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The Cramér condition for the Curie—-Weiss model of SOC
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Université Paris Sud and ENS Paris

Abstract. We pursue the study of the Curie-Weiss model of self-organized
criticality we designed in (Ann. Probab. 44 (2016) 444-478). We extend our
results to more general interaction functions and we prove that, for a class
of symmetric distributions satisfying a Cramér condition (C) and some inte-
grability hypothesis, the sum S, of the random variables behaves as in the
typical critical generalized Ising Curie-Weiss model. The fluctuations are of
order n3/4 and the limiting law is k exp(—Ax4) dx where k and X are suitable
positive constants. In (Ann. Probab. 44 (2016) 444-478), we obtained these
results only for distributions having an even density.

1 Introduction

In their famous article Per Bak, Chao Tang and Kurt Wiesenfeld (1987) showed
that certain complex systems are naturally attracted by critical points, without any
external intervention. The amplification of small internal fluctuations can lead to
a critical state and cause a chain reaction leading to a radical change of the sys-
tem behavior. These systems exhibit the phenomenon of self-organized criticality
(SOC). In general, SOC can be observed empirically or simulated on a computer
in various models. However, the mathematical analysis of these models turns out
to be extremely difficult, even for the sandpile model (the archetype of SOC, pre-
sented in Bak, Tang and Wiesenfeld (1987)) whose definition is yet simple.

In Cerf and Gorny (2016) and Gorny (2014), we introduced a Curie—Weiss
model of self-organized criticality (SOC): we transformed the distribution as-
sociated to the generalized Ising Curie—Weiss model by implementing an auto-
matic control of the inverse temperature which forces the model to evolve toward
a critical state. This is the model given by (Xfl)lfkfn such that, for all n > 1,
(X!, ..., X™) has the distribution

— exp

1 <1<x1+...+xn>2
Zn

n
T2, .2 dp(x;),
o) x12_|__”+x% ) {xi+ +xn>0}i1:[l

where p is a non-degenerate distribution on R and Z,, is a normalization constant.
We proved that, if p has an even density which satisfies some integrability condi-
tions, then the fluctuations of S, = X,i +---+ X are of order n3/* and the limiting
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(—) F(—) exp(——) ds.
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This fluctuation result shows that the sum S,, behaves asymptotically as in the typ-
ical critical generalized Ising Curie-Weiss model. Moreover, by construction, it
does not depend on any external parameter. In this sense, we can conclude that this
is a Curie—Weiss model of self-organized criticality. Our result presents an unex-
pected universal feature. Indeed, this is in contrast to the situation in the critical
generalized Ising Curie—Weiss model: at the critical point, the fluctuations are of
order n' =12 where k depends on the distribution p. Moreover, our integrabil-
ity conditions on p are weaker than those required to define the generalized Ising
Curie—Weiss model, studied by Richard S. Ellis and Charles M. Newman (1978).
For instance, our result holds for any centered Gaussian measure on R. The Gaus-
sian case of our model can be handled with the help of an explicit computation
(Gorny (2014)).

In this paper, we extend the main results of Cerf and Gorny (2016) in three
directions:

law is

e We solve a problem about the mass at O of p that we met in Cerf and Gorny
(2016) by using a conditioning argument. This allows us to extend the law of
large numbers associated to our model.

e The hypothesis that the law p has a density is essential in the proof of the fluc-
tuations result in Cerf and Gorny (2016). Here, we use arguments coming from
the work of Anders Martin-Lof (1982) to extend this result to any symmetric
probability measure which satisfies some integrability hypothesis and a Cramér
condition:

Yo >0 sup

[(s.DlIze

< 1. ©

fR isaHitz? dp(2)

This includes a much larger class of probability measures. However, the proof
is much more technical.

e We extend our model to more general interaction functions. This extension is
similar in spirit to the work of Richard S. Ellis and Theodor Eisele (1988) in the
context of the generalized Ising Curie—Weiss model.

The model. Let g be a measurable real-valued function defined on R such that
g(u) ~ u?/2 in the neighbourhood of 0 and
u2
YueR glu) < 5

Let p be a probability measure on R, which is not the Dirac mass at 0. We consider
an infinite triangular array of real-valued random variables (X ’,j )1<k<n such that,
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foralln > 1, (X ,l, ..., X};) has the distribution &, , ¢, Whose density with respect
to p®" is

1 X1+ +xp
(X1, .0y Xp) > ~ expl ng 1{x%+~-~+x3>0}’
n.g \/n(xlz—l—---—i-x%)

where

X1+ +x, n
“ng = fR eXp(ng(\/ )>ﬂ{x%+---+x,%>0} [T dpxo).

nxd 4+ x2) i=1
We define S, = X} + -4+ X" and T, = (X)) 4+ --- + (X1)2.

We state next our main result, which is a strengthening of Theorems 1 and 2 of
Cerf and Gorny (2016).

Theorem 1. Let p be a symmetric probability measure on R with positive variance
o2 and such that

Juy >0 /ﬂ;e”‘)zz dp(z) < +o00.

Law of large numbers: Under iy p.q, (Sp/n, Tn/n) converges in probability
towards (0, 0%).

We suppose in addition that g has a fourth derivative at 0 and that the following
Cramér condition holds:

Yo >0 sup
(s, =

)
Aéelsz-i—ltz d,O(Z)

<1. ©)

Let 4 be the fourth moment of p. We denote mq = —g™(0)/2 > 0.
Fluctuations result: Under i, g,

. 14 71y~ 4
mia Sn oz (4 1 8T
(na 4+ myo”) 3378 b (3) F<4) exp( 12)ds.

The condition (C) is called the Cramér condition for the law of (Z, Z 2), where
Z is arandom variable with distribution p. The class of probability measures sat-
isfying (C) is much larger than the class of probability measures having a density.
Indeed, by the Lebesgue decomposition theorem (see Rudin (1987)), there exist
three non-negative real numbers «, b, ¢ such that a + b + ¢ =1 and

P =apac +bpg + cps,

where p,. is a probability measure with density f, pz is a discrete probability
measure and p; is a singular probability measure having no atoms. If a > 0, we
say that p has an absolutely continuous component.
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Proposition 2. If p has an absolutely continuous component, then

/R piszHitz? dp(2)

< 1.

Yo >0 sup

l(s,0)l1=ex

For example, the law

Lo w3 Lsi s ( x2) dx
=—5_14+- — exp| ——

O TR I TG A WY W=

satisfies the hypothesis of Theorem 1.

