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Abstract. Let (&7);~( be a sequence of independent real random vectors of p-dimension and let X7 = ZfiSTH gref_/T be the
lag-s (s is a fixed positive integer) auto-covariance matrix of &;. Since X 7 is not symmetric, we consider its singular values, which
are the square roots of the eigenvalues of X7X ? Using the method of moments, we are able to investigate the limiting behaviors
of the eigenvalues of X7X } in two aspects. First, we show that the empirical spectral distribution of its eigenvalues converges
to a nonrandom limit F, which is a result previously developed in (J. Multivariate Anal. 137 (2015) 119-140) using the Stieltjes
transform method. Second, we establish the convergence of its largest eigenvalue to the right edge of F.

Résumé. Soit (g;),~( une suite de vecteurs aléatoires indépendants de RP et X7 = Z:i‘é 41 ere}_ /T lamatrice d’autocovariance
empirique d’ordre s de la suite (s est un ordre fixé). Comme X7 n’est pas symétrique, nous considérons ses valeurs singuliéres,
c’est-a-dire les racines carrées des valeurs propres de la matrice aléatoire X7 X ; En utilisant la méthode des moments, nous
établissons les propriétés limites de ces valeurs singulieres dans deux directions. D’abord, nous démontrons que leur distribution
empirique converge vers une limite déterministe F, retrouvant ainsi un résultat établi dans (J. Multivariate Anal. 137 (2015) 119—
140) par la méthode de la transformée de Stieltjes. Ensuite, nous montrons que la plus grande de ces valeurs singuliéres converge

vers le point extrémal du support de F.
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1. Introduction

Let (¢;);~0 be a sequence of independent real random vectors of p-dimension and let X7 = Zf;LST 11 eref_;/ T be the
lag-s (s is a fixed positive integer) auto-covariance matrix of &;. The motivation of the above set up is due to the study
of dynamic factor model, see [7]. Set

X =Afi +& +u, (L.1)

where x; is a p-dimensional sequence observed at time ¢, { f;} a sequence of m-dimensional “latent factor” (m < p)
uncorrelated with the error process {&;} and u € RP is the general mean. Therefore, the lag-s auto-covariance matrix
of the time series x; can be considered as a finite rank (rank m) perturbation of the lag-s auto-covariance matrix of ;.
Therefore, the first step is to study the base component, which is the lag-s auto-covariance matrix of the error term.
Besides, we are considering the random matrix framework, where the dimension p and the sample size T both tend
to infinity with their ratio converging to a constant: lim p/7T — y > 0.
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One of the main problems in random matrix theory is to investigate the convergence of the sequence of empirical
spectral distribution { F47} for a given sequence of symmetric or Hermitian random matrices {A,}, where

1L
FAn(x):= ; Zalj’
j=1

l; are the eigenvalues of A,. The limit distribution F, which is usually nonrandom, is called the limiting spectral
distribution (LSD) of the sequence {A,}. The study of spectral analysis of large dimensional random matrices dates
back to the Wigner’s famous semicircular law [18] for Wigner matrix, which is further extended in various aspects:
Marcéenko—Pastur (M—P) law [10] for large dimensional sample covariance matrix; and circular law for complex
random matrix [4]. Another aspect is the bound on extreme eigenvalues. The literature dates back to [3], who proved
the almost sure convergence of the largest eigenvalue of a sample covariance matrix under however some moment
restrictions, which is later improved by [19]. For Wigner matrix, [2] found the sufficient and necessary condition for
the almost sure convergence of its largest eigenvalue. Vu [15] presented an upper bound for the spectral norm of
symmetric random matrices with independent entries and [11] derived the lower bound. Vershynin [14] studied the
sharp upper bound of the spectral norm of products of random and deterministic matrices, which behave similarly to
random matrices with independent entries, etc.

Notice that lag-0 auto-covariance matrix of &, reduces to the standard sample covariance matrix % Zthl grgf and
its property in large-dimension has been well developed in the literature. In contrast, very little is known for the lag-s
auto-covariance matrix X 7. Recent related work include [8,9] and [6] for the LSD of the symmetrized auto-covariance
matrix and [16] for its exact separation, which also ensures the convergence of its largest eigenvalue.

Since X7 is not symmetric, its singular values are the square roots of the p nonnegative eigenvalues of

Ar = XTX;. (1.2)

Therefore, the main purpose of this paper is on the limiting behaviors of the eigenvalues of A7. First, the LSD of Ar
has been found in [8] using the method of Stieltjes transform. However, no results on the largest eigenvalue of At
has been so far found. The main contribution of the paper is using moment method to prove the convergence of this
largest eigenvalue to the right edge of the LSD under an appropriate moment condition. As a by product of the moment
approach, we provide a new proof of the convergence of ESD of A7 to its LSD. A distinctive feature here is that the
matrix A7 can be considered as the product of four matrices involving &;, new methodology is needed with respect
to the existing literature on moment method in random matrix theory. In particular, we provide in Section 5 some
complex recursion formulas related to enumeration of a particular family of “walk paths” on nonnegative integers,
which further leads to our moment result, and these formulas may be of independent interest.

The rest of the paper is organized as follows. Preliminary introduction on the related graph theory is provided
in Section 2. Section 3 derives the exact moment formula for the limiting spectral distribution of A7 using graph
theory, which further leads to the expression of its corresponding Stieltjes transform. Section 4 gives details of the
convergence of the largest eigenvalue of Ar. In Section 5, we provide some techniques to derive a system of recursion
formulas for two families of “walk paths”, which further leads to the limiting moments in Section 3.

2. Some graph theory

In order to enumerate the moments of the LSD of Ar by moment method, we need some information from graph
theory. The concepts and notations are close to those used in [1].

For a pair of vectors of indexes i = (i1, ...,i) (1 <i <T,l <2k)and j=(ji,..., jou) (1 <ji <p,l <2k),
construct a graph Q(i, j) in the following way. Draw two parallel lines, referred to as the I-line and J-line. Plot
i1,...,Io on the I-line and ji, ..., jox on the J-line, called the I-vertices and J-vertices, respectively. Draw k down
edges from ip,_1 to ja,—1, k down edges from iy, + 5 to jo,, k up edges from jr,_1 to i, k up edges from j,,
to ipy+1 + s (all these up and down edges are called vertical edges) and k horizontal edges from iy, to iz, + 5, k
horizontal edges from is,_1 + s to ip,—1 (with the convention that ip;41 = i), where all the u’s are in the region:
1 <u <k. An example of a Q graph with k = 3 is shown in Figure 1.
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Definition 2.1. The subgraph of all I-vertices is called the roof of Q and is denoted by H(Q) (see the subgraph inside
the dashed line in Figure 1 for illustration of H(Q)).

