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Abstract. We consider the limiting behaviour of the point processes associated with a branching random walk with supercritical
branching mechanism and balanced regularly varying step size. Assuming that the underlying branching process satisfies Kesten—
Stigum condition, it is shown that the point process sequence of properly scaled displacements coming from the nth generation
converges weakly to a Cox cluster process. In particular, we establish that a conjecture of (J. Stat. Phys. 143 (3) (2011) 420-446)
remains valid in this setup, investigate various other issues mentioned in their paper and recover the main result of (Z. Wahrsch.
Verw. Gebiete 62 (2) (1983) 165-170) in our framework.

Résumé. Nous étudions le comportement limite de processus ponctuels associés a la marche aléatoire branchante avec branche-
ment surcritique et une loi de déplacement a variation réguliere. Si le processus de branchement sous-jacent satisfait une condition
de Kesten—Stigum, nous montrons que le processus ponctuel de la suite des déplacements changés d’échelle provenant de la n-ieme
génération converge faiblement vers un processus de Cox. En particulier, nous prouvons qu’une conjecture de (J. Stat. Phys. 143
(3) (2011) 420-446) reste valable dans ce contexte, nous étudions plusieurs questions soulevées dans leur article et retrouvons le
résultat principal de (Z. Wahrsch. Verw. Gebiete 62 (2) (1983) 165-170) dans notre cadre.

MSC: Primary 60J70; 60G55; secondary 60J80
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1. Introduction

Suppose {Z;};>0 is a supercritical Galton—Watson process with Zp = 1 (the root), branching random variable Z; (size
of the first generation), and progeny mean p := E(Z) € (1, 00). It is well-known that Z, /" is a martingale sequence
that converges almost surely to a non-negative random variable W. We assume that the branching random variable
satisfies the Kesten—Stigum condition

E(Zilog" Z)) < cc. (1.1

We shall condition on the survival of this Galton—Watson process and (1.1) ensures that the limiting random variable
W is almost surely positive; see [31]. This rooted infinite Galton—Watson tree will be denoted in this article by
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T = (V, E), where the collection of all vertices is denoted by V, the collection of all edges is denoted by E and the
root is denoted by o. Note that every vertex v is connected to the root o by a unique geodesic path which will be
denoted by Iy and the length of this path will be denoted by |v].

We define a branching random walk with balanced regularly varying step size as follows. After obtaining the
entire infinite tree T, we assign independent and identically distributed random variables {Xe : € € E} (that are also
independent of the Galton—Watson process {Z;};>0) on the edges satisfying the regular variation condition

P(|Xel > x) =x""L(x), (1.2)

where o > 0 and L(x) is a slowly varying function (i.e., for all x > 0, L(tx)/L(t) — 1 as t — 00), and the tail
balance condition
P(Xe < —Xx)

m—)p and —— —>g¢q (1.3)
P(|Xel > x) P(|Xe| > x)

as x — oo for some p, g > 0 with p + g = 1. For an encyclopaedic treatment of regularly varying and slowly varying
functions, see [12]. To each vertex v, we assign displacement labels Sy, which is the sum of all edge random variables
on the geodesic path from the root o to the vertex v, i.e.,

Sy = er. (1.4)

ecly

The collection of displacement random variables {Sy : |v| = n} forms the nth generation of our branching random
walk.

Branching random walk has been of interest starting from the classical works of [9-11,27,32]. Recently, extremes
of branching random walk has gained much prominence due to its connection to tree indexed random walk and
Gaussian free field; see [1,2,13,14,16,17,29,36]. See also [3-6,15,18,34] for related results on extremes of branching
Brownian motion.

Heavy tailed edge random variables were introduced in branching random walks by [23,24]; see also [26,33], and
the recent works of [35] and [8]. It was shown in [24] that when the step sizes have regularly varying tails, then
the maximum displacement grows exponentially and converges (after scaling) to a W-mixture of Fréchet random
variables. This limiting behaviour is very different from the ones obtained by [9] and [18] in the light tailed case.

It was predicted in [19] that the limits of point processes of properly normalized displacements of branching random
walk and branching Brownian motion should be decorated Poisson point processes. This conjecture was proved to be
true for branching Brownian motion by [5,6] and [3], and for branching random walks with step sizes having finite
exponential moments by [36] relying on a work of [37].

A natural question arising out of the works of [24] and [36] is the following: where do the point processes based
on the scaled displacements converge in the regularly varying case? The main aim of this article is to show the
convergence of this point process sequence and also explicitly identify the limit as a Cox cluster process. We establish
that the prediction of [19] on this limit remains true for branching random walk with regularly varying step size even
though the finiteness of exponential moments fails to hold. In order to overcome this obstacle, we use a twofold
truncation technique based on multivariate extreme value theory.

We also discuss the superposability properties of our limiting point process in parallel to the recent works of [37]
and [42] and confirm the validity of a related prediction of [19] in our setup. As a consequence of our main result,
we give explicit formulae for the asymptotic distributions of the properly scaled order and gap statistics from which
various problems mentioned in [19] can be investigated. In particular, we recover Theorem 1 of [24] in our framework.

