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1. Finding the most interesting directions of a data set
Assume observations (Y;,X;) € R x R with p € N
EZQ(XZ)—F&‘Z, z:l,,n, (11)

where g : R? — R is some continuous function, €; € R are additive centered er-
rors independent of the random regressors (X;). Consider the task of estimating

E[Y[X] = g(X).

Statistical theory for nonparametric models shows that even for moderate p € N
the accuracy of estimating g(X) increases very slow in the sample size n € N
as the rates are lower bounded by n~®/(2*P) — with o > 0 quantifying the
smoothness of g : R? — R — as was for instance noted in [20]. [7] propose to use
a projection pursuit approach to circumvent this problem in situations where

M

9(X) = Y fy (X0, (1.2)

=1

for a set of functions fi) : R — R, vectors 8, € Pt .={0cR: 6] =
1,0, > 0} C RP and some M € N. As each nonparametric estimation task is
uni-variate, better performance can be expected in comparison to a full non-
parametric regression as long as M,p € N are not very large. But of course (1.2)
is a structural assumption whose usefulness depends on the size of M € N and
p € N. For small M € N and p € N one can get important gains but the assump-
tion (1.2) becomes rather restrictive. On the other hand, for large M € N and
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large p € N the assumption (1.2) becomes true for any smooth function. This
can be seen as follows. Assume that one observes (Y, Z;) for a given vector of
regressors Z € RP! and that the aim is to estimate ¢g°(Z) = E[Y|Z]. We can
define for some D € N an extended vector of regressors X € RP1+X ac Pi—p1
via

def
X=(Z1,..., pl,Z1Z2,Z1Z3,...,Zpl_lzpl,lelZg,...,Zpl_lzg).

For large D € N this means that (1.2) demands that ¢°(Z) = ¢g(X) can be well
approximated by polynomials of maximal degree D + 1 € N, which of course
is the case for smooth functions. See [11] and [13] for a more sophisticated
approach of showing that smooth functions g can be well approximated as in
(1.2). [7] suggest to estimate the pairs (f(),0(;)) iteratively. The first task is to
estimate

00 f z;réggiilE [(g(X) — E[Q(X)|XT9])2:| . (1.3)

Given an estimator 5(1) e sy " one can determine an estimator f(l) for f(1) and
generate a new sample via

def ~ ~
Yiay = Yi— f)(X] 6(1)).

Using this new data set (Yi(1))i:1,..m one can estimate 9’{2) and f(2) as in the first
step and again generate a new data set (E(Q))i:l,_“JL. These steps are repeated
M —1 € N times if M € N was fixed or known in the beginning, otherwise until
a certain level of variability in the data is explained by the obtained sum

M N "
> X 00y,
=1

which then serves as an estimator for E[Y'|X]. This way of estimating the con-
ditional expectation is called Projection Pursuit Procedure (PPP), cf. [7].

In this work we will mainly focus on the task (1.3). It has been observed in
[9] that the estimation of 8(;) — from now on denoted simply by 6 — can be
attained with root-n rate even though the full model is nonparametric.

In the particular case that M = 1, i.e. that

9(X) = f(XT6%), (1.4)

for some f: R — R and 8" € Sf’Jr C RP, the estimation problem (1.3) becomes
the task to estimate the linear response vector in a semiparametric single-index
model (see [12]). The single-index model supposes that the observations satisfy
with two functions f : R — R and h : R? — R and with errors (¢;) € R
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Usually it is assumed that the index function h is known up to some parameter
6 € R” such that one writes 1(8, ). In our setting 2(0, ) = 8 ' x. [23] compares
the asymptotic distributions of two different prominent estimation procedures
for 8*. The first is the average derivative estimation introduced by [17] and
refined by [10] and is based on the fact that if (1.4) is correct

B | o00| ~E[7(7)] 0

which suggests to estimate 8" via an estimate of E [ f/(XT6)]. The second one
is the minimal conditional variance estimation by [24] which is inspired by [8]
and aims at directly solving (1.3) via a local linear approximation of E[y|X T].
Further results are the asymptotic efficiency of a semiparametric maximum-
likelihood estimator shown by [5] for particular examples and in [8] the right
choice of the bandwidth for the nonparametric estimation of the link function.
In this work we want to use a different approach to carry out the first step
(1.3) that allows to apply the results of [2] and [3]. For this purpose denote

E[g(X)[XT0"] = f(X76"). (1.5)

Assume that f|_y o] € L*([—sx,5x]) = span{(ex)ren} for the set of Dau-
bechies wavelet basis functions (ex)ren C L?([—sx,sx]) that we present in
Section 3.1. For some m > 1 and 7 € R™ denote

m
def
f”l = E Nk€k,
k=0

with properly selected coefficients n = (91,...,7,)" € R™. Further assume

that P(X; € By (0)) = 1 for some sx > 0, where By(z) denotes the euclidean

ball of radius r > 0 around z. Set v % (0,m) € RPT™_ define p* = p + m and

Iy, I1,, as the orthogonal projections on the 8- or n-component of v respectively.
We assume that p is fixed and can be treated as a constant. This means that
p* = p+m = O(m). Our aim is to analyze for m € N the properties of the
estimator

0,, < 11w, < 11 argmax £,,(0,1), (1.6)

(CR IS

where

Lon(@m) = > Lim(0,m) (1.7)
{i: || X[ <sx }

DR L e ] e

{i: [ Xill<sx }
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The set 1, is defined as
def o
T = {(0777) C Sf’-i_ x R™, Hn” <r }7

with some r° < oo defined in (5.2). Note that this is exactly the type of estima-
tor presented in Section 2.7 of [2]. In [12] a very similar estimator is analyzed
based on a “leave one out” kernel estimation of E[Y;|X, 0] instead of using
f,’(XZ—.'—G). Ichimura shows y/n-consistency and asymptotic normality of his pro-
posed estimator.

Remark 1.1. The radius r° is needed to control the large deviations of the full
maximizer v,,. We ensure that the estimator v,, does not lie on the boundary
in Lemma 5.2.

Remark 1.2. Our approach relies on an invertible operator VZEL(v*). One
way to achieve this it to ensure that the density of X T8 is strictly greater zero
on the whole interval [—sx, sx] for any 0 € S_lk. To avoid undesirable boundary
effects — i.e. that the density vanishes near sx,—sx (see Remark A.5) — we
do not use all available data: We only consider realizations (Y;,X;) for which
IX;|| < sx but in Section 2.1 we assume in condition (Condx) that there is
positive probability that X € Byy s (0)\Bsy (0) for some cg > 0. We assume
that the proportion of ignored data is small such that we can neglect this in the
following and pretend that we can use the full data set.

For an appropriate sequence m(n) — oo the estimator 8, in (1.6) is supposed

to approach

g f IACARTS def gv* def ITg argmaxEL (0, ), (1.8)

(6,mer

where T = SP* x 12 and for (8,m) € T

2

Lo - Y /2.

{#: [ Xill<sx}

o0
Yi =Y men(X]6)
k=1

Remark 1.3. To understand the motivation of this functional note that for
any @ € SP the sequence

def
ny = II,, argmax EL(v),
vERP x1?
HQ'UZB

solves by first order criteria of maximality for any A € F(XT0) — where F(XT8)
denotes the sigma algebra associated to the law of X T8 — the equation

E Kg(X) - fn;(XTe)) 1,4} = 0.
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This means that with equivalence in L?(PX)
fy(XT0) = E[g(X)|X 6], (1.9)

such that the target (1.8) indeed coincides with the most informative direction
in (1.3).

Remark 1.4. Note that there is a model bias and an approximation bias of
the form

« SRR TR : _ T 2
model bias” = Iglé?]E”g(X) fa(X )%,

“approzimation bias” = min Ean(XTG) —fo (XT0%)]%  (1.10)
veY,,

which both have to be accounted for.

As pointed out we will analyze the properties of the estimator Aém in (1.6)
using the results of [2] and [3]. It turns out that this is possible with a series of
conditions on the additive noise ¢; € R, the function g : R? — R and on the
random design X € RP. In particular the choice of the basis is independent of
the model. Due to the support structure of compactly supported wavelets — see
Section 3.1 — we still manage to control the sieve bias in (1.10). Even though
we assume what is necessary to apply the results of [2] and [3], the calculations
necessary to check the conditions still remain rather tedious and lengthy. We
present most steps in full detail, which at some points leads to repetitions of
very similar arguments. Also the regression setup leads to some peculiarities that
we elaborate on in Section 3.2. The treatment of these issues involves bounds
for the spectral norm or random matrices from [22]. It is worthy to point out
here that a fixed design setting would not resolve these issues either as one for
instance would still have to deal with convergence issues of the operator

ZVL(Xia Y;, 'U)VL(Xi, Y, 'U)T c RP* ><p*.
i=1

There is another peculiarity to the results we present in this work. A naive
approach to satisfy the important condition (£r) from Section 4.1 would include
a bound for

sup |E[L(v,v")[(X;)iz1,..n] — EL(v,v")]. (1.11)
veY,,

But as £ is quadratic and 7}, € RP" can be quite large this becomes hard to
achieve with nice bounds. We circumvent this problem using an idea of [15].
Mendelson’s crucial insight is that to obtain

inf E[L(U,U*N(Xi)izl’m’n] Z bI’2,
ve{llv—v*|lo>r}
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with some norm || - ||o, one only has to ensure that

inf P (Vi — fp- (X[ 07| = Vi = £, (X[ 6)]> = br’/n) > 0,

ve{||lv—v*|o>r}

We follow this route in the proof of Lemma 5.3. But we only apply this idea in
the case that Cp;es = 0. In the general case we derive a bound for (1.11) to avoid
too lengthy derivations. The price is an additional log(n)-factor in the sufficient
full dimension i.e. we need p**log(n) = o(y/n) instead of p** = o(y/n) to apply
Theorem 4.3.

1.1. Finite sample Wilks and Fisher Theorems

Before we present our main results we want to explain what type of results
we aim at and how they can be interpreted. Hopefully this will ease the un-
derstanding and will make some of the apparently cumbersome notation more
intelligible. B

Usually in asymptotic treatments of semiparametric M-estimators like 8,,, in
(1.6) the aim is to derive statements of the kind

Vi@ — 6 &, = on(D), (1.12)
z‘m(émve*) - HCZmEmHZ (1'13)

I
S
3
—~
-
=

v v

£, — N(0,d2u%d?),

where we use the shorthand notation

def

Lm(6,6°) <= max £,,(0,1) — max £,,(0°,7).
n n

The random variable ém € RP? is called semiparametric score. Below we will
briefly explain its derivation along with the explanation of the matrices 42, CZQ,
d2, € RP*P. But before, we sketch how (1.12) and (1.13) can be used for the
construction of asymptotic confidence sets that yield statistical tests. Given the
matrices #2,d? the construction works as follows. Let g2 > 0 be an a-level
quantile of a XZ%(5*262J’2)—distribution. Set

E(ga) = {0: V|l (0,0 — 0] < da}; (1.14)

then one can use (1.12) to show
P{O" ¢ € (qa)} = P{Vall@m — 07)] 2 4a} > 1 -

Similarly one can exploit (1.13).
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Now we explain the definition of #2, d? and d?,. Remember that £(v) =
> Li(v) by the definition in (1.7). Consider the Fréchet-derivatives V/(v*) €
RP x 2 and

~V?EL(v) = —nV?El(v) : RP x [* — RP x [%.
Then #2 = #%(v*) and d? = d*(v*) where

572(v) & Iy Cov(Ve(v)L11]

d2(v) < —11 (V?El(v)) ' 1, (1.15)

where Ilg is the orthogonal projection onto the #-component in RP and H(;r is
its dual operator.

Remark 1.5. Note that these two matrices coincide if the functional £ was
the complete loglikelihood of the observations and that then d? would equal the
covariance of the efficient influence function (see [14] for more details).

For the definition of the semiparametric score Em € R? and of J;lz (v) consider

In(®) = ( j,;((i)) Z%ZE’Z? ) “ 1, V?EL(v)IT,, € RV, (1.16)

02(0) <~y (dy(v)) 2 115 (1.17)

where IT,, : R? x [2 — RP x R™ = RP" is the canonical projection from [2 onto
RP". Further consider the possibly biased target vy, € RP”

vl = (0,,,m;,) = argmax E[L,, (v)], (1.18)
veTy,
where
s def D+ m
T, = {(6,m) C ST xR™}.

Then

p def - * *

£m = (]' - EG)HPdMQ(UnL)V'Cm(vm)

n

(1 = E)d, (v7,) {Vol(v;,) = amhy? (v, Ln Ve l(v},)}, (1.19)

Y- -

where E. denotes the expectation operator of the law of (g);=1,. ., given
(X;)i=1,...n- This random variable is related to the efficient influence function
in semiparametric estimation and it plays the role that the usual score V.L(v*)
plays in the setting of parametric M-estimation.
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In Section A.2 we calculate VL(v), E[VL(v*)VL(v*)T] and V2EL(v*),
which could be used for a plug-in approach to estimate d=292d2. But we do
not present closed form expressions for ém, d2, v? or ci?n One reason — besides
the fact that it would not be clear how to do that — is that these objects depend
on the true parameter v* in (1.8). In fact to make use of such results as in (1.12)
and (1.13) in practice one needs to somehow assess the distribution of ém, which
could be done via an estimation of d~2% and a Gaussian approximation or
via some bootstrap scheme. On this level the statements are merely a theoretical
justification of such inference procedures.

In this work we restrict ourselves to derive finite sample bounds for the terms
on the right-hand sides of (1.12) and (1.13). To be more precise we derive state-
ments of the following kind. With probability greater than 1 — Ce™*

207—2

|va@, -7 —&,[ < rexpin), (1.20)

| Lo (B, 0°) = 2| = 70,7, ), (1.21)
with some small value 7(x, p*) > 0. Using the scheme in (1.14) the bounds (1.20)
and (1.21) allow the construction of (conservative) finite sample “confidence
sets”. Assume that (approximate) quantiles g, for ||£|| are available, i.e. that
with some small € > 0 and any « € [0, 1]

P(|€,.]| < qa) € (@ — €,a+¢),
then with some generic constant C > 0 (see Remark 2.13 of [2])

ate+Ce™* < P{H* € &(qa +T(va*)}7
P{0" € &(qa — T(x,p")} < @ —€e—Ce™™

The important achievement is that one can now make approximate confidence
statements even in the finite sample case, without ignoring “hopefully small
enough” terms. As remarked above such approximate quantiles could be at-
tained via an plug-in-estimation of d~292d~2 combined with a Gaussian ap-
proximation or a bootstrap. Those steps are beyond the scope of this work,
in which we merely serve the first step for such an analysis namely the bounds
(1.20) and (1.21), which allow to correct for “non-quadratacity” of the functional
L.

To derive such a bound 7(x,p*,n) > 0, in [2] the problem is split into two
parts. The first part is to derive a bound 75(x) such that with probability greater
than 1 — Ce™

IN

Vi@ —6;) - &,

Ts(xap*an)7

| L (B, 67,) = 19,12

IN

Ts(x,p",n).
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The corresponding result in this paper is Proposition 2.1. The second part con-
sists in bounding with some a(m) > 0

VA" = )] < atm),  |Lu(6,6;,)| < a(m),

which yields 7(x, p*,n) < 75(x,p*,n) + a(m) in Proposition 2.2.

Remark 1.6. We will see that (v},,0) € [? lies close to the true point v* € [2
but we will not proof that it is unique. We neither proof nor use uniqueness of the
profile ME either. In the following we will denote by v, the set of maximizers
and we will always make statements about 6., € R?P whereby we mean any
element of the set of maximizers of the profiled functional. Non-uniqueness is

not a problem, as the concentration on the local set 15 is ensured via Theorem
4.2,

Remark 1.7. Note that we maximize over different sets when defining v,,
and v},. To control the large deviations and avoid boundary effects we have to
ensure that with overwhelming probability U,, C int{?,,} C 7;;,. We do this
with Lemma 5.2, which tells us that we may set r® < C/m with some constant

~(k
C € R. This lemma also ensures that the alternating sequence (0( ), 7~7<k(+1)))k

from Section 2.3 lies in SY'* x BI2(0).

eN

2. Main results
2.1. Assumptions

To apply the technique presented in [2] and [3] we need a list of assumptions.
We denote this list by (LA). We start with conditions on the regressors X € RP:

(Condx) e The random variables (X;);=1,., C RP are i.i.d with distribu-
tion denoted by P* and independent of (g;);—1

e The measure PX is absolutely continuous with respect to the Lebes-
gue measure. The Lebesgue density px of PX is Lipschitz continuous

on By, (0) C RP and satisfies px > 0 on Bgy 4. (0) for some cg > 0.
e For any pair 0 € Sf P with @ L 8" we have almost surely

Var (X76|X76") > 0.

Furthermore all pairs 8, 8° € S;77 with @ L 6° satisfy ’ < o0

with pge g : R? — Ry denoting the density of (X'6°,XT8) € R
Remark 2.1. Var (X76°|X76*) = 0 would mean that XT6° = a(X76")
for some measurable function ¢ : R — R. But then we would have for any
(o, B) € R? with o + 8% =1 that

Po° .0
Pe

F(XT (08" + 36°)) = f(aXT0" + fa(XT07) < f2 4(XT0"),
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such that the problem would no longer be identifiable. We bound px > 0 on
Bsy+c5(0) to ensure identifiability, also see Remark A.5.

Remark 2.2. We assume that the support of PX contains 0 without loss of
generality. If that was not the case one could modify the sample as follows. Let
x( be an inner point of the support of PX. Generate a new sample (XD)i=1,..n =
(X —x0)i=1,..,n and assume (Condx) for this new sample instead.

Of course we need some regularity of the link function f € {f : [-sx, sx] —
R} in (1.5):

(Condy) For some n* € By (0) C I? g e - Yoo, Ui < oo}
f=E[gX)XT0" =] = f,. = niex, (2.1)
k=1

where || £ |loo < 00 and [|f7 .|l < 0o and where with some o > 2

> ki < oo (2.2)
k=0

Remark 2.3. In the case that the data is not from the model (1.4) but from
the model in (1.1) the implications of this condition to the function g : R? — R
become somewhat unclear. One way of ensuring that it is satisfied is to assume
that for every 8 € S”t and any x € B,, (0) N0 the function

foe :R—=R, t—g(t+0"xm),

satisfies (2.1) with some 1(0, ) and (6, x) > 2+¢€, where € > 0 is independent
of &. More precisely set for any 6 € SV o+

ef
folt) € E[YIXT0 = 1] = / fo.o(OpxixToi(@)de,
By (0)N6+

where px|x 79— () is the conditional density of X|X T8 = t. Due to the smooth-
ness assumption on fg (t) the function fo(t) satisfies (2.1) as well with some
n(0) and «(6) > infzep, (0)no* {a(0,x)} > 2. We proof this in Section A.

To control the large deviations of ¥,, € RP" we use the following assumption:

(Condxg+) On some interval [to — h,to + h] C [—sx,sx] with A > 0 it holds
true that

| f ()] > 0.

Remark 2.4. A condition of this kind is necessary to ensure identifiability.
Otherwise the function g : R? — R would be PX-almost surely constant. But
for a constant function 8* € R? in (1.3) is not defined.



Finite sample single index estimation 2539

To be able to apply the finite sample device we need constraints on the
moments of the additive noise:

(Cond.) The errors (g;) € R are i.i.d. with E[g;] = 0, Cov(g;) = 0% and satisfy
for all |u| < g for some g > 0 and some v > 0

log E[exp {pe1}] < v2u?/2.

Remark 2.5. Note that our assumptions in terms of moments and smoothness
are quite common in this model. For instance [8] assume that the density px of
the regressors (X;) is twice continuously differentiable, that f has two bounded
derivatives and that the errors (e;) are centered with bounded polynomial mo-
ments of arbitrary degree.

Unfortunately these conditions do not facilitate an easy proof of our desired
results in the case that the data is not from the model (1.4). To control the
large deviations of v,, and for identifiability we impose some more “esoteric”
conditions on the interplay of the function g : R? — R and the measure PX.

(model bias) Assume that
IE[g(X) X0 = g(X)|| = [ £ (X" 07) — g(X)]| < Chias,

for some constant Cp;es > 0. Furthermore we need if Cp;qs > 0 that there
exists an open ball By, (0") C R? around 6™ and a constant by > 0 such
that for 6 ¢ By, (0)

~E[(9(X) - ElgX)IX"0])°] +E [(9(X) ~ E[g(X)|X"6))°] < ~bs,

and such that on By, (6") C RP~! the second derivative exists and satisfies
with some Cy > 0

V3E | (9(X) ~ Elg(X)IXT6))°] > by >0

Remark 2.6. The conditions (model bias) are of course rather peculiar and
not a very accurate characterization of the class of functions that allow the
application of our approach. As this paper — even with these conditions — is still
very technical we do not elaborate on this issue further. We only point out that
this condition is a kind of quantification of how salient the direction 8™ € R? in
(1.3) is.

2.2. Properties of the Wavelet Sieve profile M-estimator

This section presents the application of the results of [2] to the estimator 0,
in (1.6). Unfortunately a presentation of the results in full detail would involve
constants that are characterized by formulas that would cover many pages. This
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is why in this work we restrict ourselves to the mere presentation of an upper
bound for the critical dimension. This means that we do not specify the size of
the appearing constants even though this would be crucial in a true finite sample
approach. To further simplify the presentation we bound with some constants
C,c>0

1— 127 —exp {—m’x} —exp {—nc(q)/4} > 1 — Ce™ .

Also — in the proofs as well — the same symbol C can stand for different values,
that do not depend on p*, m,n,x. We use this convention to make the presen-
tation less cumbersome and hope the reader appreciates this despite the loss of
rigor.

Remark 2.7. The constant ¢(g) > 0 is derived in the proof of Lemma A.20
and does not depend on x, n, p*.

2.2.1. The single index case

In this part we only consider the properties of the estimator 5m in (1.6) under
the assumption that the model (1.4) is correct. We get the following result by
applying Theorem 4.3:

Proposition 2.1. Assume (A) and that the model (1.4) is correct. Suppose that
m~CotDy 5 0 and that p*4/n — 0. If n € N is large enough, it holds with
probability greater than 1 — Ce™*~"¢

%x5/2
Cu7

VB~ 07) — & < 2

IN

N

%5/2 x5/2
o o~ y ¢ v N P +x\p +x
12L(01n,05,) = ldm&,, (3] < C (\/P+X+ >

vn v

where d2, is defined in (1.17) and £, in (1.19).