Definition 2.2. The M-minor or pillar of Q is defined as the minor of Q by contracting all horizontal edges, which
means that all horizontal edges are removed from Q and all I-vertices connected through horizontal edges are glued
together. We denote the M-minor or pillar of Q by M (Q) (see Figure 2).

Definition 2.3. For a given M(Q), glue all coincident vertical edges; namely, we regard all vertical edges with a
common I-vertex and J-vertex as one edge. Then we get an undirectional connected graph. We call the resulting graph

the base of the graph Q, and denote it by B(Q) (see Figure 3).

Definition 2.4. For a vertical edge e of B(Q), the number of up (down) vertical edges of Q coincident with e is called
the up (down) multiplicity of e.

Definition 2.5. The degree of a vertex ij is the number of edges incident to this vertex.

I-line (1-++T)
; o<, ; ' ‘ J-line (1--- p)
Je h=Js J2=Js J3
Fig. 1. An example of a Q graph with k = 3.
iy =g i, =lis i3=1
9 ‘ o ‘et Lline (1--T)
@ & | J-line (1-+- p)
Je Ji=Js J2=Ja J3
Fig. 2. The M-minor or pillar M (Q) of the graph Q in Figure 1.
ih =1l iy =5 i3=1i
o N 3 gt Lline (1-T)
® ® ¢ ® J-line (1-+-p)
Je h=Js J2=Ja J3

Fig. 3. The base B(Q) of the graph Q in Figure 1.
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i1 =g i =is iy =i,
o< . -

Iline (1-+-T)

J-line (1+++ p)
Je Ji=Js J2=]a J3
Fig. 4. Characteristic sequence associated with the pillar M (Q) in Figure 2.
Definition 2.6. For a cycle in M(Q) from iy to ji, then from ji to iy, and so forth until we finally return to iy from

Jak. On each leg of this journey, say from i to ji, if ji has not been visited before, i.e. for all k < 1, we have ji # ji,
then this edge is called an innovation. An up (down) innovation e is an up (down) vertical edge that is an innovation.

Definition 2.7. Two graphs are said to be isomorphic if one becomes the other by a suitable permutationon (1, ..., T)
and a suitable permutation on (1, ..., p).
Definition 2.8. Define a characteristic sequence as (djuq - - - doguag), where {u1, ..., ux} and {dy, ..., dr} are asso-

ciated with the 2k up edges and 2k down edges of a pillar M(Q) according to the following rule:

= 1, thelth up edge is an up innovation,
'=Vo0., otherwise,

and

d = 0, the Ith down edge is an down innovation,
=1 =1, otherwise.

An example of the characteristic sequence associated with the pillar in Figure 2 is given in Figure 4 with

{ur,uz, u3, us, us, ue} ={1,1,0,0,0,0},
{d17d27 d37 d4’ dS’ d6} = {0107 07 _19 _1’0}7

that is, the corresponding characteristic sequenceis (0 1 0 1 0 0 —1 0 —1 0 0 0). Conversely, it can be verified
that any characteristic sequence (dju1 - - - daxusx) uniquely defines a pillar M (Q).

3. LSD of A7 using moment method

The problem of showing the convergence of the ESD of Ar reduces to showing that the sequence of its moments
mp(At) :=tr AkT /p (k=1 is a constant number) tends to a limit (7 ), and this limit determines properly a proba-
bility distribution. For example, the later property is guaranteed if the moment sequence (my )y satisfies the Carleman
condition:

my, > = 0. (3.1)
k=1

The following theorem gives the exact formula for the limiting moments (my).

Theorem 3.1. Suppose the following conditions hold:
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2 4
E@ij) =0,  E(e;)=1,  supE(ej;) <oo.
it
(b) p and T tend to infinity proportionally, that is,
p — 0, T — oo, yr:=p/T — y € (0, 00).

Then, with probability one, the empirical spectral distribution FAT of the matrix At in (1.2) tends to a limiting
distribution F whose kth moment (k is a fixed positive number) is given by:

k—1
L2k k 2%k—1—i
m"‘Z()E(i)(iH)y '
i=

Remark 3.1. Using the expression of the limiting moment above, we are able to derive that the Stieltjes transform
of F:

$(2) = / ——dFw
satisfies the following equation:

y22257 (2) + y2zs%(2) — yzs*(z) — zs(z) — 1 =0, (3.2)
which coincides with an earlier result in [8] found by using the Stieltjes transform method.

Indeed, by the series expansion of the function ﬁ, the Stieltjes transform of a LSD can be expanded using its
moments:

@=[ A are=-1 > m
SO= ) TS i i

Let h(z) be the moment generating function of m;:

e .
h@ =Y m,
i=0

then the part ) ;2 m; /7" equals to h(1/z) — 1. Therefore, we have the relationship between the Stieltjes transform
§(z) and the moment generating function h(z):

s5(z) = —lh<l>. (3.3)
Z Z

In the proof of Theorem 3.1, we will see that h satisfies the equation:
xy2h3(x) + x(y — yz)hz(x) —h(x)+1=0,

which is detailed in Section 5, see (5.32). Let x = 1/z in it and combine with (3.3) leads to (3.2).
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1/”\} Lfﬂ\\ K/ﬂ\\ </~\\ Iline (1---T)

br+s

€ & — A - 1 J-line (1--- p)
h J2 J2k-1 J2k

Fig. 5. The Q(i, j)-graph that corresponds to (3.4).

Proof of Theorem 3.1. After truncation and centralization, see Appendix A in [8], we may assume in all the following
that

leijl Sﬂpl/“, E(eij) =0, Var(e;;) = 1,

where 7 is chosen such that 7 — 0 but np'/* — co. And for convenience, we denote M = np'/* below. With a little
bit calculation, we have

T p

m(Ap)=—>"% :_T2k (€161 €112 € jas+ia € jos-+i3€ aiz € jaia€ jas+ia€ jus+is
i=1 j=1

€ o tiok—1 € jok—1iok € jors+ion € joks i 1

1
=~ 2 Eod
p ij

where the summation runs over all Q(i, j)-graph of length 4k (see Section 2 for the definition of the Q graph).
The indices in i = (i1, ..., i) run over 1,2, ..., T and the indices in j = (ji,..., jox) run over 1,2, ..., p. See the
following Figure 5 for illustration.