This paper is organized as follows. Section 2 contains the statements of the main result (Theorem 2.1) and its
consequences (Theorems 2.3 and 2.5). Since the proof of Theorem 2.1 is long and notationally complicated, we first
give a detailed outline of the main steps based on four lemmas in Section 3. These lemmas, and Theorems 2.3 and 2.5
are finally proved in Section 4.
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2. The results

We consider point processes as a random elements in the space .M of all Radon point measures on a locally compact
and separable metric space E. Here M is endowed with the vague convergence (denoted by «_%5»), which is metriz-
able by the metric p(u, v) = Zfil 27 min(|u(hi) — v(h;)|, 1), where {h;}i>1 is a suitably chosen subset (consisting
only of Lipschitz functions) of the collection C;F (E) of all non-negative continuous real-valued functions on E with
compact support. (M, p) is a complete and separable metric space. Therefore the standard theory of weak conver-
gence is readily available for point processes and can be characterized by the pointwise convergence of corresponding
Laplace functionals on Cj(E) (see Proposition 3.19 in [40]). For further details on point processes, see [25,30,40]
and [41].
Because of (1.2) and (1.3), we can choose scaling constants b, such that (see, e.g., [20,21,40])

1W'P(by Xe € ) — vy (2.1)
on [—o00, oo] \ {0}, where
Ve(dx) = oepro‘*l]l(o,oo) (x)dx + aq(—x)f‘)‘*l]l(_oo,o) (x)dx. (2.2)

Note that one can write b, = u"/%Lo(u") for some slowly varying function L. In this paper, conditioned on the
survival of the tree, we investigate the asymptotic behaviour of the sequence of point processes defined by

Ny=) 815, n=l, (2.3)

[v|=n

where Sy is as in (1.4).

Let (€2, F, P) be the probability space where all the random variables are defined and let P* denote the probability
obtained by conditioning P on the non-extinction of the underlying Galton—Watson tree. We shall denote by E and
E*, the expectation operators with respect to P and P*, respectively. We introduce two sequences of random variables
{T7};>1 and {j1};>1 as follows. Suppose {7}};>1 is a sequence of independent and identically distributed positive integer
valued random variables with probability mass function

[e¢]

1 1
() =Pl =y)=— > gPZi=y. yeN (2.4)
i=0

where r = Z?io %P(Z,- > 0). Let {j;};>1 be a sequence of random variables such that Zfil dj, ~ PRM(vy), where
PRM(v,) denotes Poisson random measure with mean measure as v,. We also assume that the sequences {7;};>1 and
{j1}i>1 are independent of each other and are both independent of the martingale limit W.

Our main result says that the limiting point process is a Cox cluster process in which a typical Cox point (r W)/ j;
appears with random multiplicity 7;. The clusters appear here due to the strong dependence structure of the dis-
placement random variables {Sy : |[v| = n}. The randomness in the intensity measure arises from the martingale limit
W in contrast to the light tailed case, where similar randomness comes from the derivative martingale limit (see,
e.g., Theorem 1.1 in [2]). Note also that a W-mixture was already present in Theorem 1 of [24]; see Remark 2.6
below.

Theorem 2.1. With the assumptions (1.1), (1.2), (1.3) and {b,} as in (2.1), under P*, the sequence of point processes
defined in (2.3) converges weakly in the space M of all Radon point measures on [—00, 0] \ {0} to a Cox cluster
process with representation

o0
L
Ne =) Tidgwyej, (2.5)
=1
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and Laplace functional given by

Wy, (g) = E*(e™M®)

—E* |:exp{ —W/ Z il.E(l — e Zi80 )y, (dx) ” (2.6)
x>0, M

forall g € CH([—o00, 00] \ {0}).
2.1. Scale-decorated Poisson point processes

For any point process P and any a > 0, we denote by s, P the point process obtained by multiplying the atoms of P
by a. The following is an analogue of Definition 1 in [42] suitable for our framework.

Definition 2.2. A point process N is called a randomly scaled scale-decorated Poisson point process (SScDPPP) with

intensity measure v, scale-decoration P and random scale ® if N £ S® Z?il Sy, Pi, where A = Zfil 8y, ~PRM(v)
on the space (0, 00) and P;, i > 1 are independent copies of the point process P and are independent of A, and © is
a positive random variable independent of A and {P;};>1. We shall denote this by N ~ SScDPPP(v, P, ®).If® =1,
we call N a scale-decorated Poisson point process (ScDPPP) and denote it by N ~ ScDPPP(v, P).

Our next result establishes that the limiting point process (2.5) admits an SScDPPP representation and confirms
that a prediction of [19] remains valid in our setup. Moreover, the scale-Laplace functional of N, (i.e., the left hand
side of (2.7) below) can always be expressed as a multiplicative convolution of an «-Fréchet distribution with some
measure. This is a scale-analogue of a property investigated in [42] (see property (SUS) therein).

