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Necessary and Sufficient Conditions
for High-Dimensional Posterior Consistency
under g-Priors

Douglas K. Sparks*, Kshitij Khare', and Malay Ghosh*

Abstract. We examine necessary and sufficient conditions for posterior consis-
tency under g-priors, including extensions to hierarchical and empirical Bayesian
models. The key features of this article are that we allow the number of regres-
sors to grow at the same rate as the sample size and define posterior consistency
under the sup vector norm instead of the more conventional Euclidean norm. We
consider in particular the empirical Bayesian model of George and Foster (2000),
the hyper-g-prior of Liang et al. (2008), and the prior considered by Zellner and
Siow (1980).
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1 Introduction

Arnold Zellner made pioneering contributions to the fields of statistics and econometrics.
One of his works, the g-prior (Zellner, 1986), has become a cornerstone of research
in Bayesian statistics. The g-prior specifies that a vector of regression coefficients is
normally distributed a priori with some mean (typically zero) and covariance matrix
equal to a scalar multiple (typically denoted by g) of the covariance matrix of the
maximum likelihood estimator. These priors are useful for conventional hierarchical
and empirical Bayesian analysis (Ghosh et al., 1982) for linear regression models, but
their application extends well beyond to variable selection (George and Foster, 2000),
Bayesian classification of high-dimensional low—sample size data (Mallick et al., 2005),
and many other interesting topics of research. The excellent article of Liang et al. (2008)
provides a succinct account of mixtures of g-priors for Bayesian variable selection.

One very important but often neglected issue in the selection of priors is to examine
the consistency of resulting posteriors in the frequentist sense. We will provide a formal
definition in Section 2, but in plain language, this means that as one accumulates more
and more samples, the posterior distribution of the parameter under consideration gets
closer and closer to its true value, eventually becoming degenerate at this point in
the limit. Recently, the notion of posterior consistency has also been considered in
nonparametric settings (Barron et al., 1999; Ghosal et al., 2000).

In the g-prior model, if the number of regressors p does not vary with n, then
it can easily be seen that the resulting posterior is inconsistent if g is fixed, but the

*Stanford University, dksparks@stanford.edu
TUniversity of Florida, kdkhare@stat.ufl.edu
fUniversity of Florida, ghoshm@stat.ufl.edu

(© 2015 International Society for Bayesian Analysis DOI: 10.1214/14-BA893


http://bayesian.org
mailto:dksparks@stanford.edu
mailto:kdkhare@stat.ufl.edu
mailto:ghoshm@stat.ufl.edu
http://dx.doi.org/10.1214/14-BA893

628 Posterior Consistency under g-Priors

problem disappears when g = g, with g, — 00. See Section 2 for the details of these
results. Now suppose instead that the number of regressors p = p, increases with n
but satisfies p, < n and p,/n — «, where 0 < o < 1. This situation represents the
so-called “large p, large n” regime, which has been considered in the context of model
selection. Berger et al. (2003) provide scenarios where the Bayes factor is consistent
but the Bayesian Information Criterion (BIC) is not, with the explanation that BIC
may be a poor approximation to the Bayes factor when p,, — co. Moreno et al. (2010)
examine consistency of the Bayes factor for nested normal linear models with p,, — oo,
including the case where p,, grows at the same rate as the sample size. Also, Jiang
(2007) addressed the variable selection problem when p,, > n and provided convergence
rates for the fitted densities in a broad class of generalized linear models.

In the context of parameter estimation as examined here, Ghosal (1999) considered
certain types of high-dimensional linear models and provided a valuable contribution by
proving not only posterior consistency but also asymptotic normality of the posterior
distribution. However, our work differs from Ghosal (1999) in three principal respects.
First, and perhaps most fundamentally, the g-prior model itself involves an unknown
sampling variance o2 with an associated prior (the prior on the regression coefficients is
taken to be conditional on ¢?). Such a structure is not included in the class of models
considered in Ghosal (1999). Second, we provide necessary and sufficient conditions for
posterior consistency in three of the four g-prior models we consider. While we readily
admit that stronger results such as asymptotic normality are perhaps more useful when-
ever posterior consistency occurs, our necessary conditions demonstrate circumstances
in which posterior consistency fails to occur at all, which we believe to be interesting
in their own right. Third, our work allows the parameter space for the p,-dimensional
vector of regression coefficients to be taken as RP~, as is natural. This contrasts with
Ghosal (1999), which essentially requires the restriction of the parameter space to a
sequence of compact sets.

Bontemps (2011) also extended the work of Ghosal (1999) in several ways by permit-
ting the model to be misspecified and the number of regressors to grow proportionally
to the sample size, the latter of which is also a feature of our work. However, our work
differs from Bontemps (2011), most notably by allowing the consideration of models
where the sampling variance o2 is assumed to be unknown. There are also differences in
the assumptions. In particular, Bontemps (2011) does not make any assumption anal-
ogous to the eigenvalue bounds that we will later impose in (A3). On the other hand,
unlike Bontemps (2011), we do not make any assumptions on the asymptotic behavior
of the true coefficient vector By,,. We must also emphasize once again that, unlike Bon-
temps (2011), we provide conditions that are both necessary and sufficient for posterior
consistency. This establishes circumstances in which posterior consistency definitively
does not occur, which can in some cases be rather surprising (see the remarks following
Theorem 2, for example). The recent work of Armagan et al. (2013) establishes suffi-
cient conditions for posterior consistency in linear models under shrinkage priors. Again,
the most notable difference between the models considered in Armagan et al. (2013)
and the g-prior based models considered in this paper is that the variance parameter
o2 is assumed to be known in Armagan et al. (2013). Lee and Oh (2013) consider a
high dimensional Bayesian Principal Components Analysis regression setup with p,, > n
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and normal priors, and examine posterior consistency (in the £5-norm) and convergence
rates under appropriate assumptions on the rank of the design matrix.

Other authors have addressed the asymptotic properties of g-prior models, but for
model selection instead of parameter estimation. Fernandez et al. (2001) provided both
theoretical results and simulation-based evidence for the consistency of posterior model
probabilities under particular choices for the g-prior hyperparameter g = g¢,. Liang
et al. (2008) took a more theoretical approach and proved the consistency of posterior
model probabilities under hierarchical and empirical Bayesian g-prior models, but only
in the case where the dimensionality p,, of the full model is fixed. More recently, Shang
and Clayton (2011) provided similar results in the case where p, — 0o, albeit under a
considerable number of assumptions. They also note that these results can be extended
to p, > n, the so-called “large p, small n” regime, when combined with certain dimension
reduction approaches. See also the work of Zhang et al. (2009).

Another new feature of our work is that we have established posterior consistency
under the sup vector norm £, (|||lcc = maxi<i<p |x;|) rather than the conventional
by (||z||2 = [2-F_, 22]*/2) vector norm. The choice is motivated primarily because the
f~ mnorm introduces added flexibility to our procedure, since it is weaker than the
¢ norm (as a vector norm), noting that ||x||cc < ||x|]2. In particular, for proving
consistency when the number of covariates p,, grows with the sample size, the sup norm
approach allows p, to grow at a faster rate than is possible under the /5 norm. The
simplest yet most convincing fact in this regard is the following. For the linear model
Y, = X..8,, + e, with i.i.d. Gaussian errors and XE; X,, = nl,, (orthogonal covariates,
I,, denotes the identity matrix of dimension p,), the MLE for 3, is consistent under
the ¢o vector norm if and only if p,, = o(n). However, the MLE for 3, is still consistent
under the £, norm for any p,, < n. See remark immediately following Lemma 1.

As discussed above, if p,, — 00, it is harder to prove posterior consistency under the
f5 norm as compared to the ¢, norm. However, in the same vein, it is harder to prove
posterior inconsistency under the ¢, norm as compared to the ¢ norm. In particular,
any necessary condition for posterior consistency under the /., norm is also a necessary
condition for posterior consistency under the /5 norm. Hence, this paper also provides
novel necessary conditions for posterior consistency under the conventional ¢, norm
(note that assumption (A2) in Section 2 subsumes the case p,/n — 0).

The outline of the remaining sections is as follows. Section 2 provides necessary and
sufficient conditions for posterior consistency for a nonstochastic sequence {g,,n > 1}.
In the process, we demonstrate the posterior consistency or inconsistency of some pop-
ular recommendations regarding the choice of g,. Section 3 provides necessary and
sufficient conditions for posterior consistency in an empirical Bayesian context in which
gn 1s estimated from the data. Section 4 provides necessary and sufficient conditions for
posterior consistency under the hierarchical hyper-g-prior model (Liang et al., 2008).
Section 5 considers the celebrated Zellner-Siow prior (Zellner and Siow, 1980) and pro-
vides a sufficient (though not necessary) condition for posterior consistency under this
model. At the end of each of Sections 2-5, the interpretations and implications of the re-
sults are briefly discussed. Some final remarks are made in Section 6. It should be noted
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that although the key results of Sections 3-5 yield the same condition for posterior con-
sistency, the techniques used to prove these results differ substantially among the three
models. Furthermore, the coincidence of the conditions in Theorems 2—4 should not be
misconstrued as a suggestion that the same condition would be shared by other hierar-
chical or empirical Bayesian g-prior models. Specifically, this condition is not shared by
Theorem 1, yet the non-hierarchical model addressed by Theorem 1 can be considered
as a hierarchical model with a sequence of degenerate hyperpriors. Moreover, it should
again be noted that the conditions in Theorems 1-3 are both necessary and sufficient,
but the condition for the Zellner-Siow g-prior model provided in Theorem 4 is merely
sufficient, and its necessity or lack thereof is not presently clear.

2 Non-Hierarchical Model

Consider the usual linear model Y,, = X,,3,, +e,, with response Y,, = (Y, 1, ..., Ynyn)T,
covariates X,, = (Tp.1,...,%nn)’, regression coefficients B, = (Bn1,---,Bnp, )T and
errors €, = (e1,...,e,)". We now impose the following assumptions:

(A1) The errors are distributed as e, ~ N, (0,,0°I,). Here 0,, denotes the vector of
length n with all zero entries.

(A2) The number of regressors p,, is a nondecreasing sequence with p,, < n and p,,/n —
a, where 0 < a < 1.

(A3) The eigenvalues A, 1,...,Anp, of the matrix n(XTX,)™ ! satisfy 0 < Amin <
infy, ; Ani <SP, ; Ani < Amax < 00 for some Amin and Amax.

= -

Note that (A3) implies that AL I,, < n 'XTX, < A ! I, . This assumption is

max min

identical to assumption (A2) of Armagan et al. (2013)

The goal in such a model is estimation of 3,. Minimal sufficiency leads to the
reduction (8,,S,), where ,én = (XIX,)"'XTY,, the maximum likelihood estimator
of ﬁn, and Sy, = ||Y;, — X, 3,12, the error sum of squares. Note that conditional on 3,
and 02, B, and S, are mutually independent with 8, | Bn,o% ~ N, (B, c*(XIX,)™1)
and S, | Bn,0? ~ o?x%_ .

