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ZERO-TEMPERATURE LIMIT OF THE KAWASAKI DYNAMICS
FOR THE ISING LATTICE GAS IN A LARGE
TWO-DIMENSIONAL TORUS

BY B. Gois AND C. LANDIM
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We consider the Kawasaki dynamics at inverse temperature B for the
Ising lattice gas on a two-dimensional square of length 2L + 1 with periodic
boundary conditions. We assume that initially the particles form a square
of length n, which may increase, as well as L, with 8. We show that in a
proper time scale the particles form almost always a square and that the center
of mass of the square evolves as a Brownian motion when the temperature
vanishes.

1. Introduction and main results. We introduced in [1, 4] a general method
to describe the asymptotic evolution of one-parameter families of continuous-time
Markov chains among the ground states or from high energy sets to lower energy
sets. This method has been successfully applied in two situations. For zero-range
dynamics on a finite set which exhibit condensation [3, 19], and for random walks
evolving among random traps [17, 18]. In the first model, the chain admits a finite
number of ground sets and one can prove that in an appropriate time scale the
process evolves as a finite state Markov chain, each state corresponding to a ground
set of the original chain. In the second model, there is a countable number of
ground states and one can prove that in a certain time scale the process evolves as
a continuous-time Markov chain in a countable state space, each point representing
one of the ground states. In this paper, which follows [2, 5], we investigate a third
case, where the limit dynamics is a continuous process.

We consider the Ising lattice gas on a torus subjected to a Kawasaki dynamics at

inverse temperature 8. Let T; ={—L, ..., L}z, L > 1, be a square with periodic
boundary conditions. Denote by T the set of bonds of T . This is the set of
unordered pairs {x, y} of Ty such that |x — y|| = 1, where || - || stands for the

Euclidean distance. The configurations are denoted by n = {n(x) : x € T}, where
n(x) = 1 if site x is occupied and 5 (x) = 0 if site x is vacant. The Hamiltonian H,
defined on the state space Q7 = {0, 1}T~, is given by

-Hm= Y nx)n®.

{x,y}eT}
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The Gibbs measure at inverse temperature 8 associated to the Hamiltonian H,
denoted by g, is given by

1 s

up(n) = Z

where Zg is the normalizing partition function.

We consider the continuous-time Markov chain {nf :t >0} on 21 whose gen-
erator Lg acts on functions f:Q; — R as

(LgH =D cxymf(e™n) = ],

{x,y}eT]

where o*Yn is the configuration obtained from 7 by exchanging the occupation
variables n(x) and n(y):

77(2), ifZ;ﬁx,y,
(@ n)@={n0), ifz=x,
U(x)» 1fZ=y

The rates ¢, are given by

Cx,y(’?) = CXP{—ﬁ[H(UX’yn) - H(n)]+},

and [a]+, a € R, stands for the positive part of a: [a]+ = max{a, 0}. We sometimes
represent nf by n?(t) and we frequently omit the index S of nf .

A simple computation shows that the Markov process {n;:¢ > 0} is reversible
with respect to the Gibbs measures ©g, B > 0, and ergodic on each irreducible
component formed by the configurations with a fixed total number of particles. Let
Qrrk={meQr:X er, n(x) =K}, 0=<K <|T.|, and denote by ug = ug x
the Gibbs measure g conditioned on 7, g:

_e*ﬁH(n)’

nek,
Zﬁy[(

pk(n) =
where Zx = Zg g is the normalizing constant Zg = ZneQL,K exp{—pBH(n)}.

Let D(R4, Q2 k) be the space of right-continuous with left limits trajecto-
ries e: Ry — @ g endowed with the Skorohod topology. For each configuration
n € Qr k, denote by Pg the probability measure on D(R, €, ) induced by the
Markov process {n; : t > 0} starting from 1. Expectation with respect to Pg is rep-
resented by E’g Sometimes we omit the index 8 in the notation. The reader should
be warned that we consider in this article two types of asymptotics involving the
probability measure Pg . In Section 3, for example, we examine the limit of certain
events in the case where the set Ty and the number of particles K are fixed while
B 1 oo. In contrast, in all theorem stated in this section L and K depend on 8.
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Assume from now on that K = n? for some n > 1. Denote by Q the square
{0,....n—1} x{0,...,n — 1}. For x € Ty, let Ox =x + QO and let n* be the
configuration in which all sites of the square Qy are occupied. Denote by I" the set
of square configurations

I={n*:xeTL}.

A simple computation [5] shows that if L > 2n the ground states of the energy H
in Qg are the square configurations

Hmin := min H(n) =H(n*) = —2n(n — 1),
neQ

and H(n) > —2n(n — 1) foralln € Qp g \T.

We examine in this article the asymptotic evolution of the Markov process
{n; :t = 0} among the |T | ground states {n*:x € T} as the temperature vanishes,
while the volume and the number of particles increase not too fast.

The trace process on I'.  Denote by &(¢) the trace of the process n(¢) on I' and
by rg(x,y) = Re(n*, n¥) the jump rates of the trace process £(¢). By symmetry, it
is clear that rg(x,y) = rg(0,y — X) =:rg(y — X).

Let X(n*) =x, x € Ty, so that X () = X(&(¢)) is a random walk on T; which
jumps from x to y at rate rg(y — x) and which starts from the origin. Denote by
X1(t), X2(t) the components of X (7) and by N} the number of jumps of size x
performed by the random walk X (s) in the time interval [0, ¢]. Since, by symmetry,
rg(—x) =rg(x),

X)) —=XO0)= > xN= Y x{N\—rgxt}= Y xM},

XGTL XETL XGTL

where MY, x € T, are orthogonal martingales with quadratic variation (M*),
equal to rg(x)z. Hence, if we represent by (X1);, (X2); the predictable quadratic
variations of the components of the random walk X (),

(1.1) (X1 + (X2 =Y IxIPrpt.
XGTL

Let

1 1 1
(12) g CE[|X O] = Ep[(X0), + (X2 ] = 3 IxlPrp00.

XETL

Hence, 65 !'is the diffusion constant of the centre of the square, that is, the mean-
square displacement per unit of time. We prove in Section 9 that under the assump-
tion that

(1.3) lim n*L?e P =0,

p—00
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there exist constants 0 < ¢y < Cg < 00, independent of 8, such that
n

(1.4) coﬁezﬂ <6 < Con*e*P.

We adopt this convention throughout the paper, 0 < cg < Co < 00 are constants
independent of 8 whose value may change from line to line. Let

(1.5) e(B) =Le P17 + \/n7[n4e_ﬂ +nLe=h/2],

which is the order of the error which appears in Proposition 5.2. Under the stronger
assumption that

2

L
(1.6) lim sup —2e(,8) < 00,
B—oo N
we have that
1
(1.7) co—e*P <0 < Con’e?’.
n

We comment below in Remark 1.4 on the exact order of 6. Entropy effects, ev-
idenced by the presence of many paths of the same cost connecting two ground
states, turn the estimation of 64 into hard problem.

THEOREM 1.1. Assume that no = n° and that L = L(B), n = n(B) depend on
the temperature. Consider a sequence £ = £(f) such that 1 < £ < L, and assume
that

(1.8) lim ¢LOge Pe(B) =0,
B—o0
and that for all § > 0,
(1.9) lim £(€+n)fge*Pe=0" =0,
B—o00

Let ZP(t) = X(t6295)/£. Then, as B — oo, ZP(t) converges in the Skorohod
topology to a Brownian motion.

If £ = L, the limiting Brownian motion evolves on the two-dimensional torus
[—1, 1)2, while if £ < L, the limiting Brownian motion evolves on R2. We discuss
in Remark 1.5 the assumptions (1.8) and (1.9).

Energy landscape. Denote by H;, j > 0, the set of configurations with energy
equal to Hpin + j = —2n(n —1) + j:

Hj = {77 € QL,K :H(n) = Hpin + ]},
and let

(1.10) Aj={neQr k:Hn) > Hnin + j},



KAWASAKI DYNAMICS AT LOW TEMPERATURE 2155

FIG. 1. The energy landscape of the Kawasaki dynamics at low temperature. I" represents the set of
ground states, 7, 1 < j <4, disjoint subsets of Hy, X; i+1, 0 <i <3, disjoint subsets of Hj, and
Qc=H; \ [U15j54 Q/, B¢ = Ho \ [Uo<i<3 Zii+1]- At low temperatures, during an excursion
between two ground states, with probability very close to 1, the process does not visit the set Ay and
all the analysis is reduced to the lower-left portion of the picture.

so that Hp =T and {Hy;, A;} forms a partition of the set 2 g, where H;; =
Ui <k < Hi-

We have shown in [5] that the energy landscape of the Kawasaki dynamics at
low temperature starting from a ground state configuration has the form illustrated
by Figure 1. There are subsets Q1< J <4, of H; and subsets X; j41, 0 <
j <3, of Hp, defined in Section 2, satisfying the following properties. Let 2, =
Hy \ [UJ- Q] =, =H, \ [Uj X j+1]. Denote by IT, IT" generic sets appearing in
Figure 1. The process 1; may jump from a configuration in IT to a configuration
in IT or to a configuration in IT" if IT and IT’ are joined by an edge in Figure 1.
In particular, starting from I', the process n; may only reach 2. by crossing the
set Aj.

Let E, be the set of configurations which can be reached from n° without cross-
ing the set A, B, =T"Uj<j<4 Qi Wo<j<3 Zj,j+1 in the notation of Figure 1. This
set is described in the next section and in Section 7.

THEOREM 1.2. Assume that

(1.11) Jim 0ge P (n® + LH)e P =0.
—00

Then, for every t > 0,
(1.12) lim P o[n(s) ¢ E, for some 0 <s < t@zéﬁ] =0.
B—o00 "

The set E, is small. In the next sections, we show that this set has less than
CoL?(n® 4+ L?) elements and that it is constituted of configurations whose particles
form n x n squares, (n + 1) x (n — 1) and (n 4+ 2) x (n — 2) rectangles.

Configurations whose particles form a (n + k) x (n — k) rectangle, 4 < k2 <
n + k, and whose remaining k% particles form a 1 x k? rectangle attached to one
side of the large rectangle belong to H; N ES. It follows from this observation
and from the definition of the set E,, presented in the next section, that even the
cardinality of E, N H]j is small compared to the cardinality of H.
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The previous two remarks show that in the time scale 629,3 the Kawasaki dynam-
ics is confined to a tiny portion of the state space. It is this rather simple energy
landscape which permits the analysis of the evolution of the center of mass. In
dimension 3, for example, the energy landscape is much more complicated inso-
much that, though we believe that a similar result holds, the proof requires a much
more intricated argument.

Evolution of the center of mass. Due to the periodic boundary conditions, the
center of mass of a configuration may not be well defined. However, the particles
of a configuration n € 2, \ (X¢,1 U ¥2,3) form a connected set and have, therefore,
a well defined center of mass. On the other hand, the particles of a configuration
in ¥ 1 form a square in which a particle at a corner of the square has been moved
to a site whose neighbors are vacant or became vacant after the displacement of
the particle at the corner. The detached particle may create an ambiguity in the
definition of the center of mass of 1. To avoid this problem we define the center of
mass of a configuration n € X 1 as the center of mass of the large connected com-
ponent. Of course, if 7 is large and L is not too large compared to n? the detached
particle does not affect the center of mass. This analysis extends to configurations
in ¥, 3. With the previous convention and since by Theorem 1.2 the process is
confined to E, in the time scale 229,3, we may examine the evolution of the center
of mass without ambiguity.

Denote by M(7) the center of mass of a configuration n € E, and set, say, M(§) =
0 for configurations & ¢ E,. Denote by [a] the integer part of a > 0.

THEOREM 1.3.  Assume that n(0) = n™", where n = ([n/2], [n/2]), and that
the hypotheses of Theorems 1.1 and 1.2 are in force. Suppose also that (n’ +
Lye = 0.LetMP (1) = M(n(tEZQﬁ))/Z. There exists co > 0 such that if n > co for
all B large enough, then, as B 1 oo, MP(t) converges in the Skorohod topology to
a Brownian motion.

As in Theorem 1.1, the limiting Brownian motion evolves on the torus [—1, 1)2
if ¢=LandonR?if ¢ < L.

Dynamics of the trace process &(t). To examine the evolution of the trace of
n; on the set I' of ground states, we consider the trace of n; on the larger space
E1 =T UQ'UQ3 The set Q!, defined in Section 2, is formed by configurations
whose particles form a n x n square in which one particle at the corner of the
square has been displaced and attached to one of the sides of the square. Figure 3
shows configurations in Q'. The set 3 contains all configurations whose particles
forma (n£1) x (nF 1) rectangle with an extra particle attached to one of the sides.
Figure 5 shows configurations in 3.

Figure 2 illustrates the dynamics of the trace of 1, on E; in the case n = 6,
denoted by ¢1(¢). A 1 x 1 square has been placed at each vertex occupied by a
particle and the gray square indicates the origin. The n x n squares represent the
set of configurations formed by a ground state, say n*, as well as the 4(4n — 2)
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FI1G. 2. The dynamics of the trace of ns on ' U Qluqd.

]

configurations in Q' obtained from »* by displacing a particle at the corner of the
square to one of the sides. There are 16 different types of such configurations, as
we may choose a particle from 4 corners and move it to 4 sides. Each rectangle
represents the set of 4n configurations whose particles forma (n + 1) x (n — 1)
rectangle with an extra particle attached to one of the sides.

Figure 2 presents a piece of a periodic horizontal band of the graph which de-
scribes the dynamics of ¢ (¢). To form the complete graph, one has first to replicate
this periodic horizontal band in the vertical direction to obtain a graph also peri-
odic in the vertical direction. Denote by G the graph obtained. To complete the
construction, one has to superpose G with the graph G rotated by 90°. In this ro-
tated graph, the (n + 1) x (n — 1) rectangles become (n — 1) x (n + 1) rectangles.