Now suppose the pillar of the Q-graph in Figure 5 has ¢ noncoincident /-vertices and s noncoincident J-vertices,
which results in s down innovation and ¢ — 1 up innovation (we make the convention that the first down edge is always
a down innovation and the last up edge is not an innovation). Then in the corresponding characteristic sequence
(diuy - - - doguzi), the number of “1” (“1” only appears in the even position as it corresponds to the up edge) is
t — 1, the number of “—1” (“—1" only appears in the odd position) is 2k — s and the sequence starts and ends with
“«r

We classify the Q-graphs in Figure 5 into three categories:

Category 1 (denoted by Q1) contains all the Q-graphs that in its pillar M (Q), each down edge must coincide
with one and only one up edge and its base B(Q) is a tree of 2k edges. In this category, t + s — 1 = 2k and thus s
is suppressed for simplicity. Figure 6 shows an example of Q1 (see the left panel) with k =3, =2 and s = 5. Its
corresponding pillar and base are in the middle and right panel.

Category 2 (denoted by Q») contains all the Q-graphs that have at least one single vertical edge.

Category 3 (denoted by (Q3) contains all other Q-graphs. See Figure 7 for an example of Q3 (the left panel)
with k =3, ¢t =1 and s = 3. In this example, the multiplicities of each edge in its pillar is four (the middle panel).

The almost sure convergence of the ESD of Ar will result from the following two assertions:

||
E(mk(AT)) =_ ZZ T2k Bl jyi)€1i2€ jos+ir€ jos+is€ j3iz € jsia€ jas+ia€ jas+is
=1 j=1

© € o tink—1 € jok—1iok € jors+in € joks+i ] (3.4)
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h=h=i3=1 is = g =iy =iy=i, i = g

SO o< rY 9

Js i b s s Js Jt b RSl s i B k= s
0 M(@Qy) B(Q)

Fig. 6. An example of Q; (left panel) with its pillar (middle panel) and base (right panel).

h=h=i3=i=ig=1g 1=l =i3=iy=i5=1g

/
h= Ja= s Js=Js ji=h Ji=ls Js=ls
(@) (%)

Fig. 7. An example of Q3 (left panel) with its pillar (middle panel) and base (right panel).

1
=% Y E(Egqj)
pTH 4

-1

_ 1 (2k k U—1—i
—§z<i)<i+1)” +o(1), (3.5)

and

1
Vaf(mk(AT))Z—p2T4k > [EEQ Grnin E0rizin) — E(E Q1. ji) E(E 0y mig.nin)) ]

i1,j1.i2.52
—0(p). (3.6)

Proof of (3.5). Since E¢;; = 0, the only non-vanishing terms in (3.4) are those for which each edge in the Q-graph
occurs at least twice. So the contribution of Category 2 is zero.

Next, we only consider those Q-graphs that fall in Category 1 and 3. Denote b; the degree associated to the I-vertex
i; (1 <[ <1t) inits corresponding M -pillar, then we have by + - - - + b; = 4k, which is the total number of edges. On
the other hand, since we glue the /-vertex i; and i; 4+ s in the definition of M-pillar, each degree b; should be no less
than 4; otherwise, there will be some single vertical edges in the Q-graph, which results in Category 2. Therefore, we
have

=D+ + by >4,

which is t <k.



1648 Q. Wang and J. Yao

Category 1: In Category 1, since in the Q-graph, each down edge must coincide with one and only one up edge,
the total number of non-coincident edges is 2k. Besides, due to the restriction that the base B(Q) is a tree, we have
s+t —1 =2k (according to the definition of a tree that #{edges} = #{vertices} — 1), and this means that the summation
over the elements in the corresponding characteristic sequence is zero (it is because we have the number of “1” equals
t — 1 and the number of “—1” equals 2k — s).

The characteristic sequence of a M-pillar whose corresponding Q-graph lies in Category 1 has the following
features (see Remarks 3.4 and 3.5):

(1) The total length of the characteristic sequence is 4k;

(2) The sequence starts with a zero and ends with a zero (the first down edge is a down innovation and the last up
edge is not an innovation);

(3) The number “1” appears only in the even position in the sequence and the number “—1” only in the odd position
(down edges are in the odd position while up edges are in the even);

(4) The total number of “1” in the characteristic sequence is  — 1 (f — 1 up innovation), which equals the total number
of “—17;

(5) The sequences are made with the following subsequence structure:

1 00 —1

~——

two

1000000 —1

h\/_/

Six

10000000000 —1

———

ten

10000 - - -00000 —1. (3.7
—
4k—6
Denote f;_1(k) as the number of Q-graphs whose M -pillar satisfies the above conditions (1)—(5) (here, we have

two index: ¢ — 1, which is the number of up innovations and k, which is a quarter of the total length of the sequence),
then we have the contribution of Category 1 to (3.4):

1 k
g 2T =D (T =t Dp(p =1 (p =5+ D fia®)

t=1
k |
= Zy%k"f,_l(k) + 0<;>. (3.8)
=1

Category 3: Category 3 consists two situations, see the following lemma.

Lemma 3.1 (Lemma 4.5 in [1]). Denote the coincident multiplicities of the lth noncoincident vertical edge by ay,
l=1,2,...,m, where m is the number of noncoincident vertical edges. If Q € Q3, then (a) either there is a a; > 3
witht+s—1<m<2kor®)allaqg=2witht+s—1<m=2k.

Remark 3.2. An example that illustrates situation (a) in Lemma 3.1 is presented in Figure 8. In this example, t = 2,
s=4,k=3,m=>5,thuswe have t +s — 1 =5 = m < 2k = 6 and there exists one vertical edge with multiplicity four.
Another example is the left panel in Figure 7, which falls into situation (b). Since all its vertical edges are repeated
exactly twice. Besides, in this case m = 6, therefore we have t +s — 1 =3 <m =2k =6.

First, we see the contribution of (a). By the moment assumption that the moment [E|¢;;|* is bounded by M a=2 for
a>2andaj +---+ ay =4k, we conclude that the expectation

E[Sjlil5j1i25j2S+i25j2S+i35j3i3 €j3i4 € jas+is € jas—+is " ‘5j2k5+i2k5j2k5+i1]



Singular values distribution of a large auto-covariance matrix 1649

llzlé// \ lz=l3=l lg

A4 o< L J

Je hi=Jz=7Js J2 Ja

Fig. 8. An example of Q3 that satisfies situation (a) in Lemma 3.1.