In Cerf and Gorny (2016), we treated the case where g (1) = u?/2 for any u € R.
We obtained a law of large numbers under fi, , ,, for symmetric probability mea-
sures p such that p({0}) < e~'/2 or such that p(]0, c[) = 0 for some ¢ > 0. The
above distribution pg does not satisfy this hypothesis. Moreover, in the fluctuations
theorem of Cerf and Gorny (2016), we only deal with a distribution p having an
even density f which satisfies

L, 7G4 0701 dxdy < +oc.

for some p €]1,2]: once again this is not the case for pg. Hence, Theorem 1 im-
proves the main results of Cerf and Gorny (2016). Yet its proof is much more
complicated: we have to use an approximation of the identity to obtain an asymp-
totic relation between v;” and its Cramér transform. The final Laplace’s method is
also much more technical than in Cerf and Gorny (2016).

Remark. If we start with the model studied in Eisele and Ellis (1988) and we
follow the same road as in Cerf and Gorny (2016), then we end up with the distri-
bution i}, , , whose density with respect to p®" is

1 28((x1 4+ -+ +x,)/n)
(*1, ..oy Xp) > ———exp(n X244 x2
n,g 1 n

) (x2+-+x2>0}°

where Z; , is the renormalization constant. In this case, the result stated in Theo-
rem 1 holds as well, but with (ugq + m406)1/4 instead of (4 + m4a4)1/4.

This paper is organized as follows. In Section 2, we give some preliminaries
containing a list of all the results derived from Cerf and Gorny (2016) which are
essential for the proof of our main theorem. In Section 3, we extend the results of
Cerf and Gorny (2016) around Varadhan’s lemma with a conditioning argument.
Next, in Section 4, we give some generalities on the Cramér condition, we prove
Proposition 2 and a key theorem: an asymptotic relation between the n-fold tensor
product of a probability measure and its Cramér transform (Theorem 8). Finally,
in Section 5, we use Laplace’s method in order to prove Theorem 1, with the help
of the results from Sections 3 and 4. We end the paper by the Appendix presenting
the proof of Theorem 8.
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2 Preliminaries

Here, we give some notation and we list all the results derived from the Sections 3
and 5 of Cerf and Gorny (2016) which are essential for the proof of Theorem 1.
Let F and F|, be the functions defined on R x]0, +o00[ by

x2

V(x,y) € Rx]0, +o0of F(x,y)=5 and Fg(x,y)=g(x

=)
‘We define the sets
A={(x,y)eR*:x* <y} and A*=A\{(0,0))}.

We denote by v, the law of (Z, Z?), where Z is a random variable with distribu-
tion p, and by v, , the law of (S,/n, T,/n) under p*". Under [i, , ¢, the law of
(Su/n, Ty/n) is

exp(nFg(x, y)Iax(x,y)dv, p(x,y)
Sarexp(nFq(s, 1)) dVy p(s, 1)

Let p be a symmetric probability measure on R with variance 0. We define the
Laplace transform A of v, by

V(u,v) € R? A, v) = ln[l;e”w”z2 dp(2)

and by Dj the set of the points (u, v) € R? such that A (u, v) < +00. We define
next the Cramér transform / of v, by

V(x,y) e R? I(x,y)= sup (ux+vy—A(u,v))
(u,v)eR2

and by Dy the set of the points (x, y) € R? such that I (x, y) < +o00.

We suppose that (0, 0) D A- Then [ is a good rate function, that is, it is non-
negative and for any « > 0, the set {(x, y) € R*:I(x, y) < o} is compact. More-
over Cramér’s theorem states that (v, ,),>1 satisfies a large deviations principle,
with speed n, governed by /. Next,

—Inp({0}) if p({0}) > 0,

10,0 = { +00 if p({0}) =0,

and the I — F has a unique minimum on A* at (0, o2), with (I — F)(0,02%) =0.
Moreover, if the support of p contains at least three points and if 4 denotes the
fourth moment of p, then when (x, y) goes to (0, 0?),

pax? L o= 0?)?
1208 2(ug — o)’

I(x,y) = F(x,y)~
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Finally, since g has a fourth derivative at 0, the Taylor—Young formula implies that

2 3 4
TN ) Y7 N 4
g =— +870) m412+0(u ).
We have g(u) < u®/2 for any u € R. Therefore, g (0) =0, m4 > 0 and thus,
when (x, y) goes to (0, o?),

4

F(x,y) — Fy(x,y) = Tg—;‘z(l +o(1)) =

max?
1204

+o(| . %),

As a consequence,

(s +mgoh)x*  (y—0?)?
12038 2(ug — o)’

I(X,y)—Fg(x»y)’\'

Remark. In the case of the model given by the distribution ji} , ¢» defined in the
Remark at the end of the Introduction, we replace Fg by the function (x, y) €
Rx]0, +o0o[+— g(x)/y in the Sections 2-5. The only difference is that when
(x,y) goes to (0, 02),

(s +mao®)x*  (y—0?)?
12038 2(ug — o)’

I(Xa)’)—Fg(x»)’)’\’

3 Around Varadhan’s lemma

In Section 6 of Cerf and Gorny (2016), we proved the following result.

Lemma 3. Let p be a symmetric probability measure on R such that (0, 0) belongs

to lo)A and p({0}) = 0. Let o> denote the variance of p. If A is a closed subset of
R2 which does not contain (0, 0%), then

. 1 nx?\
hmsup—ln/ exp(2—> dv, p(x,y) <0.
A*NA y

n—+oo N

Actually we obtained in Cerf and Gorny (2016) this same conclusion for sym-
metric measures p such that p({0}) < e~ 1/2 or such that (10, c[) = 0 for some
¢ > 0. This restriction is due to the behaviour of / — F near the point (0, 0), which
is a singularity of F.

In this section, we will extend this result to any non-degenerate symmetric prob-
ability measure on R such that (0, 0) D0 A- To this end, we will rely on a condi-
tioning argument in order to reduce the problem to the case of measures which
have no point mass at 0, and to apply Lemma 3. We focus first on what happens in
the neighbourhood of (0, 0).
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Proposition 4. Suppose that p is a symmetrlc probability measure on R with pos-

itive variance o and such that (0,0) € DA There exists y > 0 such that, for
8 €10, o’2[ small enough and for n large enough,

/ e”xz/(zy)110<y§5 dvy p(x,y) <e .
We notice that the constant y only depends on p (and not §).

Proof of Proposition 4. If p({0}) =0 then Lemma 3 implies that the constant
1 1 , ~
V= ——limsup—ln/ enxz/(zy)]10<y<02/2dvn,p(X,)’)
n—+oo N * -

is positive since {(x, y) € R?:0 < y < ¢'2/2} is a closed set which does not contain
(0, 0%). For 8 €10, 02 /2[, we have then

1 , -
lim sup — ln/ e O s dTy p(x,y) < =2y < —y.
n—+4oo N *

Hence, the result holds for probability measures which have no point mass at 0.
We suppose now that p({0}) > 0. Let » > 1 and X1, ..., X,, be independent
random variables with common distribution p. We put

n n
Sp=Y X; and T,=) X;.
i=1 i=1
For § > 0 small enough, we denote

Eps— / IO s d (2, ).
Since Vy, ,(A) = 1, we have
E,s= E(e ”/(2Tn)]lO<Tn§n8)-
For any ¢ > 0, we have

2 2
Ens <E(/*™ 17, o017, mecis,/nt) + B s, <1, /n<s)

and we write this sum 1,, | + I, 5.

