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EXACT ROSENTHAL-TYPE BOUNDS

BY IOSIF PINELIS
Michigan Technological University

It is shown that, for any given p > 5, A > 0 and B > 0, the exact upper
bound on E| }" X;|? over all independent zero-mean random variables (r.v.’s)
X{,..., Xy such that ZEX,-Z = B and Y E|X;|P = A equals ¢cPE|IT; — A|?,
where (A, c¢) € (0, oo)2 is the unique solution to the system of equations
cP)=Aand ¢2x = B, and IT; is a Poisson r.v. with mean A. In fact, a more
general result is obtained, as well as other related ones. As a tool used in the
proof, a calculus of variations of moments of infinitely divisible distributions
with respect to variations of the Lévy characteristics is developed.

1. Introduction, summary, and discussion. Let 2" denote the class of all
finite sequences X = (X1, ..., X,;) of independent zero-mean random variables
(r.v.’s). Forany X = (X1,..., X,) € 4, let

€)) Sx =X1+---+ X,
Take any real number
) p>2

and any positive real numbers A and B. Consider

n n
3) P A B = {X:(Xl,...,Xn) € %:ZEX?:B,ZHX,-W:A},
1 1

n n
@ Zpzaspi= {X:(Xl,...,Xn) €2y EX]<B,Y EIX;|f SA],
1 1

5) &p.a,B = sup{E|Sx|” : X € 2. 4,8},
(6)  &p<a,<p :=sup{E[Sx|”:X € Zp.<a <B}.
Rosenthal’s upper bound (Theorem 3 in [30]) can be presented by the inequality

(7 Ep:a.p < Cpmax(A, BP/?),
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with C), := (p/2)”/22p+1’2/4. In particular, this implies that &),.4 p < oo. For
some of the subsequent developments, see, for example, Sections 4 and 5 in [11],
[8, 12] and references therein.

PROPOSITION 1.1. One has @ # Zp.a,B S Zp.<a,<p. Moreover, one has
the homogeneity property gp;KpA’KzB =P &y, A, for all real k > 0. Furthermore,
&p; A, B IS nondecreasing in A and in B and hence

(8) 5p;5A,§B :éap;A,B-

All the necessary proofs are deferred to Sections 2 and 3. In particular, Propo-
sition 1.1 will be proved in Section 3.

Using Proposition 1.1, one can easily see (cf. [8]) that the problem of finding
a good expression of &) 4 p is equivalent to that of finding, for an arbitrary bal-
ancing parameter y € (0, 00), a good expression of the best constant C., in the
Rosenthal-type inequality

©) Epa.p < Cpymax(y A, BP/?);
cf. (7). Indeed, one has:

PROPOSITION 1.2, Cp.yy = Epi1yy.1 and Ep;a. = BP/2C g2 4.

The idea of balancing the contributions of the terms A and B”/? in the Rosen-
thal-type bounds, depending on the relative sizes of these terms, goes back at least
to the Corollary in [26]; see also Sections 4 and 5, Remark 6.8, and Theorem 8.3
in [11], Proposition 9.2 in [19], Corollaries 3.1, 3.2 in [23], and Corollaries 2, 3, 4
in [20].

For any real A > 0, let T, denote a r.v. with the Poisson distribution with
mean A, and then introduce the corresponding centered r.v.

I:I;L =11, — A.
Using Theorem 4 by Utev [32], Bestsennaya and Utev [1] showed that
(10) Epap=clE[IL|?  ifp=4,6,...,
where

Bp/2>2/<p—2)

AN /(=2
(11) A:=1,(A,B):= <T > ,

d = A,B =\ =
and c:=cp( ) <B

so that the pair (A, ¢) € (0, 00)?2 is the unique solution to the system of equations
r=B and cP1=A.

Obviously, if p is an even natural number, then the absolute pth moment E|X|?
of ar.v. X is the same as its pth moment EX?. This fact allows the proof in [1] to
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be based on the well-known representation of moments in terms of cumulants and
the log-convexity of [ |x|"G(dx) in r > 0, for any nonnegative measure G.

Under the additional restriction that the X;’s be symmetric(ally distributed),
exact Rosenthal-type bounds were obtained in [4, 7, 8, 32]. In particular, it was
shown by Utev [32] that

(12) sup E[Sx|P = sup E|Sx|p:cPE|HA/2—H§/2|p
Xe%p;SA.SBv XE‘%p;A,Bs
X is symmetric X is symmetric

if p >4, where X and c are as in (11), and IT§ 2 is an independent copy of ITy /.
Take any

(13) q €2, pl

and then take any r.v. X such that

(14) E|X|? < o0.

Consider

Zp.x:a,B :=1{X € Z)p. 4 p:X1is independent of X},
15)
Ap.x.<A,<B ' ={X € Z).<a,<p : X is independent of X}.

The main result of the present paper is:

THEOREM 1.3.  Suppose that p > q > 5 and EX = 0. Then

sup EIX+Sx|9= sup E|X+ Sx|?
XeZp:x:<A.<B XeZp:x:A.B
(16) i ~
=max(E|X + cITx |7, E|X — cI1,|9),

where A and ¢ are as in (11), and the rv. T, is independent of X.

In the special case when X =0 and g = p, Theorem 1.3 yields
Epiap=Ep<a<p=c’ELIP  ifp=5;

cf. (10).

Allowing g in Theorem 1.3 to differ from p not only provides a more general
result, but also helps with the proof. Indeed, Theorem 1.3 will be first proved in
the case when p > g > 5 [see (114)], and then the proof will be completed by limit
transitions in ¢ and in p.
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REMARK 1.4. It is of substantial interest to obtain exact Rosenthal-type in-
equalities for moment functions more general than the function | - |? used in The-
orem 1.3; cf., for example, [3, 4]. In fact, one can indeed easily extend the result
of Theorem 1.3 to the class of all moment functions of the form

X —> (a+x) vi(dr x da)
[5, p1x[0,00)

+f (@ —x) va(dr x da),
[5. p1x[0,00)

where v| and v, are any nonnegative Borel measures on the set [5, p] x [0, o0) such
that the resulting moment function is real-valued; of course, the moment function
x = x|’ (= xJr (— x)+) is just one member of this class; as usual, we let x4 :=
0V x and x!_ := (x4)" for all real x and all real » > 0. To see why this extension of
Theorem 1.3 is valid, one needs to look at the place in the proof of the theorem that
imposes the narrowest restriction on the moment function—which is the condition
that the difference h” (uas) — u?~*h” (as), considered in (72), be strictly positive
for all 4, @, and s in (0, 1). The class of functions given by (17) may be compared
with classes of moment functions considered, for example, in [10, 13, 15].

(17)

In what follows, to avoid repetitiveness, it is assumed that the different instances
of

all r.v.’s entering the same expression are independent. ‘

Thus, conditions such as that of the independence of the r.v.’s IT; and X in Theo-
rem 1.3 may not be explicitly stated in the sequel.
Theorem 1.3 is complemented by:

THEOREM 1.5. Suppose that p € (2,3] and E|X|? < oo (the condition
EX =0 is not needed here). Then

sup  E[X+S8x|P= sup E|X+5x|?
Xe%):X:SA,SB Xe%p;X;AA,B

(18)
= A+ E|X + B2z

Here and in what follows, Z ~ N (0, 1), unless specified otherwise.

Theorem 1.5 is based on a result by Tyurin [31]. In the case p = 3, important for
applications to Berry—Esseen bounds, a certain refinement of (18) was obtained in
Corollary 2 from [22], based on the main result in the paper [16], a shorter version
of which appeared in [24].

One has the followmg interpretation of the last express10n in (18), in terms
of centered Poisson r.v.’s I'IA1 and H)\z (such that the r.v.’s X, HM, and l'[k2 are
independent).



EXACT ROSENTHAL-TYPE BOUNDS 2515

PROPOSITION 1.6. Suppose that p € (2,3] and E|X|? < co. Then
A+E|X + B2z

(19) =lim(E|X + ¢TIy, + 215, :
(c1,¢2,A1,22) € Qp:a.B,c1 = 0, |c2] > 00),
where
0p.a.p = {(c1, 2, A1, 12) € R? x (0, 00)?:
(20)

cir 4 c3ra =B, |c1|Phy + |2l ha = A).

Proposition 1.6 will be useful in the proof of Theorem 1.5.
Now one can present a unified form of the exact upper bounds in (16) and (18):

COROLLARY 1.7.  Suppose that p € (2,3]U[5, o0) and E|X|P < co. For p €
[5, 00), also suppose that EX = 0. Then

sup E|X + Sx|”
XeXp:x;<A,<B

20 = sup E|X+ S/

XeZp.x:A.B

= sup{E|X + ¢T3, + calls, [P (c1, c2, A1, A2) € 0 p:A.B}-

By Theorem 1.5 and Proposition 1.6, for p € (2, 3] the last supremum in (21)
is “attained in the limit” as ¢c; — 0 and |c2| — oo, whereas, by Theorem 1.3, for
p > 5 the same supremum is (actually) attained at (c1, ¢2, A1, A2) = (¢, 0, A, 0) or
at (c1,c2, A1, A2) =(—c,0, A, 0), where A and ¢ are as in (11).