in (3.4) has magnitude at most M 4=2m Then we have (3.4) bounded by

1

k
—5 Z T' p* M*~=2"4(isomorphism class in Q3}
P

t=1
k
— 0 <Z pt-'rS—k—m/Q,—l . n4k—2m> , (39)
t=1

where the equality is due to the fact that p and 7 are in the same order and also for fixed k, the part
#{isomorphism class in Q3} is of order O(1). Then

k k k
Zpt-i-s—k—m/Z—] < me—k—m/Z < ZP(Zk—l)/Z—k — 0(17_1/2)7 (310)
=1 =1

=1

which is due to the assumption that f + s — 1 < m < 2k, so the contribution of (3.9) is o(p~!/ 2.
Next, we consider the contribution of (b). Since all @; = 2, we have the part of expectation equals 1. Therefore,
(3.4) is bounded by

k k
ST > 1" p*#{isomorphism class in Q3} = O (Z p’“zk‘) =0(1/p), (3.11)
t=1

t=1

where the equation is due to the fact that r + s < 2k.
Therefore, combine (3.8), (3.10) and (3.11), we finally have

k
E(mi(Ar)) =Yy~ fio1(k) + o(1). (3.12)
t=1

To end the proof of (3.5), we need to determine the value of f;_j(k). This involves complex combinatorics and
analytic arguments and the details of the derivation is given in Section 5. Finally, using (5.34) derived in Remark 5.1

that
1 (2k k
fm(k):E<m><m+l>,
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we have
k—1
1 (2k k i
E(mk<AT))=ZE( l. )<i+1)y%" o),
i=0
which is (3.5). O

Proof of (3.6). Recall

Var(mk(AT))

1

= AT Y [EEQ61.in E0aini) — E(EQ,i1.in) E(E 0y i2.in)]-
ir.j1.i2.52

If O has no edges coincident with edges of O, then due to the independence between Q1 and Q», we have

ECEQ, (iy,jn) E 02(i2.2) — E(E 0, (i1,j1) E(E 01, jn)) = 0.

If O = 01U Q7 has an overall single edge, then

ECEQ, (1,0 E 01(i2.i2) = E(E 0, (1,j1) E(E 05 (ip.j2) =0,

so the contribution to Var(my(A7)) is also zero.

Now, suppose Q = Q1 U Q> contains no single edges and there’s at least one edge in Q1 coincident with one
in Q», then the number of non-coincident I-vertices in Q is at least #; + t», — 1 and J-vertices is s; + sp — 1. Since
t1 +s5s1—1<2kandt +s2—1<2k, we have

Var(my (Ar))

1
= 2Tk Z [E(EQl(il,jl)EQz(iz,jz)) - IE(EQl(i1,jl))IE(EQz(i2~,J'2))]

P i1.j1.i2,52

1 t+tn—1 _si+s2—1
:0(p2T4kT1 2=l psits
=0(p7?)

which is (3.6). O

Carleman condition. In [8], the density function that corresponds to the Stieltjes transform s(z) in (3.2) has been
derived and it has compact support [a, b], where

1
a=5(=1+20y+8y> — (1+8)°7) L=,

(3.13)
_Lo 2 32
b=5(=1+20y +8y° +(1+8y)2).

Therefore, we have
k—1
N2k k %—1—i _ 1k
mk—;;<i)<i+l)y < bk, (3.14)
1=

From this, it is easy to see that the Carleman condition (3.1) is satisfied.
The proof of Theorem 3.1 is complete. (|
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Remark 3.3. For the verification of Carleman condition, it would be enough to use the Stirling’s formula in my, to
derive a less sharp bound my < Ak for some A > b. Since the sharp bound (3.14) will also be used in Section 4, its
early introduction is thus preferred.

Remark 3.4. The explanation of (5) in (3.7) is that in the original Q-graph, each vertical edge is repeated exactly
twice, and then we glue the I-vertex ij and i) + s in its pillar M (Q), therefore, the degree of each I-vertex is multiple
of four, which implies that the length of each subsequence in (3.7) is multiple of four.

Remark 3.5. Note that in a characteristic sequence, subsequences in (3.7) cannot intersect each other; for example,
if we arrange two subsequences 1 00 —1 and 1 000 00 0 —1 in the characteristic sequence of length 4k = 16, then
the following two structures are allowed:

01 00O0O0OO0OO0O-11020 —1 0 0 0 (twosubsequences are parallel),
01 01 00 -1 0 —1 0 0 O0 O 0 O O (oneiscompletely contained in another);

while
01 00 O0O0OO0OT1T =1 0 —=1 020 0 0 0 (twosubsequences intersect each other)

is not.

4. Convergence of the largest eigenvalue of A7

Recall that due to (3.5) and (3.14) in the previous section, we have the following:

k—1

1
E(mi (A7) Z%< ><l+1>y2k 4 o(1)

i=0
< b(yr)* +o(1)

for bounded &, where b(yr) is the value of b in (3.14) while substituting yr for y. The main point in this section is to
improve this estimation in order to allow a growing k such that:

k— 1

E(mi(Ar) =Z ( ><l+1>y2" = (14 o (1)), @.1)
i O

where this o (1) now (depending on k) tends to zero when k — oo. The derivation of the convergence of the largest
eigenvalue in Wigner case can be referred to [13].

Proposition 4.1. Suppose the following conditions hold:

E(eij) =0, E(elzj) =1, supE(Jeir|*) < 00
it
(b) p and T tend to infinity proportionally, that is,
p — o9, T — oo, yr:=p/T — y € (0,00).

(¢) k is an integer of satisfying k = (log p)'°! (say).
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Then we have

k—1

1 .
E(mi(An) = ¢ (%") (l. ¥ l)y%"-‘—’ (14 or(D)).

i=0

Proof. After truncation, centralization and rescaling as the same route in Appendix B in [17], we may assume that
the ;s satisfy the condition that

E(ei) =0,  Var(ey) =1, leir| <8T'/2, 4.2)

where § is chosen such that

5 — 0,
sT/4+B 0, forany g >0, (4.3)
STY? 5 oo,

When k — oo, the term #{isomorphism class} in (3.9) is no more a constant order. Then the main task is to show
that the contribution of Category 3 to the kth moment of A7 when k — oo can still be negligible compared with
Category 1. And this will be achieved by counting precisely the number of isomorphism graphs in Category 3 as a
function of k.

Since in Category 3, we have ¢t + s — 1 < 2k. Using the previous notion of the characteristic sequence, we have
#{1} =t — 1 and #{—1} = 2k — s, and this is equivalent to the fact that #{1} < #{—1}.

First, we consider the case that ¢ = 1, which is to say #{1} = 0 and #{—1} = 2k — 5. The way we choose 2k — s
positions from the total 2k (the total number of length is 4k, only the odd ones are allowed for “—1") is

(+2.)