Recall that each square or rectangle in Figure 2 represents a set of configura-
tions. Two sets I1j, I1y are joined by a line if the process ¢1(¢#) may jump from
one configuration of I1; to a configuration in I1,. For example, ¢;(¢) jumps from
a square to the rectangle on the right and above the square by sliding the small
squares at the bottom of the square to its right side. In fact, all jumps occur from
such displacements of particle along the sides.

Figure 2 also illustrates why the trace process £(#) may have long jumps. For
this to happen, it is enough that the process ¢1(¢) jumps from a square configuration
to an upper rectangle and then move from rectangle to rectangle in the horizontal
direction. The figure indicates that the probability that &£(¢) performs a jump of
length x should decay exponentially in x at a rate independent of S.

The diagrams in Figures 1, 2 have been used extensively in the literature. We
refer to [6, 7, 9, 16] in the conservative case.

REMARK 1.4 (The asymptotic behavior of 6g). We believe that the order of
magnitude of 6g is given by

1 1

0
- TI) ~
e (n0) capg (1, 1) g (1)

In this formula, ¢ (¢) is the trace process introduced in Section 3, 1, its stationary
state, cap, the associated capacity and IT the union of all sets joined by a line

cap(n®, 0).

to n° in the graph partially drawn in Figure 2. If this insight is correct, by the
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computation presented at the end of Section 6 the order of magnitude of 64 lies
between ne?? and n2e?P.
By definition (1.2) and by formula (9.1),

(1.13) 05" =2:(n") Y IXIPPo[Hf = Hyx],

XGTL

where Ag(no) represents the holding rate at 770 of the trace process ¢(¢), and Hyy,
Hﬁ the hitting time of IT and the return time to I, respectively. All these no-
tions are defined in Section 3. It follows from the previous equation and from the
definition of the capacity that

0-

1
= R p[H < HY =

1
—-cap, (n", T\ n").

e (%)

By Lemma 9.1, this expression is bounded below by coe™2#n~2, which is the

upper bound presented in (1.4). On the other hand, cap, (n°, T\ n°) should be of

the order of cap ¢ (170, I[T) which explains the first half of our claim.

To obtain an upper bound for 9/3_ ! note that by (1.13),

05" < (I")Ppo[Hn < H4] > x| max Py [ Hp = Hil.

xeTp

We have argued right before this remark that P%[HllL = H,x] decreases exponen-
tially fast in ||x||, at a rate independent of 8. In particular, the previous sum should
be bounded by a finite constant independent of 8. On the other hand, by the defi-
nition of the capacity

_
pe(n)

By the proof of Lemma 9.1, this expression is bounded above by Con~'e™2#.

The exact asymptotic behavior of 6g requires sharp estimates of the jump rates
of the process described in Figure 2. By symmetry, there are only few different
rates. To estimate these rates, one has to examine the dynamics in which particles
slide along the sides of the square. This process, denoted by ¢(¢) in Section 3, is
a reversible, symmetric Markov process on a seven-dimensional graph in which
each vertex has degree less than or equal to eight. Such estimates are certainly not
easy, but are conceivable. In possession of these estimates, one still has to compute
the probability that the process described in Figure 2 starting from 1° return to T
at nX.

)\,g (nO)Pno [H]'[ < H]:(_)] = cap, (7,)0’ ]'[)

REMARK 1.5 (The hypotheses and the strategy). Condition (1.8) has to be
understood as follows. Kzélg is the time scale. Each time the process visits a square
(a configuration in I') it remains there an exponential time whose mean is of or-
der ¢%#. Therefore, z29ﬂe—25 represents the number of excursions between two



KAWASAKI DYNAMICS AT LOW TEMPERATURE 2159

consecutive visits to I'. In condition (1.8), one £ has been replaced by L in the
argument due to our incapacity to estimate sharply the hitting probabilities (1.13).

The main idea of the article consists in taking a temperature low enough, with
respect to n and L, to be allowed to discard all jumps of lower order in 8. For
example, a square configuration has 8 jumps whose rates are e~># and 4(n — 2)
jumps whose rates are e —>#. Hence, if Ezéﬁ e 2Pne=F vanishes as B 1 0o, a particle
which is not at the corner of a square jumps in a time interval [0, ze%ﬂ], t > 0, with
a probability converging to 0.

If we discard such jumps, from a square the process 7(¢) can only reach a con-
figuration in which a particle at the corner of the square has detached itself from
the square. At this point, the detached particle performs a rate one symmetric ran-
dom walk on T, until it reaches a side of this square. While this particle moves,
other particles may also jump. There are a few rate ¢ and rate ¢ ~2# jumps and
O(n) rate e ># jumps. In order to apply the approach presented here, we need
to guarantee that the detached particle returns to the square before any another
particle moves. We have seen that a particle in the square jumps at rate at most
e~# while the detached particle returns to the square in a time of order L. Hence,
the probability that a lower order jump occurs before the detached particle returns
should be of order L?¢~#. We are only able to estimate this probability, in Proposi-
tion 4.2, by Le#/2. Thus, as in the previous paragraph, to guarantee that no lower
order jump occurs in the time scale in which the center of mass evolves we need to
impose that 620,33_2/6 LeP/? vanishes. This explains the factor Le™#/? appearing
in the error term e(8) introduced in (1.5).

Proceeding in this way, we face many cases presented in Sections 2, 3 and 4. The
error term e(B) summarizes all the constraints, it represents the bound obtained
in Proposition 5.2 for the probability that a lower order jump occurs before the
process returns to a square configuration when it starts from a square configuration.
This estimate is not sharp and the conditions on the growth of L and n can certainly
be improved.

Condition (1.9) is spurious and comes from the fact that we are not able to
estimate correctly the hitting probabilities appearing in (1.13). It can certainly be
suppressed, but its removal depends on the estimation of hitting probabilities of a
seven dimensional random walk.

Finally, note that in Theorems 1.1 and 1.3, n has to be large, but does not need
to increase with 8.

REMARK 1.6. The approach presented in this article can be applied to the case
in which the total number of particles is n(n + k), for some integer k independent
of B, and the particles of the initial configuration form a n x (n + k) rectangle. The
energy landscape becomes more complex for k large and computations harder. For
example, for k =2, a (n + 1) x (n + 1) square without a particle at a corner is a
ground state.
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Since its origins, the Ising model has been known to properly represent the
condensation phenomena in two-dimensional systems formed by the adsorption of
gases on the surfaces of crystals [24, 25]. There is a huge literature on this subject.
In this perspective, the present work can be seen as an investigation of the evolution
of the condensate.

The metastable behavior of the Ising lattice gas evolving under the nonconserv-
ative Glauber dynamics at very low temperature has been examined 20 years ago
and is well understood [23]. In contrast, there are not many results on the asymp-
totic behavior of the Ising lattice gas under the conservative Kawasaki dynamics
at very low temperature.

This problem has been examined in two situations. Den Hollander et al. [9] and
Gaudilliere et al. [16] described the critical droplet, the nucleation time and the typ-
ical trajectory followed by the process during the transition from a metastable set
to the stable set in a two-dimensional Ising lattice gas evolving under the Kawasaki
dynamics at very low temperature and very low density in a finite square in which
particles are created and destroyed at the boundary. This result has been extended
to the anisotropic case by Nardi et al. [22] and to three dimensions by den Hollan-
der et al. [8]. Bovier et al. [6] presented the detailed geometry of the set of critical
droplets and provided sharp estimates for the expectation of the nucleation time
for this model in dimension two and three.

More recently, Gaudilliere et al. [15] proved that the dynamics of particles
evolving according to the Kawasaki dynamics at very low temperature and very
low density in a two-dimensional torus, whose length increases as the temperature
decreases, can be approximated by the evolution of independent particles. Bovier
et al. [7] obtain sharp estimates for the expectation of the nucleation time for this
model where the length of the square increases as the temperature vanishes.

Finally, Funaki [12, 13] examined, in the zero-temperature limit, the motion of
arigid body formed by a system of interacting Brownian particles with a pairwise
potential in R?, and the nucleation in the one-dimensional case.

The article is divided as follows. In the next section, we introduce a subset E of
Q1 k- In Sections 3 and 4, we obtain sharp estimates for the jump rates of (), the
trace of n(¢) on E, and we introduce a process E(t) whose rate jumps are close to
the ones of ¢(¢). In Section 5, we couple ¢ (¢) and E(t) and we obtain an estimate
on the time these processes remain coupled. In Section 6, we prove Theorem 1.1,
in Section 7, Theorem 1.2, and in Section 8, Theorem 1.3. We conclude the article
in Section 9 with estimates on the time-scale 6.

2. The subset of configurations Z. We introduce in this section a subset &
of Hy;, and we estimate, in the next section, the jump rates of the trace of n(¢)
on &E.
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2.1. The configurations ni{ 7. For a subset B of Ty, denote by d_B, 0+ B the
inner, outer boundary of B, respectively. These are the set of sites which are at
distance one from B¢, B, respectively,

0_B={xeB:Jye B |ly—x|=1},
04B={xeT,\B:dye B, |ly—x|=1},

where | - | stands for the sum norm, x = (x1, x2), |X| = |x1] + [x2].
Let Q' = 0\ {w;}, 0 <i <3, where

wo =w=(0,0), wi=(n—1,0),

wy=(mn—1,n-1), w3=(0,n—-1)

are the corners of the square Q. For x e Ty, 0 <i <3, let x; =x + w;, Q; =
x 4+ Q'. We refer to the sets Q; as quasi-squares, a square with a corner missing.

Let e; = (1,0), e3 = (0, 1) be the canonical basis of R2, and denote by 9; Q;,
0 < j <3, the jth outer boundary of Q;:

0;0k=1{z€d,0%:qye Qiy—z=(1-jlea},  j=0.2,
0j0y={z€0, 0 :Aye Qiiy—z=( — e}, j=1.3.

Let Q;’j =0 Q; \Ox,0<1i,j<3,xeTy,let E,i’j be the set of configurations in
which all sites of the set Q) are occupied with an extra particle at some location
of QQ’J and let Q! = QIL x be the set of all such configurations

3
g = (o urze id), =) | &,
XGTLi,jZO

We proved in [5] that for any configuration & € &/, the triple (&7, &7 U
A1, &) is a valley of depth e in the sense of [1], Definition 2.1. To select a repre-
sentative configuration of the well &, denote by W;, 0 < j < 3, the point in the
inner boundary of Q whose distance to w; and to w; 1 is equal to (n — 1)/2 if n
is odd, and whose distance to w;, w;1 is equal to (n/2) — 1, n/2, respectively,
if n is even. Let wjf the site on the outer boundary of Q at distance one from Ww;,

X+W;, X+WwW"

and let ni{j , X € Ty, be the configuration o in*. Denote by Q! the space

of such configurations

={n/:0<ij<3),  Q'=]

XETL
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FI1G. 3. The configurations ng’o, ng’l, ng’z and ;72’3 for n = 6. The gray dot indicates the site X.
We placed a square [—1/2,1/ 2)2 around each particle.

2.2. The configurations n;"“‘*". Let R', R® be the rectangles R' = {1,...,n—
1}x{1,...,.n—=2},R®={1,...,n—2} x{1,...,n — 1}, where [ stands for lying
and s for standing. Let nj =n5 =n — 2, n] =n3 =n — 1 be the length of the
sides of the standing rectangle R®. Similarly, denote by nl!, 0 <i <3, the length
of the sides of the lying rectangle R": n} =n7 |, where the sum over the index i is
performed modulo 4.

Denote by I, a € {s, [}, the set of pairs (K, £) = (ko, £o; k1, €1; k2, £2; k3, £3)
such that:
o 0<k; <¢{ <nj,
° ifkj =0, then fj_l =n?_l.

For (k, ) €L, a € {s, [}, let R'(k, £), R%(k, £) be the sets
R'(k,€) = R'U{(a,0):ko <a < Lo} U{(n,b): k1 <b <t}
Ulmn—a,n—1):ka<a<l}U{(0,n—1—b):ks <b <{3},
Rk, =R°U {(a,O)Zko <a Sﬁo} U {(n —1,b):k; Sbfﬁ]}
Uln—1—a,n):ka <a<l}U{(0,n—b):ks <b<{3}.
Note that a hole between particles on a side of a rectangle is not allowed in the sets
Rk, £), R°(k, ).

Denote by I, a € {s, [}, the set of pairs (K, £) € [ such that |R*(k, £)| = n2.
For (k, £) € I,, denote by M;(k, £) the number of particles attached to the side i
of the rectangle R*(k, £):

b —ki +1, itkit1>1,

b; —k; +2, ifkjy1=0.

Clearly, for (k, €) € Iy, Y _o<;<3 M;(k, £) =3n — 2+ A, where A is the number of
occupied corners, which are counted twice since they are attached to two sides.

Denote by I} C I, the set of pairs (k, £) € I; whose rectangles R®(k, £) have
at least two particles on each side: M;(k,£) > 2, 0 <i < 3. Note that if (k, £)
belongs to I}, for all x € R%(k, £), there exist y, z € R*(k, £), y # z, with the
property X —y|=|x—2z|=1.

For (k,£) € I, a € {5, 1}, x € T, let R9(k, £) =x + R%(k, £), and let n&*Y
represent the configurations defined by

ne®Yy)=1  ifandonlyifye R(k,¥).

Mik.0) = |
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(kL

F1G. 4. Some configurations ny ) for n = 6. The first one corresponds to the vector
Kk, &) = ((1,5); (1,4); (1,6); (0, 1)) and the last one to the vector (k,£) = ((0, 1); (1,5); (0,5);
(1,5)). The inner gray rectangle represents the set X + RY and the black dot the site x.

Figure 4 presents examples of configurations nx( Y The configurations 7y’ -k e)

(k, £) € I, belong to H;. Moreover, the configurations Ny 2, (k. , (K, &) el \ Ic’f,
belong to Q' or form a (n — 1) x (n + 1) rectangle of particles with one extra par-
ticle attached to a side of length n + 1. Let Q% = Q% x» be the set of configurations
associated to the pairs (k, £) in /:

Q2={nt®Yae(s, ), kO eli), =[]

XETL

2.3. The configurations ¢y”’. Let T', T® be the rectangles T' = {0, ..., n} x
{0,....,n =2}, T*={0,...,n — 2} x {0, ..., n}, where [ stands for lylng and s
for standing. Denote by T, a € {s, [}, x € Ty, the rectangle 7° translated by x:
TQ =x+T*, and by n} the configuration in which all sites of 7 are occupied.
Note that n} belongs to 7 x—1 and not to 7 .

