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Abstract. We study the existence and uniqueness of the generalized reflected
backward stochastic differential equations driven by a fractional Brownian
motion with Hurst parameter H greater than 1/2. The stochastic integral used
throughout the paper is the divergence type integral.

1 Introduction

The backward stochastic differential equations (BSDEs) were first studied in
Pardoux and Peng (1990). Since then many papers have been devoted to the study
of BSDEs, mainly due to their applications. The main aim of studying BSDEs
was to give a probabilistic interpretation for solutions of partial differential equa-
tions (PDEs for short). Pardoux and Zhang in Pardoux and Zhang (1998) intro-
duced the generalized BSDEs, that is, BSDEs with an additional term—an inte-
gral with respect to an increasing process. Pardoux and Răşcanu in Pardoux and
Răşcanu (1998) put some constrains on the solution of the BSDE (or more pre-
cisely, they put some additional assumptions on the first component of the solu-
tion) and the problem was called the backward stochastic variational inequality
(BSVI) (or in some special cases the reflected BSDE). In Jańczak (2009) and
Jańczak-Borkowska (2011), the existence and uniqueness of the generalized re-
flected BSDE was shown.

BSDEs driven by a fractional Brownian motion (fBm) were first studied in
Biagini et al. (2002) (with Hurst parameter H > 1/2) and in Bender (2005) (with
Hurst parameter H ∈ (0,1)). Nonlinear BSDEs with respect to a fractional Brow-
nian motion (fBm) with Hurst parameter H > 1/2 were first considered by Hu and
Peng in Hu and Peng (2009), but the existence and uniqueness of the solution of the
BSDE driven by a fBm was obtained with some restrictive assumption. Maticiuc
and Nie, Maticiuc and Nie (2013) improved their result and omitted this assump-
tion. They also developed a theory of backward stochastic variational inequalities,
that is, they proved the existence and uniqueness of the solution of the reflected
BSDEs driven by a fBm. In the paper Jańczak-Borkowska (2013) the existence
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and uniqueness of the generalized BSDEs driven by a fBm with Hurst parameter
H greater than 1/2 were shown.

In this paper, we study the generalized BSVI driven by a fBm with Hurst param-
eter H greater than 1/2. We prove that that kind of equation has a unique solution.

Let us now recall that a fBm with Hurst parameter H ∈ (0,1) is a zero mean
Gaussian process BH = {BH

t , t ≥ 0} with the covariance function

RH(s, t) = E
(
BH

s BH
t

) = 1

2

(
t2H + s2H − |t − s|2H )

.

This process is a self-similar, that is, BH
at has the same law as aH BH

t for any
a > 0, it has homogeneous increments. For H = 1/2, we obtain a standard Wiener
process, but for H �= 1/2, the process BH is not a semimartingale. These properties
make this process a useful tool in models arising in physics, telecommunication
networks, finance, signal processing and other fields.

Since BH is not a semimartingale when H �= 1/2, we cannot use the classical
theory of stochastic calculus to define the fractional stochastic integral. Essentially,
two different types of integrals with respect to a fBm have been defined and stud-
ied. The first one is the pathwise Riemann–Stieltjes integral (see Young (1936)).
This integral has the properties of Stratonovich integral, which leads to difficul-
ties in the applications. The second one, introduced in Decreusefond and Üstünel
(1998) is the divergence operator (Skorokhod integral), defined as the adjoint of the
derivative operator in the framework of the Malliavin calculus. Since this stochas-
tic integral satisfies the zero mean property and it can be expressed as the limit
of Riemann sums defined using Wick products, it was later developed by many
authors.

The paper is organized as follows. In Section 2, we give some definitions and
results about a fractional stochastic integral, which will be needed throughout the
paper. Section 3 contains the definition of the generalized BSVI driven by a fBm,
assumptions and the formulation of the main theorem of the paper. In Section 4,
we prove some a priori estimates. Finally, using the penalization method we prove
the main theorem in Section 5.

2 Fractional calculus

Denote φ(x) = H(2H − 1)|x|2H−2, x ∈ R. Let ξ and η be measurable functions
on [0, T ]. Define

〈ξ, η〉t =
∫ t

0

∫ t

0
φ(u − v)ξ(u)η(v) dudv

and ‖ξ‖2
t = 〈ξ, ξ〉t . Note that, for any t ∈ [0, T ], 〈ξ, η〉t is a Hilbert scalar product.

Let H be the completion of the measurable functions such that ‖ξ‖t < ∞. The
elements of H may be distributions.
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Let (ξn)n be a sequence in H such that 〈ξi, ξj 〉T = δij . By PT denote the set
of all polynomials of a fractional Brownian motion, that is, it contains elements of
the form

F(ω) = f

(∫ T

0
ξ1(t) dBH

t , . . . ,

∫ T

0
ξk(t) dBH

t

)
,

where f is a polynomial function of k variables. The Malliavin derivative operator
DH

s of an element F ∈PT is defined as follows:

DH
s F =

k∑
i=1

∂f

∂xi

(∫ T

0
ξ1(t) dBH

t , . . . ,

∫ T

0
ξk(t) dBH

t

)
ξi(s), s ∈ [0, T ].

The divergence operator DH is closable from L2(�,F,P ) to L2(�,F,P ;H).
By D1,2 denote the Banach space being a completition of PT with the following
norm: ‖F‖2

1,2 = E|F |2 + E‖DH
s F‖2

T . Now we introduce another derivative

D
H
t F =

∫ T

0
φ(t − s)DH

s F ds.

Theorem 2.1. Let F : (�,F,P) → H be a stochastic process such that

E

(
‖F‖2

T +
∫ T

0

∫ T

0

∣∣DH
s Ft

∣∣2 ds dt

)
< ∞.

Then, the Itô-type stochastic integral denoted by
∫ T

0 Fs dBH
s exists in L2(�,F).

Moreover, E(
∫ T

0 Fs dBH
s ) = 0 and

E

(∫ T

0
Fs dBH

s

)2

= E

(
‖F‖2

T +
∫ T

0

∫ T

0
D

H
s FtD

H
t Fs ds dt

)
.