Then since we have s noncoincident J-vertices on the J-line, the noncoincident vertical edges is at most 2s (since we
have each edge repeated at least twice). Therefore, the expectation

ELe1i,€ j1i2€ jos+ir€ jos+i3€ iz € j3ia € jas+ia € jas+is * € jos+ink € joxs+ir |
is bounded by (8T1/2)%=2s Therefore, we have the contribution to (3.4):
2%k—1 2k—1

1 s 1/2\4k—2s 2k _ T 4k
e L TrOT) (52F,)=1s ;((SzT)(S). @4)

Since

P 2k 2kp \* 2kp
and —— — oo,
82T s 82T 82T
the dominating term in the summation at the right-hand side of (4.4) is when s = 2k — 1. Therefore, the left-hand side
of (4.4) can be bounded as

T p 2k—1
0(2k—84k <82—T> ) = 0(2ky*282).
P

Then consider the term when t =1 in

k—1

()l
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which is
1 (2k k\ ok—2 2 2k=2
() ()i
‘We have

zky2k7252 k2y2k 2 or(1)

k—]1
E( ><t+l>y2k o). 4.5)
=0

Then consider the case that t > 1. Since #{1} =t — 1 < #{—1} = 2k — s, we can first construct a characteristic
sequence that satisfies (1)—(5) in (3.7). Therefore, we have the degree of each [-vertex at least four and each edge in
the Q-graph repeated exactly twice, which ensures that the Q-graph will not fall in Category 2. And the possible ways
for constructing such a characteristic sequence is f;_1 (k) by definition. Since in the characteristic sequence, 2(t — 1)
positions have been taken to place the “1” and “—1,” there leaves 4k — 2(t — 1) — 2/2 (the sequence starts and ends
with a zero, so we should exclude the two positions at the beginning and at the end, and also “—1” appears in the odd
positions, so we should divide it by two) positions to place the remaining “—1,” whose number is 2k — ¢t — s + 1, so
the choice is bounded by

2k —t
2k—t—s+1)"

Let m be the number of noncoincident vertical edges, which is no less than t + s — 1, see Lemma 3.1, then the
expectation

t

E[Sfl i1€j1i2€ jos+iz € jos+i3 € j3i3 € j3ia € jas+ia € jas+is ** * € jous+in € joxs+iy ]

is bounded by (ST V/2)¥k=2m < (sT1/2y4k=20+s—1) Finally, the contribution to (3.4) is bounded by:

1 1/2\4k—2(t+s—1) 2k —t
- /2 t
pT2 ZZI:(‘ST ) ST p* | " (4.6)

2k—t

k s
1 4k—2142 D 2%k —t
T T t}_}:(‘STW) T E (82—T) (S 1 ) 4.7)

s=1

Since
P\ (2k—t 2kp\* 2kp
— <|—== and —— — o0,
82T s—1 82T 82T
the dominating term in
ZkZ_t P\ (2k—t
82T s—1
s=1
is when s = 2k — t. Then (4.7) can be bounded as

k 2k—t
2k 1/2 4k—2t+2 p
0 (pTZk (ST ) ft— (k)T 82T

=1

<2k822ft 1)y 1" )

t=1
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o (%) ()5)

t=1

o S () (1))

k—1

Z ( )<t+l)y2k =01, (4.8)

t=l O

where the last equality is due to the choice of k that
82 = (log p)' 8% = o((8p1/4+’3)2) — 0, asp— oo.

Finally, combine (4.5) and (4.8) leads to the fact that the contribution of Q3 to (3.4) is

k-1
2k—t—1
() (5 )
t= 0
The proof of Proposition 4.1 is complete. |

Using the estimate in Proposition 4.1, we are able to prove the main result of this section, that is, the convergence
of the largest eigenvalue of Ar to the right edge point of its support.

Theorem 4.1. Under the same conditions as in Proposition 4.1, the largest eigenvalue of At converges to the right
endpoint b defined in (3.14) almost surely.

Proof. First we show that almost surely,
liminfl; > b. 4.9)

Indeed on the set {liminfl/; < b}, we have liminf/; < b — § for some § = §(w) > 0. Let g : R — R be a continuous
and positive function supported on [b — §, b], with f g(x)dF (x) = 1, where F is the LSD of FA7. Then

liminf/g(x)dFAT (x) <0. (4.10)

For such @, FAT will not converge weakly to F. Since this convergence occurs almost surely by Theorem 3.1, the
claim (4.9) is proved.
Next, we claim that for any A > 0,

f:P(ll>b+A)<oo. 4.11)
p=1
Write
Lh—b=0-b*"=U—-b)",
with its positive and negative parts. Claim (4.11) implies that almost surely, (I; — b)™ — 0. Therefore, a.s.
limsup(l; — b) <limsup(l; —b)T =0

Combine with (4.9), we have a.s. lim(/; — b) = 0. It remains to prove claim (4.11).
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Since we have

EtwAf  p-E(mi(Ar))
b+ MKk (b+ Ak

P(li>b+A) < P(r A% > (b+ A)) < , (4.12)

and by (4.1), we have

p-E(mi(Ar)) = Z ( > (l N 1>y2k (1 + or(D)). (4.13)
Combining (3.14), (4.12) and (4.13) leads to:

P 2 CHCE )Y (4 o))
(b + Ak

b(yr) \*
_p<b+—TA> (14 or(1)). (4.14)

Py >b+A) <

Since yr — y, for T sufficiently large, we have b(yr) < b + A /2. Hence, (4.14) could be bounded by

b+ Aj2)ten™” g 10
(m) (L4 0p() = pa ™ (14 0y (1) :=ap.
Then due to the fact that o = beA/z < 1, we have

1
lim all,/p = lim exp —(logp + (logp)l'01 -loga +10g(1 +0p(1))) <1
p—>00 p

p—>00

combining with (4.14) leads to
Y PUi>b+a)< a,<oo.
P P
The proof of Theorem 4.1 is complete. |

5. Determination of the sequence { f;, (k)}

One of the most challenging points in the proof of Theorem 3.1 is to determine the value of the sequence { f;, (k)}, i.e.

fn k)= (if) (mil) 5.1

Indeed, this enumeration cannot be done directly; rather it depends on the enumeration of a family of closely-related
graphs, see the sequence {g;,,(k)} below. We first establish a system of two recursion formulas on the number of
these two families in Section 5.1. Then these recursions are transferred in Section 5.2 to the generator functions
Fr(z) = Zm =0 fm (k)z’" and Gi(z) = Zm 08m (k)zm Next, we deduce in Section 5.3 two equations satisfied by
F(z,x)=> o Fx (z)x* and G(z,x) = > =0 Gk (z)xk. Finally, by solving these equations and taking the derivatives
% |x=0, we obtain the target formula (5.1).