Theorem 2.3. Under the assumptions of Theorem 2.1, the limiting point process Ny ~ SScDPPP(v}, T8, (r w)l/ey,
where ¢ is a =1-valued random variable with P(e = 1) = p, v(j' (dx) = ax~*"Vdx is a measure on (0, 00) and T is a

positive integer valued random variable (independent of &) with probability mass function (2.4). Furthermore, for all
g € CH([—o0,00]\ {0}), Ny satisfies

E*<exp{—/g(x/y)N*(dx)}> =E*(<I>a(cgyW_l/“)), y >0, 2.7

where @ denotes the distribution function of an a-Fréchet random variable, i.e. ®,(x) = exp{—x"%}, x > 0, and c,
is a positive constant that depends on g but noton y.

The scale-decoration in the SSCDPPP representation of N, is the point process consisting of 7 many repetitions of
the random point ¢. This is due to the fact that very few (more precisely, a W-mixture of Poisson many) edge random
variables survive the scaling by b,, and the surviving ones come with random cluster-sizes that are independent copies
of T. The presence of ¢ in the scale-decoration can be justified by the fact that the surviving edge random variables
are positive and negative with probabilities p and ¢, respectively (see (1.3)).

Remark 2.4 (Superposability). Let N’ =37 T(’)S Wy i =1,2 be two independent copies of (2.5). Then

using Laplace functionals, it can easily be verified that for two positive constants a1 and a, Sq; Ny My Say N @

SScDPPP(v}, T8, (r (af W1 +a5Wa) /@)y In particular, when the underlying Galton—Watson tree is a d-regular tree
(i.e., Z1 =d > 2), then the limiting point process is the Poisson cluster process Ny 4 ~ SCDPPP(])&", d%s,), where G
follows a Geometric(1/d) distribution (independently of &) with probability mass function P(G = k) = (1—1/d)*d~!,
k > 0, and N, 4 satisfies the superposability property described as follows. If Nfzi, i =1, 2 are two independent copies

of Ny 4, then sy, Ni a)i + azN(zl)i = N4 for any two positive constants a1, az such that af + a5 = 1. Following [22],
N q can be viewed as an strlctly a-stable point process and hence is expected to have an ScDPPP representation (see
Section 3 of aforementioned reference). More generally, Sy,—1/« Ny is an a-stable point process. For similar statements
in case of exp-1-stable point processes, see [19,37] and [42].
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2.2. Order and gap statistics

The point process convergence in Theorem 2.1 helps us to derive some properties of the order and gap statistics; see
also [38] for related works on branching Brownian motion. Let M,(lk) denote the kth upper order statistic coming from
the nth generation, Gf,k) = M,(,k) — M,ng) be the kth gap statistic and M), := minjy|=, Sy be the minima. In order to
study the asymptotic properties of these statistics, we need a few more notations as described below. We denote by
7 a partition of an integer / of the form / =iy +i2y2 + - -+ + i|z|¥|x|, Where each i; repeats y; many times in the
partition, and i < iz < --- <i|y|. Here | - | denotes the number of distinct elements in a partition. Let I1; be the set of
all such partitions of the integer /.

Theorem 2.5. With the assumptions of Theorem 2.1 and {b,} as in (2.1), the following asymptotic properties hold.
(a) (Minima) For all x > 0,

lim P*(M, > —b,x) =E*(exp{—rWgx™"}).

n—o0

(b) (kth upper order statistic) For all x > 0,

lim P*(M" < b,x)

n—o00

k—1 B
:E*(exp{—erx_“}) + Z Z E*|:l_[((erx_“y(ij))y-i exp{—erx_o‘y(ij)}):|. (2.8)
=1 melly j=1

(c) (Joint distribution of kth and (k + 1)th upper order statistics) For all (u, v) such that 0 <u < v,

lim P*(MY*D <b,u, M < b,v)

k k—1 k-1
=E* (0,000 (W) + D E*(0.0.00 (W& 00l (W) + D > E* (80,001 (WEj (W), (29)
j=1 =1 j=0

where for all | > 0 and for all A C [—o0, 0o] \ {0} such that v, (A) < oo,

efera(A) lfl — O,

A= 5 T Woa(A)y )Y e W @r @ = 1,

(d) (kth gap statistic) Let L : RT™ x RT — R be the map L(u,v) =v — u. Then P* (bn_ngk) €)= Lo L™ where
Ck is a probability measure on Rt x RY with joint cumulative distribution function (2.9).

The second term in (2.8) and the third term in (2.9) are both interpreted as zero when k = 1.

Remark 2.6 (Maxima). Note that putting k = 1 in (2.8), we recover Theorem 1 of [24] in our framework. By Theo-
rem 8.2 (page 15) of [28] (see also [7], Theorem 2, page 29), the limiting distribution function of the scaled maxima
of the nth generation can be written as

lim P*(M" <b,x) =¢(rpx™®), x>0, (2.10)

n—o0

where ¢ is the unique (up to a scale-change) completely monotone function on R satisfying

P(2) = f($/m) @2.11)

with f being the probability generating function of the branching random variable Z.
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Example 2.1 (Maxima for geometric branching). Suppose that the offspring distribution of the underlying branching
process is geometric with parameter b € (0, 1) and probability mass function P(Z; =k) =b(1 — b1 k> 1. It is
easy to check that the completely monotone function ¢ (u) = H—%’ u > 0 satisfies the functional equation (2.11) for
any scaling constant d > 0. Therefore using (2.10) and the fact that E(W) =1 (a consequence of Kesten—Stigum
condition (1.1); see [31]), it follows that d = 1 and

1-b

nll)rgoP(Mn <bux)= m, x > 0.