Now suppose priors are specified as B, | 02 ~ Np, (Y, 902(XT X)) (Zellner’s
g-prior) and o2 ~ InverseGamma(a/2,b/2), where we permit a > —2 and b > 0 to
accommodate such improper priors as 7(0?) & 1/02,1/0, or 1. Suppose further that
g = ¢gn is specified as a known sequence of constants. This collection of likelihoods
and priors comprises our non-hierarchical g-prior model, which we denote by Pj;. One
motivation for the use of such a model is the convenient form of the Bayes estimator
under squared error loss,

B “ In A 1
=k n nvSn = n T n
B = Eur(Bn | B 5,) = Bt —

where ,én denotes the MLE.
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We now introduce the formal definition of posterior consistency.

Definition. Let By, € RP» for each n > 1, and let 0[2) > 0. Now let Py denote the
distribution of {(Bn, Sp),n > 1} under the model Y,, = X,Bon + €, where e, ~
N, (0,,021,), for each n > 1. The sequence of posterior distributions Py(B, | By, S 'n)
is said to be consistent under the loo norm at {(Bon,od),n > 1} if Par(||Bn — Bonlleo >
€| Bn,Sn) =0 a.s.(Py) for every e > 0.

It should be immediately noted that the type of posterior consistency considered
herein is fundamentally different from what could instead be considered in the analysis
of Bayesian methodology, that is, convergence of the posterior under the same model Py,
under which it is derived. In this case, one is assuming that the prior associated with
the model Py, is in some sense “true.” However, this approach is perhaps too favorable
in that posterior consistency is quite easy to achieve. In fact, in this approach, a quite
general result due to Doob (1948) states that posterior consistency occurs on a set of
parameter values with probability 1 under the prior associated with Py,. Instead, the
type of posterior consistency considered herein is fundamentally frequentist in nature,
that is, the values By, and o3 are considered fixed but unknown.

The frequentist properties of Bayesian methods have been of interest for some time.
Even pure frequentists may be interested in originally Bayesian procedures, or limits and
approximations thereof, due to considerations such as admissibility and the convenient
elimination of nuisance parameters. Indeed, it was shown as early as Laplace (1774)
that in simple cases, the posterior distribution and the distribution of the maximum
likelihood estimator are comparable for large sample sizes. More sophisticated versions
of such results have been developed in more recent times (Bernstein, 1934; Diaconis and
Freedman, 1986; Ghosh et al., 1982; LeCam, 1982; von Mises, 1964).

We now provide a lemma establishing strong frequentist consistency of the MLE ,én
in the o, norm.

Lemma 1. Let Z, ~ N, (0, ,n"'V,), where p, < n, and where the eigenvalues
Wy« Wnop, Of Vi satisfy sup,, ; wn i = Wmax < 00. Then || Z,]|oc — 0 almost surely.

Proof (Proof of Lemma 1). First note that Var(Z,;) = n='Vyii < n™'wmax, and
nl/2y 127 Zn,i ~ N(0,1). Now let € > 0. Since

7,11

oo

ZP(HZ,LHOO > €) ZP<1£I}&X | Z,.i] >6>

it follows that

o0

Y PlZalle > o) <

( 1/2‘/_1/2 |Zn,i| > € (nian,’Li)_l/Q)

n,

IN

ii M§ H'M;S

n,1 max

23
%3

P o ot
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by applying Markov’s inequality to n3anZ?;Z27i. The result follows from the Borel-Cantelli
lemma, noting that p, < n.

Observe that Lemma 1 under Py with assumptions (A1)-(A3) and Z, = B, — Bon
implies that ||B, — Bon|lso — 0 a.s.(Py). Thus, the MLE 3, retains strong frequentist
consistency in the /o, norm even as p, grows at a rate exactly proportional to n. To
contrast this with the behavior of the MLE under the conventional £5 vector norm, note
that we have the upper bound

~ 2 0(2)>\max 5 T1 T
||ﬁn - /60n||2 < — (/Bn - BOn) —2Xn Xn (ﬁn - /BOn)
n og
and a similar lower bound with Ap.x replaced by Apin. Since
~ T 1 ~
(B = Bon) = X7 X (B = Bon) ~ 2.
0
it can be immediately seen that p, = o(n) is required for strong frequentist consistency

of the MLE Bn under the /5 norm.

In a Bayesian analysis, Lemma 1 leads to the following useful lemma, which essen-
tially states that By, may be replaced by 3, in the definition of posterior consistency.

Lemma 2. In the g-prior model (both hierarchical and non-hierarchical), Py(||Bn —
Bonlloo > €| Bn, Sn) = 0 a.5.(Py) for every e > 0 if and only if Pa(]|Bn — Bnlloo > €]
Bn,Sn) — 0 a.s.(Py) for every e > 0.

Proof (Proof of Lemma 2). The triangle inequality implies that

Par (|80 = Bu|_ > 2¢1Bu:50) = P (|| Bn = Bon
< Py (”ﬁn _IBOnHoo > € | /énvsn>

< Py (’ Br — B . >€/2|ansn) + Py (’

. >e|,@n,5n)

/Bn - /BOn

> /2] BusSn) -
When conditioning on ﬁn and S,

Par (180 = Bonllow > €1 Bus Sa) = 1 (118 = Bonllo > ).
where I(-) denotes the usual indicator function. Lemma 1 implies that 118n — Bonllso —
0 a.s.(Fo), from which it follows that I(||Bn — Bonlleoc > €) = 0 a.s.(Py) for all e > 0.

This and the above inequalities immediately yield the result.

To establish results on posterior consistency or inconsistency in the non-hierarchical
g-prior model, we first define T}, := (B, — ¥n)T X X,,(8: — vn), so that T,,/0? is the
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usual frequentist likelihood ratio test statistic for a test of Ho : 8, = ¥, vs. Hq : Bn # Yn
with known variance 2. Then the joint posterior 7, (Bn,0? | Bn, Sn) is given by

7Tn(16n702 | BnaSn) X exp l_% (ﬂn _BE>T (#02 (XEX”)1>_1 (,Bn _/ér]?)

—(n n+a 1 T
X (0-2) ket )/Qexp |:_ﬁ (Sn'i'b"'gn:_l):l ’

and integrating out 3,, from this yields the marginal posterior of o2,

21 A o\ —(n+a)/2 1 I
7(0” | B Sn) o (07) exp [202 (S“”gnu)]’

ie., 02| Bn, S, ~ InverseGamma((n+a — 2)/2, T, /2), where we define T}, := S,, + b+
(gn + 1)7'T;,. For notational convenience, for each n > 1, define

%, il — Boull3
(7n - /BOn)TXg;Xn (’Yn - ﬂOn) ’
9011 = EO(Tn) = pno'g + n/\gnl ||'7n - 6071”3’

5071 = EO(Tn) = (n - pn)o—g + b + (pna—g + nj‘anl H’Yn - BOan) 5

gn +1

and note that Ap,in < S\On < Amax since AL

max

I, <n'XI'X, <\l!

IIliIlen .

The following lemmas establish the behavior of various quantities under P, and
they will be heavily used in proving posterior consistency or inconsistency in both the
non-hierarchical and hierarchical g-prior models. The proof of each lemma can be found

in the Appendix.
Lemma 3. (n —p,)" 1S, — 02 a.5.(P).
Lemma 4. If a > 0 or liminf,, . ||V — Bonl|3 > 0, then T, /00, — 1 a.s.(Fp).

Lemma 5. Tn/gon =1 a.s.(P).

The following lemmas regarding the normal distribution will be useful in establishing
the condition for posterior consistency in the non-hierarchical case. The proofs are
provided in the Appendix.

Lemma 6. Let Z, ~ N, (pn,%,), X, positive definite, n > 1. If ||ptn, — &nl|, = 0,
then there exist € > 0 and a subsequence ky, of n such that P(||Zy, — &k, || > €) > 1/2
for all n.

Lemma 7. Let Z ~ N(p,72). Then P(|Z| < &) <1—2®(—¢/7) for every &€ > 0, where
D is the standard normal cdf.

Lemma 8. Let Z,, ~ N, (0,,,%,) for each n > 1, where X,, has each diagonal entry
equal to 1 and eigenvalues wp1,...,Wnp,. If inf, ;wyn; = wWmin, then inf, ; Var(Z; |
Zi+1, ey an) 2 Wmin -
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Finally, one additional lemma provides a key result about the marginal posterior
of 0. Again, the proof is deferred to the Appendix.

Lemma 9. In the non-hierarchical g-prior model, the posterior distribution of o? sat-
isfies Pay(Oon/2n < 0% < 200n/n | Bn, Sn) — 1 a.s.(P).

Note that although g,, does not appear explicitly in the result in Lemma 9, the result
nevertheless does depend on the choice of g, since it is involved in the quantity 6,,.

We now state and prove the necessary and sufficient condition for posterior consis-
tency in the non-hierarchical g-prior model.

Theorem 1. In the non-hierarchical g-prior model Py, posterior consistency occurs if

and only if both (gn+1) " ||VYn—Bonlle = 0 and g (gn+1)"?(log pp)n~{|vn —Bonll3 —
0.

The proof of this theorem in provided in the Appendix.

2.1 Interpretations and Implications

In the same vein as frequentist consistency, posterior consistency can be conceptualized
as the idea that the center (not necessarily the mean) of the posterior distribution con-
verges to the true value while the spread (not necessarily the variance) of the posterior
distribution converges to zero. In light of this, it is noteworthy that the two conditions
in Theorem 1 arise from precisely such considerations. The first condition controls the
convergence to zero of the £,-distance between the posterior’s center and the true value
Bon, while the second condition controls the convergence of the posterior’s spread to
zero. Both conditions are necessary for posterior consistency to hold.

In the simple case where p,, does not increase with n, it is typical to fix the prior
mean as v, = v and to assume that By, = B also does not vary with n. In this case it
can be immediately seen that although the second condition of Theorem 1 is satisfied,
the first condition fails except in the serendipitous case that v = By. Of course, the
result is somewhat obvious even without appealing to Theorem 1, since the posterior
mean is simply a weighted average of the MLE 3,,, which is strongly consistent for By,
and the prior mean ~ with weights g(g+1)~* and (g +1)~!. In this case, the situation
may be remedied by taking any choice of g,, that tends to infinity. For instance, the unit
information prior (Kass and Wasserman, 1995) is equivalent to taking g, = n, while
gn = max{n,p2} has also been recommended (Fernandez et al., 2001). Either choice
yields posterior consistency in the fixed-p case.

The result of Theorem 1 becomes more interesting when p,, — co. Suppose that
7% — Bonllee = O(1), but ||, — Bonll3 = O(pn). This can happen, for example, if (a)
Yn = Bn, or (b) the entries of By, are uniformly bounded and ~,, = c,én where 0 <c <1
(follows immediately from Lemma 1). In this case, the first condition is satisfied as long
as g, — 00, but the second condition imposes the additional requirement that g,, must
grow faster than p,n~! log p,,. The aforementioned choices of g, = n or g,, = max{n, p2}
provide posterior consistency in this case as well.
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As another special case, suppose p, = O(n) exactly, but suppose only a finite number
m > 0 of components of v,, — By, are nonzero and these m components remain fixed as
n grows. This circumstance could arise with the logical choice ~,, = 0, if only the first
few covariates are present in the “true” frequentist model Py, but covariates continue to
be added as the sample size increases. Then any g,, — 0o ensures posterior consistency.
This case is admittedly uninteresting in the non-hierarchical model, but we will revisit
its behavior later under empirical and hierarchical Bayesian models.

