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LIMIT THEOREMS FOR SMOLUCHOWSKI DYNAMICS
ASSOCIATED WITH CRITICAL CONTINUOUS-STATE
BRANCHING PROCESSES
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We investigate the well-posedness and asymptotic self-similarity of so-
lutions to a generalized Smoluchowski coagulation equation recently intro-
duced by Bertoin and Le Gall in the context of continuous-state branching
theory. In particular, this equation governs the evolution of the Lévy mea-
sure of a critical continuous-state branching process which becomes extinct
(i.e., is absorbed at zero) almost surely. We show that a nondegenerate scaling
limit of the Lévy measure (and the process) exists if and only if the branch-
ing mechanism is regularly varying at 0. When the branching mechanism is
regularly varying, we characterize nondegenerate scaling limits of arbitrary
finite-measure solutions in terms of generalized Mittag—Leffler series.

1. Introduction.

1.1. Overview. Recently Bertoin and Le Gall [3] observed a connection be-
tween the Smoluchowski coagulation equation and any critical continuous-state
branching process (hereafter CSBP) that becomes extinct with probability one. Our
general goal in this paper is to establish criteria for the existence of dynamic scal-
ing limits in such branching processes, by extending methods that were recently
used to analyze coagulation dynamics in the classically important “solvable” cases
(i.e., cases reduced to PDEs in terms of Laplace transforms).

Substantial progress has been made in recent years understanding the long-time
behavior of solutions to solvable Smoluchowski coagulation equations. A rich
analogy has been developed between dynamic scaling in these equations and clas-
sical limit theorems in probability, including the central limit theorem, the clas-
sification of stable laws and their domains of attraction [14, 16], and the Lévy—
Khintchine representation of infinitely divisible laws [2, 18].
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A new challenge in dealing with the coagulation equations that appear in the
context of CSBPs is that they typically lack the homogeneity properties which
were used extensively in earlier scaling analyses. On the other hand, use of a
Laplace exponent transform leads to the study of a rather simple differential
equation determined by the branching mechanism of the CSBP. Moreover, these
branching mechanisms have a special structure, a Lévy—Khintchine representation
formula expressed in terms of a certain measure related to family-size distribution.

To deal with the lack of homogeneity, we will adapt ideas from renormal-
ization-group analysis, studying convergence of rescaled solutions together with
the rescaled equations they satisfy. Such methods have been used to study asymp-
totic limits in a variety of problems including nonlinear parabolic PDE and KAM
theory [6]. An important point in this type of analysis, and one featured here, is that
nontrivial scaling limits, if they exist, satisfy a homogeneous limiting equation. We
describe these features in greater detail below.

1.2. Continuous-state branching processes. CSBPs arise as continuous-size,
continuous-time limits of scaled Galton—Watson processes, which model the total
number in a population of individuals who independently reproduce with identical
rates and family-size distributions. A CSBP consists of a two-parameter random
process (¢, x) — Z(t,x) € [0,00) (t > 0, x > 0). For fixed x, the process ¢
Z(t,x) is Markov with initial value Z(0, x) = x. For fixed ¢, the process x
Z(t, x) is an increasing process with independent and stationary increments. The
right-continuous version of this process is a Lévy process with increasing sample
paths. In particular, the process enjoys the branching property that Z(¢, x + y) has
the same distribution as the sum of independent copies of Z(¢, x) and Z(z, y) for
allt > 0.

The structure of the process Z (¢, x) has a precise characterization via the Lam-
perti transform. That is, t — Z(¢, x) can be expressed as a subordinated Markov
process with parent process x + X; where X, is a spectrally positive Lévy process.
More specifically, Z(z, x) = x + Xo(,x) Where the process ¢ — ©(z, x) has non-
decreasing sample paths and formally solves 9;® = x + Xg. In this context, the
Laplace exponent of X;, denoted W, is called the branching mechanism for Z (¢, x)
and has Lévy—Khintchine representation

(1.1) W(u) = au + u® + o )(e_”x—1+uxl{x<1})71(dx),
,00

where @ € R, 8 > 0, and f(O,oo)(l /\x2)7r(dx) < 00. The representation (1.1), hav-

ing the property W (0™) = 0, assumes no killing for the associated CSBP; cf. [11].
Due to the nature of the Lamperti transform, Z(z, x) satisfies

(1.2) E(e—qZ(Z,x)) — e—x<p(t,q)’
where the spatial Laplace exponent ¢ solves the backward equation

(1.3) dot,q) =—Y(pt,q)), g € (0,00),t>0.
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Corresponding to Z(0, x) = x, the initial data takes the form ¢(0, g) = g. It fol-
lows that x — Z(#, x) is an increasing process with independent and stationary in-
crements. As the Laplace exponent of a subordinator, ¢ has the Lévy—Khintchine
representation

(1.4) 0(t.q) = big + / (1— e ™Yudx), =0,
(0,00)

where b; > 0 and f(o, OO)(1 A x)v:(dx) < oo. The quantities b; and v; represent the
drift coefficient and the Lévy jump measure, respectively. Taking g — oo in (1.2)
one sees that the CSBP becomes extinct in time ¢ with positive probability (i.e.,
P[Z(t,x) = 0] > 0) if and only if ¢(z, 00) < oco. This means that b; = 0 and p; <
00, where

def
pr = (vp. 1) é/ vr(dx).
(0,00)

(See Proposition 3.7 for a characterization of branching mechanisms of this type.)
In the present work, we restrict our attention to the class of CSBPs for which
the branching mechanism W has the property

(1.5) V() =a-— /[1 )xn(dx) > —00.