The cases p € (3,4) and p € (4, 5) remain open. Certain considerations suggest
that Theorem 1.5 should hold for p € (3, 4) as well, whereas Theorem 1.3 should
hold for p € (4,5)—at least when g = p. For ¢ = p =4, it is easy to see that the
“answers” in (16) and (18) coincide with each other:

EIX + I, |* =E|X — cfT;|* = A+ E|X + B'2Z|".

This situation may be compared with the one concerning the exact Khinchin-
type upper bound. There the summands are weighted independent Rademacher
r.v’s X1 = ai€1,..., Xy, = ane,, where P(g; = £1) = 1/2, and the weights
ai, ..., a are real numbers subject to the restriction )} ai2 = 1. Since these sum-
mands have each a simplest symmetric distribution, and there is only one restric-
tion here on the sum of the moments, » | EX 12 =31 aiz, it appears that the problem
of the exact Khinchin-type upper bound is significantly simpler than its Rosenthal-
type counterpart. Indeed, in 1960 Whittle [33] gave a very simple proof of the ex-

act Khinchin-type upper bound, E|Z|?, for the case p > 3. The proof in [33] was
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based on the fact that, again for p > 3, the second derivative of |x|” in x is convex
in x € R. It was claimed in [33] that the result holds for all real p > 2, but that
was not supported by the proof. Actually, the problem of the exact Khinchin-type
upper bound in the case p € (2, 3) turned to be very difficult and was solved only
in 1981 by Haagerup [6]. Haagerup’s proof was somewhat simplified in [9]; see
also [25]. One may speculate that the case p > 5 in the Rosenthal-type context is
parallel to the case p > 3 in the Khinchin-type one, whereas the Rosenthal-type
case of a small noninteger p € (3,4) U (4, 5) is parallel to the Khinchin-type case
of p € (2,3). If so, the remaining Rosenthal-type case of p € (3,4) U (4,5) may
be exceedingly difficult, on comparing the treatment of the Rosenthal-type case of
p > 5 in the present paper with that of the Khinchin-type case of p > 3 in [33]. One
may also note here that the condition p > 5 will be used twice, and in rather dif-
ferent ways, in the proof of Theorem 1.3, namely in the proofs of Propositions 2.9
and 2.11.
For the symmetric case, one has:

THEOREM 1.8. Suppose that p > q > 5 and EX = 0. Then
sup E|X + Sx|?

XeZp:x;<a,<B;
X is symmetric
(22) )

= sup E|X+Sx|q=E|X+CHA/2—CH§/2 ,

Xef%fp;X;A,Ba
X is symmetric

where ) and c are as in (11) and, as in (12), Hi/z is an independent copy of I, /.

Theorem 1.8 generalizes (12), but only for p > 5. The generalization has two
aspects: (i) letting ¢ differ from p and (ii) introducing the extra summand X . Note
that X is not required to be symmetric in Theorem 1.8.

An advantage of having the extra summand X is illustrated by the following
straightforward combination of Theorems 1.3 and 1.8.

COROLLARY 1.9. Suppose that p > q > 5 and EX = 0. Take any positive
real numbers Ag, By, A1, By. For each j € {0, 1}, let Aj :=X,(Aj, Bj) and cj :=
cp(Aj, Bj), in accordance with (11). Then

sup E|IX + Sx + Sy|? = sup E|X + Sx + Sy|?
Xe‘%]?;SA(),SBO’ Xe’%]’?AO’BO’
Ye%}’;SAI,SBI’ Ye%}’;Al’Bl’
X is symmetric, X is symmetric,
X,X,Y are independent X,X,Y are independent
(23) =E|X+c01'lko/2—COH§0/2+C1HA,|‘7

VE|X 4 coIyy 2 — COHKO/Z - Clﬁkl 7.
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This follows immediately from Theorems 1.8 and 1.3, by taking first the supre-
mum in X (say) and thenin Y.

Note that, in the case when X is symmetric (or, in particular, zero), the maxi-
mum in (23) simplifies to E|X + ¢oITy,/2 — col'lio/z + clﬁ;” 9.

Corollary 1.9 may be useful when some, but not all, of the independent sum-
mands are known to be symmetric.

For the calculation of absolute moments, especially such more complicated ones
as in the maximum expression in (23), Fourier- or Fourier—Laplace-type identities
such as those given in [18] can be effective; one of such identities will be repro-
duced in the present paper as (40).

2. Proof of Theorem 1.3.
2.1. Domination by the accompanying compound Poisson distribution.

THEOREM A. Let f:R — R be any twice continuously differentiable func-

tion such that f and f” are convex. Let G be any finite nonnegative Borel measure
on R such that G({0}) =0 and [ xG(dx) =0, and then let X be any r.v. with
the characteristic function t — exp [p(e'™ — 1)G(dx). Then

sup{Ef(Sx): X e 2, Gx =G} =Ef(X¢g),
where Sx is as in (1) and Gx is the “sum of the tails” measure defined by
Gx(E):=) P(X; € E\ {0})
for all Borel subsets E of R. In particular, for all x € R and all real p > 3,
sup{E|Sx —x|”:X € 2, Gx =G} =E|Xg —x/|”,
sup{E(Sx —x)7 :X e 2,Gx =G} =E(Xg — x)!.

Theorem A is essentially the same as the mentioned Theorem 4 by Utev [32];
cf. [14, 27, 29]. The assumptions on f in Theorem 4 from [32], were slightly
different; namely, it was assumed there that f” is convex whereas f is nonnegative
and satisfies a certain limited growth condition, which latter may be dropped, by

Proposition 1 and Lemma 4 in [15], provided that f and f” are convex, as in
Theorem A.

REMARK. If arv. X has a finite expectation and a function f:R — R is
convex, then, by Jensen’s inequality, E f (X) always exists in (—o00, o0].

Let us complement Theorem A by the following standard lemma; cf., for exam-
ple, [27, 28] or the paragraphs containing formulas (6.1) and (6.2) in [11].
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LEMMA 2.1. Let G be any finite nonnegative Borel measure on R such that
Jg 1x|PG(dx) = A and [ x*>G(dx) = B; such a measure G exists. Let then X¢
be any r.v. with the characteristic function t — exp [p(e'™ — 1 —itx)G(dx). Then

. . D D
there exists a sequence (L) in . s, p such that Sz,, — X, where — denotes
the convergence in distribution. In particular, it follows that 2. s p # 2.

The conditions on G in Lemma 2.1 are different from those in Theorem A.
In particular, the conditions G({0}) = 0 and [ xG(dx) = 0 are not required in
Lemma 2.1. However, when the condition [ xG(dx) =0 does hold, the defini-
tion of the r.v. X in Lemma 2.1 is consistent with that in Theorem A. Also, the
condition p > 5 imposed in Theorem 1.3 is not needed in Lemma 2.1; rather, it is
enough to assume there that the general condition (2) holds.

PROOF OF LEMMA 2.1. First, concerning the existence of G, note that all the
conditions on G imposed in Lemma 2.1 are satisfied by the measure A§., where A
and c are as in (11) and §,, denotes the Dirac probability measure at u.

Next, for each natural n and all j € {1, ..., n}, let

(24) Zin:=Wjn—EWjn,

where the W ,,’s are independent identically distributed r.v.’s with the distribution
determined by the condition that

(25) Ef(Wjn) = f(0)+ K—nf [f (rax) — f(0)]G(dx)
n JR

for all (say) bounded or nonnegative Borel functions f:R — R, and where in turn
kn and y,, are positive real numbers such that ’;—" Jr G(dx) < 1; the latter condition
is precisely what is needed for formula (25) to define a probability distribution. It
follows that for r € {2, p},

n . . 1
Y E|Zju|"=nE|Z 1" = F, ks ).
1

where
Fr(o, i, ) == [kymg| |e| " signa +Ky’f (|Ix —kamg|” — |kamg|")G(dx)
R

and mg = [rxG(dx). Introducing now the vector function F := (F», F},), we

see that it is continuously differentiable on R x (0, oo)z, and the Jacobian matrix

(33:‘;) a(’}p) at the point (¢, k, y) = (0,1, 1) is (i ii), which is nonsingular. More-
oy

over, F(0, 1, 1) = (B, A). So, by the implicit function theorem, there exist a pos-

itive real number «¢ and continuously differentiable functions & : (—ap, ®g) — R

and y : (—ag, og) — R such that £ (0) = y(0) = 1 and F(o, K (), y () = (B, A)
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for all @ € (—agp, ap). For all natural n > 1/ap, letting now «, := /Z(%) and
Yy = )7(%), one sees that 7 E|Zj,n|2 =Band ) 1E|Z;,|” = A, so that Z, :=
Zin,---sZpn) € Q/fp;A,B. Thus, indeed %p;A,B #* 0.