3 Empirical Bayesian Model

A popular approach is to avoid specifying g or g, altogether by the use of an empirical
Bayes method (George and Foster, 2000) in which the value of g is estimated from the
data. The most common technique is to use the value of g that maximizes its marginal
likelihood, restricted to g > 0. By integrating out 3,, and o2 from the joint distribution
of ,ém Sy, Bn, o2, the marginal likelihood of g is found to be

L(g3 By Sn) o (g + 1) Pt a2/ (g 4 1)(S,, +b) + T,) "D,

for which the maximizing value of g subject to g > 0 is

“EB n—p,+a—2 T,
= 0, ———— — | —=15.
I maX{ ( Sn+b >(Pn

We first provide a lemma (proven in the Appendix) that addresses the behavior of g=B.

Lemma 10. If iminf, . |[¥n — Bon||3 > 0, then liminf, o §Z% > 0 a.5.(P).

Since §EB is simply a function of (8,, S,), the empirical Bayes posterior is identical
to the simple non-hierarchical Bayes posterior, but with the data-dependent quantity
GEB in place of g,,. Thus, while Theorem 1 would allow us to immediately state a nec-
essary and sufficient condition for posterior consistency in terms of gEB, an alternative
condition not involving data-dependent quantities would be preferable. The following

result gives precisely such a condition and establishes its necessity and sufficiency.

Theorem 2. In the empirical Bayes g-prior model, posterior consistency occurs if and
only if either a« = 0 or there does not exist a subsequence ky, of n and a constant A > 0
such that ||vk, — Box, |13 — A and |7k, — Bok, |lsc = 0.

The proof of this theorem is provided in the Appendix.

3.1 Interpretations and Implications

It should be noted that there is no immediately obvious remedy for inconsistency in
an empirical Bayesian g-prior model due to the failure of the conditions in Theorem 2.
For any particular non-hierarchical g-prior model, Theorem 1 implies that there always
exists a choice of g,, growing sufficiently fast to ensure posterior consistency (although
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the choice may depend on By, ). However, such options are not available in the empirical
Bayes approach, since g is selected via a specified function of the data.

Another salient consequence of Theorem 2 is that if p, = o(n), then the empirical
Bayes model exhibits posterior consistency for all values of -, and By,. However, if
pn = O(n) exactly, then the situation is not as simple. For example, if v, = 0,,
for every n and lim,, o |Bonl|3 = oo, then ||y, — Bok, ||3 converges to oo for every
subsequence k,, which implies that posterior consistency occurs. Similarly, if v,, = ,én
for every n, then by Lemma 1, ||y, —Bok,, || o converges to zero for every subsequence k,,
which implies that posterior consistency occurs. On the other hand, suppose that only
a fixed number p* > 0 of components of ,, — Bo,, are nonzero and these p* components
remain fixed as n grows. Then clearly both ||v, — Bon||eo and ||vn — Bonl|3 converge to
constants, so the condition of Theorem 2 fails, and the posterior is inconsistent.

This behavior is perhaps somewhat surprising. If the prior mean -, is imagined as
a guess for the true By,, then one might speculate that posterior inconsistency would
only occur when the guess is quite bad, i.e., when ||, — Bon||3 or ||7n — Bonl|eo grows
too quickly. However, in the empirical Bayesian setting, Theorem 2 shows that this is
not the case. Intuitively, the reason is that if we allow the data to determine the value
of g, then a prior mean =, that is “too close” to By, (in the ¢3 sense) may cause the
data to choose g values that tend to a finite constant, rather than to infinity, which
leads to posterior inconsistency. An open question regarding this behavior is whether
this interesting behavior is in some way dependent on the Gaussian tails imposed by
the g-prior model. However, the derivation of a similar condition for a hierarchical g-
prior model considered later in Theorem 3 casts doubt on this possibility, since the
hierarchical model simply corresponds to some marginal prior with heavier tails.

4 Hyper-g-Prior Hierarchical Model

An alternative approach to the specification of ¢ is a hierarchical model in which g is
considered a hyperparameter and is given a hyperprior 7,(g). Under this model, the
joint posterior is given by

Tn(Bny 02,9 | Bn, Sn)

wom |-, ab0] " (240 etz )

-1

8. - A" (9)}]

—(n+pn+a)/2 1 In -
() e [ (ko o) o

where B72(9) = E(Bn | 9,0% Bn, Sn) = g(g+1) 7 B+ (9+ 1) ya. Integrating out 8,
and subsequently o2 yields the marginal posteriors

Ty

P —(n+a)/2 1
7Tn(02ag | ,Bvusn) (8 (0'2) ( / exp [_M <Sn +b+ g
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—(n+a—2)/2
) Tulg). (2)

R T,

T ,Sp) )P /2 (S, +b °
(9| Bn,Sn) o< (g+1) bt

The following technical lemma, which is proven in the Appendix, establishes a relation-
ship between posterior consistency in the hierarchical g-prior model and the convergence
of a particular sequence of posterior probabilities. Note that the lemma makes no as-

sumptions on the particular form of the hyperprior m,(g).
Lemma 11. In a hierarchical g-prior model, suppose that n=3T2 Eylg?(g + 1)7% |
Bn,Sn] = 0 a.s.(Py). Then posterior consistency occurs if and only if Pa[(g+1) 7 ||yn—

Bonlloo > €| Bn,Sn] = 0 a.5.(Po) for every e > 0.

The form of the marginal posterior of g in (2) suggests that a convenient choice of
hyperprior is m,(g) o (g + 1)~¢/? for some constant ¢, called the hyper-g-prior (Liang
et al., 2008). This prior is proper for ¢ > 2, and there exists an argument (Liang et al.,
2008) for taking 2 < ¢ < 4, but we instead permit ¢ to take any real value in the present
analysis. The hyper-g-prior yields the posterior

> —(n+a—2)/2

A T,
" n,Sn +1 —(pntc)/2 <Sn + b+ n
Tn(g | B, Sn) x (94 1) Tl

(g + 1)Petee/2[(g 4 1)(S, + b) +T,] T2 (3)

It will also be useful to define the transformation

(g+1)(Su +b) S+

= ) W, = ’
T G ) (S b+ T S, +b+T,

(4)

so that g > 0 if and only if u > W,,. The next lemma asserts that Lemma 11 applies
with this choice of hyperprior. The proof can be found in the Appendix.

Lemma 12. With the hyper-g-prior, n=> T2 Ep[g?(g +1)7% | Bn,Sn] =0 a.5.(P).

To examine the behavior of the posterior probabilities in Lemma 11 under the hyper-
g-prior, we begin by using the posterior in (3) to write

1
Py {(g—kl) [[Yn — Bonllo > €

1 «
= Py [9 <z [Yn — Bonll — 1 ’ /Gn;S’rL:|

B, Sn]

qn(e)
/ (g+ 1)npeta=e=2/21(g 4 1y(S, +b) + T,] TP dg
0

/ (g + D) Pnrame=D/2[(g L 1)(S, +b) + T,] " dg
0

where we define g, (€) := max{0, ¢ ||y, — Bon|loc — 1}. Now define

7 (6) — 671||’Yn*ﬁ0n||oo (Sn +)
" 671|‘7n*/30n||oo (SnJFb)JFTn7

L, (€) == max {Wn,zn(e)} )
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and apply the transformation in (4) to obtain

1
Py Km) I[Yn — Bonllo > €

L, (e)
/ un=peta=e=2)/2( _ ) pute=)/2 g,
W

B, Sn]

1
/ u(n—pn+a—c—2)/2(1 _ u)(pn,+c—4)/2 du
Wn

. PM[Wn < U, < Ln(ﬁ) | ,én,sn}
PM<Un > Wn | BTL’S'VI)

: ()

where U, ~ Beta((n — p, +a —¢)/2, (pn + ¢ —2)/2) and is independent of 3,, and S,,
under Py;. Note that by the properties of the beta distribution, U,, — 1 — a a.s.(F),
and Py (U, > W, | ,@,L,Sn) > 0 for all n a.s.(Pp) since W,, < 1 for all n a.s.(Py). We
now introduce several technical results regarding these quantities that will be useful in
proving the main theorem. The proofs are deferred to the Appendix.

Lemma 13. If liminf, , ||vn —ﬂ0n||§ > 0 for some 6 > 0, then limsup,,_, . W, <
(1 — @) Amax03/ (6 + Amaxos) < 1 — a a.s.(FPp).

Lemma 14. If ||y, — ,E)'On||§ — o0, then (i) W,, = 0 a.s.(P), and also (ii) L,(€) — 0
a.s.(Py) for every e > 0.

Lemma 15. If liminf, o [|vn — Bonll, > 0 and ||vn 7,30n||§ — A, where 0 < A <
00, then (i) for every e > 0, there exists L*(e) < 1 such that limsup,, . Ln(e) <
L*(e) a.s.(Fy), and (ii) for every (< 1, there exists e > 0 such that

hnn_l)géf Ly (e¢) > ¢ a.5.(Po).

To prove our main result, we will also need the following lemma, which provides a
simple result about beta random variables, the proof of which is in the Appendix.

Lemma 16. Let Z,, ~ Beta(an,by,) for n > 1, where a,/n — 1 — « and b,/n — «,
with0<a<1l. Then Pl—a—e<Z,<1—a+¢)—1 for every e > 0.

We may now state and prove the main result, a necessary and sufficient condition
for posterior consistency in the hyper-g-prior hierarchical model. Interestingly, this con-
dition is identical to the one given in Theorem 2 for the empirical Bayesian model.

Theorem 3. In the g-prior model with the hyper-g-prior, posterior consistency occurs
if and only if either a = 0 or there does not exist a subsequence k,, of n and a constant
A >0 such that ||vk, — Bow, ||3 — A and ||v&, — Bok, ||co = 0.

The proof of this theorem is provided in the Appendix.
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4.1 Interpretations and Implications

It should not be entirely surprising that the empirical Bayesian and hyper-g-prior hierar-
chical models share the same necessary and sufficient condition for posterior consistency.
Indeed, the choice ¢ = 0 yields the Uniform(0, co) hyperprior on g, and in this case the
marginal posterior and likelihood of g coincide. More generally, we should expect an
adequately well-behaved hierarchical model to exhibit broadly similar behavior to the
empirical Bayesian model, since both models essentially permit the data to determine
the value of g.

5 Zellner-Siow Hierarchical Model

Another popular choice for the hyperprior m,(g) is g ~ InverseGamma(1/2,n/2), called
the Zellner-Siow hyperprior (Zellner and Siow, 1980). The motivation behind this choice
is clearest when X! X, = nl, , in which case it leads to marginal Cauchy priors
for each component of 8,,. In this section, we will provide a sufficient condition for
posterior consistency with the Zellner-Siow hyperprior. It still remains an open problem
to determine if the condition is also necessary.

For general X' X,,, the Zellner-Siow hyperprior yields the posterior

5 (pn)/2 T \ T n
n ny~Mn 1—pn n b - - -5
(9 | B 2) o (94 170007 (5, 04 1) e (~1)

 (g+ 1)nPnta=2/2[(g 4 1)(S,, +b) + T,] "2 gm8/2

X exp <_2”_g) . (6)

We begin with a lemma showing that Lemma 11 applies in this model. The proof is
deferred to the Appendix.