That is, we assume W has the representation

(1.6) () =au + Bu® + (e™"* — 1 4 ux)m(dx),
(0.00)

where & € R, /§ > 0, and the branching measure 7w (dx) verifies
(1.7) / (x A x?)7(dx) < 0.
(0,00)

As shownin [9, 11], the CSBP associated to (1.6)—(1.7) is conservative in the sense
that P(Z(¢, x) < oo) =1 for all £ > 0. Of primary interest is the case of critical
branching, which is distinguished by the property E(Z(¢, x)) = x, and corresponds
here to the value & = 0.

1.3. A generalized Smoluchowski coagulation equation. The connection be-
tween branching and coagulation was described by Bertoin and Le Gall in [3] as
follows. Informally, the Lévy measure v;(dx) corresponds to the “size distribu-
tion” of the set of descendants of a single individual at the initial time 0. A more
precise interpretation, when b, = 0, is that Z (¢, x) is the sum of atoms of a Poisson
measure on (0, co) with intensity xv;(dx). Based on the study of the genealogy of
CSBPs as in [7] for example, each of these atoms may be interpreted as the size of
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a clan of individuals at time ¢ that have the same ancestor at the initial time. [It is
also possible to interpret v;(dx) as a continuum limit of scaled size distributions
of clans descended from a single ancestor in a family of Galton—Watson processes.
But precise discussion of this point lies outside the present paper’s scope, and is
left for future work.]

As shown in [3], the Lévy measure of a critical CSBP which becomes extinct
almost surely satisfies a generalized type of Smoluchowski coagulation equation.
This equation belongs to a general class of coagulation models that account for
the simultaneous merging of k clusters with (possibly time-dependent) rate Ry.
Specifically, the weak form of this equation is

d{vy, f)
dt

(1.8) =Y Rele(ve, f)  forall f e C([0, 00]).

k>2

Here

k k
(1.9 L, /) =f(0 ; (f(X1 Foetx) =Y fx) ) I

(d-xl

represents the expected change in the moment

def

v, £) & /0 v

upon merger of k clusters with size distribution v. For the evolution equation of
the Lévy measure of a critical CSBP which becomes extinct almost surely, the
rate constants Rj have a particular Poissonian structure expressed in terms of the
branching mechanism and the total number p; = (v;, 1). Namely Ry = Ry (o)
where

e PV (dy) + 820’

_ k\p(k) k
110 Ry =TT [ O
(0,00)

k! k!
Here, f is the diffusion constant appearing in (1.6), and dy» is the Kronecker delta

function, which is zero for £ > 3. Combining the relations (1.8) and (1.10) gives
the coagulation equation

00 kyy (k)
(1.11) ”t’ :Z v 1)\11 (e, >)Ik(vt,f).

In the case of the special branching mechanism W (u) = u?, we recover the

classical Smoluchowski coagulation equation with rate kernel K (x, y) = 2. Also,
note that a Lévy measure solution of (1.11) represents a kind of fundamental
solution for the coagulation equation, having the special property that as t — 0
the measure xv;(dx) converges weakly to a delta function at the origin; see Re-
mark 3.9.
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1.4. Results and organization.

1.4.1. Characterization of scaling limits for coagulation. Our main results
relate to long-time scaling limits of measure solutions of the coagulation equa-
tion (1.11) where W is a critical branching mechanism for a CSBP which becomes
extinct almost surely. That is, we investigate the existence of dynamic scaling lim-
its of the form

(1.12) a(®v (A1) ldx) = D(dx)  ast— oo,

for functions o, A > 0 and a finite measure . We show that the existence of non-
degenerate limits is fundamentally linked to two conditions:

(i) regular variation of V at zero with index y € (1, 2];
(ii) regular variation of the mass distribution function [y yvi(dy) at infinity
with index 1 — p, where p € (0, 1].

First, assuming condition (i) holds, we prove (Theorem 5.1) that scaling limits
of form (1.12) exist if and only if condition (ii) holds at some initial time ¢ =
fo > 0. Since initial data satisfying (ii) are easily constructed, condition (i) gives
a sufficient condition under which (1.11) admits nontrivial scaling solutions. The
remarkable fact (Theorem 6.1) is that condition (i) is both necessary and sufficient
for the scaling limit (1.12) to exist when v; is the fundamental solution (defined in
Section 3.2).

The theorems cited above also provide a precise characterization of the limiting
measure . Specifically, we show that (i) and (1.12) together imply that there exist
constants ¢, > 0 and p € (0, 1], the latter given by (ii), such that

(1.13) D(dx) = (D, 1)Fy ,((D, 1)/Pc; M dx),
where F) , is a generalized Mittag—Leffler probability distribution given by

o (i (=DFH1x

(1.14) FV”’(X):]; K Tsk+1)

where r = (y — DL s= p(y — 1), and (r); denotes the Pochhammer symbol
P=rr+DTF+2)---(r+k—1).