For a € {s, 1}, x € T, z € 34+ T, denote by ny* the configuration in which all
sites of the rectangle 7, and the site z are occupied: ng” = n¥* + 0, where 0,
y € T, represents the configuration with a unique particle at y and summation of
configurations is performed componentwise.

Denote by 9; T, 0 < j <3, the jth outer boundary of T

ajTX :{ze8+TXa:ElyeTXa;y—z:(l—j)ez}, j=0,2,
T ={zco T} :Iye T y—z=(j —2e1}, j=1,3.

Let & J be the set of configurations in which all sites of the set 7' are occupied
with an extra particle at some location of 3; 7,8 and let Q* = Q3 . be the set of all
such configurations:

3
EM = n¥*2ed; T, Q= U U UEE’j.

xeTy a=s,[j=0

We proved in [5] that for any configuration & € &/, the triple (5,2’] &I U
A1, £) is a valley of depth . We select a representative of the well £/

Fix a = s, [, and denote by w? 0’ 0 < j < 3, the mid-points of the outer
boundary of T%. Hence, if n is even w[0 =(n/2,-1), w[ (=m+1,(n—2)/2),
Wi, =(n/2,n—1), w3 = (-1, (n—2)/2), and if n is oddw[0 =((n—-1)/2,-1),
w[l—(n-i-l (n—3)/2) W[2=((n+l)/2 n—1), w[3_( 1, (n —1)/2), with
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F1G. 5. The configurations ;,([’i, 0 <i <3, for n =6. The gray dot represents the site X.

a similar definition when s replaces I. Let ;“,?’], xeTr,ae{s,[},0<j <3, be
the configuration n} + Oxtwt ; and denote by ©3 the space of such configurations:

Q=S aels,1},0<j <3}, Q= Uﬁi

XGTL

2.4. The configurations {)?,(k,é). Let R%' R%*% be the rectangles R:! =

{(L...,nyx{1,...,n =3, R¥ ={1,...,n =3} x {1,...,n}. Let ng" = n3° =
n—3, n%s = n%’s = n be the length of the sides of the standing rectangle R>*.
Similarly, denote by niz’[, 0 <i < 3, the length of the sides of the lying rectangle
R>": nl.z’[ = nlzfl , where the sum over the index i is performed modulo 4.

Denote by I, 4, a € {s, [}, the set of pairs (k, £) such that:

2
e 0<k <{ <n;",
2,a
-1

° ifkj :0,then€j_1 =nj

For (k,£) € 4, a € {s, [}, let R%(k, £), R>5(k, £) be the sets

R*'(k, &) = R*'U|(a,0):ko<a <o) U{(n+1,b):ky <b <)
U{n4+1—a,n—2):ky<a<€}U{(0,n—2—b):ks <b < {3},

R*%(k, ) = R** U {(a,0):ko<a < Lo} U{(n —2,b):ky <b < ;)
Uln—2—a,n+1)ika<a<b}U{0,n+1—->b):ks <b<{3}.

Denote by I 4, a € {s, [}, the set of pairs (k, £) € I, 4 such that [R>%(k, £)| =
n?. For (k,£) € I> 4, denote by Miz’a(k, £) the number of particles attached to the
side i of the rectangle R%°(k, £):

i —ki+1, ifkiy1>1,

MO (K, :{
ik bi—ki +2, if ki1 =0.

Clearly, for (k,£) € I q, 2051-53 Ml-z’a(k, {) =3n + A, where A is the num-
ber of occupied corners, which are counted twice since they are attached to two
sides.

Denote by I;a C 124, the set of pairs (k, £) € I whose rectangles RZ%(k, £)

have at least two particles on each side: Ml.2 %k, £) > 2,0 <i<3. Note that if
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F1G. 6. Examples of configurations in Qi for n = 6. In general, 3n particles (or n — 2 holes)
have to be placed around the rectangle, respecting the constraints introduced above. The black dot
represents the site X.

(k, £) belongs to Iz*’u, for all x € R%9(Kk, £), there exist y,ZE R>%(k, £), y #Z,
with the property |x —y| =[x —z| = 1.
For (k,£) € I, a € {51}, x € Ty, let R2%(k,£) = x + R>°(k, £), and let

< &0 represent the configurations defined by

o (k.0) (y)=1 if and only if y € R,%’a(k, ).

Figure 6 presents examples of configurations {,E’(k’l). The configurations &y ’(k’e),

(k, £) € I 4, have at least four particles attached to the longer side, and the con-
figurations 4,?’(1(’2), (k, &) € I o\ I, belong to Q3, forminga(n —1) x (n + 1)
rectangle of particles with one extra ’particle attached to a side of length n — 1. Let
Q= Q‘i’ x » be the set of configurations associated to the pairs (k, £) in 12*" 0

Qi ={et® el k0, Q'= o

XETL

Let E = E(L, n) be the set of configurations
E=TuQ'u?ud’uat

The set Z has less than CoLG7 configurations, the main contributions coming
from 2 and Q*:

(2.1) |E| < CoL%n’.

3. The trace of n(¢) on E. We define in this section the trace of n(z) on &,
denoted by ¢(¢), and we introduce a process Z(r) which approximates well the
trace process. The parameters n and L are fixed and § 1 oo.

Denote by ¢(¢) the trace of the process 1(¢) on E. By Propositions 6.1 and 6.3
in [1], ¢(¢) is a irreducible, reversible process on E, whose stationary measure,
denoted by ¢, is the measure g conditioned to E: us(§) = ug (§)/uk () =
)/ 1p(E). & € &.

For a subset I1 of E, denote by Hpy (resp., Hlj[' ) the hitting time of IT (resp., the
return time to IT):

Hp :=inf{t > 0:¢(t) € [T},
3.1
Hlff = inf{t > 0:¢(t) € I1, ¢ (s) # ¢ (0) for some 0 < s < t}.
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Denote by R (n, &) the jump rates of the trace process ¢(¢), and by L its gen-
erator:

(Le Y=Y Rem.E)[f& — f)]-

£ecE

Let Pg , & € E, be the probability measure on the path space D(R, E) induced
by the Markov process ¢(¢) starting from &. Expectation with respect to Pg is

represented by Eé For two disjoint subsets A, B of &, denote by cap, (A, B) the
capacity between A and B for the ¢ (¢) process

cap, (A, B) =Y e (Mic mPs[Hp < H ],
neA

where A;(n) stands for the holding rates of the process (¢), A:(n) =
Yeez Re(n,8).

We will introduce below several Markov processes obtained from the trace pro-
cess ¢(t), either by reflecting it on a subset of E or by modifying its jump rates.
All processes will be denoted by some Greek letter with, sometimes, an accent. If
the process is represented by x, the jump rates, the invariant measure, the holding
rates, and the capacities are denoted by Ry, iy, A, and cap, , respectively.

The rates R(n,&). The trace process ¢(f) may jump from any configuration
of E to any other configuration. Most of these jumps, however, have very small
rates when B is large. The main results of the next section assert that in the zero-
temperature limit the process ¢ (¢) is very well approximated by a simple Markov
process denoted by E(t). We define in this subsection the jump rates R(-, -) of E(t)
and derive in the next subsection some properties of R.

Let {x; :¢ > 0} be the nearest-neighbor, symmetric random walk on T; which
jumps from a site x to X &+ ¢; at rate 1. Denote by P%, y € Ty, the probability
measure on D(R,, Ty) induced by x; starting from y. Denote by p(x,y, G), X €
Tr,y € G, G C T, the probability that the random walk starting from x reaches
G aty:

(3.2) p(y,z,G) = IP);[XHG =1z].

By extension, for a subset A of Ty, let p(x, A, G) = ZyeA p(x,y, G). Moreover,
when G = 94 O, we omit the set G in the notation

IJ(X, A) = p(X’ A’ 8+ Q)

Let y; = (ytl, ytz) be the continuous-time Markov chain on D, = {(j, k):0 <
Jj <k <n—1}U{(0,0)} which jumps from a site y to any of its nearest neighbor
sites z, [y —z| =1, atrate 1. Let Dy, = {(0,0)} U {(j,n—1):0<j <n — 1} and
let

(3.3) dn =Py | [Hpg < Ho,0)],
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where P{O,l) stands for the distribution of y; starting from (0, 1).

Let z, = (ztl, ztz) be the continuous-time Markov chain on E, = {0,...,n —
1)2 U {0} which jumps from a site z to any of its nearest neighbor sites 7/, |z’ —z| =
1, at rate 1, and which jumps from (1, 1) (resp., from 0) to ? [resp., to (1, 1)]
at rate 1. Let En+ ={(j,n—1):0=<j<n-1} E;, ={(,00:1<j<n-1},
dE, =ESUE,; U{(0,0)} and for0 <k <n—1,let
a4 v =P y[Hak, = Hp+], v, =Py [HoE, = Hg-1,

v (k) =P ) [Hog, = Hoo)]. R A
where ]P)fk, 1 stands for the distribution of z; starting from (k, 1).
We are finally in a position to define R(n*, £). Let

1+Ql0,3+t;+qn
44qp+1v, — A

Ao+t
3.5) R(n".ng") = . R@pgly=—
3.5 R(n".ng") (" ng") yRE—
where
A= p(wo — 2e2, {wo — e2, Wo — e1}) + p(Wo — e1 — e2, {Wo — €2, Wo — e1}),
2p,3 = p(Wwo — 2e2, Q8’° U Q8’3) +p(wo — el —ea, Q8’° U Q8’3),

A2 =p(wo — 22, Q' U Q) +p(wo —e1 —e2, Q' U 0.
Forx e Ty, let

(3.6) V) ={n:0<i,j<3},  Ge={n* V().
We extend R(n?, -) to V(?) by symmetry, and we set

R(% i) =R(% ng?),  R(@% &) =0, 0<i,j<3,6¢V(n.

The rates R(n,&) on 2\ T'. Denote by N (&), N for neighborhood, 0 <
i,j <3, xeTyg, the configurations in H, which can be reached from a con-
figuration in &’ by a rate e # jump. The set N (53‘;2), for instance, has the
following 3n elements. There are n + 1 configurations obtained when the top
particle detaches itself from the others: o™2-*nV, where z = (—1,n), (a,n + 1),
0<a<n-—2,(n—1,n). There are n — 1 configurations obtained when the par-
ticle at wp, — e moves upward: o272 g% 7z = (a,n), 0 < a <n — 2. There
are n — 2 configurations obtained when the particle at w, — e; moves to the
right: o™27¢2p% 7z = (a,n), 0 <a <n — 3. To complete the description of
the set V'(£22), we have to add the configurations o W3- W3te2g W2 Watei+er W apq
O_Wz—el,Wz—el+820_W2,W2—261+62nw‘

Recall that L and K = n? are fixed in this section. We proved in [5] that for

each e N (S,i’j ), there exists a probability measure M(¢, -) concentrated on I" U
Q' U ©2 such that
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Define the rates R(ni’j, -) by
Yo M(&),  ifEeQl E=nk,

reN(E?)

RO 6= > M8, iff e UQ,
reN(E)
0, ife e QPUQs.

Note that the rates R(n;’ I -) depend on n and L, but not on B. In the next sections,
however, n and L will be taken as functions of A and R(ny’, -) will depend on S
through n, L. This remark holds for all rates R(7, §) defined below in this section.

For each n € Q2UQ*, denote by NV () the set of configurations in Hj which can
be reached from 7 by a rate e~ jump. Each set A/(17) has at most 8 configurations.
Fix n € Q2 (resp., n € Q). We proved in [5] that for each ¢ € N'(n), there exists
a probability measure, denoted by M(¢, -), concentrated on QluQru? (resp.,
Q3 U Q%) such that

For 1 € Q2, let

> M, 8), if £ € Q2,
ceN @)
Yo M &), ifgeQl e=nd,
R, §) =1 ¢ceNtp
Yo MY, ifEe QP E=0k
ceN @)
0, ife e T UQ,
and for n € Q*, let
Y. M, 8), if & € Q4
ceN ()
Rm.&) =1 > M(. &%), ifeeQd e=¢0k,
ceN @)
0, ifeeruQ'uQ2

Foreachx € Ty, a € {I, s}, 0 < j <3, denote by N(E,?’j).the set of configura-
tions in H which can be reached from a configuration in &/ by a rate e~ jump.

We proved in [5] that for each ¢ € N/ (5;(1 J ), there exists a probability measure
M(¢, -) concentrated on Q2 U Q3 U Q* such that
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Define the rates R(¢x J ,€) by

> M. ), if& e Q2UQH,
CeN(E)
REM.6)=1 3 M@ X,  ifeeddE=cok
CeNE)
0, ifeeTUQ.

In [5], we expressed the probability measures M introduced above in terms of
hitting probabilities of simple finite-state Markov processes. We recall below some
of these explicit expressions.

The process z(t). Denote by E(t) the continuous-time Markov chain on E
whose jump rates, denoted by Rz (1, §), are given by

e PR, ), nee\I§eg,

ReM-8=1 2R 6).  ner.gck.

In contrast to the jump rates of the trace process, the jump rates R(#, &) vanish
for a great number of pair of configurations. In the next section, we show that the
trace process ¢ (¢) is well approximated by the Markov process z(t). In contrast to
£(t), the process E(t) may not be reversible with respect to w; since the detailed
balance conditions between configurations in I" and configurations in E \ ' may
fail. The reflection of E(t) on subsets of E N H; is however reversible with respect
to the uniform measure in view of (3.7) below.

Denote by Pg, & € E, the probability measure on the path space D(R4, E)
induced by the Markov process (1) starting from &. Expectation with respect to

Pg is represented by Eg

Properties of the rates R(n, £). We claim that for each fixed n and L,

(3.7 R(n, &) =R(,n), n,§€B\T.