First recall the definition of f;, (k), which is the number of M-pillars whose characteristic sequence satisfies the

following conditions:

(1) The total length of the characteristic sequence is 4k;
(2) The sequence starts with a zero and ends with a zero;
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(3) The number “1” appears only in the even position in the sequence and the number “—1” only in the odd position;
(4) The total number of “1” in the characteristic sequence is m;
(5) The sequences are made with the following subsequence structure:

1 00 —1
~——
two
1000000 —1
h\/_/
six

10000000000 —1
—————

ten
10000---00000 —1.
N— —
4k—6

Also, we define another M -pillar, whose characteristic sequence also satisfies the above condition (1)—(5), but with
(2) replaced by the following (2)*:

(2)* The sequence starts with a zero and ends with three zeros.
We denote g, (k) as the number of such M -pillar satisfying (1), (2)*, (3)-(5).
5.1. Master recursions on f,, (k) and g, (k)
In this subsection, we derive a system of two master recursions on f;, (k) and g, (k).
Once a characteristic sequence with length 2k is given, we denote S, (1 <n < 2k) as the partial sums of its first n
elements. To ease the understanding of the upcoming proofs, we plot the path {(n, S;;)}1<n<2k in Figure 9.

Definition 5.1. We say that there is a return to the origin at time n, if S,, = 0.

Definition 5.2. A random walk is said to have a first return to the origin at time n (n > 0), if S;,, # 0 for all m < n and
Sp=0.

In Figure 9, the first return occurs at time n =9.
5.1.1. Master recursion 1
First, we start with f,, (k). Suppose the first return occurs at time i and maxo<,<; S, = s, which means that in the cor-

responding characteristic sequence, the number of “1” is s. We partition the random walk into two parts according to
the first return, see Figure 10. For the reason that the length of the subsequence structures list in (5) are all multiplicity

Sn

2 4 6 8 10 12

n

Fig. 9. The path {(n, S;;)} that corresponds to the characteristic sequence (0 1 0 1 0 0 —1 0 —1 0 0 0).
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1.
S, i
i
i
Part 1: length=i, #{1}=s Part 2: length=4k-i, #{1}=m-s
1
4 start with a zero end with a zero
3
2
1 -
16 18 20

Fig. 10. Illustration of fi, (k).

of four and condition (2), all the possibilities of i are i = 5,7, ..., 4k — 3,4k — 1, we divide it into two cases:

Case l:i=i;=4j—-3 2<j<k,
Case2:i=ir=4j—1 2<j<k.

Case 1: First, we consider the second part, which is of length 4k — i} = 4k — 4 4 3, with the number of “1”
being m — s in its corresponding characteristic sequence. But this time, the sequence may not start with a “0” (once it
returns to the origin, it can depart immediately, and in this case, the sequence starts with a “1””). Therefore, we add a
zero in the front artificially, leading to a total length of 4k — 4 j + 4, which starts and ends with a zero. So the way of
constructing such a sequence is f;;,—s(k — j + 1). Then consider the first part, which has a total length of i;. Suppose
the first departure from the origin is at time n — 1, where n = 2,6, ...,i; — 7,i; — 3 (also, it means that the first
arrival at 1 is at the time n), then if we move the axis to the point (n, 1) (see the black dashed axis in Figure 10) and
consider the walk above the new x-axis (see the black parts in Figure 10), which has the length i; — n — 1. Further,
this walk starts and ends with a zero, and if we add two more zeros in its end, it will lead to a walk with a total length
ofii —n+1=4j —n—2, starts with a zero and ends with three zeros, with the number of “1” being s — 1. Therefore,
the number of such walk is g5 (4j _f _2) according to the definition. So we have got the total contribution of Case 1
is:

4j—6 4i—n—2
> (Z 81 <]T)) stk = j+1). (5.2)

s=1,....m \n=2

Case 2: We follow the same route as in Case 1. After the first return, the remaining length is 4k —io =4k —4j +1,
then we add a zero in front and two zeros in the end, which leads to a walk of total length 4k — 4 + 4, starts with
a zero and ends with three zeros. And the number of “1” is m — s. By definition, the way of constructing such a
walk is g, —s(k — j + 1). Then for the first part, also suppose the first departure from the origin is at time n — 1
(n=4,8,...,ip — 7,ip — 3) and consider the part of the walk that is above the new x-axis (with the new origin
located at (n, 1)), which is of total length i; — n — 1. Then we add two more zeros in the end, results in a walk of total
length i» — n + 1 =4j — n, starts with a zero and ends with three zeros, and the number of “1” is s — 1. The way of

constructing such a walk is gs_1 (4j 4_ ). And combine these two parts, the contribution of Case 2 is:

> (S e (52)) st
8s—1 4 : gm—s(k J+ 1)~ (53)
n=4

s=1,....m
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Overall, combine (5.2) and (5.3) leads to the following recursion:

P f4j-n-2
fny=Y" (ng 1( 1= ))'fms(k—jJrl)
PR
4j—4 4
+ Z (ng 1<’ )>~gm_s<k—j+1>
/:2 ..... ’Z "=

4j—4 4i—
(Z 8- 1< / ))-[fm_s<k—j+1)+gm_s<k—j+1)]. (5.4)

|
SM

5.1.2. Master recursion 2

Then we start with g, (k). Also suppose the first return time is i, where i = 5,7, ...,4k — 5, 4k — 3 (in the definition
of g, (k), the characteristic sequence ends with three zeros, so the maximum value of i is 4k — 3 here). We divide
these i into two cases:

Case l:i=i;=4j -5, 3<j<k,
Case2:i =ip=4j — 3, 2<j<k.

As before, we suppose the number of “1” is s in the first part.

Case 1: First for the second part, which ends with three zeros but may not start with a zero. Since the total length
is 4k — iy =4k —4j 45, if we add a zero in its beginning and remove the last two zeros, then it will result in a walk
whose characteristic sequence starts and ends with a zero, whose length is 4k —4j 4541 -2 =4k —4j 4 4, with
the number of “1” being m — s. The total number of constructing such a walk is f;;,—s(k — j + 1). Then for the first
part, suppose the first departure from the origin is at time n — 1, where n = 4,8, ...,i1 — 7,i1 — 3. We do the same
thing as before, add the new axis whose origin is located at (n, 1). Then we consider the part above this new x-axis,
see the black part in Figure 11, whose length is i; —n — 1. We add two more zeros in the end, it actually becomes the
walk with a total length of i1 —n + 1 =4j —n — 4, starts with a zero and ends with three zeros, with the number of
“1” being s — 1. The way of constructing such a walk is gs_1 (A _: _4). Combine all this, the contribution of Case 1 is

4j-8 4 _4
> (Z 2 1( 1= ))~fm_s<k—j+1>. (5.5)

s=1,....m

Case 2: For the second part, we add a zero in the front, which leads to a walk of total length 4k — iy + 1 =
4k — 4j + 4, starts with a zero and ends with three zeros, with the number of “1” being m — s, so the way of
constructing such a walk is g,,—s(k — j 4+ 1). Then for the first part, we also consider the part that above the new

x-axe. Sincen =2,6,...,ip — 7, ip — 3 this time, we add two more zeros in the end and this leads to a walk with total
lengthofin —n+1=4j —3—n+41, starts with a zero and ends with three zeros, with the number of “1” being s — 1,
and the total way of constructing such a walk is g;_ 1(—) Combine these two parts, the contribution of Case 2 is