Moreover, the corresponding solution v; is asymptotically self-similar in the sense
that for all r > O,

(1.15) a(T)ve, (M) " Ldx) — VA7 PU=1D) )

as T — oo. In particular, the limiting function in (1.15) belongs to the family of
self-similar solutions of (1.11) with homogeneous branching mechanism of the
form W (u) = Bu?, where g = (y — D=4, 1)!=7. These solutions have the form

v (dx) =a()Fy (a7 dx),  a@) =By — D],

which generalizes the one-parameter family obtained in [16] corresponding to the
classical Smoluchowski equation, with y =2 and ¢, = 1.
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1.4.2. Limit theorems for critical CSBPs. Theorems 5.1 and 6.1 establish a
necessary and sufficient condition for the existence of nondegenerate scaling limits
of fundamental solutions, namely, condition (i), above. We now describe two rather
direct consequences of this fact in terms of scaling limits of the corresponding
CSBP.

First, given a CSBP Z(z, x) for which the corresponding Lévy measure is a
fundamental solution of (1.11), we consider scaling limits of the form

(1.16) AOZ(t a()x) S Z(x),

with a(#) — oo and A(¢) — 0 as t — oo. That is, we scale by a factor of A(¢) the
total population at time ¢ descended from an initial population of size «(¢)x, and
we investigate the convergence in law of the rescaled process, with parameter x,
to a nondegenerate Lévy process Z. As above, we prove that such a limit exists if
and only if condition (i) holds. This is Theorem 7.2. In particular, if (1.16) holds,
then for each ¢t > 0,

(1.17) MO Z(tt, a(r)x) S V=D 2 (/0= y)

as T — 00, and the right-hand side is equal in law to the CSBP with Lévy measure
given by tl/(1 Y @'/ =Y) dx), where fi is the Lévy measure of Z. In this way,
we establish the self-similar form of the limiting CSBP.

Alternatively, one can consider initial population as fixed, and obtain a condi-
tional limit theorem for critical continuous-state branching processes conditioned
on nonextinction. In the context of discrete-state branching, several authors [5, 20,
23] have investigated limits of the form

(1.18) P(A(t)Z; <x|Z; > 0) - F(x)

as t — 0o, where Z; is the branching process, and F is a nondegenerate distribu-
tion function on (0, c0). By various techniques (our own being most similar to a
method of Borovkov [5]), the authors prove that for the special scaling function
A(t) =P(Z; > 0) a limit of the form (1.18) exists if and only if the process Z; has
an offspring law corresponding to a regularly varying probability generating func-
tion. The question of whether the same regular variation condition is implied for a
general scaling function A(¢) — 0 was left open by Pakes [20]. Theorem 7.1 pro-
vides an affirmative answer to the continuous-state analog of the question posed
by Pakes as an easy corollary of Theorem 6.1.

Also implied by Theorem 7.1 are the conditional limit theorems obtained by
Kyprianou [12] for critical CSBPs with power-law branching mechanism (the so-
called a-stable case), and those obtained by Li [15] for critical CSBPs with the
property W”(0) < oo. In all cases above, including the discrete cases previously
mentioned, limiting distributions are characterized by relations of the form (1.14).

Let us note that, by comparison, noncritical CSBPs admit scaling limits of a
simpler form. Indeed, a well-known result of Grey [9] states that for any super-
critical CSBP with W/(0") > —o0, and for any critical or subcritical CSBP with



LIMIT THEOREMS FOR CRITICAL CSBPS 681

W’ (00) < 0o [in the latter case, the CSBP remains positive almost surely—see
Proposition 3.7(i)], there exists a scaling limit of the form (1.16), where () = 1
and ¢(¢, A(t)) = const., with ¢ solving (1.3). On the other hand, it follows directly
from the work of Lambert [13] that any subcritical CSBP which becomes extinct
almost surely admits a limit of the form (1.16) with scaling functions given by
a(t) =1/¢(t,00) and A(¢) = 1. In contrast with Theorem 7.2, only one nontrivial
scaling function is needed in each of the cases above.

1.4.3. Well-posedness. For the sake of completeness we also give an account
of well-posedness for the coagulation equation. That is, we establish the existence
and uniqueness of weak solutions of (1.11) when W is a critical branching mech-
anism and the initial data is a finite measure (Corollary 3.12). Here, we essen-
tially tie together the ideas of Bertoin and Le Gall [3], Norris [19] and Menon and
Pego [16] with a few new proofs and observations. In particular, we provide a sim-
ple and direct account of well-posedness for the evolution of the Lévy measure v;
in (1.4) (Proposition 3.7). The point is that equation (1.3) preserves the property
that ¢ (¢, -) has a completely monotone derivative. For an initial cluster size distri-
bution given by a finite measure, the latter property amounts to a well-posedness
result for Smoluchowski dynamics.