3. Outline of proof of Theorem 2.1

In this section, we outline the main result’s proof, which is based on a twofold truncation technique using extreme
value theory. We attain this via four lemmas, whose proofs will be given in the next section. For ease of presentation,
we shall use Ulam—Harris labeling system described recursively as follows. The ith descendant of the root o is denoted
by i and jth descendant of an (n — 1)th generation vertex (i, ..., i,—1) is denoted by (i, ..., i,—1, j). We abuse the
notation and denote an edge joining an (n — 1)th generation vertex and an nth generation vertex using the same label
as the latter vertex. Such an edge is assumed to belong to the nth generation. Let D,, denote the vertices (and hence
edges because of the abuse of notation) in the nth generation and C,, = | J7_, D; denote the vertices (as well as edges)
up to the nth generation of the underlying Galton—Watson tree. With these notations, we describe below the mains
steps of the proof of Theorem 2.1.

3.1. One large jump

Following [24], it is easy to see that with very high probability, for every vertex v € D,,, among all e € I, at most one
edge random variable X, will be large enough to survive the scaling by b,. Hence we can expect that the asymptotic
behavior of N,, will be same as that of

No=Y" Zabglxe. (3.1)

|v|=ne€ly

More precisely, we shall establish the following lemma.

Lemma 3.1. Under the assumptions of Theorem 2.1, for every € > 0,

limsup P* (0 (N, Ny) > €) =0, 3.2)

n—oo

where p is the vague metric introduced at the beginning of Section 2.

This lemma formalizes the well-known principle of one large jump (see, e.g., Steps 3 and 4 in Section 2 of [24]) at
the level of point processes and it can be shown by molding the proof of Theorem 3.1 in [39]. Because of Lemma 3.1,
it is enough to investigate the weak convergence of (3.1), which is much easier compared to that of (2.3).

3.2. Cutting the tree

The first truncation is a standard one that has been used in branching random walks. First fix a positive integer K.
Taking n > K, look at the tree T up to the nth generation and cut it at (n — K )th generation keeping last K generations
alive; see Figure 1. This means that after cutting the tree, we will be left with a forest containing K generations of

| D,,— k | many independent (under P) Galton—Watson trees with roots being the vertices at the (n — K)th generation of
|D)17K |

the original tree T and the same offspring distribution as before. We label the new sub-trees in this forest as {T'; } =1
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o

T/l\ T/ZN T3 | T4v TS

Fig. 1. Cutting the Galton—Watson tree (n = 3, K = 1) at generation 2.

Each vertex v in the nth generation of the original tree T belongs to the K'th generation of some sub-tree T; and
we denote by If the unique geodesic path from the root of T to the vertex v. We introduce another point process
generated by the i.i.d. heavy-tailed random variables attached to the edges of the forest as follows:

N = N 8,y (3.3)

[vl=neelk

where |v| denotes the generation of |v| in the original tree T. The following lemma asserts that as long as K is large,
(3.3) is a good approximation of (3.1).

Lemma 3.2. Under the assumptions of Theorem 2.1, for every € > 0,

lim limsupP*(o(N,, N\®) > €) = 0. (3.4

K—00 n—soo

In light of the above lemma, it is enough to find the weak limit of (3.3) as n — oo keeping K fixed, and then letting
K — oo. This can be achieved with the help of another truncation as mentioned below.

3.3. Pruning the forest

This is the second truncation step, which is also quite standard in branching process theory. Fix an integer K > 0 and
for each edge e in the forest Uljlff I j» define Ae to be the number of descendants of e at nth generation of T. Fix
another integer B > 1 large enough so that up := E(Z{B)) > 1, where Z{B) = Z11(Z1 < B)+ B1(Z, > B). We
modify the forest according to the pruning algorithm mentioned below (see also Figure 2).

P1. Start with the sub-tree T; and look at its root.

P2. If the root has more than B many children (edges), then keep the first B many edges according to our labeling,
and delete the others and their descendants. If the number of children (edges) of the root is less than or equal to
B, then do nothing.

P3. Now we can have at most B many vertices in the first generation of the sub-tree T;. Repeat Step P2 for chil-
dren (edges) of each of these vertices. Continue with this algorithm up to the children (edges) of the (K — 1)th
generation vertices (of the sub-tree T1).

P4. Repeat Steps P2 and P3 for the other sub-trees T>, ..., T|p, g
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Ty T, Ts Ty Ts

Fig. 2. Pruning of the forest obtained in Figure 1 with B =2.