Lemma 17. With the Zellner-Siow hyperprior, n=3 T2 Enlg2(g + 1)™* | Bn, Sn] — 0
a.s.(Py).

Now consider the form of the posterior probabilities in Lemma 11 under this hyper-
prior. By once again making the transformation in (4), we may write

1
P —_— n — Bon > €
M {(g—i—l) 157 Bo ||oo

L"(e) u(nfp'rt+a72)/2(]_ —_ u)(pn74)/2 an(l — u)
| L )
Wo o A{lu = Wo] /[Wa (1 —u)]} 2(u = Wn)

Bn7 S’I’L:|

1 u(n—pwl+a—2)/2(1 _ u)(pn—4)/2 o _an(l _ u) :
/n ([ — W]/ [Wa(1 — )]}/ p[ 2u—W,) } d
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o [] e [ ) a

W

where f, is the density of a Beta[(n — p, + a)/2, (p,, — 2)/2] random variable with
respect to Lebesgue measure. The following lemma (proven in the Appendix) addresses
the lower tail probabilities of such a sequence.

Lemma 18. Let Z,, ~ Beta(an,b,) forn > 1, where a,/n — 1 —a and by, /n — «, with
0<a<l,andlet &> 0. Then (i) P(Z, < &) < 47¢"(=2) for all sufficiently large n if
a>0, and (i) P(Z, < &) < Y2 for all sufficiently large n if o = 0.

Note that the bound provided by Lemma 18 in the case where 0 < a < 1 is only
useful if £17% < 1/4. Now let Q,,(€) and R,, denote the numerator and denominator, re-
spectively, of (7). The following lemmas establish some results regarding these quantities
that will effectively provide the proof of the main theorem. Their proofs are provided
in the Appendix.

Lemma 19. Ifliminf, o ||vn — Bonl|3 > 0, then there exists a finite constant K such
that R, > exp(—nK) for all sufficiently large n a.s.(Py).

Lemma 20. If ||v, — Bon||3 — 00, then there exists a sequence of constants K, (€) — oo
such that Q,(e) < exp [—nkn(€)] for all sufficiently large n a.s.(Pp).

Lemma 21. If ||y, — Bonl|3 = A > 0, liminf,, o ||vn — Bonllee > 0, and a = 0, then
Qn(€)/Ry — 0 a.s.(Py) for every e > 0.

We may now state the main theorem, which establishes the same sufficient condi-
tion for posterior consistency under the Zellner-Siow hyperprior as for the conjugate
hyperprior and empirical Bayes models of the previous sections. However, unlike The-
orems 2 and 3, it does not establish the necessity of the condition, which remains an
open question.

Theorem 4. In the g-prior model with the Zellner-Siow hyperprior, posterior consis-
tency occurs if either a = 0 or there does not exist a subsequence ky, of n and a constant
A >0 such that ||k, — Bok, |13 = A and ||y, — Bok, || = 0.

The proof of this theorem is provided in the Appendix.

5.1 Interpretations and Implications

Since the same condition is sufficient for posterior consistency under both the hyper-g-
prior and Zellner-Siow hierarchical models, one might wonder if this condition is suffi-
cient for posterior consistency under every hierarchical model. However, the falsehood
of such a claim is made clear by the observation that the non-hierarchical model, for
which the sufficient condition differs, is simply a special case of the hierarchical model
in which the hyperprior m, is specified to be degenerate at g,. In actuality, the posterior
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consistency or inconsistency of hierarchical models with other hyperpriors on g remains
a topic for future consideration.

6 Summary

We have derived conditions for posterior consistency under g-priors by defining posterior
consistency under the ¢, vector norm, which allows useful results to be obtained even
when the number of parameters p = p,, grows in proportion to the sample size n. Using
this definition, we have obtained conditions for posterior consistency under a variety of
g-prior models. First, we have obtained a necessary and sufficient condition for posterior
consistency in the non-hierarchical model in which g = g, is specified as a series of con-
stants. Additionally, we have derived a necessary and sufficient condition for posterior
consistency under both the empirical Bayesian g-prior model (George and Foster, 2000)
and the hyper-g-prior model (Liang et al., 2008). Interestingly, we have found that the
condition is the same for both models, and we have illustrated that the necessity of
the condition proves posterior inconsistency in a somewhat surprising scenario. Finally,
we have shown that this same condition is sufficient for posterior consistency in the
Zellner-Siow g-prior model (Zellner and Siow, 1980), but the condition’s necessity or
lack thereof remains an open question for future consideration.

Appendix: Proofs

Proof (Proof of Lemma 3). Under Py, the expectation and fourth central moment of
Sp are Eo(Sy) = (n—pn)od and (ps)o(Sn) = 12(n—p,)(n—pn +4)0s. Let € > 0. Then

20l

50 (n —pp)~ LS, — 02 a.s.(Py) by the Borel-Cantelli lemma.

Sh 9
0

1208 > n—p,+4
»e) BRI <o
n=1

— O,
n— Pn n_pn)3

Proof (Proof of Lemma 4). Note that under Py, T, /o3 has a noncentral chi-square

distribution with p,, degrees of freedom and noncentrality parameter %nj\anl Y — Bonl|3-
Then the fourth central moment of T, under Py is

(,u,4)0 (T)

o 4
= Bo (T2 — 00n)*] = By { (7 = (pa0f +nAGE 17 = Bonll3 )] }
v 2 v
— 1207 (pu0f + 2075} 9 = Bonll3) + 4808 (pact + 4nAG) |l — Boul 3)

o 2 o
< 1208 (20008 + 2085, 0 — Boall2) "+ 480§ (4pac + 4035, e — Bonl 2)
= 480302, + 1920500, (8)

Define § := liminf, o0 ||vn — Bonl|3. Observe that if « > 0, then 0o, > ppod >
ano /2 for all sufficiently large n, and so 05" = O(n™'). If § > 0, then 6y, >
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n/u\&}”’yn — Bonll3 > nA;k /2 for all sufficiently large n, and so 0} = O(n™1). Either
way, 05, = O(n~1), so the fourth central moment of T,, /0o, under Py is

T,\ _ 4804 19208 o
— < — — .
<u4>0(9%> < T+ Tt = o

Then for any € > 0,
- T, = 1 T,
P22 -1 < — -
nz::l 0<90n ’>e>_;€4(u4)0<90n)<oo,

which implies that Ty, /00n, — 1 a.5.(Py) by the Borel-Cantelli lemma.

Proof (Proof of Lemma 5). It follows from (8) that the fourth central moment of T,
under Py is

(ua)o (T2 = Eo [(Tn - a(m)“]

v 4
Tn pno-(% + n>\51 ||'Yn - ,@0n||2
= F _ _ 2 _ n 2
DI g +1
<8EO{[Sn—EO(Sn)]4}+8E0 { In —EO< In )]4
B gn +1 gn +1

8 1203 2 y—1 2\ 2
=96(n — pn)(n — pn +4)og + 1 (pncro + 21, [l — 50n||2)

(gn +1)

480§ g
Gy (oot 4035 v = Boall;)

< 96(n — pn + 4)%05 + 480362, + 1920500,

Since 5071 > (n — pn)od, the fourth central moment of fn/gon under Py is

T,
pia)g | =
()
< 96(n — Pt 4)208 N 4§U§ 19~208 < 96(n — pn —|—44)2 N 48 4 192 i
o8 02, 63, (n—pn) (n—pn)?  (n—pn)
which is O(n=2). Then for any e > 0,

ZP0< >€>§Z:4(M4)0<Tn><007

n=1 on

)

T,
=— —1
9071

which implies that Tn/t%n — 1 a.5.(Py) by the Borel-Cantelli lemma.

Proof (Proof of Lemma 6). Assume ||, — &nl||,, = 0. Then there exists a subsequence
kn of n and a § > 0 such that ||pk, — &k, ||, > 0 for all n. There also exists an i,,
1 < iy, < pn, such that |k, i, — Ok, i, | = ||k, — &k, |l > 0 for all n. Then either
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Wy in < Ok, i, —0 (Case 1) or pig, i, > Ok, i, +6 (Case 2). Now let 0 < € < 6, and note
that P(szn — £kn‘|oo S 6) S P(gkn’in ) S an»in S Ekn’in + 5) Recall that Ekn s
assumed positive definite. Then in Case 1,

P (gkn;in - 6 S anﬂn — gknazn + 6) < P (/’l/knﬂwz — anﬂn) - 1/2
while in Case 2,
P&k =0 < Zipiiny < ki +6) < P (i < fkyin) = 1/2.

Either way, P(||Zk, — &k, ||, > €) > 1/2 for all n.

Proof (Proof of Lemma 7). Note that for any t > 0, ®(z +t) — ®(z — t) is mazimized
at z = 0. Hence,

P(Z| <€) =P(-£<Z<¢= P(g heZ- ”sf‘”)

T

from which it immediately follows that P(|Z] < &) <1 —2®(=¢/T).
Proof (Proof of Lemma 8). For eachi=1,...,pn,, partition 3, as

Ynill Zpidi 2n,i12

T

Y, = En,i,li i Xni2i|
T T )
Em‘,lz 211,1',21‘ Xin,i22

where the submatrices X, ; 11 and 3, ; 20 along the diagonal have dimension (i — 1) X
(i —1) and (pn — 1) X (pn — @), respectively. Then define En i = Var(Z; | Ziga, ..., Zp,),
50 that Y = S — B2 s 0257 ;55 Note that 3,

n,t,2¢"

is the first diagonal entry of

%

T

—1
En,ii En,i,%
Y2 Yma2z]

which has eigenvalues bounded above by w_ - since the eigenvalues of a prmczpal subma—

triz are bounded below by the smallest ezgem)alue of the full matriz. Hence E < W
and the result immediately follows.
Proof (Proof of Lemma 9). Recall that Ty, /6o, — 1 a.s.(Py) by Lemma 5. Then for all
sufficiently large n,

ﬁna n)

Oon, 2005,
P]\/[<L<O'2 0

mm7

2n
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A T, A
_ 2 _ 2 < - n
Py <‘U Ey (U ‘ﬂ’fhsn) = 4(n+a_4) Ianasn>
1 dn+a—4) 2 Qﬁ%
- T, (n+a—4)2%n+a—6)
:17L4)17
n+a—~6

where the last inequality is a consequence of Chebyshev’s inequality, for which we note
that Varyr(0? | Bn, Sn) =2(n+a—4)"2(n+a — 6)" T2

Proof (Proof of Theorem 1). By Lemma 2, we may replace By, with ,én in the definition
of posterior consistency. We will now consider four cases.

Case 1: Suppose (gn + 1) |vn — Bonllee = 0. Then since ||v, — Bn||OO > v —
Bonlloo = 1Bn — Bonlleo and ||Bn — Bonlleo — 0 a.s.(Po) by Lemma 1, it follows that
(gn + 1) H|¥n — Bulloo » 0 a.s.(Py). Now observe that under Py,

A A 1 - -1
/Bn - /671 | 027167L7 Sn ~ an <m (A/n - 6n) ) gngj_ 10'2 (Xan) ) .