1.4.4. Outline of the paper. We now give a brief outline of the paper. Sec-
tion 2 delineates some basic notation and definitions. Section 3 is dedicated to
well-posedness results. In Section 4, we derive the family of self-similar solutions
to (1.11) associated with generalized Mittag—Leffler laws. Section 5 is dedicated
to a study of scaling limits of the form (1.12) in the case of a regularly varying
branching mechanism W. In Section 6, we consider scaling limits of fundamental
solutions. Finally, in Section 7, we reformulate our scaling results in terms of limit
theorems for CSBPs.

2. Preliminaries. We begin with some notation that will be repeatedly used
throughout this paper. Let E be the open interval (0, o0), and E denote the ex-
tended interval [0, oo]. We use C(E) to denote the space of continuous functions
f:E — R, equipped with the L>-norm.

Three spaces of measures that arise often in our context are:

e The space M, consisting of positive Radon measures on E equipped with the
vague topology. We recall that if w, @1, uo, ... are measures in M, then w,
converges vaguely to (1 as n — oo (denoted by wu, = w) if (i, @) — {(u, @)
for all ¢ € C.(E). Here C.(E) denotes the space of continuous functions on E
with compact support, and (@, f) denotes the integral of f with respect to the
measure (.

e The space M F, consisting of finite positive measures on E, equipped with the
weak topology. That is, if u, @1, (o, ... are measures in Mg, then we say u,
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converges weakly to pu as n — oo (denoted by Bt W) if {w,, @) — (u, ¢) for
all ¢ € Cp(E). Here Cp(E) denotes the space of bounded continuous functions
onE.

e The space My, consisting of the set of measures u € M such that

/ (1 Ax)u(dx) < oo.
(0,00)

2.1. Branching mechanisms and Bernstein functions.

DEFINITION 2.1. We say a function V: E — R is a branching mechanism if
it admits the representation

(2.1) W (u) = Gu + fu® + /E(e—“x — 14 ux)m(dx),

where & € R, /‘2 >0and 7 € M4 with [ (x AxH)m(dx) < 0o (equivalently, xz €
M x). The branching mechanism is called critical, subcritical, or supercritical
according to the conditions @ =0, & > 0, or @ < 0, respectively.

DEFINITION 2.2. We say that f € C®°(E) is a Bernstein function if f >0
and (—1)¥ f&+D > 0 for all integers k > 0.

In other words, f is a Bernstein function if f is nonnegative, and f’ is com-
pletely monotone. It is well known (see, e.g., [22]) that a function is Bernstein if
and only if it admits the representation

(2.2) f(@)=a+bg+ /E(l — e M) u(dx),

where a,b > 0 and pu € M. Note that f is strictly positive if and only if
(a,b, u) # (0, 0,0). On the other hand, a function W: E — E belongs to the set of
critical or subcritical branching mechanisms if and only if ¥(0%) =0 and ¥’ is a
positive Bernstein function. The following lemma, for which we have found no ob-
vious reference, establishes a deeper relation between set of critical or subcritical
branching mechanisms and Bernstein functions.

LEMMA 2.3. Assume V: E — E is a critical or subcritical branching mech-
anism. Then, the inverse function W~ is a Bernstein function.

PROOF. Let f =W~!and g =1/¥’. Note g is completely monotone, since
x > 1/x is completely monotone, and W’ is a positive Bernstein function, as ob-
served above. Since f is positive and f’ = g o f, it directly follows that f” is
completely monotone, from [18], Lemma 5.5. [
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3. Well-posedness for Smoluchowski dynamics. In this section we define a
notion of weak solution for the generalized Smoluchowski equation (1.11). As we
will show, the question of existence of weak solutions amounts to a study of (1.3).
Several estimates appearing in Sections 3.1 and 3.3 have either been sketched in [3]
from a probabilistic point of view, or are straightforward extensions of the well-
posedness theory in [16]. The originality of our treatment lies mainly in Lemma 2.3
and its use in the proof of Proposition 3.7. The remaining estimates have been
simplified by various degrees and organized for convenience of the reader.

3.1. Weak solutions. In this section, we consider a critical branching mecha-
nism W having the representation (2.1) with & = 0. Following the approach in [16,
19], we associate to each finite, positive measure v € M the continuous linear
functional L(v) : C(E) — R, defined by

(L), f)=D Re((w. D) Ik (v, f)
3.1) k=2 o
1) 1
—Z W, ” A . p).

where I and Ry are defined by (1.9) and (1.10), respectively. To verify continuity
of L(v), we observe [I(v, f)| < (k + DI fllc)- Thus form = (v, 1), equa-
tions (2.1) and (3.1) give

00 k
(L), )| = ‘3m212(f) + 3 [ %e—m"n(dx)

k 00
= ||f||C(E)|:3,Bm +/ |: k=1 Z :|€_mx7r(dx):|

k=2
=K fllec):

where K (m) = 3/§m2 +2mW¥’'(m) — W(m) < 0o, establishing continuity of L(v).
Observe for future use, that

(3.2) K(m) = /OmBBu + 2u” (u) + \p’(u)] du.

Since W/, W” > 0, the function m — K (m) is positive and increasing.
With this, the natural notion of weak solutions to (1.11) is as follows.