Note that under P, these | D, g | many pruned sub-trees are independent copies of a Galton—Watson tree (up to the

Kth generation) with a bounded branching random variable Z %B). For each j, we denote by ']I‘;B) the pruned version
of T;. For each edge e in UljD:”f x| T;B), we define A£B) to be the number of descendants of e in the K'th generation
of the corresponding pruned sub-tree. Observe that for every vertex e at the ith generation of any sub-tree T;.B), AéB)

is equal is distribution to Z%B_)i, where {Zl-(B)}izo denotes a branching process with Z((JB) = 1 and branching random

variable ZEB). For eachi =1,2,..., K, we denote by D,(lli)K " the union of all ith generation vertices (as well as
edges) from the pruned sub-trees T&B ) ,j=1,2,...,|Dy—k|. We introduce another point process as follows.
NEB = 3" N 5y (3.5
veD'® ecly

The point processes N,EK) and 1(7,5’“ B) are not simple point processes since both of them have alternative represen-
tations as given below.

K—1
N =33 Aey-1y, (3.6)
i=0 eeD,_;
and
K—1
FED =Y 5 AP, 67

i=0 (B)
eeDnﬂ.

The set of all trees up to K'th generation becomes a finite set due to pruning. This helps in the computation of the
limit (4.6) below. The next lemma encompasses this second truncation step and reduces our work to computation of
weak limit of (3.7) obtained by letting n — oo, and then B — o0, and finally K — oo.

Lemma 3.3. Under the assumptions of Theorem 2.1, for each fixed positive integer K > 1 and for all € > 0,

lim limsup P* (p(]\?,EK), ]\~/,5K’B)) > e) =0. (3.8)

B—00 p—o0

3.4. Computation of weak limit

We shall compute the weak limit of (3.7) by investigating its Laplace functional. This is carried out using a condi-
tioning argument and extreme value theory. The conditioning argument helps us to exploit the independence in the
underlying tree structure. This results in the following lemma, which should be regarded as the key step in proving
Theorem 2.1.

Lemma 3.4. Under the conditions of Theorem 2.1, the following weak convergence results hold in the space M of all
Radon point measures on [—00, 00] \ {0} under the measure P*.
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(a) For each positive integer K and each integer B > 1 with up > 1, there exists a point process NiK’B) such that
< (K,B) (K,B)
N, = N, asn— oQ.

(b) For each positive integer K, there exists a point process NiK) such that NiK’B) = NiK) as B — oo.

(c) As K — o0, NiK) = N,.

For detailed descriptions of the point processes NLK’B) and NLK), see Section 4 below.
3.5. Proof of Theorem 2.1

It is easy to check that (2.5) is P*-almost surely Radon and hence is a random element of M with [E = [—o00, co] \ {0}.
To compute the Laplace functional of N,, take any g € C;F ([—o0, 0o] \ {0}) and observe that

E*(e V&) = E*[E* (e M ©|W)] = E*[E* (e V) 1W)], 3.9)

where f is the function f(#,x) = tg(x) defined on N x ([—oo,00] \ {0}) and N is the Cox process N =
Y 8(1;,¢-w)i/e j)- Using Propositions 3.6 and 3.8 in [40], we get

E*(eN(f)|W)=exp{—rW E(1 —ef(T"X>)va(dx)},

|x]>0

which can be shown to be equal to the random quantity inside the expectation in (2.6). Therefore, the second part of
Theorem 2.1 follows from (3.9).

Using Lemmas 3.2, 3.3 and 3.4 and applying twice a standard converging together argument (see, e.g., Theorem 3.5
in [41)), it follows that under P*,

N, = N, asn— o0, (3.10)

from which the weak convergence in Theorem 2.1 follows by a simple application of Theorem 3.4 of [41] combined
with Lemma 3.1 above.

4. Rest of the proofs

Throughout this section P will denote the probability obtained by conditioning P* on the whole Galton—Watson
tree T and E will denote the space [—oo, 0o] \ {0}. Also we will use the notation S to denote the event that the
Galton—Watson tree survives.

4.1. Proof of Lemma 3.2

Let g € C.F(E) with support(g) C {x : |x| > §}, for some § > 0. By definition of the vague convergence, it is enough
to show that for all € > 0,

lim limsupP*(|N,(g) — NX(g)| > €) =0. 4.1

K—00 n—soo

Recall that C,,_x = {v:|v] <n — K}. Define B, g to be the event that all the random variables in the collection
{Xe:e e Cyi} are less than b,8/2 in modulus. We claim that limg o limsup,_, ., P*(By, () = 0, which will
follow provided we show that

lim limsup Py, (B,‘;,K) =0 for P*-almost all T. “4.2)

K—00 p—soo



Point process convergence for branching random walks 811

To this end, note that conditioned on the tree T, Zeec,l, P 8b_|| Xel(e, oo] follows a Binomial(|C,—k],
P(|Xe| > b,0)) distribution, and for each K > 1, the following P*-almost sure convergence holds:

|Cn—k| 1

— Ik

|Can|P(|Xe| >bn9) = MH_K m

"P(|Xe| > bnb)

. 1
”—>°°—W—9 * =00, K).
w—1" uk

Therefore, for all K > 1, Zeec,,,K (Sb_]lxel(e, oo] = &P ~ Poisson(A(8, K)) as n — oo under Paﬁ- for P*-almost

all T. Because of Kesten—Stigum condition (1.1), A(6, K) — 0 P*-almost surely as K — oo. In particular, we get
lim,, oo P(B; ) = P3(# > 1), which tends to zero as K — oo for P*-almost all T and hence (4.2) holds. To

finish the proof from here, observe that P%(|I\~Jn (g) — 1\7”K (8)| > €, By, x) = 0 since the support of g is contained in
{x :|x| > &}. Hence (4.1) follows immediately from (4.2).