In Figure 1, I, is an integral on the vertically hatched area and I, > is an
integral on the horizontally hatched area.

We notice that, if ¢|S,,/n| < T,,/n < §, then

2 2
Sn < Tn < i < ﬁ
2T, — 2c2T, — 2¢?2 — 2¢2

‘We have thus
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y=c|x|

A y=4x

0,02

0

Figure 1 The set {(x,y) € A:0 <y <cl|x|} is vertically hatched. The set {(x,y) € Rzzclxl <
y < 8} is horizontally hatched.

We denote o« = —In p({0})/2 > 0. The function [ is lower semi-continuous, thus
there exists a neighbourhood U/ of (0, 0) such that

— o (07
Vel 16 =10.0 -5 =—(inp(0) +5)

We can take § small enough so that {(x, y) € R2: ¢|x| < y <8} C U. We choose
¢ = o /+/a (which only depends on p). Cramér’s theorem (see Dembo and Zeitouni
(2010)) implies that

1 )
limsup—In/, > < -— —inf/
n——+oo N 2c¢ u

<2 np((0)+ L =Inp(0]) + g(l + i).
2¢2 2 2 o2
If § < o2, then this last expression is smaller than
Inp({0}) + ¢ = 20 +a = —a.

Hence, for n large enough,

2
Let us focus now on I, ;. We define the random variable N,, by

N, ={ke{0,...,n}: Xz =0}.

no
Inp < exp(— —)

We have

2 2
Lt =B (%1, o017, inecis,n) = B(e®/ C™W g, 2017, <cls,))

n—1
= S BTy, i, Ln,k)
k=0
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and, forany k € {0, ..., n — 1},

]E( S /(ZTn)]]‘Tn<C|Sn‘]]‘Nn )

2
= E(es”/(zT”)]lTnchnl Z Ix; =0 1x; =0lvjg(i..., ik}x_f;eo)
I<ii<ip<---<ip<n
2
= Z E(eS”/(ZT")ﬂT,,SdSn\ﬂX,‘I:0'“ﬂXik=01Vf¢{i1 ..... ,-k}XﬁéO),

1<ii<ir<--<ix<n

The random variables X1, ..., X, are exchangeable, hence the expectations in the
above sum are equal:

(5?17 s, Ly, )
n
_ (k>IE(eS”/(zT”)JlTnsdsn|11x1;é0--'1xn_k¢01xn_k+1=0'"1Xn=0)

n 2
N (k ) E(e%-+/CT017, <5,

X Lx,20+ Lx, 4201, 441=0 "~ 1x,=0)-

By the independence of X1, ..., X,,, we have

2
E(e/C™ 11 <5, 1n,=k)

n
2
=<Z> [T P&X;=0E(S+/ 01 s, lx,20-1x, 1#0)
j=n—k+1

= () oty = plion)™

n—k
5 Ix;+0
X E(esn—k/(ZT”_k)]lTnkfclSnkl 1_[ S~ o |
J

et P(X; #0)
Forany k € {1, ..., n}, we set
k
_ Ix;+0
i =E< Sk/(sz)]lTk<c\Sk| | | P(X ﬁ;(»)

so that we have

nl—zun k( ) (103" (1 = p(f01)"™*

_Z”k( ) (i1~ (1 = s(t0)))".
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We denote by p the probability measure p conditioned to R \ {0}, that is,

_ p(-NRA\{0})
=p(-|IR\{0}) = ———,
so that
Vkel{l,...,n} U= " ekxz/(zy)]lysm dvi 5(x, ).

The measure p is symmetric, p({0}) = 0 and

Y(u,v) € R? Au,v) = ln/]l;e””vz2 dp(z) < Au,v) —In(1 — p({0})),

thus (0,0) e 5K~ Moreover, the variance of p is g2=0%(1- ,0({0}))_1 and the
closed set {(x,y) € R?: y < c|x|} does not contain (0, 72). Applying Lemma 3,
we get

1
lkim sup — ln/A ekx2/(2y)1y§c|x| dvg 5(x,y) <O0.
—+00 *

Thus, there exist &g > 0 and ng > 1 such that
Vk > ng ur <exp(—kep).

For n > ng, we write I, 1 = A, + B,, with

an=31 () ptto)" ™1 = (0

k=1

and

n

b= Y () e(to) (1= p(io)).

k=no+1
For all k > 1, we have vy 5(A) =1, thus u; < exp(k/2) and then
i 1 k
An < p(01)" D" 20" (p(f0}) " — 1)
k=1
< p({0})"ne"*n™ max(1, (p({0}) " = 1)").
Moreover,

Bz 3 b (1) o) (o))

k=nop+1

= (p({0}) + e~ (1 = p({0}))".
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Therefore, setting
B =—In[p({0}) + (1 — p({0}))] >
we have that, for n large enough,
I,.1 = A, + B, <exp(—na) + exp(—np).

We notice that g, o and 8 only depend on p.
Finally, we set y = min(«/4, 8/2) (which only depends on p). For n large
enough and § €]0, o2 small enough, we have

En,5 =< In,l + In,2 = exp(—n)/).
This proves the proposition. 0

Now we can state the main result of this section, which is the announced refine-
ment of Lemma 3 and which is essential to the proof of Theorem 1.

Proposntlon 5. Let p be a symmetrlc probability measure on R with a positive

variance o* and such that (0,0) € DA If A is a closed subset of R which does
not contain (0, 0'%) then

. 1 nx?\
lim sup — ln/ exp(—) dVy,p(x,y) <O0.
A*NA 2y

n—+oo N

Proof. By Proposition 4, there exist y > 0 and 6 > O such that

1 , ~
limsup—ln/ enx2/(2y)10<y55 dvy p(x,y) < —v.

n—+oo N

Weset As ={(x,y) e ANA:y >4} Wehave
A*NAC{(x,y)eA*:0<y<8}UAs.
The set As is closed, it does not contain (0, 02) and F is continuous on it. The

usual Varadhan’s lemma (see Dembo and Zeitouni (2010)) implies that

1
limsup — In / /) gy, (x,y) < —inf(I — F).
Ag As

n—+oo N

As a consequence,

li u —1 | / <”x2) v ( ) < ( i f(l - ))
1ms n €X dv X, max| —y, —1n I .
p * p 2 n,p y 14 s

n—+oo N

Since (0, 0) € Dy, I is a good rate function and I — F attains its minimum on the
closed set Ag. Since As does not contain (0, %), we have

max(—y, —igf(l — F)) <0

and the proposition is proved. g
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4 The Cramér condition

Let d > 1. For any z = (a +iby,...,a;+ibg) € C4 and x = (x1, ..., xg) € RY,
we denote

d d
(z,x) = Zakxk +i Zbkxk.
k=1 k=1

If z € RY then (z, x) is the Euclidean inner product of z and x.