DEFINITION 3.1. We say that a weakly measurable function v: E — M is
a weak solution of (1.11) if

t
(33) s f) = (s, f) + / (Lo, f)dr
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for all t,s > 0 and for all f € C (E). If, additionally, there exists vy € Mg such
that v; converges weakly to vy as t — 0, then we say v: [0, c0) - MF is a weak
solution of (1.11) with initial data vy.

To any function v: E — M.y, We associate the function

def

(3.4) o) ¥ [ (1= e ).

Our next result shows that weak solutions to (1.11) are characterized by (1.3) for
the associated function ¢.

THEOREM 3.2. Let V: E — E be a critical branching mechanism. Assume
v: E — Mg and that ¢ is related to v by (3.4). Then, v is a weak solution of (1.11)
if and only if ¢ solves (1.3).

PROOF. Letv and ¢ be as described. First, we claim that ¢ satisfies (1.3) if and
only if (3.3) holds for the family of test functions f, (x) L emax ,0< g <oo0.
Note, carefully, that we include the function f» = 1 in this family. Indeed, since
v; € MFp, we have

def
o(t,q) — @(t, 00) = (vg, 1) <00

as g — 00, so that if (1.3) holds for 0 < ¢ < o0, it also holds for g = co.

Note that since W is a critical branching mechanism given by (2.1), it has an
analytic extension defined in the right half of the complex plane. Thus, the Taylor
series of W(u) expanded about any m > 0 converges whenever 0 < u < m and
gives

S S
(35 ww=Y k'(m) w—mf, W=y " k'(m) (u —m)*k,
k=0 ’ k=0 ’

These formulas hold also for u = 0, with ¥ (0) = 0, ¥/(0) = 0, due to the con-
sistent sign of the terms for & > 2. Writing m = (v, 1), we compute that for
0<g <oo,

k k
m* I (v, fy) = fE [fq (Zn) — qum)} dvf
i=1

i=1
k k .

=/, [1 — Hle"”f — 2;(1 — e“”f)} dv,
i= i=

=mk — (m = p(t,9))" —km" oz, ).
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Using this expression (which vanishes for k = 0 and 1) in (3.1) and invoking (3.5),
since 0 < ¢(¢, q) <m we find
00 kg (k)
(=D (m) _
(L), fg) =) m" = (m =0, 0)* —km ot q)]
k=0 :
=W (0) — ¥(p(t, q) + o(r, ) ¥ (0) = =V o o(t, q).

Therefore (3.3) holds for f = f, if and only if

t
ol q)— 9. =~ [ Vlp(r.q))dr

for all s, ¢ > 0. This proves the claim.

In particular, if v is a weak solution of (1.11), then ¢ solves (1.3). On the other
hand, if ¢ solves (1.3), then (3.3) holds for all test functions f,, 0 < g < co. This
family of test functions spans a dense subset of the metric space C(E). Now, given
feC(E)and e >0, choose g € span{ f; :0 < g < oo} such that | f — g|| < &. By
linearity, (3.3) holds for the test function g. Therefore, assuming for definiteness
that r > s, we have

t
<vt,f>—<vs,f>—fs (L(ve, ))de

t
(i f —8) — (05 f —8) —/S (L(vo), f —g)dr

t
<1F = gl (1 + 0 1)+ [ K (e 1) )

<e[2(vs, 1) + (t = )K ((vs, )],

where the function K is given by (3.2), and we use (1.3) with g =00 to infer
(vg, 1) < (vg, 1). Taking € — 0 shows that (3.3) holds for all f € C(E). This com-
pletes the proof. [J

REMARK 3.3. Bertoin and Le Gall [3] propose a weaker form of Smolu-
chowski’s equation that requires only v; € My, not Mp, but which still trans-
forms to (1.3). In particular, they show that if ¥’(c0) = 0o (see Proposition 3.7,
below), then the Lévy measure of the associated CSBP verifies this weak form for
the special test functions f,;, 0 < g < oo. However, there appear to be no obvious
estimates available to deal with a general test function f € C(E).

3.2. Fundamental solutions. For any weak solution v: E — M F of the gener-
alized Smoluchowski equation (1.11), the solution ¢(#, ¢) of (1.3) has a finite limit
as t — 0 whether or not v, has a weak limit as t — 0. Indeed, if ¢(¢, gg) — o0 as
t — 0 for some gg > 0, then, by a translation invariance of solutions, one shows
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that for any g > go there exists 7, > 0 such that ¢(z, g) = ¢(t — 14, g0) — 00 as
t — 14, which contradicts v, € Mp.
It follows that ¢ has the convenient representation

(3.6) o(t,q) = (t, (0, q)),

where ¢(0, q) def ¢(0", g) and where ® solves the initial value problem

{8z<l>(t, q)=-¥(®(t.9), qe€E,
©0,9)=q.

The functions ®; = ®(¢,-) have the semigroup property &, = ®; o & for
t,s > 0. Because of the composition structure (3.6), we make the following defi-
nition.