Remark 2.8. The constraint that n is large enough means, that it should
exceed a constant, that depends on characteristics of the model, the basis, on
sx, etc. but also on the full dimension p*. The necessary size of n € N is
determined by the speed with which p**/n — 0 and m=21n — 0. In the proof
of Proposition 2.1 we impose conditions on n € N of the kind

p*2/\/ﬁ < C;l, n@72a71n'g C2—17

for certain constants C1,Co > 0. But note that the approximation error on the
right hand sides of the theorem are determined by the size of p*®/n, which has
to be small. Consequently for accurate results one needs p* = o(nl/ 5) if p is
assumed to be constant.
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So far we only addressed the behavior of the sieve profile ME with respect to
the possibly biased target 8, € R? and with a weighting matrix d,, that depends
on the dimension m € N of the nuisance parameter n € R™. Addressing the
bias we get the following result.

Proposition 2.2. Assume (A) and that the model (1.4) is correct. Suppose that
m~Catpn 5 0 and that p*4/n — 0. If n € N is large enough it holds with
probability greater than 1 — Ce™*~"¢

IN

Vi@ - 0%) - il <o (2

%5/2
C <an+x + \/ﬁm—(a+1/2)>

%5/2
c (u n ﬁm—(aﬂ/?)) ,

v

12L(6,,,0") — || dmé,, (v5)]?]

IN

x5/2

Further if p*° /n — 0 we find as n — oo — and with d2 defined in (1.15) ~

~ o

Vi (0, — 07) 5 N(0,0%d %), 2L(8,,,0%) 2 0¥ 2

Remark 2.9. The constraints m~**Yn — 0 and p*5/2/\/ﬁ — 0 exclude the
case a < 2. But note that if 0 < a—2 = e and m > n'/57% with § > 2¢/(25+ 5¢)
we get

m—20- 1l < = (14260 /5) 4020+ D)+1 _ =2 /5+5(5+2¢) _y

such that n = o(m?**!) and p* = o(n'/?). Also note that the choice m =
n'/(22+1) ig the optimal choice for m — for known 8* € R™ — in the given
setting as a consequence of the bias variance decomposition in nonparametric
series estimation; see [16]. It leads to the optimal rate for the mean squared
error in the estimation of f,«, i.e. n®/(2a+1),

Remark 2.10. It can be shown that if the model (1.4) is correct the matrix
02d~2 is the lower bound for the variance of regular estimators of 8* € R™ if
g ~N(0,0?) and X is uniformly distributed on By, C RP.

2.2.2. The general case

Assume now that the model (1.4) could be wrong. In this case the results for
the estimator in (1.6) slightly change. This mainly is a result of the fact that in
this case

9(X) — E[g(X)|X"6%]|| > 0.
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This leads to a more complicated form of the information operator —V?EL(v*),
which is harder to bound. It is worth mentioning that theses terms would dis-
appear if for all @ L @* the random variable X6 was independent of X T 8*.

Proposition 2.3. Assume (A). Suppose that p*®log(n)/n — 0 and that
m=2@=Ypn — 0. If n € N is large enough, it holds with probability greater
than 1 — Ce™*~ "¢

. . . . *7/2+X

c<\/m+

22811, 05,) — [ldmé,n (v5,)I1|

IN

*7/2_|_X p*7/2+x
Vn vn

For the unbiased target 8* we get the following result.

Proposition 2.4. Assume (A). Suppose that p*Slog(n)/n — 0 and that
m~2@=Yp 0. If n € N is large enough it holds with probability greater than
1—Ce*ne¢

IN

Vi@ - 07) - &utwill < (2 -

*7/2
P +x (a—1)
C +\/_m

«7/2
C(p +X+\/_m7(a 1))

2L(01m,07) = l[dim&,,, (v}

IN

*7/2

<¢m+ ﬁ“).

Remark 2.11. Note that we do not show any weak convergence statements for
the general case. The approach of [1] is not applicable — at least not with the
arguments we use in Lemma A.6 for the case that the model in (1.4) is correct.
Also note that to control the approximation bias the necessary smoothness of
E[g(X)|XT0" =] = f,.(-) : R = R measured in a > 0 in (2.2) increases from
a > 2 to o > 14/3 to ensure that a(m) — 0.

2.3. A way to calculate the profile estimator

In this section we briefly sketch how to actually calculate © € RP" in practice.
We assume that the full dimension p +m € N is finite and thus suppress the
index-,,. For this note that the maximization problem

O = argmax y (Yi — £,(07X.))"/2,

i=1
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is not convex and thus computationally involved. We propose to obtain the
maximizer via the alternation maximization procedure as it is analyzed in [3].
This sequential algorithm — which is a variant of the EM algorithm — works as

. s ~0) _ 70 ~0)
follows: Start with some initial guess ©’ = (0 ",n""’) € 7. Then calculate for

k € N iteratively

of (k) ~(k ~(k
Hkok1) def (0( )7n(k+1)) _ (0( ),argmaxL(O( )’77)) 7
n

e ~(k) - n n
kak) def (0( )777(’“)) = (argmaxﬁ(e,n(k)>7"7(k)) .
]

In the following we write o *FED) i statements that are true for both ©

and %) For the initial guess we propose a simple grid search. For this generate
a uniform grid Gy def (01,...,0n) C Si and define

(k,k+1)

0 ¢ argmax L(v). (2.3)
(0,mer
0cGnN

Note that given the grid the above maximizer is easily obtained. Simply calculate

7\ < argmax £(6;,m) (2.4)
I=1,..,N
1 n -1 1 n
TixT TixT m
- (= X/ 0)) = Ve (X]6)eRr™,
(X eeixion) 3ol
where by abuse of notation e = (ey, ..., e,) € R™. Observe that

5 = argmax £ (6, ﬁl(o)).
I=1,..,.N

Define the fineness of the grid via 7 def SUPg gocqy |0 — 0°]|. To assess the
properties of the alternating procedure we apply Theorem 4.6 and Theorem 2.4
of [3]. Before we present the results we need to introduce the constant p, that
plays a central role in this part. It is defined — with the blocks of the information
matrix in (1.16) — as

ld~tah =" = p.

With Lemma 5.3 we know that 0 < p < 1. To ease the presentation we again
distinguish the case that the model (1.4) is correct from the general one.
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2.8.1. The single index case

Theorem 4.6 yields:

Proposition 2.5. Assume (A) and that the model (1.4) is correct. Suppose that
m~ ety 5 0 and that p**/n — 0. Set 7 = o(p*~>/?). With the initial guess
given by Equation (2.3) and for n € N large enough the alternating sequence
satisfies with probability greater than 1 — Ce™*~ "¢

B y ¥5/2 | 2k p2
va@" - o7) - g < P LB, (25)

s » ¥5/2 | 2k p2
206", 0%) — |dé|?| < P TP Thlx) v x (2.6)

NG
. (m n P + P Ri(x) + x)

vn

where

Ro(x) < Cp*3/4\/p* + x4+ nr2 4+ /nTVx.

Remark 2.12. The constraint 7 = o(p*fg/ 2) implies that for the calculation
of the initial guess the vector ﬁg?)) in (2.4) and the functional £(-) have to be

evaluated N = p*3P=1/2 imes. This means — since m® = o(n) is necessary for

the right-hand sides in (2.6) and (2.5) to vanish — that we need an accuracy
of the first guess of order o(n~3/1), while the accuracy of the output of the
alternating procedure is of order n~1/2. In the general case we need — see below
— an accuracy of the first guess of order o(n=%/2%) because 7 = o(m~%/%) and
m'/2 = o(n). Although this difference does not seem large the number of grid
points necessary for n~1/2-accuracy of the grid search is by a factor n(®=1/5 or
n2®=1/13 Jarger than those for a sufficient initial guess.

The above Theorem tells us that as far as statistical inference is concerned

~(k ~

the estimator @~ and the profile ME @ are interchangeable as soon as p*Rg
is of the order of p*. If not the statistical properties but mere convergence of
the sequence o FFED) 5 5 s desired we can prove the following result using

Theorem 2.4 of [3].

Proposition 2.6. Assume (A) and that the model (1.4) is correct. Suppose that
m~ ety 5 0 and that p**/n — 0. Set 7 = o(p*~*/?). Let x > 0 be chosen
such that

x < (ﬂQnEQ - 1og(p*)) A p*.

DN | =
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Then with the initial guess given by Equation (2.3) and for n € N large enough
5 (ﬂ (VA [ - ot < r;;}) o1 gerne
keN

where with some constant Co > 0 and r(x) < Cp**/2\/p* + x

k VAD
< 1% mRO7 K,(X)k < \/ﬁ,
B e les( L552) ;
P cxRo, otherwise,

with some sequence (c) € N, where 0 < ¢, — 2 and with

Ry < C\/p*—|—x—|—n7'2—|—\/ﬁ7'\/>_c.

Remark 2.13. In a nutshell this tells us that up to a 1/log(k)-factor we can
~(k) _

ensure linear convergence of the sequence (0( ),n(k)) to the global maximizer

V.

Remark 2.14. Note that the constraint on the size of the dimension p* € N
for accurate results is weaker in Proposition 2.6 than in Proposition 2.5 because
there are no “right-hand sides” and thus m* = o(n) is sufficient.

2.8.2. The general case

Again the results become worse in the general case:

Proposition 2.7. Assume (A). Suppose that mSlog(n)/n — 0 and that
m=2=Dp — 0. Furthermore let x < 20%8%(1 + Cpiqs)n set 7 = o(m /%),
With the initial guess given by Equation (2.3) the alternating sequence satisfies
with probability greater than 1 — Ce™*~"¢

P R () +x
Vi

P 4 PR () 4 x
NG

*7/2 2k P2
NG

lva(@" —67) —¢| <c

k
(k) c

206", 67) — || d€|”]

IA

where

Ro(x) < Cp*5/4\/p* log(n) + x + vmnt2 + \/n1/x.
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Proposition 2.8. Assume (A). Suppose m®log(n) = o(n) and assume that
m=2"Dp 0. Set 7 = o(m~'*) and let x > 0 be chosen such that

*

x < = (UPng® —log(p*)) A p*.

DN | =

Then

P(ﬂ {\/EH,B (k?k+1 H < k}) > 1_Ce—2x—nc7
keN

where with some constant Cy and k(x) < cp* 2 ) Fx

r* < p \/ﬁ nx(\ RO» K(X)k S \/57
k> 1 vn(l—p) .
p wam g hm ) cx Ry, otherwise,

with some sequence (c) € N, where 0 < ¢, — 2 and with

Ry < C\/p* log(n) + x + vVmn7t2 + \/nT/x.

2.4. Performance of Projection Pursuit Procedure

In this section we want to briefly assess the performance of the Projection Pur-
suit procedure of [7] as we explained it in the introduction (i.e. in 1). We assume
that the iteration £ € N in the alternation maximization procedure is large
enough so that we can pretend that one can directly access the maximizer ©.
Also we assume that the number of iterations M € N is fixed. Further we again
suppress -, to ease notation. In the previous sections we already established
that for observations of the kind

Y;:g(xz)+€zv iil,...,n,

the estimator in (1.6) satisfies

[EYIXT00)] - i, (X 001) (2.7)

(1)
< ¢(x* +alm) + 0(x) + 1Dy~ Ve (viy)l) /Vn,

with high probability. But in each step a new data set is generated, i.e. given
Yi@), V) we generate

def iy
Yigvn = Yig) — Fay, (X! 00) = gus1)(Xi) +&i + Tiqr)s
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where

gn(X Z Fo: XT@(S)

I
T p* Tp
Tiq) = ana)(xi 0s) — Ia., (Xi 0(s))-
s=1

The errors 7;(;) are not i.i.d. and not necessarily centered such that we can not
directly apply the results from above for [ > 1. But a slight modification serves
a remedy. For this remember that the central tool for Theorems of the type of
4.3 is to bound with probability 1 —e™™

sup D (VL (v) = VL(u*)) + D(v — v*)|| < O(xo, %),

and to show that P(v, Vg € Yo(xp)) > 1 — e . So we decompose

Lay(v,Yipy)

n

= —Z ) +ei— fo(X] )

2 T T p*
- 271'(171) + 2272'(171) (.fn(Xi 0) — fn(*l)<Xi 9(1)))
def

= Ley(v,Yigy) + Lay (v, Yiy),
and define

def
Uy = argmaxELe)(v),
VET

def *
gm(l)Q = V2IE['E’E(l)(/ljrrl(l))]7
Cs(l)(v) = LE(Z)(U) - ELE(Z)(U)-

We assume that the condition (model bias) holds for every function gg;. With
Remark 2.3, Lemma 5.3 and Lemma A.6 this means that the conditions of
Section 4.1 and 4.3 are met for (Lc (1), Von, D)) with high probability for every
l=1,...,M. It remains to show that for each | € N and m € N large enough
the contribution of 7;;) remains insignificant. We do this in the proof of the
following Proposition.

Proposition 2.9. Assume that M = O(p*) and that the conditions (A) hold
*3
for every l = 1..., M. Assume further %\/%)MJFX — 0 and assume that
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m=2@=Vp — 0. For n € N large enough and with probability greater than

1 —CMe * "¢ we have

M e *
up E f 9* T x W

; i (@ 0 < CM+vm -
®EBsy (0) |17 ) (CL‘ (l)) J "(l)( (l)) ! \/_ X

Remark 2.15. Denoting the bias

M

T p*
g— Zfr,;l)(' )

=1

i

oo

Proposition 2.9 implies if x < p* = o(n'/%) that

sup < CMo(n~3) + b(M).

TE€B;s« (0)

M
9(@) = fa, (@ 00)
=1

Depending on the speed with which (M) decays in M the resulting rate can
be substantially faster than n—®/(2a+p)

3. Technical peculiarities

Before we explain in more detail how the above statements can be derived based
on the theory presented in [2] and [3], we address two technical issues that arise
with the regression setup with random design and due to the peculiarities of the
sieve approach.

3.1. Choice of basis

To control the approximation bias of the sieve estimator 5m € R? with the
approach from [1] we can not use any basis (ey)ren in L?([—sx, sx]). We need
to show in the proof of Lemma A.6 that the following terms vanish as m — oo

[ emsi@lensi@pxro-(@)das Lk € N (3.1)
R

where pxTg- denotes the density of XT8* € R. But it is not clear whether terms
as in (3.1) vanish for any basis of L?([—sx, sx]). Of course — following [18] — we
could assume that the basis is orthogonal in the inner product induced by the
Hessian VZEL(v*). But for this one would need to know the true parameter
0" € R? and the density px : R? — R in advance. We want to avoid such
assumptions and also the tedious calculations resulting from using an estimator
of 8" plugged into an estimator of px . for the construction of a suitable basis.
As it turns out an orthonormal wavelet basis is suitable for our purpose. For
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high indexes k& € N the support of each wavelet ey is contained in a small
interval on which the density pxTg- can be well approximated by a constant.
Due to orthogonality and shrinking supports of the basis the term in (3.1) can
be shown to diminish sufficiently fast for a Lipschitz continuous density pxT g+
(see Lemma A.6). The trouble is that our approach relies on smoothness of the
basis elements. Consequently we need a smooth orthogonal wavelet basis on an
interval. Thanks to [4] (Theorem 4.4) there can indeed be obtained a basis (ey))
for L?([—sx, sx]), that is contained in C3(R) and satisfies for any [, k € N with
k=2 + 17— 147 € Nand r, € {0,...,27 +2% 17 — 1}

(er,ex)r2®) = Ok, |supp(er)| < 277%17sx.

This basis has another useful property that will come in handy in the proof of
Lemma A.6: For any k € N with k = 2% + 5,17 — 1 4+ 7, € N it holds

Hl =2 4 517411 € {0,...,27 416}, supp(ex) Nsupp(e;) # @}‘
< roUi=i7, (3.2)

In words this means that the number of nonempty intersections of the supports
of e;, and e; can be controlled well. For nearly all basis functions e; with [ > k
we have

/ er(v)e(z)pxTo- (z)dz = 0.
R

This will allow to satisfy the conditions (k) and (vk) — which allows to bound
the sieve bias (1.10) as is shown in [1] — in Lemma A.6.

3.2. Implications of Regression setup

Due to the regression set up there are some particularities to the analysis that
we have to point out here. The definition of v}, € 7 reads

*
m

def argmax EL,, (v),
VET

v

where E denotes the expectation operator with respect to the joint measure of
(X,e) € R? x R, similarly D?(v) is also based on the full expectation E. But
in Lemma 5.3 we show the conditions (£Dy), (Er) and (£D;) for the random
variables

V(1 —E)Lp(v) € RPT™,

i.e. we use only the expectation with respect to the noise (&;)i=1,... ., but condi-
tional on (X;);=1,.. n. This leads to rather weak conditions on the errors (g;).

.
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Especially the conditions (€r) and (£D;) would otherwise become quite restric-
tive. But on the other hand this means that a list of additional steps become
necessary to apply the theory of [2] and [3]. As becomes evident from the proof
of Theorem 2.2 of [2], we have to bound the term

sup [ D5 V(E — Eo)[£m(vy,) = L (V)]

m
veY,(r)

and ad the obtained bound to the error term <u>(r0, x). The matrix D,, is defined
in (1.16). Also the probability of the desired bound has to be subtracted from
the probability under which the event in Theorem 2.2 of [2] is valid. See Section
4.2 for more details. The following lemma serves this bound.

Lemma 3.1. With some constant C > 0

P( N {sup IDZIV(E — B (Lo (v5,) — Lo ()]

r<Ro veY
> Cry/x + p* 1og(p*)/\/ﬁ}> <e ™

Remark 3.1. We will see that the error term

Cry/x + p log (") /v/m,

is of smaller order than the bounds that we will derive for <v>(r, x) in the subse-
quent analysis, namely bounds of the order p*5/ 2 /+/n. Consequently we neglect
it in the following and let a constant C > 0 account for its contribution in the
formulation of our results.

Furthermore in the derivation of the conditions (€Dy), (Exr) and (ED;) we
obtain bounds for vy, vy, v, that involve terms of the kind

1 — -
E[S,] - S,|, n:—E:MXi, M(X;) e RP P,
|E[Sn] = Sall, S 0 2 (Xi) (Xi) €

This leads to concentration bounds for sums of i.i.d. random matrices which
can be handled with the results of [22]. We do this in Section A.8.3. Again the
set on which Theorem 2.2 of [2] occurs has to be intersected with the set on
which the matrix deviation bounds are valid. Another implication is that when
proving condition (£r) we have to consider E.L(v,v},) instead of EL(v,vE),
which makes the proof quite involved and again makes the restriction to a set
of high probability necessary. This is why in Proposition 2.1 the probability of
the desired results can only be bounded from bellow by 1 — 12¢™* — Ce~"¢~P"*
instead of 1 — 5¢™* as in Proposition 2.4 of [2].
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4. Synopsis of the finite sample theory for M-Estimators

In this section we briefly summarize the results of [2] and [3] and thereby adapt
them to the regression setting of the given model. The presentation mimics that
of those papers and thus is rather abstract. Readers familiar with those papers
can skip this section.

4.1. Conditions

This section collects the conditions that underlie the results of [2] and [3]. They
are taken from [2] but are adapted to our setting. This means in particular that
the expectation operator in the moment conditions is E. and not the full one.
[2] assume that the function £(v): R?" — R is sufficiently smooth in v € RP",
VL (v) € RP” stands for the gradient and V2EL(v) € RP"*P” for the Hessian of
the expectation EL : RP” — R at v € R?". By smooth enough we mean that all
appearing derivatives exist and that we can interchange VEL(v) = EVL(v) on
Yo(xo), where ro > 0 is defined in equation (4.2) and 7, (r) in equation (4.1).
This clearly is the case for the given problem of this work.

With v*, € R?" from (1.18) define D,, % nd,, (v,) with dyn(v) in (1.16)
and V2, = n Cov(VY,,(v:,)) € RP"*P" Using the matrix D2, we define the local

m

set o(r) C 1, € RP™ with some r > 0:
T.(r) & {v=(8,n) € Th: | Dn(v — v3,)| < r}. (4.1)

We introduce vgx € T, which maximizes £,,(v) subject to Ilov = 6,,:

oy, = (05, 719;,) < argmax £(v),
m vE@
Hov=6;,
and define the radius rg > 0
def . ~ ~ _
— 5 > — x .
ro(x) ir;% {P(U,vgm el(r)>1-e }, (4.2)

which is set to infinity if © = () or Dg- = (). Under the conditions (£r) and (Er)
Theorem 2.3 of [2] states that ro = ro(x) &~ Cy/x + p* > 0. Further introduce
the projected gradient and the covariance of the projected score

Vo =Vo — AnH,2V,, V2 =nCov(Vel(v°)).

Finally we define

m

1 ¢,
= —d,;2VL,(vh).
n
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A sufficient list of conditions

The following three conditions ensure that D2, is not degenerated and further
quantify the smoothness properties on 75(r) of the expected value EL(v) and
of the stochastic component (,,(v) = £,,,(v) — E.L,, (V).

Represent

sy [ D) An()
Pin )‘<A;<v> H2 () )

(Z) Tt holds for some p < 1
DAL < p.

m

(Lo) For each r < 4rg, there is a constant §(r) such that it holds on the set
T, (r):

ID™'D*(w)D ™" — 7|

IN

o(x),
D™ (A (v) — Ap)H | < O(x)
DT AL HL (L — Hy HE (0)H) || < d(x).

IA

(ED1) C(v) — ((v') as v — v'. Further for all 0 < r < 4r, there exists a
constant w < 1/2 such that for all |u| < g and v, v’ € Yo(x)

{u 7 H{Vol(v) - Vo)) } A

sup sup logE, exp

v, €75 (x) [yII<1 w [Din (v — ')

(EDy) There exist a matrix V2 € RP*?, constants vy > 0 and g > 0 such that
for all |u| < g

v o ©2 2
sup log E. exp M(V@Cgv ). ) < Yok .
~veRr VIl 2

Remark 4.1. Please see [2] for a discussion and explanation of the above con-
ditions.