Theorem 2.2. Let f ∈ L2([0, T ]) be a deterministic function, H > 1/2. Suppose
that ‖f ‖t is continuously differentiable as a function of t ∈ [0, T ]. Set

Xt = X0 +
∫ t

0
gs ds +

∫ t

0
fs dBH

s , t ∈ [0, T ],

where X0 is a constant and g is deterministic with
∫ T

0 |gs |ds < ∞. Let F be con-
tinuously differentiable with respect to t and twice continuously differentiable with
respect to x. Then

F(t,Xt) = F(0,X0) +
∫ t

0

∂F

∂s
(s,Xs) ds +

∫ t

0

∂F

∂x
(s,Xs) dXs

+ 1

2

∫ t

0

∂2F

∂x2 (s,Xs)
d

ds

(‖f ‖2
s

)
ds, t ∈ [0, T ].
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Theorem 2.3. Let T ∈ (0,∞) and let f1(s), f2(s), g1(s), g2(s) be in D1,2 and
E(

∫ T
0 (|fi(s)| + |gi(s)|) ds) < ∞. Assume that DH

t f2(s) and D
H
t g2(s) are contin-

uously differentiable with respect to (s, t) ∈ [0, T ] × [0, T ] for almost all ω ∈ �.
Suppose that

E

∫ T

0

∫ T

0

∣∣DH
t f2(s)

∣∣2 ds dt < ∞, E

∫ T

0

∫ T

0

∣∣DH
t g2(s)

∣∣2 ds dt < ∞.

Denote

F(t) =
∫ t

0
f1(s) ds +

∫ t

0
f2(s) dBH

s , t ∈ [0, T ]
and

G(t) =
∫ t

0
g1(s) ds +

∫ t

0
g2(s) dBH

s , t ∈ [0, T ].
Then

F(t)G(t) =
∫ t

0
F(s)g1(s) ds +

∫ t

0
F(s)g2(s) dBH

s

+
∫ t

0
G(s)f1(s) ds +

∫ t

0
G(s)f2(s) dBH

s

+
∫ t

0
D

H
s F (s)g2(s) ds +

∫ t

0
D

H
s G(s)f2(s) ds.

The above theorems can be found in Duncan, Hu and Pasik-Duncan (2000), Hu
(2005), Hu and Peng (2009), Maticiuc and Nie (2013) and for a deeper discussion
we refer the reader to Hu (2005), Nualart (2010).

3 Generalized BSVI with respect to fBm

Assume that

(H1) σ : [0, T ] → R is a deterministic continuous differentiable function such that
σ(t) �= 0, for all t ∈ [0, T ] and ηt = η0 + ∫ t

0 σ(s) dBH
s , t ∈ [0, T ], where η0

is a given constant.

Note that, since ‖σ‖2
t = H(2H − 1)

∫ t
0

∫ t
0 |u − v|2H−2σ(u)σ (v) dudv, we have

d

dt

(‖σ‖2
t

) = 2H(2H − 1)

∫ t

0
|t − u|2H−2σ(u)σ (t) du = 2σ(t)σ̂ (t) > 0,

where σ̂ (t) = ∫ t
0 φ(t − u)σ(u)du.

We will consider the following generalized backward stochastic variational in-
equality driven by a fBm:⎧⎪⎨

⎪⎩
dYt + f (t, ηt , Yt ,Zt ) dt + g(t, ηt , Yt ) d
t − Zt dBH

t

∈ ∂ϕ(Yt ) dt + ∂ψ(Yt ) d
t ,

YT = ξ,

(3.1)
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where 
 is an adapted increasing process, 
0 = 0.
We suppose that there exist positive constants L and ν > 2L + 2 and

(H2) ξ = h(ηT ) for some function h with bounded derivative and such that
E(eν
T |ξ |2 + ∫ T

0 eν
t |ηt |2 dt) < ∞.
(H3) f : [0, T ] × R × R × R → R and g: [0, T ] × R × R → R are continuous

functions such that for all t ∈ [0, T ], x, x′, y, y′, z, z′ ∈R,∣∣f (t, x, y, z) − f
(
t, x′, y′, z′)∣∣ ≤ L

(∣∣x − x′∣∣ + ∣∣y − y′∣∣ + ∣∣z − z′∣∣),∣∣g(t, x, y) − g
(
t, x, y′)∣∣ ≤ L

∣∣y − y′∣∣,
E

(∫ T

0
eν
t

∣∣f (t,0,0,0)
∣∣2 dt +

∫ T

0
eν
t

∣∣g(t, ηt ,0)
∣∣2 d
t

)
< ∞.

(H4) functions ϕ,ψ : R→ (−∞,∞] satisfy

• ϕ,ψ are proper, convex and lower semi-continuous;
• ϕ(y) ≥ ϕ(0) = 0, ψ(y) ≥ ψ(0) = 0.

We will denote

∂ϕ(y) = {
ŷ ∈ R; ŷ · (v − y) + ϕ(y) ≤ ϕ(v),∀v ∈ R

}
,

Domϕ = {
y ∈ R;ϕ(y) < ∞}

, Dom(∂ϕ) = {
y ∈ R; ∂ϕ(y) �= ∅

}
,

〈y, ŷ〉 ∈ ∂ϕ ⇔ y ∈ Dom(∂ϕ), ŷ ∈ ∂ϕ(y)

(analogously for ψ).

Remark 3.1. ∂ϕ and ∂ψ are maximal in this sense that

(ŷ − û)(y − u) ≥ 0, (y, ŷ), (u, û) ∈ ∂ϕ,

(ŷ − v̂)(y − v) ≥ 0, (y, ŷ), (v, v̂) ∈ ∂ψ.

Now consider the set

V[0,T ] =
{
Y = φ(·, η) : φ ∈ C

1,2
pol

([0, T ] ×R
)

and
∂φ

∂t
is bounded

}
.