3.7

DEFINITION 3.4. Assume V: E — E is a critical branching mechanism. We
say that a function u: E — Mp is the fundamental solution of the generalized
Smoluchowski equation (1.11) if the function

(3.8) 1) = [ (1= i)

solves the initial value problem (3.7), where ®(0, q) def

o0, g).

The fundamental solution relates solutions of the generalized Smoluchowski
equation to their initial data via solutions of a linear problem; see Remark 3.10
below for details. But first we establish necessary and sufficient criteria for the
existence of a fundamental solution, and develop the basis for our discussion of
well-posedness theory for weak solutions with initial data.

DEFINITION 3.5. We say that a branching mechanism W : E — R satisfies
Grey’s condition [9] provided W (co0) = oo and

o ]
3.9 / du < oo for some a > 0.
a Y(u)

REMARK 3.6. It is well known that Grey’s condition gives a necessary and
sufficient condition under which solutions to (1.3) have finite-time blow-up, back-

ward in time. We also mention that Bertoin and Le Gall [3] use the term Condi-
tion E to describe Grey’s condition.

PROPOSITION 3.7. Let ® be the unique solution of the initial value prob-
lem (3.7), where V: E — R is any branching mechanism of the form (2.1). Then,
for each fixed t > 0, the map ®(t,-): E — E is a Bernstein function. More pre-
cisely,

(3.10) D(t,q) =bg + _/;5(1 — e ) (dx)

for some b; > 0 and 1y € Mipx. Furthermore, the following properties hold:
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(i) by =0 for some (equivalently all) t > 0 if and only if ¥’ (00) = 00;
(i) by =0 and n, € Mg for some (equivalently all) t > 0 if and only if ¥
satisfies Grey’s condition.

REMARK 3.8. While the facts above can be infered from CSBP theory, we
summarize them here for convenience of the reader, and give a proof indepen-
dent of the latter theory. In particular, we recognize equation (3.10) as the Lévy—
Khintchine formula for the Laplace exponent of a CSBP with branching mecha-
nism W, as sketched in Section 1.2. In this context, property (ii) states that a CSBP
becomes extinct by time ¢ with positive probability (® (¢, o0) < oo) if and only
if Grey’s condition holds. For critical CSBPs, this is the case if and only if the
process becomes extinct almost surely. Thus property (ii) establishes a one-to-one
correspondence between fundamental solutions of (1.11) and Lévy measures for
critical CSBPs that become extinct almost surely.

PROOF. Our proof is based on the implicit Euler method. First we will show
that each iteration of the implicit Euler scheme for (3.7) yields a Bernstein func-
tion. Then, since the set of Bernstein functions is closed under composition and
pointwise limits [22], pages 20-21, convergence of the implicit Euler scheme im-
plies that ®(z, -) is Bernstein.

By assumption, W has the representation (2.1). Since W' is increasing and
W/(0%) = & e R, it follows that W is Lipshitz on bounded intervals. Hence (3.7)
has a unique solution. Furthermore, the solution remains positive for all time since
the equation is autonomous and W (0") = 0. Also, since 9,® = —W(P) < —a P,
we obtain, for all 7, g > 0, the bound

(3.11) 0<®(t,q) <ge ™.

For fixed t > 0 and N € N, let h =t/N and consider the iteration scheme
(3.12)  Duri(g) =Dulg) —h¥(Puri(g)), n=0,1,....N—L
Note that for N sufficiently large, the function F : E — E defined by

(3.13) FN(u):u+%\IJ(u):u+h\IJ(u)

is a bijection, since Fl’\,(u) =1+ h¥'(u) > 1 + ah > 0. By consequence,
<i>n+1 (q9) = Fﬁl(&)n (g)) is well-defined and positive for all ¢ > 0 and n =
0,1,..., N —1. Since W is locally smooth on E and we have the bound (3.11), the
proof of the pointwise convergence P N(g) — D(t,q9) as N — oo foreach ¢ > 0
is standard, and we omit it.

Observe now that Fy is a branching mechanism since it has a representation of
the form (2.1). Hence by Lemma 2.3, F, !'is a Bernstein function, provided N is
sufficiently large. Since the set of Bernstein functions is closed under composition,
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and dA>o(q) = ¢q is a Bernstein function, it follows CTD,, is a Bernstein function for
eachn =0, ..., N. Finally, the pointwise convergence d N— ®P(,-)as N > o0
implies that ®(¢, -) is a Bernstein function, by [22], Corollary 3.8. Representa-
tion (2.2) then gives

(3.14) ®(1,q) = ar + beg + /E (1 — e~y (d),

for some a;, b, > 0 and p; € Mj.,. Note that (3.11) implies a, = ®(¢,07) =0
for all r > 0.
Next we establish (i). Observe that b, = 3, ® (¢, 00), and that the relation

(3.15) 3,0 (t, q) = o~ Jo V' (@(s.q) ds

is an easy consequence of (1.3). If W/'(0c0) < 0o, then since W' and ®(s,-) are
increasing, for any ¢ > 0 we find

b, = e~ Jo W (@(s.00)ds o ,—1W'(00) _ (.