4.2. Proof of Lemma 3.3

Let g € CS(E) be as in proof of Lemma 3.2 with support(g) C {x : |x| > 8} and [|g]lc := Sup,cr [g(x)| < 0. To
show (3.8), it is enough to show that for such g € CCJr (E) and € > 0,

lim hmsupP*HNK(g) N,gK’B)(g)| >e]:0.

B—>0o0 p—soo

Noting that the points from the point process I\?,EK’ are contained in the point process N, , and using (3.6) and
(3.7), we have |[N\%) (g) — N(K’B)(g)l =K S+ 82 ), where S =S I(A A(B))g(b IX,) and
Sl(zn) B = ZeeD AD®) A g(b 1x.). Since P*() < (P(S))"!'P("), it is enough to show that for each i, both S,(ln) B

and S; ) .. p are negligible under P.
To thls end, fix 0 <i < K — 1 and n > 0. Using Markov’s inequality, Wald’s identity and the bound |g| <
18 oo [—00, —8)U(s,00]» WE get

P(S(Y 5 = ) = 2 BZ-DE(Ac — AP B(e(0; ' X0)

E(Ae — AP)W"P(1Xe| > by8),

from which first letting n — oo based on (2.1) and then letting B — oo, it follows that

lim hmsupP( e ) > n) =0.

B—>> p—o0o

We can deal with Si(zn) g in a similar fashion and obtain

PS> 1) = %E(A%P(lxa > b )E(1Ds41 = D%}

n—i

l K
ER A

S(Z)

Therefore, limp_, o limsup,,_, ., P( B> n) = 0. This suffices.

4.3. Proof of Lemma 3.4

We shall first establish (a). To this end, we introduce an event S,_x which is empty when |D,,_g| = 0, and on
(|Dp—k| > 0), it is the event that there is at least one infinite tree rooted at the (n — K)th generation of the
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underlying Galton-Watson tree. Using 1s = 1(p, 4|-0)1s, , and dP* = P(S)"'1gdP, we get that for every
g € CF([—o0, 001\ {0}),

E*[exp{— V5B (9)}] = = E[15 exp{—NKB(g)]]

P(S)
1 8
= i) HLL1Dw-x1=0 exp{—N P (9)}]
l ~
- F&E[ﬂ(m”—’(bo)ﬂsﬁ,,( exp{—N}EK,B)(g)}]. 43)

It is easy to see that the second term of the above is bounded by

1

1 Zon
P(S)E(Jl{zn k>0l )= E(Liz, c=01pe" %),

P(S)
where p, = P(S¢) denotes the probability of extinction of the underlying Galton—Watson tree. Since our tree is
supercritical, p, < 1 and P-almost surely, Z,,_x — 0o as n — oo on the event S. Using the P-almost sure convergence
1iz,_x>0) — 1s, it is easy to see that second term of (4.3) tends to zero as n — o0.

It is enough to study asymptotics of (4.3). We shall first condition on the F;,,_g and then use the fact that condi-
tioned on F;,_g, {(Ae, Xe)ee']rj :j=1,...,|Dy—k|} is a collection of independent and identically distributed random
variables under P. This will imply that (4.3) is equal to

[Dp—k|
1
%E[E<1(|Dnm>0)exf’{ Z 2 ADs( 1Xe)}‘fn1<>]

= T(B)

1 |Dn—K‘
_ 2 : (B)
- P(S)E[jl(lD"K|>0)< (eXp { (mA )D) } @9

Define Tk p to be the set of all rooted trees having at most K generations and each vertex having at most B
branches. Then the inner expectation in (4.4) can be written as

1= 30 P B[ (1 - e Dea e X)) ],
teTk. B

For each fixed t € Tk p, we shall first compute the limit (as n — o0) of the conditional expectation in the above

expression. To this end, we shall denote the edges of the tree by the pair (i, j), which will indicate the jth edge in the

ith generation of t. The corresponding AéB) and X, will be denoted by AElB) ) and X; j, respectively. Also |t|; will

denote the total number of vertices in the ith generation of t and |t| := Zle 1 It];. With these notations, we have

E[n"(1 - e Leet Agg)g(b,TlXe)) |T§B) =t|

K It

=/< _CXP{ 22 Aips, n)})u"P(bn‘XedmrﬁB):t),

i=1 j=1
where, conditioned on the event {’]I‘EB) =t}, X denotes the vector
(X0 XAt oo XD oo Xty o> XKD -5 XK JtIk))
and

B) _ (4(B) (8) (8) ® (8) (8)
AP = (A Ay Aan e Ay A Aki)-
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Using the fact that X,’s are independent and identically distributed random variables satisfying (2.1), we get