Stronger conditions for the full model

In many situations the following, stronger conditions, are easier to verify and

allow to derive more accurate results:

(Lo) For each r < rg, there is a constant d(r) such that it holds on the set
T, (x):

| Dy { VPEL , (v) } D, = T

< (x).
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(ED1) There exists a constant w < 1/2, such that for all |u| < g and all
0<r<rg

py DV (v) — VE(v)) } vin?

logE <
sup sup log Eexp{ o [P =) <=

Vv €T, () [v]I=1

(EDp) There exist a matrix V3 € RP"*P" | constants 1y > 0 and g > 0 such
that for all |u| < g

o 2,2
sup logE. exp {,u<v<(v )’7>} < Yok
~ERP* V] 2

The following lemma shows, that these conditions imply the weaker ones from
above:

Lemma 4.1 (Lemma 2.1 of [2]). Assume (I). Then (€D,) implies (€D1), (Lo)
implies (Lg), and (EDg) implies (EDy) with

1— p2 1 1 2 o
g V1= L UEOVIER sy ), and o = w.
(14 p)/1+p? 1—p?

Conditions to ensure concentration of the ME

Finally we present two conditions that allow a specific approach to determine
the radius ro(x) > 0 from (4.2). These conditions have to be satisfied on the
whole set T C RP".

(Lr) For any r > ry there exists a value b(r) > 0, such that

—EL(v,v°)
1D (v — vo)|2

v

b(r), e To(r)

(Er) For any r > r( there exists a constant g(r) > 0 such that

2,2
sup sup sup logE. exp {,u<v<(v)77>} < e .
veEY,(r) n<lg(r) yeRr" ”:DM’YH 2

4.2. General results for profile M-estimators

[2] define for some x,r > 0 the semiparametric spread

o e 4 <

O(x, x) defy (W(S(élr) + 611031 (%, 2p™ + 2p)> r. (4.3)
Remark 4.2. The constant 31 (x, -) is of order of v/x + -. For a precise definition
see Appendix C of [2].
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[2] present the following three results, that we adapted for the regression
setup. They can be proved in exactly the same way:

Theorem 4.2 ([2], Theorem 2.3). Suppose that on some set N(x) C 2 the
condition(Er) and (L) with b(r) = b is met. Further define the following ran-
dom set

YK)Y {veT: Lw,v*)>-K}.

If for a fixed ro and any r > rg, the following conditions are fulfilled:

b
6ryy [x+ 2p* + K < rb,
9v2

1+ +/x+2p* < 312g(x)/b, (4.4)

then
P(Y(K) C To(ro)) > 1—e* —P(N(x)°).

Theorem 4.3 (Theorem 2.2 of [2]). Assume (Lo) and (I). Further assume
that on some set N'(x) C £2 the condition (§Dy) is met. Further assume that
on N (x) C §2 the sets of mazimizers U, Vg« are not empty and that it contains
with some 7(-) € R the set

{Uesrulfr : IV(E = Eo)[L(vy,) = L)]]| < T(ro)} N{v, ve- € To(xo)}-

Then it holds on a set of probability greater 1 — e > — P(N (x)¢)

[Vnd(6 —67) — d&|| < O(ro,x) +7(ro),
2L(8,6°) — | dE|12| < 5 (I€]l + S(xo.x) +7(x0) ((xo.x) +7(x0))

where the spread {(xo, %) is defined in (4.3) and where to > 0 is defined in (4.2).

Proposition 4.4 (Proposition 2.4 of [2]). Assume the conditions of Theorem
4.3 and additionally assume (Lo) and that (D) and (EDy) are met on N (x).
Then the results of Theorem 4.3 hold with r1 < rq instead of ro and with
probability greater 1 — 4e™* — P(N(x)¢) where

r < 5(X7 B) + OQ(R(%X) A rO(X)7

where $g(r,x) is of similar order as {(r,x) defined in (4.3). Further if there
is some € > 0 such that 6(r)/r V 6riw < € for all r < ry and with 6erg(x) < c
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and 6erg(x) < 1 then ro can be replaces with x{y which is bounded by

8
1- cﬁe(X)'

Ty < 3(x,B) + qlx 4p7)* + €
Remark 4.3. The constant 3(x,B) is of order of v/x + p*. For a precise def-
inition see Appendix A of [2]. Similarly the constant 3¢(x,4p*) is of order of
V% + p*. For a precise definition see the supplement of [19].

Remark 4.4. This is a slightly refined version of Proposition 2.4 of [2], that
can be derived using arguments that are similar to those underlying Theorem
2.4 of [3].

4.3. A way to bound the sieve bias

Theorem 4.3 involves two kinds of bias once it is applied to the sieve estimator
0..: one that concerns the difference 0, — 0™ € RP and the other the difference
between dp, (v?,) € RP*P and d(v*) € RP*P where [2] combined with [1] present
the following conditions to control these biases:

Represent v = (IT,-v, k) € R?" x [? and

'Dgn(v) Av,.k(V)

~V2EL(v) = ( Ar0)™ B um) ) ‘RP x 2 5 RP x 2,

(k) The vector x* e (Idj2 — I, )v* € 12 satisfies | Hiwk*||? < Cr=m for some
Cx+ > 0 and with a(m) — 0
1D A, %[l < @(m).
Further for any A € [0, 1] with some 7(m) — 0
15! (Vo wEL (0" A6*) = Ag,, ) & < 7(m),

’n*T(’H,m — Ve BL (=", AK™)) K™

(vk) Assume that with some S(m) — 0

IHren A, Dl | < B(m).

KR KUy,

(L1ro) For any r > r( there exists a value b(r) > 0, such that

—EL(v,v*) .
Do — o2 = 2
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(bias’) As m — oo with || - || denoting the spectral norm

ldr! (03,00, (v5)dy (v7,) = d-Hd | = 0,

m m m

1 o
where 92, = — Cov(V(v},)).
n
For some r > 0 define the set

Ton(r) € {v € RY, | Dy (v],) (v — v}

Theorem 4.5 (Corollary 2.8, 2.10 and Theorem 2.9 of [2]; Theorem 2.1 of
[1]). Let the condition (Lrs) with b(r) =b > 0, (k) and condition () from
Section 4.1 be satisfied for both D, (v*) and Dy, (vE,) and for EL : 1> — R. Set
r*? = 4C2.m/b. Assume that on some set N'(x) C 2 and for some mo € N
and all m > myg the conditions (€Dy), (ED1) and (Lo) from Section 4.1 are
satisfied for all m > mqg for some mg € N and with D§ = V2, ELy,(v},)
€ RPXP" V2 = Cov[VyrmLm(vi,)] € RPXP" and v° = v, € RP" and for any
r < ¥V r]. Further assume that on N'(x) C (2 the sets of mazimizers U, Vg»
are not empty and that it contains with some 7(-) € R the set

{ sup IIV(E—EE)[L(U;)—L(U)H<T(r8)}

vET, (o)

ﬂ{’l?m, 69;,m7 59",m € TO,m(rg)}'

Then it holds for any m > mq with probability greater 1 — e~ *» — P(N(x)¢)
V(O = 07) = dmé,(v3)|| < $(8,%) + 7(x0) + alm),
[2L(01m,0") = ldm&,n (07 [2] < 5 (x5, %) + 7(xo) + a(m))

(Il (3]l + S5, ) + 7(x0) + a(m) ),

where

a(m) = 1 +Z§ (a(m) + 7(m) + 25(2r*)r*>.

If further the condition (vk) and (bias”) are fulfilled and if for any r > 0

5(r*) = 0, O,(r) =0, ro(x) < oo,

P(N(x)°) =0, asx— oo,
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there is a sequence m, — oo such that as n — oo
Vnd(8,, —0%) % N(0,d'52d 1),
2L(0,,,0%) - L(|dE|1?), €. ~N(0,d252d?).
Remark 4.5. With remark 2.26 of [2] the radius r{ which is defined via

5 inf {x > 0/P ({Br, Box ms o+ m € Lom(r)}) > 1—e 7},

is of similar order as ro > 0 which satisfies
ro inf {r > 0/P ({Bm, Bo: m € Yom(r)}) > 1—e "},

The later can be determined using the arguments we present in Section 5.2,
using Theorem 4.2.

4.4. Convergence results for the alternating procedure

To derive convergence statements for the alternating procedure sketched in Sec-
tion 2.3 [3] present the following list of conditions that the initial guess (2.3)
has to satisfy to allow applying their results.

(A1) With probability greater 1 —f3(a)(x) the initial guess satisfies £(vg, v*) >
—Ko(x) for some Ko(x) > 0.
(A3) The conditions (EDy), (Lo), (ED1) and (L) from Section 4.1 hold for all
r < Ro(x,Kg) where
RO(X) < Cy/x+Dp*+ Ko. (45)

(A3) There is some € > 0 such that 7(r)/r V(r)/r V1211w < € for all r < Ry.
Further (A3)] Ko € R and € > 0 are small enough to ensure

EC([))RO < ].,
with

def 16v2(1 4 /p)
W aa- v

(B1) Assume for all r > %2 /x + 4p~

3v2
1+ x+4pt < Trg(r).
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Theorem 4.6 (Theorem 2.2 of [3]). Assume that the conditions (Lg) and (L)
are met. Assume that on some set N'(x) C 2 the conditions (€Dy),(ED1), (L,),
(EDy) and (&x) of Section 4.1 are met with a constant b(r) = b and where
Vg = Cov (VL(v*)), D = —VZEL(v*) and where v° = v*. Further assume

that on N(x) C 2 the sets ('T)(k’k(H))) are not empty and that it contains the
set

vEY, (r)

N { sup [|V(E - Ec)[£(vy,) — L(0)]|| < T(r)}
r<Rg

A{@®* D)) € Ty (Ro)}-

Further assume (By) and that the initial guess satisfies (A1) and (As). Then it
holds with probability greater 1 —8e™ — B(a) — P(N(x)¢) for all k € N

|D(6r — 07) — &|| < $qlrr,x) + (xr),

[manx £ (8, m) — max £(8",m) — €]2/2] < 5 (&l + S lrrx) +7(x0)

%

(Qq(rr,x) + 7(rK)),

where

), < C(VP +x+p"Ro),

with a constant C that depends on p < 1 and 1 — C(p)eRy > 0. $olr,x) is of
similar order as &(x,x) defined in (4.3)

[3] also present a result that shows under which conditions the sequence of

estimators (5(k’k(+1))) actually converges to the maximizer v. For this result
consider the following condition.

(ED3) There exists a constant w < 1/2; such that for all |u] < g and all
O<r<rg

sup sup sup logEexp
v, € (r) [l7:lI=1 72 [I=1

pyi DHVC(v) — V2¢(V) b,
w2 [ D(v — )|

o v
=7

Define 3(x, V2L (v*)) via

P{IDIV2L(0")] > 5 (x, V2L(v")} < 7%,
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and k(x,Ro) as

of 2V2(1 4 _ .
K(x,Ro) & (1—_;@ 5(Ro) + wava || D131 (x, 6p")Ro

+ D715 (x, V2L (vY))
Theorem 4.7 (Theorem 2.4 of [3]). Assume that the condition (Lo) is met.
Assume that on some set N'(x) C 2 the conditions (€Dy),(ED1), (£;) and (Ex)

of Section 4.1 are met with a constant b(r) = b and where Vi = Cov (VL (v*)),
DE = —V?EL(v*) and where v° = v*. Furthermore, assume that on N'(x) C §2

the sets (5(k’k(+1))) are not empty and that it contains the set

N { sup IIV(E—EE)[L(UL)—L(U)]I<T(r)}

r<Ro vET,(r)
N{@®* ) € 14,0 (Ro)}-

Suppose (By) and that the initial guess satisfies (A1) and (Az2). Assume that
k(x, Ry) < (1 — p). Then

P H,D(,B(k,k(+1)) —vY)
(!

< rZ}) >1-3e" — Ba),

where

442
. pk%}zm Kk(x, Ro)k < 1,
T < K 107( 1-p )
pros® &\ kG o) cxRo, otherwise,

with some sequence (c) € N, where 0 < ¢j — 2.

5. Application of the finite sample theory

We will now apply the results presented in the previous section to our problem.
First we will show that the conditions (£Dy), (D7), (Lo), (Z), of Section 4.1
can be satisfied under the assumptions (A). These imply — by Lemma 4.1 - (L),
(D) and (EDy) from Section 4.1, necessary for Theorem 2.2 of [2]. Further we
will show that the conditions (€r) and (Lr) from 4.1 are met. This will allow
to determine ry > 0 and ensure that the sets of maximizers v,,, U9+ are not
empty. The subsequent analysis will then serve to determine the necessary size
of n € N that allows to obtain good bounds for <v>(r0,x) € R. Concerning the
alternation procedure we will show that the initial guess from (2.3) and the
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values of 8(r),w from (Lo), (ED1) allow to apply the Theorems 4.6 and 4.7.
Finally we present the proof of Proposition 2.9. Unfortunately this section is
rather technical and is not entirely intelligible without results from Section A.

5.1. Conditions satisfied

In this section we show that the conditions of Section 4.1 are satisfied. First we
derive an a priori bound for the distance between the target v}, € RP x R™ and
the true parameter v* € R? x [?

Lemma 5.1. Assume (A) then there is a constant C > 0 such that we get
|Dm (v, — %) < T* with

r* = Cy/nm~ 1202 /iy, (5.1)

The next step is to determine a radius r° that ensures that v € Sf’Jr X Byo(0)
with large probability.

Lemma 5.2. Define

ﬁinoog def argmax £,,(0,7),
’ nerRm™

then with some constant C € R

P| sup
ocsmt

Remark 5.1. This Lemma also ensures that the alternating sequence
55— (k(+1))y . . . C e apt m .
0 ,m ) introduced in Section 2.3 lies in ST"™ x BI¢(0), with

sl e FTRT) <

o def

r° = Cy/p*log(p*) + x. (5.2)

Let ¢p > 0 denote the smallest eigenvalue cp def Amin (D )/+/n which as shown
in Lemma A.8 is bounded away from 0. This also means that

Y, CTo(Vir®fen) € {v e T | D(v —vi,)| < Var®/ep) .

Now we show that the general conditions of Section 4.1 are met under the
assumptions (A). For this we point out again that due to the random design
regression approach we define the random component of £ via £L — E_£L where
E. denotes the expectation operator of the law of (¢;);=1,... n given (X;)i=1,...n-
This facilitates the proof of the conditions (£Dy), (€D;) and (Er) but leads to
additional randomness, in the sense that the claim of the following lemma is
only true with a certain high probability.
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Lemma 5.3. Assume the conditions (A). Then with v° = v¥, € RP" and

Vg = Cov (VL (vr)), Df=—V’EL,(v),

and x < m we get the conditions of section 4.1 on the set

sup
oestt

More precisely we get (I) and:

ﬁﬁﬁng < Cy/p*log(p*) + X} :

(EDyg) with probability greater than 1 — e ™ and with

[ n _ ~
€=\ om? Vi, = 207,
(Ex) with probability greater than 1 —e™* and with

Vige™ (Vi +m¥ e /i)
yf,m = 2 (1 +C (m3/2 + rmZ/\/ﬁ) r/\/ﬁ)

09
PAN
~
=
|

+C (m +m3r? /n) (x + log(2m)> 1/2/\/5). (5.3)

(EDy) on To(x) for all r > 0 with rm?/\/n < 1 with probability greater than
1 —e™* and with

\/ﬁ def 2 2 _ ~2A 2
Z m, W = \/T_l, =v°Cm~”.
(Lo) is satisfied for all r > 0 with tm®/2/\/n < 1 and where

~cC {m3/2 + Cbiasm5/2} r

i(r) = NG

Lr) if Cpias = 0 and for n € N large enough with b = c(gy > 0 as soon as
(£Lr)
2 *2
r° > Cr*“/bVm, (5.4)

and with probability greater than 1 — exp {—m3x} — exp {—nc(Q)}, for
some c(qy > 0. In the case that Cpias # 0 we get for

r? > \/x + Cp*flog(p*) +log(n)]/ox v 2r*?,
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that with some bpies > 0 independent of n,m,x,r and with probability
greater than 1 —e™*

_EeLm(Ua Urn) Z bbiasr2~

Finally we apply Lemma 4.1 to obtain the conditions (£g), (6D;) and (D).

Remark 5.2. The condition rm?//n < 1 needed for (€D;) can be relaxed

to read rm?/?/\/n < 1 if one increases v}, = 7>Cm?. This does not change

the bounds for {(r,x), as d(r) will still be of the same order as Wy ;. With
this correction the conditions apply for all r < Ry, where Ry is the deviation
bound for the elements of the alternation procedure started in Uy in (2.3), as
we explain in Remark 5.6.

Remark 5.3. We do not show the conditions (£), (ED;) and (D) directly.
To benefit from the weaker conditions we would need entry-wise bounds for
the operator AH,,? for better bounds in the proof of condition (£g). As this
work is very long and technical without this sophistication we postpone this
improvement to future work.

5.2. Large deviations
Next we determine the necessary size of the radius ro(x) defined in (4.2). We

want to use Theorem 4.2. We have with Lemma 5.2 combined with Lemma
A.16 that condition (Er) is met with probability 1 — 2e™* and with (setting

r = Cy/ny/p*log(p*) in (5.3))
g(r) = Vg™ (Vm+m*log(p*) ", 12, < 7*Cm*log(p*)?.

Furthermore due to r* < C/p* and for moderate x > 0 we find if

2 > Cp*> if Chias = 07
r —_ .
Cp*log(n)  if Cpies > 0.

that with some b > 0
P(—Eclim(v,v],) > br?) > 1—e ™ —exp {—m®x} — exp {—nc(q)/4} .
Note that the second condition (4.4) of Theorem 4.2 is automatically satisfied in

our setting for n € N large enough. Finally we only have to ensure that rqg > 0
is large enough to satisfy (5.4), then Theorem 4.2 yields the following corollary.

Corollary 5.4. Consider the set

AL {(€r) and (Ly) are met} N { sup
syt

ﬁfﬁogH < Cy/p*log(p*) + X} :
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Then it holds that

P (Aﬂ { sup  L(v,v},) < 0}) >1—e *—P(A°,

VEYn \ Yo (x§)
where
Lo det [P 2/E AP if Chias = 0,
0 p*log(n) v m3/2/x +p*) if Cpias > 0.

Repeating the same steps from above gives that on the set

{(&r) and (L,) are met} N< sup
ocst

i) < ev/p Toge) + x}
ﬁ{ sup  L(v,v}) <0}.
vEY M\ Yo ()
condition (&€r) is actually met on 75 () with
g(r) = Vng(cvm)™!,  v;, < CvPm,
if p*°(1 + Cpyqs log(n))/n — 0. This gives

Corollary 5.5. Consider the set

B« {(Er) and (Ly) are met} N { sup ’
ocstt

ﬁfﬁng < Cy/p*log(p*) + X}
N sup  L(v,v},)<05p.
vEY M\ Yo ()

Then it holds that

]P’(Bﬂ{ sup  L(v,v},) <0}> >1—-2"*—P(A%),

’UETm\TO (rO)

where

Cy/x +p*log(n)  if Chias > 0.

10 S {CVX+p chbias :07 (55)

Remark 5.4. If only p**(1 + Cpiaslog(n))/n — 0 we would get v2, < Cv2m?
and would have to iterate the above argument once more.
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5.3. Proof of finite sample Wilks and Fisher erpansion

Combining Lemma 5.3 and Corollary 5.5 we obtain the following bound if
Chias = 0 and p**/n — 0 and if n € N is large enough:

o %5/2
O(ro,x) < Can_FX.

With these results Proposition 2.1 is merely a corollary of Theorem 4.3 and
of Lemma 4.1. More precisely define the set

ﬁfﬁogH < Cy/p*log(p*) + X}

N (x) o { sup

syt
N sup  L(v,v;,) <0
VE R\ Yo ()

ﬁ{am759fn,m E{IDm(v —vy )l <xo}}

n { sup[[V(E - E)[L (v],) — £(w)]] < C(x +p*>2ro/ﬁ}
vET, (o)

N {The conditions of Section 4.1 are met for (£,7,,,D)}.

It is of Probability greater 1 — 7e™ — exp {*mSX} — exp {fnc(Q)/él}. Finally

with the results of Appendix A of [2] on the deviation behavior of quadratic

forms we can bound with some constant

1 o o o o
P <|%dlv < 3(X,B)) >1—-2% j3(x,B)<oCyp*+x.

So we get the claim with Theorem 4.3.
For the case that Cp;qs > 0 we want to apply Proposition 4.4. For this define

e ¥ 61wV i(x)/r < Com®?/V/n.
Then ro > 0 in (5.5) satisfies by assumption
b6erg — 0.

since m?log(n)/v/n — 0. Consequently Proposition 4.4 applies with A (x) from
above, which yields the claim of Proposition 2.3 with an error term

x 4 p*5/2r62

Co(l + Cbias) \/ﬁ 5

where

r; < Cyp* + x.
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5.4. Bounding the sieve bias

We prove this claim via showing that the conditions of and Theorem 4.5 are
met. For this we need to show that the conditions (L1 ) and (k) are met. But
exactly this is done in Lemma A.6. So we simply have to plug in our estimates.

Finally we determine an admissible rate for m(n) € N which ensures that the
error terms vanish. We exemplify this for the case Cp;qs = 0. We can show that

O(xd,x) < C(p” +x)°%/v/n.

If p*/2/\/m — 0, we can get that 2(|D V|| + (%)) (ra, %) — 0 by
choosing a sequence x,, > 0, that increases slow enough. If v/nm=*"1/2 = 0 we
get the desired result. Clearly such a sequence exists and in this case P(£2(x,,)) —
1.

For the the weak convergence statements we focus on the case Cp;qs = 0 and
use Theorem 4.5. As 0(r),w — 0 and ro(x) < oo we further only have to prove
condition (bias’) which means that we have to bound

v

e — d, (0")d(v")d,,! (v7)|| and ||L — d,,! (v5,)di(07)d,, (0]

With (vk) — as proven in Lemma A.6 — we can apply Lemma A.4 of [1] to find

Y1y 1+p24+m-1 Cim-!
I—dtdd,'|| < L -0
” m m ” = \/ 1 _ pQ CQD — C%m_l ;

and with Lemma A.5 of [1]

1T = din (0},) ™ o (%) i (05,) |
\/ﬁ<2+ 1—S(r*)) +146(r%)
< 5(r*) = 0.

: 0 Vo

Furthermore we need to satisfy (bias), which in our setting becomes

(bias") The i.i.d. random variables Y;(m) € RP satisfy Cov(Y;(m)) — 0 where

Yi(m) = d,;' {Vo (Li(v},) — ti(v7))

_AmH’;L2V(n1;H'777m) (Ei(vjn) - El(v*))} .

which is done with Lemma A.26. This completes the proof after plugging in the
bounds.
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5.5. Convergence of the alternating procedure

Here we want to explain in more detail how the Propositions 2.5, 2.7, 2.6 and
2.8 can be derived.