4j—6 —n—2
Z <Z 8s— 1< / ))'gnz—s(k_j+])~ (5.6)

s=1,....m
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1
1
i
i
Pért1 length=i, #{1}=s Part 2: length=4k-i, #{1}=m-s
I

1 start with a zero end with three zeros

l

1

1

1

1

zgiié‘}é=1’o}1“2 % 16 18 | 20
: n
Fig. 11. Ilustration of g (k).
Finally, combine (5.5) and (5.6) leads to the recursion
4j—8 _
gmk)= Y (ng 1( )) Sn—ste—=j+1)
s=1,...m
=3,k
4j—6
—n—-2 .
> (ng 1< / ))'gm—s(k—J-i-l)
s=1,...m \n=2
j=2,....k
4j—6 .
4j—n—2
= Y (ngq(%))-(fm_s(k—j+1)+gm_s<k—j+1>)
s=1,..., m \ n=6
=3,k
+ Y &1 = Dgmsk—j+1)
s=1,...
=2,k
4j—4
4j — . :
= > (ng 1( ))-(fms<k—1+1)+gmx<k—]+1>)
s=1,...m
=3,k
+ > g1 = Dgmst—j+1). (5.7)
s=1,...
Jj=2,...k

As aresult, (5.4) and (5.7) lead to a system of the two recursions on f;, (k) and g, (k):

fm(k)_gm(k)_zs L..m, j=2,. Lk 8s— 1 =D fin—sk—j+1),

gm(k)_z_s m,j=3,..., k(Z[ 2gs 1(j — l))'(fm—s(k_j+1)+gm—s(k_j+1)) (5.8)
+ ZS—I,.‘.,m,‘]=2 ,,,,, k 8s— 1(G—Dgm—stk—j+1).

5.2. Recursions related to Fy(z) and G (z)

Define Fi(z) =YX _, fin(k)z™ and Gx(z) = 3-X _ gm(k)z™. Recall the definition of f,, (k) and g, (k), where m <
k — 1, so we make the convention that fi (k) = gx (k) =0 and fo(k) = go(k) = 1. In this subsection, the main purpose
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is to derive the following two recursions that related to Fi(z) and Gy (z):

Fr(z) —Gr(z) =z lezz Gj-1(2) - Fr—j+1(2),
Gr@) =142 % 330 G (Fiej1(2) + Gi i1 (2) (5.9)
t+z Zl;:z Gi-1(2)Gr-j+1(2).

By multiplying z™ on both sides in the first recursion in (5.8), and then summing from m =1 to k, the left-hand
side equals to:

k k k k
DI =Y g = fu2" =Y gm(k)Z"
m=1 m=0 m=0

m=1

= Fi(2) — Gk (2),

and the right-hand side equals to

k
2> > &G =D fus e — j+ D" (5.10)
m=1s=1,..., m
Jj=2,....k

Now consider

j—1 k—j+1
Gj1() Frojn1(@) = Y gn(G =" Y fulk—j+ 12"
m=0 n=0

k
=Y
s=0
where

s=m-+n,

D gm(=Dfalk—j+1). (5.11)

m—+tn=s

Then (5.10) equals to

k k-1
D BpILINIEING ) I o) STH
j=2m=1 Jj=2m=0 j=2m=0

k
= ZZGJ'—I(Z) “Fr—j+1(2),

j=2

where the second equality is due to the fact that ay = 0 (since in (5.11), we have m < j —2 and n < k — nj by
definition, then s =m +n <k — 2, so the term ax_1 = a; = 0). Therefore, we have got

k

@)= Gi(@)=2) G 1) Fi_jt1(2),
j=2

which is the first recursion in (5.9).
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Next, from the second recursion in (5.8), we have:

j—1
gm(k) = Z (ng—l(j _Z)) : (fm—A(k —J+D+gm-stk—j+ 1))

s=1,..., =2
j=3,....k
)
+ Y &1 = Dgmsk—j+1). (5.12)
s=1,....m
=2,k
{un
Consider
j—I k—j+1
G 1@ F—jn1() =Y (=D Y fulk—j+ 1z’
u=0 v=0
k+1-1
=3 e @1
n=0

where n =u—+v, by =3, \_, &(j — D fo(k — j+ 1), also, we have u < j —1 — 1 and v < k — j, which leads to
n=u+v <k—1[1—1,so the terms that correspond to n =k — [ + 1, k — [ equal zero. For the same reason,

j—l k—j+1
Gj1@Gr—jr1(x) = Y gu(i=Dz"+ Y gulk—j+ 1)z’
u=0 v=0
k+1-1
= Z e, (5.14)
n=0

where n =u + v, ¢, = Zu+v=n gu(j —Dgy(k — j + 1) and the terms that correspond ton =k — [ + 1, k — [ equal
zero. And

j—l k—j+1 k
Gji1@Gr-j1(@ =Y gu(j—D2"" Y gulk—j+1z":=) dnz", (5.15)
u=0 v=0 n=0

where n =u+v,dy =), ,—, 8u(j — 1)gy(k — j + 1) and the terms that correspond to n = k, k — 1 equal zero since
u<j—2andv<k—jleadton=u+v<k-—2.
We multiply z” on both sides of (5.12) and sum from m =1 to k, then the left-hand side equals to
Gir(2) — 1. (5.16)

Now consider the part (/):

k ko k j-1
DD =D"N bt +emor) - 2"
m=1 m=1 j=3 1=2
k j—l1Tk—1 k—1
= ZZ |:anzn + chzn]
j=31=2Ln=0 n=0
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j=31=2L n=0 n=0
k j—1
=ZZ (1) Fr—j41(2) + Gj1(2)Gr—j+1()]. (5.17)
j=31=2
And for the part (II),

k k k-1

> an -z Zde 1= )Y dy "

m=1 m=1 j=2 Jj=2m=0

—zZde z" —ZZG] 1@ G j41(2). (5.18)

Jj=2m=0

Combining (5.12), (5.16), (5.17) and (5.18), we have got

Kk oj-1
Gr(z) =1 +ZZZ Gj—1(2)Fr—jt1(2) + Gj1(2)Gk—j41(2)]
j=31=2
k
+2) G 1()Grj11(2),
j=2

which is the second recursion in (5.9).
5.3. Equations related to F(z,x) and G(z, x)

Define F(z,x) = thio Fy (z)xk, G(z,x)= Z/?io Gk(z)xk and the term that corresponding to k = 0 equals 0. In this
section, we derive the following equations:

F(z,x) —G(z,x)=zF(z,x)G(z, x),
G(z,x) =3 00 xk+ 2308, F(z,x)G(z, x)x* 1 + 2322, G(z, x) G (z, x)x ! (5.19)
+2G(z,x)G(z, x),

which will lead to the solutions of F(z, x) and G(z, x) as functions of z and x.
Since the first recursion in (5.9):

k

Fi(2) = Gi(D)=2Y G 1) Fi_jy1(2),
j=2

we multiply x* on both sides and do summation from k = 1 to oo, then the left-hand side is exactly F(z,x) —G(z, x).
The right-hand side is

oo k
Z Z Z G-12) Fi—jp1(2)x* = 2F (2, x)G(z, x),

k=2 j=2
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which leads to the first equation in (5.19):
F(z,x) = G(z,x) = 2F (2, )G (z, x).