Moreover, «, — k(0) =1 and y,, — y(0) = 1 (the convergence in this context
is of course as n — 00). So, by (24) and (25),

n
Eexp(itSz,) = |:1 + K_”/ (ett)/nx _ 1)G(dx)i| o itknYnmG
n JR
- exp/ (¢'"™ — 1 —itx)G(dx) = Eexp(itX )
R
for all real ¢, so that indeed Sz, Lox . O

2.2. Zero-mean truncation of zero-mean r.v.’s.

PROPOSITION 2.2.  Let Y be any zero-mean r.v. Then for any real M > O there
is an r.v. Yy with the following properties:

(i) EYy =0;

(i) [Yul =M A|Y];
(iii)) Ef(Yy) <Ef(Y) for all convex functions f:R — R,;
(iv) Yy — Y almost surely (a.s.) as M — o0.

This follows immediately from Proposition 3.15 in [17], and Jensen’s inequality
on letting

Yy =YUEy)=EX|Fn),

where Epr :={|Y| <M, |r(Y,U)| < M}, U is any r.v. which is independent of Y
and uniformly distributed on the unit interval [0, 1], r stands for the reciprocating
function of (the distribution of) the r.v. Y in accordance with the definition (for-
mula (2.6) in [17]), and .#)y is the o-algebra generated by all events of the form
Ey N{Y <y, U <u} with any real y and u. Note that, by Proposition 3.6 in [17],
[r(Y,U)| < oo a.s. The r.v. U, which may be referred to as a randomizing r.v., is
used to split atoms of the distribution of Y, as such splitting may be needed to
satisfy the condition EYy; = 0.

2.3. Differentiation under the integral sign. Take any measurable space
(2, #) with a measure u:.% — C. Take also any ¢, € (0,00). Let f:Q x
[0, #.) — R. Suppose that for each t € [0, z,) the function Q > w — f(w,1) is
wu-integrable, and let

F(t) ::‘/;Z,u(da))f(w,t).
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Suppose also that, for each w € €2, the function [0, #,) > t — f(w, t) is continuous
and has a right-continuous right-hand side derivative [0,%,) 3¢ — (02 f)(w, ) €
[—o0, o0] such that the function 2 3 w +— (33 f)(w, t) is % -measurable, for each
t€|0,1).

LEMMA 2.3.  Suppose that for each pair (t, ) € [0, t,) X (0, 00) there exist
a set Q¢ € F, a measurable function g; ¢ : 2 . — [0, 00] and a real number
hie € (0, 1, —t) such that th L ldplgre < oo,

(26) (B2 /)@, 0)| < gre(w)  forall (0, v) € Qe X [t,14hy )

and

(27) ve[:?fh,,g)f o | (dw) (32 f) (@, v)| e—w) 0.

Then

F(t+h)—F(@)
h

28)  F'(1+) = lim =I(t):=/Qu(da))(82f)(a),t)e(c.

The following lemma is a special case of Lemma 2.3.

LEMMA 2.4. Suppose that there exists a jL-integrable function g : 2 — [0, o]
such that

(29) |(32/) (@, )] < g(w) forall (w,t) € 2 x[0,t,).
Then (28) holds.

Lemma 2.4 is apparently rather common; cf., for example, Theorem (2.27)(b)
in [5]. Lemma 2.3 will be used in the proof of Proposition 2.11. More gener-
ally, this lemma should be useful in certain situations when the condition (29) of
the boundedness of (9, f)(w, t) in ¢ for each w is violated. More specifically, in
such situations (i) (d2 f)(w, t) could have blow-up singularities and hence be un-
bounded in ¢ for each w in a somewhat “small” exceptional set Q2 \ €2, and yet
(ii) the integration of |(d, f)(w, t)| with respect to | (dw)| would smooth out the
singularities, resulting in a small value of the integral over the “small” set 2\ Q2,—
as is assumed in (27). Even though such situations seem rather natural and their
treatment is rather straightforward, I have been unable to find in the literature a
statement similar enough to Lemma 2.3. So, for the readers’ convenience, a proof
of Lemma 2.3 is provided below.

PROOF OF LEMMA 2.3. Take any ¢ € [0, ), € € (0,00), and i € (0, h; ).
Then

F(t+h)—F(t)_ flw,t+h)— f(w,t)

(30)
1
=/ M(dw)/ ds (@2 f) (@, 1+ sh) = I 1 () + D2, 1(1),
Q 0
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where
Ien(t) = /Q (e fo s @ f) .1 + 5h)
and |
Ben® = [ o, @) / s f) @1 + sh).

In view of the right continuity of (3, f)(w, t) in t and the condition (26), by the
dominated convergence theorem,

€29 Il,s,h(t)h—w> I,6,0(2) 2/ p(dw) (@2 f)(w, 1).

t,e

It also follows that the integral /1 ¢ o(¢) exists in the Lebesgue sense (and is finite).
Next,

(32) sup |l en(?)| < sup | (dw) (@2 f)(w, t + sh)| —> 0
hel0,h; ¢) he[0,h;.¢) V2\Qu e e}0
5€(0,1)

by (27). It also follows from (27) that the integral
Beo®=[ @)@ @.0)
Q\Q ¢

exists in the Lebesgue sense (and is finite) provided that ¢ is small enough. So,

the integral I(¢), defined in (28), exists in the Lebesgue sense (and is finite),

since I1(t) = I1,¢,0(t) + I2.¢0(t). Moreover, (32) implies I3 ¢,0(t) ?)) 0. Hence,
&

Leo)=1(t)—1D0(t) ?; 1 (¢). Combining now (30), (31) and (32), one com-
&€
pletes the proof of the lemma. [

2.4. A calculus of variations of moments of infinitely divisible distributions with
respect to variations of the Lévy characteristics. For any finite nonnegative Borel
measure H on R, let Yy denote any r.v. such that

(33) Eel'VH = exp{—tz / H (du)(R; exp)(0; itu)}
R

for all + € R, where, for any m € {0, 1, ...}, any (m + 1)-times continuously dif-
ferentiable function g : R — R, and any real x and u,

1 moyi
1 <g(x+u) - Zuf,g(”(x)) ifu#0,
(B4 (Rn®)(xiu) = =0/
LA ifu=0

1 1
(35) - fo ds(1 — 5)" g+ (x + su).

m
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This definition of Yy is valid, as the right-hand side expression in (33) does define
a characteristic function (c.f.) of (an infinitely divisible) probability distribution,
which is the weak limit of a sequence of centered compound Poisson distributions.
Let

D) (z— i1
<Z>::Z(Z )G+ D  zeCandall je{0.1...).

J j!
LEMMA 2.5. Take any q € (2,0), to € (0,00) and o € (0,00). Let H be a

nonnegative Borel measure on R, and let A be a real-valued Borel measure on R
such that the measure

(36) H,:=H+tA
is nonnegative for all t € [0, fy]. Let Y be a r.v. independent of Yy,, where Yy, is
defined according to (33). Suppose also that
(37) / (P(Y € du) + H(du) + | A(du)|)e”™ < oo.
R

Then for all t € [0, tg)

P +
— ) E|lY+Yy|?
(az) ¥+ Y|

(33)
1
_ q _ -2
_21(2>/RA(du)f0 ds(1 — $)E[su+Y + Y, 1972,

where (%)Jr denotes the right-hand side partial derivative in t.
Moreover, if g > 4, then for all t € [0, tg)

82 +
(@) E|Y—|—YH,|q

(39) — 4 (q)/ A Aduy)
4 ) Jr2
X /(0 2 dsydso(1 —s1)(1 — s2)Elsiuy + soun +Y + YH,|q_4,

where (S(JTZZ)Jr = (%)JF(%)"r denotes the second right-hand side partial derivative
int.

Identities (38) and (39) hold if the four instances therein of the absolute-value
function x +— |x| are replaced by the four instances of the positive-part function
X = x4 := 0V x or the four instances of the negative-part function x + x_ :=
(—=%)+.

PROOF. By Theorem 1 in [18],

4
40 EY+Y[q:/</ Ee*YEexp{zYn, ),
(40) ( H)1 =Kg e oo 2] p{zYn,}
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where xj]_ ;= (x4)9 forall x e R and

T+

41) Kq - i

here and below in this proof, by default, # € [0, f9). By (33) and analytic continua-
tion, for all z € C with Rez =0

(42) Eexp{zYy, ) :exp{22 /R H; (du) (R, exp) (0; Zu)},

whence, by (36),

Nt )
43) (E) Eexp{zYn,} = Eexp{zYn,}z /RA(du)(RleXp)(O;zu).