These identities can be checked directly from the definition of the rates R(&, n)
or can be deduced from the results of the previous section. Indeed, since the trace
process £(r) is reversible, ug (MR (n,§) = ux )Ry (5,n). For n, § € E\ T,
ug(m) = ug(§) so that Ry (n,§) = Ry (§,n). The results of the previous sec-
tion are in force if we fix n and L and let 8 1 oco. Therefore, by Proposition 4.6,
e PR(n, &) = e PR, ) 4+ o(e™P), from which the claim follows.

Let gl* = Gwo,wo—ezno, 55 — g Wo.Wo—ei 770 and for j =1, 2, let
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We have computed M; in [5], with the difference that the sets S,i’j in [5] have
been replaced here by the configurations 7y’ so that M;(Ex”) in [5] corresponds
to M (nx’) here. We have that

Ml(o,o)zl{ I+v, +23 141, + 2 —As }
O 772l 4+ qu =% d+gu i+ Aer) —Ale) I
Mz(n0’0)=l{ I4+1t, +23 _ I 4+t, +2—23 }

07 2144 g+ — A A+gpt+u +Alen) —Aex)

A; =p(wo — 2en, Qg’j) +p(wo — el —ea, Q?,’j),

A(e;) =p(wo —2e2, wo —¢;) + p(Wo — e1 — e2, Wo — ¢;).

LEMMA 3.1. Forall0<i,j<3,xeTyg,

R(ng/ /™) = (/4% RO n®) =R(ng" n¥) = 1/4,

3.9 S o
R(n%' ni7 M) =R(ni M, nk') = 1.
Moreover,
(3 10) R(ni,i QZ) — l R(ni,i-i-l QZ) — l + 1
' X n’ x n n-—1

PROOF. To fix ideas consider the case i = j = 0, x = w. Recall the ex-
plicit form of M given in [5]. As we have seen in Section 2, the set N (5‘%0)
has 3n elements which can be divided into five classes. Consider first the set
A = {o" 22V .z € 09} which has n — 1 configurations. By [5], Lemma 4.2,

n—1
(3.11) > M(, &) =1{g =030} + D (M, (§),

teA k=1

where t,? (k) has been defined in (3.4) and M (§) in (3.8).
The second class consists of the set of configurations Ay = {o™ 1 2pW:.z =
(k, —1),2 <k <n — 1} which has n — 2 elements. By [5], Lemma 4.2,

M({,ng‘;o)=l, e A;.

In particular, this subset of (53’0) does not contribute to the rate R(ng*o, ).
Two special configurations form each class:

M(O_W,Wl—el—ezo_wl ,W1—ep 770’ g_-)

1

(3.12) |
— _1{%. — GW,Wl—el—ezo.Wz,Wl—eznO} + <1 _ ;>1{$ — ng‘;O}

n
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and
W,W+e|—ey _W+e,Ww+2e;—er. 0 0,0\ __
M(o 1megwre men? ing’) = 1.

This latter configuration also does not contribute to the rate R(ng’o, ).

The last set is As = {o"%n%:z € 0.0}, where T'g o stands for the set of sites
z € Tz which do not belong to Q and are at distance 1 from 0%9. This set has
n + 1 elements and

3
M@ H= Y Yopl 0™)fs =ny)
{eAs z€l'g,0 j=0
(3.13)
+ D {pG@w—e)Mi(§) + p(z, w— en)Ma(§)}],
zelo o

where M (§) and M, (&) have been defined in (3.8).

Now that we have explicit formulas for the rates R(ng’o, -), we may prove the

bounds claim in the lemma. By (3.11) R(ng"", 7g°) > 1, and by (3.13),

0,0 0,1
R(ng" . ng ) =P(W1+e1 —ex, Wi +e) = i’

where p represents the jump probabilities of a nearest-neighbor, symmetric,
discrete-time random walk on T;. By similar reasons, R(ng’o, n%) > 1/4 and
R(0%, n07) = (1/4)3. By symmetry, R(79%, n%) = R(79%, n°). This proves (3.9)
in view of (3.7).

To prove (3.10), note that M(¢, Q2) vanishes for all configurations but for { =
oW Wi—a—agWiwi—apd in which case it is equal to 1/n, as observed in (3.12).
A similar assertion holds for MI(¢, Q?), teN (88’1), but in this case there are two

configurations which contribute to R(ng’ 1, Q?). We leave the details to the reader.
O

LEMMA 3.2. Forn > 9, we have that

Po[Hoe < Hal < 2
max c < X —_—
eV MO S T =

PROOF. Fix x =0 and let x(z) be the Markov process y(¢) = E(t A Hp),
where B = V(n%)¢. We identify all configurations in Gy, turning x (#) a Markov
process on Gy = Gy U {0}, where D replaces gg.

There are two types of configurations in V(®), configurations in which the
attached particle is on the same side of the empty corner and configurations in

which this is not the case. We denote by C; = {nf)’ ‘ nfﬁu :0 < i < 3} the first set,

and by C; = {nf)+2’i, ni+3’i :0 < i < 3} the second one. Define F : Gy — {0, 1,2, 3}
by

F(n)=0, F@=3, F@)=i, neC.i=12.



2172 B. GOIS AND C. LANDIM

By symmetry x (1) = F(x(¢)) is a four state Markov process and by construction
P} [Hge < H,o]=P/[H3 < Ho]

if n € C;, where PZZ represents the distribution of the process X (¢) starting from i.

Denote by Ry the jump rates of the process x (7). Since R(n,&) = R(§, n)
for n € Cy, § € C2, and since |Cy| = |C2], Rz(1,2) = R¢(2,1). By Lemma 3.1,
Rz(1,0) =R(10°, %) = 1/4, R7(1,2) = R(ng®. ng®) = 1,and R0, 3) <n~'+
n—1"fori=1,2.

Consider the Markov process Y; on {0, 1,2, 3} with jump rates r given by a :=
r(1,2)=r2,)=Rz(1,2)>1,r(1,0) =1/4and r(1,3) =r(2,3) =2/(n - 1).
A coupling shows that fori =1, 2,

4e[2a + (1/4) + €]

P/[Hs < Hol <P)[H; < Hol < ’
i [H3 < Hol <P; [H3 < 0]_a+4g[2a—|—(1/4)+8]

where e =2/(n — 1) and PZY represents the distribution of the process X' (¢) starting
from i. At last inequality is an identity if i = 2. The right-hand side of the previous
displayed equation is uniformly bounded in a > 1 by (9 4 4¢)e < 10¢ provided
& < 1/4. This proves the lemma. [l

The next result states that the chain  (¢) jumps with a probability bounded be-
low by a positive constant independent of § from a configuration ;;*3 to the con-
figuration ¢}2.

LEMMA 3.3. Denote by V({,Ej) the set of configurations & in B such that
R(3,8) >0, V(¢h?) = (£ € E:R(Y3, &) > 0). There exists co > 0 such that

PEXM[H;XM = HV(;,([’3)] > .

PROOF. By definition of the chain Z (),

R, &%)
Yeez R, 8)
By definition of the rates R(n,£), R(¢:3, ¢b?) = R(¢h?, b0 > ¢, while
R(¢H3, ©%) =0and R(¢}3, Q%) < Co/n. By [20], Proposition 2.4.5, R(¢}3, ¢ 1),

whose value involves the sum of n terms, is bounded above by Cy. This proves the
lemma. O

The bounds (3.14) and (3.15) below are needed to estimate the capacity between
the configurations 1 and ¢ for the trace process ¢ (z).
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F1G. 7. The first 12 configurations of the path from 770 to n°! when n = 6. Observe the subpath
starting from the sixth configuration and ending at the ninth, as well as the one starting from the
ninth configuration and ending at the twelfth.

Consider the path & = n°, &1,..., &y = n°', M = 3n — 2, from 1 to 7°' in

E obtained by sliding particles around three sides of the square Q: & = n°, & =
2,1 3,1 0,1 L((1,n—1),(n—2,n—1),(0,n—1),(1,n—2
My »&2=mny .5 =n, ,54:770((’1 S =2 =), 002D, (A )),

[,((1,n—1),(n—2,n—1),(0,n),(0,n—=3)) L((1,n—1),(1,n=2),(1,n—1),(0,1))
SS = no ). 0 )

cEM—4=1
_ 1,3 _ 2,3 — 3.3 — 1 T _
EM—3=mny" Em—2="1",Em—1 =n,°, Em =n°'. Figure 7 presents the first con
figurations of this sequence in the case n = 6.
We claim that

Ré¢o.&)>¢ REL&E) =1,
3.14)

1
R(2,83) > 1, R(&3,84) > o

The first inequality follows from the definition (3.5) of R(no, -) and from the fact
that q, < 1, v, < 1. The other three estimates have been proven in Lemma 3.1.
Similar estimates hold for the last jumps of the sequence (£;). On the other hand,
in view of the definition of the jump rates R, it is clear that

1
(3.15) R, &iv1) > "
for the middle terms. The expression n~! comes from the probability of a sym-
metric nearest-neighbor random walk on {0, 1, ..., n} starting from 1 to reach n
before 0.

4. The jump rates of ¢ (¢) and E(t). The main results of this section, Propo-
sitions 4.2 and 4.6, provide estimates on the difference between the jump rates
R (n, &) and R(n, §). The dependence of the errors on the parameters n and L are
explicit to allow them depend on S.

The first lemma presents an explicit formula for the jump rates R; of the trace
process. Denote by capg (A, B) the capacity between two disjoint subsets A and
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B of Q1 k for the n(¢) process

capx (A, B) =y ux (MA(mPL[Hp < H{],
neA

where A(n) stands for the holding rates of the process n(¢) and R(n,§) = Rg(n, §)
for the jump rates,

Cx,y(m), if¢ =c%Ynforsomex,yeTy,|y—x|=1,

RO.6) =

0, otherwise,

A() =Y eeq, x R(n,&). Denote by D the Dirichlet form associated to the pro-
cess 17(¢) on the ergodic component 7 g: For any function f:Q; ¢ — R,

1
Dk()=3 X wxkROLOLIE - F].

n,£€Qr k
LEMMA 4.1. Forn, £ € E, & #n,

capg (n, A1)
SPR 2V SY poHA = Ho P, [Hs = H:].
1k (1) CGXA:I AT e :

(4.1 R:(n,§) =
PROOF. The proof of this lemma relies on the fact that the process n(¢) has to
cross the set A; when going from a configuration n € & to a configuration £ € &,
§#n, Py Ha, < He]l =11f § # 1, n, § € E. In contrast, there are configura-
tions n € E which can be hit from 7 without crossing the set A1, for example, the
configuration ng’o. With a positive probability which does not vanish in the zero-
temperature limit, the attached particle may jump to the right and then return to its
original position while all the other particles remain still. In this event, H,;F < Hp,.
Fix n, £ € B, £ # . By [1], Proposition 6.1,

(4.2) R (1. €) = A(n)Py[HZ = He].

The process 7(¢) has to cross A; when going from a configuration  in E to a
configuration & # n in E. Therefore, on the event { H g = H:} we have that Hp, <
H g , and by the strong Markov property

P)[HS = He]= ) Pc[Hz = He|Py[He = Ha, < HE].
feA

We have seen that Hx, < Hg\ (5} almost surely with respect to P,,. Hence, the event
{Ha, < H EF } can be rewritten as {Ha, < H,;F } and the previous sum becomes

+
Z P;[Hg = HS]PW[HC = HAlu{n}]-
teh
On the other hand, since

Py[H; = Hy, ] :PW[H;F < Hpy, Hy = HAl] +P'7[H;;r > Hp,, Hy :HAI]’
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observing that the event on the second term of the right-hand side is H; = HZI Uln}s
and applying the strong Markov property to the first term, we obtain that

PW[H§ = HA+1U{;7}] =P,[H; = HAL]PU[HAl < Hr;i_]
Therefore, in view of (4.2) and the previous identities,

Re(n. &) =2(mPy[Ha, < HY] D P;[Hg = He]P,[H; = Hp,].
CEA]

To conclude the proof of the lemma, it remains to recall the definition of the ca-
pacity. [

The jump rates of £(t) on I'.  We examine in this subsection the jump rates of
order e 28 of the trace process ¢ (¢). The main result reads as follows.

PROPOSITION 4.2. There exists a finite constant Cq independent of  such
that

géagxmg(nx, £) — e PR(nY, £)| < e iy,

where k1 is a remainder absolutely bounded by CoLe P/>. Moreover, for all
X e TL,

R:(n*, B\ Gx) < e Py,
It follows from this proposition that

4.3)

1 e K1
S |

Re(n*, &) — R(n*, §) R(*, &) —«1

The proof of Proposition 4.2 relies on the next two lemmas. Recall the definition
of M (§) given in (3.8).

LEMMA 4.3. Letéy = oVo-wo—exp0 gy =oMo-omel n° and let

Pj(§):P5;[H3:Hg], j=12.
Then, there exists a finite constant Cy such that for all £ € E
|Pj(§) = M;(®)] < CoLe P/2.

This bound, as well as the next ones, hold for all 8, L and K = n?. While M (&)

depends only on L and n, P;(§) also depends on B. This estimate will be used to

replace a two step limit in which we first send 8 1 oo, and then n, L 1 oo, by a
diagonal procedure in which all parameters diverge simultaneously.
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FI1G. 8.  The six configurations which can be reached from éf by a rate 1 jump. The first two belong
to Hpyq.