We want to use Theorem 4.6. For this it remains to check the conditions
(A1), (Az) and (Asj) from Section 4.4 for the initial guess defined in (2.3).

Remark 5.5. Condition (B;) is met in our case as we pointed out in Section
5.2.

We can prove the following lemma:

Lemma 5.6. It holds for x < Cv?g?n that
P (Lm(ﬁ(o),vfn) < —C{(1 4 CpiasvV/m)nt® + (1 + Cbms)ﬁr\/ﬁD < 27

If Chias = 0 set 7 = o(p*73/2) and m* = o(n). If Chias > 0 set T = o(m=9%)
and m® = o(n). Then the initial radius Ry > 0 in (4.5) satisfies eRy — 0 such
that the conditions (A1),(Ag) and (Ag) are satisfied for n € N large enough (as
in Lemma 5.3).

Together with Theorem 4.6 this implies Proposition 2.5 as we can bound

. x +p*3/2r2 + Cbiasp*2r2
r,x)<C .
<>Q( ) —= Vo \/ﬁ

Remark 5.6. Ry — 0 implies Rgm3/2/\/n — 0. As pointed out in Remark
5.2 this means that the conditions from Section 4.1 can be satisfied on 75(Rg).

For Proposition 2.6 we apply Theorem 4.7. It remains to show condition
(€D3) and to bound 3(x, V2L(v*)) which is defined via

P{D™'V?L(vY)| >3 (x, VPL(v*))} <e™™

We derive a bound for 3(x, V2£(v*)) in Lemma A.31 which is based on Corollary
3.7 of [22], as is proposed in Remark 2.17 of [3]. The claim of Proposition 2.6 is
shown with the following Lemma.

Lemma 5.7. Assume (A). Assume further that p**/n — 0 and 7 = o(p* /%)
if Cpias = 0 and p*6/n —0and 7= o(p*_9/4) if Cpias > 0. Let x > 0 be chosen
such that

x < 5 (Png ~los(p"))

then the conditions (ED3), (Lo), (Lr) and (Ex) are met and k(x, Ry) — 0 with
n — oo.

Remark 5.7. The bound for x comes from Lemma A.31 but also from the
definition of 3;(x,-) and ensures that 31(x,3p*) = O(\/x + p¥).
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5.6. Convergence of PPP

Define the set

Moy (x) < { sup

ocsrt

M
el < C(xm—n} N W)

UeTnl\To (TS)

Ni(x) def { sup L(v,v]) < 0}
N{Omay, Omer, 1)) Umay, 1) € LDy (v = w50l < 70}

N ﬂ { sup || Doy~ (Vﬁs(z)(U) - VCs(z)(Ufn(z))) H —2r’ < CwV1(X+P*)}

r<ro vEY (1)

N {IDw ™ VLo W)l < CVE TP
n {UEEE%M 98 By (vi) — L (@] < S+ Vi
N {The conditions of Section 4.1 are met for (Ls(z),Tm, ‘D(l))} ,
where rg = C(p* + x)M, r$ = C[p**/?\/p* + x V (p* + x)M] and where
r™(x) = C\/p* +x.

Remark 5.8. For M =1 this is the set on which Proposition 2.3 applies.
Lemma 5.8. We have on the set My (x) if p*°/n < 1

*«7/2 *
+x  VprEX
Tigy < Clvm (p —+ pﬁ ) : (5.6)

Proof. We obtain with Proposition 4.4 that if
(0(r)/r +611w)ro <1, and (6(r)/r + 611w)Cyx +p* <1,
that then
M (%) C {Om@, Omoy, (1) © To(x™)}:
where

r*°(x) < CV/p* +x.
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But by assumption

x5/2
(6(x) /T + 611W) Cv/x + p* < Cpi—’—X — 0,
vn
p*3log(n)M + x

(6(r)/r + 611w) ro(x) < C — 0.

vn

Consequently we can restrict our selves to the set 15 (r>). We show the claim
via induction. For this note that with (2.7) we already showed the claim for
[ = 1. Assume that the claim is already shown for 0 < I —1 < M. Remember
that

Gim(v) ( f;?(XiTO)V@(O)TXZ-,e(XiTO)) e RPH™,

We find with the same arguments as in the proof of Proposition 4.4 and using
Lemma A.11 that on the set My (we suppress -(;))

sup ||®*1 (VL(v) = VL(v:)) +D(v— v;"n)H

VEY L (r>)
< s [P (VL) - VL) + D — vy
VEY, ()
+ sup HZD_1 (VL (v) —VLT(v:n))H
vEY (r>®)
2 n
< Oo(r™,x)+  sup Ti(l = 1) |$im (V) — Si.m (U,
ot s IS o) 5]
C 3/2..00
< Go(r™,x) + %maxm(l— 1],
,D 1

We find

|20 @) —vie)|

*7/2
- " p +x ¥
< HﬂJ(l) 1VLE(Z)(Um(l))H HOE = > max |ri(1 — 1)|
*7/2
<c(vrTE+rc I E L p P max |- 1)) .
\/;i K3

It remains to address the bias ||D ) (v}, ;) — v*))|- Using that the assump-
tions (A) hold for all (g¢y)i=1,....» Wwe can bound as in Lemma A.7

EL. (v, v*p)) < —br?,
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where r = || D) (v — v*(;))||. With Lemma A.2 of [1] this gives
1Dy (W50 = v )1 < r*?,

where we point out that r* < Cy/nm~% in (5.1) is a uniform upper bound for
all I < M. We derived that on the set M, using that r* < Cy/p* +x

1D @)@y —v* )|

p*7/2+X )
<¢cC 1/p*-|—x—|—CT_|_p* max |7;(l — 1)]
def
= CT(l—l)’ (57)

Finally we bound
T p* To To
fn?w(Xi 0) — fﬁm(xi 0(”)‘ = ‘f”?w_;’(l)(x %)
T+ To
[, (X700 = £, (X780

We estimate separately using (5.7)

IA

P =y X 00)| < A el €Ty

cvmT _1y/v/n.

IN

Furthermore we find with (5.7)

[ £y (XT00) = fr, (X O)| < CoxI e

T 1—1y/Vn.

Consequently

Ti| =

T p* T
Z f”’?s) (XZ 0(5)) o fﬁ(s)(Xi 0(5))
1

Denote
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Furthermore define

def

l
Skay = Zskq(s_ly Soqy = 1.
s=1

Then we can write

-1

ITiy| < aZkak(l),
k=0

which gives with the crude bound Sk(l) < lzlszo 5 = l% < 21F+1 that

-1
ITi| < QZGZbklk < Cla,
k=0

if b <l < M. This gives the claim. O

To complete this section we show that the set M, is of large probability as
long as M € N is not too big.

Lemma 5.9. We have
P(My) 2 1—e ™ = M (12¢7 +exp {—m’x} +exp { —nc(q) /4})

Proof. With Lemma 5.2 we find

P| sup
oesrt

Due to the assumptions we find with Lemma 5.3 that

e > C(x)ﬂ) <o

P (The conditions of Section 4.1 are met for (L., Tom, ‘D(l)))
>1—4e™* —exp {—m3x} — exp {—nc(Q)/4} .
On that set we find as in the proof of Proposition 4.4 for C > 0 large enough

f(N{

r<ro

Doy~ (Vo) = Ve @Wingy) )| 227

< Cwul(x—i—p*)}) >1—e%

and

P (HDa)*lVCeu)(vﬁz(l))H > CVx +p*) >1—27"
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Furthermore by Lemma 3.1 We have that

P ( sup  [[V(E = Eo)[Ley (Vi) = Ley(v)] = C(x +P*)2r/\/ﬁ>

vEY, (1) ()
< 2e7%.

For the large deviation bound we proceed as follows. Note that

L(l)(v7v;kn(l)7}/:i(l)) = LE(Z)(U7U;kn(l)7}/:£(l))
JFQZE ( (X[0) = f. (X6, ()))

We can bound

n

ZTlZ_l (fn XT ) fn (l)( 0 m(l)))
=1
< Cmax|7(l - 1)[v/nymr.

As the conditions (A) are satisfied for all [ = 1,..., M we can establish as in
Lemma 5.3 for 2 > Cpp* log(n)

_E. Z (90)(X) + &1 — £,,(X] )

2
- (9(1)(Xz‘) +ei— Fope (XiTafn(z))) < —bg)r?

m (1)
Together this implies for r > Cyp*
E.L (v, ’Um(l) Yigy) < b(l)r + CB(_1)vVnv/mr.
This gives for r > CB(;_1)y/ny/m and C > 0 large enough
EL(v,v5, ), Yigy) < —buyr 2/2.

Plugging in (5.6) the lower bound becomes
*x7/2 +x

ro) = Cvp* +X<1+lfp NG

> =C'M(p* +x).

For the remaining part we proceed as in Section 5.2. This gives the claim. O
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Appendix A: Technical proofs

In the following all the technical steps necessary to prove the Lemmas of Sec-
tion 5 are presented. But first we cite an important result that will be used in
our arguments, namely the bounded difference inequality:

Theorem A.1 (Bounded differences inequality). Let a function f : X™ — R
satisfy for any Xq,...,X,, X, € X

|f(X17~-~7Xi—laXi7Xi+1a-~-7Xn) — f(Xl, 7Xi—17X—/Ii7Xi+17" 7Xn)‘ < C;.

Then for any vector of independent random variables X € X™

2¢2

P(f(X)—Ef(X)>t) <e Tiiel,

2¢2

P(f(X) ~Ef(X) < —t) <e “i=iel.

Furthermore we will use the basic chaining device as it was introduced by [6]
(see Section 2 of [21] for a more concise description). As we use the idea several
times, we summarize the central step in the following Lemma

Lemma A.2. Let {Y(v) —Y(v*), v € T} be a family of random variables index
by a set T that is contained in a normed space (X,|| - ||). Define Ty = {v*} and
with some r > 0 the sequence Ty, = 2~ *r and the sequence of sets 1}, each with
minimal cardinality such that

TC | Br(w), B:i(v)® {v° el [jv° vl <r}.

vET L

Then for any 3 > 0

P (sup 19(0) - w) 25

vel

< S Ml s P( it [Y(v) - Y(v°)| >2-<k-1>/2<1—1/ﬁ>5).

pt VOET, vE L 1

Proof. We simply use the definition and estimate

P (sup 9(0) ~ ¥(o)| 5

vel
(oo}

<P(> sup inf IH(vk)—‘é(’Uk—l)|25>

VR €Y Vk—1Tk—1

éiﬁ”(sup inf w(vk)—y(vk1>|zz-<'“-”/2<1—1/ﬂ>3)

v €Yy Vh—1€Tk—1
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<31t sup P( inf [Y(ve) - Y(vo)] 22(’“”/2(1—1/@3),

VEET R Ve—1€ k-1

where we used that > oo 27(F=1/2 <1/(1-1/v2). O

A.1. Proof of Remark 2.3

Proof. This can be seen as follows. First with Fubini’s Theorem we find

m.(0) = / RACTACK
/ / fG:c the k(t)px|X79:t(m)dwdt
5% ,5%] % (0)ne+

-/ ( / fe,ma)ek(t)dt) Pxx"omi(@)dz,
By (0)NO+ [—sx,5%]

=/ nk(97ﬂ3)Px\xT9:t(w)dw-
Bs, (0)N6+

Note that the application of Fubini’s theorem is justified since by assumtion

| fo,2(t)er(t)px xTo=t(x)| < 0.

Furthermore with Jensen’s inequality and exchanging the order integration and
summation as the lim sup is finite we find

0o oo ?
Z kQQ(B)le(e)2 _ Z L22(0) / 7,(0, m)pX|XTG=t($)dw
Pt =0 By (0)N6+

<> / k@0, (0, 2)*pxix~ o= (@) d
k=0 Bsx (0)N6+

= / ka(e,m)nk(e’w)g Px|xTo=t(T)dx
Bsx (0)061- k=0

< o0,

where we used in the second to last step that «(0) < «(6, x). O

A.2. Calculating the elements

First we calculate the relevant objects in this setting. For this we have to empha-
size one subtlety about this analysis. As the parameter 8 € R? lies in ST T CRP
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a more appropriate parameter set is Wy 2 [0, 7] x [=7/2,7/2] X [-7/2,7/2] X
x [=7/2,7/2] C RP~1. This gives, parametrising the half sphere S C R?
via the standard spherical coordinates

D :[0,7] x [-7/2,7/2] x [-7/2,7)2] X -+ x [-7)2,7/2] C RP™L = SV

that our actual likelihood functional is defined on Wg x R™ as
n) =Y 1Y — £,(X]2(0))]*/2,
i=1

where with abuse of notation we denote the preimage of an element of the
sphere by the same symbol. Fix any element of the set of maximizers v, for
some m € N.

First we calculate

((0,0%) = Ln(v,0") ~ EcLy ang( )= f(X]2(9))).

i=1

This gives that with V- = (Vg,,..., Vg, ., Vy,...,V,,.) and € = (e1,...,€)

p—1

V,-C(v) = Z( (X7 0) V@P(G)TXZ-,e(XiTO))Ei

def Zgi,m('v) & def W (v)e.

where with e = (eq,...,ey)
Fo(XTO)VE(6) Xy .. f,(X]60)V2(6)7X
wato)= (PGS R AT ).

As we use this notation in the following, we repeat the definition
Gun(0) & (£,(X]0)V0(0) X, e(X[9)) € RY". (A1)

By assumption the &; are i.i.d. with covariance o2 > 0 and the design points
(X;) are i.i.d. as well. We set

V2 2R, (0F) W (0%) T

m

_ 710'2 ( d_?q(v*) am(z*) ) déf n02d$n c R(pfler)X(pfler).
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where with E[-] denoting the expectation under the measure PX:

dg(v)

E [f;,(XTH)QVQi(B)TXleTV@(G)} :

h2,(v) = Elee” (X]0)],

am(v) = E[f;,(xfe)ws(e)TxleT(xfe)}.

Furthermore we get because of the quadratic functional and sufficient smooth-
ness of the basis (e;) for any v € RP ~1

D2, (v) & —V2.E[L,,(v)] = nd?, (v) + nr, (v),
2 _ ( dg(v) am(v)
A = <ai<v> 2 (o) >

o = fioo-aoon () 4|
vj(v) = 25X 0)VE XXV + |f,(XTO)PX VP05 (X, - ],
bn(v) = VPeX e (XT70).

For the analysis of the sieve bias we also define the corresponding full operator
D? € L(I? {(z1)ren, © € R})

2

D (v) = nd*(v) +E| [f,(X0) — g(X)] ( ;’i((‘;)) b;o(v) )],

where with the obvious adaptations

(B anw)
dz“”‘(a? ) hzow))'

o0

Remark A.1. If X70* was independent to X'8° for any 6° € 0**, we
would have by, (v*) = 0 for m € NU {oco} by the definition of f,.(X"6") def

Elg(X)[XT6].

Furthermore we calculate — with ¢; ,, from (A.1) —

VQC(U) = Z v§i7m(v)7
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where
eVesim(v) = fr(X]0)VP(0) X, X, VI (6)
T 2 T
1, Vosim(v) = €(0' X)X V(6),
vngi,’m(’u) = 0.

A.3. Preliminary calculations

By assumption the density of px : RP — R is Lipshitz continuous. Denote by

L,y its Lipshitz constant. Define

I, def supp(eg) C [—sx, sx]-
Lemma A.3. We have for all k,l € N

|E[ere (X' 0)]]
< TSR Ly [ 00277 71208 =021 gy (K, 1), for 1>k,
[E[(X"0)e,e (X6

Vp+2
2

[Eleje;, (X7 0)]]
< 1Tsx 9| oollpx oo 22022 INID L g gy (K, D),

<17 |9 lloo sk 1P [l o024/ 227 0r I 21 0 gy (e, D),

E [(ex(X70) — ex(X6))(e)(XT0) — ei(X76))]
< €10 — 0'[]727: 27 [ |2, s% L7 1,1, 203

E [(ep(XT0) — e, (X6))(e)(X70) — /(X T6))]
< C[16 — 0'[]2%7 2% || |13, % 1T* 1 (1, s, 203

E[(e(X70) — ei(X'0)) ex(X'0)] < |6 — 0'|27/220x10/2,

(A.6)
(A7)

Proof. Observe that if the density of px : RP +— R is Lipshitz continuous with
Lipshitz constant Ly, and its support contained in a ball of radius sx > 0 then
the density pxTg- : R — R of X780 € R is Lipshitz continuous with Lipshitz

constant L, - < s L,y . Furthermore for k,1 € N

Elere;(X'6)] = / ep(x)e(x)pxTo(x)da.

[—Sx,sx]
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Denote by I C R the support of eg(x). We write

Elere(X10)] = / ex(z)e1(2)pxro (2)dz

_ / en(@)en(@)pxo(0)drl nnm 0y (k. 1)
I;

+/ er(z)ei(z) (PxTo(fE) *PxTe(mo))dﬂ{Imlkﬂ}(k7l),

I,

where x¢ € I; is the center of the support of e;(x), which is of length 277 17sx
for I = 29t +17j; —14+r; € N. Because of orthogonality the first summand on the

right-hand side is equal to zero. For the second summand we use the Lipshitz
continuity and Cauchy-Schwarz to estimate

|| er@)eu) (pxrole) = pxo(wo) ) dal Ly ar, 20 (k1)
I

< k27 [ ferl@)llen@)ldat o, o 1)
l
‘ 1/2
< sh Ly 270t </ el(;v)de/ ek(x)2dx> Linnn,20y (k1)
I; I;
‘ 1/2
< Sy Ly 277! (/ ek($)2d$> Linnnz0y (k1)
I
< 178§(+1pr”wH0027jl712%/27]-1/21{110%75@}(k7l)a

where we used that the (eg) form an orthonormal basis, that ek
< 298/2||4h|| oo and that I; is of length 277117sx. This gives (A.2). Using that
for any 6 € Wy it holds true that |[V®(6*)0| < @ﬂ' we estimate similarly
to before

E[(XT0)eje(X6°)]

=
+
[\

< sk El ejer(XT6%)]]

2

p+2
sk [ et@enpxor)ds
I

1/2 1/2
D+ 2
I nskloxroll ([ ehtords) ([ eitora)
IL Il

D+ 2
2

<

IN

IN

17

7|9 [l 5% IPx 6 l0c 2575/ 227 VIR 21 0 p s (R, 1),
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The bound (A.4) follows with exactly the same calculations. To show (A.5) we
calculate with M, %< {(z,y) e R?, x € I } U{(z,y) € R?, x +y € I} and with
Po.(6°—6) : R* — R, denoting the density of (X'0,XT(6° - 0)) € R?

E[(ex(X70) — er(X76°))(e)(X0) — e, (X76°))]
= Ir.nn 20} /M (ex(z) — er(z +y))(ei(x) — el(x + y))po,6°—6) (2, y)d(z,y)
1/2
< Lygnn, 0} (/M (ex(z) — ex(z +y))*po, (0 —0) (x,y)d(z, y))
’ 1/2
(] (e —ete +0) oo (i)
M;

We estimate separately

/ (ex(x) — ex(@ +4))*Po. 0oy (2, y)d(z, )
My,

< 20 42, / ¥2po.00—a) (7, 1)d(x, 1),
M,

Note that pg,go—_g)(z,y) > 0 only for |y| < [|@ —6°||(sx + h), where we suppress
h in the following such that

/ (ex(x) — ex(z +4))*Po. ooy (2, y)d(z, )
My,

< (10— 0°1P2% 9" |13 5%

(// Po,(°—6)(T Z/)dydx—ir/ /po,(eoe)(x,y)dydIJ)
Ik x

< 110 — 6°22%7 |9 |2, 5%
(/ i {(00 —0)Xel, —20TX = z}pg(x)d:r +/ pg(x)dx) :
R Iy

represent 8° = af + 0’ where ' 1 0 with ||6°|| = 1. Then we find with
condition (Condx)

P{(ete)TXeIr:c\aTX:z = {H’TXG (I — (1 — )z )|0Txg:}
Pe'.0 Lo q_ —Jk
<|2e| af5u-a-am} <czio-e
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With the bound pg(z) < C we find (since ||@ — 0°]| < /2)

/M (er(@) — ex(x +))?Po.@o—o) (2, y)d(x, )
k
< €|l — 6°)|2%7% |9 |2, 5% 177,

which yields (A.5). With the same calculations we can show (A.6). with M j def

{(zyy) e xR, e e [N} U{(z,y) e [ xR, z+y e L;}

E[(eX70) —e(X'05,)) ex(X0)]

1/2
< (/ (ei(z) — ez + y))2pe,(e:n—o) (z,y)d(z, y))
M; i

1/2
</ ez (z)pe, o= —o) (. y)d(z, y)) :
M k.

We have by (A.5)

| @)~ el + ) po.;-0 @ v)dy)
My
< 22116 — 0;,|1%[|¢||?sx 17°C.
As above we can bound
| e@ow o)
My ke
= [é@ [ mow oty
R I —x

+ / e (x) / po (o) (2 1)d(, 1)
IiNIg R

IN

/Rei(m)]P’ {(0’ — H)TX e, - x)| 0'X = x}pe(x)d(x)
+ [ et@pot@a)

< 2*jzc+ 2*j12(jkAjz)||1/)”go_ 0
16—’
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Lemma A.4. For any (0,m) € RPT™

le(z)]| < CllY]loovm, (A.8)
|0 (@)] < Cllt]locv/mllnll,
€ (z)]| < V17| [m3/2. (A.9)

Proof. Clearly |fn(93)| < |Inlllle(X]0%,)|l. Because of the wavelet structure and
the choice m = 2Jm + 34,,17 — 1 we have for each j =0,..., 5, — 1 that

[M ()] (A.10)

aof Hk {2 41T —1,..., 27 4 G+ 11T - 2} : |en(a)| 7&0}‘ <17,

This implies

m—1 1/2 jm_l 1/2
le(@)] = (Zlek(w)2> =1 > Y la@P
k=0 J=0 keM(j)
1/2

j7n_1

S VIT[Ylle | D02 = V7|92 < VATl oo vVim.
§=0

The proof of (A.9) works analogously. ]

A.4. Lower bound for the information operator

Lemma A.5. Under (Condx ), (Condxg-) and (model bias) we find for all
m € NU {oo} that D,,(v*) > cp* with some constant cp* > 0.