By ṼH[0,T ] denote the completion of the set of processes from V[0,T ] with the fol-
lowing norm

‖Y‖2
H = E

∫ T

0
t2H−1eν
t |Yt |2 dt = E

∫ T

0
t2H−1eν
t

∣∣φ(t, ηt )
∣∣2 dt

and by ṼH,

[0,T ]—the completion of the set of processes from V[0,T ] with a norm

‖Y‖2
H,
 = E

∫ T

0
t2H−1eν
t |Yt |2 d
t = E

∫ T

0
t2H−1eν
t

∣∣φ(t, ηt )
∣∣2 d
t .
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Definition 3.2. A solution of a generalized backward stochastic variational in-
equality (GBSVI) driven by a fBm (3.1) associated with data (ξ, f, g,
) is a
quadruple (Y,Z,U,V ) = (Yt ,Zt ,Ut ,Vt )t∈[0,T ] of processes satisfying

Yt = ξ +
∫ T

t
f (s, ηs, Ys,Zs) ds +

∫ T

t
g(s, ηs, Ys) d
s −

∫ T

t
Zs dBH

s

(3.2)

−
∫ T

t
Us ds −

∫ T

t
Vs d
s, t ∈ [0, T ]

and such that

(Yt ,Ut ) ∈ ∂ϕ, (Yt ,Vt ) ∈ ∂ψ, t ∈ [0, T ]
and Y ∈ Ṽ1/2

[0,T ] ∩ Ṽ1/2,

[0,T ] , Z ∈ ṼH[0,T ], U,V ∈ ṼH[0,T ] ∩ ṼH,


[0,T ].

Theorem 3.3. Assume (H1)–(H4). There exists a unique solution of (3.2).

The proof of the above theorem is deferred to the Section 5.

4 A priori estimates

Theorem 4.1. Assume (H1)–(H4) and let (Y,Z,U,V ) be a solution of (3.2). Then
for all t ∈ [0, T ],

E

(
eν
t |Yt |2 +

∫ T

t
eν
s s2H−1|Zs |2 ds +

∫ T

t
eν
s |Ys |2 d
s

)

≤ CE

(
eν
T |ξ |2 +

∫ T

t
eν
s

∣∣f (s,0,0,0)
∣∣2 ds

+
∫ T

t
eν
s

∣∣g(s, ηs,0)
∣∣2 d
s +

∫ T

t
eν
s |ηs |2 ds

)
= C�(t, T ).

Proof. By C we will denote a constant which may vary from line to line. From
the Itô formula,

eν
t |Yt |2 = eν
T |ξ |2 −
∫ T

t
eν
s d|Ys |2 −

∫ T

t
eν
s |Ys |2ν d
s

= eν
T |ξ |2 − 2
∫ T

t
eν
sYs dYs − 2

∫ T

t
eν
sD

H
s YsZs ds

− ν

∫ T

t
eν
s |Ys |2 d
s

= eν
T |ξ |2 + 2
∫ T

t
eν
sYsf (s, ηs, Ys,Zs) ds
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+ 2
∫ T

t
eν
sYsg(s, ηs, Ys) d
s − 2

∫ T

t
eν
sYsZs dBH

s

− 2
∫ T

t
eν
sYsUs ds − 2

∫ T

t
eν
sYsVs d
s

− 2
∫ T

t
eν
sD

H
s YsZs ds − ν

∫ T

t
eν
s |Ys |2 d
s.

It is known (see, e.g., Hu and Peng (2009), Maticiuc and Nie (2013)) that

D
H
s Ys =

∫ T

0
φ(s − r)DH

r Ys dr = σ̂ (s)

σ (s)
Zs.

Moreover by Remark 6 in Maticiuc and Nie (2013), there exists M > 0 such that
for all t ∈ [0, T ], t2H−1/M ≤ σ̂ (t)/σ (t) ≤ Mt2H−1.

By Lipschitz continuity of f and g, we have

2yf (s, η, y, z) ≤ 2L|y|(|η| + |y| + |z|) + 2|y|∣∣f (s,0,0,0)
∣∣

≤
(
L2 + 2L + ML2

s2H−1 + 1
)
|y|2 + |η|2

+ 1

M
s2H−1|z|2 + ∣∣f (s,0,0,0)

∣∣2,
2yg(s, η, y) ≤ 2L|y|2 + 2|y|∣∣g(s, η,0)

∣∣ ≤ (2L + 1)|y|2 + ∣∣g(s, η,0)
∣∣2.

By the above and by Remark 3.1,

E

(
eν
t |Yt |2 + ν

∫ T

t
eν
s |Ys |2 d
s + 2

M

∫ T

t
eν
s s2H−1|Zs |2 ds

)

≤ E

(
eν
T |ξ |2 +

∫ T

t
eν
s

∣∣f (s,0,0,0)
∣∣2 ds +

∫ T

t
eν
s

∣∣g(s, ηs,0)
∣∣2 d
s

)

+ E

∫ T

t
eν
s |ηs |2 ds + E

∫ T

t

(
L2 + 2L + ML2

s2H−1 + 1
)
eν
s |Ys |2 ds

+ 1

M
E

∫ T

t
eν
s s2H−1|Zs |2 ds + (2L + 1)E

∫ T

t
eν
s |Ys |2 d
s.

Since ν ≥ (2L + 2) we can write

E

(
eν
t |Yt |2 +

∫ T

t
eν
s |Ys |2 d
s + 1

M

∫ T

t
eν
s s2H−1|Zs |2 ds

)

(4.1)

≤ �(t, T ) + E

∫ T

t

(
L2 + 2L + ML2

s2H−1 + 1
)
eν
s |Ys |2 ds.