PROOF OF LEMMA 4.3.  We prove this lemma for § = )78’0 and leave the other

cases to the reader. Set P; = P; (ng’o), Jj =1, 2, and recall the definition of g, t,:::
introduced in (3.3), (3.4). We claim that

(4.4) 4+a+105 —A)(P1+ P)=1+A3+r, +Le(B/2),

where &(B) represents here and below an error term absolutely bounded by Coe™#.
To prove (4.4), observe that the configuration £ may jump at rate 1 to 6 con-

figurations, at rate e to 1 configuration, at rate e=># to 7 configurations, and at

rate ¢ =38 to O (n) configurations. Figure 8 shows the six configurations which can

be attained from & with a jump of rate 1. Among the configurations which can be

reached at rate 1, two belong to I' U Hl, one of them being 7°. Hence, if we de-
note by N> (&) the set of the remaining four configurations which can be reached

from &} by arate 1 jump, and by n} = gWo-Wo—e2te nY the configuration in I' U H;
which is not 7°, decomposing PEI[H g = H¢] according to the first jump we obtain
that
4.5 6P§T[HE =He]|= P,ﬁ[HE = H:]+ Z P, [Hz = H:] + &(B).
n'eN2(&))
The particle at position —e, + e of the configuration 5] = g Vo-Wo—e2te1 Y, is
attached to the side Qg’o of the quasi-square Q8. This particle moves along the

side of the square at rate 1, while all the other jumps occur at rate at most e~%.
Let Hpj; be the first time the attached particle reaches the center of the side, and
let Hpy be the first time a jump of rate e~ P or less occurs. The random time Hpy
is bounded below by a mean Cpe” exponential random time e g independent of the
lateral displacement of the attached particle. Therefore,

o0
P, [ Hony < Hyit] <Pyilep < Hyt] = / P, [ Hyy > tlee™ d1,
1 1 0 1

where ™! = Coef . It is not difficult to bound this integral by 2{(«E,: [ Hni]}'/*.
We shall use repeatedly this estimate. Since E,ﬁ[Hhit] < Con?, the last integral is
bounded by Cone P/2.

On the event {Hyit < Hny}, Hg = Hg, where § = 178’0 is the configuration ob-
tained from n} by moving the particle attached to the side of the square to the
middle position. Therefore,

P, [Hg = He] =1+ ne(B/2),
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and (4.5) becomes

(4.6) 6Pg:[Hz = Hil=1+ Y Py[Hz= Hg]+ne(B/2).
0N (&)

We examine the four configurations of N> (&}) separately. In two configurations,
o Wo-wo—2e20 apd gWo-Wo—e2—e1p0 5 particle is detached from the quasi-square
Qg. The detached particle performs a rate 1 symmetric random walk on T until it
reaches the boundary of the square Q9. Among the remaining particles, two jumps
have rate e=# and all the other ones have rate at most e 2#. Denote by Hy;: the
time the detached particle hits the outer boundary of the square Q¢ and by Hpy
the first time a particle on the quasi-square moves.

As above, Hp,y can be bounded below by a mean Coe? exponential random

variable eg independent of the displacement of the detached particle. Therefore,
fOf n/ — O_Wo,Wo—ZeznO’ O_Wo,W()—ez—el no’

oo
Py [Hmy < Hhidl < Pylep < Hhidl =/(; P, [Huit > tlae ' dt,

where a ! = CpeP. Since, by [21], Proposition 10.13, E,/[ Hpit] < CoL?, this last
integral is bounded by CoLe#/2. Hence,

(47) Pn/[HE = HS] = Pn/[HE = Héa Hhit < Hpy] + Lg(ﬁ/z)

On the event Hyix < Hpy the configuration n(Hy) is either &}, & or it belongs
to H;. Therefore, by the strong Markov property, the previous expression is equal
to

2
S P, [1(Hyio) = &7 P+ [ Hz = Hel
i=1
3

+ > Ey[1{n(Hni) € & YPycao [Hz = Hel] + Le(B/2).
j=0

Once the detached particle hits the side of the quasi-square, as we have seen
above, it attains the middle position of the side before anything else happens with
a probability close to 1. Since § = ng’o, the previous sum over j is equal to

Py [n(Hui) € £ °] + ne(B/2).

By definition (3.2) of p, the contribution of the terms 1’ = o o-Wo=2¢2p)0 and 5’ =
o Wo-Wo—e2=e1 0 ¢4 the sum appearing on the right-hand side of (4.6) is

{p(Wo — 22, Wo — €2) + p(Wo — e1 — €2, Wo — €2) | P+ [Hg = H]
(4.8) + {p(wo — 2e2, wo —e1) + p(Wo — €1 — €2, Wo — 61)}1’;2*[1‘13 = H¢]

+ p(wo — 2e2, 09°) + p(wo — 1 — e2, 09 ") + Le(B/2).
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In this equation, we have replaced ne(8/2) by Le(8/2) because n < 2L.

It remains to analyze the two configurations of N5 (1), n’ = o Wote2.Wo—e2,0 3pd
n' = o Woter-Wo—e2p0 n the first one, if we denote by z] the horizontal position of
the particle attached to the side Q° of the square Q and by z,2 the vertical position
of the hole on the side @3, it is not difficult to check that (z}, z?) evolves as the
Markov chain described just before (3.4) with initial condition (z(l), z(z)) =(0,1).

Denote by Hpj; the time the hole hits O or n — 1 and by Hp,y the first time a jump
of rate e~# or less occurs. The arguments presented above in this proof show that
the probability P,/[Hyy < Hpi] is bounded by ne(B/2). Hence, (4.7) holds with
this new meaning for Hy,y, Hpit, and with z in place of L. On the event Hpj; < Hpyy
three situations can occur. If the process (ztl, ztz) reached (0, 0) (resp., E,T ,ED),

the process 7() returned to the configuration &} (resp., hit a configuration in 53 0,
S(()) ’0). At this point, we may repeat the previous arguments to replace the set 83 0
58 /0 by the configurations 77(3)’0, ng’o, respectively. Hence, by definition of v,

Py[Hg = He] =v, + (1 —v)Pg[Hg = He] +ne(B/2)

for n/ — O.W()-l-ez,Wo—eznO’ s — 778’0'

Assume now that ' = gWote-Wo—e20 p this case, if we denote by y! the
horizontal position of the particle attached to the side of the quasi-square and by y?
the horizontal position of the hole, the pair (y,l , y,2) evolve according to the Markov
process introduced just before (3.3) with initial condition (y(l), y%) = (0, 1). Denote
by Hpj the time the hole hits 0 or n — 1 and by Hp,y the first time a jump of rate
e~ P or less occurs. The arguments presented above in this proof show that the
probability P, [ Hyny < Hpit] is bounded by ne(8/2). Hence, (4.7) holds with this
new meaning for Hy,y, Hpit, and with # in place of L. On the event Hy;; < Hpy, if
ylz‘lhn =0, at time Hp; the process 1() has returned to the configuration &7, while

if y%lhit =n — 1, at time Hyj; the process 7(¢) has reached a configuration in 5&’0.
At this point, we may repeat the previous arguments to replace the set 5&’0 by the
configurations né’o. Since the random walk reaches n — 1 before O with probability
qn, by the strong Markov property

Py[Hg = He]l = (1 — qu)Pgr[He = He] +ne(B/2)

for n’ = g WoterWo—e ;70, &= ;78’0.
Therefore, the contribution of the last two configurations of N3 (& 1) to the sum
on the right-hand side of (4.6) is

4.9 v, +2—1t, — qn)Pgl*[Hg = He | +ne(B/2).

Equations (4.6), (4.8) and (4.9) yield a linear equation for P; = PEI*[H g = H]
in terms of P; and P, = sz*[HE = H¢]. Analogous arguments provide a similar
equation for P; in terms of P; and P,. Adding these two equations, we obtain (4.4),

while subtracting them gives an expression for the difference P; — P>. The asser-
tion of the lemma follows from these equations for Py + P> and P — P,. [
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LEMMA 4.4. We have that
8(4+dqn +1t, — 0P o[HS = Hng,o] =1+4+Ap3+7t, +q, +«i,

8(4+qu+1t, — WP [HF =H o1] =12+t +x1,
o n
4+ + 10 —2WPp[Hg = Hp] =1+,
where k1 is a remainder absolutely bounded by CoLe ™ P/2.

Note that using the symmetry of the model we can deduce from this result the
values of Pno[Hg = Hni_j] for all 0 <i, j < 3. For example,
0

Pno[Hg = HU8’3] = P,}()[HEJr = Hng¢0],
Po[HE = Hng,z] =P, o[HZ = Hng,l].

Moreover, summing over all configurations in Gy, we get that

PnO[Hg_ 7 Hgo] =Ki.

PROOF OF LEMMA 4.4. We prove the lemma for & = ng’o. Decomposing the
event { H g = H¢} according to the first jump of the process 7 (#) we obtain that

1
Po[HZ =H:]=~ )  P,[Hz=H:]+ne(p),
neN (n°)
where N () is the set of 8 configurations which can be obtained from 7% by a

jump of rate e ~2#. Lemma 4.3 provides a formula P,[Hz = H¢] for each 7 in
N (no), which concludes the proof of the lemma. [J

COROLLARY 4.5. There exists a finite constant Cy such that

0,0 1 1+Ap3+7t, +q,

0 _
Pg(’?’no ) 81+Q[073+Ql1,2+tn+qn+lq’

peln® ) = < hats
AL 814+ Ap3+A1 24+t +0qn

+ k1,

where k1 is a remainder absolutely bounded by CoLeP/?.

Here again, using the symmetry of the model, we can deduce from this result
the values of p(n*, ni{f ) for all 0 <i, j <3, x € Tr. Moreover, it follows from
this result that

(4.10) > pe(n*.E) <k
§EV(n™)
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By the displayed equation after (6.9) in [1],

PROOF OF COROLLARY 4.5.
Pe (nO’ é) = PWO[HE\{WO} = Hg]

Intersecting the previous event with the partition { H E+ = H{:O}}, {H :Jf <H {:0}}, we

obtain by the strong Markov property that
+ HS]

P o[H H) = el
o[Hg\(poo = He | = .
n \{n"} Pno[ éf— # H);i(-)]

It remains to recall the statement of Lemma 4.4 to conclude the proof of the corol-

lary. O
PROOF OF PROPOSITION 4.2. Since R;(n",é) = A(nO)Pno[Hg = Hg¢] and

since A(n?) = 8¢=2P (1 + ne~P), the assertion follows from Lemma 4.4. [
The jump rates of ¢ (t) on E\I'. We examine in this subsection the jump rates

of order e~# of the trace process ¢(¢). Let
K2 = nte P 4+ nLe” (1128,

PROPOSITION 4.6. Forne E\T, let V(n) ={£ € E:R(n, &) > 0}. There

exists a finite constant Cq such that for alln € E\ T,
max [R; (1, &) — e "R, §)| < Coe 2,

EeV(n)
max R;(n, V(n)°) < Coe Picr.
neE\l

It follows from this result and some simple algebra that there exists a finite

constant Cg such that forall n € E\ T, £ € &,
1 p C
@.11) < {1 + 0%2
R:(n,§) ~ R(n,§) R(n, §) — Cokz
The proof of Proposition 4.6 is divided in several lemmas.

There exists a finite constant Cq such that for all x € Ty, 0 <

I

LEMMA 4.7.

i,j <3,
max |Re(nil &) —e P Y M(;,s)\ < Coe P,
reNE)

EcVny’)
Re (i, V(n/)¢) < Coe Pien.
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PROOF. Letn= nfg J and fix a configuration & € B, £ # n. Recall the formula
for the jump rate R;(n, §) provided by Lemma 4.1. We first claim that

(4.12) |k ()~ capg (7. A — [N (EL)|e | < Con’e?F

for some finite constant Cy. Indeed, let W be the equilibrium potential: W(¢) =
P.[H, < Hp,l, ¢ € &’ Note that ¢ in the previous formula is a subscript and
not a superscript. The probability refers to the process 7(¢) and not to the trace
process ¢ (t). By the Dirichlet principle [10], capg (7, A1) = Dg (W). To fix ideas,

assume that i = j =2, x =w. Denote by ¢;, 1 < j <n — 1, the configuration of
SVZV’Z which has a particle at site u; = (j — 1, n). By the strong Markov property,

(144 48 W(51) = W(%),

where 81 € (0, Coe=%#) represents the rate at which the process jumps from ¢;
to configurations in A;. We may write similar identities for W(¢;), 1 < j <n —
1. Since 0 < W < 1 and since W(n) = 1, we deduce from these identities that
IW(&jr1) — W(E)I < 5ne™# and that [W(¢;) — 1| <5n e P. To conclude the
proof of (4.12), it remains to recall the explicit expression for the Dirichlet form
Dg(W).

We turn to the second term in (4.1). We claim that

_go__ 1 i.j 2,8

(4.13) ?éixl P,[H; = Ha,] NET) 1{z e N(Eg7)}| < Cone
for some finite constant Cy. To fix ideas, assume again that i = j =2, x=w, and
observe that |/\/'(€v2v’2)| = 3n. It is clear that P)[H, = HA,] is bounded by Coe_/3
if ¢ does not belong to ./\/'(Evzv’z). Fix¢ e N(Evzv’z) andlet V(¢;) =Py [He = Ha, 1,
1 < j <n — 1. By the strong Markov property,

(4.14) [1+4e™ P +81} V() = V() +eP1g, 1),

where 0 < 8; < Coe P represents the rate at which the process jumps from ¢; to
configurations in Aj, and 1(¢, ¢1) is equal to 1 if ¢ can be obtained from ¢; by
moving one particle, and is equal to O otherwise. Similar identities can be obtained
for ¢;, 2 < j <n — 1. For some configurations, the factor 4 is replaced by 3.
Summing all these identities and dividing by e~#, we obtain that

n—1 n—1
3y VEH+VED+ V@) + V@2 +eP Y 8,V =1.

j=1 j=1
It also follows from the identities (4.14) and from the bound 0 < V < 1 that
V(@) = VDI < 6P, |V(¢j32) — V&)l S IV(Eip1) — V)] + 6e7F
for 1 < j <n — 3 and for B large. Iterating these inequalities, we obtain that
V(&) = V()< 6n2e P, 1< Jj <k <n — 1. Hence, summing and subtracting
V(1) in the last displayed formula we get that

1
V(p) — —| < Con®e?P,
3n
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which proves (4.13) in the case i = j = 2.
It remains to evaluate the third term in the sum (4.1). We claim that

(4.15) max max|P;[Hg = Hg] — M(¢, )| < CoLe P/2.

ceN(E) S€E
We prove (4.15) inthe case i = j =2, x =w, ¢ = o"2%p¥ for some site z at
distance 1 from Q%V’Z. The other cases, which are simpler, are left to the reader.
For ¢ = oY2%n¥, the probability measure MI(¢, -) gives positive weight only to
the configurations 7?, nVZV’J, 0<j<3, nvlv’z, néﬁ, nvlv*l and 173;1. We examine the
case £ = n%‘;z and leave the others to the reader.