Let v be a non-degenerate probability measure on R?. We denote by L its Log-
Laplace and by J its Cramér transform. Let D; and D; be the domains of R?
where the functions L and J are respectively finite. We put

DM:{z=a+ibe(Cd:aeDL}

and we define the function M by
VzeDy M) = /de<z’x>dv(x).
R

We notice that the function s € R — In M (s) is the Log-Laplace L of v and that
s € R —> M(is) is the Fourier transform of v.

One of the key ingredients for proving the main theorem of Cerf and Gorny
(2016) is the Theorem 11 of Cerf and Gorny (2016) (which is extracted from
Andriani and Baldi (1997)). This theorem allows us to express the density of v*”
as a function of J and, under the condition

Yo >0 sup |M(@is)| <1, ©
lIsll=a
we can then obtain an asymptotic expansion. The condition (C) is called the
Cramér condition. Anders Martin-Lof (1982) uses an approximation of the iden-
tity to obtain a similar expression for more general measures on R satisfying the
condition (C), without requiring the existence of a density.

In this section, we will prove d-dimensional analogs of the results of Martin-Lof
(1982).

4.1 Around the Cramér condition

We give here a sufficient condition for a measure v on R? to satisfy the Cramér
condition (C).

Lemma 6. If there exists so # 0 such that |M(isg)| = 1 then v is an arithmetic

measure, that is, there exists (a, b) € R2 such that

v({x e RY: (50, x) € a +bZ}) = 1.
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Proof. Suppose that |M (isg)| = 1 for some sg # 0. Thus,

/ e 50X gy (x) 5/ dv(x)=1.
R4 R4

We are in the equality case of this classical inequality, that is, there exists by € R
such that

1=

£H150:%) — pibo v a.s.,

whence
v({x eRY: (s0, x) € by +27Z)) =1

and the lemma is proved. 0

Suppose that v has a density with respect to the Lebesgue measure. By the
Riemann-Lebesgue lemma,

— 0.
IIs||— 400

|M(is)’ = ‘/Rd ol (85:) dv(x)

As a consequence, if v does not satisfy (C), then there exists sg # 0, such that
|M (isg)| = 1. By the previous lemma, v is arithmetic. This is absurd. Therefore,
any probability measure having a density with respect to the Lebesgue measure sat-
isfies (C). Moreover, by the Lebesgue decomposition theorem (see Rudin (1987)),
a probability measure v can be represented as the sum of three components:

V=avg + bvg + cvy,

where v, is an absolutely continuous probability measure, v, is a discrete proba-
bility measure, vy is a singular probability measure with no atoms and a, b, c are
three non-negative real numbers such that a + b 4+ c = 1. If a > 0, we say that
v has an absolutely continuous component. An absolutely continuous probability
measure admits a density, thus we have the following proposition.

Proposition 7. If v has an absolutely continuous component, then it satisfies the
Cramér condition (C).

We end this section by giving the proof of Proposition 2: we suppose that p =
apac + bpg + cps, where a > 0 and p,. is a probability measure on R having a
density f. We cannot use Proposition 7 directly because v, does not have a density.
However, we saw in Lemma 16 of Cerf and Gorny (2016) that, if v,,. denotes the
law of (Z, Z%) where Z is a random variable with distribution Dac, then v;‘)‘fc has

the density

1 X +,/2y —x2 X — /2y — x2

f2i(x,y) — f( 5 )f( ) )]lx2<2y‘
2y — x2
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We can write p*? = a? p;g + (1 — a®)n, where 7 is the probability measure on R?

defined by

=13 (B2 03% + 2P} + 2abpac * pa + 2acpac * ps + 2bepg * ps).
We have then
2
‘A;elsz-i-ztzz d,O(Z)
_ is(x+y)+it(x2+y2)
= [ dp ) dp ()|
. . 2 2
5612 / ezs(x+y)+zt(x +y )d,o;kg(x,y)‘ + (1 _aZ)‘/ dn(x, y)‘
R2 R2
S a2 f eisu-l—itv dv;Z.(u’ U) _|_ 1 _a2‘
Rz ac
Hence,
. .. 2 2 . .
sup /e”””z do(z)| <a? sup / U £ v)dudo| + 1 — a?.
IGs.0l=al /R (s>l /R

Proposition 7 implies that the supremum in the right-hand side of the previous
inequality is strictly smaller that 1. This completes the proof of Proposition 2.

4.2 An asymptotic relation with the Cramér transform

We define the function k by
d
Vx=(xp,...,x0) €R?  k(x) =[] max(1 — |x;], 0)
j=1
and, for ¢ > 0, the function k. by

1
VieRY  ko(c)= —dk(f).
C

c

It is an approximation of the identity on R¢ since the integral of k is equal to 1.
Finally, for any n > 1 and ¢ > 0, we introduce

@nc:X € RY —> /dkc(s —nx)dv*(s).
R

We notice that ¢, (x) = (k. * v*"*)(nx) for any x € R?. A standard result on the
approximations of the identity says that, if v*" has a density f;, then

1im/ |@n.c(x) — fu(nx)|dx =0.
c—0 JRd
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This suggests that the asymptotic behaviour of ¢, . and v*" are related, even in the
general case when v*" does not have a density. The following theorem is the key
result for the proof of Theorem 1.

Theorem 8. Let v be a non-degenerate probability measure on R? such that the
interior of Dr is not empty. Let Kj be a compact subset of Ay, the admissible
domain of J. If v satisfies the Cramér condition

Ya >0 sup |[M(is)| <1, ©

lIsll=a

then there exists y > 0 such that, when n goes to 400 and c goes to 0, uniformly
overx e Ky,

On.c(x) = 2rn) =42 (detD2 1) 2™ O (1 4 o(1) + O (n?e™7"c~%)).

We postpone the proof of this theorem in the Appendix.

5 Proof of Theorem 1

In this section, we use first Proposition 5 to prove the law of large numbers under
i, p,g- Next, in order to prove the fluctuations theorem, we use Laplace’s method:
to this end, we introduce an integral with the approximation of the identity of
Section 4. Then Proposition 5 gives the expansion of this integral. The technical
part of the proof is to show that the remaining terms are negligible.

Suppose that p is a symmetric probability measure on R with positive variance
o? and such that

Jug >0 /Revozz dop(z) < +00.