K |t

"P(b, X e TV =t) S w() =)D 1k 0) (4.5)

i=1j=1
on the space [—oo0, oo]ltl \ {0}, where forall 1 <i<Kand 1 <j <|t|;

r(tij)::80x~--><80>< Vg X8 X -+ X 8.
’ ——
(|t [4--+|t];—1 +j)th position

Note that on the event {’H‘%B) =t}, A® is a deterministic vector completely specified by t. Hence using (4.5), we get

that

K |t

/(1—exp{—22A”)g(x(1 ]))D P(b, ' X cdx|T® =t)

i=1 j=1

K It

—)ZZ/ (1 —exp| Agfj)g(x)})va(dx).

i=1 j=1 [x]>0

Since Tk p is a finite set, it follows that as n — oo,

K It

ZP T(B) /(1 - eXp{ ZZA@ J)g(x(i,j))}>u"P(bn_l)~( € diHl‘ﬁB) =t)

i=1j=1
kT
_)ZE[Z /x>o 1= exp{-Af 3>g(x>})va<dx>]- 4.6)

Let Zl.(B) denote the number of particles in the ith generation of the Galton—Watson process with branching random
variable ZEB). For every fixed i, |T53)|i and {Aéf;) j > 1} are independent, and {A(l bR : j > 1} is a sequence of i.i.d.
random variables with distribution as that of Z 5(3_1.. Using Wald’s identity we get that (4.6) equals

ZuB f (1 —exp{—2Z" g(0)} ) va(dx).

[x]>0

Combining this with the almost sure convergence " |D,_x| — u X W (as n — o00) it follows that

[Dyn—k|
Tﬁ")
n 1Pkl

z(l—in 3 P(TﬁB’=t)E[M"<1—exp{—ZAQB)g(b;IXe)})‘TﬁB)=tDM "

teTk. B ect

1 ,
eexp{—M—KWprB [x>OE(1—exp{ Z(B)lg(x)})va(dx)}
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almost surely as n — oo. Note that 1(|p,_,|>0) — 1Ls as n — o0o. Therefore an application of dominated convergence
theorem yields, (4.4) converges to

E* [CXP{ Z/LBE[/ " 1 _ e_Z;(B)ig(x))Va(dX)} }}
K K—1 5
:E*[exp{ ZMBE[/H . (1—e 4 g<x))va(dx)”].

This can easily be shown (using an argument similar to the one used in Section 3.5) to be the Laplace functional of
the point process

o

(K.B) . N (KB

NED =3 08 ke
=1

K l

where rg p = s P(Z B S 0, { jiti=1 is a sequence of random variables such that ) 2, §; ~ PRM(vy) and

{TZ(K’B)}zzl is a sequence of i.i.d. random variables (independent of {j;};>1 and W) with probability mass function

K—-1

P(Ty=y)= E —P(Z; , N.
(T =y) res (Zi7=y). ye

Thus (a) follows using Theorem 5.2 in [41].
To establish (b), fix a positive integer K and observe that applying dominated convergence theorem as B — oo,

the Laplace functional of ]\7,5’(‘3) can be shown to converge to that of

o
K) . §: (K)
N>|(< )= 1) S(VKW)”"J'J’
=1

where rg = ZK ! /1 P(Z; > 0)and {T( )}1>1 is a sequence of i.i.d. random variables (independent of {j; };>1 and W)
with probability mass function

K—1
1

P(Ti=y=—Y —P(Z=y, yeN
'K o M

In a similar fashion, (c) can be shown. This completes the proof of Lemma 3.4.
4.4. Proof of Lemma 3.1

To show (3.2), it is enough to take a Lipschitz function g € C/ (E) (with Lipschitz constant ||g|| and support(g) < {x :
|x| > 8} for some § > 0) and show that for every € > 0,

lim P*(|N,(g) = Nu(g)] > €) =0. (4.7)

This will be attained by slightly revamping the proof of the convergence in (3.14) of [39]. Some of the estimates
used therein will not work for us mainly because we are dealing with general regularly varying random variables as
opposed to stable ones with an inbuilt Poissonian structure. This hurdle will be overcome by use of Potter’s bound
and a mild modification of the event AMO(0) defined in page 201 of the aforementioned reference.

For every 6 > 0, let A, (6) denote the event that for all v € D,,, at most one of the random variables in the collection
{Xe: e e Iy} is bigger than b,0/n in absolute value. We claim that

lim P*(4,(6)°) =0. (4.8)
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As in the proof of Lemma 3.2, this follows easily if we can establish that lim, —, o P7.(A,,(6)) = 0 for P*-almost all T.
To this end, observe that conditioned on the tree T, ), 1, 9l Xe|(b,,%, o0o] ~ Binomial(n, P(n|Xe| > b,0)) for each
v € D,,. Hence using Potter’s bound (see, e.g., Proposition 0.8(ii) in [40]), (1.1), (2.1), and the fact that P(U,, > 2) =
O(nzp,%) for any U, ~ Binomial(n, p,) with p, =o(1/n), we get