Until the particle at site z hits the outer boundary of the square Q, it evolves
as arate 1, symmetric, nearest-neighbor random walk, while all the other particles
move at rate at most e #. Denote by Hy; the time the particle initially at site z
hits 04 Q and by Hp,y the time of the first jump of a particle sitting in the quasi-
square Q(Z,’z.

The random time Hp,y, is bounded below by a mean Coe? random time ep
independent of the motion of the detached particle. Hence, as in the proof of
Lemma 4.4,

o
(4.16)  Py[Hmy < Hpicl = Pe[Hpie > ep] :_/0 P, [Hpi > tlae™" dt,

where a~! = CgeP. Since, by [21], Proposition 10.13, E¢[Hpi] < CoL?, this last
integral is bounded by CoLe#/2. Therefore,

4.17) P:[Hg = H:1 =P;[Hz = He, Hhit < Hny] + Le(B/2).

On the set Hpit < Hmy, 7(Hpit) belongs to the sets 83 i ,0<j <3, orisequal
to the configurations n} = o™>W2te2pW, p5 = gW2-W2+¢1yW Hence, by the strong
Markov property, the previous expression is equal to

3 .
> Ec[1{Hie < Huy)1{n(Hyio) € & YPycao [Hz = Hel]
Jj=0

2
+ Y Pe[Hnit < Huy, n(Hhi) = 1] |P,:[Hz = Hg] + Le(B/2).
i=1
Proceeding as in the proof of Lemma 4.4, we may replace the sets 53 J by the
configurations ng’j with an error bounded by Cone #/? < CoLe /%, Since & =
mz),z’ only the term j = 2 gives a positive contribution. By symmetry, Pm_*[HE =

H:l=P; (53’0), i =1, 2, where P; has been introduced in Lemma 4.3. Hence, by
the definition (3.2) of p, the previous sum is equal to

p(z, Q%’Z) +p(z, Wa +e2) P (£90) + p(z, wo + e1) P2 (EX0) + Le(B/2).
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At this point, (4.15) follows from Lemma 4.3.

The assertion of the lemma is a consequence of Lemma 4.1 and of esti-
mates (4.12), (4.13) and (4.15). We first use estimate (4.12) and the fact that
P,[Ha, = H¢] is a probability measure in ¢ to replace wr (™! capg (n, Aq) by
N (Si o Yle~# with an error bounded by Con3e™2P. Then we consider separately
the sum over ¢ € N (8 J ) and the sum over { € A \N (& L ). For the first one, we
use (4.13) to replace Py[Ha, = H;] by IN(ERTY I~ ¢ e N (EL7Y)Y with an error
bounded by Cone™2# because IN(E J )| is less than or equal to Con To estimate
the sum over { € A \N(S j) we proceed as follows. Since | N (Ex j)l < Con, we

have that
NV (EA)e™? 3 PylHa, = HIP;[Hz = H]
reA\N(ET)

<Cone™? Y P,[Ha, = H;].
reA\N(E)
This last sum can be written as
1

1— Y PyHxa =H])= Y, {f—PU[HAleg]}.

. . ij
reN (&) reN(E) V&I
By (4.13), this expression is bounded by Con3e_ﬂ. Finally, we use (4.15) to re-
place P.[Hg = Hg] by M(¢, &) with an error bounded by ConLe_(3/ 2P because

IV (Ex7)] is less than or equal to Con. This concludes the proof of the first assertion
of the lemma. The proof of the second assertion is analogous. [J]

LEMMA 4.8. There exists a finite constant Co such that for all x € Ty, a €
{s,1}, (k, &) eI}

max| R; (0. 6) —e 7 30 MG, é‘)' < Con'/2e=GI8,
ceN &)

PROOF. Fixx €Ty, a€ {s, 1}, (k, £ € I} and let n = n&*Y In view of (4.1),
we need to compute three expressions.
We first claim that

Ik (m) " eapg (n, A1) — (N ()]e™P| < Coe ™

for some finite constant Cy. Indeed, let W be the equilibrium potential: W (&) =
P:[H, < Hx,]. By the Dirichlet principle, capg (1, A1) = Dg(W). From n, the
process jumps at rate e B (resp., e 2P, e73F) to IN'(n)| (resp., at most Co, 4n)
configurations in Aj. Hence, since ne f « 1, wxk (M~ 'Dg (W) = |./\/'(17)|e_ﬁ +
Coe?P, proving the claim.



2184 B. GOIS AND C. LANDIM

By similar reasons,

1
max Py[H; = Hp, 1 — ml{

for some finite constant Cy. Finally, we claim that

e Nm}| < Coe™

;én/\éflé)rgneaé‘l){[[{b = Heg] — M(¢, §)| < CovneP.

There are two different cases. Assume that ¢ is obtained from n by moving a
particle on a side which has 3 < m < n particles. In this case, the configuration
¢ has a hole in one of the sides of the square which moves according to a rate 1
nearest-neighbor, symmetric random walk until it reaches the boundary of the set
of m particles. Let Hp;; be the time the hole attains the boundary and let Hp,y
be the first time a jump of rate e or less occurs. Hp,y is bounded below by
a mean Coe? exponential random variable ¢g, independent of the displacement
of the hole. Since E¢[Hyi] = (m — 1)/2, by an argument repeatedly used in the
previous proofs, P:[Hyy < Hpit] < Co(ne_ﬂ )1/ 2 Hence,

P;[Hz = H:] =P;[Hz = He, Hpit < Hmy] + v/ne(B/2).

On the set { Hhit < Hmv}, Hpit = Hgz and either n(Hpj) is the original configura-
tion or it is the one in which a row or a column of particles in a side of the rectangle
has been translated by one unit. The first case has probability (m — 1)/m and the
second one 1/m.

This argument can be extended to the case where ¢ is obtained from 7 by mov-
ing a particle on a side which has 2 particles.

To conclude the proof, it remains to put together the previous three estimates,
as in the previous lemma. [

The proof of the next lemma is similar to that of Lemma 4.7 and the proof of
the following one is identical to that of Lemma 4.8.

LEMMA 4.9. There exists a finite constant Cqo such that for all x € Ty, a €
{s,0},0<j <3,

max
EecE

R(¢8T 6)—eP Y M(C,S)‘Scoezﬂ.
reNER)

LEMMA 4.10. There exists a finite constant Co such that for allx € Ty, a €
s. h kO ely,

R (é.;,(k,e)’ §)—e’ Z M(¢, 5)' < ConeC/28,

et
€&
ceN @)
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5. Coupling ¢(¢) and E(t). In the previous section, we estimate the differ-
ence between the jump rates of the trace process ¢ () and of the asymptotic pro-
cess 2 (1). We use these estimates here to compare the hitting times of these pro-
cesses. The first result of this section shows that we may couple the processes ¢ (¢)
and Z(¢) in such a way that they stay together for a long amount of time. Con-
sider two continuous-time Markov processes X', X2 taking values on the same
countable state space E. Denote by R, R, the respective jump rates.

LEMMA 5.1. Assume that

sup » "|Ri(n,€) — Ro(n,6)| <«

”eEéeE

Jor some o < 0o. Then, for every n € E, there exists a coupling P of the two pro-
cesses such that X' (0) = X2(0) = n P-a.s., and such that for all t > 0

P[Tep < 1] < Pleq <1,

where Ty, is the first time the processes separate, Tcp = inf{t > 0: X tl * X tz}, and
where ¢y is a mean o~ exponential random variable.

The proof of this result is elementary and left to the reader. By this lemma and
by Propositions 4.6 and 4.2, for each configuration n € &, there exists a coupling of

the processes ¢ () and E(t), denoted by P%’g, such that P%’C [¢(0) = E(O) =n]l=1
and such that for all > 0

(5.1 PL[Tep <t] < Pleg <1,

where eg is a mean efi; ! exponential random variable.

PROPOSITION 5.2. Recall from (1.5) the definition of the error e(B). For a
subset A of A, let 'y ={n* € Qp g :x € A}. Assume that limg k| = 0. Then

e ¢
max [P [Hi = H ] - Py[H = H{ ]| < e(B).

PROOF. Fix a subset A of Ay and let t; be the time of the first jump so that

PoolHf = Hi'\ 1= PL[s(r) = n]PelHr = Hr,].
neE
By Proposition 4.2, this expression is equal to

> PL[C) = nPS[Hr = Hr, 1+ R(B),
nev(n®)
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where R(P) is a remainder absolutely bounded by e 2Py [Ac (770)_l + )»E(no)_l],
and A; (770), AE(UO) are the holding rates at 770 of the processes ¢(¢), E(t), re-
spectively. By (3.5) and by Proposition 4.2, Ag(no) > (1/4)e‘2’3 and A;(no) >
e 2B{(1/4) — K }. This proves that |R(B8)| < k.

We estimate P5, y[Hr = Hr,] for a fixed n € V(no) Recall the definition of the
coupling Pg 3 introduced after Lemma 5.1. Under this coupling, on the set {Hr <

T¢p} the processes ¢(¢) and {(t) reach the set I' at the same time and at the same
configuration. Hence,

PS[Hr = Hr,1 = PSC[HE = HE ] <PS[Hr = Hr, 1+ PSS [HE = Tp).

In this formula, H¢ represents the hitting time for the process £(¢). A similar
inequality holds interchanging the roles of ¢ and ¢. Therefore,

|PY[Hp = Hr,| — PS[Hr = Hr,1| <PSE[HE > Tep] + PSS [HE = Top)-

We estimate the first probability on the right-hand side, the arguments needed for
the second one being similar.
Consider a sequence Tg to be chosen later. By Lemma 5.1 and by (5.1),

PSE[H > Top) < PS[HE > Ty + Pleg < Ty,

where ¢eg is a mean eP Ky exponentlal random variable. Since 1 —e™ <x, x >
0, the second term is bounded by e 'BTﬂKz On the other hand, by Chebyshev’s
inequality and by Lemma 5.3 below,

c0|a|e/3

~ 1
P'I'?H > T <—E4H

Choosing Tg = eP (|E|/k2)'/? we obtain that

[P [Hr = Hr,]—PS[Hr = Hr,]| < \/|E|k2/L2.

Estimating P%’g [H1§ > T¢p] in a similar way, we complete the proof of the propo-
sition. [J

The trace process on equivalent classes. Denote by {t,:x € Z?} the group
of translations in Z2: For any configuration n € Q7 k, 7,7 is the configuration
defined by (t,n)(y) = n(x + y), where the summation is performed modulo L.
Two configurations 7, &, are said to be equivalent, n ~ &, if n = 1,& for some
x € Z*. Denote by E- the equivalence classes of E, and by 7, § the equivalent
classes, that is, the elements of E.

Let U: E — E be the function which associates to a conﬁguratlon its equiva-
lence class. Since the dynamics is translation invariant, for all § € E

Re(n, U~ NE) =R (', 071E) it T(n) =T(n).
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In particular,

¢ =T(c())
is a Markov chain which jumps from a class 5 to a class § at rate R;(,§) :=
Re(n,8) = Xgee Re(n, §) if [ belongs to the equivalent class y. Moreover, the

probability measure g on E defined by e () = e (W™ 1(17)) is reversible for
the Markov chain ¢ ().

An auxiliary dynamics. Denote by n° the equivalence class of the configura-
tions in I". We 1ntr0duce in this subsection a process ;(t) Wthh behaves as ¢ (1)
until £ () hits the class °. Let Z () be the Markov process on & whose jump rates,
denoted by Rz (1, §), are defined as follows:

Re(n, &) =R;(n.6), neZ\{n" §ck

It is clear that we may couple ¢ (¢) and ;(t) in such a way that starting from a
Conﬁguratlon n € 2\ {n°}, both processes evolve together until they reach simul-

taneously 7°. Let ug be the uniform measure on E. Since we(m) = pe(§) for
n, &€ g \ {no}, and since the process ¢ (t) is reversible, the measure WE satisfies
the detailed balance conditions on & \ {#°} for the rates Rz. We define Rz(no, &)

e E \ {#°} to fulfill the detailed balance conditions with respect to the uniform
measure iz

R:(n.§) =Rz (€, 1°),  £<E\[n").
LEMMA 5.3. There exists a finite constant Co such that

max E{[Hr] < Co(|E|/L?)eP
nev(n?)

PROOF. Fix a configuration 7 in V() and denote by 7 the equivalence class
of n. Recall the definition of the processes £ (¢), Z(t) introduced above. Let Pg,

P% be the distributions of the processes £ (1), Z@), respectively, starting from 7.
Expectations with respect to P;, P% are represented by EC, Ef,, respectively.

Denote by H”o the time the processes ;(t)~, Z(t) hit the equivalence class 170.
Since Hn" = Hr and since the processes ¢ (¢), ¢ (¢) evolve together until the hitting
time of 5°,

E{[Hr]=ES[H,] =E{[H,o].
Since the chain E(l) is reversible, by [1], Proposition 6.10,
f < —

= capg (0, %)’
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where caps stands for the capacity associated to the process ¢. To fix ideas, assume

Pz pacity P
that n = ng’z and consider the unitary flow ® from 5 to #° given by CD(ng’z, ng’ 1) =
CID(ng’l, ng’o) = CID(ng’O, 7®) = 1, where ng’j represents the equivalence class of
no’ . By Thomson’s principle [14], since Rz(n, &) =R (9, &) > R:(n,£), n € B

0 3 ¢ ¢
I', and since WE is the uniform measure on Z,

1 - 1 { 1 N 1 N 1 }
~ 0y — | ~ 02 0,1 0,1 0,0 0,0
capz (. 1°) ~ ug () \Re (g™, my")  Re(my . my")  Re(mg, %)

1

1 1 1
<) + + J
— 0,2 0, 0, 0,0 0,0
Reg®nyh  Reng' g™ Re(ng®, 1%

By (4.11) and (3.9), the previous sum is b~ounded by Col g lef for some finite con-
stant Co, which proves the lemma since |E| = |E|/L?. O

6. Proof of Theorem 1.1. We prove in this section Theorem 1.1. Instead of
working in the torus Ty we will consider the process X () as a random walk
on Z?. Let X (¢) the random walk on Z? which jumps from x € Z? to y € Z? at rate
rg(y —x) and let ZP@t) = X(t@,gﬂz)/ﬁ. To prove Theorem 1.1, it is enough to show
that Z#(t) converges in the Skorohod topology to a two-dimensional Brownian
motion as § — oo.