By the Gronwall inequality,

Eeν
t |Yt |2 ≤ �(t, T ) exp
{(

L2 + 2L + 1
)
(T − t) + ML2 T 2−2H − t2−2H

2 − 2H

}
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and by (4.1) also

E

(∫ T

t
eν
s s2H−1|Zs |2 ds +

∫ T

t
eν
s |Ys |2 d
s

)
≤ C�(t, T ). �

Proposition 4.2. Let (Y,Z,U,V ) and (Ỹ , Z̃, Ũ , Ṽ ) be two solutions of (3.2) with
data (ξ, f, g,
) and (ξ̃ , f̃ , g̃,
), respectively. Then

E

(
eν
t |Yt − Ỹt |2 +

∫ T

t
eν
s |Ys − Ỹs |2 d
s +

∫ T

t
s2H−1eν
s |Zs − Z̃s |2 ds

)

≤ CE

(
eν
T |ξ − ξ̃ |2 +

∫ T

t
eν
s

∣∣f (s, ηs, Ys,Zs) − f̃ (s, ηs, Ys,Zs)
∣∣2 ds

+
∫ T

t
eν
s

∣∣g(s, ηs, Ys) − g̃(s, ηs, Ys)
∣∣2 d
s

)
.

Proof. By the Itô formula, computing similarly as in the previous theorem

eν
t |Yt − Ỹt |2 + ν

∫ T

t
eν
s |Ys − Ỹs |2 d
s + 2

M

∫ T

t
eν
s s2H−1|Zs − Z̃s |2 ds

≤ eν
T |ξ − ξ̃ |2

+ 2
∫ T

t
eν
s (Ys − Ỹs)

(
f (s, ηs, Ys,Zs) − f̃ (s, ηs, Ỹs, Z̃s)

)
ds

+ 2
∫ T

t
eν
s (Ys − Ỹs)

(
g(s, ηs, Ys) − g̃(s, ηs, Ỹs)

)
d
s

− 2
∫ T

t
eν
s (Ys − Ỹs)(Zs − Z̃s) dBH

s

− 2
∫ T

t
eν
s (Ys − Ỹs)(Us − Ũs) ds

− 2
∫ T

t
eν
s (Ys − Ỹs)(Vs − Ṽs) d
s.

From assumptions, we get

2(y − ỹ)
(
f (s, η, y, z) − f̃ (s, η, ỹ, z̃)

)
≤ 2(y − ỹ)

(
f (s, η, y, z) − f̃ (s, η, y, z)

)

+
(

2L + L2M

s2H−1

)
|y − ỹ|2 + s2H−1

M
|z − z̃|2

and

2(y − ỹ)
(
g(s, η, y) − g̃(s, η, ỹ)

)
≤ 2(y − ỹ)

(
g(s, η, y) − g̃(s, η, y)

) + 2L|y − ỹ|2.
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Since Ut ∈ ∂ϕ(Yt ) and Ũt ∈ ∂ϕ(Ỹt ),

(Ut − Ũt )(Yt − Ỹt ) = Ut(Yt − Ỹt ) + Ũt (Ỹt − Yt )

≥ ϕ(Yt ) − ϕ(Ỹt ) + ϕ(Ỹt ) − ϕ(Yt ) = 0.

Similarly, (Vt − Ṽt )(Yt − Ỹt ) ≥ 0.
Since ν ≥ 2L + 2, we obtain

E

(
eν
t |Yt − Ỹt |2 +

∫ T

t
eν
s |Ys − Ỹs |2 d
s + 1

M

∫ T

t
eν
s s2H−1|Zs − Z̃s |2 ds

)

≤ E

(
eν
T |ξ − ξ̃ |2

+ 2
∫ T

t
eν
s (Ys − Ỹs)

(
f (s, ηs, Ys,Zs) − f̃ (s, ηs, Ys,Zs)

)
ds

+ 2
∫ T

t
eν
s (Ys − Ỹs)

(
g(s, ηs, Ys) − g̃(s, ηs, Ys)

)
d
s

)

+ E

∫ T

t
eν
s

(
2L + L2M

s2H−1

)
|Ys − Ỹs |2 ds.

Using the Gronwall lemma, we get the required inequality. �

5 Penalization scheme

We will approximate the function ϕ by a sequence of convex, C1 class functions
ϕε , ε > 0, defined by

ϕε(y) = inf
{

1

2ε
|y − v|2 + ϕ(v);v ∈ R

}
= 1

2ε

∣∣y − Jε(y)
∣∣2 + ϕ

(
Jε(y)

)
, (5.1)

where Jε(y) = y − ε∇ϕε(y).
Here are some properties of ϕε (see Barbu (1976) or Brézis (1973)):

∇ϕε(y) = y − Jε(y)

ε
∈ ∂ϕ

(
Jε(y)

); (5.2)
∣∣Jε(y) − Jε(v)

∣∣ ≤ |y − v| and lim
ε↘0

Jε(y) = πDomϕ(y); (5.3)

0 ≤ ϕε(y) ≤ y∇ϕε(y), (5.4)

where by πDomϕ(y) we denote the projection of y on the closure of the set Domϕ.

Moreover, consider analogous approximation ψε for the function ψ (with J̃ε(y) =
y − ε∇ψε(y)).
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We introduce some compatibility assumptions: for all ε > and all t ∈ [0, T ],
η, y, z ∈ R

(i) ∇ϕε(y) · g(t, η, y) ≤ (∇ψε(y) · g(t, η, y)
)+

(5.5)
(ii) ∇ψε(y) · f (t, η, y, z) ≤ (∇ϕε(y) · f (t, η, y, z)

)+
.

Note that if y · g(t, η, y) ≤ 0 and y · f (t, η, y, z) ≤ 0 for all η, y, z ∈ R and
t ∈ [0, T ] then the compatibility assumptions are satisfied (it follows from (5.4)).
Moreover, if for some a ≤ 0 ≤ b we define convex indicator functions

ϕ(y) =
{

0, y ≥ a,

∞, y < a,
ψ(y) =

{
0, y ≤ b,

∞, y > b,

then ∇ϕε(y) = −1
ε
(y − a)− and ∇ψε(y) = 1

ε
(y − b)+, where x− = max(−x,0),

x+ = max(x,0), and the compatibility assumptions become g(t, η, y) ≥ 0 for y ≤
a and f (t, η, y, z) ≤ 0 for y ≥ b (compare Remark 2 from Maticiuc and Răşcanu
(2010)).