Then by Lemma 6, there exists an € > 0 and a subsequence ky, of n such that, a.s.(Pp),
Pr(|1Bk, — B, |loo > €| 02, Br,,Sk,) > 1/2 for every n and every o® > 0. Then

Py (Hﬁkn — Brulloo > €] Bknyskn)

= Bur [ Par (IBr, = Br.lloe > €1 0% Brs Sk, ) | B St
>1/2  for everyn a.s.(Pp).

Therefore Py (||Brn — Bn||m > €| B, Sn) - 0, so posterior consistency does not occur.

For the remaining cases, suppose (gn + 1) |¥n — Bonllooc — 0. Then since ||vn —

Bulloo < 17 = Bonlloe + [1Bn = Bonlloo and |18, = Bonlloe = 0 a.5.(P) by Lemma 1, it
follows that (g, + 1) |7 — Bullec = 0 a.5.(Fy). Then

Par (118 = B2l > 2€ | Bu Sn) = Par (1185 = Bulloe > €| B, S
< Par (1180 = Balloe > €| B S0 )
< Par (1180 = B2lloe > /2 Bas Su) + Pas (118 = Bulloo > €/2 | B, Sn)
by the triangle inequality. Note that
Par (1185 = Bulloe > € Bus S0 ) = 11BE = Bulloo > o),

where I(-) denotes the indicator function. But B85 — B, = (gn + 1)~ (vn — B,), so this
indicator is zero for all sufficiently large n a.s.(Py). Therefore, posterior consistency
occurs in Cases 2-3 below if and only if Par(||Bn — BE|lse > €| Bn,Sn) = 0 a.5.(Py)
for every e > 0. We now consider the individual cases.
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Case 2: Suppose that (g, + 1) |¥n — Bonlloo — 0, and also suppose that g, (gn +

1)~2(log pn)n~||¥n — Bonl|3 — 0. Observe that

Par (1180 = BEll > €1 Bus S0

=FEy {PM ( . > € UQ,Bn,Sn) ‘ ,én,Sn}
< Euy | Pu (’ . >6|U2,[§n,5n)l<02 292”) ,Bn, n]
+PM ( 90” ﬁm n) .

We immediately have that Py(o? > 2§0n/n | Bn,Sn) — 0 a.s.(Py) by Lemma 9,
so it suffices to work with the first term to establish posterior consistency. Let vy i;
denote the ijth element of n(XIX,)™1, and note specifically that the diagonal el-
ements may be bounded by Amin < Unii < Amax for all n and i. Also recall that
B ﬂB | o 2 8,,8, ~ Ny (0p,, gn(gn +1)"10?( X X,) ™) under Ppr. Now let € > 0,

and bound the aforementzoned first term by

. 2001 .
Py | >e|0% BusSn) I <a2 < °> ‘ ﬂn,sn]
oo n
o 200 .
SEM ZPM(ﬁn,i_ n,i >€|O'76n7 n)I<U < nn>|/8nysn‘|
=1
on 2 1 20
< Eum 22(13 <_ M) I <02 = 0”) | ﬁnv n]
i=1 9nUn,ii0
2(g,, + 1)n2 ~ 2(g,, + 1)n2
<2p,En |®| - M B, Snl =2p,® [ — M
2gn)\max90n 2gn)\max90n

where ®(-) denotes the standard normal cdf. Then by the Mills ratio,
2 [y | Wt D2 o [ I dmatlon CM) ,
29n)\max00n e (g" + 1)Tl 4gn)\max00n

This expression clearly tends to zero ifgon/n 1s bounded above, so we may instead assume
that 6o, /1 — oo, which by inspection occurs if and only if (g, +1) 7 ¥ — Bon||3 — oo.
Then 0o, < 205,  (gn + 1) |vn — Bonl[3 for all sufficiently large n, and hence

2 1)n2
2 ® [ —,[E (gn _'__Zn
QQn)\rnaXHOn

2)\max 9n ||7n /60n|| ;\0n62 dn + 1 2 n
< 2pn\/ 5 - €xXp | — ( ) )
77)\0716 (gn + ]-) 8Amax 9n H"/n - ﬂOnHQ
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8Amax In H’)’n 1607LH§ Ingn
N 7"')\Onez (gn + 1)

1 2
- [ <1 B Y VP Vil ) 1ogpn]
8/\max 9n ||7n - ﬂOnH2 logp”

— 0 for everye >0

by the assumption that g, (g, + 1)~2(log pp)n =Y |vn — Bonl|3 — 0. Therefore, posterior
consistency occurs.

Case 3: Suppose (gn + 1)7YH|vn — Bonlloo — 0, but now suppose that gn(gn +
1)72(log pn)n || — Bonl|3 » 0. Then there exist a subsequence k,, of n and a con-
stant § > 0 such that gy, (gx, + 1)~2(log pi, ki | ve, — Bow, I3 > 8 for all n. Note
that posterior inconsistency of the subsequence Py(Br, | Br, Sk, ) implies posterior
inconsistency of the overall sequence Pyr(By, | ﬁn, Sn), s0 we may assume without loss
of generality that k, = n for notational convenience. Also, define 3, to be the p, X pn
matriz with elements ¥y, ij := Un ij/\/Un.ii0n,j;, where vy, i; denotes the ijth element of
n(XTX,)"! as before. Then

Par (118 = BNl > € B )

. i\ | .
> Ey | P (\ >e| oQ,ﬁn,Sn) I <a2 > 2L> ﬁn,sn]
[e%s} n
Un,i 2 A 2 §On 2
EEM PM max 6nz* n,i > 62 g 7/gnaSn Ilo 27 ﬁnasn .
1<i<pn min 2n
Then we may write
Par (1180 = Bl > €| Bu. S
(gn + De®n | , 2 S 9071
> . e -
= B <122’IEH'Z" S\ g | 7)) T2 2y ) | PeSnl

where Z,, ~ Np (0, ,%,) and is independent of o under Py;. Now note that the
innermost conditional probability is a nondecreasing function of o2, which implies that

Par (1180 = BEllos > €1 Bas )
02> 1 ((72 920n> ’ ﬁn, n‘|

2(g,, + 1)e2n2 0
= Py <1£nax |Z;| > M) Py <0 By, n),

gn)\min90n
since the entries of X, depend only on XTI X,,. Then Lemma 9 immediately implies
that Py(0? > 0on/2n | Bn,Sn) — 1 a.s.(P), so it suffices to show that the first

2(gn + 1)e2n?

> FEm —
gn)\mingon

Py < max |Z;| >
1<i<pn
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term is boundqgf away from zero for all sufficiently large n. Now define 1oy, 1= [2(gn +
1)e?n?/gnAminbon]'/? and Y= Var(Z; | Zis1,...,Zp,). Then

Pn
Pur (1Z1] < mon | Z27237-~-aan)H1{|zi<n0n}]

| < —
Py <12%>;n |Zi| < 770n) Eu 1l
e

Pn

< {1 - 29 <n0n/ inlﬂ En HI{\ZiISnon}
=2

by Lemma 7 and the fact that iml does not depend on Zy,Zs,...,Z,, . By repeated
conditioning on Ziy1, Ziyo, ..., 2y, fori=2,3,...,p, — 1 and application of Lemma 7
as above, we find that

Pn
Py (lggn 1Zi| < nOn) < 1:[1 [1 — 20 <_770n/ gmﬂ ,

Note that
~ nAy! 5(gn + 1)n?
9071 Z 0 ||'7n _160n||§ 2 Ma
gn+1 Amax n 10g Pp,
which implies that
2\ max€? log p,
Non < Tgl

The eigenvalues of X, are bounded below by Awin/Amax, $0 infy, ; im > Amin/Amax by

Lemma 8. Then it follows that
2A2 2] "
€~ log pn
1-9p | -, Zlmax® oln

min

22 2] n
“ e [zpn@ < mwogpﬂ _

< <
PM (122);71 |Zz‘ = 77071) >~

min
Notice that if any subsequence of p, is bounded above, then the quantity
O[—(2)\2

max

logpn [6A2m) "]

min
is bounded away from zero along that subsequence, and thus posterior inconsistency

follows immediately. So we may instead assume that p, — co. Then

2)\2

max

€2 logpn/ékfmn — 00,

in which case the inequality

L-®(t) > (71— t¥)(2m) V2 exp(—£2/2) > (20) 7 (2m) /2 exp(—12/2)
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for large t may be applied for all sufficiently large n, yielding

N2 A2 e?logp
. > _ _ min _ 'max n
Py (123);5" |Zi| > 770n) > 1—exp [ P\ Tz logpn. P ( BV )

min

1 e 6)\r2nin e 1 )‘ilax€2 lo
=l—-exp—\/—5 5, —— € - n
p 472 €2 log p, P SN2 &b

SN2
—1 fore< )\Q—mm

max

Therefore posterior consistency does not occur.

Proof (Proof of Lemma 10). Define 6 := liminf, o |[¥n — Bon||3, and assume & > 0.

Then
Tn Tn n 2 Tn
Lo (o3 v Bonli) > 3= (o3 +
0 pn)\On On

b No,2, 0
D) 0 D

for all sufficiently large n a.s.(Py), since T,, /00, — 1 a.s.(Py) by Lemma 4. Then

. . ~EB L. n—p,+a—2 2 g _ _ g

hJI_I)IOI(l)f g7 > hnn_kgf |:(—Sn = ) (00 + Do 1| = Ew— >0 a.s.(FP)
since (n —py +a —2)/(Sp +b) = 1/03 a.s.(Py) by Lemma 3.

Proof (Proof of Theorem 2). By Theorem 1, we immediately have that posterior con-

sistency occurs if and only if both

7o = Bowll gu" logp

We now consider three cases.

Case 1: Suppose there do not exist a subsequence k,, of n and a constant A > 0 such
that ||k, — Bok, |13 = A and ||y, — Bok, |l = 0. Now let k,, be a subsequence of n,
and consider two sub-cases.

Case 1.1: Suppose ||Vk, — Bonlleo — 0. Then clearly the first condition in (9) is
satisfied trivially. Note that for any further subsequence my, of kyn for which ||vym, —
Bom, |13 — 0, the second condition in (9) is satisfied trivially as well, so we may instead
assume iminf, oo |[vk, — Bok, ||3 > 0. Then for all sufficiently large n a.s.(Pp),

g8 10g i,
(9P +1)2 Ky,

< log ky, Sk, +b Oor,, P, ||V, — Bork, |13
o kn kn — Pk, +a—2 Tk:n 00kn

IOg l{in Sk +b oOk Dk /\Inax
< n ul n .s. (P, 1
 kn (kn_pkn+a_2><Tkn> K o0 e 1o

2
2

Yk, — Bok,

by Lemmas 3, 4, and 10. Thus, both conditions in (9) hold along the subsequence k.
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Case 1.2: Note that Case 1.1 can be applied to any further subsequence m,, of ky, for
which ||Ym,, — Bom, |lcc — 0, so we may suppose for Case 1.2 that liminf,,_, o ||V, —
Bok, ||lco > 0. Note also that in this case, there cannot exist any further subsequence mn,
of kn for which ||Ym,, — Bom.,, ||3 converges to a nonzero constant, since this would con-
tradict the original supposition of Case 1. Then since liminf, . |[Vk, — Bok,||5 >
liminf,, o0 ||V, — Bok.||2% > 0, it follows that ||k, — Bok,||3 — oo. Then for all
sufficiently large n a.s.(Po),

1
gl +1

_ ( Sk, +0 > <90kn> <pkn Yk, — ﬁorcn”oo) (11)
kn —pr, +a—2) \ Tk, Ook,
Sk +b > <90k > ( Dk /\max >
< n “ - — 0 a.s.(F
- </€n =k, +a—=2) \ Tk, ) \EknllVk, = Bok, |l Fo)
by Lemmas 3, 4, and 10, while (10) also holds by the same lemmas. Thus, both conditions
hold along the subsequence k,. Since Cases 1.1 and 1.2 together establish that both

conditions hold along any subsequence k., they hold for the whole sequence, and therefore
posterior consistency occurs.

