M (dv/logp/n +~(d ) 0, (3.46)

1<i<j<p,(i,j)€E

Y

asn — 0, where M3 = \/%—0 (1 + %) M. Tt follows by (3.43), (3.46) and Lemma
3.1 that

PIL ~ Lla2 > (VoM + M3)d(dy/Togp/n +7(d)) =0, (347)

as n — 0o.
Since

12 = Qi (00,00) < (),

it suffices to show that

for a large enough K.
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By Lemma 3.1, we have

P([[Q = Q| (s0,00) > Ken)
P = Q| 2,2) > Ken/Vd)
= P(|LL" = LL"||(2.2) > Ken/Vd)
< P(|Ll@2llL = Lll@2) + I Ll 22 IL = Lll2,2) > Ken/ V)
< P(QILl22) + IL = Ll o)L = Ll 2.2) > Ken/ V)
<

_ - Ke
P~ Ll > ——m ) +
( @2 = 4L 02 Vd

a K.\/e,
(L |<2,2)>7W).

vl

(3.48)

Since €p/2 < €ig1(Q) < eig,(Q) < (€0/2)7 1, it follows that /ep/2 < ||[~/||(2’2) =
{eigy(Q)}'/2 < (e9/2)~1/2. Also by Assumption 3, it follows that \/e,/v/d >
€n/Vd for large enough n. In view of these observations and (3.48), it suffices
to show that P(||L — EH(ZQ) > Kie,/Vd) — 0 as n — oo for a large enough
constant K7, which is precisely what has been proved in (3.47). |

Proof of Lemma 3.8. The density of X is given by
F(z) = 22%/T(@)z2*te™>" 2 > 0.
Using the Legendre Duplication Formula
() (a+ 1/2) = V72! 72°T(20)

and the inequalities (see [19, (1.3)] and [6, Theorem 1.5)),

a T(a+1/2) a a4 1/2\ 2
\/a—I—l/ZS Mo - at1/4 F((HDS\/%( e > ’
(3.49)

we get
(a + 1/2) a (3.50)

\/aJrl 2V

and

02\
N A

[(e)
— /OO 22 x2a71672)\uz+/\p2d‘r
o I(a)
2\ T(20) e

T(a) (A2
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2 TD(a+1/2) 5,
(QAM)QQ ﬁ21—2a '

Now, using the second inequality in (3.49) with o« — 1/2 and (3.50), we get

N2 22 \ﬁ(a/e)a o’
Elexp{A(X — p)7}] < QQI/W 20 /212
a/ = + /e)a «

= \f(1+1/(2a)) < V2e.
Thus, by the Markov inequality,
Pr(|X — p| > z) = Pr(ep{A(X — p)*} > ) < Ve, 0

Proof of Lemma 3.9. By Lemma 3.3, L Y ~ Gamma(a“ )\z) where o; = (n+

v;+06)/241, \i = nc; /2, where ¢; = S” (S>) (S>1) S> By Lemma 3.2,
L;; = 1/4/¢;, where 0172“7(E>) (2>~ 12? Let ,ule(L ;). Note that

e < JBUR) = Vel a = [0 <y s gy e

Also, by (3.50) in the proof of Lemma 3.8,

Q; n+uv;+0+2
P> = > 1/4/c;.
: \/(Oéi+1/2))\i \/(n+Uz+5+3)TLC@ /

Thus,

max |v/1/c; — pi| < \/(d—|—5—|—2)/n\/1/miinci.
Let Mg = 4Ms/e/?. Tt follows that
P (max|Lis = sl = Ms(dy/logp/n +3(d)))
(max|Zis — v/1/ci] = (Mo /2)(dv/log p/n +7(d))) +
P (max|\/1/¢; = pul = (Mo /2)(dy/log p/n +~(d)) )
(m X'@ \/_+\/_)| > (Mg/2)(d/log p/n + ~(d) )
P (max|/1/¢; = pul = (Mo /2)(dy/log p/n ++(d)) )

max; |¢; — Gl —
eteo/2) + mmar s 2 Mo/ (@ hogp/nt ’V(d))> +

P(([d+5+2) /n\/l/ minc¢; > (Mg/2)(d+/log p/n + ’y(d))) . (3.51)

IA
N

INA
N
/\ —
£
2
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By Lemma 3.6 and Assumption 3, for all large n,

P <\/(d+ 5+ 2)/n\/1/miinci > (Ms/2)(d+/logp/n + ’y(d)))

Ad+5+2)
Mgd?logp
P(mln C; S 60/2)

0,

IA

P <m_in ci <
1

IN

4

as n — 0o, and

D max; |Ci — C~z|
P (minl. Ji(eo/2) + ming co/eal2 > (Mg /2)(dv/log p/n +’y(d))>

max |¢; — &| > Ms(dy/logp/n +v(d)))+
min/c;(€9/2) + min c;\/e0/2 < 2M3/Mg)

P

B(

Plmax|ei — & > My(dy/Togp/n +7(d))) + P(min \/éiy/e + mine; < co)
P(max|e; — G| > My(dy/logp/n +%(d))) + P(mine: < co/2)

— 0,

| /\

IN

as n — oo. It follows from (3.51) that
Plmax|Li — jul > Mo(dy/Togpm +1(d)) = 0. (3.52)

Let Mj5 be large enough such that 1 —eq(Ms— Mg)?/4 < 0 and M5 > Mg. Then,
for any n > 0,

P(Pr(m;fix|L” Lii| > Ms(d\/logp/n + ~v(d))|Y) > n)
P(Pr(max|Li; - Lii| > Ms(d\/logp/n +~v(d))|Y) > 7,

mgXIiii — pi| < Mg(d+/log p/n +~v(d)))

+P(mgx |Lii — pil > Ms(d/logp/n +~(d)))

P(Pr(max|Li; — ui| > (Ms — M) (d\/logp/n +~(d)|Y) > n) +
P(max |Li; — il > Mg (d\/log p/n +~(d))). (3.53)

Note that, by Lemma 3.6,

IN

IN

P(Pr(max|L;; — pi| > (Ms — Mg)(dv/logp/n +~(d))|Y) > n)

<  P(Pr(max|Ly — pi| > (M5 — Mg)d+/log p/n|Y) > n)
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IN

P(pm;fix Pr(|Ls; — pi| > (M5 — Meg)d+/logp/n|Y") > n)

P(V/2ep exp{—min ¢;(Ms — Mg)?d*logp/2} > n)

(\/%plfmini C,;(M57M6)2d2/2 > 77)
(v/2ept—mini ei(Ms—M)*d*/2 n,mine¢; > €9/2) + P(mine; < €0/2)
7 K]

ININ
av/iav]

1

15(\/%pl*i(’(1\457]\/[6)2(12/4 >n) + P(mine; < €/2)
7
0, (3.54)

as n — 0o, where (a) follows from Lemma 3.8. By (3.52), (3.53) and (3.54), we

get

Pr(max |L;; — E”| > Ms(d/logp/n+~v(d)|Y) —P> 0.

This completes the proof. O
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