Remark A.2. The constant cp* > 0 is specified — to some extend — in the
proof.

Proof. We represent for any v € R?" with ||| = 1

7T®n1'7

2
= ”Aiﬂh—(E <g<x>—k§1j<nk+hvp+k>ek<xT<o +hnm>>>

E[(g(X) - E[g(X)|X6°))] )
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Using the properties of conditional expectation we can write

m 2
( = (i + hypyn)ex(XT (6" + hUe’Y)))
k=1

— E[(E[g(x)|XT(0* + IIg))

m 2
Z s+ hyprr)en(X (6 + hHe’Y))) }
k=1

+E [(9(X) — E[g(X)[X (0" + hilev)])?]
Using assumption (model bias) we find

" Diny > nbg| Moyl

: 1 T/p*
+n lim ﬁE<E[g(X)|X (0" + hilg)]
m 2
Z 77k + h’7p+k ek(XT(H* + hHg’Y))) .
k=1

In case that ||ITg~||?> > 72 > 0 with some 7 > 0 this implies D,, > by72. Assume
|[ITe~||?> < 72. Using the smoothness of the density px and of g we find with
some constant

[EBlg(X) X (6" + hiTe)] — E[g(X)|X 6]

< C||[g7y|| < nChr.

Furthermore we show in Lemma A.24 that with some b* > 0 and @) > 0

inf P (
VvEY

Remark A.3. A close look at the proof of Lemma A.24 reveals that the claim
can be shown with ||v —v*|| instead of || D(v —v*)|| on the right-hand side with
the same arguments.

m

Elg(X)IX 6] =) (m)ex(XT6)
k=1

Zb*llv—U*H) >Q>0.

Consequently

m 2
B | (EOCORT O + o)) = S (5 + by )en(XT(0" + b))
k=1

> Qh*(b* —Cr)2.

Setting 7 < b*/(2C) gives the claim. O
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A.5. Regularity
We represent the full parameter v € R* in the form
v=(0,f) = (Il,v,Kk) = (0,1,,n,K) € RFT™ x |2,

where & = (1)ny1,...) | stands for the remaining components of the expansion
(2.1). Consider the following block representations of of the full information
operator: Remember the representation the full operator D € L(I?, {(x1)ren, 2 €
R}) in block form

D* A, A
2 2 m Ok
'D2(,U*) — ( 1?4 7‘_'[42 ) — ( fm flgn ) = Am Hm  Age
v Ane Ao My
where A, is a — possibly unbounded — operator from 12 to RPt™.

Lemma A.6. Assume that the density px : RP — R is Lipschitz continuous
and that the X € R are bounded by some constant sx > 0. Then using our
orthogonal and sufficiently smooth wavelet basis we get for any X € [0, 1]

IHY2K7 | < Cnm2,

a(m) D A | < Vi (m~ @2 4 ¢piggm @)

7(m) E DV o EIL (I v, Ak*) — Ay )]R*|| < Cm~20+1/2 /n,

0 = |k (Hm — VeeEL(IT,-v*, A*))K*

)

if Cpias = 0 one can bound with some C > 0
Blm) E |Dy! AveHy,! | < mH2.
Furthermore we find that
ID?|| < cnp

Proof. Throughout this proof we assume that m > 0 is large enough to ensure
for all k,1 > m that I, N I; C [-sx — ¢p, sx + cp]. We have that

1D Avrts™ | < ID5 [ Aviers™ -

Due to Lemma A.5

1
cpyn’

1D <
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And we have by definition that for any v = (6,1) € Wg x R™
1 . 1 o1 .
— v T Apek™| < =[0Aguk”| + —|NApekT].
n n n

We first analyze the second summand

1 [ @] m
nA,p K" = * E XT6%)].
SN Ak l:;lm ;nk lerer( )]

We use (A.2) from Lemma A.3 to find

1 . [e'S) m § o iy

S Anek’| < 1785 L [Wlloe D > i lmw|27 9712027020 g gy (R, D).
l=m+1 k=1

Note that for each ji, = 0, ..., j,, there exists at most 17 ry(I) € {0,..., 29 +16}
with I; N I}, # 0. Remember that m = 2/m + 5,,17 — 1 and note that 2/ < m.
This implies using the Cauchy-Schwarz inequality and that ||n|| =1

1 *
At | < 1785 L [17

(o) m )
Z Z |nl*||77k|2_]l_12jk/2_ﬂ/21{lzﬂ1k¢@}(k7 l)
l=m+1 k=1
00 m 1/2
ST Ly [P ]|oe > 27502 (ZW’“I{mrk#@}(k,Z))
l=m+1 k=1
i1 1/2
< AITVITSK Lo [0? e D 27202 Y 20
l=m+1 Jk=0
oo /2 /o 1/2
< 173/25;+1pr||w2||wm( 5 m*|2> (z z—%) |
l=m+1 l=m

By assumption Cond,,~
o0 1/2 o0 1/2
( > |777|2> < Wa( > 12a|777|2) <m7Cjge.-
l=m+1 l=m+1
Since m = 29m + 5,17 — 1 and [ = 27! + 5,17 — 1 4+, with 7, € {0,...,2% + 16}
oo 1/2 oo 1/2
< Z 23jz) — ( Z C(m)le23j1>
l=m+1 J1=Jm

= C(m)Y?279m2 < \20(m)*?m1,
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with

Jm i _
20m + g 17 1<

C(m) = i < 34.

Consequently
1 * 3 +1 2 —a—1/2
|EnA,mn | < V2173C) po sl Ly 192 | som ™2,
For the second summand we remind the reader that

Agi = Nagxk,

aor = E[f7. (X7 0")VDg-X(ems1(XT0%),...)],
Similarly to the first summand we get by the dominated convergence theorem
Oaouk™ = > > i E[(XTVE(07)0)ele(X 0111 nn, 20 (K, ).
k=1l=m+1
To justify the exchange of summation and expectation note that for each [ € N
E[[(XTVE(67)6)e; fr- (X7 67)]]
< | Ve(6*)6]|sx27/*E[| f,- (X7 6%)]]

< ||[VP(67)0||sx2"/*E Zn;ﬁez(XTG*)]
k=1

- 172, o 1/2
< | Vo(6*)0]|sx27/? (ZZQQUZ2> (ZIZQQSMW'HQ)

k=1 k=1

1/2
y A 17 = o
< IVR(07)0|sxCysey 0|22 | 5 D 17202V | < oo
=0

The exchange of the order of summation is justified by the subsequent bounds
and again the dominated convergence theorem. We again use Lemma A.3 to
find with (A.3) and with similar arguments to those from above

vVp+2
2

|Qagnr’| <17 [ |loosk IPx 1o

oo

ZnZQ?’jk/? Z W?Zi(jl\/jk)/Ql{Imlk#(D}(kvl)
k=1 l=m+1
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IS 1/2
, *
<17 P2 sklox e S k2 [ S

k=1 l=m+1

) 1/2
co 201416

o> 272 Ui gy (kD)

Ji=Jm+1 =0
We have due to (3.2) that

oo 271416

Z Z 2_2ajl2_(jlvjk)1{lmlk¢®}(k/’al)

Ji=Jm+1 1=0

291416
= Z 27209 = U g, gy (R 1)
Ji1=Jm=+1 r;=0

oo
Z 9—2aj19— (5 Vik)

J1=jm+1

Hz — 29 4 17j, — 14+ m|m e {0,...,2 116}, I, N I, #@H
— Z 90— QRa+1)ji9g—(r—5)+ roii—ir) 177

jl:Jm+1
< 2= Qathimyg < 17~ (et

Which gives

. Vp+2 —a-
Bagur| < 17°/*VIBXE = | P | - /2
- /2 , o 1/2
<Z n22k2a> <Z k_—(2a—3)>
k=1 k=1
/ _|_
<172 VI8Y p 7|9 oo 5% IPx 100 C £+
V(2o = 3)/(2a — 4)ym~(@F1/2),
since o > 2 such that > o, k=273 < (2a — 3)/(2a — 4).
Furthermore with 8° = Vg-0 € 0**
|8bgk*| = |E l(f,,*(xTe*) X)X "6° Z nies (X T6%) ] |
T2 .
< Cbias P 7"'SXE [|f:<,* (XTO )H .

2
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We bound
(oo} oo )
E H.f:c*(XTB*)H < \/ﬁHw/Hoo <Z n;2k_2a> Z 2*(20473”
k=m J=Jm+1
< C(m)CH,’*”\/ﬁ|\z//||oom_(a_3/2) < 0.

We can exchange summation and expectation to find

J =2 mE[ler(XTo")].

k=m

E[|f.-(XT6")

We estimate

E[|e,(XT6")|] = / e (@)pxcro- (2)| do

(/ k e;<x>2dx)1/2 (/ k Vi (a)d -

19" llocCa2?/.

IN

IN

Such that

E[|£1(XT09)|] < Cm)CmeCallt e Y 27/
k=m

1/2

IN

oo
C(m)CneCallt oo | Y 27271
J=Jm+1

< C(m)Cyn- Callt |l com™ 7.
Collecting both summands
D5t Awers™| < € (Viam™ @412 4 Gy 1)

with some C > 0. The same arguments give for the case Cp;qs = 0

A

_ _ 1 1 1
1D AvHi | < = sup —|0Ag, k| + sup —|nAnkK|
o \lel=1 |lxl,2=1 " Inll=1, lx]l,2=1"T

IN

C
712m_1/2.
D
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Remark A.4. In case Cp;qs > 0 we do not manage to get a bound for Obg.k
for general x € 2. How to get a bound for 3(m) in this setting remains unclear.

We bound using the dominated convergence theorem (applicable due to sim-
ilar bounds as above)

o
Hmk 1 <n D> 0illpxros oo + 20| Y niniElere(XT6%)]|.
k=m+1 1>k

As above we find
[Elener(XT0°)]| < 175 Ly [16]002 /27129421 1,0, Ly (h, ).
We estimate

> niniElere(XT6)]

I>k>m

< AT Ly 1Y lloo Y mimi2 2727129 21 g, gy (K, 1)
Ik

< 175§<+1pr||1/’||0027722”/2 Z 77?2_3jl/2_11{lmlk#(7)}(k7l)
k=1 l=k+1
00 0o 1/2

<7 il Yo (3 i)
k=1 I=k+1

- 1/2
< Z l_gaz_sjll{fmfwé@}(kal)) .

I=k+1

We continue using that [ > 27

oo

Z 1729273 oy (K, 1)
I=k+1

oo
< Z 9—(3+2a);
J=Jk+1
Hl=2 +417—1,..., 2" 4 G+ D17 -1 —1: [N I} # 0}

Z 9—(3+2a)irgi—ik 177 < 9—(3+2a)ik 34

J=Jk+1

IN
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Plugging this in we find

S niniElere(XT6%)]

I>k>m
<1TVB6sK Ly [[W]loe > mp2=F2000/20 by
k=m+1
00 172, 1/2
<17\/365§+1pr|¢||00c|f*|< > n;fk?a) ( > k—2a2—<2+2a>jk>
k=m+1 k=m+1

oo 1/2
< 17\/%s§<+1pr|w||wc2|f*|< 3 2<2+4am>

k=m+1

o0 1/2
1 _ )i
S ATV365K " Ly [9]10CT - < R m)

= 1/2
< ATV36s% Ly 11|00 CF 4oy 27 (1 HAI )2 (Z 2<1+4a>jk> .
=0

From which we obtain

o0
2
[Hum3 > =n > ni’llpxror
k=m+1

o+ 26% L [[]]0cC3 g 2~ (1400 G 1)/2

IN

||pro*

oo
Oonm(1+2°‘)m< Z 77};2%2&)

k=m+1

H17°V/365% ! Lye 1] 0 CF - om (12122

IN

(1730 oy + 172VBBE Ly [ - ) =02,
Next we show

1Dt (VorBIL (e v*, Ak™))] = Au) 67| < 7(m).
For this note that

(VorE[L (I 0", AK™))] — Api) K

_ n( E[f’(o,,\m)ijgo,m)(XTH*)] )
Elef 0, (X 07)]

+n< E[f%o,m)xf(o,xm)(XTO*)] ) .
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We infer

1Dt (VorE[L (-0, AK™))] — A ) £

. - o X
< nE[f2) ) (XT 0712 <E H@ml < T )

, 1/2
Hﬂl ( FlownX ) )
m 0

n 2 2
< % (SX {E[fl(o,»c*) ]/ +E[f{ox) ]1/2} + prT9||1/2171/4\/E)

21 1/2

2
+E

E[fo,e) (X072

We estimate separately using the same bounds as before to apply the dominated
convergence theorem to exchange summation and expectation. We bound as
above using (A.4)

2
E[f/(o,)\m*) ]

A Y miniEleje(XT67)]

kl=m+1
< 1Tsx [0 oo llpxlloe D w220 TGN gy (k1)
kl=m+1
N - 1/2
< 1Tsx v lpxllcc S ”323”“/2( 2 lzaf*12>
k=m-+1 l=m+1
N 1/2
( Z 2(32a)2jl2(jlvjk)1{lkﬂll;ﬁ®}(k’l)> .
l=m+1
Observe
Z 2(372a)jz*2(jl\/jk)]_{Ikmll#m}(k‘,l)
l=m+1

= Z 9(3=20)j—2(jVijx)

J=Jm+1

Hl:j12+2j+rl ref{0,...,2 +11}, [ NIy 7&@})
= Z 9(3-2a)j=2(jVir) ro(i—ir) 17

j=jm+1
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o
<18 Z 2(2-20)j _ 17318y~ 20+2
j=jm—+1

Such that again using the Cauchy-Schwarz inequality for any X € [0, 1]

175/2 /185XH¢/H00||pX”ooC||f*|\m_a+1 Z 77;;23]%/2
k=m-+1

172V 185x |9 [l oo [Ipx oo Cff £ 202

2
E[f/((),)\n*) }

IN

IN

Furthermore

E[f%o’m)(XTH*)]: Z nin Elere (X' 0%)]

kJl=m+1
S VTS L[ Glloe D w27 20T RGN gy (R, 1)
k,l=m+1
1 *)— Ik *
= 1788 Ly 1lloe Y mi277% > 0ilnan 20y (1)
k=m+1 l=m+1
1/2
ST Loglvlloe Y mi27vCppy | D 27218

k=m+1 J=Jm+1
< 17VI8LTY 28 Ly 9] o Cp e m ™ i nE2 Ik
k=m+1
< ATVBOIT S5 Ly [0 00C ey ™2
Together this implies
1Dt (Vo EIL (0™, Ak*))] — Aui) 6|

1 1/2
< (2o {10V el Gy} ol V174

D

1 —2a
VBT S L[] oG =21/
Sclm 2a+1/2\/ﬁ.

Clearly

KT (Hm — ViewEL(IT-v*, Ak*))K*| = 0.

To see this simply note that for any f € S and any kK € S

KV eBL(O", f)k =E[f{ (X 0")] = & Hypk.
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Furthermore we find that

0" d3(v*)0 = E[f;(XT6")*(XTVP(6%)0)]

< |1 £ skl VE(67)]
< P20 1 e
and
0 vp(v")0 = E[(f,.(X07) - g(X)) (X"0)*f7.(XT6")]
+H e (XTO7)PXT V04X, 6, 6))]
< Chias (5%C172. 1 + 3402 CFe %IV 200+ oo )
This completes the proof. O

A.6. Proof or Lemma 5.1

We proof the claim via validating condition (Lr.) from Section 4.3. For this
condition we can use the full expectation E instead of E,:

Lemma A.7. Assume (A). Then there exists a constant b > 0 such that
EL(v,v*) < —br?.
Proof. As in Lemma A.8 we can make the decomposition
EL(v,v™)

= —nE [ (9(X) ~ Elg(X)|X"6))°] ~nE [ (9(X) ~ E[g(X)[X6"])°]

—nE ([ X)X o] — anekX 9)

We find with condition (model bias) for all v = (8,n) € 1},

—nE [ (9(X) — E[g(X)[X70])°| + nk [ (4(X) — Elg(X)X"67])’|

< J b, ID(6 — 6%)|| = v/nre/co
= | —be||D(O — 0%)|?, otherwise.

As [[D(0 — 0%)]|2 < nZE2C) 4 ¥’ [|2 sk 72 we find

1
EL(v,v*) < —bj||D(6 — 0%)||?>, bj =byminy{ I, :
EZEC) £y 19 2 sk



2592 A. Andresen

We study two cases first assume that |D(8 — 0*)||? > 72r2 for some 7 > 0, then
we get

—EL(v,v*) > m?byr?.
Otherwise — if [|D(6 — 6%)||?> < 72r? — we have as in the proof of Lemma A.5
n 2
E <E[9(X)XT9] - anek(XTG)) > Q(b* —Cr)*r?
k=1
Choosing 7 > 0 small enough gives the claim. O

The claim of Lemma 5.1 now is a direct consequence of Lemma A.2 of [1].

A.7. Proof of Lemma 5.2

Remark A.5. We assume that the density of the regressors satisfies px >
cpx > 0 on By ey (0). This implies that for any @ € RP the density of X '8
is also bounded away from zero on [—sx,sx] by A(BE.1)c,, where A(BE™!)
denotes the Lebesgue measure of the p — 1 dimensional ball of radius r > 0 on
RP~1. As we use a orthonormal wavelet basis on L?([—sg, sz]) this gives

Amin(H? (v)) nf EIf Fn(X70)%)/ |l

Y

ABZ Y pn / Fo(2)2d 0] = A(BZ e

[—sx,5x]

Proof. Take any 6 € S7 . Then we have due to the quadratic structure of the
problem and using the usual bounds for |le| < Cy/m

s =

argmax L, (0, 77)H
neRr™

_ (L N TxT 1 - T
= H(n;ee (X, 0)) ng ) +e)e(X,; 0)

)

n -1
HGZ«&J(XIOO : (A.11)

< (IIgIOOC\/EJr

E > eie(X/0)
n =1
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We want to bound the above right-hand side. For this we bound

1 n
p< L
n

i=1

Zeie(XiTH)

2t> P| sup —ZEZanek XT
Rmnz 1 k=1

Hn\l 1

< <sup ZEZ >t>

neB1(0

/\

We want to apply Corollary 2.2 of the supplement of [19] with
1 & . . .
U(n) = %;&fn(xi 0), v* =0eR™.

For this we have to show that

logEeXp{)\%} < 12A%)2,

with d(n,n°) = ||n — n°||gm. This is indeed the case since by Lemma A.4 for
any pair n,n° € B1(0)

| Fone (X 0)] < Cllllocv/mlln —n°).
Using (Cond,.), the independence of (g;) and (X;) we find for

N
C\/mg’

A<

and any pair n,n° € B1(0)

Uv) — U(v°) }

logE
og exp{)\ (v, 0°)

.
IOg]EEXp{ Qe ||Z€’ (X )}

X ne To

. Znge o o e f - K0

<Y logE {exp{w%fn » X0}
P nm—n°|

A\
Q
o
3
N
)
>
o
~
[\
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This implies with Corollary 2.2 of the supplement of [19]

1 n
(fi g

Two bound the norm of the inverse of the matrix in (A.11) we denote

> Covmvx + 2m/\/ﬁ> <e %

def 1
M, () = EZeeT(on).
1=1

Note that with Remark A.5

E [Mn(e)] > )\(BZ_I)CpxCa

while
sup M, (0) ~E[M,(0)| = swp [Py~ B)FA(XT0)].
6esy (8,m)€S? x 87"

We bound

1P>< sup |(PnP)ff7(XT0)|Zt+s>
(6,m)

estxsm

< P(|(P.—P)f2-(XT0%)] > 5)

eSTx sy

+IP’< sup |(Py —P) [f1(X70) — f2.(XT6")]| > t> :
(0,m)

For the first term we can use the bounded differences inequality (Theorem A.1)

to find

P (|(Po = P)f7- (X 07)°| > | f- |3 vE/ V) < 7™

def

For the second summand we define {x(v) = (P, — P)f, (X 0)?. We use the
chaining method, i.e. Lemma A.2. Define 7 = {v*} and with a sequence ry =
2-%r with r to be specified later the sequence of sets 13 each with minimal

cardinality such that

St xS c | Br(v), Bi(v) € {v° e SY xS, [v° —v| <r}.
VETY )

We can estimate with any v’ € B, o(v)

b [Cx () = Cx ()] = |(Pn = P) {£,(X[0)* = £, (X, 6"}

kE—1,m
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We estimate for an application of the bounded differences inequality
[{£a(X70)* = £, (X[ 6%}
< {Fn(Xi0) — £, (X[ 0)} {£,(X]0) + £, (X 6)}]
< (If nllos + 1 llse) (1F nmrlloo + 1F7llsc[16 = €°])) -
We have as ||n]| = 1 with Lemma A.4

. 1/2
[fnllec < [l sup (Zei(g;)“') < V17|[9llvm,

z€[—sx,5x] \ p—1

1/2
[fnlls < lmll sup (Zef(x)z) < V7Y |m?2.,

z€[—sx,sx] \ =1
Consequently
[{£0(X]0)* = £, (X[ 0)2}] < comx.

This yields with the bounded difference inequality

P (il 16 (00) = Gxlvnmn)| 2 sCem¥ 2y /Vi) < e
k—1,m

Lt 1-1/V2) They

Now we can define r = 573
Cem

P < inf |Cx(vi) — Cx(Vik—1)| 2 2 h0 - 1/V2)s

Ti—1,m \/ﬁ

Set

s = \/X +log(2) + p*[1 + log(2) + log(Cem3/2) —log(1 — 1/v2)]/v/n

IN

Cyv/x + p*log(p*)/v/n,

and plug it into (A.12), then we find with Lemma A.2

P <Sup IM,(0) — E[M,(0)]]| > Cv/x +p* 10g(p*)/\/ﬁ>

0cSy

<P ( sup (x(v) — Cx(v*) > Cy/x+p* 10g(p*)/\/ﬁ>

VEY

< Z exp {p*[l +log(2)k + log(Cem®?) —log(1 — 1/V/2)]
k=1

2595

) <e . (A.12)
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— 2kt [x +log(2) + p*[1 +log(2) + log(Cem®/?) —log(1 — 1/\/5)]} }
<e %

Together this implies because p* log(p*)/v/n — 0

P| sup
ocsyt

Adding log(3) to x in the above inequality and adapting the constant gives the
claim with a probability bound e™*. O

775?3“ > C\/p* log(p*) +X> <3e ™.