Ve, = Bok, llso

Case 2: Now suppose there exist a subsequence k,, of n and a constant A > 0 such that
[V, — Bok, ||3 — A > 0 and ||k, —Bok,, ||co ~ 0, and suppose o = 0. Note that Case 1.1
can be applied to any further subsequence my, of ky,, for which ||[Ym, — Bom,, ||lcc — 0, S0
we may suppose for Case 2 that iminf, o ||vk, — Bok, |lcc > 0. Then (10) and (11)
still hold by Lemmas 3, 4, and 10 since pg, [k, — 0 and Iiminf, .o |7k, — Bok, |2 >
liminf, 0 ||Y&, — Bok, [|oo > 0. Hence, the two conditions hold for every subsequence,
and consequently for the overall sequence. Therefore posterior consistency occurs.

Case 3: Now suppose there exist a subsequence k,, of n and a constant A > 0 such
that ||vk, — Bok, ||3 — A > 0 and ||k, — Bok, ||co = 0, but suppose o > 0. As in Case 2,

we may suppose for Case 3 that liminf,, o ||V, —Bok,|lco > 0. Then for all sufficiently
large n a.s.(Py),

Ve — Bok, I _ < Sk, +b ) (90kn> (Pkn vk, — ﬁOanoo)
e +1 kn —pr, +a—2/) \ Ty, Oor,,

S < Sk, + b > <90kn> Dk,, Amin
" \kn—pr, +ta—2) \ Tk, kn |[¥5n — Bok. ||

x liminf ||y, — Bok,
n—roo

oo

2 Ao
—y 0% %min 1o inf 17k, — Bok,lloc >0  a.s.(FPo)
n—oo

by Lemmas 3, 4, and 10. The first condition fails for the subsequence k,, and hence for
the overall sequence. Therefore posterior consistency does not occur.

Proof (Proof of Lemma 11). Assume that n=3 T2 Ep[g2(g+1) "% | Bn, Sn] = 0 a.5.(Pp).
By Lemma 2, to determine whether posterior consistency occurs, it suffices to consider
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whether Pu(]|Bn — ,87n||OO > €| Bn,Sn) — 0 a.s.(Py) for every e > 0. By iterated
expectation and the triangle inequality,

BE(g) = Bul|_>2¢| 9.,0% B8 | Bu 5]

Bu=BE@)||_ > €| 9.0%Bu50) | o]

Bu=Bal|_ > | 9.0% 805 | BuSi] (12)
BE(9) = Ba|| > /2| 9.0% B S0 ) | Ba: 5]
Bu=BE@)||_ > /2| 9.0% B S0) | BusSa] .

b
[
<
<

+ By [PMO

Consider Pa(||Bn — BE(9)||oo > € | 9,02, Bn, Sn) for some arbitrary € > 0 and g > 0.
Under Py,

B~ BE(9) | 9.0% Bus Su ~ N, (07 o (X,?Xn)l) :
g+1
Let vp 11, - -, Unpop, denote the diagonal elements of n(X! X,,)™t, and write
PM (’ IBTL _BE(Q)HOO > € ‘ gao-QaB’ruSn)

Pn

S;PM(

< iPM ( {Bn,i - Nf,i(g)r > ¢t

39204vn,ii 3>\max920—4
T (gt 1)t T (g+1)%net

B = BE(9)| > €| 9.0% Ba. S

970'27/6Anvsn)

Then

97027371’ Sn) ' Bna Sn]

En {PM (‘ Bn — Nf(g)Hm > €

3)\max 204 2
M ( ( g ﬁna Sn)

IN

net g+1)2
3)\max 92 4 2 2
= E E n;Sn ’I'L?S'ﬂ N
el M|:(g+1)2 M(U ’ 9.8 ) B

Observe from the form of the posterior in (1) that under Py,

n+a-—2 Sn+b+(gn+1)1Tn)

o’ | gaBTu Sp ~ InverseGamma( 5 ) 5
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Therefore,
Em [PM(’ /Bn_/éf(g>HOO>€‘ gaaza/énvsn) ‘ ,énasn:|
3Amax G2 [Sn+b+ (g0 + 1)*1Tn}2 6.5
T net (g+1)2(n+a—4)(n+a—06) e
6Amax [ Snt0 \? | 6hpax T2 e .
< - ny POn .5.(P
- ne (n+a—6) net (n+a—6)2 M[(g+1)4 s S]_}O a.s.(Fb)

by Lemma 3 and the initial assumption. Then this result and the inequalities in (12)
imply that posterior consistency occurs if and only if

> € g7J2,Bn,Sn) ‘ Bn,Sn} — 0 a.s.(P)

o0

B [P
for every € > 0. Since B2(g) — Bn = (g+ 1) (v — Bn), we may equivalently state that

posterior consistency occurs if and only if Par[(g 4+ 1) Ve — Bulloe > €| Bn, Sn) —
0 a.s.(Py) for every e > 0. But again by the triangle inequality,
> €

ansn) — Py <gj—1 Hﬁm — Bn .
ﬁn,sn) (13)

1 A
<P D n n >€/2 naSn
< Pu (o = Bl > /2 .5,

an Sn>

1
P, — ||vn — Bon 2
ot (g b — Bl > 26

> €

oo

’Yn_Bn

1
< Py —‘
g+1

>€/2 ' ,én,Sn> .

1 .
A
+ M(g+1 Bon — B

For any arbitrary € > 0,

> €

oo

Bus 1)

> 6) —0 a.s.(P)

Bn,sn> SPM(H&JFB” >

Py <ﬁ Hﬁ(m*Bn

=1 (HIBOn — Bn

by Lemma 1, where I(-) denotes the usual indicator function. Then this result and (13)
together imply that posterior consistency occurs if and only if Pa[(g + 1)7|vn —

Bonllso > €| Bn,Sn] = 0 a.5.(Py) for every e > 0.

Proof (Proof of Lemma 12). From the form of the posterior in (3) and the transfor-
mation in (4),

T2 92 R
_nE T 14 n n
0 G | A
T2 1 .
_ﬁ M [W /Bnysn:|
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o
T: / (g+ 1) Prteme O (g 4 1)(S, +b) + T ]~ dg
0

ES
n3/ (g+1)(n—pn+a—c—2)/2 [(g_’_l)(sn_’_b)+Tn]7(n+a72)/2 dg
0

1
(S, +b)? / w(npnta=e=6)/2(1 1) Pnte)/2 gy
W,

1
n3/ u(n—pyl+a—c—2)/2(1 _ u)(?n+0—4)/2 du
W,

Now let H,, ~ Beta((n—pn+a—c—4)/2, (pp+c—2)/2) and H,, ~ Beta((n—p, +a—
¢)/2, (pn + ¢ —2)/2) with both independent of B, and S,, under Py, and observe that

H,, is stochastically smaller than H,, under Py;. Also let T'(-) denote the usual gamma
function. Continuing, we have that

T? 9 A

(S, +b)2T (n*pn+2a7c74) T (pn+2c+2) Py (Hn > W, | Bn,Sn)
3T (n_pn;‘a—c) T (pn+2c—2) Py (I;'n > W, | ,én,Sn)

<1(Sn+b>2( (o + ) (pa + ¢ —2)

0 a.s.(P,
U ) amres e mramemn 70 o)
by Lemma 3.
Proof (Proof of Lemma 13). Assume liminf, .o [|7n — Bon||3 > & for some § > 0.
Then
lim sup W,
n— o0
T -1
maw (14 57
2 3ol - 2 B T -
< [1+liminf | 2270 + 1 Aon [[¥n = Bonlly lim inf {M}
n— oo n — Pn n—oo (Sn + b) HOn
& g - (1 - a))\maxag
<! == Wm0 o as(P
_< +1—a+Amax(1—a)ag> 5+ Amax02 a a.s.(F)

by Lemmas 3 and 4.

Proof (Proof of Lemma 14). Assume ||y, — ,60n||§ — 00, and let € > 0. Then

T —1
W,=11 n
(*swb)

2 X e — Bonll2 [(n—pa) Tu 1)
:<1+pn00+n on 1Y = Bonll, [(n Pn) n}) =0 a.s.(P)

n—Pn (Sn + b) 00n
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since the term in square brackets converges to 1/02 a.s.(Py) by Lemmas 3 and 4. This
establishes (i). Now write

571||’7n_60n||oo (Sn + ) _ (1+ €Ty, >_1
e Hlvn — Bonlloo (Sn +0) + T 7 — Bonlloo (S + )

and observe that
()
17 = Bonllse (Sn + )
€ (pn03 + g [1n — BOan) [ (n—pn) Tn ]
(1 = pn) [l = Bonlls (Sn +b) Oon

-1

IA

<1 4 &l = Boall, [((gn_fg))g;:])l S0 a.s(Py)

since, once again, the term in square brackets converges to 1/a a.s.(Py) by Lemmas 3
and /4. It then follows immediately that L,(e) — 0 a.s.(Py), establishing (ii).

)\max

Proof (Proof of Lemma 15). Assume that ||v, —Bonl|3 — A > 0 and liminf,, o ||y, —
Bonllee > 0. Let € > 0. Then limsup, .. Wn < (1 — @)Amax0a /(A + Amax0d) <
1 a.s.(Pp) by Lemma 13, and

eT, -1
— Bonlloo (Sn +b)>

lim sup Ly, (¢) = limsup <1 + T
Tn

n— oo n—roo

o e S — Bl ) [m ) Tn]

= l1m su

e (=) [¥n — Bonlle L (Sn +b) fon
: €|‘7n*/60n||2 (n—pn) T, -1

<1 1

=nop ( T (S0 1) Oon

-1
2
— <1+iAQ> %02<1 a.s.(Py)

A1rnaxa-() Al/ZE + )\nlaxgo

since the term in square brackets converges to 1/o8 a.s.(Py) by Lemmas 3 and 4. Define

(]- - Oé))\maxg% )\maxag < 1
A+ Amax0d  AYV2€ + Apax0? ’

L*(e) = max{

and observe that limsup,,_, . L,(€) < L*(e) a.s.(Py). This establishes (i).
Now define A= liminf,_ [ — Bonlloo > 0, and note that
lim inf L,, (¢)

n— o0
eT, >_1
— Bonlls (Sn +b)

n—oo

> lim inf (1 +
¥
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-1

Y- 2
¢ (pac? +1AG! 17 = Boall})
> | 1+ limsup lim sup
n—o00 (n - pn) H'Yn - ﬂOTlHoo n—00

& ]

which implies that

—1
2 A )\min
liminf L,,(e) > [ 1 + e (aof + 1 ) a.s.(Pp)
n—00 (1—a)Ao?

by Lemmas 3 and 4. Then it can be seen that for any ¢ < 1, there exists e¢ > 0 such
that liminf, o Ly(ec) > ¢ a.s.(Py), establishing (ii).