In view of the representation of the process X (r) in terms of the orthogonal
martingales M}, ZP@t) = (Z’l3 (1), 2’23 (1)) is a two-dimensional martingale. Since
rg(x1, x2) =rg(£xy, £x2), the predictable quadratic covariation of Zl’.s (1), Z? (1),

1 <i, j <2, denoted by (Zf, Zf)t, is given by
(Z?, Zf)l =10p Z xixjrp(x) =10g8; Z xizrﬁ(x),
x=(x1,x2)EAL x=(x1,x2)EAL

where A; ={—L, ..., L}2. Hence, by the definition of 64,
(6.1) (2. Z0), = /218,

Let AZB(t) = ZP(t) — ZP(r—), t > 0. Since Z#(0) = 0, by the martingale
central limit theorem, [11], Theorem VII.1.4, in view of (6.1), to prove that A0
converges to a two-dimensional Brownian motion with diffusion matrix equal to
(1/2)tI, we have to show that

(6.2) lim E[sup|AZ#(5)[] =0
B—oo Le<y
for all t > 0.

_In the remainin_g of this section, we prove (6.2). Fix § > 0. By definition of
ZB(s), sup; <, IAZE(s)| = SUP; <426, IAX(s)||/€. Since the Poisson processes
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N[ have no common jumps, for all s >0

> x[Ny — H > I[N - N ]

xXeAf xeAp

|AX ()] =

and

DO IXI[NE = N ]<28¢ > [NY—NX]<26¢,

XEAsy b SNNY)

where Ay = {—k, ..., k}>. The expectation appearing in (6.2) is thus bounded by

2B+ 3 Xl g E[ sup [N} N} ]|=25+ 3 == Xlp P[NYz, = 1].

X¢Nse 5<’€29ﬂ X¢Ase
Since P[NX€29 > 1] <E[N* 120 1= tﬁzeﬂrﬂ (x), to prove (6.2) it is enough to show
that forall § > 0
(6.3) ﬁli)ngo g > Ixlrs(x)=0
Ix]|>8¢
Replacing the Euclidean norm || - || by the sum norm | - | and recalling for-

mula (9.1) for rg(x), we bound the sum appearing in (6.3) by
©64) 0 Y IXIR:(n", n¥) = €0prc (") Y |X|P§ [H{ = Hpx).
x|>8¢ x|>8¢

By equation (6.9) in [1], A; n®) < 2(n°) =8¢2#(1+ O(n)e~#). The sum appear-
ing in (6.3) is thus bounded by

2L
ColOpe™ 3 IXIPS,[Hif = Hyx] = Cotope™ 3" kP [Hi = Ho,,
|x|>8¢ k=[5€]+1

where O = {n* € Q. k :|x| =k} and [a] stands for the integer part of a > 0. Let
¢ = {n* € Qp Kk :|x| > k}. With this notation we may rewrite the previous sum as

2L

Z k{Pio[Hl:F = Hy,] - Pf,o[Hl:F = Hy,, ]}
k=[§¢]+1
2L
<COEP{ [Hy —HOLMJ]+ Z PC Hy :HQk]’
k=[6€]+1

where we performed a summation by parts in the last step. By Proposition 5.2 and
Lemma 6.1, the previous expression is bounded by

13
Lis + Co)/([‘sg]_4)/3{ﬁ +——7 }
11—yl
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where k3 = k1 +/k2|E|/L? and y is given by (6.6) below. By (6.12), y < e~0/2",

The previous expression is thus bounded by Lkz + (£ + n)e=c0%¢/,
Up to this point, we have shown that the sum appearing in (6.3) is bounded by

0ge™P [ Lics + (€ + n)e~ 0%/},

In view of the assumptions of the theorem and of (6.2), this proves (6.3) and con-
cludes the argument. [

We conclude this section with two results used in the proof of Theorem 1.1.
Recall the definition of Gy given in (3.6). Let €, x € T, be the event that the
process ¢ (¢) leaves the set Gx without visiting the configuration n*,

3 3
Cx = {Hge < Hpxl,
where Hé, C C E, stands for the hitting time of C by z:

HS =inflr > 0:2(1) eC).
Let

(6.5) 0:= max PL[E].
eV ()

Forxe Ty, let Ly = (&', 0<j <3}, S=1{z0’,0<j <3} and

g=ng’ £:U£x, SZUSX

XETL XETL XGTL

Define
: 3
(6.6) y:=0+(1—p) Sn’éag(() P%' [He\co < Hgl.

LEMMA 6.1. Forevery k > 5,

Py = Ho,] <y,

PROOF. As the chain  (¢) jumps from n° only to V(%), it is enough to show
that

max P%[Hr = Hy, | < y(k_4)/3.
nev(n®)

Fix n € V(). To prove the lemma, we deplete E of its inner configurations, and
we keep only the extremal ones. Let

Be= |J (GxULxUSK}

XETL
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Denote by x'(¢) the trace of E(r) on E.. An inspection shows that the process
X () may only jump from a configuration in Gx to a configuration in Gx U Gy, U
LxULxtey ULx—e; ULx ¢ 4ey USx U Sxte; USx—ey USxte,—e,. Similarly, the
process X (¢) may only jump from a configuration in Ly to a configuration in Ly U
Lxte; U Lxte, U Gx U Gxpe; UGx—ey U Gxie —e,. Finally, the process x(f) may
only jump from a configuration in Sx to a configuration in Sx U Sx+¢; U Sxte, U
Ox U Gx—¢; U Gxter U Gx—e+e,- In all cases, the distance from the index x of the
starting set to the index y of the ending set is at most 2. The neighborhood of a
configuration in Ly is illustrated in Figure 9.

Recall that E(O) = no. Let IT; = Uy lezj{gx U Lx U S}, j > 1, and denote by
7; the hitting time of the set I1; by the process E(t):

T =inf{r >0:2() eI},  j>0.

It follows from the conclusions of the previous paragraph that X (t) € 8¢ \ IT ;47 if
X (t—) € Ec \ IT;. In particular, 7; < 7j4 for j > 1.
LetY:E. — T be given by

Y = ) x1{neGyULyUSy},

XGTL

and let Y; = Y(¢(t;)). In the formulas below, A= Lifa=land A=Sif a=s.
Consider the events

¢l={C(rj) eginey,,

|/
\
i
T~ | _—

FI1G. 9. The neighborhood of a configuration {0[" for n = 6. We omitted the extra square of the

configurations {xl The gray dot represents the site 0.
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2,a
¢}

[c(zj) e AN (Haay, 00z < Hg oy},

3, - ~
€% = {¢(r)) € A} N {Havay, 06z, > Hg 0 05,} 0 Cyrigon, )

¢;=¢;u (J{erruei)

a=l,s

Note that €; is measurable with respect to the o-algebra induced by the stop-
ping time ;3 of the Markov process 7 (1), which we denote by Fr;,.5- Moreover,

(H{ =Hy,} C Mi<j<k—4 €;. Hence,

P[Hr = He, ] < g[ﬂ ¢ ]

Fix a positive integer m > 1. Since &3; belongs to F,, for j < m, taking con-
ditional expectation with respect to 7, , by the strong Markov property we obtain
that

(o] o]

j=1
where
y0(€) = 1§ € GIPL[Cv )]+ Y 1{E € AJPE[Hoayay, < Ho]
6.7) AeES
+ > & € APL[Hg < Hayaye) EvGgy)-

A=L,S

By symmetry, the first probability is bounded by g, defined in (6.5), while by the
strong Markov property, the third one is bounded by

Y HE € AYPL[Hg < Hayaye))
A=L,S

=0 Y 1{& € AH1—P[Hu ay < Hgl}.
A=L,S

Summing this expression with the second one on the right-hand side of (6.7), we
obtain by symmetry that

< 1-— PZ H Hgl=vy.
Igleaéil/o(é) <o+ ( Q)sﬂé?gé ¢[Hevey < Hgl=vy
Iterating this argument (k — 4)/3 times, we get that

P[Hr = Hy ] < y & 975,

which proves the lemma. [J
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LEMMA 6.2. There exists a positive constant co > 0 such that

3 _ ‘o,
I;ISZ(P”[HE\EYW <Hgl<1 "

PROOF. By definition of the set Ly,

max PS[H Hg]= max P°, [H Hl.
7765); n[Hevcy < Hgl 051;(3 c({”[ r\cy < Hg]

Consider the case j = 2 which, by symmetry, is equivalent to the case j = 0. The
cases j = 1,3 are examined after. Let n = ;5’2, Ly = L\ Ly. Intersect the event
{Hpg < Hg} with the partition {H < Hroug)s {Hegug < H,}, and apply the
strong Markov property to obtain that

- P2[Hﬁc <HE ]
PS[Hp < Hgl= ——0 92U,
Pi[Hpoug < Hy'l

Since P [Hsug < Hy 1 =Pi[Hps < Hgyp, 1+ Py [Hg < H*%U{n}], we obtain that

7 PolHp < HE, ]
(6.8) P%[Hcg < Hgl= - where o = — o guln}-
It+a Pi[Hg < H}

]

It remains to bound «.

For this purpose, we introduce a new process which corresponds to reflect the
process E(t) at some configurations. Let AV be the set of neighbors in E, of L. As
illustrated in Figure 9,

N = E:I:e,- U gO U gel U g—ez U gel—ez-
Let W be the set of configuration which can be reached by 7 (1) before hitting N

_ = 3
W = {S € u-?é%’;P;[HE < Hy/] >O}.

Note that only the four configuration nf)’ L o<i<3,of Go belong to V. Denote by

Z‘(t) the process E(t) reflected at V. The jump rates of Z‘(t), denoted by R 3 ,0),
are given by

e PR, ¢), ifE ceW,

0, otherwise.

R0 =|

For&,c € W, Ry (§,¢) = e PR, £) = e PR(, €) = e P R; (¢, &). Therefore,

the process Z‘ () is reversible with respect to the uniform measure on ¥V, denoted
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by u 2 Moreover, since the rates coincide on W/, we may couple 7(r) and Z(t) in
such a way that they evolve together until they reach A/. In particular,
3 + ¢ +
o = DitHeg < Houyl _ PulHey < Houpyl
¢ + ¢ + ’
PylHg < H f,U{n}] PylHg < HL(“,U{n}]

where P% stands for the distribution of the process (1) starting from 7.
Recall that n = 55’2. By definition of the capacity,

(6.9) g Az P [Hg < H)] < cap: (£5.G U ().

Let G4 = GxUGx+e, and G_ = Gx_e, UGx ¢, —¢, . For the denominator, we claim
that

(6.10) 211z Mz P [Hg < H 1= capy (G, {60 1)).

Indeed, from 7 the process may only jump to a configuration in Lo or to a config-
uration in Q2. If it jumps to a configuration in Lo, since the process is reflected
at W, to reach G the process ¢ (#) necessarily passes by 1. Therefore,

Pi[Hg, <H }].

3 +
Py [Hg < Hgyp] = {cey

By symmetry, P%[Hng <HY, 1= Pglo[Hg+ < H',, . Since u; is the uni-
{feé .} Cez {é'ei .} ¢

form measure and since )LE () = e PRy, Q%) = e_ﬂR(g‘e[’zO, Q%) = )»5 (QE’ZO), we
obtain (6.10).
By (6.8), (6.9), (6.10) and Lemma 6.3 below,

- co
(6.11) P [Hpgy < Hgl < 1——
f() n
It remains to consider the case j = 3 which is equal to the case j = 1.
Let a be the probability that the chain 7(1) jumps from §5’3 to g]{’z. With the
notation introduced in Lemma 3.3,

_p¢ _
a= P{J’_g[Hg_‘{,z = HV(g‘(,[‘3)]'

By the strong Markov property and by symmetry,

Pgl,s[Hg\Lo < Hgl < (1 —2a) + 2aP§[,2[H£\£0 < Hg).
0 0

By (6.11) and by Lemma 3.3, the previous expression is less than or equal to
1 —2acy/n =1 — c(/n. This completes the proof of the lemma. [J
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We are now in a position to obtain a bound for y introduced in (6.6). By
Lemma 3.2, o < 1/2 for n > 46. Hence, by Lemma 6.2,
(6.12) y<1—0 < pmeo/om
2n
for some positive constant cg.
The proof of Lemma 9.1 below provides bounds for the capacity associated
to the process E(t). Let U = {g“(;’J 0<j<3UG UG, UGe, UGey_ U

[,1 [,2 1,3
{§32 ’ é‘_el’ é‘—ez’ gel }

LEMMA 6.3. There exist constants 0 < co < Co < 00, independent of B, such
that for any disjoint subsets A, B of U,

-8 -B
e L Coe
n? |W|

In this lemma, by a subset A of U, we understand the union of the sets form-
ing U. This means that either all configurations of Gy belongs to A or none.

7. Proof of Theorem 1.2. Recall that we denote by E, be the set of configura-
tions which can be reached from 170 without crossing A», the set of configurations
with energy greater than Hy;, + 2, defined in (1.10). We first claim that

t
(7.1) llmooE [/(; 1{n(se€%6p) ¢ E,,}ds} =0.