A.8. Proof of Lemma 5.3

Before we prove the claims we need a series of auxiliary lemmas.

A.8.1. Dy, (vE)) is boundedly invertible

Lemma A.8. Under (A) we have that

Cicgy {72 + Curaam??} =
chvn ’

where ¢y > 0 is defined in Lemma A.5 and is independent of m,n and where

r* > 0 is defined in (5.1).

Remark A.6. By the definition of r* > 0 in (5.1) it is clear that cp = ¢,
once (m? + Cpiasm?3)/v/n — 0.

Din (V)2 > & > ch°/ (1 -

To prove this claim, note that using Lemma A.5 we can prove the following
result. It is proved very similarly to Lemma A.18:

Lemma A.9. We have for any v € {v € T,y : | Dy (v*)(v — v*)|| < r} and
with some constant CZ‘LO) >0

Cleay (7% + Cuiasin®?} ¢

=1/, 2 * —1/,.% <
I = Dy (v3) Dy (07) Dy (07 < o

m

We obtain the claim of Lemma A.8 because

D7 (V7)) = D (v3,) {1 = D3 (v7,) D7, (v7) D7 (v, } = D7 (v7),

m m

such that using Lemma 5.1 and Lemma A.5

Ciegy (2 + Cuaer®?} £\
14 ) D
chvn

m

(vr) > D}, (v") > cb.
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A.8.2. Some bounds for the score

Lemma A.10. We have

o, (@)] < C,

[D(v —v°)|ym
NG

+C (”D(”o\/ﬁ”*>m2 + 1) . (A1)

Proof. Using assumption (Cond,-), that |[M(j)| < 17 (in (A.10)) and k =

(27% — )17 + 7y, with 7 € {0,...,29* + 16} and jj, € Ny we find as a > 2

F(XT6) = £, (XT6°)| < C

Jm—1

e @< D Y nhller ()]
J=0 keM((j)
1 Y2 /2
SVIT[ oo | D D Immal*2Y > 2742¥
Jj=0 keM(j) j=0

i1 1/2
m

m—1 1/2
< V17|19l (Z |77;knk|2k4> > 27
k=0 7=0

< V3419 |l Clie 15

where with Lemma 5.1 and m € N large enough (m®/n — 0 and r* 2 m)

m—1 1/2
(z m;;w)
k=1

Clmz il <
m—1 1/2 m—1 1/2
< (Z |n*k|2k4> + (Z [ —n*k2k4>
k=0 k=0
< C+m?|(m}, — mm)||
< Cc+ m?r” <c
=" Unep =

For the second claim we bound (A.13) to bound
T T po T T T o
|f’r7(X 0)_.f7]°(X 0 )| < |f'r]7'r]°(X 0)|+‘f7]°(X 0)_f'n°(X 0 )‘

rym

<
~ cpyn

+ x| e oo/ V.
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It remains to bound using that m®/n — 0 and that r* < Cy/m

m 1/2 i 1/2
|.f/n°| < \/1_7 (Z 77024> Z 2(3—4)j
k=1 j=1
O _ a4k 2
<C(||93(U \fv )|l +1). 0
n

Lemma A.11. We have with ;. from (A.1)
l[sim (V)] < CV/m,
and for any v,v’ € T, (r) with < Cy/m(1 + Cpiqs log(n))

5 (0) = 6] < omt/2 2=,
Proof. Note
st (ORI = 1(frys, (X 05,)VE,,. X e(X]07,))l
< |17z, (XS OIXG ] + lle(X] 67,)]]-
Such that with (A.8) and Lemma A.10
sim (i)l < (€ + 1)V34sx 14 [|oo + VIT[[9]locv/m. (A.14)

For the second claim we use that for each j =1,...,75, — 1

ING)| <

{ ke {(2—1)17,. ., 2 4 G+ 11711} (A.15)
ex(X] ') — ex(X[ 0)| V e (X[ 0) — e, (X]0)] > 0} < 34.

Furthermore we always have that

ler (X[ 0) — el (X[ 6)] < 2729|0516 — 6]

This implies again using that o > 2 that =% — 0 for r? < Cm and with
N(j) C N from (A.15)

|Fn(07X0) — f, (X[ 6] < V34(C+ 1)m*?|10 — 0] ||| o5x, (A.16)
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and with the same arguments

le(X;"6) — e(X] 0]

IN

m 1/2
(Z lex (X 6) — ek(XiTel)F) (A.17)

k=1

jm,_l 1/2
V3_4< > 2‘””) 16 — ' [[[|4 [l oo 5x

J=0

IN

< V34m®2)|0 — 6'[[|¢[|oosx,

and
e (0T X:)Vipg Xill < 5% Y |nk — 1 1]/ €407 X)) (A.13)
k=1
j‘n7,71 1/2
< V3d|ln —n'|lsx |1Vl ( > 23”)
j=0

< V34|n —n'|[sx [0 | ™.
Finally similar to (A.14) we have with M (j) C N from (A.10)
| Fr(XT0)| < V340 [|loo (Clypey + 1),
such that
£ (X7 0) (Vg — VP X (A.19)
<[4 oo (Cle + 1)V34Lvs. 1|8 — 6/ 5%
We get combining (A.19), (A.16), (A.18) and (A.17)

< e D@ =)l

Vnep ’

Hgi,m(v) — Si,m (U/)

where we used Lemma A.8 to find that

16— 6"V n—n'l| < \/||9—9’H2+ ln = '] <l =

= P — )]
= \/ECD .

A.8.8. Crude deviation bounds for sums of random matrices

The next auxiliary Lemma relies on a non-commutative Bernstein inequality;
see Theorem 1.4 of [22].
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Lemma A.12. Suppose that h; € RP* are iid random vectors, where p € N.
Define

* 1 -
S, =~ ; hih; —E[hih]],
and B? := E[||h|*]. Assume that ||hi7mhiT7mH = |IM;|| < U € R then it holds

t2
P(|S* | > n~'t) < 2 {——}
(IS5l > n~") < 2py exp AnB? + 2Ut/3

Proof. This lemma is an immediate consequence of the non-commutative Bern-
stein inequality (Theorem 1.4 in [22]). We only have to note that

STEM?] < 20E[||hy |[*] = 2082, O
i=1

Lemma A.13. We have with x < 9n/2 — log(2m) that
1/2
P <||sn|| > c\/ém(x + 1og(2m)) /\/ﬁ) <o

where with ¢ m from (A.1)
S, = En o (U5 )5t (V5) T = V2 (w3)
n niZI ,mM\Ym />, m\ ¥m n mrTm .

Proof. We want to employ lemma A.12. We estimate using Lemma A.11
155, (V3) i, (07,) TI| < Cm,
such that |G ms;|, || =: M| < Cm. Furthermore
Ellss,m (v3,)[] < 6?2,

Plugging these bounds into lemma A.12 we get

t2
P(||S,|| > -1y <9 {— }
(ISnll = n™"t) < 2mexp 4nC2m?2 + 2Cmt /3

1/2
Setting ¢ = Cv/8nm (x + log(2m)) and x < 9n/2 — log(2m) this gives

P <||Sn|| > C\/gm(x + log(2m)) 1/2/\/ﬁ> <e™™ O
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Lemma A.14. We have with x < 9n/2 — log(2m) that
. 1/2
P <||Sn|| > V8C(p* + x) (x + 10g(2m)) /\/ﬁ> <e

where with ; ,, from (A.1)
1 T 1o
$u(®) = = DG @)sin(®) T~ 2V, (0).
i=1

Proof. We want to employ lemma A.12. We estimate using Lemma A.11 and

that r® < Cy/p* +x

I (0)Sim (0) "Il < Bllsim (V3) 17 + Bllim (V) = i (V)2

[Dom (v — vy, [P
n

< Cm +Cm?r?/n.

< Cm+C

such that ||<75,m§i—|,—m|| =: ||[M;|| < Cm. Furthermore
Ellim(vr)II*] < €2 (m? +m®r* /n?).

Plugging these bounds into lemma A.12 we get

2
P(||S,]| > n~1t) <2 {— }
(ISnll 2 n"¢) < 2m exp 4nC2%(m?2 4+ mSr*/n?) + 2C (m + m3r2/n)t/3

1/2
Setting ¢t = v/8nC (m + m*r?/n) (x + log(2m)) /n? and x < 9n/2 — log(2m)

this implies
1/2
P <||sn|| > VAC (m + m®r?/n) (x n 10g(2m)) /\/ﬁ) <o, O
Lemma A.15. We have with
1/2
t = C| Do (v — v')||2m? (x + 10g(2m)> 5/n,

and x < 9n/2 —log(2m)

P(ISall > n™'t) < e7F,
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where with v € T (r) and with §; ., from (A.1)

n

Sn - ﬁ Z(Ci,m(vl) - gi,m(v))(gi,m(vl) - givm(v))—r

_E(§i,m(vl) - <i,m(U))(§i’m(U/) - <i,m(v))—r'

Proof. We estimate using Lemma A.11
||(§i,m(v/) - gi,m(v))(§i,m(v/) - gi,m(v))TH
< ”gi,m(vl) - §i,m(U)H2

[ Pm (v —v)|[Pm?

n

<

With the same estimates we obtain

, Do (v —V)|*
Bl (0/) — (0] < o 12O

Plugging these bounds into Lemma A.12 we get with d(v,v’) Lof 1D (v =)

P(ISall > n™'t)

t2
< 2mexp{- 3
= SMexp 4d(v,v")*Cn=1mb + 2d(v,v’)2Cm3n=1t/3

1/2
Setting t = C||D,, (v — v')[|?\/8/nm3 (x + log(2m)) and x < 9n/2 —log(2m)
this yields

P(||S,|| > n1t) <e ™. O

A.8.4. Conditions (I)

Proof. This follows from D > ¢y Id with Lemma B.5 of [2] where

L [ LR
P T XD A Cp
where we used Lemma A.6 to bound Ap.xD < Cp in the last step. Finally we
have ¢p > 0 as shown in Lemma A.8. O
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A.8.5. Conditions (EDyg), (Er) and (ED1,m)
Lemma A.16. With probability greater than 1 — 3e™* we have (EDg) with

__Vn
I= e+ vm)

V2 = 9202,
and (Er) with

= Vienge (Vi +m*x/vi)
I/r27m = 2 (1 +C (m3/2 + rmz/\/ﬁ) r/\Vn

0a

—
R

.
[

1/2
+C (m +m’c? /n) (x—i—log(Qm)) /ﬁ)
where C(gry > 0 is independent of n,m,x,r.

Proof. Lemma A.8 gives with 4 = V}’{27/||V%2'7H

<V<(U:1)77>]RP* - <~TV IA( )

€)mn.
[Vl
Consequent] using Lemma A.11 e get with p < 7\/6 ith ¢
- Al —w w1 y W1 i,m
q y g g [ c(1+ /m) )
from (A.1) and assumption (Cond,)
(VE(v3),7)
sup logE. exp {u4*
~ERP* ) ||v7rb(vm)7||
< sup  log Eexp {u(3, V! (v, )sim (vr,))ei }
i—1 YERP™, ||7]|=1
< PpFT <Z§zm )Sim (v, )T> Vo (0)y
= PP + PPy TV (0, )nSa VL (0)F
< PPu? + PPk, (A.20)

where

Rn = ?T (nilvm)_l/2 Sn (77471\77rz)_1/2 s

1
2: AV *
glm zm m\Um)-
§ ) n ( )

wn
3
| |
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With Lemma A.13 we infer that if x < 9n/2 — log(2m)
1/2
P <||Sn > CM\/§m<x + log(Qm)) /\/ﬁ> <e™™

Consequently with probability greater than 1 —e™* we find that for n € N large

enough
& 1/2
CaurV8m (x + 10g(2m)>
<1.

Vno?c3, -
Thus we get (EDg) with probability greater than 1 —e™ and
__ n
I+ v/m)

Concerning (Er) we bound using the same arguments as in the proof of Lemma
A18

KEn <

2 _ o2
vy, = 2v°.

Vi (0) "V (Ui )IIP < 141 = Vi (0) " Vi (07,) Vi (0) 71|
<1+¢C (m3/2 +rm2/\/ﬁ) r/Vn.

Thus we get with the arguments from above (€r) using Lemma A.14 with
probability greater than 1 —e™ and

Vienge (Vi +m* /i)
Vi = '172<1 +C (m3/2 + rm2/\/ﬁ> r/\Vn

®

~—~

b
Il

1/2
+C (m+m®c?/n) (x + log(2m)) /\/ﬁ) O
Lemma A.17. With probability greater than 1 — e ™ we have (EDq) with

g &t Vn et 2 2
Crm3/2’ Vnep ?

_ 20,2
m = rem”.

Proof. We get with Lemma A.11, with Lemma A.8 and with ¢; ,,, from (A.1)

2m3/2

2
ncy

D7, (Sim (V) = Gim (V)] < € 1D (v — )l

We get with,
def /M

T Crm?3/2

B vnep'



Finite sample single index estimation 2605

and the same calculations as in (A.20) with some v,v’ € T,(r), v € R?" and
vl =1

7D (VE(v) — V() }]

tog B [exp {“ W Dom(v ]

n T -1 /
7 D (sim (V) = 6im (V1))
< ZlOgEE[exp {/’LEZ UJH'D (’U — 'U/)H ]
i=1 m
2752
11547 _
< (W[ D (v = ")) 72

nyTD! <Z(<z‘,m(v’) — Gim (V) (Si,m (V') — <i,m('u))T> D"
We estimate

51—@;1 (Z(Q,m(”l) — Si.m (V) (Si,m (V') — §i,m(U))T> ngl?—r

=1

IN

1D E [(Si,m (V) = o (V) (S1.m (V) = i (V) T] D + i

IN

B (n72D0) " (@) = (@) + i

where

o = 1 (57 720,0) 7 8 (w20, )

S0 = 1 (6 (0) — S (0D i (0) — ()T
i=1

—E(Si,m(v") — ng(v))(Q,m(v') - ng(fu))T.

To control k,, > 0 we apply Lemma A.15 and we infer that with ¢t = C2,||D,,,(v—

1/2
v)||2\/5/nm3 (x+log(2m)) and x < 9n/2 —log(2m) the set {||S,|| < n=1t}
is of dominating probability and on this set we find

C2, | D (v — 0|2 (x + 1og(2m))1/2m3,/5/n

2
ncy

Kn

C2,v/5m? (x + 1og(2m)) i
v .

IN

W2 || D (v = V)2
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For r < ry < Cp\/p* + x this gives because m®/2/\/n — 0

Kn < CR\/(X—&—log(Qm))p*

We calculate with some (6°,1°) %< (=D,,)"1y

n’YT':D;zlE [(gl,m(vl) - gl;m(v))(gl,m(v/) - gl,m(’u))—r] D;L17T

= E [{[£,(X70) = £1,(XT0)] (X0°)? + £,,-(X0) = £,,-(X"0))}"]

IN

2 [{[£,,(X70) — £,,(X70)] (X6°)2}"]
+2E [{ Fue(XT0) — f,,o(xTe’)}g} .
We estimate separately
E [{[£,(X70) — £,,(X70)] (X"6°)*}’]
< 25y (E[{#,, X701 +E {1, (XT0) - £,,(XT6)}] ).

We again estimate separately denoting v = (n —n')/||ln — n’|

E [{f’nﬂ,/(XT@)}ﬂ = n—n'172> > (1 = Limt/2nvElejer (X 6))],

k=1 1=k

We have with [ = 271 + 175, — 1+, € Nand k = (2/* — 1)17 + r, € N using
(A4)

Eleje)(X'0)] < 1762 [¢']|3,2" 11,1, 20. (A.21)

This implies

1 , 2
ek [{fn—n' (X70)} }

m m

=33 (1= Limt/2)nviEleje; (X 0)]

k=11=k

Jm 27417—1

1/2
< 17¢||]y’ HOOZ%W’“ (Z > 25 an (20— DIT 4, k))

j=jr 1T=0

. 1/2
m Im
< 17C||¢/Hoo nyijk (Z 9241 rQ(ijk)17—|)

k=0 =i
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) 1/2
m Im
< VIBLTCY oo w2/ () 2%
k=0 J=Jk
< 18%Cm?. (A.22)

Furthermore

NE
NE

[{f (XT6) - f’,]/(XTG’)}Q} =2 (1 = Lpmt/2)4m}

>
Il
—
~
I
>

E [(ef(XT0) — e} (XT0))(e)(XT0) — e(XT6))].

With (A.6) this gives
E[{£iy(X70) — £, (X70)}]

m m
< [0 — 0/|Pcllv” |2 sk 1722 3 220 S mi2% L 1 ey
k=1 =k

< |6 - 6'|*cllv"||3sx 17%2

m m 1/2 m 1/2
1 2

Z%Qm < n k4> (Z 1{Imrz¢@}> :

k=1 =k

=k

As always

r < Cv/p*(1 + Cias log(n)),

implies rm?/\/n — 0 such that

m 1/2 1/2 m 1/2
2 * *
(Zni k) <Z?7 k) n (zmz nmw)
1=k =k

2(1 = Cjgep)»
which gives using (3.2)

IN

IN

[{f (XT6) - f’,,/(xTe’)}Q}

< 10 = O'[*(1 = CppyeCIIY" ||Z05% 177/ 24m Y~ 2594/,
k=1

Repeating the same arguments gives

2
[{f (XT0)— f,,(X"6))} } <10 = 0 2(1 = Cppe )" |2 5% 1734m3/2,
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such that
E[{[£,(X70) ~ £, (X6 (XT0°?}°] < om?llo— o[> (A.23)
Finally we can estimate
T T\ 12
E[{f1e(X70) ~ £,,-(X70)}]
=2 > (1= Lemt/2)mp0}

k=11=k

E[(ex(X70) —er(X70))(es(X70) — e/(X0")].

Using (A.5), that |9°]| < 1/¢p and very similar arguments as before we find

E[{£,0(X70) = £, (XT0)}] < 110 = 0/ 2C] " |2%17%/4m* . (A.24)
’D

Putting these bounds together gives

1y "D E [(61,m (V) = 61m (V) (61,m (V') = 61 (©)) T] Dty T
< Clem,ym’ | Dm(v — V)| 202,
This yields (ED4) with

2 _ 5202 2
Vim = V' Clgpym”. |

A.8.6. Condition (Lo)
Lemma A.18. The condition (Lo) is satisfied where

C {m3/2 + Cbiasm5/2} T
C@\/ﬁ '

Proof. We will show that D2 (v) — D2, (v},)|| < ¢40(r), which will give the
claim due to

5(r) =

_ _ 1 .
Hpe = Dy Vi BL ()] Dy || < —-[[ D7, (v) = Dr (v7)-
D

We represent

—V2.E[L(v)] € D2, (v) = nd2, (v) + nrl, (v),
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o= 40 )2 (20 )

r2 (v) =E

m

(Fax70) —gx0) (2(0) P )]

vg(v) = 2f7(X0)Voy X(X) Vg
+ [ (XTOPXT V06 [X, -, ],
bn(v) = VPeXTe' T (XT0),

such that
102, w) ~ D3 i)l < = (IDP(0) ~ D25 + 2 A (o) — A (0]
+HHE, (v) = H, (w5l + (175, (v) = Ti(vi‘n)ll)7

so that we can calculate separately

D) = D23l < B {1((£5)7 ~ (£ )X TO)
(e POCT0) = (e (X765,

+2|(f7: )2 (XT6;,)[[IVe(6) "X ~ VGP(@*m)TXII}L

Using Lemma A.10 we find
(75, ) (X7 O VE(XTO) — VE(XTO;,)| < [|¢']|c(C+ 1)V2Lya 0 — 67,

Furthermore we have with M (j) C {1,...,m} in (A.10)

E|(fp = £ )XTO < I — my i [Elef, (X7 0)] (A.25)
k=1

Gm 1/2
< Cpxo ¥ lIm = m |l (Z 2“|M(j)|>

k=1

< Clm =y [l oo
This implies using (A.14), (A.25) and (A.22)
E[((£)2 = (£ ))(XTO)]
<E[|F,(XTO)|+ |y (XN~ F )XTO)]

<E[(1(Fy — £, )XTO) + 21 F5. (XTODI(Sr — 1 (X O)]]
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E[I(Fy = £1: )XTO)F] + 201 (€ + DVIEI (£, — £ X))
< ¢l (2||w'||oo<c+ 1>ﬂ+c%) mln =5, = Cmlln =5,

where we used % — 0 for r? < Cm. Finally we derive with (A.16) and (A.14)

(£, )2 (XT0) = (£7, )2 (XT67,)]]
< (I frs, XTOL) + 117, (XTO)DIf7, (XT0) = e (XT07)]
< V2 |oo (C+ D2Vml[Y" [l osx 16 — 67,

Collecting everything yields with some constant C > 0

vp||
'HL N

1

EIIDQ(U) —D*(vy,)|| < Cmllv -
Furthermore
1 2 2 *
- [ Ho (v) = Hy ()l

= sup ZW lerei(X70)] — Elexe(XT05,)]) L1,nz, 20

~ER™
k=1
H =1

m m

sup ZZ%%E (ek(X 6) — ex(X'6;, ) el(XTO)] Lnano
VER k=1 1=k

I /\

+2 sup ZZ%%E ek(XTB )(el(XTH) — el(XTG:;))} Lr,nr0-

~vER™
k=1 1=k
HII1

Using (A.7) and (3.2) this gives

ZZ’W{WE ex( X 0) —ek(XTO )) el(X 0)] Lnnnczo
k=11=k

m m
< (10 = 6, 11 [15%17C >~ w2 Y wlnr, 20
k=1 1=k

< 16— 67,1114 | s%17°/2Cm,
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and with similar arguments

>

k=1

Y E [(er(X70) — e(X76;,)) ex(XT0)] 11,n1, 20

I

IA

16 — 671114153 17%/2(C + [ oo )

Consequently with some constant C € R

1 Cm

LI ()~ B2, (0] € 2D (= v, (4.26)
Again with some constant C > 0

241/2
HlAn®)  An(wp)l < 0 ([ | £,0XT6) - £, T o)

e[ Ive(®) - va)*] "
+]E{ le(X]6) - e(XlTe’;n)HQrm) .
Note that using (A.24)

E[[le(X]0) — e(x7 ;)]

a2
< sup E{{f (X76) - fno(XTOm)}}
n°er™
In°ll=1
< 16 — 6, 17Cllv||2, sx 17%/ 2 4m?.