Consider a sequence of generalized BSDEs

Y ε
t = ξ +

∫ T

t
f

(
s, ηs, Y

ε
s ,Zε

s

)
ds

+
∫ T

t
g
(
s, ηs, Y

ε
s

)
d
s −

∫ T

t
Zε

s dBH
s (5.6)

−
∫ T

t
∇ϕε

(
Y ε

s

)
ds −

∫ T

t
∇ψε

(
Y ε

s

)
d
s, t ∈ [0, T ].

Since ∇ϕε and ∇ψε are Lipschitz continuous functions, then by Jańczak-
Borkowska (2013), (5.6) has a unique solution (Y ε,Zε).

Proposition 5.1. Let assumptions (H1)–(H4) hold. Then

E

(
eν
t

∣∣Y ε
t

∣∣2 +
∫ T

t
eν
s

∣∣Y ε
s

∣∣2 d
s +
∫ T

t
eν
s s2H−1∣∣Zε

s

∣∣2 ds

)

≤ CE

(
eν
T |ξ |2 +

∫ T

t
eν
s

(∣∣f (s,0,0,0)
∣∣2 + |ηs |2)

ds

+
∫ T

t
eν
s

∣∣g(s, ηs,0)
∣∣2 d
s

)
= C�(t, T ).

Proof. Similarly as in the proof of Theorem 4.1, we have

E

(
eν
t

∣∣Y ε
t

∣∣2 +
∫ T

t
eν
s

∣∣Y ε
s

∣∣2 d
s + 1

M

∫ T

t
eν
s s2H−1∣∣Zε

s

∣∣2 ds

)

≤ E

(
eν
T |ξ |2 +

∫ T

t
eν
s

∣∣f (s,0,0,0)
∣∣2 ds +

∫ T

t
eν
s

∣∣g(s, ηs,0)
∣∣2 d
s

)
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+ E

∫ T

t
eν
s |ηs |2 ds + E

∫ T

t

(
L2 + 2L + ML2

s2H−1 + 1
)
eν
s

∣∣Y ε
s

∣∣2 ds

− 2E

(∫ T

t
eν
sY ε

s ∇ϕε

(
Y ε

s

)
ds +

∫ T

t
eν
sY ε

s ∇ψε

(
Y ε

s

)
d
s

)
.

By (5.4) and analogous inequality for ψε , we obtain

E

(
eν
t

∣∣Y ε
t

∣∣2 +
∫ T

t
eν
s

∣∣Y ε
s

∣∣2 d
s + 1

M

∫ T

t
eν
s s2H−1∣∣Zε

s

∣∣2 ds

+ 2
∫ T

t
eν
sY ε

s

(∇ϕε

(
Y ε

s

)
ds + ∇ψε

(
Y ε

s

)
d
s

))

≤ �(t, T ) + E

∫ T

t

(
L2 + 2L + ML2

s2H−1 + 1
)
eν
s

∣∣Y ε
s

∣∣2 ds.

Now using similar arguments as in the proof of Theorem 4.1, we finish the
proof. �

Proposition 5.2. Under assumptions (H1)–(H4) and (5.5) there exists a positive
constant C such that for any t ∈ [0, T ]

(a) E

∫ T

t
eν
s s2H−1(∣∣∇ϕε

(
Y ε

s

)∣∣2 ds + ∣∣∇ψε

(
Y ε

s

)∣∣2 d
s

) ≤ C�2(t, T ),

(b) E

∫ T

t
eν
s s2H−1(

ϕ
(
Jε

(
Y ε

s

)) + ψ
(
J̃ε

(
Y ε

s

)))
d
s ≤ C�2(t, T ),

(c) Eeν
t t2H−1(∣∣Y ε
t − Jε

(
Y ε

t

)∣∣2 + ∣∣Y ε
t − J̃ε

(
Y ε

t

)∣∣2) ≤ ε · C�2(t, T ),

(d) Eeν
t t2H−1(
ϕ

(
Jε

(
Y ε

t

)) + ψ
(
J̃ε

(
Y ε

t

))) ≤ C�2(t, T ),

(e) E

∫ T

t
eν
s s2H−1(∣∣Y ε

s − Jε

(
Y ε

s

)∣∣2 ds + ∣∣Y ε
s − J̃ε

(
Y ε

s

)∣∣2 d
s

)

≤ ε2C�2(t, T ),

where

�2(t, T ) = E

(
T 2H−1eν
T

(
ϕ(ξ) + ψ(ξ)

)

+
∫ T

t
eν
s s2H−1(|ηs |2 + ∣∣Y ε

s

∣∣2 + ∣∣Zε
s

∣∣2 + ∣∣f (s,0,0,0)
∣∣2)

ds

+
∫ T

t
eν
s s2H−1(∣∣Y ε

s

∣∣2 + ∣∣g(s, ηs,0)
∣∣2)

d
s

)
.

Proof. In the proof below, we will use similar arguments as in the proof of Propo-
sition 2.2 in Pardoux and Răşcanu (1998) and in the proof of Proposition 11 in
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Maticiuc and Răşcanu (2010). Since ∇ϕε(Y
ε
r ) ∈ ∂ϕ(Jε(Y

ε
r )),

∇ϕε

(
Y ε

r

) · (
Y ε

s − Y ε
r

) ≤ ϕε

(
Y ε

s

) − ϕε

(
Y ε

r

)
.

Now

eν
r ϕε

(
Y ε

s

) − eν
r ϕε

(
Y ε

r

) + eν
sϕε

(
Y ε

s

) − eν
sϕε

(
Y ε

s

)
≥ eν
r ∇ϕε

(
Y ε

r

) · (
Y ε

s − Y ε
r

)
and

eν
sϕε

(
Y ε

s

) ≥ eν
r ϕε

(
Y ε

r

) + (
eν
s − eν
r

)
ϕε

(
Y ε

s

) + eν
r ∇ϕε

(
Y ε

r

) · (
Y ε

s − Y ε
r

)
.