Proof (Proof of Lemma 16). Let € > 0. Note that E(Z,) = an/(an +bn) = 1 — a,
and thus |an/(an + by) — (1 — )| < €/2 for all sufficiently large n. Also note that
Var(Z,) = anbn/[(an + bp)*(an + b, +1)] < 1/a, < 2/[n(1 — «)] for all sufficiently
large n. Then for all sufficiently large n,

Pl-a—e<Z,<1l—a+e)

=P(1l—a-— an —e< Z, — An <l—a-— Gn +e€
an—l—bn an+bn an+bn

8
n(l — «a)e?

n 4
zP(—gszn— e s5>21——2Var(Zn)21— -1,
€

an + by, 2
where the second of the three inequalities is Chebyshev’s inequality.

Proof (Proof of Theorem 3). By Lemmas 11 and 12, posterior consistency occurs if
and only if Pyr[(g+1)" Y0 — Bonlloo > €| B, Sn] = 0 a.5.(Py) for every e > 0, which
by (5) occurs if and only if Pyy[Wy < Un < Ln(€) | B, Sul/Pr(Up > Wi | Bn, Sn) —
0 a.s.(Py) for every e > 0. We now consider the same three cases as in the proof of
Theorem 2.

Case 1: Suppose there do not exist a subsequence k,, of n and a constant A > 0 such
that ||k, — Bok, |15 = A and ||vk, — Bok, |lec = 0. Let ky, be a subsequence of n, and
let € > 0. Now consider two sub-cases.

Case 1.1: Suppose ||vk, — Bok, ||lcc — 0. Then € |vk, — Bok, |loo < 1 for all suf-
ficiently large n. This implies that Ly, (€) = Wy, for all sufficiently large n a.s.(P),
and thereforePy (W, < Uy, < Lg, (€) | Bn, Sn] = 0 for all sufficiently large n a.s.(FPy).
Also, Py(Uy, > Wi, | Br.,, Sk, ) > 0 for alln a.s.(Py) since Wy, < 1 for alln a.s.(Pp).
Thus,

Py [Wkn < Uk, < Li, (€) | B S,
PM(Ukn > Wy, | Bmsn)

—0 a.s.(P)

by the combination of our results for its numerator and denominator.

Case 1.2: Note that Case 1.1 can be applied to any further subsequence my
of kn for which ||[Ym, — Bom,|lco — 0, so we may suppose for Case 1.2 that
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liminf,, o0 ||Vk, —Bok, ||co > 0. Note also that in this case, there cannot exist any further
subsequence m.,, of ky, for which ||Ym, — Bom, ||3 converges to a nonzero constant, since
this would contradict the original supposition of Case 1. Then since liminf, o ||vk, —
Bok, |13 > liminf, o0 |[vk, — Bok, ||% > 0, it follows that ||y, — Bok,||3 — oo. Then
Lemma 14 implies that both Wi, — 0 a.s.(Py) and L,(e) — 0 a.s.(Py), which in
turn implies that both Wi, < (1 — «a)/2 and Ly, () < (1 — a)/2 for all sufficiently
large n a.s.(Py). Then for all sufficiently large n a.s.(Py),

l1—«

Py [Wkn < Uy, < Ly, () | ﬁkwskn} Py |:Ukn < ﬂkn,Skw}

Py (Ukn > Wy, |Bkn,5kn> a Py [Ukn > I—Toz ’ Bkn’Skn}

-0 a.s.(R)

by Lemma 16. Finally, since Cases 1.1 and 1.2 together establish that the relevant con-
dition holds along any subsequence k,, it holds for the whole sequence, and therefore
posterior consistency occurs.

Case 2: Now suppose there exist a subsequence ky, of n and a constant A > 0 such
that ||k, — Bok, |13 — A > 0 and ||vk, — Bok, ||~ = 0, and suppose o = 0. Note that
Case 1 can be applied to any subsequence m,, of n for which either ||vm, — Bom, ||3
does not converge to any nonzero constant or ||Ym, — Bom,|lcc — 0, so it suffices
to show that the relevant condition holds along the subsequence k,. Note also that
this means we may suppose for Case 2 that liminf, o ||Vk, — Bok, |lcc > 0. Now let
€ > 0. By Lemma 13, limsup,,_, .o Wi, < Amax03/(A+ Anax0d) a.s.(Py), which implies
that Wk, < 2Amax02/(A + 2Xmax0d) for all sufficiently large n a.s.(Py). Moreover, by
Lemma 15, there exists L*(€) < 1 such that limsup,, , . L, (6) < L*(e) a.s.(Py), which
implies that Ly, (€) < [1 + L*(€)]/2 for all sufficiently large n a.s.(Py). Then for all
sufficiently large n a.s.(Pp),

Py [Wkn < Uy, < Lg,(€) | @knvskn]

Bkwskn)
14 L*(e) ‘ . }

Py (Uk" > Wkn

Py [Ukn < 5 Bk, Sk,

2Amax0¢
A+ 2 \max0?

<

-0 a.s.(P)
Py (Uk” >

Bk, Sm)

by Lemma 16. Therefore posterior consistency occurs.

Case 3: Now suppose there exist a subsequence ky, of n and a constant A > 0 such
that ||y, — Bok, |15 — A > 0 and ||y, —Bok, ||lec = 0, but suppose a > 0. By Lemma 13,
limsup,,_, oo Wk, < (1 — @)Amax03/(A + Anax0s) a.s.(Py), which implies that Wy, <
2(1 — @) Amax08 /(A +2Amax0?) for all sufficiently large n a.s.(Py). By Lemma 15, there
exists €1_q /4 > 0 such that liminf, o Ly, (€1—ay4) > 1 — /4 a.s.(Po), which implies
that Ly, (€1—a/a) > 1 —a/2 for all sufficiently large n. a.s.(Fy). Then for all sufficiently



656 Posterior Consistency under g-Priors

large n a.s.(Py),
PM |:Wkn < Ukn < Lkn (el—a/4) } Bkn7sk‘n:|
Br..., Sk)

> Py [Wkn < Uy, < L, (€1-a/4) | Bkn,Skn}

PM (Uk” > Wkn

2(1 — @) Amax0? a |
> P — L < U 1—— S
> Py { AT Dona? < Uy, < 5 Bk, Sk,
=1 as.(P)

by Lemma 16. Since the relevant condition fails to hold for the subsequence ky,, it fails
to hold for the overall sequence. Therefore posterior consistency does not occur.

Proof (Proof of Lemma 17). Consider two cases.

Case 1: Suppose ||vn — Bon||3 — 0. Then 6o, = pnod + n5\0n||‘yn — Bonll3 < nod for
all sufficiently large n. This result and (8) imply that

(114)o (T) = Eo [(Tn - 9[)n)4] < 480362 + 1920800, < 960208

for all sufficiently large n. Then there exists N such that

C 2 . 9 = 96n%0 1
> Py (Tn>2n03) < > Py (|Tn — on| > n03) < 20 =96 3 5 <oo
n=N n=N o 0 oy

by Markov’s inequality applied to (T, — 6o, )*, which in turn implies by the Borel-Cantelli
lemma that limsup,,_, . (T,/n) < 203 a.s.(Py). Therefore, n=3 T2 Enlg®(g + 1)7% |
B, Sn] <n73T2 =0 a.s.(P).

Case 2: Note immediately that Case 1 can be applied to any subsequence k,, of n for
which ||yn—Bonl|3 — 0, so we may suppose for Case 2 that liminf, . ||vn —Bonl|5 > 0.
Then limsup,, ,, W, < 1—a by Lemma 13. Define 1y, (u) := I, 1)(u) exp[—nW, (1 —
u)/2(u — Why,)], where I denotes the usual indicator function, and note that this is a
nondecreasing function of u on the interval (0,1). Using the form of the posterior in (6)
and the transformation in (4), we may write

T P |4

00 1 (n—pn+a—10)/2
h / o ez 9 P <—£> dg
0 [(g+1)(Sn+b)+T] 29

n3 /OO (g + 1)(n—pata=2)/2 9732 exp n
—(n+a—2)/2 2g
0 [(g+1)(Sp+b)+ Ty

N———
U
<

1
4 (n—pn+a—c—10)/2 1— (pn+4)/2
(Sn+) /0 " (1) [7%(1_”)

w—W, ]1/2
- 3

1 —3/2
n— a—Cc— - ujwn
w3 T2 / wn P e D/2(] )2 [Wu—u)] Yl du
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1
(S, + b)2/ u(n—pn+a—c—9)/2(1 — u)(pn+3)/2 Y (u) du
0

— 1 .
n3(1 _ Wn)Q/ u(nfpnwLafcfS)/Q(l _ u)(pnfl)/Z wn(u) du
0

Now let h,, and TLn denote the densities with respect to Lebesque measure of Beta((n —

pn+a—"7)/2, (pn, +5)/2) and Beta((n — pn +a —3)/2, (pn + 1)/2) random variables,
respectively. Then we may continue by writing

(S +8)2T (”_p";“_ 7) T (p";5) /01 o (1) o (1) s

31— W,)2T (" —Putas 3) T <p"2+ 1) /Olﬁn(u) (1) du

(Sn +0)* (P +3)(pn + 1)
nd(1-Wp)2(n—pn+a—>5n—p,+a—"7)

—0 GS(PQ)

Note that the last inequality holds because a random variable with density hy, is stochas-
tically smaller than a random variable with density h,, and because ., is nondecreasing

n (0,1), while the almost sure convergence to zero is by Lemma & and the fact that
limsup,,_,o o W, <1—a <1 a.s.(Py) by Lemma 13.

Proof (Proof of Lemma 18). Note immediately that both (i) and (ii) are trivial if ¢ =0
or £ > 1, so assume 0 < £ < 1. Next, by Stirling’s approzimation, we may bound the
normalizing constant by

['(an + b,) (an + by)ntbn=1/2
1 <1
og [(an)L(b,) ~ og a?fﬁl/Q bznﬂ/g

for all sufficiently large n. We may rewrite this as

T(an + by) an + by, an + by, 1 anby,
log — T0m) ) og (220} g qog (20 ) 4 2y
% Tan)(by) ~ °g< an )* "g( b )+2°g<an+bn>

for all sufficiently large n. Then

P(Z, <€)
~ T(an +by) ¢ an—=1(1 _ \bn—1
- ey J, s

Dlan +bn) (¢ o1y _ Dlan +by) €
= Ta)T bn)/ b = T T n) an

n
n+b b 1 b
< exp [an log ¢ — log ay, + ay log (m> + by, log (%ﬂ) +5 log (aaT;% >}
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for all sufficiently large n. Now observe that

LiogP(z, <)
n

n 1 n n bn bTI n b?’L 1 nbn
g&1og£——logan+a—log(i>+—log<a + >+—log( a )
n n n a n

n by, 2n an + by
R (I-—a)logé —(1—a)log(l —a)—aloga if a >0,
log & if a =0.