Using (A.23) this yields
An(®) ~ An(@3)] < omljo .
Finally we estimate the fourth term.
172,0) ~ i)l < EF,(XT0) ~ fr (XTO)IVA@I] (A20)
VB[S, (XT03,) — oK)V, (v5,) — V2 (0)1]
We estimate separately
EI1£,(XT0) — Frs, (X051 (V2) )]
< B\, (X70) ~ £, (X030
FEI£,(XT0) ~ £, (X703 b ()]
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To bound the first term, first note that again using the wavelet structure

[ (XT0)| < [fr_pe (XTO)|+|fr (XT6)]
m 1/2 1 1/2
< V34)Y || (Z(le nfnk)2> Y2 G
k=0 Jj=0
5/2

< V34|[Y" || o || Dom (v — v LI H ,
< V34" oo [ D (v vm)||CD\/ﬁ+ 1575 Tloo

which can be treated as a constant as m®/n — 0. Furthermore using (A.14) we
have for any ¢ € RP~! with ||| =1

11 £7(XT0)* V224 [X, 0, Jl|ze < 3410|135, CFy. 5%V Py, [loo-

To control E|[b,,(v)|* we use (A.21) to bound

E[lb(v)]* < sk S Eef(X6)”
k=1
1720 |2, 3 2%
k=1

s2172C2||¢'||2 m3. (A.28)

IN

IA

This implies for the first summand in (A.27) with constants C,C" > 0 large
enough

Ellf,(X70) = £, (XTO5)I1V% ()]
< (BI£,(X70) ~ £, (XTO)P)

FE[|f s, (X70) = £, (XT6;,)[2]/2) Cn/2

IN

cm®?|lv — v, || + Cm*PE[| £,(XT0) — £, (XT6)]'/%.

We estimate using (A.26), rm3/2/\/n — 0 for r < ry and constants C,C’ > 0
large enough

< = () = B @520 = mi) ] + =M (00— i)
L 2 v) — 2 ¥ 1/2# L v* ¥
< (Rl )~ BRI ) (i)~ )
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<[ 1) g

[P (v — w5,

m(v = vy,

< \/_c
We also find

|f17;‘n (XTB) - f’r]jn (XT0:1)|

m Y2 /) om 1/2
(Z(n%)ﬁkm) (Z ek(XTOTn)IQk‘Qa> Lys| X0 — 65,
k=1

<
k=1
< 2V34C) . | V2Lvasx|[1 |0 |0 = 67, -
Consequently
T T M2 Ccm?/2
Ellf,(X"0) = fp. (X 6V ()] < Jren Do (v —vp)|l-

Furthermore using that [f,. (X765 — g(X)| < Chias

E[| £, (X70},) = 9|V}, (v7,) = Vo (0)]]
< Coias (Ell|vg(v7,) — v3(v)ll] + 2E[||bm (v];,) = b (v)]]) -

For this we estimate with some constants C; that only depend on ”VQQ)B?" ,

Clirs lloor CllEL oo €EC:

[v3(v5,) — v ()]
< |12£7(XT0) VDX (X) T VPg — 2£7. (X 6,)VP4. X(X) Ve

H s, (X0, PX VB, [X, -, ] — [ f,(XT0)PX T V2 [X, -, ]|

A

Cu (11, (X0, = 1 F5(XTO) 2| + Cal £y, (XT0,) = £(XT0)]
+C3(|0 — 6, |-

With the same arguments as those used for the bound of | D?*(v) — D*(v},)||
E (17, (XT0;,)2 = | £,(XTO)| < cmlfv - v}, .
Furthermore
o (XT07,) = F(XTO) < |7, (XT6,)— fr. (X76)|

+Hfrs (XT0) = £1(XT0)]
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Using (A.15) we estimate

|f'/r;;‘n (XTO:n) - .flr;;“n (XT0)| S Cm3/2||0 - O:in,Hv
and
i 1/2
e (XT0) = Fr(XTO) < VITIn—n7|| | D2 <cm®26 -6,
j=1
Furthermore

E[|[bm(vy,) = b (v)[]] < CE[le(X70) — €' (X" 6;,)]
+CE[|l¢ (X7 6;,)I1°]/2(16 — 67,I-
By (A.28) we have
Ellle’(XT6;,)IIPI/? < 170||¢||cm™ 2.
Furthermore
Ele'(X"0) —e' (X6}l

m

E[lle'(X70) - e (X052

IN

. 1/2
- (ZE[(e;(XTO)e;(XTOi‘n))QO :

k=1

With (A.6) we find

m 1/2
Elle/(X"0) — &' (X760l < [[v"]|oosk17]6 — €] <Z 24]"“)
k=1

< [9"[locs%17]16 — 6'||m®/.
Together this gives
E[fp, (X767,) — g(X)[[V}(v7,) = Vi, (0)]l]
< Cm3/2||v - Hp*U*H + Cbiascm5/2~

Collecting everything we find

1
~[[D2,(v) = D2,(v3)| £ —=— {m™% + Chiaem®2} [ Dyn (v = v},

_c
Vnep
Such that

G {2+ G}

C@\/ﬁ

o(x)
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A.8.7. Condition (Lr)

Before we start with the actual proof we cite the following important result that
will be used in our arguments.

The next result is a variant of Theorem 4.3 of [15] and is the key tool of this
subsection.

Theorem A.19. Let for a sequence of independent X; € X for some space X

Fv)=Y" fi(v,X;) —e,v €T C R
i=1
and assume that with r > rg > 0, Yo(r) C T and xv : [0,2b] — R defined in
(A.29)

E sup (Pn - P)Xb(’u) S Cx7 ]P(e > Ce) S Te,
vEY,(r)°

QE) = inf P (fi(v, X)) br?/n) > 0.

Choose
0<A<(Q(2p) —2/n—2C,) /4.

Then for > > C./(Ab) V r§

P ( ¥1£ : F(v) < )\br2> <exp{—nQ(2b)*/4} + 7.
veEY ()

The auzxiliary function is defined as

0 t <wu;
V) =t/u—1 teu2u; xo)i < x(fiw)). (A.29)
1 t > 2u;

Remark A.7. The proof is nearly the same as that of Theorem 4.3 of [15]. The
set 7, (r)¢ C RP" is neither star shaped, nor convex but one can still use the
same arguments.

Now we can start with the verification of (£Lr). We point out that in this
Section we will distinguish @ € S?'* and pg € Ws with @(pg) = 0 from each
other. The result is summarized in the following Lemmas:
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Lemma A.20. Assume the conditions (A). Then for n € N large enough
there exist ¢(qy,c(cr),C > 0 such that with probability 1 — exp{—m?’x} —

exp {—nc(q)/4}

— inf  E[L(v,v%)] > conr?/2,
el B o] > e

as soon as r* > C(m +x).
Proof. We will proof this claim using Theorem A.19. First note that we have
with expectation taken conditioned on (X) = (X;);=1,...., C R? and using (1.9)

—Ec[L(v,vp,)] = —E[L(v,v;,)[(X)]

m

S 1F0(XT0) = £, (XTO) = |£,, (X]6;,) — £, (X 67)]
i=1

> 3 |1£2(XT0) = £ (XTO)2] = nEllf . (X[ 0,) = £, (X677
i=1

0 |(Po = P) |y (XT05) = £ (XT07)2].

We define
= nE[| £, (X]6),) = £, (XT67)]
1 |(Po = P)| £ (XT05,) = £ (X762
such that
~E[£(v, Z Fo(X70) = £,-(X]69)" —e,

This hints that Theorem A.19 gives the desired result. Consider the following
list of assumptions:

(1) With some € >0

nE[|f,, (X76;,) = f,- (XT6)%] < 3(2+0)r™

1th probability 1 — exp { —m°x; and a constant Cy~ >
2) With bability 1 3 d s> >0

n|(Po = P)If s, (X76;,) — £, (X707 < C5,
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(3) For some b > 0 and for n € N large enough and r > \/m

Q(2b) (A.30)

def . T R ,
= f P T0)— f . (X >
(H,W)Iélfo(r)c [<‘f"(X1 0) = fn-(X; 0 )) 2> br /n} > 0,

This means that in terms of Theorem A.19 under assumptions (1), (2) and (3)
we have C, < 3(2 + C)r*? + Cy and 7. < exp {—m3x}. We prove assumptions
(1), (2) and (3) in Lemmas A.22, A.23 and A.24, which will give that C. <
Cpm +3(2+ C)r*? with probability greater than 1 — e~™* and that Q(b) > 0 for
a certain choice of b > 0 small enough and for r > C/m with some constant C.
Lemma A.21 completes the proof. O

Lemma A.21. Under the assumptions (1), (2) and (3) we get

inf  —E[L(v,v)|(X)] > Abr?
vEY,(r)°

with probability greater than 1 — exp {—mgx} — exp {—nQ(Qb)2/4} for

r? > (3(2+C)r** + Cy)/(Ab) V Cm,

D<A (Q(%) —2/n+cC %) /4,

for a constant C > 0 which is a function of ||1||cos [|¥]ccs % -

Proof. This is a direct consequence of Theorem A.19. It remains to bound using
the proof of Theorem 8.15 of [14]

E| sup (Pnﬂ))xbw)] gE[sup(Pan)xb(v)] (A.31)
vET, ()¢ veTY
< 2°E \/6{1+1ogN(<:;f,L1<Pn>>} s

where N (6, F, L1(P,,)) denotes the §-ball covering number of F def {xp): ve
Y’} with respect to the norm

1 n
17ll, e,y = Palh(X)] = — > (X)),
=1
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The universal constant C* > 0 comes from Lemma 8.2 of [14] (C* = K (exp(x?) —
1)). The function xy : 75 — R is defined via

0 t <
_ def _ "
Xu(t) = Qt/u—1 teu2ul; xo(v)i = Xp(|Fn(X{0) = foe (X 6%)).
1 t > 2u;

We want to bound the right-hand side of (A.31). For this note that
log N(6, F, L1(Pr)) <log N(6/(L(Py) V1), T, | - [|2),

where

v) — v°
L= ap D) =0y
v,VOET [v —v°2

We estimate using that we have diam(7,,) < Cy/m
IXo (V)i — xo(v°)i]
< [f(X[0) = frpo (X 0°)

+2/(£,(X]0) — £,,0(X]0°)(f,(X]0) — £,-(XT0%))]
<2/ f e (X O) 42/ F,0 (X[ 0) — f,0(X]6°)

+\/2|fn—no (X702 +2|f,0 (X[ 0) — 0 (X[ 0°)2
|fn(X]0) = £ (X767

< 2|l = n°[Pmllv% + 2010 — 0% sx2m? ¢ |5 In° |

+\/2H17 —n°lPPml|l% +2(10 — 6°|[Zsx2m?|[ ¢ [I3 [[n° ]2
V[ ¢llee (Inll + [ln*(1)

< cm?|lv — v°|| + Comt|lv — v° %

But note that by the triangular inequality we also have |xp(v); — xu(v°)i] < 2.
This gives

IN

v) — v° 2
sup HXb( ) Xb( )HLI(Pn) sup A Clm3 + C2m4||'u . ’UO||2
v,0° [v—ve|2 ve \ v — 002

= Cgm?’.
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We infer setting § = /p*/n

+0

\/6{1 +1og N(6,F, L1(P,))}

n

+0

< \/6{1 +1og N(0/(L(Pn) V1), T |- l2)}

n

\/6{1 + log(Cm3) + log(1/6)p*}

n

IN

+9

IN

p*/n

Cl\/log(p*) +log(n/p)p*/2

n

log(n)p*

n

IN

Co

The claim follows with Theorem A.19. |

It remains to prove the assumptions (1), (2) and (3) which we do in the
following three lemmas.

Lemma A.22. We have for some C > 0
nE[|| £, (X705,) — - (XT07)°] < 32+ C)r*

Proof. We find with the Taylor expansion, Lemma A.2 of [1] (which is applicable
because it only needs (Lr) for the full model and with center v* € 7)) and
Lemma A.6 with some 8° € Conv(6;,,0")

nE[| £, (X7605,) = £ (XT07)|7]

IN

n (E[Ilf,,* (X76;,) = F (X672 + E[||f,,¢n_,,*<xTe:@>||21)

3 (ID(6°)(05, — 6)|I* + 1 H(vy) (m, — 7))

m

IN

IN

(
3((1+ 11— D~2aD (€)D" |D(6;, — 6°)?

(U 1T = M A (g 1 ) [y, — £9)I1)

I /\

324 1= D7/20D(0°)D 2] + |1 (v, )1

1D (v, —v")|I?
< 3(24C)r*>. O
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Lemma A.23. We have for a constant C > 0 that only depends on ||¢| o,
”7!]/”00 CL’I’Ld Sx2 that

P (n|(Pa = P)|f,, (X76;,) = £ (X707 2 CVE) < exp {-m’x}.

Proof. We want to use the finite difference inequality. As above define

- def * *
f : ®Rp — R7 f(Xla-- -7X ) =P |f'r] (XTem) - f’r]*(XTO )|27
i=1
and note that for any ¢ = 1,...,n and any alternative realization X} € R

nlf(Xy, . X, X, X, X)) — (X, X, X X, -, X))
< |fe (X7 05,) = £ (XTOO)2 + £,y (X[ 07,) — g(X5) 2.
‘We have
| Fs (XT03,) = £ (XTO)? < 3], (X]O)2
3|, (X 0%) = £, (X 65,

As in Lemma A.11 there are constants C,C’ such that

2 2

m

Z nk m ek(XTB* )

I /\

+3 Z nier(X; 6;,)

k=m+1

|.f'r]*—17jn (X;r0:1)|2

m

Z (X 6:)

k=1

| /\

)L™ = |1 + C(k7)

Jm
S [ = |2 + ek
j=0

IN

IN

Cm|| m™ — 7, 1 + C(K7),

where C(k*) < Cm ™29+, Furthermore again as in Lemma A.11 there are con-
stants C, C’ such that

m 2
£ (X 07) = Fre (X032 < | i (ex(X[07) — (X[ 6,))
k=1
jm i
< o 2233—2(1 ||0* _0;“2
§j=0

IN

cle o,
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This implies with Lemma 5.1 and constants C;,Cy > 0

* * m * —2« —
[frs, (X7 65,) = £ (XTON)? < €y (n— fm? “) <cm™.
D

Note that r*?m/n — 0. This gives with the bounded difference inequality (The-
orem A.1l) that

P (n ’(Pn ~P)|f,. (X76},) - f,,*(XTa*)P’ > tCm’?’) < exp{—t2}.
From this we infer with t = m3,/x — oo
P (n ’(Pn ~P)|f,. (X76},) - f,]*(XTO*)F‘ > CQ\/E) <exp{-m’x}. O

For a set A C RP we denote by A(A) € Ry its Lebesgue measure and define

A, sup< A >0: Rin“f | 1IP’ (J{v,e(XT0))| > A) >3/4 . (A.32)
veR™ ||v||=
ocstt

Remark A.8. \. > R in (A.32) is strictly greater 0 because the basis functions

are linearly independent and we assumed the distribution of the regressors X
to be absolutely continuous with respect to the Lebesgue measure.

Lemma A.24. Denote the cylinder

def _
Coay(@o,y0) = {(2,y,2) ER* X RP™% (2 — 20)” + (y — y0)* < p°}.

There is a point (xq,yo) € R? such that Q(2b) in (A.30) satisfies
1
Q(2b) +3e™* > 5 N oA (Bn(0) N Ch,e,y(0) N Byy (0, 0, 0)
1 {(w0) € B2 signGun)y > sien)h2) ).

for 7= Xe/(8Ly-sx) and

2 2
A2¢2 TC/*h
2 = (1—p2>< = ) 2 ,

32 4p7T2$§(||px||gOCHn*”

and for

rZ\/E)\e (l_p).
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Remark A.9. The constants h, g, >0 are from assumption (Condxg-).

Proof. We have to prove

br?
inf P XT0)— £ .(XT6%)) > 2 . A.
Lt B (£ (XT6) ~ £ (XT00) 2 P S0 (A)

We carry out the proof in two steps.

1. Before we determine b > 0 that allows to prove (A.33) note that

1D (v = vp )| = Do (- 0™ = 3| < [ Do (v = Hpe0")|
<D (v = vp )l + [ D (e 0™ — 07, ).

Slightly modifying Lemma A.3 of [1] with 8 = v gives

I D (e v* = w3 < (a(m) + 7(m) +26(26%)* ) © 22 (m),

where due to Lemma A.6 and the definition of r* > 0 in Lemma 5.1

£ < cyim, a(m) = ¢ (m= 2 4 Cigum @) Vi, r(m) < om =22

With arguments as above we find that r’(m) > 0 is neglect-ably small for n € N
large enough. We have with some small € > 0

(1= Dm(v = vp)II* < [Din(v —v)|? (A.34)
< (146D (v — vy

Assume that n € N is large enough to ensure that € < 1/2. Then we find for
v € 75(r)¢ and with Lemma B.5 of [2] and (A.34) that

[+ [ Hon (0 = 1) * = (1= p)| D (v — ") = (1 = p)r?/2.

ID(ve — ve-)

2. Now we show (A.30). We treat two cases for (pg,n) € RP~1 x R™ separately.
The first case is that [|D(¢e — g )[|> < (1 — p)r?. In this situation we can use
the smoothness of f,. and f,. to determine b > 0. In the second case we use
the geometric structure of

(f(X76) = f,.(XT0)) >0,

to obtain a good lower bound.
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|? < 27r% In this case we simply calculate and find

Case 1: [[D(pe — ¢o+) 3
fn(XT8) = f- (XTO)[?

> [fn(XT0) ~ fp (XTO)

=2/ (X70) = £, (XTO)||f - (XT6) — fr,. (X767

> [fn(XT0) = fp- (XTO)° —2|f,,(X76) — f,,.(XT0)|Ly-5x 160 — 67

Now
[Fn(XT0) = £ (XTO) 2 | £y (XTO)] = |F(0.0r)(XTO)].
We find with probability greater than 3/4
[Fon-(XT0)| = [(n— 0", e(X70))]
2 [[Hun(n = n")[[Ae

1
Z r>\e§ V (1 _p2)7

where

de @supdA>0:  inf  P(|(n,H,le(XT0)>)\) >3/4p,
neR™ n|l=1
ocsrt

which is larger 0 because the basis functions are linearly independent and we
assumed the distribution of the regressors X to be absolutely continuous to the
Lebesgue measure. Remember that by Lemma A.6

||H71’I’{2K’* ||2 < (17”pr9*

1 _
Gl + 1TV Ly [l ocCF 4 ) rim ™2

def
= Cim.

We use the Markov inequality to obtain

O e

T\ |2 m
« > — < .
P(Lf(o,;-: )(X 0)| —4Cnn) > 1/4

4cZm  —

This implies that with probability greater than 1/2 =3/4 —1/4

1 m
Ae=1/(1—p2) —4C.1/ —
eV (1-p?%) Vo

VTP
- 4\/ﬁ r’

Vv

fo(X70) — £ (XT )]
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for

4C,,
r>ym———
Ae/(1=p?)
We still have to account for the summand L, sx /@ — 0% via

*SX

L T(1—p?)
L,-sx||60 — 6% < —
poxllo 6] < PV
This gives for the choice of 7 = Aecp /(8Ly-sx)

|£(X70) = £ (XT0)| — 2Ly 5x 16 — 67|

> (% _ Ln*j;(ﬁ) ({/—ﬁpz)r

_ )\eC’D (1 - p2)

8v/n
We obtain in case 1 that Q(2b) > 1/2 for

aer (1—p?)AZch
2b =

/n 32n
Case 2: 37(1 — p)r? < ||D(ps — po-)

* < V2D’
Take some f : R — R with f/ > ¢ and some (o, 3) € R? with o? + % = 1.
Furthermore take any g : R — R. We are interested in determining

def .

V(r) = inf A(A(T)),
FEC'(R), f'>c,

g R—R

{(x,y,z) € RQ X Rp_2; ‘f(Oé-T‘FBy) —g($)| > T}
ﬂOp7x7y(O) n BSX(JZQ,yo,O) C R2 x RpiZ,
Cpay(@oy0) = {(2,y,2) € R?

X RP7% (2 — @0)” + (y — 0)* < 0},
where for a set A C R? we denote by A\(A) € Ry its Lebesgue measure. For this
observe

> cBy + fazx) — g(z)
flaz + By) — g(z) {< cBy + flazx) —g(xz) B<O0.

Consequently for fixed x € [—p, p] we have |f(az + By) — g(x)| > pBc/2 on the
set

{y € [—Vp? — 22 V/p2 — 2% : |cBy + flax) — g(x)| > pBe/2},
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which always is of a length greater A([—+/p? — 22, \/p? — 22]\[-p/2, p/2]). Ad-
dressing the way a centered cylinder intersects with a shifted ball this gives
that

V(pBec/2) = A(Cpay(0) N Bsx (20, Y0, 0)
N{(z,y,2) € R? x RP~2,
(z,y) € R*: —sign(yo)y > — sign(yo)p/2})
> A(B,4(0)) > 0, (A.35)

for the ball By,/4(0) C RP. Now we can prove the claim. For any (8,n7) =v €T,
with [|@]| = 1, we can represent 8% = a6+ 36° with some 8° € 0+ with ||0°| = 1
and o? + % = 1. By assumption (Condxg-) for any (6,1) = v € T, there exist
constants cg, cpy, h > 0 and a value (zq,y0) € {2% + y*> < sx} C R? such that
for (x,y) € {(z —x0)* + (y — yo)* < h*} we have |f}.(z)] > cp and px > Cpy-
We can estimate using (A.35)

IP’{ (fo (XT6%) = f£,(X76))" > c},h252/4}

> it P({X € Brl0)) N X € Chylan o)}
feC'(R), f'>0,
g:R—R

A {If( + By) — 9(@)] > cf/hﬂ/z})

\%

> Cpy . inf A <BSX(—I0, ~%0,0) N Ch,z2,4(0)
fFECH(R), f'>0,
g:R—R

A {If (e + By) — g(2)] > cf/hﬂ/z})

= ¢px V(hBey /2) = M( By 4(0)) > 0.

We need to express 8 > 0 in terms of r > 0. We can use elementary geometry

to obtain
B = sin (2 arcsin (M)) .