In view of (34), Re[z2(R1exp)(0; zu)] < o2(R;1exp)(0; ou) < o2e°11/2 and
[(R1 exp)(0; zu)| < e /2 for all u € R and all z € C with ez = o > 0. It fol-
lows by (42) and (37) that, again for all z € C with Rez =0 > 0,

2
sup |Eexp(z¥s, | SeXp{%/R(H(du)—|—t0|A(du)|)e"|”|} <o

t€[0,10]

and

' /R A(du) (R exp)(0; zu1)

o|u|
ffR\A(du)}e /2 < 00.

AlsO, fe.—q |12Z;%| < 00, since ¢ > 2 and o € (0, 00). So, by Lemma 2.4,

(44) <a>+E(Y+Y ) / dz Ezy<a)+Eex (2Yy )
— =K ——Ee*" [ — .
Y H; )+ q Re 7o Zq+l ot P\ 1 H,
Further, by (35), (R exp)(0; zu) = fol ds(1 — s)e’?. Hence, by (44), (43), the Fu-
bini theorem, (41), and (40),

o\t q
— ) EY +Y

d 1
:/cq/ —ZlEeZYEeZYthzf A(du)/ ds(1 — s)e**
Rez=0 74+t R 0

K 1 d
=4 A(du) | ds(1 = $)ky—2 e e Al P
q —1
Kq—2 JR 0 Rez=0 24

1
:2!<‘21>/RA(<1M)/0 ds(1 — s)E(su + Y + Y17,

This proves (38) for the function x — x4 in place of the function x — |x|.
Now (39), again for the function x — x4, follows by Lemma 2.4.
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The case of the function x + x_ can be considered quite similarly. Alterna-
tively, this case can be simply reduced to the case of the function x +— x4 by ob-
serving that, with H, (du) := H;(—du), one has —Ypy, D YH," where D denotes
the equality in distribution.

Finally, the case of the function x — |x| follows immediately from the consid-

ered two cases by the obvious identity |x|" = x/, +x” forall r € (0, 00) and x € R.
O

Results similar to Lemma 2.5, but for general moment functions f in place of
the power-like moment functions | - |9, -'i and - in Lemma 2.5, were obtained

by lengthier direct probabilistic arguments in earlier versions of this paper [21].
It is possible to obtain such more general results by the Fourier—Laplace method
as well, by decomposing f into harmonics, the way this was done in [18] for the
function -ﬂ)r. However, this possibility will not be pursued here.

2.5. Main propositions in the proof of Theorem 1.3. Let 5 denote the set of
all nonnegative Borel measures on R. Take any real numbers p >3, A >0, B > 0,
and M > 0, and introduce the following subsets of the set 57

(45) Hopap = {He%”:fH(dx):B,/|x|p_2H(dx):A},

(46) Hycp.<p = {He%:/H(M)fB,[|x|p_2H(dx)§A},

(47) Hp.a.B:m = {H € Hp.a p:suppH C[-M, M1},
48)  Hpi<a<pm:={H € Hp<a<p:suppH S [-M, M1},

where supp H stands for the support set of the measure H; we also write [ for [p.
Note that the set .77}, <4 <p obviously contains the other three of the above four
sets.

REMARK 2.6. Given any positive real A, B, and M, for the condition
I, A,B:M 7# D 1o hold it is clearly necessary that
(49) A<BMP™?
or, equivalently, B > A/M? 2 or, equivalently,
(50) M > c,

where ¢ = ¢, (A, B) asin (11).
Therefore, in the statements concerning %, 4, g m, let us assume by default that
this restriction on A, B, and M holds.

‘ In Propositions 2.7-2.11 below, let X be any bounded zero-mean r.v.




EXACT ROSENTHAL-TYPE BOUNDS 2525

Let then
D Fpa:aB:x;m =Sup{E|X +Yy|T:H € Hp.p B.m},
(52) T pqi<A.<B.x:M =SUp{EIX +Yy|!:H € Hp.<a <.},

where Yy and ¢ are as in (33) and (13), respectively.

PROPOSITION 2.7. The supremum ), 4.<A <B,x;M is finite and attained. If
A < BMP2 (recall Remark 2.6), then the supremum 5y 4. A B, XM IS finite and
attained as well.

PROPOSITION 2.8. Suppose that p > q > 4. Then the supremum
T p.a: A B:x; M is (strictly) increasing in B € [A/MP~2,00) for each A € (0, 00)
andin A € (0, BM”_Z]for each B € (0, 00); in particular, it follows that
(53) I pq:ABX:M =T p.g:<A <BX:M
for any positive real A, B, and M such that A < BMP~2,

Introduce the set

D.q:A,B; XM
(54)
={H € Hpa M EIX+Yul"=) gaB.x:M=Tpg<a <B XM}

of the maximizers of E|X + Yy |? over all H € 7}, o . m or, equivalently, over all
H € 7}, <A <p.m. According to Propositions 2.7 and 2.8,

%,p,q;A,B;X;M 7é .
PROPOSITION 2.9. Suppose that p > q > 5. Take any H € J; j 4. A.B:x: M-
Then
(55)  card((0,00) NsuppH) <1 and card((—o0,0) Nsupp H) <1,

where card denotes the cardinality of the set.

PROPOSITION 2.10.  Suppose that p > q > 4. Take any H € H; j 4.4, B:X: M-
Then H({0}) = 0.

PROPOSITION 2.11.  Suppose that p > q > 5. Take any H € H; j 4.A.B:x:M-
Suppose also that the set supp H is contained in the open interval (—M, M). Then
cardsupp H = 1.

PROPOSITION 2.12. Suppose that p > q > 2. Let the quadruple (cy, ca,
wi, wy) € R2 x [0, oo)2 vary so that wy + wy = B, ¢ = b, |c2] = o0, and
|czlq_2w2 — a, for some a € [0, Al and b € [—c, c], where c is as in (11). Then,
for H := He¢| ¢y wy,wy = W18¢, + W2be,,

EIX +Yy|? — a+E|X + Vg, |7.
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PROOF OF PROPOSITION 2.7. Let us only show that the supremum
Zp.q:A,B:x;m 18 finite and attained; that ., 4.<A <p x.m is 50 is shown sim-
ilarly and even a bit more easily. Let (H,,) be a sequence in J7),. 4 .y such
that E|X + Yy, |9 — %) 4:4,B:x;m- Because the interval [—M, M] is compact
and the functions 1 and | - |P~2 are continuous and bounded on [—M, M], with-
out loss of generality (w.l.o.g.) the sequence (H,,) converges weakly to some
H € 7, 4,B;m- S0, by (33) and (35), Yg,, £> Yy, since (Ryexp)(0; itu) is con-
tinuous and bounded in u € [—M, M]. Moreover, by the analytic extension of (33),
forany H € .4 p:m

Ecosh(kY ) = lexp{szﬂr(du)(ie] exp) (0; ku)}

(56) xp{k2 f H (du) (R exp)(0; ku)}

1
3¢
exp{k?B(R; exp)(0; |k|M)} < oo

for all real k—because, by (35), (R exp)(0; u) is increasing in u € R. Also, |X +
Yg, |9 < 201 x 17 + |YH, |7). So, by [2], Theorem 5.4,

(57) <yp,q;A,B;X;M:hnl;nELX"‘YHmlq=E|)(-|—Y[—]|q < Q. OJ

PROOF OF PROPOSITION 2.8.  Let us show that .}, ;. A B. x; M 1S increasing in
A and in B; then (53) follows immediately.

In accordance with Proposition 2.7, take any H € ). s p;m such that E|X +
Yyl = %pg:a,B:x;m- Then H; := H + 180 € S}, 4 4s;m for all real 1 > 0,
where, as before, §, denotes the Dirac probability measure at . So, by Lemma 2.5,
the right derivative of E|X + Y, |9 in t att =0 is (4)E|X + Yy[?7% > 0; the last
inequality is strict because the measure H is in 7). 4 g,y and hence nonzero,
which in turn implies that the r.v. Yy is nondegenerate. Therefore, for the lower
right derivative of ., 4. A, B, x;» in B one has

B M= 0 AB:X: EIX+Yy|?—E|X+Yyl?
liminf = LA B X:M PG ABXM X + Yg,| X + Yul

t}0 t 1o t
. E|IX+ YH,|‘1 —EIX+Yy|?
=1lim
t10 t

— (g) E|IX +Yg?2>0

Next, note that %), 4. 4, B; x; m 18 left-upper semi-continuous in B € (A/M? ~2, 00);
that is,

limsup. 4 5 x.m = p.g:AB:X: M-
B1B
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Indeed, take any sequence (B,,) such that B,, 1 B and

lim .¥%, . > L. XM
oo P43 A Bm, X;M P.q;A,B; X;M

By Proposition 2.7, for each large enough m there is some measure H, €
H(p, A, By; M) such that E|X + Yy, |9 = .7} 4.4,B,,x;m- Passing to a sub-
sequence of the sequence (B,), w.l.o.g. one may assume that H,, converges
weakly on the compact set [—M, M] to some measure H,. Since the func-
tions 1, | - |p—2’ and | - |9 are continuous, it follows that H, € 5 (p, A, B; M) and
I p.qiA By x:M =E|X +Yg, |1 — E|X + Yg,|9 < S g:a,B:x;m 85 m —> 00,
which contradicts the assumption on the sequence (Bj;). This completes the proof
that ., 4.4, B; x; m 1s increasing in B.