Ifa >0, then (1—a)log(l—a)+aloga > —log2, and thus limsup,,_, . n~*log P(Z, <
€) < (1—a)log&+log?2. Thenn~tlog P(Z, < &) < (1—a)logé&+log4 for all sufficiently
large n, which implies (i). If instead o = 0, then lim sup,,_, ., n~ ' log P(Z, < £) < logé,
son"tlog P(Z, < ¢) < %logg for all sufficiently large n (noting that log& < 0). This
implies (ii).

Proof (Proof of Lemma 19). Let § = liminf, . |[¥n —Bon||3 > 0. Then by Lemma 13,
limsup,, oo Wn < (1 — @)Anax03/(8 + Amax0?d) a.s.(Py), which implies that W, <
2(1 — @) Amax08 /(6 + 2Amax0?) < 1 —a for all sufficiently large n a.s.(Py). Then for all
sufficiently large n a.s.(Py),

! T A e nW, (1 —u)
R, Z/ fa(u { n} exp [n} du
(1—atW,)/2 () 2(u — W,,)

nW, ! U —3/2
YT Y B
l—a-W, (1—a+W,)/2 ) (1-wu)

n—pp+a—3 pn+1
)
p [ ——
F(n—pn+a)F<pn—2> l—a-W,
2 2

l—at+W, =~ )
xPM($<Un<1‘ﬁn,sn)

n—pn+a—3 pn +1
)
- F(np2n+a>r<pn22> oxp l—a-W,

8 + 4\ max0d ~
P, — ) (1 — 1 14
X M[(25+4)\max03>( @) <Un < ] (14)

where U,, ~ Beta((n—pn+a—3)/2, (pn +1)/2), independent of B, and S,,, under Py;.
For all sufficiently large n, Stirling’s approximation yields that
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F(n—pn—i-a—?))r(pn—kl)
2 2
T n—pp+a T Pn — 2
2 2

n—pp+a—3 (nfp"+a74)/zex n-—p,+a-3
2 P 2

(n_pn+a>(npn+a1)/2 < n_pn+a>
2( —— exp| ————

Y

2 2

pn+1 p"/QGX _pn+1
2 P 2
(pn—3)/2
n — 2 " — 2
Pn exp _ DPn
2 2

1 n*pn+a*3 (n—pn+a—4)/2 pn+1 (pn—3)/2 anrl 3/2
2 n—pp+a Dn — 2 n—pn+a .

X

Then for all sufficiently large n,

F(n—pn+a—3>r(pn+l)

1 1 \3? ‘

2 2 J (Pt >2(4n)"3/2.  (15)
n—pn+a Dn — 2 4\n—py+a

r 2 r 2

Now observe that

Puy ( 5 + 4\ max0d

Ot 2Mmax00 \ () _ T < 1] 1
25+4)\maxa§>< @) < <7

by Lemma 16, which implies that

[ [ 8+ 4Amax0d ~
Py | (2 2AmaxT0 ) (g <1
M _(26+4)\Inaxa§)( @) <Un<1|>

(16)

N~

for all sufficiently large n. Then by combining Inequalities 14, 15, and 16, we have that
for all sufficiently large n a.s.(Fy),

W, W, 3
R, > (4 —3/2 . nWwny _ _ n 2 oe(4 .
z (4n) eXp( aow,) P\ [Taw, T, s

Finally, take K = 2limsup,,_, . [Wn/(1 — a — W,,)]. Observe that K < oo a.s.(Py) due
to the fact that limsup,,_, . Wy, < (1 — @) Amax03/(0 + Amaxos) < 1 —a a.s.(Fy). Then
R, > exp(—nK) for all sufficiently large n a.s.(P).

Proof (Proof of Lemma 20). Let € > 0, and assume ||y, — Bon||3 — oo. Then by
Lemma 14, W,, = 0 a.s.(Py) and L,(¢) = 0 a.s.(Py). Next, observe that the last two
terms of the integrand in Qy(€) comprise an unnormalized InverseGamma(1/2, nW,, /2)
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density in (u—Wp)/(1—u), the mode of which occurs at nW,, /3. Then for all sufficiently
large n,

L, (€) —-3/2 L, (€)
Qn(e) g/ £u(0) (”‘g/") exp (%) du§2(an)_3/2/O F(u) du

Whn

< 22 (W) T2 L ()"

Qn(€) =0 and the result is trivial. So instead assume that € ||vn, — Bonlloo > 1, which
in turn implies that Ly (e) < ¢ ||vn — Bon|looWn. Then

by Lemma 18. Now note that if € '||vn — Bonlloo < 1, then Ly, (€) = W, in which case

Qn(e) < 22n+1 ( TL(Sn +b) )3/2 < 671”’7” 7 ﬁOn”oo(Sn + b) >n(1—a)

Su+b+T, e tn — Bon|loo (S + b) + T
2 y—1 2 3/2
< 22l =32 4 (pnao T A0n I ﬁO"HQ) (n = pn) Tn
B ! n—py (Sn + b) bon
—n(l—a)

x 14+

- 2
€ (Pt + A5 v = Boul3) { (n—po) T ]
(n = pn) [l7n — Bonll (Sn +b) Oon
2\ 3/2 —n(l—a)

< 92n+1 ,—3/2 41l —LBOnHz €llvn — ?On”z

- (1 —a)ronod 2(1 — a)Aonod

= 2"~ (06) 72 (71— ) Amax0?) Tl — Bonlly "0
for all sufficiently large n a.s.(Py) by Lemmas 3 and 4 since the quantity in square

brackets converges to 1/0% a.s.(Py). Now continue by writing that for all sufficiently
large n a.s.(Pp),

Qu()
<o {n | (1-a= 2 tox (i~ Bl ~ (1= 5 ) log (1~ aDhmaced)

3 4
+ — log(ne) — (3 —a+ —) log2} }
2n n

= exp [—nkn(€)],
where Ky (€) = 0o is defined to be the quantity in square brackets.

Proof (Proof of Lemma 21). Assume ||v,—Bon||3 = A > 0, liminf, o0 [|¥n—Bon|co >
0, and o« = 0. Let ¢ > 0. Note that R, > 0 for all n a.s.(Py) since W,, < 1 for
all n a.s.(Py). Then whenever L, (e) < W, we immediately have that Qn(¢)/R, = 0
exactly, so we may instead assume that L, (e) > W, for alln. By Lemma 15, there exists
L*(e) < 1 such thatlimsup,,_, . L,(€) < L*(¢) a.s.(Py), which implies that L, (e) < [1+
L*(€)]/2 for all sufficiently large n a.s.(Py). Then we may write that for all sufficiently
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large n a.s.(Py),

! w—w,]*? nWp (1 —u)
R, > n xXp | ————————=| d
= /[1+Ln(e)]/2 falu) {(1 - U)] P { 2(u —Wh) } !

e {_ 2 HTHLE (;)L:L;?f]/n] } /[31“*(6)]/4 fnl) [(12—10} T

P () I EUATIAC

= F(n—p2n+a>r(pn2—2> 4[Ln(€) = W]
XPM<3+TL*<€)<(7"<1 Bnas’ﬂ>
o gLt "

by Inequalities 15 and 16. Next, write Q,(€) as

Qu(e) = /WL:(G) ) | 1] e [CCEE] PN ELEDLEEEI Y

The second and third terms of the integrand comprise an unnormalized

InverseGamma(1/2, W, /2)

density in (w — Wy)/(1 — u), which has mode W, /3. Then

= () en(-5) el 2[1);n< S e

(0= DW= L]\ ) e
< () e { IR LE L g

by Lemma 18. Then this result and Inequality 17 together yield that for all sufficiently
large n a.s.(Py),

0.0 (%>—3/2 L eXp{_an [ — L(e)] (n— 1 1)}

R, 2n 2[Lp(e) — Wy, n 2
on \ %/ W, [1 — L*(e)]
< (== ——n VAR
<(3) e T (18)
Now observe that
lim inf W,
n— oo

T, \*
=i (14 5)
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2 x—l o 2 _ T -1
:hmlnf <1+pn00 +n Oon ||7”L /6071”2 |:(n pn) n:|>

n—00 n — Pn (Sn + b) 90n
-1 >\111in02
> (1 + A/)\minag) = W’OU(% a.s.(Py),

which implies that W, > Aninos/(2A+ Aminod) for all sufficiently large n a.s.(Py). We
may combine this with Inequality 18 to yield that for all sufficiently large n a.s.(FPp),

/2 2 *
Qn(e) 2n(2A + Amino?) 3 PAminog [1 — L*(e)]
< — 0 a.s.(F
R, = Amin0? P17 16024 + hamod) | a.s.(Po)

since L*(e) < 1.

Proof (Proof of Theorem 4). By Lemmas 11 and 17, posterior consistency occurs if
Prr[(9+1) Y[ — Bonlloo > €| Bn, Sn] = 0 a.5.(Py) for every e > 0. Then by (7), this
occurs if Qn(€)/R, — 0 a.s.(Py) for every e > 0. We now proceed according to cases
similar to those in the proofs of the previous theorems.

Case 1: Suppose there do not exist a subsequence k, of n and a constant A > 0 such
that ||k, — Bok, |13 = A and ||y, — Bok, |lec = 0. Let k,, be a subsequence of n, and
let € > 0. Now consider two sub-cases.

Case 1.1: Suppose ||k, —Bon||co — 0. Then € ||vk, —Bok,, ||co < 1 for all sufficiently
large n a.s.(Py). This implies that Ly, (€) = Wy, and Qy, (e) = 0 for all sufficiently
large n a.s.(Py). Also, Ry, > 0 for alln a.s.(Py) since Wy, <1 a.s.(Pp). Therefore,
an(e)/Rkn —0 a.s.(Po).

Case 1.2: Note that Case 1.1 can be applied to any further subsequence m,, of k,, for
which ||Ym,, — Bom, |lcc — 0, so we may suppose for Case 1.2 that liminf,,_, o ||k, —
Bok, |looc > 0. Note also that in this case, there cannot exist any further subsequence my,
of kn for which ||Ym,, — Bom,, ||3 converges to a nonzero constant, since this would con-
tradict the original supposition of Case 1. Then since iminf, . |[Vk, — Bok,||5 >
liminf,, o0 ||V, —Bok, |12 > 0, it follows that ||k, —Bok, ||3 — oo. Observe that by Lem-
mas 19 and 20, there exist a constant K and a sequence of constants kn(€) — oo such
that Q, (€)/ Ry, < exp{—n[rn(e) — K|} = 0 a.s.(Fo). Finally, since Cases 1.1 and 1.2
together establish that Qy, (€)/ Ry, — 0 a.s.(Py) for every subsequence ki, it follows that
Qn(€)/Ry — 0 a.s.(Py), and therefore posterior consistency occurs.

Case 2: Now suppose there exist a subsequence ky, of n and a constant A > 0 such
that ||y, — Bok,||3 — A > 0 and ||k, — Bok, ||cc = 0, and suppose o = 0. Note that
Case 1 can be applied to any subsequence m,, of n for which either ||Ym,, — Bom, ||3 does
not converge to any nonzero constant or ||Ym, — Bom, |lcc — 0, S0 it suffices to show
that Qg, (€)/ Rk, — 0 a.s.(Py). Note also that this means we may suppose for Case 2
that liminf, oo ||Vk, — Bok, |lcc > 0. Now let € > 0. Then we immediately have that
Qr, (€)/Rn — 0 a.s.(Py) by Lemma 21. Therefore posterior consistency occurs.
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