Recall the definition of the set A/ (770) introduced in the proof of Lemma 4.4
and define V' (n¥), x € Ty, as the set of configurations in N’ (770) translated by x.
Denote by Ny(#) the number of jumps from the configuration n* to the set of
configurations Aj in the time interval [0, #]. This corresponds to the number of
jumps from 7* to Q7 g \ N(n*) in the time interval [0, 7]. It is clear that Ny(z),
x € Ty, are independent Poisson processes of intensity 4(n — 2)e 3#1{n = n*}. In
particular, if No(t) = >y, Nx(1),

P,o[No(t) = 1] <E,o[No(t)] = 4(n — 2)e PE 0 [/Ot 1{n(s) e T} ds]

By symmetry,
2205
Eno[/o 1{17(s)€F}dsj|

(7.2) = 1 E,y [/()[295 1{n(s) eT} ds:|

|TL|y€TL

&%)
ZMK ) ny|:f ﬁl{n(s)eF}ds].

|TL|MK(7IW) veT,
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Clearly, the sum is bounded above by

€205
E,« [/0 1{n(s) e F}ds} =20k (D),
while the numerator is equal to g (I') so that
P,o[No(€%0p) > 1] < Cont*0pe P

By assumption (1.11), this expression vanishes as 8 1 co. Hence, with a probabil-
ity converging to 1, the process 7(¢) does not hit A; in the time interval [0, €29/3]
from a configuration in I". Moreover, on the event Ny (529,3) =0, in the time in-
terval [0, 629,3] the process 1(¢) may only jump from a configuration in I" to a
configuration in Uyer, N (n%).

Denote by P;(x), P for plateau, the set of configurations in Hy which can be
reached from configurations in N (n*) by rate one jumps. These are the config-
urations in H; which appeared in the proof of Lemma 4.4 and which have been
denoted by ¥ ; in Figure 1.

For each configuration 1 € P;(x), denote by N(n, t) the number of jumps from
n to a configuration in A, in the time interval [0, ]. It is clear that Ni(n, 1), n €
P1(x), are orthogonal Poisson processes of intensity bounded by Coe#1{5(r) =
n}. Hence, Ni(t) = X, cp, N1(m, 1), P1 = Uxer, P1(X), is a Poisson process of
intensity bounded by Coe #1{n(¢) € P;} and

t

Po[N1(1) = 1] <Eo[N1(1)] < Coe PE,p [/O 1{n(s) € P1} ds:|.

Repeating the arguments presented in (7.2), we show that

Col*0ge Pk (Py)
pi (I

Since |P;]| is bounded by CoL%*(n* + L?), since n < L, the previous expression is
less than or equal to C0£2L2<9ﬁe—3/3, which vanishes as 8 1 0o in view of (1.11).
Therefore, with a probability converging to 1, the process 7(¢) does not hit A;
in the time interval [0, 620/3] from a configuration in P;. Moreover, on the event
Ni (zzeﬂ) =0, in the time interval [0, £29,g] the process 7n(¢#) may only leave the

Po[N1(£%65) = 1] < < Co(¢/L)*0pe | Py|.

set P to a configuration in I' or to a configuration in & xeTr,0<i, Jj<3.

At this point, we repeat the reasoning developed above for the configurations in
I" to the configurations in & . Proceeding in this manner, we complete the proof
of (7.1). The main contribution, which explains the need of assumption (1.11),
comes from the subsets of configurations which are crossed in a transition from a
configuration in Q2 (resp., %) to another configuration in Q2 (resp., *). There
are CoL?n8 such configurations. The details are left to the reader.
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We conclude this section with a similar estimate needed in the proof of
Theorem 1.3. Under the assumptions of Theorem 1.2 and the hypothesis that
n’e P + L?¢2F — 0, we claim that

t
(1.3) Jim E,o [ /0 1{n(s€204) ¢ T} ds} =0.

In view of Theorem 1.2, we may replace I'“ by E, N Hj in the previous formula.
Repeating the arguments which led to (7.2), we obtain that the previous expectation
is bounded by
tpg (B« NHip) _re |8, NHy| e P|E.NH)|
pug@) L? L?

The main components of E, NH; are the subsets 22 and Q* whose cardinality are
bounded by CoL?n’. To estimate the first term in the previous formula, one has
to go through the proofs of Section 4 and recollect all configurations of E, N H.
An inspection shows that |E, N Hj| < CoL?(L?* + n®). This completes the proof
of (7.3).

8. Proof of Theorem 1.3. Recall that we denote by ¢(¢) the trace of n(¢) on
E and that the center of mass, M(n) of a configuration 7 in E is well defined.

We first claim that the process 171,3 () = M({(tﬁzeﬁ)) /£ converges to a Brownian
motion in the Skorohod topology. The proof of this assertion is divided in two
steps. We first prove the tightness of the sequence and then we characterize the
limit points.

Assume that £(0) = n°. Let S; = 0 and let T} be the time of the first jump of
¢ (). Define inductively S; 1 = Hr o z?Tj +T1;,Ti+1=T oﬁsj + S8, j = 1. Thus,
[S;, T;) represent the successive sojourn times at I'. Fix 7 > 0 and let n = min{k >
1: T > t@lgfz}.

Recall that £(¢) is the trace of ¢(¢) on I', and fix § > 0, ¢ > 0. By the observation
of the previous paragraph, if

sup [M(E(s +r)) —M(E(r))| <&t and
0<s<topl?

0<r<é6p¢?

sup  [|M(¢(s)) —M(S(T))| <e¢  forall j <n,
Ti<s<Sjt1
then, the inequality written in the first line of the above formula holds with &, ¢
replaces by ¢, 3e, respectively. In particular, since we have shown in the proof
of Theorem 1.1 that the chain 171,3 (t) =M(& (tEZHﬁ)) /€ is tight with respect to the
uniform modulus of continuity, to prove the tightness of 1\71,3 (t) it remains to show
that

lim lim sup Pio |: U sup  [M(¢(s)) —M(¢(T))| = s€:| =0.

820 p>oo j=1Ti<s<8jn1
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Let ¢j =T; — S, j > 1, so that {A,(n%)e;:j > 1} is a sequence of mean 1
i.i.d. exponential random variables. Clearly, > ;< ¢ < t@,gﬁz if n> j. Since by
equation (6.9) in [1], A (n%) <A (n°) =8¢ 2 (1 + O(n)e™F) < 9e=2F

Pf} n>j]<P¢ [Zx; ¢ < 9e—2ﬁr9ﬂzz}

9e2P10402
=X
J
Therefore, to prove tightness of the chain Mg(¢) with respect to the uniform mod-

ulus of continuity it remains to show that

lim limsupe™ 2ﬁ9ﬁ€2P§ [ sup  [M(¢(s))] zgﬁ] =0.

§—0 B—00 0<s<Hr

This follows from the proof of Theorem 1.1.
Let fd,g (t) =M(& (rﬁ29,3)) /€, which converges to a Brownian motion by Theo-
rem 1.1. We claim that for every ¢t > 0, ¢ > 0,

(8.1) lim P°,[ sup [fts(s) — Fg(s)] > ] =0.
B—oo 1

0<s<t

By definition of 1\715 (1), 1\715 (1), it is enough to show that

(8.2) lim PS[ sup (¢ (9) —m(E()] > €] =0.
p—oo Mhoos<re29,

Recall that £(s) is the trace of ¢ (s) on I'. Hence, if we define the additive func-
tional 7 (s) by

T(s)=/0s1{§(r)eF}dr, s >0,

and if S(s) is the generalized inverse of T, S(s) = sup{r > 0|T(r) < s}, &(s) =
¢(S(s)). We may therefore replace M(¢(s)) — M(E(s)) by M(¢(s)) — M(Z(S(s))) in
the previous formula.

We claim that for every ¢ > 0, § > 0,

(8.3) lim P%,[S(t0562) — 10205 > 5£%05] = 0.
B—oo N
By definition of S, forevery 8’ >0t >0, S(t') <t'+ 68 if T(t' +§') > t’. Hence,

taking 8’ = 8026 and 1" = t£26g, since t’ — T (t') = [i 1 1 (s) ¢ T} dss, we con-
clude that the previous probability is less than or equal to

(t+8)0p¢*
Pf}o[/o 1{g(s)¢r}dszaz29ﬁ]
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By Chebyshev’s inequality and by translation invariance and by the arguments
used in (7.2), this probability is bounded by

1 (t+8)8p¢>
Ef[ 1 r ]
fo {¢(s) ¢ T} ds

8205
(t+8)05¢> (t + &) ue )
- gt e 7
= 50205, (D) o tewerias]= 511 (1)

Since p; (I'°) /e (T') is bounded by Con’e™ P, the previous expression vanishes as
B — oo, proving (8.3).

Recall that we replaced M(£(s)) by M(¢(S(s))) in (8.2). Since S(r) —r is a
nonnegative increasing function, in view of (8.3), to prove (8.1) it is enough to
show that for every ¢ > 0,

lim lim suprIO[ sup  [M(¢(s)) —M(¢(s + )| > 8@] =0.

§=0 oo 0<s<t£20g
0<r=<8020g

This follows from the tightness of the process M(Z (s)).

To complete the proof of the theorem, we need to replace M(¢(s)) by M(n(s)).
This is simpler and follows the same strategy of the first part of the proof. Denote
by A the event {n(s) ¢ E, forsome 0 <s < ze29ﬁ}. By Theorem 1.2, this event
has a vanishing asymptotic probability. In view of our convention for the center of
mass of configurations in X 1 U X3 3, on A the center of mass M(n(s)) does not
change appreciably during excursions in H: on A forall 0 <s < tﬂzeﬁ,

C

,sup max{1a(n(s)) —1(n(So)]., MOn(s)) =M T} = 7

where Ss (resp., Ty) is the last (resp., first) time before (resp., after) s in which 7(s)
belongs to Hg;. Therefore,

C
sup  i(n(s) —Mns + 1) <=+ sup M) —M(z(s + ).
0<s<1205 nt 0<s<1£20p
0<r=<8026g 0<r=<6£26g

This proves that the sequence of Markovs chains MP (¢) is tight.

To characterize the limit points, we compare M (7) to f/I,g (t) and we use the
fact that £(¢) is the trace of n(¢) on E. We need to prove (8.1) with the obvious
modifications. The main point in the proof of (8.1) is assertion (8.3) whose proof
reduces to the estimate

lim E,o [/OHB 1{n(s65¢%) ¢ E) dsj| =0.

B—o00

This estimate has been derived in (7.3), which completes the proof of the theorem.
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9. The time-scale 6g. We prove in this section the bounds (1.4) on 6g. The
proof relies on the next lemma.

LEMMA 9.1. Assume that (1.3) holds. Then there exist constants 0 < cg <
Co < 00, independent of B, such that
Coe P us(n®)

<cap, (0, T\ {1°}) < 5 ®

coe P ug(n®)
2 ()

PROOF. On the one hand, by the Dirichlet principle
cape (0", T\ (n°}) =((=L¢ ), f),,,

for any function f: E — [0, 1] which vanishes on I" \ {770} and which is equal to
1 at »°. Taking f = 1{Go}, we obtain that

cap, (n*, T\ {n"}) <= Y uc R (n. G§).
n€go

By Propositions 4.2 and 4.6, Lemma 3.1 and since u;(n) = ux(n)/ng(8) =
mp(n)/mp(E), the previous sum is bounded by

0

> {ePR(n. G§) + Coxze P} + Mefzﬂ/q
up(E)

_ Coe P up(n’)

npg(E)
for some finite constant Cy whose value change from line to line. By (1.3), n(x; +
k2) vanishes as 8 1 oo. This proves the upper bound.
On the other hand, by Thomson’s principle [14], Proposition 3.2.2,

1 1 1 )
~ —¢ ’ 9
cap, (n%, T\ {n°}) =2 Zﬁ pe (MR (1, 8) -5

n,6€8

{14+ nxr 4+ nk1},

for any unitary flow ® from 7% to "\ {1°}.

To construct such a flow, recall from (3.14) the path & = 1%, &1, ..., &y = n©
M =3n — 2, from n° to ¢! obtained by sliding particles around the square Q.
Let W be the unitary flow from no to n°! defined by W(&;,&4+1)=1,0<i < M.
By (4.3) and (4.11),

1

1
- S B
277,;6:3 we (MR (m, &) (1. 8)

< pp(E) e {1-1- K1 }
~ ug(m®) R, &1) R(%0,41) — k1

up(Bef P Cok:
npg(n®) IX; R(Ez»§z+1){ +R($i,$i+1)—CoK2}'
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By (3.14) and (3.15), R(&;, &;41) > n—!. The previous expression is thus less than
or equal to

Copp(E )nzzﬁ{l nK2 nKq }
wpg(n®) '
By (1.3), nk1 and n«; vanishes as 8 1 oco. This proves the lower bound. [J

+
1—nky 1 —nk

We are now in a position to prove the bounds (1.4). Recall that we denote by
R:(m*,nY), x #y € T, the jump rates of the trace process £(¢). Since ¢ (), £()
are the traces of the process n(t) on &, I', respectively, and since E D I', £(¢) is
also the trace of ¢ (¢) on I'. In particular, by [1], Proposition 6.1,

0.1) R (0", n%) = ke ()P, [HiY = Hyx].
Hence, by the definition (1.2) of 6g,
-1 0
9.2) 05 = > IxlIPre =x:(n") Y ||x||2P§0[HF+ = Hyx],

xeTy, xeTy,
so that
de (n)PL[Hpy oy < H] <65 <2070 (0P o[ Hry g0y < H ).
Since
cap; (n°, T\ {n°}) = e (n°)e (") P)o [ Hr 0y < H ).
we conclude that
12
1z (1% 1z (%)
Assertion (1.4) follows now from Lemma 9.1.
We may improve the upper bound above using the arguments presented in the

proof of Theorem 1.1. Assume that (1.6) is in force and recall the definition of the
sets Ok, 4 introduced right after (6.4). By (9.2) and since A, (") < Coe 2P,

capc(n r\ {n%) < 9/51 Can(’? '\ {n°}).

2L 2L
05" < Coe ™ Y KPP [Hit = Ho, ] < Coe ™ ) kP! [H = Hy, ],
k=1 k=1
where we performed a summation by parts in the last step. By Proposition 5.2, the
previous sum is bounded by

2L -
Coe P L2z + Coe ™ Y kP, [H = Hy,],
k=1
where k3 = k| + /k2|E|/L?. By Lemma 6.1 and (6.12), the second term is less

than or equal to Coe~2#n?. By assumption (1.6), the first one is bounded above by
Coe2n?. This proves (1.7).
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