0
Ph(A.(0)) < Y P%}(Z 81X,| <bn—, oo] > 2)
|v|=n ecly n
< (const)| D, [ (P(n| Xel > b,0))’ — 0

P*-almost surely as n — oo.
In light of (4.8), to prove (4.7), it is enough to show that

lim P*(|Ny(g) = Nu(g)| > €, An(6)) = 0. 4.9)

Letus fix 0 < 8 < §/2. On the event A,,(0), define Ty to be the largest (in absolute value) summand in Zee I Xe. Note
that

Pi(|Na(9) — Nu(g)| > €, An(6))

s%(Z g(b,'Sy) = g(b, ' Xe) >e,An<e>)
[v]=n ecly
=P%"r< > e(br'Sv) — g(by ' V)| > €. An(9>>. (4.10)

[v|=n

Forevery v e D, |Sy — Ty| < b,0 < b,8/2 on the event A, (6). So for fixed v € D, |g(b,lev) — g(bn’1 Ty)| > 0 only
if b;l Ty > &/2. Using the fact that g is Lipschitz, we get that for every v, |g(b,j] Sv) — g(bn’1 Ty)| < ||g||b;1 ISy —Ty| <
llgll6. So (4.10) can be bounded by

P%}(Ilglle D 8y17,(8/2, 001 > e>

|v|=n

< Pq}<||g||9 DD 81y ([—00,8/2) U (8/2,00]) > e)

|v|=neely

=P5(IIg0N, ([—00,8/2) U (8/2, 0]) > €).

Unconditioning the above expression and using the fact that N, = Ny, as n — 0o, we get that left hand side of (4.9)
converges to

P*(||g||9N*([—oo, 8/2)U(8/2, oo]) > e).
Now let & — 0 to get (4.7).

Remark 4.1. The proof of Lemma 3.1 uses (3.10), which is a consequence of Lemmas 3.2, 3.3 and 3.4; see Section 3.5.
However, this is not a problem because the latter lemmas are proved without using Lemma 3.1.

4.5. Proof of Theorem 2.3

Take two independent sequences of random variables {e;};>1 and {A;};>1 such that Zf’il 8y ~ PRM(U;_ ) and
€1, &2, ... are i.i.d. random variables with same distribution as that of . Straightforward applications of Proposi-
tions 5.2 and 5.3 of [41] yield that Zfi 1 8¢;2; ~ PRM(vy), which, together with (2.5), gives the SScDPPP represen-
tation of N,.
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To show the second part of this theorem, we follow the computation of Laplace functional in Section 3.5 along
with the scaling property of v, and express the left hand side of (2.7) as

o0
1 _
E* | exp —W/ ZfE(l—e_Zi-f()7 ]x))va(dx)
x>0 g H'
21
=E*| exp —y_“W/ Z—I.E(l—e_z"g(x))va(dx) ,
\x|>0i:O/'L

which equals the right hand side with

00 1 —1/a
Cg = / Z —iE(l - e_ng("))va(dx) > 0.
[x]|>0 i—0 M

4.6. Proof of Theorem 2.5

Using Theorem 3.1 and Theorem 3.2 of [41] and Theorem 2.1 above, it transpires that N,([—oco, —x]) converges
weakly to N, ([—o0, —x]) under P*. Therefore, for each x > 0,

P*(M,; > —b,x) =P*(N, ([—o0, —x]) = 0) = P*(N,([—00, —x]) =0),

from which (a) follows because 7; > 0 for all [ > 1 and this implies

P*(Ny([—00, —x]) =0|W) = P* (Z 8wyt j, ([—00, —x]) = 0’ W)
=1
= exp{—rWgx~}.

The k =1 case of (b) follows similarly from the weak convergence of N, ((x, o0]) to N,((x, co]) under P*. For
k > 2, using the same weak convergence, we get

1im P*(M© <byx) = lim P*(Ny((x, 00]) <k —1)

k—1

= E*(exp{—rWpx~*}) + Y _P*(Nu((x, 00)) =1). (4.11)
=1

We need to show that the second term of (4.11) is same as that of (2.8). To this end, considering the marked point
process N =Y 2, 8¢z, -y jy ~ PRM(rW(y ® vy)) conditioned on W, and analyzing exactly how each event
(N4 ((x, 00)) =1) can occur, the second term in (4.11) becomes

ki > lyk(lfj%{l\’({ij} x (x, 00]) =yj}>

=1 mell; j=1

k—1 7| o
=2 E{H((rwpx_“y(ij))y" i exp{—erx—"J/(ij)}>]~
j=1 i

This establishes (b).
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In order to verify (c), we need a similar (but slightly tedious) calculation as in the proof of (b) based on the following
observation: for 0 < u < v,

P* (M,ng) <b,u, M,(lk) < bnv)
=P* (N, ((u, 00]) =0) +P*(N, ((v, 0]) =0, 1 < N, ((u, v]) <k)
+P*(1 < Nu((v,00]) <k — 1, Ny ((u, o0]) <k).

Finally, (d) follows from (c) using continuous mapping theorem (see, e.g., Theorem 3.1 in [41]).
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