5.1 Proof of the law of large numbers

The fact that g(u) ~ u?/2 in the neighbourhood of 0 implies that F ¢ 18 positive on
some open neighbourhood V of (0, o%), which is included in A*. We have then

Z’l,g = /A* eXp(l’ng(x, y))dﬁn,p(x» y) Zin,p(v)

The large deviations principle satisfied by (V, ,),>1 implies that

1 1
liminf —InZ, , > liminf — In 7%, >— inf [ =0.
nlglirgon 1 &n.g _nlglirgon onp (V) 2 (x,lyn)ev . )

We denote by 6, , , the distribution of (S,/n, T,,/n) under i, , . Let U be an
open neighbourhood of (0, o) in R2. Since Fg < F, the results of Section 2 and
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Proposition 5 imply that

1
limsup —In6, , o(U°)
n—-+oo N

1 1
<limsup —In /A*mw exp(nFg(x,y))dvy p(x,y) — Llinigg; InZ,,<0.

n—+oo N

Hence, there exist € > 0 and ng € N such that
Vn > ng On,p(U) < exp(—ne).

Thus, for each open neighbourhood U of (0, o),
. ~ Sn T c
L “nm((? 7) cu ) =0.
This means that, under fi, , ¢, (S./n, T,,/n) converges in probability to (0, a?).

5.2 Proof of the fluctuations result

We suppose in addition that g has a fourth derivative at 0 and that p satisfies

/]R ¢TI dp(z)

Ya >0 sup < 1. ©

lls.0)lI=a
This is the Cramér condition for v,. Let us prove that, under i, o g,
Se  # (ug+mgoH\VA 1\ s +mact
- {— (- exp| ————=——=—=s" ) ds.
n3/4 n—o0 304 4 12038

This is equivalent to the convergence announced in Theorem 1. For u € R, we

define
'_x+...+x x+...+x
En(u)=/ exp(zul34/4n+ng( ! z ))

n
X ﬂ{xlz+~-~+x,%>0} 1_[ dp(x;).
j=l1

Let us notice that Z,, ;, = E;(0) and that

E- . Sn _ En(”)
Voo [exp(’”n3/4>] ~E,0)

By Paul Levy’s theorem, in order to obtain the convergence in law stated in The-
orem 1, it is necessary and sufficient to prove that, for any u € R, the sequence
(E,(u)/E,(0)),>1 converges toward

Jrexpliux — (g +mao)x*)/(120°)) dx
Jrexp(—((a + mao*)x*)/(1208)) dx
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To this end, we will compute the expansion of E,, (1), n > 1, u € R. We denote by
Uy, the law of (S, /n, T, /n) under p®". We have

YueR E,(u) = fA* exp(iu}cnl/4 +nFg(x,y)dvy p(x, y).

Let u € R and § > 0. We denote by B; the open ball in R? of radius § centered at
(0, 02). We choose 8 small enough so that B; is included in K7, a compact subset
of A; C A*. We define

fo:(x,y) € R? —> exp(iuxn'/?).
For all n > 1, we write E,,(u) = A,, + B,, with

A= [ e, and By= [ feeds,
Bs (Bs)cNA*

First, since F, < F, Proposition 5 implies that there exists &9 > 0 such that, for n
large enough,

|Bn| < exp(—neo).

We next compute the expansion of A,, using the results of the last section. We
define the function k by

Y(x,y) € R? k(x,y) =max(1 — |x|,0) x max(1 — |y, 0)
and, for ¢ > 0, we define k. by

1
Ve ktry) = k(5.2)
C c C

We put

An,c,l = /IA%Z kc/n * (fnean]lBa)(S, 1) din,p(S, t)

and A, .2 = A, — Ay.c.1. Fubini’s theorem implies that

B F st
Anca = [ ke s (e Fe1m) (2.5 ) avg o,
(o= =)
= _—— x’ —_——
k2 g2 c/n n n y
X e ) L, 1) dxdy ) dvys.)
= [, e e D 1,00, y)
X </2n2kc(s —nx,t— ny)dv;f"(s, t)> dxdy
R

=n2fB Fux, )N, (x, y)dx dy,
S
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where
V(x,y) € R? On.c(x,y) = /RZ ke(s —nx,t —ny) dv;"(s, 1).
We denote
Hyc:(x,y) € R ne" Vg, (x, y).
Hence,

An,c,l = n/B Sn(x, y)e—n(I—Fg)(x,y)Hn’C(x’ y)dxdy.
s

The measure v, satisfies the Cramér condition, thus by Theorem 8, there exists
y > 0 such that, when n goes to +o0c and ¢ goes to 0, uniformly over (x, y) € Ky,

Hyo(x,y) = (detD(x oD (14 o) + O (ne™"c2)).
We suppose that
Enc = ne "¢ — 0.
n—oo
c—0

Then, uniformly over (x, y) € K7,

1 12
Hn,c(x, y) n? 2—(detD(x ¥) ) .
c—0
We denote
Bsn={(x.y) eR?:[[(xn ™% yn™ %) < 5},
where || - || is the Euclidean norm on R2. Let us make the change of variable given

—1/4 ~3/4.

by (x,y) —> (xn , yn_l/2 + 0%) with Jacobian n

Ane, =n1/4/ exp(iux —n(l — Fo)(xn™ "4, yn= 1% 4 o2))
B(S,n

X Hy o(xn™ Y4 yn™V2 4 0?) dx dy.

We check now that we can apply the dominated convergence theorem to this inte-
gral. The uniform expansion of H, . means that for any o > 0, there exist no > 1
and co > 0 such that

(x,y)€Ki,n>np,c<cy = |Hy(x, y)27r(detD(xy)I)_1/2—l|§oz.

If (x,y) € Bs ., then (x,, y,) = (xn~1/4, yn_l/2 + 02) € Bs C K, thus for all
n >ngp, c <cpand (x, y) € Bs s,

X y —1/2
nﬁc(m,ﬁ—ka )27T(detD(x y)I) —1 <.
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Moreover, (x,, y,) — (0, 02) thus, by continuity,

(D? —1/2 ~1/2

1/2
G 1) — (Dg 2)1) /

2
n—+o0o 0,0 = (D(O,O) ) s

whose determinant is equal to /o %(uq — o#). Therefore,

x [—

ﬁ n—00

c—0
We proved in Section 2 that, when (x, y) goes to (0, o),

(g +maoHyxt  (y —o?)?
1208 2(us — o4’

I(x’y)_Fg(xvY)N

It follows that

Xy o\ (14 +mao*)x* y?
n——+oo

—_—, —= _.l_ .

nl/4" /n 1208 2 — o)