Using that sin(2«) = 2sin(«) cos(a) this yields

_ (110 =07\ [l6 -6
B = cos <arcs1n < 5 5 .
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Now as ||@ — 6*||2 < 2 we get

B > cos <arcsin (%)) |6 —0| = %

Furthermore for any ¢g, pg € Wgs we have with (A.34) that

2 T
————[ID(po — po-)|* > ——-1°.
pr?||D?| pr?||D?|

. 2
16— 671 > —5lve — po-|* >
pT
With Lemma A.5 this implies

i
5> r*/n
2pm2s% || fx |12 Cipe )

Combined this yields that with

Tc%, h?
2b/n déf 2.9 ! 2 )
Anpm? sk [[Px 13 Clm
it holds
T T g*\) 2 2
P{(f(XT0) = £,,.(X767))" = 9bx*/n
> e A(BY )M (Bi(0) N {(z,) € R? 1 [y| < h/2}).
This gives the claim. O

A.8.8. Proof of Condition (Lr) with modeling bias

We show the following Lemma

Lemma A.25. We have with some C > 0 and with r° > 0 from (5.2) that

P swp [BL(007) - BE(,v)] 2 VaT P Cog0r) + g ) < ¢
vEY, (V/nro)

Proof. We bound

sup  |EL(v,v*) — EL(v,v")|

vEY (Vnr®)
<n sup |(Pn- P){ (9(X) = Foe (X 69)) = (9(Xs) — £, (X[ 0))° H
vEY, (vnr®)
<n s [P =B {£,(X]0) - £,.(X] 67}
vEYo (v/nr®)

+ncbias sup ’(Pn_P)|f’r](X:0)_‘f’q*(X;r0*)H
vEY, (v/nr°)



Finite sample single index estimation 2627
Furthermore
1) 2 *
{Fa(X]0) = f,-(X] 0} < [£,(X]6) — f,.(X]6")

(15 o+ Cry/m/ V).

Thus we have

sup  |EL(v,v") — EL(v,v")|
veEY, (V/nre)

oo + ||.f7]jn oo +Cro\/%>

e, (Vire)

S n (Cbias + ||.fn*

Define ¢x(v) < (P, — P)|f,(X/0) — f,-(X]67)|. Then we find using that
r® < Cy/p*log(p*) +x

sup B L(v,v*) —EL(v,v*)] < nem®?  sup  |¢x(v) — Cx(vY)].
vEY, (v/nre) vEY (Vnr®)

We want to use Lemma A.2. Define 7y = {v*} and with r; = 27*r with r > 0
to be specified later the sequence of sets T} each with minimal cardinality such
that

YmC |J Br(v), B:(v) e e, |D(W° —v)|| < 1)
veTy,

We estimate for an application of the bounded differences inequality
{ (X7 0) = £y (X[ O] <1 Fr—mylloo + 1 7106 — 6]

We have

m 1/2
[Fallee < [l sup ( ei(x)2> < VIT||¢llvmez/ v/,
k=1

z€[—sx,5%]

m 1/2
I F-mlloe < llm=n'll  sup ]<Z e?f(ﬂﬁf)
k=1

TE[—8X,8%
< VAT [m®2|lp = 7|
Consequently again using that r® < Cy/p*log(p*) + x

{F£0(X70) = £, (X7 0)}] < Com® o — ||
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This implies with the bounded difference inequality for any vy € 7%
P <n inf [(x(vi) — Cx(Vi_1)| > tC¢m3/2rk—_1) <e .
Tk,1 CD
Define r & (1+/3\/§) then we find

P (njnf 6x(01) — Gxlorn)| 2 om 21 - 1) ) <t

I7%] < exp { (10g(2)/<: +1og(r°) + log(n) /2 + 3log(m) + log(1 — 1 /\/5)) p*} .
Set

T(n,m) def log(r®) + log(n)/2 + 3log(m) + log(1 — 1/v/2,

4 def Vx4 1 +1og(2) + p* (log(2) + T(n,m)),

then we infer with Lemma A.2

P ( sup  |EL(v,v*) —EL(v,v%)| > Ct)
vEY, (\/nre)

IN

Pozsw mﬂwgwwzmmww>
vEY, (/nre)

< Zexp {p* [(log(2)k + T'(n,m)) — 281 (log(2) + T(n,m))]
k=1

—2F1(x 414 10g(2))}

< e %, O

We have as in the proof of Lemma A.2 of [1]
—EL(v",v}),) = EL(v),,v™) > EL()-v", V") > —r*2 (A.36)

Combining this lemma and Equation (A.36) with Lemma A.7 and Lemma 5.2
we find for | D,,(v — v%)||> = r? > 2r*’that with probability greater than
1—2e7*

2

—E.L(v,v%) > br?/2 — /x + Cp*[log(p*) + log(n)] — r**.
Consequently we get for r that additionally satisfies
r? > \/x + Cp*[log(p*) + log(n)] /b V 2r*?,

that def
—E L(v,v}) > br?/4 = bye.r.

Finally observe that by definition £(v,v},) = L, (v, v5).
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A.9. Proof of Lemma 3.1

Proof. Note that with the definitions and with some v € X5, o(r), 7o € RP”
with [l =1

1D V(E — E)[Lm(v5,) = Lm(v)]]

< sup  [DLME - Eo) [V (v)] D x
VEY 1 0(x)
1 _ .
< [(E—E.) [D;,,' V2L, (v5)] |

vnep
+ suwp (B -E.) [D, ([Viem(v)] = [V2Lm(vy)]) D[ r

m
VEY 1, 0(x)

For the first term we obtain with Lemma A.31 and with some constant C > 0

P <ﬁ”(ﬂ£ o EE) [@71V2Lm(’vfn)} ||I' > C\/mr/\/ﬁ> < e ¥,

For the second term we can use similar arguments to those of Lemma 5.2 to
find with some constant C > 0 that

(| o 28 (05 (90 )] - [F*2ntoi]) 5]

> cyxtprl 1og<p*>/¢ﬁ> <o,

Adding log(2) to x in the above bounds we get the claim after increasing the
constants appropriately. (|

A.10. Condition (bias") is satisfied

Lemma A.26. Under the conditions of Proposition 2. condition (bias") is
satisfied.

Proof. 1t suffices to show that
Cov(Ve (£i(vy,) — (V7)) =0, Cov(Viy,, . ..nm) Li(vy,) —Li(v*))) — 0.

m

We calculate
| Cov(Va (ti(v;,) — i)
<E| (£, (X]6;,) — f1,-(X]67)) V(8) X,
< SKE fp (X7 05,) = £ (XT 0]
< 4% (Elfys, - (XT O +Ellf, (XT63,) = £1. (X7 67)]2)
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el 2 m—1 2
< 4s% <Z 1€ o (1, — ?72)) +4sk (Z ||6Z||ooﬂi‘nk> 167, — 6”1
k=0

k=0

We estimate separately

o] m—1 o]
D lelloo (M =) < €l o (Z E2 (g — i) + k3/277}§>

k=0 k=0 k=m
- 12, o 1/2
* * —2a— a, x2
el (<l (S a) (3 o)
k=m k=m

1 * *
< CllY [loo (mQEHDm(Hp*U — vl

00 1/2
+V/a—9)/2a 1) <Z k2“m’22> )
k=m

The last term tends to 0 because of Lemma 5.1, because m?r*/\/n — 0 and
because ), 2%],1‘2 < 00. Furthermore we get with similar steps

m—1 m—1
<Z ||€§c’||oonfnk> 167, = 671 < 119" [loc 167, — 67| <Z k5/277?nk>
k=0 k=0
m—1 V2 ym—1 1/2
<[ o167, — 67l (Z ’f2"_5> (Z kQanZ)

k=0 k=0

m—1 2
1
k5 D(v* — v*
o (; ) D" — 3,
* * 1 * *
< 14l = 1 { Gl + D, (0" ~ )1}

1
I g 119"

< ||Dm<Hp*U* —vp,)
1 * *
+— m3||Dm(Hp*'U _Um)”QHl///Hoo-
nes,

Again the last term tends to 0. Similarly we calculate

Cov(Vins.oommy (G(05) — 6:(0%))) < E[le(XT 6%, — (X7 0%)|
m—1 2
< &l ]165 — o*|2<2 k3/2>
k=0
1 * *
< el oo 3| Do (e — )2
nep

which again is a zero sequence. This gives the claim. O
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A.11. Proof of Lemma 5.6

Proof. Define
0,- % argmin |6 — 67|
0cGnNn

Then by definition

max £, (0, 07,) 2 Lon (01, ), 03) 2 (01 0]). 07)

=D (Fe (X[ 03) = £ (X 612))°
=1

(foe (XT0L) — Fre (XT O

We estimate using the smoothness of f,.
e (X[ 00,) = frpe (X[ 01-)] < Cx |61 — 67, || < CsxT.
Furthermore the first order criteria of maximality give for some 8° € anl
T p* l T p* Tpol|
E[(9(X0) = £, (XT 0,0 1, (X[ 0,)X76°] =0,
We estimate with Taylor expansion
| (P, (XT03) = fe (X 00)) = fre (X[ 0:)X Vs (00, — 0,

< CVml|6p- — 67, ||

Furthermore with the bounded differences inequality
P(n|(Pa = PY(9(X0) = f g, (X]05)) (£, (X 03) = f e (X 01))|

> ﬁcbiasC3X7'> <e ™

X

Consequently with probability greater than 1 — e~

L(TJ(O), v*) > —nC%s% 7% — CpiasC (sxTvx+ n\/%TQ)
n

+ > (F, (X7 603) = fre (X[ 012))e0.

i=1

Clearly we have due to (Cond.) for A < /ng/(CsxT)

P (Z(f,,,*” (X7 05,) — Fr (X7 00))e: = \/ﬁt>

i=1



2632 A. Andresen

< exp{—-At}E° lexp{/\ D (Fue (X[6) = fr (X;rel*))fi/\/ﬁ}‘|

i=1

< exp{—At} [T B |exp{A(Fy (X7 O5,) = £ (X 01:))i/ vV} |

i=1
< exp{—Mt + 72Crs% T2\ /2}.
Setting A\ = m we get
X
- T T t?
i=1 x
With ¢t = Csx7/2x and x < 20%g%n/(C%s%72) this gives

P* (i(fn:n (X, 65) - - (X, 6;:))e; > vCsxTV 2nx> <e %

i=1

Consequently

P (Lm(ﬁmhv:‘n) > —C{(1+ Cpiasv/m)nr? + (1 + cbms%/%r\/ﬁ}) < 2%

For the second claim note that by Lemma 5.3 the conditions (€D;) and (Lg)
from Section 4.1 hold for all r < /nr°. We define

Ko(x) & ¢ {(1 + CpiasvV/m)n7? + (1 + Cpias)VETVN} -

This implies with Lemma 5.3 and Theorem 4.2 that

Ro(x) < cm?/? \/p*(l + Chias log(n)) + x + (1 + ChiasvVm)nT2 + /n7/%
< cm®/2\/p*(1 + Chiqs log(n)) + x
+Cm3/2\/(1 + ChiasV/M)NT2 4+ /NTV/X.

We use that 7 = o(m’s/z) if Cpius = 0 and 7 = o(m*11/4) if Cpias > 0 to find

Ro(x) < Cm®2\/p*(1 + Cpias log(n)) + x + C(v/n + m/2nt/4).

Repeating the same arguments as in Section 5.2 we can infer that with proba-
bility greater than 1 — 2e™* the sequence satisfies (v (41)) C To(Ro) where

Ro(x) < C\/p*(l + Chias 10g(n)) + x + (1 + ChiasvVm)n72 + v/nTV/%.
Furthermore with Lemma 5.3

def m3/? + Cbiasm0/2

e=90(r)/r+w=C NG
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Consequently for moderate x we find if Cp;qs = 0 that
Ro(x) = O <m3/2/\/ﬁ> 0 (Tﬁ + ﬁn1/4) +O0(m?/Vn),

such that eRo(x) — 0 if 7 = o(m~3/2). While e,/3(x) = O(m?//n) — 0. If
Chias > 0 we find

eRo(x) = O (m5/2/\/ﬁ) @) (Tm1/4\/ﬁ + \/Fn1/4) + O(m®log(n)/v/n),
such that it suffices to ensure that 7 = o(m~''/%) since then m®/2\/rn=1/4

o(m™3/8) = 0, due to n > O(m%log(n)?). In this case e,/3(x) = O(m®/\/n)
0. This gives (As3) and completes the proof.

04 |

A.12. Proof of Lemma 5.7
A.12.1. Auziliary results

First we need the following uniform bounds:

Lemma A.27. There is a generic constant C > 0 such that for any pair v, v° €
Yo (Ro) with G from (A.1)

IVsim (0 < CUllF e lloo + 1 F o), (A.37)
1D5.1 2V 6im (0) = D2V (0°) (A.38)
2 *

3/2 m (RO tr ) 1/2 D .0
< CD\/ﬁm (m + (C—i— —nc% m 1D (v —v°)|.

Proof. Since Vf, (v) = 0 we can estimate with help of Lemma A.8
IVéim () < [[Vosim (V)| + [ Vsim (v
We estimate separately
IVoSim (vl < || f7- (X] 07)V(6) T X X] V(6|
H e (X 01X VB0 X)X, -, |
< Cosx (IF7p- (X7 O) + [ (X 0)]) < Il f7y-lloo + 1 F7-lloo),

This gives (A.37). For the proof of (A.38) we again use VZ((v) = 0 and estimate
with help of Lemma A.8

AN

1

@—1/2 i _ D—l/? i o < = . _ i o
D525 (0) = D 35550 (0°)] € =955 (0) = T ()]
1 (o) (o)
< " (IVoSi,m(v) = Vosim (V)| + 2| Vasim(v) = Visim(v)]]) -
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We calculate separately

|V6Si,m(v) — Vasim(v°)|

< x| fn(XTO)VB(O)VE(0)" — fro(X]0°)VB(6° ' X,)VD(6° ' X,) |

12
no
s [ fn(XT0)X] V20(07 X)) — f1.(X] 0°)X] V20(6° T X,)].

We again separately estimate

I f1(X]0)VB(O)V(O) — fr.(X]6°)VE(6° X,)VD(0° X,) |

< [fu(X]0) - fr.(X]0°)Vo(0)Ve(9)"|
+ e (X]0°)[VD(0) — VB(6° T X,)|VD(0) T

+[ e (X 6°)V(6°TX,)[VE(8) T — V(6° X,) .

We estimate using that |[V&(0)VS(9)T| < 1
T Tpo T
I1f7(Xi 8) — £10 (X, 0°)]VD(0)V(0) |
T T go
< 17X 0) — fre (X, 6°)]]
< (X7 0) = Fre (X O)| + [ £7: (X[ 0) — fr (X 6°)]].

Remember that due to the structure of the basis

IN()| <

{k {2 — 117, 2 L G+ 1)IT—1—1}:
L (XT0) — el (XT6)| v |ef.(X] 8') — (X[ 0)] v [e}(X] 0)] > 0}
< 34.

We get with the same arguments as in the proof of Lemma A.11

IF7 (X[ 0) = £ (X 0°)]VD(0)VE(0) ||
< \/?E <||¢Hm5/2 + ||1//"|| <C+ m2(R0 —|—I‘*)> m3/2>

nep Vnep

[ Do (v = v°)]-
For the other two summands we estimate
To° oT T
£ (X[ 0°)[VB(0) — VE(0° X,)]Ve(0) |

< 5 (X701 {vo(0) - va(ee " X.)} va(o° X))
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We can use the smoothness of ¢ : RP~! — §; C RP to find a constant C; such
that

1 £7e (X[ 0°)[VE(8) — VH(0° X,)]VH(0)T ||

IN

1£7 (X7 0%)]c2]|6 — 6°]

Jm—1

Crllo—e°lllw" > Y n2¥?
J=0 keN(j)
2 *
m*(Ro 4 r”) ml/2
Vnen

IN

IN

176,10 — 6] (c+

We continue with
T T2 T T po T2 ol
(| £7,(X; 0)X; VB0 X;) — fr.(X; 6°)X; VZB(0° X,)||
< [lFn(XT0) — f1,0(X] 01X V2D(0° " X,)|
HI £ (X 0) X V2D(0TX;) — X V20(6° T X,)||.

Using the smoothness of ¢ : RP~! — §; C R? we find constants C, C3 such that
with the same argument as in the proof of Lemma A.11

1£2,(X] 0)X] V20(0TX,) — f1.(X] 0°)X] V?0(6° " X,)||

V34 1/2 7 / 2 m?(Ro +1%)
< mm (CzstT/) || + HT/) H + SXC3) (C + W)
D (v —v°)||.

Finally
1V nSi,m (V) = Vi m (v°) |
< |1 (voO)" - Ve X)) Xillle'(07X,) |
+| Vo6 X)X |[le' (0 X) — €' (6°T X,
We estimate separately

1
Vnep

j’VTI,
@7 X) Tl < 19'lloe | D2V INGI| < (14 oo v/BAM®/2.

=0

I (Vo(0)" — Vo)) Xi| < Cask [P (v =),

1/2
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Furthermore
HV@(@OTXZ»)TX,»H S C5SX7

oT 1 R
(67X = &/ (67 X < [0l VB e Dy (0= 0]
Putting all estimates together gives (A.38). O

A.12.2. Condition (€D3)

Just as for the conditions (£D1) and (£Dg) we can show:

Lemma A.28. We have (£Dsy) with

1
\/5097 g2 =

where with C > 0 in (A.38)

o 2 R *
C(Ro,m) ¥ ¢ <m3/2 + (c + %) m1/2> .

Proof. Lemma A.27 gives for any v, v° € X'(r) with g; ,,, from (A.1)

7*m?C(Ro, p*)?

Vngepm ™ 'C(Ro,p*) 7!, v = >
cp

Wy = )

D! Vi m (V) = DIV (V°)]]

c m2(Ro + )
< 3/2 1/2 D. 2,0
< cD\/ﬁm (m + (C—|— 7\/509 m [Dim (v —v°)||
L (Ro,p) [ Don(v — %) (A.39)
\/’EC‘D ’

We get with p < go and assumption (Cond,) for any pair v;,v+ € {||v] = 1}

E, exp { b T (DRI {C() — C(v°))) 72}

w2 D (v — v°)|

T {mnoam(’i g7 225 (DY Lsin(0) — () 72}

= 1[Eeew {wmmf e (P {sim(®) = sim (7)) 72}

[0 {50 ey (1 (O (50 )77}
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With (A.39) this implies

sup logE. exp H - 71 (D} V((v) — DTIVE((v°)) 7,
. w2 [ D (v — v°)]|
Y1, V2 ER? 2li=m
[lv; =1
72,2
< mQC(Ro,p*)Q. [
2093

A.12.3. Bound for Hessian

To control the deviation of D=1V ({(v*) we apply the following Theorem of [22]:
Theorem A.29 (Corollary 3.7 of [22]). Consider a finite sequence (M ;)" ; C

RP™*P" of independent, selfadjoint, random matrices. Assume that there is a
function g : (0,00) — Ry and a sequence of matrices (A;) C RP *P" that satisfy
for all u>0

EetMi < e9MWAi  yhere M < M’ <~ M~ <~ M~, Vv € RP".

Then for allt € R
P ( > M,
i=1
Lemma A.30. We have for p <g

Eexp {uD V3¢ (v*)} < exp {g(u) diag(1,...,1)},

n

>4

i=1

> t) <p*infexp{—tu+ g(p)r}, where T def
N

where

P (I F s oot s llos)®1® . ~

L) i < Vnge (| £y

g(p) = .
0, otherwise.

-1

o)

1

Proof. Due to Lemma A.27
D VG m(v*)
1 ) Lc
\/ﬁ 00 )yt \/ﬁ

. def
Thus denoting C; = C(Hf{,,*Hoo + ||f;;*||oo)

c(ll £y

oo T 1 F -

<m%( unwm+wmmﬂ.

exp {pD VA (v")} = exp {NZD_1V§i,m(U*)5i}

i=1

= . 1 1
exp{uZeidlag (%01,...,ﬁ01) } .

i=1

IA



2638 A. Andresen

Consequently we obtain due to the independence of the ¢; ,, (v*) and assumption
(Cond.) for pu < /ngC;*

Eexp {M'D_1V2§(U*)}
il;[ldiag (Eexp {%@Cl} , ..., Eexp {%ch})

722 ~2 2
diag(exp{V: C%},...,exp{yéu Cf})

52022
exp{V 21M diag(l,...,l)}. O

IN

IN

Lemma A.31. We have with C(||f;-llec + |7
— log(p"))

o) and if x < %(ﬁQn’gQ

P (IID 792" 2 50 e o + 1 lo0) V25 + Tog (7)) < e
Proof. With Lemma A.30 and Theorem A.29 we obtain for

-1
)

t< Vg (£

1"

o)

that

P (|| D'V (v")]

v2¢? - o + n - 2,2
Zt) < p*infexp{—tu+ £y a (K )
"

2
i 72 / " 2 M
lrﬁfeXp{_t'u—'—y CUllFo-lloo + 1F e llso) 7}

t2
= exp —— .
{ 252C([fy o + 170 oow}

Defining t(x) via
P ([P V2w = t(x) = e,

we find

(7ng? —log(p")) . O

N | —

() < (| £

oo + 1 F1-lloo)V/2x + log(p*), if x <
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A.12.4. Proof of Lemma

Lemma A.31 together with Lemma A.28 gives that in this setting

1_/) / " " o
v+ )" R0 S Ol e + 165 o) /2 + logr) v

* 7/2 *
+Cgl(x,3p ) <m5/2—|— m™/?(Ro +r )) Ry

Vnen

n

+6(Rg + 19),
if x is chosen moderately. As above

31(%,3p%) = O(Vx+p*) = O(x0), [|D7']| <1/(Vnen)
5(r)/r = O(p**? + Chiasm®?) /v/n.

2639

In both cases Cp;qs = 0 and Cp;qs > 0 the dominating term is the third summand

(5(R0 + ro).
Lemma 5.6 tells us that

Ro =0 <\/p*(1 + Cpias log(n)) + nr2 + an) .

In case Cp;qs = 0 this means that for moderate x

2 %3/2
Kk(x,Ro) < C <pﬁ 2 4 %) (1+ 0(1)),

which tends to zero if p**/n — 0 and 7 = o(p*~%?).
In case Cpijus > 0 we have

g = Cy/p*log(n), Ro= C\/p* log(n) + vp*nr2 + /xn7.

Consequently

rk(x,Ro) < C(p*310g(n)/\/ﬁ+p*11/47_
2 R) ) (14 o)

*~1/4) gince then

which tends to 0 if m®log(n)/n — 0 and 7 = o(p

n_1/4m5/2ﬁ= O(m—B/S)_
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