Take s > r ≥ 0. Multiplying the above inequality by s2H−1, using the fact that
eν
r ϕε(Y

ε
r ) ≥ 0 we get

s2H−1eν
sϕε

(
Y ε

s

) ≥ r2H−1eν
r ϕε

(
Y ε

r

) + s2H−1(
eν
s − eν
r

)
ϕε

(
Y ε

s

)
+ s2H−1eν
r ∇ϕε

(
Y ε

r

) · (
Y ε

s − Y ε
r

)
.

Take s = ti+1 ∧T , r = ti ∧T , where 0 = t0 < t1 < · · · < t ∧T and ti+1 − ti = 1/n.
Summing up over i and passing to the limit as n → ∞, we deduce

T 2H−1eν
T ϕε

(
Y ε

T

) ≥ t2H−1eν
t ϕε

(
Y ε

t

) +
∫ T

t
νs2H−1eν
sϕε

(
Y ε

s

)
d
s

+
∫ T

t
s2H−1eν
s∇ϕε

(
Y ε

s

)
dY ε

s .

We have similar inequalities for function ψε . Summing these two inequalities we
get,

t2H−1eν
t
(
ϕε

(
Y ε

t

) + ψε

(
Y ε

t

)) + ν

∫ T

t
s2H−1eν
s

(
ϕε

(
Y ε

s

) + ψε

(
Y ε

s

))
d
s

≤ T 2H−1eν
T
(
ϕε(ξ) + ψε(ξ)

)

−
∫ T

t
s2H−1eν
s

(∇ϕε

(
Y ε

s

) + ∇ψε

(
Y ε

s

))
dY ε

s

≤ T 2H−1eν
T
(
ϕε(ξ) + ψε(ξ)

)

+
∫ T

t
s2H−1eν
s

(∇ϕε

(
Y ε

s

) + ∇ψε

(
Y ε

s

))
f

(
s, ηs, Y

ε
s ,Zε

s

)
ds

+
∫ T

t
s2H−1eν
s

(∇ϕε

(
Y ε

s

) + ∇ψε

(
Y ε

s

))
g
(
s, ηs, Y

ε
s

)
d
s

−
∫ T

t
s2H−1eν
s

(∇ϕε

(
Y ε

s

) + ∇ψε

(
Y ε

s

))
Zε

s dBH
s

−
∫ T

t
s2H−1eν
s

(∇ϕε

(
Y ε

s

) + ∇ψε

(
Y ε

s

))(∇ϕε

(
Y ε

s

)
ds + ∇ψε

(
Y ε

s

)
d
s

)
.
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Therefore,

t2H−1eν
t
(
ϕε

(
Y ε

t

) + ψε

(
Y ε

t

)) + ν

∫ T

t
s2H−1eν
s

(
ϕε

(
Y ε

s

) + ψε

(
Y ε

s

))
d
s

+
∫ T

t
s2H−1eν
s

(∣∣∇ϕε

(
Y ε

s

)∣∣2 ds + ∣∣∇ψε

(
Y ε

s

)∣∣2 d
s

)

+
∫ T

t
s2H−1eν
s∇ϕε

(
Y ε

s

)∇ψε

(
Y ε

s

)
(ds + d
s)

≤ T 2H−1eν
T
(
ϕε(ξ) + ψε(ξ)

)

+
∫ T

t
s2H−1eν
s

(∇ϕε

(
Y ε

s

) + ∇ψε

(
Y ε

s

))
f

(
s, ηs, Y

ε
s ,Zε

s

)
ds

+
∫ T

t
s2H−1eν
s

(∇ϕε

(
Y ε

s

) + ∇ψε

(
Y ε

s

))
g
(
s, ηs, Y

ε
s

)
d
s

−
∫ T

t
s2H−1eν
s

(∇ϕε

(
Y ε

s

) + ∇ψε

(
Y ε

s

))
Zε

s dBH
s .

Note that,

s2H−1∇ϕε(y)f (s, η, y, z) ≤ s2H−1∣∣∇ϕε(y)
∣∣(L(|η| + |y| + |z|) + ∣∣f (s,0,0,0)

∣∣)

≤ 1

4
s2H−1∣∣∇ϕε(y)

∣∣2 + 4L2s2H−1(|η|2 + |y|2 + |z|2)

+ 4s2H−1∣∣f (s,0,0,0)
∣∣2,

s2H−1∇ψε(y)f (s, η, y, z) ≤ s2H−1(∇ϕε(y) · f (s, η, y, z)
)+

,

s2H−1∇ψε(y)g(s, η, y) ≤ s2H−1∣∣∇ψε(y)
∣∣(L|y| + ∣∣g(s, η,0)

∣∣)

≤ 1

4
s2H−1∣∣∇ψε(y)

∣∣2

+ 2s2H−1(
L2|y|2 + ∣∣g(s, η,0)

∣∣2)
,

s2H−1∇ϕε(y)g(s, η, y) ≤ s2H−1(∇ψε(y) · g(s, η, y)
)+

.

Moreover using the fact that ∇ϕε(y) · ∇ψε(y) ≥ 0, ϕε(ξ) ≤ ϕ(ξ) and ψε(ξ) ≤
ψ(ξ) we get,

Et2H−1eν
t
(
ϕε

(
Y ε

t

) + ψε

(
Y ε

t

))

+ νE

∫ T

t
s2H−1eν
s

(
ϕε

(
Y ε

s

) + ψε

(
Y ε

s

))
d
s

+ 1

2
E

∫ T

t
s2H−1eν
s

(∣∣∇ϕε

(
Y ε

s

)∣∣2 ds + ∣∣∇ψε

(
Y ε

s

)∣∣2 d
s

)
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+ E

∫ T

t
s2H−1eν
s∇ϕε

(
Y ε

s

)∇ψε

(
Y ε

s

)
(ds + d
s)

≤ ET 2H−1eν
T
(
ϕ(ξ) + ψ(ξ)

)

+ 8L2E

∫ T

t
s2H−1eν
s

(|ηs |2 + ∣∣Y ε
s

∣∣2 + ∣∣Zε
s

∣∣2)
ds

+ 8E

∫ T

t
s2H−1eν
s

∣∣f (s,0,0,0)
∣∣2 ds

+ 4E

∫ T

t
s2H−1eν
s

(
L2∣∣Y ε

s

∣∣2 + ∣∣g(s, ηs,0)
∣∣2)

d
s = C�2(t, T ).