Then we denote the second recursion in (5.9) as follows:

k j—1 kK j—1

Gr@=142) > G u@F-jn1()+2)_ Y Gj1()Gk—j+1(2)

j=31=2 j=31=2
) an
k
+2) G 1()Grj11(). (5.20)
j=2
i

We multiply x¥ on both sides and then do summation from k = 1 to oo, the left-hand side equals G(z, x). The part

):

[} oo k j—l1
Z(I) xk = ZZZ Gj-1(2) Fi—js1(2)x*
k=1 k=1 j=31=2
oo k—1 k
= ZZ ( Z Gj_z(z)xj_l . Fk_j+1(z)xk_j+l> xt
k=3 1=2 \j=I+1
oo 00 k
=ZZ< Z Z Gj_l(z)xjfl . Fk_j+1(Z)xkj+]> x!
=2 \k=l+1 j=I+1
o
=2y FE0)GE ), (5.21)

.\_
||
S

and for the same reason, the contribution of part (/) equals
o0
2Y Gz x)G(z.x)x'. (5.22)
1=2
For the part (11]):

oo k oo k
z ZZ Gi—1()Gr—js1(x* =2 Z Z Gi1(@x/ ™ G ja ()xFI !

k=1j=2 k=2 j=2
=2G(z,x)G(z, x). (5.23)

Finally, combining (5.21), (5.22) and (5.23) leads to:

oo oo oo
Gzx) =Y xF+2) F@0G@E 0 +2) Gz, 06k 0)x"!
k=1 k=2 k=2

+2G(z,x)G(z, x),

which is the second equation in (5.19).
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5.4. Exact formula for my,

First, since F(z,x) =Y to Fx(z)x*, we have

1 3F(z,x)
R@O=0 "or

In the following, we will use the shorthands F = F(z, x), G = G(z, x) and Fy = Fi(z).In (5.19), we can first express
G in function of F using the first equation and then derive from the second equation that

(5.24)

x=0

o0
F:le . (1 —i—zze—i—ZzF—i—ze—i—zzF?’—l—ze).

Taking kth derivative on both sides with respect to x and combining with (5.24), we have:

Fk_l—i-ZZZF + (2 +22 Z > FFb+z2Z > FuFyF.. (5.25)

=2 a+b=l 1=3 a+b+c=l
a,b>1 a,b,c>1

Due to the definition of my that my = y*~! Fk(%), substituting 1/y for z in (5.25) and multiplying both sides by

y%*~=1, we get the recursion for m:
o Kl 1 2\ k!
my = y*14 =2 Zm y2k= 2]+< +_>Z Z mgmy - y2 K2+
Y j=1 oy 1=2 a+b=I
a,b>1
2U-2+2
2 Z Z MaMpme - y k=214 (5.26)

=3 a+b+c=l
a,b,c>1

Then we substitute k — 1 for k in (5.26) and multiply both sides by y2, which leads to the following:

-2 k—2
2 1 2 _
V2 ompoy =yl 4 _Z y2k= 2’+<2+—>szamh-y2k 20+1
Vi j=1 Y Y =2 a+b=l
a,b>1
1 -2
_2 Z Z Mmampme - y2k—2l+2. (5.27)
1=3 a+b+c=l
a,b,c>1
Then by combining (5.26) and (5.27), we have:
mp = (2y + yz)mk,1 +(y+ 2y Z mamp + y* Z MgMmphie. (5.28)
a+b=k—1 a+b+c=k—1
a,b>1 a,b,c>1

By the definition of my that mg = 1, we have

Z mgmpme = Z mgmpme — 3 Z mgmp — 3mg_1,

a+b+c=k—1 a+b+c=k—1 a+b=k—1
a,b,c>1 a,b,c>0 a,b>1
(5.29)
Z momyp = Z maemyp — 2my_1.
a+b=k—1 a+b=k—1

a,b>1 a,b>0
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Bringing these two equations in (5.29) into (5.28), we get:

2 2
y E mampme + (y — y°) E Magmp = my. (5.30)
a+b+c=k—1 a+b=k—1
a,b,c>0 a,b>0

Then let i(x) be the moment generating function: h(x) = Z,fio mpxk, we multiply x* on both sides of (5.30) and do
summation from k& = 1 to oo and combine with the fact that

o0
h() =1+ mex* (5.31)
k=1
leading to:
213 2\1,2 _
xy“h>(x) +x(y — y7)h*(x) — h(x) + 1 =0. (5.32)

Based on the theory of Biirmann—Lagrange series, see page 145 of [12], and let z = h(x) — 1 and ¢ = y*(z + 1) +
(y — y*)(z + 1)?, we may invert (5.32) to obtain that

’

z=0

_ i w_"[d"‘l[y”(z +D¥(yz+ 1)”]}

dZn—l

n=1
where w = z/¢ = x. Then based on the Leibniz’s rule in differential calculus, we have

n

dn—l[(z+ 1)2n(yz+ l)n]
dzn—l

‘ <n - 1) [di[(z+ R A (s 1)"1]

i dz! dzn=1=

Il
=}

i
which leads to the fact that

oo [n—1
h(x)=1+z=l+Z|:Z (2;1) (l._”l_l)yznli:| x",

n=1Li=0

S| =

and this is equivalent to

k—1
N2k k 2U—1—i
’"k—Z;(i)(,—H)y - (533)
i=0
Remark 5.1. Since
1 k L=
my = y*! Fk(;) =Y )5 = D fmy*
m=0 m=0

(5.33) reduces to the fact that

1 (2k k
fm(k)zz<m)<m+l)~ (5.34)

Remark 5.2. The recursion (5.30) has a remarkable nature. Notice that the recursion

=Y. cah

a+b=k—1
a,b>0
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and

dy = Z dadpd.
a+b+c=k—1
a,b,c>0

define the (standard) Catalan numbers and the generalized Catalan numbers of order three, respectively (see [5]). The
moment sequence (my) of the LSD of this paper can be thought as a complex combination of these two families of
Catalan numbers.
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