Conversely, suppose b; > 0 for some ¢ > 0, then (3.14) implies ® (¢, co0) = oo and
hence ®; = ®(z, -) is a surjection onto E. Since ®; = 50 O, for 0 <5 < ¢,
@ is also a surjection and hence ® (s, 0co) = oo. Thus b; = e V') 5, Hence,
W’(00) < oo. This completes the proof of (i).

Finally, let us show that (ii) holds. First suppose b; =0 and u; € M for some
t > 0. We claim Grey’s condition holds. From (3.10) we have

(3.16) D (t, 00) =/ U (dx) < oo.
E

Assume for the sake of contradiction that W(co) < 0o. Then ¥/ (c0) < 0, and
we have by (2.1), B=0and & =V (0" < — [x7(dx). In that case, W(u) <
Jpe™* — )m(dx) <O forall u € E, and ®(-, ¢) is increasing. Hence ®(z, g) >
q — 00 as ¢ — 00, which contradicts (3.16). This shows W (c0) = oo.

Now, assume (3.9) fails. As remarked above, failure of this condition ensures
that all solutions of (1.3) with finite initial data remain finite backward in time. In
particular, by uniqueness and positivity of solutions of (3.7), we have that for all
q >0,

q=2(0,q9) =d(—t, ®(t,q)) < P(—t, D(1,00)),
which is finite and independent of g. Note that we used monotonicity of ® in g for
the inequality. This is a contradiction. Hence, Grey’s condition holds.
Conversely, assume Grey’s condition holds, and let
g« définf{q € E:V¥(q) >0}

denote the largest equilibrium solution of (1.3). Then, for any g > g, there exists
ty <Osuchthat E > ®(r,q) > ocoast — t;r. We define the special solution

Oy (1) = Ot — 14, q),
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which is independent of ¢ > g4 and has the property E > ®,(t) — oo ast — 0T,
Since ®(0, g) < ®,(0™) = oo, we deduce, by uniqueness of solutions of (1.3), that
D(t,q) < P.(¢) for all ¢, g > 0. Therefore, taking g — 00, shows ® (¢, 00) < 00.
Thatis, by =0 and u; € Mp,forallt > 0. [

REMARK 3.9. Note that the Bernstein functions @ (¢, -) converge pointwise
to the function ® (0, g) = g as t — 0. It follows that

0.q)=bi+ [ e @)
E

converges pointwise to 3,®(0,9) =1 = f[o,oo) e 9§y(dx) as t — 0; see, for
instance, [22], page 21. Therefore, by the continuity theorem (cf. [8], Theo-
rem XII1.1.2), the measures « ) (dx) = b;80(dx) + x s (dx) converge vaguely to
the measure §p(dx) in the space of positive Radon measures on [0, 00). In par-
ticular, if W is a critical branching mechanism satisfying Grey’s condition, then
the mass measure, xu;(dx), converges weakly to a delta mass at zero as ¢t — O.
Moreover, the total mass at time ¢, given by 9, ®(z, 07T), is conserved by (3.15).

REMARK 3.10. Formula (3.6) has a standard probabilistic interpretation: For
fixed ¢, the Lévy process with Lévy measure v, is subordinated to the Lévy process
with Lévy measure vg by the directing process Z(z, -) with Lévy measure u;. In
terms of generators, this corresponds, however, to a deterministic formula [(3.20)
below] that expresses the weak solution v; of the nonlinear Smoluchowski equa-
tion in terms of the fundamental solution w,; and the kernel Qg of a convolution
semigroup (a Lévy diffusion) given by

(3.17) A1) = [ foe+ 00y,
with generator A determined from vg(dx) by
(3.18) AF@ = [ (£t ) = S0y,

for all smooth f € C.(R). Supposing that f(x) = ¢, (x) :=e 9" for x > 0, we
find that for x > 0,

(3.19)  Af(x) =—9(0,q)eq(x), e f(x) = eq(x) /[0 . eV Q,(dy).

[Note Q,(dx) retains an atom at 0 with mass e~*("-1).] Hence

L= [ o@nman = [ (1=, ds) = 0. 90.q)).
E E E

Consequently, from (3.6) we infer that

(3.20) v (dx) = /E 0, (dx) i (ds).

Note that Q; is determined by solving a linear equation, namely o,u = Au.
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3.3. Weak solutions with initial data. In this section we establish the existence
and uniqueness of weak solutions of (1.11) with initial data vg € Mp.

LEMMA 3.11. Assume V:E — R is a branching mechanism, and let vy €
Mirx. Then, there exists a unique vaguely continuous map v: [0, 0c0) — M such
that @, defined by (3.4), is a solution of (1.3) with initial data

(3.21) ©o(q) = /E(l — e Y y(dx).

Furthermore, if vo € Mp, then v, € Mp for all t > 0, and v: [0, 00) - MF is
weakly continuous. In this case, we have for t > 0

d{v, 1)
dt

(3.22) =—U((v, 1)).