Let us check that the integrand is dominated by an integrable function, which is
independent of n. The function

n(l — Fg)<

2 —1/2
e d)

is bounded on Bs by some Ms > 0. The uniform expansion of H, . implies that
for all (x, y) € Bs, Hy c(x,y) < Cs for some constant Cs > 0. Finally, it follows
from the above expansion of the proposition that, for § > 0 small enough,

(x,y)— (D

(4 +maohHxt (v —0?)?
2408 4(ug — 0%

and thus, for § small enough, for any (x, y) € R2, n> no and ¢ < ¢y,
x 2 Xy 2
Ig;, (x, y) eXp(—n(I - Fg)(m, ﬁ +o >)Hn,c(m, ﬁ +o )
(ua+maohat — y? )
2408 4(pg — o)
and the right term is an integrable function on R?. It follows from the dominated

convergence theorem that, when n goes to +o0o and ¢ goes to 0, then n~!/ 4An,c,1
converges to

V(Xa}’)EBé G(x»y)=1(x»y)—Fg(x’Y)Z

<Cs exp(—

2

/ exp(iux) exp(— (s + maoH)x? 3 y ) dxdy
8 4 .
R? VZJTGZ\/m 120 2(ps — o%)

By Fubini’s theorem, we get

nl/4 . (g + myot)x*
Anc1 ~ expliux — ————— ) dx.
=0 orga2 JR 1208
c

—0
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Now we deal with A, . ». We will introduce an indicator function in order to sim-
plify the expression of A, ..>. We put a = 8/(2+/2) and

Apcs= L [fl’l(sa t)ean(s't)ﬂBg (s, 1) — kc/n * (fnean]lBg)(sa t)] dgn,p(sa 1),
Anca= /( e 15 0" Ly 5. 0) T s ),

Anes= | Ko (fue" e 1p,) (5, 1) d, (s, 1),

sothat Ay 0 =Apc3+ Anca — Apes. Since Bs C A* and Fy, < F, we have

|An,c,4| =< f enF d‘&)‘n,p
(Ba)°NA*
and Proposition 5 ensures that there exists &1 > 0 such that, for n large enough,
An,c,4 nfw (0] (exp(—nel ))
c—0

Until now we used the standard techniques of Laplace’s method (cf. the proof
of the main result of Cerf and Gorny (2016)) together with an approximation of
the identity. The computation of the expansion of A, .3 and A, . s is the technical
part of this proof.

Lemma9. If 8, ¢/n and cn'’/* are small enough, then

An,c,S N o0 O(En (O)),

c—0
Apes = O FED av, (s, 1) ).
Y n—00 (By)© ’
c—0 ¢

Suppose that Lemma 9 has been proved. Then Proposition 5 ensures that there
exists & > 0 such that, for n large enough,

Ancs S O (exp(—ney)).
c—>0

We put now together the previous estimates in order to conclude. We take ¢ = 1/n
so that ¢, ne™""¢2 and cn'/* go to 0 when n — +oc. For § small enough, when
n goes to +00, we have

A, = nl/t f ex <iux — —(,u4 —I—m404)x4
" omo2 e P 12038
+0(E;(0)) + O(e™"®' 4+ e722).

)dx(l +o(1))
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Finally,
1/4 4y 4
—neg —néeq —ney n / < _ (,LL4 +m40 )x )d )
e +e +e n_)oo0< = IRexp lux BTy S X
thus E, (1) = A, + B, is equal to
1/4 ( 4y . 4
n . w4+ mgo™)x
\/ﬁ /RCXP<ZWC - T) dx(1+o(1)) + o(E,(0)).
Hence,
1/4 ( 4y . 4
n ) W4+ mao™)x )
E,0) ~ — ) dx.
»© W/IRGXP(WX 1208 x

Therefore,

E,(0) Jrexpiux — ((ug + maoH)x*)/(120%)) dx
—
E,(0) n—>+00  [pexp(—((ua + mao*)x*)/(1208)) dx

This completes the proof of Theorem 1.
We still have to prove the expansions of A, .3 and A, 5 which are stated in
Lemma 9.

Proof of Lemma 9. For (s,7) € By, if we have k¢/,(x —s,y —1) #0, then
1-— |n(x —s)/c| >0 and 1-— |n(y — t)/c| >0

and thus, for ¢/n < «,

c b 3
XISlx—=sl+l5<—4F—7<—F7,
x| < | |+ Is] PRSI

\y—az\§|y—t|+\t—62|<£+i<i.
noo2J2 V2

Hence, (x, y) € Bs and
V(s,t) € By keyp(x —s,y —1) =keyn(x —s,y —t)1gs(x, y).

This implies that

18, X (kejn * (fue""¢1B,)) = 1B, X (kesn * (fa€"74)).

We have shown that, for c¢/n < «,

Apecs= A; 1B, (s, t)[fﬂ(s7 t)ean(s,t) - kc/n * (fnean)(S, t)] din,p(S, 1).
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Let (s,t) € B,. We have
[fue" e —kepn* (faeT4)](s, )

- fRz(fn(s, Ne" S0 — f (s —x, 1 — )OIk (x, y) dx dy
— ean(s’t)fn(S, t)/z(l _ en\llx,,,n(cx/n,cy/n))k(x’ }7) dx dy

= Fe (s, t)f (s, t)/ en\Ps,z,n(Cx/n,c‘y/"))k(x’ y)dxdy,
1,1] 2

with, for each (x, y) € R?,

W rn(x,y) =Fo(s —x,t —y) — Fg(s, 1) — iuxn'/?,

By hypothesis, the function g has a fourth derivative at 0, thus g is C! in a neigh-

bourhood of 0. As a consequence, Fj is C! in a neighbourhood of (0, '%). Hence,

the mean value inequality implies that there exist » > 0 and M > 0 such that, for

any (s,t) € B, and (x,y) € [-1, 1%,

x| <r and |y|<r — }Fg(s—x,t—y)—Fg(s,t)|SMH(x,y)H.

If § is small enough (so that « < r) and ¢ < rn then, for any (s, ) € B, and

(x,y) €[=1,11%,
()
n o n

cx ¢
nq"stn( ) y)‘SMn‘ 1/4
n
< M~2c+ Iulcnl/4

+nu

n n

By applying the mean value inequality to the function (x, y) € R? — "% we
prove that, if z € C has a small enough real part, then |1 — ¢*| < 2|z|. Therefore, if
cnl/t goes to 0, then, for any (s, ) € By, uniformly over (x, y) € [—1, 1]2,

|1 — eMVsantex/mey/m| < 2 M/2e 4 2Julen'/* = o(1).
Hence, if 8, ¢/n and cn'/* are small enough, then A, .3 = 0(E,(0)) when n goes

to +o00 and ¢ goes to 0. Next, for (s,¢) € R2, we have

c/n (fn " g]lBg)(s 1)

=) / /]ch/n(x,y)(fne”Fg]lB(S)(s—x,t—y)dxdy.
—c/n,c/n

We suppose that ||s, t — 02| > & + ~/2¢/n. For |x| < ¢/n and |y| < ¢/n, we have
then

2| = llx, vl

(s —x,t—y)—(0,6%)] =

> 8+ 32c/n —\J(e/m)? + (c/n)? > 8
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so that 1g,(s — x, ¢ — y) =0 and then
kejn % (fae"Fe1p,) (s, 1) = 0.
If ¢/n is small enough so that 6 + V2¢/n <26, then

ke * (fue"T¥18;) = (kejn * (fae""#18,)) X Lpy,.