From the above inequality, (a) is clear. Conditions (b) and (d) follow additionally
from inequalities ϕ(Jε(y)) ≤ ϕε(y) and ψ(J̃ε(y)) ≤ ψε(y). From |y − Jε(y)|2 ≤
2εϕε(y) and |y − J̃ε(y)|2 ≤ 2εψε(y) follows (c). Finally, (e) we get from y −
Jε(y) = ε∇ϕε(y) and y − J̃ε(y) = ε∇ψε(y). �

Proposition 5.3. Let assumptions (H1)–(H4) be satisfied. Then (Y ε,Zε) is a
Cauchy sequence, that is, for ε, δ > 0

E

(
eν
t t2H−1∣∣Y ε

t − Y δ
t

∣∣2 +
∫ T

t
eν
s s2H−2∣∣Y ε

s − Y δ
s

∣∣2(ds + d
s)

+
∫ T

t
eν
s s2(2H−1)

∣∣Zε
s − Zδ

s

∣∣2 ds

)

≤ C · (ε + δ) · �2(t, T ).

Proof. Put Y̌ = Y ε − Y δ and Ž = Zε − Zδ . We have

t2H−1eν
t Y̌ 2
t +

∫ T

t
(2H − 1)s2H−2eν
s Y̌ 2

s ds + ν

∫ T

t
s2H−1eν
s Y̌ 2

s d
s

= T 2H−1eν
T Y̌ 2
T − 2

∫ T

t
s2H−1eν
s Y̌s dY̌s − 2

∫ T

t
s2H−1eν
s

σ̂ (s)

σ (s)
Ž2

s ds.

Therefore,

E

(
t2H−1eν
t Y̌ 2

t +
∫ T

t
(2H − 1)s2H−2eν
s Y̌ 2

s ds + 2

M

∫ T

t
s2(2H−1)eν
s Ž2

s ds

+ ν

∫ T

t
s2H−1eν
s Y̌ 2

s d
s

)

≤ 2E

∫ T

t
s2H−1eν
s Y̌s

(
f

(
s, ηs, Y

ε
s ,Zε

s

) − f
(
s, ηs, Y

δ
s ,Zδ

s

))
ds

+ 2E

∫ T

t
s2H−1eν
s Y̌s

(
g
(
s, ηs, Y

ε
s

) − g
(
s, ηs, Y

δ
s

))
d
s
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− 2E

∫ T

t
s2H−1eν
s Y̌s

(∇ϕε

(
Y ε

s

) − ∇ϕδ

(
Y δ

s

))
ds

− 2E

∫ T

t
s2H−1eν
s Y̌s

(∇ψε

(
Y ε

s

) − ∇ψδ

(
Y δ

s

))
d
s.

Note that

2y̌ · (
f

(
s, η, yε, zε) − f

(
s, η, yδ, zδ)) ≤

(
2L + L2M

s2H−1

)
y̌2 + 1

M
s2H−1ž2,

2y̌ · (
g
(
s, η, yε) − g

(
s, η, yδ)) ≤ 2Ly̌2.

Moreover, by the definition of ϕε we get

0 ≤ (∇ϕε

(
Y ε

s

) − ∇ϕδ

(
Y δ

s

)) · (
Jε

(
Y ε

s

) − Jδ

(
Y δ

s

))
= (∇ϕε

(
Y ε

s

) − ∇ϕδ

(
Y δ

s

)) · (
Y ε

s − Y δ
s − ε∇ϕε

(
Y ε

s

) + δ∇ϕδ

(
Y δ

s

))

= (∇ϕε

(
Y ε

s

) − ∇ϕδ

(
Y δ

s

)) · (
Y ε

s − Y δ
s

) − ε
∣∣∇ϕε

(
Y ε

s

)∣∣2 − δ
∣∣∇ϕδ

(
Y δ

s

)∣∣2
+ (ε + δ)∇ϕε

(
Y ε

s

) · ∇ϕδ

(
Y δ

s

)
and then(∇ϕε

(
Y ε

s

) − ∇ϕδ

(
Y δ

s

)) · (
Y ε

s − Y δ
s

) ≥ −(ε + δ)∇ϕε

(
Y ε

s

) · ∇ϕδ

(
Y δ

s

)
.

Similarly,(∇ψε

(
Y ε

s

) − ∇ψδ

(
Y δ

s

)) · (
Y ε

s − Y δ
s

) ≥ −(ε + δ)∇ψε

(
Y ε

s

) · ∇ψδ

(
Y δ

s

)
.

Therefore, since ν ≥ 2L + 2,

E

(
t2H−1eν
t Y̌ 2

t +
∫ T

t
(2H − 1)s2H−2eν
s Y̌ 2

s ds

+ 1

M

∫ T

t
s2(2H−1)eν
s Ž2

s ds +
∫ T

t
s2H−1eν
s Y̌ 2

s d
s

)

≤ E

∫ T

t

(
2L + L2M

s2H−1

)
s2H−1eν
s Y̌ 2

s ds

+ 2(ε + δ)E

∫ T

t
s2H−1eν
s∇ϕε

(
Y ε

s

)∇ϕδ

(
Y δ

s

)
ds

+ 2(ε + δ)E

∫ T

t
s2H−1eν
s∇ψε

(
Y ε

s

)∇ψδ

(
Y δ

s

)
d
s.