To show that ., ;.4 B,x;m is increasing in A, take any A € (0, BMP~2);
cf. (49). Then

(58) H((—M, M)) >0,

because otherwise supp H € {—M, M} and hence A = BM P=2_So, there exists
some b € (—M, M) Nsupp H. For § € (0, o0) and ¢ € [0, 00), let now

(59) H;:=Hs = H + A,

where A = Aj is the real-valued Borel measure on R defined by the condition that

[ raoa@n = MID oy + M2 r
R 2M 2M

1
- H([b—6,b+ 8] Jib—s,b+8]
for all locally bounded (say) Borel functions f:R — R; note that H([b — §,b +

8]) > 0, by the condition b € supp H. Also, then the measure H; is nonnegative for
all t € [0, tp], where 19 := H([b — 8, b + §]) > 0. So, letting

(60)

f () H (du)

©1) h(x) := 2!<3>E|x+X+YH|‘1_2

for all x € R, by Lemma 2.5 one has

. .. EIX+Yy|?—-EX+Yyl|?
limlim
540700 t

(62)

= /1 ds(1 — s)(M—Mh(Ms) + M—_bh(—Ms) — h(bs)) >0
0 2M 2M ’

because g > 4, and the r.v. Yy is nondegenerate, whence the function # is strictly
convex. Thus, eventually

(63) yp,q;A’B;X;M=E|X+YH|q<E|X+YHt|q.
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In this context, we say that an assertion &/ = . ; holds “eventually” if 35, €
(0,00) Vé € (0,68,) 3ts € (0,19) Vt € (0,15) 75, holds; recall here that, in view
of (59) and (60), H; depends not only on ¢ but also on 8.

On the other hand, for all + € (0,7) one has [y H,(dx) = [z H(dx) +
t [R A(dx) =B +1 [ A(dx) = B and [y |x|P~2H,(dx) = A + ta and hence H; €
H(p, A+ta, B; M), where a := [ |x|P72A(dx) > (MP~2 — (|b| + 8)P72) > 0
for all small enough § > 0. So, by (51), eventually ., 4. A41a,8,x;m = EIX +
Yy, |7, whence, by (63), .} 4...B,x: M is increasing in a right neighborhood of the
previously chosen value of A € (0, BMP™?).

Since A was chosen arbitrarily in the interval (0, BMP~2), to complete the
proof of Proposition 2.8, it remains to note that .%, 4. 4, p; x;m is left-upper semi-
continuous in A € (0, BMP?~2]; this semi-continuity property is established quite
similarly to the left-upper semi-continuity in B, proved earlier. [J

PROOF OF PROPOSITION 2.9. To obtain a contradiction, suppose that there
exist b and by such that 0 < b < b; < oo and {b, b1} C supp H. In view of possible
rescaling [i.e., replacing X, A, B, M and H(dx) by X/by, A/bp, B/bz, M/by,
and H (b; dy)/b?, resp.], w.l.o.g. assume that b; = 1, so that

O0<b<l.
By (54),
(64) pqi<A,<Bx:m =E[X + Yy

Introduce now

b2(1 — b3
PP G )

(65) P——
take any
(66) ae0,1/k)

and then also introduce

e:=a(b—bP"" — (p —2)k),
=14aB?” '+ (p—1)k), and
b:=1—ka.

(67)

Qe

Note that the conditions (67) and (66) imply be (0, 1). Observe also that ¢ =
abr(b)/(p—3),wherer(b) :=p—-3—(p— 2)b+bP2 and r(1) =0and r'(b) =
—(p—2)(1 —bP3) <0forb e (0, 1), so that & > 0.
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Define the real-valued measure A = A, 5 by the condition

[ raao
R

e - ab
(68) =¢ef(0)+abf(®b) — Hlb— 8.5+ 8]) Jio—s.oms1 f (u) H (du)

/ £ () H (du)
[1-8,1+6]

1
CH(1-=5,1+68)

for all locally bounded (say) Borel functions f:R — R, where § is any real
number in the interval (0, %), so that the denominators H([b — §,b + §])
and H([1 — 6,1 + 8]) are strictly positive, and the intervals [b — §, b + §] and
[1 -6, 1+ 8] are disjoint, in view of the assumptions {b, b1} C supp H and b; = 1.
For ¢t € [0, 00), let now

(69) Hl‘ =g s = H+tA.

This measure is nonnegative for all ¢ € [0, #p], where

. 1
o= min( 2 H (8.5 31) ({1 5,1 +5)) >0

By Lemma 2.5,
. .. EX+Ypg |T—EX+Yy|?
lim lim =
§10 110 t

1
=/0 ds(1 — 5)[eh(0) + abh(sb) — abh(sb) — h(s)].

where the function 4 is still defined by (61).
Letting further a | 0 and using Lemma 2.4, one obtains

EIX + Yy . |9—E|X + Yg|?
2= L tim Limtim B Hu| | |
b2 al0a 8§10 t,0 t

(70) X
=/(; ds(1 —s)F(b,s),

where, in view of (67), (65), (34) and (35),

F(b,s):= b—IZ%[eh(O) + abh(sb) — abh(sb) — h(s)]‘

a=0

1
- ﬁ{(bp_l + (p — 2)k) (h(s) — h(0)) — b(h(sb) — h(0)) — ksh'(s)}

_ _ pp3
h(sb) h(0)+1 b

(71) = h(s) —h(0) — 5 b3

[h(s) — h(0) — sh'(s)]
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1 1
:/ das[h/(as)—h’(ozsb)]—/ duuP~*s*(R1h)(s; —s)
0 b
1 1 1 1
:/ dasas/ duh”(uas)—/ duup_4s2/ do(1 —0)h' (s — Os)
0 b b 0

1 1
= 5’ / du / do a[h” (uas) — u?~*h" (@s)).
b 0
By (61) and Lemma 2.4, for x € R and u € (0, c0)
ud=*n" (x)
q(g—1(g—2)(g—3)

where ¥, () := Elv +uW|?~* forall v € R and W := X + Y. Note that, in view
of the condition EX = 0 and the definition (33), EW = 0. Also, EW?2 > 0, because
cardsupp H > 2 > 0 and hence H # 0 and thus the r.v. Yy is nondegenerate. Also,
clearly 2 > 0. Therefore and because p > g > 5, for all u, @ and s in (0, 1)

= Yux (),

B (uas) — uP~*h" (as) | h(uas) — ud=*h" (as)
q(q—D(g—2)(q—-3) ~ q(@—1D(q—2)(qg—3)
= VYuas(1) — Yuas ().

Recalling that ¢ > 5, one sees that for each v € (0, 0o) the function ¥, is convex,
with ¥, (0) =0and ¥/ (0) = (g —4)(g — 5)EW?2v?~6 > 0. This implies that v, ()
is strictly increasing in # > 0, which shows that the expression ;45 (1) — ¥yqs (1)
in (72) is strictly positive. Thus, by (70), (71) and (72), .£ > 0. Now (64) implies
that eventually

(72)

yp,q;SA,fB,X;M =E|IX+ Y[-1|q <E|X + YHa,a,t|q'

In this context, we say that an assertion &/’ = .7, s ; holds “eventually” if Jag €
(0, 00) Va € (0, ap) 35} € (0,00) VY6 € (0,6) Ttq5 € (0,10) Yt € (0, 14,8) Ay 5.
holds.

Thus, we obtain a contradiction with the definition of %%}, ;. <a,<B x;m in (52),
because, as we shall check in moment, H, s ; € 7). <a,<p.m eventually. Indeed,
by (68), (67), and (65),

AA(dx):s-i—le;—ab—l
=a(b—b""" = (p—2)k)
+ (1 —ka)(1 +a[b? '+ (p— Dk]) —ab — 1

<ab—a(B? 4+ (p—2k) + 14+ [P+ (p — 2)k]a —ab — 1
=0,
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so that
(73) /Ha,g,t(dx)zf H(dx)+t/ A(dx)</ H(dx) = B.
R R R R
Similarly,
lim/ X7 2Adx) = abP ' —ab? ' — 1 <0,
§40 JR

where the inequality holds eventually, for all small enough a > 0. Indeed, in view
of (67), this inequality can be rewritten as

(74) fr@) =1+ +ru]d—u—0A+yu) <0,

withr:=p — 1> 0, u :=ka, and y :=b"/k > 0. Note that eventually u € (0, 1).
To verify inequality (74) for such u, note that f, (u) decreases in y, so that w.l.o.g.
y = 0. The inequality fo(u) < 0 is equivalent to In(1 + ru) 4+ rIn(1 — u) < 0,
which is easy to check for u € (0, 1) by differentiation. It follows that [cf. (73)]
Je1x1P~2Hy 5.,(dx) < [ |x|P~2H (dx) = A eventually.