Hence,

|An,c,5|

= kepn(s —x.1 = y)(fae" 1) (x, )| d d)d~n 1
_/(Ba)cmBZ(s( RQ} / (S X Y)(fe Bs)(x y)| X y Y ’p(s )

< kes % €"F%) (s, 1) dD, ,(s.1).
< [ g (e x @) 0,0 T (5.
We note that, for § small enough, we have on B,
lkepn * €™ < s 4 |e"s — Koy x| <P (1 +2M+20),

if ¢/n is small enough (we use here the same argument as in the control of A, . 3,
with u = 0). Finally,

Apes = O D qw, (s, 1)).
T n—00 (BQ)C ’
c—0

This completes the proof of the lemma. U

Appendix: Proof of Theorem 8

The ideas of the proof of Theorem 8 come from the article of Anders Martin-Lof
(1982). It relies also on the following proposition.

Proposition 10. Let v be a non-degenerate probability measure on R? such that
the interior of Dy, is non-empty. Let A j be the admissible domain of J .

(a) The function VL is a C*°-diffeomorphism from DOL to Aj. Moreover,
A;ycDy={xeR?:J(x) <400}

(b) Denote by A the inverse C°°-diffeomorphism of VL. Then the map J is C*°
on Ay and forany x € Ay,

J(x) = (x, A(x)) — L(A(x)),
VJI@) =L ') =rx) and D?J=(D},L) .
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(c) If Dr is an open subset of RY then Ay = D J = C where C denotes the
convex hull of the support of v.

The points (a) and (b) of the above proposition are proved in Andriani and Baldi
(1997) and Borovkov and Mogulskii (1992) and the point (c) in Cerf and Gorny
(2016). We will also need the two following lemmas.

Lemma 11. Forany ¢ > 0 and z € C,

4 2(cosh(cz) — 1)
2y — J )
/Rd e c(x)dx 1_[ (cz‘,-)z

j=1

Moreover, for any compact K of R, there exists M > 0 such that
2(cosh(u +is)—1) - M

Vs eR .
> (u—+is)? T 1452

uek

Proof. For any ¢ € C\ {0},
1
/ %S max(1 — 5], 0) ds :/ e (1—|s|)ds
R —1

1 1
= / S ds — 2/ scosh(¢s)ds
-1 0

. 2sinh(¢) 2(sinh(g“) cosh(¢) — 1)
¢ ¢ (©)?
2(cosh(¢) — 1)
G
and this last function can be extended to a continuous function at { = 0. By Fu-
bini’s theorem, we have, for any ¢ > 0 and z € c4,
, 0) dx;

d
1
A‘Qde(x’@kc(x)dx = 1;[1 ;A;exfz-f max(l — |4
d
]‘[/ *i¢%i max (1 — |x;, 0) dx;

2(cosh(czj) — 1)
(czj)? '

Next, we define

2(1 4 s2)(cosh(u +is) — 1)

fi@,u)eRx K+— @ is)
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This is a continuous function on R x K (at u = s = 0 it can be extended to a
continuous function by setting f(0,0) =1). Thus, f is bounded over the compact
set [—1, 1] x K. Moreover, if |s| > 1 and u € K, we have

| f(s )| = (;z)}cosh(u +is)—1| < 2( )(cosh(u) +1)
: R

< 4 sup (cosh(u) + 1) < 4o0.
uek

Hence, f is bounded over R x K by some constant M > 0. This completes the
proof of the lemma. U

Lemma 12 (Uniform dominated convergence theorem). Let X be a separable
metric space and let (2, F, 1) be a measurable space. Let f and f,,n > 1, be real
or complex-valued measurable functions defined on X x 2. Suppose that, for any
w € 2, the functions x — f(x,w) and x —> f,,(x, w), n € N, are continuous on
X and that

sug}fn(x,a)) — f(x,a))]njgoo.

Suppose also that there exists a non-negative and integrable function g on Q2 such
that
VneNVx e X Vo e | fa(x, ®)| < g(w).

Then for any x € X, the function w —> f(x, w) is integrable and

f oy ) dp(w) — / £ ) dp(@)] — 0.
Q Q n—oo

sup
xeX

Proof. We adapt the proof of the classical dominated convergence theorem in
Rudin (1987). Sending n to +o0 in the domination inequality, we get

V(ix,w) e X x Q |f(x,a))|§g(a)).
This shows that w — f(x, w) is integrable. For any n € N, we set
hp:owr— sup}fn(x w) — f(x,w)|.
xeX

For all n € N and w € 2, the function x € X +— | f,(x, w) — f(x, w)]| is con-
tinuous and, since X’ is separable, its supremum is equal to its supremum on a
countable dense subset of X'. Therefore, %, is a measurable function. Moreover,
(2g — hy)nen 1s a sequence of non-negative functions whose limit is the function
2g. Fatou’s lemma implies that

f 2gdu :f lim inf(2g — hy) dpu < liminf/ (2g —hy)du
Q n—+oo JQ

_/ 2gdu — limsup h du.

n——+00
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Since g is integrable, we get that

limsup | h,dpn <0.

n——+oo JQ

Hence, [ h, dp — 0 since for any n € N, h), is a non-negative function. Finally,

f folrs ) dp(w) — f £, ) dp(w)
Q Q

sup
xeX

< su x,w) — f(x,w)|d wg/hd — 0
< sup [ |folx, ) = f (v 0)|dpu(@) < [ hndpe =,
and the lemma is proved. O

Proof of Theorem 8. Lemma 11 implies that

- 4 2(1 — cos(cs;))
d _ J
Vs e R ke(s) =] BRre i

Jj=1
and, for any u € R¢, the function x —> e!*k.(x) has the Fourier transform

e li[ 2(cosh(c(u; +isj)) — 1)
ikt (c(uj+isj))?