By the Gronwall lemma,

Et2H−1eν
t Y̌ 2
t ≤ C(ε + δ)E

∫ T

t
s2H−1eν
s∇ϕε

(
Y ε

s

)∇ϕδ

(
Y δ

s

)
ds

+ C(ε + δ)E

∫ T

t
s2H−1eν
s∇ψε

(
Y ε

s

)∇ψδ

(
Y δ

s

)
d
s.
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By the simple inequality ab ≤ a2/2 + b2/2 and by Proposition 5.2(a) we get the
result. �

Now we can give a proof of Theorem 3.3.

Proof of Theorem 3.3. First, we show the uniqueness. From the proof of Propo-
sition 4.2, it follows that for (Y,Z,U,V ) and (Y ′,Z′,U ′,V ′) being two solutions
of (3.2), we have

E

(
eν
t

∣∣Yt − Y ′
t

∣∣2 +
∫ T

t
eν
s s2H−1∣∣Zs − Z′

s

∣∣2 ds +
∫ T

t
eν
s

∣∣Ys − Y ′
s

∣∣2 d
s

)
= 0

and

E

(∫ T

t
eν
s

(
Ys − Y ′

s

)(
Us − U ′

s

)
ds +

∫ T

t
eν
s

(
Ys − Y ′

s

)(
Vs − V ′

s

)
d
s

)
≤ 0,

which means that the solution is unique.
Now we will show that the limit of (Y ε,Zε,∇ϕε(Y

ε),∇ψε(Y
ε)) converges to

a solution of (3.2).
Since by Proposition 5.3 (Y ε,Zε) is a Cauchy sequence, there exists its limit,

that is, there exists a pair of processes (Y,Z) ∈ Ṽ1/2
[0,T ] ∩ Ṽ1/2,


[0,T ] × ṼH[0,T ] such that

lim
ε↘0

E

(∫ T

t
eν
s s2H−1∣∣Y ε

s − Ys

∣∣2(ds + d
s)

+
∫ T

t
eν
s s2(2H−1)

∣∣Zε
s − Zs

∣∣2 ds

)
= 0.

From Proposition 5.2(c),

lim
ε↘0

Eeν
t t2H−1(∣∣Y ε
t − Jε

(
Y ε

t

)∣∣2 + ∣∣Y ε
t − J̃ε

(
Y ε

t

)∣∣2) = 0,

and we have limε↘0 Jε(Y
ε) = Y in Ṽ1/2

[0,T ] and limε↘0 J̃ε(Y
ε) = Y in Ṽ1/2,


[0,T ] .
Denoting Uε = ∇ϕε(Y

ε) and V ε = ∇ψε(Y
ε) from Proposition 5.2(a) we obtain

E

∫ T

0
eν
s s2H−1(∣∣Uε

s

∣∣2 ds + ∣∣V ε
s

∣∣2 d
s

) ≤ C.

Hence, there exist a subsequence εn ↘ 0 and processes U , V such that

Uεn → U weakly in Ṽ1/2
[0,T ] and V εn → V weakly in Ṽ1/2,


[0,T ]
and from the Fatou lemma

E

∫ T

0
eν
s s2H−1(|Us |2 ds + |Vs |2 d
s

) ≤ C.

Passing now with ε to 0 in (5.6), we obtain (3.2).
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Moreover since Uε
t ∈ ∂ϕ(Jε(Y

ε
t )) and V ε

t ∈ ∂ψ(J̃ε(Y
ε
t )), for all u ∈ Ṽ1/2

[0,T ] and

v ∈ Ṽ1/2,

[0,T ] we have

Uε
t · (

ut − Jε

(
Y ε

t

)) + ϕ
(
Jε

(
Y ε

t

)) ≤ ϕ(ut )

and

V ε
t · (

vt − J̃ε

(
Y ε

t

)) + ψ
(
J̃ε

(
Y ε

t

)) ≤ ψ(vt ).

Therefore, we can deduce (passing to limes infimum) that

Ut · (ut − Yt ) + ϕ(Yt ) ≤ ϕ(ut ) and Vt · (vt − Yt ) + ψ(Yt ) ≤ ψ(vt ),

which mean that (Yt ,Ut ) ∈ ∂ϕ and (Yt ,Vt ) ∈ ∂ψ , t ∈ [0, T ]. That completes the
proof. �
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Jańczak-Borkowska, K. (2013). Generalized BSDEs driven by fractional Brownian motion. Statist.
Probab. Lett. 83, 805–811. MR3040307

Maticiuc, L. and Nie, T. (2013). Fractional backward stochastic differential equations and fractional
backward variational inequalities. Available at arXiv:1102.3014v4 [math.PR]. MR3320972

http://www.ams.org/mathscinet-getitem?mr=0390843
http://www.ams.org/mathscinet-getitem?mr=2142362
http://www.ams.org/mathscinet-getitem?mr=1919615
http://www.ams.org/mathscinet-getitem?mr=0348562
http://www.ams.org/mathscinet-getitem?mr=1677455
http://www.ams.org/mathscinet-getitem?mr=1741154
http://www.ams.org/mathscinet-getitem?mr=2130224
http://www.ams.org/mathscinet-getitem?mr=2516183
http://www.ams.org/mathscinet-getitem?mr=2571685
http://www.ams.org/mathscinet-getitem?mr=2810975
http://www.ams.org/mathscinet-getitem?mr=3040307
http://arxiv.org/abs/arXiv:1102.3014v4
http://www.ams.org/mathscinet-getitem?mr=3320972


GBSVI driven by fBm 519
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Pardoux, É. and Răşcanu, A. (1998). Backward stochastic differential equations with subdifferential
operator and related variational inequalities. Stochastic Process. Appl. 76, 191–215. MR1642656

Pardoux, É. and Zhang, S. (1998). Generalized BSDEs and nonlinear Neumann boundary value
problems. Probab. Theory Related Fields 110, 535–558. MR1626963

Young, L. C. (1936). An inequality of the Hölder type connected with Stieltjes integration. Acta
Math. 67, 251–282. MR1555421

Faculty of Mathematics
and Computer Science

Nicolaus Copernicus University
Toruń
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