Also, the conditions H € J).<a <p.;m, {b,b1} C suppH and by =1 im-
ply supp H € [-M, M] and hence M > 1. So, supp H, 5,; < supp H U {0, b} C
[—M, M] eventually, in view of (67).

By (48), we conclude that indeed H, s,; € 7). <a,<p;m eventually. Thus, in-
deed the assumption that there exist b and b; such that 0 < b < b; < 00 and
{b, b1} C supp H leads to a contradiction, which proves the first inequality in (55).
The second inequality there can be proved quite similarly or, alternatively, quickly
obtained from the first one by a reflection. [J

PROOF OF PROPOSITION 2.10. The proof is somewhat similar to that Propo-
sition 2.9. Suppose that, to the contrary,

(75) o:=,/H({0}) > 0.

On the other hand, recalling definition (47) of .77} s, ;i and the conditions H €
Hp.A,8:m and A > 0, one sees that necessarily supp H \ {0} # &. So, in view of
possible rescaling and reflection, w.l.o.g.

1 esupp H.

Take now any 8 € (0, (Z—j)l/(f’_z)), so that

_ B 1
(76) 8._p_2e<0,p_1)c(0,1).

Introduce then

. lI=(p—1e

a:=—"
(1—¢)p

(77) and b:=1—c¢.
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Define the real-valued measure A := Ag 5 by the condition

1 1 .-
/Rf(u)A(du) =3B+ 5 (=) = f(O) +abf(b)

1
CH(1-5,1+6)

(78)

/ F(u) H(du)
[1—8,145]

for all locally bounded (say) Borel functions f:R — R, where § is any positive
real number, so that H([1 — 5,1+ 8]) > 0. For o as in (75), let

to:=0>AH([1—38,1+38]).
Then 79 > 0 and for all ¢ € [0, #y] the measure
(79) H;:=Hgs::=H+1tA
is nonnegative. By Lemma 2.5,

EIX + Yn,, 17 —EIX + Yy |9
t

ZL(B) = %1{8%61
(80) . . .
= / ds(1 — s)[ih(sﬁ) + 5h(—sﬂ) — h(0) + abh(sbh) — h(s)],
0
where /£ is still defined by (61). Let now g | 0. Then, in view of (77) and (76),
the expression abh(sb) — h(s) in (80) is O(¢e) = O(,BP_Z) = o(,82) uniformly

over s € [0, 1]. Concerning the other part of the expression in the brackets in (80),
by (34) and (35),

1 1 u?

Eh(u) + Eh(—u) —h(0) = ?[(th)(o; u) + (R1h)(0; —u)]

uz ! Va
= 7_/_1dv(1 — [v)h" (vu)

for all u € R. So,

2 1 1
L(B) = %fo ds(1 —s)s2/_ldv(1 — [v)h" (vsB) + o(B?),

whence
EIX+7Y 9 —E|X +Yyld
limlim lim | Hpo| | Hl —1"(0) = 4! <‘1) E|W[I—4,
pLOSL0 110 B>t/24 4

where W = X + Yy, which is a nondegenerate r.v., so that E|W|?9~* > 0.
Now (64) implies that eventually

yp,q;sA,sB,X:M = E|X+ YH|q < E|X+ YHﬂ,g,[lq'
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In this context, we say that an assertion &/ = /g5, holds “eventually” if
3By € (0, (i—j)l/@—% VB € (0, o) 385 € (0,00) V8 € (0,8%) Ftps € (0, 10)
vt e (0, tﬂ,tS) JZ/,&&, holds.

Thus, we obtain a contradiction with the definition of .%), 4. <4, <p x;m in (52),
because, as we shall check in moment, Hg s, € 5).<a,<p;m eventually. Indeed,
by (78) and (77),

1—(p—1e

T — -1 —1<0,

/ A(dx)=ab—1=
R
so that

/RHﬁ’SJ(dx) :/RH(dx) —I—tA{A(dx) < /RH(dx) <B,
by (79) and (48). Next, by (77),

lim / Ix|P 72 A(dx)
R

510
~ 1—(p—1
:ﬂp—2+&bp—1—1:(p—2)s+7l(p )¢ —1
—¢&
—2)g2
:—%—n<0.
—¢&

It follows that eventually
[ 15172 Hp .0 (d0)
R

:/ |x|p_2H(dx)+t/ |x|p_2A(dx)</ Ix|P"2H(dx) < A,
R R R

again by (79) and (48).

Also, the conditions H € .7}, <a,<p.u and 1 € supp H imply M > 1. So, even-
tually supp Hg, s, C supp H U {8, —B, b} C [—M, M] in view of (77).

By (48), we conclude that indeed Hg s, € ¢),<a,<p;m eventually. Thus, as-
sumption (75) leads to a contradiction. [

PROOF OF PROPOSITION 2.11. By Propositions 2.9 and 2.10 and the condi-
tion suppH C (—M, M),

(81) H = wide, +wad_,

for some ¢ and ¢ in the interval (0, M) and some nonnegative real w; and w»
such that

(82) wi+wy=B and cffzwl-l—cgdwz:A.
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It is enough to show that w; A wy = 0. To obtain a contradiction, suppose the
contrary,
(83) w:=w; Awy > 0.
Then, by the implicit function theorem, there exist a real number 7, > 0 and an
infinitely differentiable mapping (—t4, 74) T — (¢1(1), ¢2(7)) such that
(84) c1(0) =cy, c2(0) = c2,

and for each 7 € (—1, 7,) one has ¢} ()¢5 (t) #0,
85) 0<&i(1),&(t) <M and &P 2+E@)P 2= 4077

(In this case, this mapping could also be defined explicitly, e.g., by the for-
mulas ¢;(t) = (cf*2 + 0)/?P=2 and é&(r) = (cgf2 — /=2 with 7, =
%min[M”*2 — cf_z,Mp*2 — cg_Z,cf_z,cg_z].) Note that the condition
E/l ()¢5 (7) # 0, taken together with (85), implies

(86) & (1)é& (1) <.

By choosing a possibly smaller real t, > 0, let us assume w.l.o.g. that, on the
interval (—t4, T4), the derivatives of any order of the functions ¢; and ¢; are each
uniformly continuous and hence bounded, and also that the functions ¢; and ¢, are
each positive and bounded away from 0.

For each t € (—1y, 1), introduce the real-valued measure

(87) Ar =68z (1) +0_¢y(x) — 8c; — b—c,

and then the measures

(88) Hi . =H4+1tA; fort e (—w, w),

where w is as in (83). By (47), (45), (81), (82) and (85), these measures are all
in 7). A 8-

In the rest of this proof, it is assumed that T € (—74, Tx), f € (—w, w), {j, k, £} C
{1,2, 3,4}, and x € R—unless otherwise indicated.
Letting now

(89) gr-(x):=Elx+ X +7Yy, |9,
then using Lemma 2.5 and recalling (87), one has
02812 (0)
D(r) = ——5—
(7) o g
(90) = /Q;L(da)) /RZ Ar(du) A (dur)h(x + suy + tun)

=/mmmmx
Q
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where
Q:=(0,1)% xR, w:=(s,1,x) €,
91) w(dw) :=drds(1 —1)(1 — s)P(X + Yy € dx),
4
92) Fu(t):= Y vjukh(x +sbj(t) + th (1)),
jk=1
93) h(x) = 4! <Z) |x]7~4
(94) (U],UQ,U},U:].):: (1’17_1’_1)’

(95)  (b1(2), ba(1), b3(7), ba(7)) := (€1(7), —C2(7), €1, —C2).
Next,

4
(96) D)= vjuPji(1),
Jj.k=1
where
97) Djk(v) = fQ p(dw)h(x +sbj () + th(t)).
By Lemma 2.4,
8 ' = d
(98) 7540 = [ wdo)f@. ).
where

99) f(w,71):= fjx(w,1):=h"(x +sbj(r) + tbk(r))[sb} (7) + b (7)),

which is clearly bounded in (w, ) € Q X (—14, 74). For each ¢ € [0, 00), introduce
the set

(100) Q¢ :=Qj e :={w=0(s,1,x) € Q:|x + 5b;(0) + 1b; (0)| > ¢}.