’

which can be rewritten as

4 2(1 —cos(c(si —iuj)))
d J J
s € R — H () = iuj))2

Jj=1
This is an integrable function, thus the Fourier inversion formula (see Rudin
(1987)) implies that the Fourier transform of s —> (271)_‘1750 (s — iu) is the func-
tion y —> ey >kc(y). Letx e Kyandu e RY. A straightforward computation
yields us that the Fourier transform of

1
2m)d

is the function y — e~ k.(y — nx). We have then

one0) = [T kely = nx)e ) v (y)

zic\c(s —iu).

e*ﬂ()(,ld‘H'S)i(\C(s _ lu)

S

— ( s _l’_' v)A )
- l(fdeus,we o (: k)cd(s ) ds)e<”’y> AV (y).
R R 4

By Fubini’s theorem,
e—n(x,u—i—is)ig (s —iu) )
(Pn,c(x) = %l;d (27.[)6;1 (%l;d el(s,y)e(u,y) dv*n(y)> ds
e—n(x,u—i—is)jgc(s —iu)

= | 20y M@u+is)"ds.
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However, x € A thus, if A denotes the inverse function of VL, then Theorem 8
states that
J(x) = (A(x), x) — In M (A (x)).

Replacing u by A(x) in the previous integral, we get

Pnc(x)=e @ ./Rd e inxs —M;)/;(();)(:;)zns)” ke(s —ir(x)) (Zis)d.
We denote by .y the measure on R4 such that
oY A)
duyx(y) = md‘)()’ + x).

Its Fourier transform is the function
5) M(A(x)+is)

s—>e

M (1(x))
so that
ds
— ,—nJ ) —
Or.c0) = [ (6) Rels = i) et

For any x € K, the mean of u, is

oY A()) JRERYES)
Rdymdv(y‘i‘X)_f (Z_X)M()\,( )) dV(Z)ZVL()\,(X))—XZO

and its covariance matrix is I', = Dk(x)L since for 1 <i, j<dands € Dy,

_ Jrayiyi et du(y +x)  fpa@i — i) () — x)e D dv()

(Fx)l j=

M (3(x)) M x))
. p(A(0),2) 2

_ Jrazizje dv(z) ~xixj = d°L (A(x)).
M(\(x)) dsis

When ¢ — 0, uniformly over x € K ;, we have the expansion

1
a0 =1=(Tut, 1) +o(lIt]?).

Indeed the function (x, ) —> I, (¢) is C*° on A X R4 (by Proposition 10), thus
the Taylor—Lagrange formula guarantees that the remainder term is uniformly con-
trolled over x € K ;. Therefore, for any t € R?, uniformly over x € K,

;’Ix(ﬁ)n njgoexp( ;(Fxt, t)).

Moreover, forany ¢ > 0,n > 1, ¢ eR?and x € Ky,

&Gz in) = [, featr0)ds
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with
VseRY  fo(x,s) =exp<i%(s,t} +c(s,k(x))>k(s).
We have
Sup | fen(x,s) —k(s)|
xeKy
. c
:k(s)xseulg)] exp(zjﬁ(s, 1)+ cls, A(x))) -1 ng)ooo

and,forallseRd,xeKl,c§landnzl,

| fen(x,8)| <k(s) sup explr, A(x)).

xeKj
te[—1,11¢

The term on the right defines an integrable function on R? since k(s) = 0 for
any s ¢ [—1, 1]¢. Thus, the uniform dominated convergence theorem (Lemma 12)
states that, for any r € R¢, uniformly over x € K,

EC(L —~ i,\(x)) — 1
\/ﬁ n——+o0o
c—0
The functions x — i (¢) and x —> exp(—(I'xt,1)/2),t € R4, are continuous on
K ;. In order to apply the dominated convergence theorem (the uniform variant),
we need to get a uniform domination of the sequence of functions. Forx € Ay, '
is a positive definite symmetric matrix thus ¢, its smallest eigenvalue, is positive.
The largest eigenvalue of the inverse of T'y is &, ! Therefore, for any x € Ay,
-1 —Tyyy —1/2
£y = (max{a : o eigenvalue of T '}) ™' = (sup M) :
y20 (v, y)

The term on the right is the inverse of the operator norm of the linear application
associated to the matrix ', Moreover, x — 'y = Di(X)L is continuous on A
thus the function x — &, is continuous. Let us denote by &¢ its minimum on K.
The compactness of K ensures that &g > 0. The previous expansion implies that
there exists 6 > 0 such that

1
V(t,x) €B0,8) x K; | (0)]<1— §<<rx - Z—Old>t, z>.

The spectral theorem for real symmetric matrices yields that, for any x € K, the
matrix I'y — goly is positive symmetric. Thus,

& &
vreR!((n= D)) = el =( - el ) 2
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It follows that

~ )
V(t,x) €B(0,8) x K; | ()| <1— Zurn?

ﬁ(ﬁ) <exp(=eIP).

The right term is integrable and does not depend on x € K; and n. Moreover,
ke(t) = k(cr) for t € R, and by Lemma 11, the function k.(-//n — iA(x)) is
bounded uniformly over x € K7, ¢ > 0 and n > 1. The uniform dominated conver-
gence theorem (Lemma 12) implies that, uniformly over x € K,

/”,”«w . (%)nﬁ (ﬁ - i,\(x)> dt

12
ol exp(—§<(DMx)L)t, t)) dr.

n—400
c—0

Since 1 —y <e™Y forall y >0, we get

n

Vn > 1V(t,x) € B(0,8/n) x Ky

Moreover, this second integral is equal to 2m)4/2(detT, )~ Y% and Proposition 10

guarantees that, for x € Ay, D% (X)L is the inverse matrix of Di J . Therefore, when
n — oo and ¢ — 0, uniformly over x € K,

/ Tix (1) "k (s — in(x)) ds
el <8

o )
n MWx
lil<sym  \/n

2 d/2
~ (%) (detD2J)'/2.

E%ﬁ — iA(x)) dt

Let us consider now the remaining integral
f Tix (1)Ko (s — in(x)) ds.
ltl=s

The measure v satisfies the Cramér condition and v is absolutely continuous with
respect to i. By Lemma 4 of Bahadur and Ranga Rao (1960), we get that j, also
satisfies the Cramér condition:

sup |Zx(s)] < 1.

llsl=8
Therefore, by the compactness of K,

sup sup |fx(s)|=e7V <1,
xeKy |sl|=é
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for some y > 0. As a consequence,

sup
xeKy

f”” 5ﬁx(s)’@(s—ix(x))ds §e_”V/ sup ke(s — ir(x))ds.

R4 xekKy

By Lemma 11, we have

- . d 1 1
fosgisera=offi L retno) -o(2)

Finally, when n — 400 and ¢ — 0,

—nJ(x) dj2
On,c(x) = e(zT)d«z%) (detD27)'2(1 4+ o(1)) + o(e—"Vc—d))

= n)"42(detD2J) 2O (1 + 0(1) + O (n4/2e7 7" ?)).

The boundedness of the function x —— (det D)ZC D)2 on K7 and the previous study
show us that this expansion is uniform over x € K. This completes the proof of
Theorem 8. g
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