Since b;(t) is uniformly continuous in T € (—74, T4) for each j, one sees that
|x + sbj(t) + tbi(t)| is continuous in T uniformly over all (w, 7, j, k) € 2 X
(=74, T4) X {1,2,3,4} x {1,2,3,4}. So, by further decreasing (if necessary) the
value of 7, > 0, let us assume, again w.l.o.g., that

(101)  |x +sbj(t) + tbi(7)| > &/2 for all (w, T) € Qe X (—Ty, Tx),
(102)  |x +sbj(r) +1be(r)| <2¢ for all (w, 1) € (2\ Q) X (—Ty, T).
By (99), for (w, 1) € Q¢ X (—T«, T4), the partial derivative of f(w, 7) in T is
(103) (02 /) (@, 7) = Di(w, 7) + D2 (w, 7),
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where
Di(w, 1) :=h'(x +sbj(r) + tbk(t))[sb’j/(‘c) +1b} (7)],

Day(,7) = " (x +5b; (1) + tb(0)) [sb;(v) + b}, (D)]
In view of the condition g > 5, definition (93), inequality (101), and the bounded-
ness of all the derivatives of the functions b; on the interval (—ty, 74),
|Di(w,7)] < K(1+]x97°) and

(104) |Dy(w, 7)| < K(1 + [x|@O+ 4 g~ 6=+
forall (w, T) € Qg X (—Ty, Te);

here and in the rest of this proof, K denotes various positive real constants which
do not depend on w, 7, or €. So, by (103),

[(32.f) (@, T)| < ge(@) 1= K (1 + |x]77° + £~ 679))
(105)
for all (w, T) € Q¢ X (—Ty, Tx).

By (88), (81), (87), (56), and (14), ]Qg |di]|ge < 0o, where w is still as in (91).
Next, by (104) and dominated convergence,

(106) sup |n(dw)Di(w, )| —> 0.
Qe el0

TE(—T4,T4)

Further, [Dy(w, 7)| < K|x +sbj(t) + tbk(r)|‘1_6 for all (w, 1) € Qo X (—Ty, T4),
whence, by (102), with v(dx) :=P(X 4 Yg € dx),

[ @) D2, )
Q\Q:

1 1
51{/ dt/ v(dx)/ ds|x + sbj(z) + thp(7)[77°
0 R 0

x H|x +sbj(v) + thi(1)| < 26}

1 1 _ 2K (2¢)173
K 9-61 el = 0
< /(; dt/Rv(dx)bj(T)/Rdv|v| {lv] <2¢} b 0@ =3) %0 0

uniformly in T € (—74, 74), since the functions b; are bounded away from O on
(—T4, 7+). Combining this with (103) and (106), one has

sup |1£(dw) (3. f) (@, T)| —> 0.
\ Qe €40

TE(—Tx,Tx)
Therefore and by (105), one may use Lemma 2.3 together with (98) and (99)
to conclude that 9}/’,((0) = Jo u(da))%h(x + sbj(t) + thr(7))|r=0 and hence,
by (96), (97) and (92),

(107) 7'0) = [ wdw) F0)
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that is, we have shown that the second integral expression of Z(t) in (90) can
be twice differentiated (at least at = 0) under the integral sign to obtain the
corresponding integral expression of 2”(0). Note here that F, (0) is defined only
for w € mj‘,k:l Q2 r;0, where €2 ;.o is understood according to (100). However,
this causes no problem, since (€2 '\ ﬂ?,k:] Q0 =0.

In view of (92), (93), (94), (95), and (84), it is straightforward but tedious to
check that

(108)  Fy,(0) =0,
(109)  F,(0)=0,

o F(0) =2st{h" (x — (s + 1)c2)&(0)* + 1" (x + (s + 1)c1) &) (0)?
o —[1"(x +sc1 —te) + h"(x — sca + te1)]E1 (005 (0)}
forall w € ﬂj k=1 $2; k;0- The equality in (109) in fact holds for all w € €2 and any
continuously differentiable function /4, not necessarily the one defined by (93),
whereas the equality in (108) holds for any function 4 : R — R whatsoever.

By (93), h”(z) > 0 for all real z # 0. So, by (110) and (86), F/(0) > 0
for all w € ﬂ‘}’k:] Q2 ;0. It follows by (90), (108), (109), and Lemma 2.4 that
2(0) = 2'(0) = 0, whereas, by (107), 2”(0) > 0 and hence Z(t) > 0 for some
T € (—14, T) (in fact for all nonzero t close enough to 0). Take any such 7. Then,
by (90),

3%g:.2(0)
a2 t=0

which implies that go - (0) < g—; :(0) v g;(0) if || is small enough. In view
of (88) and (89), this means that for all r € (—w, w) with small enough |z|,

EIX+ Yy’ =E|X + YHO,T|p <EIX+7Yy, . IP VEIX+Yg, |7,

=9(1) >0,

which is a contradiction, in view of the conditions H € J% 4.4 B;x;m and
H; : € 7. a,p;m for all (7,1) € (=74, 74) X (—w, w), and the definition (54) of
K pg:a, B x;m- U

PROOF OF PROPOSITION 2.12.  Since |cz| — o0, w.l.o.g. ¢ # Q So, the def-
inition Ay := wz/c% makes sense, and A, € [0, 00). If A, =0, let IT;, := 0. So,

Yu D legcl + Czﬁxz and hence

(0,0)
(111) EX+YuT=)"T;,
j=0

where

q

by :
T = J%E|X + Yuys., +c2(j — 22)
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ettin =1 even if A» = 0. So, in view o e conditions |[cp| — oo,

letting A9 := 1 fa=0.8 f th dit

lc219 2wy — a, w; + wy = B, and ¢; — b, one has wy — 0, w; — B, 1 — 0,
D .

le(gcl — Yps,, c2h2 = 0, |c2|7h2 — a, |cz|qk% — 0, whence, by dominated

convergence,

To — E|X + Ygs, |,
(112) ) 1
Ti = E|3/7(X + Yuys,) + (le2l732) " signes (1 = 10)| — a.

Also, eventually A € [0, 1] and hence

(113) 21"Z|T|<AZZ E|X+le5 |Q+|cz|‘1x22 —>0
Jj=2 Jj= =/ Jj= =/

Combining (111), (112), (113) and recalling that Ay — 0, one completes the proof.
O

2.6. Conclusion of the proof of Theorem 1.3. Consider first the case when X
is bounded and

(114) 5<q<p.

Recall definition (54) of JZ, , 4.4, x;m- By Propositions 2.11 and 2.10, for
each real M as in (50), either JZ, , 4.4 B.x;m S {B3¢, BS_} or there is some

Hy m € H p g A,B; x;m sSuch that supp Hy y = {—c2,m, c1,m} for some real ¢y
and c2, i such that 0 <cimy Acom <ci,mV com = M. So, wlo.g. one of the
following two cases holds:

Case 1. I pg.a.B:x:m S{B3., BS_} for all real M > c.
Case 2. There exist sequences (My) in [c, 00), (by) in [0, c], (w1 ) in [0, B],
and (wz ) in [0, B] such that My 1 oo, and for all k one has Hy := wj «dpm, +
-2 -2
W2 k8—by € H pgi A, B: X:My> Wik + Wa k= B,and by “wi g + MP “wo = A.

In case 1, by (54),

yp,q;A,B;XQM = maX(E|X + Y885|q, E|X + YBS—clq)
(115)
for all real M > c.

Let us show that (115) holds in case 2 as well. W.l.o.g., by — b for some b €

[0, c]. Also, 0 < MY wyy < Mg*# — 0, by the condition ¢ < p in (114).
k
So, by Proposition 2.12,

(116) EIX+ Yy |? > E|X+Yps ,|9.
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Since Hy € H; pg.a,B;x:M, and % 4.4 B:x;m 1S obviously nondecreasing in
M > 0, it now follows that

sup Sy g:a.8:x:m = E|IX + Yps_, |1
M=>0
(117)

= yp,q;BbP_z.B;X;c < Zp.q:A,B: X;c-

The last inequality follows by Proposition 2.8, because b € [0, c] and hence
BbP~2 < BcP~2 = A. Moreover, if b € [0, ¢) then, again by Proposition 2.8, the
last inequality in (117) is strict, which is a contradiction. Thus, necessarily b = c,
and so, by the equality in (117), (115) holds in case 2 as well, because obviously
g AB:x;M = E|X +Yps, | for all real M > c.

Take now any real M > ¢ and any H € J7,,<a <p.m. Then, by (115), (53),
and (52),

(118) EIX + Yy|? <max(E|X + Yps, |7, E|X + YBs_|)

—provided that g € (5, p). Since E|X + Yy |? is continuous in g € (0, co) [cf. the
second equality in (57)], inequality (118) holds for all ¢ € [5, p]—provided that
p>5.

Let us show that (118) holds when p =5 (and then ¢ = 5 as well). Take any
H € 76 <A <p.m and any sequence (p,) in (5, 00) such that p, | 5 as n — oo.
Then |x|?»~% — |x|>~2 uniformly in x € [—M, M] and hence

An::Av/ﬂxwaH«u) —> AAV/WﬂyﬁH«u)=A.
R R

So, recalling (11) and letting b, := c¢p, (A, B), one has b, — c. Also, clearly
H € J,,.<a, <p;m for all n. Therefore, by (118) with g =5,

EIX + Yyl < max(E|X + Yas,, |°,EIX + Yas_, I°)
(119)
— max(E|X + Ygs.I°, EIX + Yps_I°).

Thus, indeed (118) holds when p =¢g =5.

Take now any X = (X1, ..., X,) € Z).x;<4,<p and abandon the assumption
that the r.v. X is bounded. Let X¢ := X. By Proposition 2.2, for each i € {0, ..., n}
and each real M > 0 there is a truncated version X; ps of X; such that:

(i) EXim=0;
() [Ximl =M A|Xil;
(i) Ef(X; m) <Ef(X;) for all convex functions f:R — R;
(iv) X, m — X; a.s.as M — oo;
(v) Xo.m, ..., Xn m are independent.

Then obviously
(120) XMy Xum) € Zpix:<a,<B-



2540 1. PINELIS

Letting now Sy := X1, m + --- + X M, one also has [Xoy + Sul|? < (n +
DI (1 Xoml? 4+ X1 IXeml9) < (n+ DI71(X|9 + X7 1X:]9). So, by dominated
convergence,

(121) E|Xom+ Sul? — E|X + Sx|9.
M— o0
On the other hand, by Theorem A (with E[X¢ 3s + - |” and X; ps in place of f
and X;) and (33),
(122) ElXo,m + Sul|? <E|Xo,m + Ya, 17,

where
n
H, v (E) ::/ X2 P(Xju €dx)
E
1

for all Borel sets E C R. It follows from (120) that the measure H, p is in
Hp.<a,<p;m- By (122), (118) (proved for bounded X and H € 7}, <4 <p.m) and
item (iii) on page 2539,

ElXom + Sul? <E|Xom + Y, 17
< max(E|Xo,» + YBs.|?, E|Xo,m + YBs_.|9)
< max(E|X + Yps, |7, E|X + Yps_.|9)
= max(E|X + Il |9, E|X — Cﬁﬂq),

where again A and c are as in (11).
Now (121) yields

(123) E|X + Sx|? <max(E|X + cIT;]9, E|X — cIT;|9).

Thus, the first supremum in (16) is no greater than the right-hand side of (123).

To complete the proof of Theorem 1.3, it remains to note that the second supre-
mum in (16) is no less than the right-hand side of (123). Indeed, by Lemma 2.1
with G = Ad., one has a sequence (Z,) in Z). 4 p such that Sz, i) cl:IA. Now,
by the Fatou lemma for the convergence in distribution (Theorem 5.3 in [2]),
liminf, E|X + Sz,19 > E|X + cI1,.|4, so that the second supremum in (16) is no
less than E| X +cIy, |9. Quite similarly, that supremum is no less than E| X — eI, |,
and thus it is indeed no less than the right-hand side of (123).

3. Other proofs.
PROOF OF PROPOSITION 1.1.  That @ # 2. 4 p is part of Lemma 2.1, and

the inclusion 2. 4 p © 2, <4, <p is trivial. The homogeneity property holds be-
cause for any X € 2, 4 p and any real k > 0, one has kX € 27, p 4 25
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Now it follows easily by Jensen’s inequality that &), 4 p is nondecreasing in A
and in B. Indeed, let us first take any Ac (0, A) and Be (0, B). Take then any in-
dependent finite sequences X = (X1, ..., X,) € %pﬁ gand Y= (Yy,...,Yy) €
%p; A—AB_B by the already verified first sentence of Proposition 1.1, such
X and Y exist. Then Z := (Xy,..., X,, Y1,...,Yn) € Z). 4, 5. Moreover, by
Jense~n’s inequality, ?lelp < E|Sx + Sy|? =E|Sz|”. Thus, éap;g,g < &p.a,B, for
any A € (0, A) and B € (0, B).

This and the homogeneity property in turn imply that & piAB S é"p; KPAKIB =
kP&, 4, for any B € (0, B] and any real « > 1. Letting now « | 1 and recalling
that, by (7), &.4,8 < 00, one conch~1des that éap;A,g < &p.a,p forany B € (0, B].
Similarly, gp;A,B < &p;a,p forany A € (0, A]. Thus, indeed &), 4, p is nondecreas-
ing in A and in B. Now (8) immediately follows. [J

PROOF OF PROPOSITION 1.2. For brevity, let K4 p := max(y A, Bp/z)l/p.
Then A/Kf’B <1/y, B/K%’B < 1, and, in view of (9) and the homogeneity and
monotonicity properties of &), 4, g presented in Proposition 1.1,

Cpy = A?};EO Ky 's6pan= A?glioéop;A/Kﬁ,B,B/KjB < Ep1jy.1-
On the other hand, by (9), &.1/y,1 < Cp,,. Thus, the first equality in Proposi-
tion 1.2 is verified.

The second equality there easily follows from (and in fact is equivalent to) the
first one. Indeed, choosing y = BP?/?/ A and using again the homogeneity property,
one has &p.a,5 = BP/*Ep.1.1 = BP/2Cpyryy = BPI2C gy . O

PROOF OF THEOREM 1.5. Take any X € 2. x.<a,<p. Let 0 := /VarSx, so
that o € [0, v/B]. If o = 0 then, by Jensen’s inequality, E| X + Sx|? = E|X|P <
E|X + B'/2Z|P < A+ E|X + B'/2Z|?, whence

(124) EIX + Sx|” < A+E|X + B'?Z|”.

Suppose now that o 7 0. Define the function f by the formula f(x) := %

for all x € R. Using Lemma 2.4, it is easy to see that f”(x) = E|X /o + x|P~2 for
all x € R, and hence the function f is in the class .%, defined on page 515 from
[31]. It follows by Theorem 2 in [31], and Jensen’s inequality that E|X + Sx|” <
EIX4+0Z|P+A<E|X+0Z+~B—02Z|P+A=E|X+B'/2Z|’ + A, where
Z1~ N(0,1). So, inequality (124) holds as well in the case o # 0. Thus, the first
supremum in (18) is no greater than A + E|X + B'/2Z|?.

It remains to show that the second supremum in (18) is no less than A +
E|X + B!/2Z|P. Recall (20) and take any quadruple (ci, ¢z, A1,A2) € Op.a,B.
By Lemma 2.1 with G = A18¢, + A28.,, one has a sequence (Z,) in 2.4 5
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such that Sz, £> cll:IM + c21:IA2. By the Fatou lemma (Theorem 5.3 in [2]),
liminf, E[X + Sz,|” > E|X + cll:IM + czl:I;L2|p, so that the second supremum in
(18) is no less than E| X + ¢ I:IX1 —|—021:IM|1’, for any (c1, c2, A1, A2) € Qp:4,B- So,
by Proposition 1.6 (whose proof does not rely on Theorem 1.5), this supremum is
indeed no less than A + E|X + B'/2z|P. O

PROOF OF PROPOSITION 1.6. Let the quadruple (c1,c2,A1,42) € Qp.a,B
vary as in (19), so that ¢; — 0 and |cz| — oo. For j € {1,2}, let w; := c%)»j,

so that wy + wy = B, |c1|P 2w + |c2|P 2wy = A and clflk1 + czl:[A2 D Yy
with H := wid., + w2d,. It follows that lc11P~ 2w < |e1|P~2B — 0 and hence
lc2|P~2wy — A. It remains to refer to Proposition 2.12 (with g = p), since

Yss, = B2Z. O

PROOF OF COROLLARY 1.7. The first equality in (21) follows immediately
by Theorems 1.3 and 1.5. Also, by Lemma 2.1 with G = A{§., + A28., and the
Fatou lemma (Theorem 5.3 in [2]), E| X + ¢ I A o I 1,17 is no greater than the
second supremum in (21), for each (c1, 2, A1,A2) € Qp;a,B- So, the last supre-
mum in (21) is no greater than the first two ones there.

On the other hand, the last supremum in (21) is obviously no less than
the maximum in (16), and, by Proposition 1.6, this supremum is no less than
A+ E|X + B'2Z|P. So, by Theorems 1.3 and 1.5, the last supremum in (21)
is no less than the first two ones there. [

PROOF OF THEOREM 1.8. This proof is analogous to that of Theorem 1.3 and
even significantly simpler overall, since analogues of Propositions 2.11 and 2.12
are not needed here. In the proofs of the analogues of Propositions 2.8, 2.9,
and 2.10, one should use the symmetrized real-valued measure A(du) + A(—du)
in place of A(du). U
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