PROOF. Note that (3.6) represents the unique solution of (1.3) with initial
data ¢(0, q) = ¢o(q). By Proposition 3.7, the map (¢, -) is a Bernstein func-
tion for all £ > 0. Also, ¢ is a Bernstein function as it admits a representation of
the form (2.2). Therefore the composite function, given by (3.6), is a Bernstein
function for all ¢ > 0. Furthermore, we have ¢(f,0") =0 and

_ . . . /
0591, 00) = lim 93P (1, ¢0() - lim ¢o()-

By assumption, the latter limit vanishes, and since d,®(, -) is decreasing, the
former limit is finite. Hence, d,¢(¢, 00) = 0 and representation (2.2) for ¢ reduces
to

1—e
(3.23) olt.q) = /E ),

for some u; € M, with x! i € Miax. Note that the measure u; is determined
uniquely by its Laplace transform d,¢(z, g). Further, d,¢(z, g) is continuous in ¢,
since 0; dy(t,q) = W(p(t,q))¥(p(t,q)). Therefore, viewing 1, as a measure
on [0, oo) (which assigns measure zero to the point {0}), it follows from the conti-
nuity theorem (cf. [8], Theorem XIII.1.2) that the map u: [0, oo) — M ([0, 00))
is vaguely continuous, where M ([0, 00)) is the space of Radon measures on
[0, 00). In particular, for all f € C.(E) C C.([0, 00)), we have ( f, us) — (f, i)
as s — t. That is, the map w:[0, o0) — M is vaguely continuous. Hence, the

def _q . . . v . .
map ¢t — v, = x Uy € My is also vaguely continuous [since pg — u; implies
¢ - s Y ¢ - uy for any ¢ € C.(E)]. This establishes the first part of the lemma.
Finally, observe

(U[, 1) =qli>ngo¢(t’ Q) =qli)noloq>(t7 (PO(Q)) = CI)(Z’, <V(), 1))

Thus if vy € Mp, equation (3.22) follows from (3.7) by taking g = (vg, 1).
Since (3.22) implies ¢ +— (1, 1) is continuous on [0, c0), we conclude that
v:[0, 00) - M is weakly continuous; see, for instance, [1], Theorem 30.8. [J
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COROLLARY 3.12. Assume V:E — E is a critical branching mechanism,
and let vg € M. Then, there exists a unique weak solution of (1.11) with initial
data vg.

PROOF. First, by Lemma 3.11, there exists a weakly continuous map
v:[0,00) —> M such that ¢, defined by (3.4), satisfies (1.3) with initial
data (3.21). In particular, v; € MF converges weakly to vg as t — 0. By Theo-
rem 3.2, v restricted to E verifies (3.3). Hence, by definition, v is weak solution
of (1.11) with initial data vg. Uniqueness of the solution follows from Lemma 3.11.

O

4. Self-similarity and generalized Mittag-Leffler functions. Recall
from [16], that the classical Smoluchowski equation, which corresponds here to
the special branching mechanism W (x) = u?, admits a one-parameter family of
self-similar solutions of the form

v,(dx):t_le(t_l/pdx), t>0,0<p<l,
where F), is given by the classical Mittag—Leffler distribution function, satisfying

o0 (_ l)k-i-lxpk

41 F)=Y —2 *
@D Fplo) ];F(pk-i-l)

/E(l —e ) Fy(dx) = TTq 7

We now discuss the existence of self-similar solutions for homogeneous bran-
ching mechanisms of the form

4.2) W (u) = Bu?, l<y=<2,8>0.
As in [16], we look for self-similar solutions of the form
(4.3) v (dx) = a(t) F (A1) dx),

where F is a probability distribution and o, A > 0 are differentiable. In this case,
the function ¢, defined by (3.4), takes the form

@h e =a0plgrn). 56 = [ (1-e ).
Furthermore, by Theorem 3.2, ¢ satisfies the equation
(4.5) dp(t,q) =—Bo(t.q)"

for all 0 < g < oo, where @(t, 00) def JE vi(dx). By (4.4), ¢(t,00) = a(t). Hence,

up to the normalization a(07) = 0o, (4.5) gives
(4.6) a(t)=[(y — Dpe] Y.
Now, given (4.4), we rewrite (4.5) as

Ot/(l) - 1=y g7\ =/ _ _ p- Y
a(yy @HO) +qa TN OF (qh0) = —pg(ar D)
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In terms of the variable s % g (1), separation of variables yields
(v —DI() _ @) =g _ 1

M s@)p

where we label the separation constant as 1/p for convenience. The constant
disappears thanks to (4.6). Solving for the general solution in each case, we obtain

1 1/(y=1

where c1,cy > 0 are arbitrary constants. Taking into account (4.4), we have
@(0") = 0. Therefore, p > 0. Furthermore, the fact that ¢ is a Bernstein func-

tion implies that 0 < p < 1, otherwise ¢” takes positive values near s = 0. We
obtain the following proposition.

k]

’

@7 ) =D G = [

PROPOSITION 4.1. Assume W is given by (4.2). Then (1.11) admits a one-
parameter family of self-similar solutions, indexed by p € (0, 1], of the form

48) ui " (dx) = a(OFyple® " dx),  a)=[(y = Dp1]" T,

where F), , is a probability measure determined by the relation

o | V(=D
(4.9) /E(l —e 1) F, p(dx) = [m]
More precisely, the function
(4.10) PO g) = [ (1= )l )
E
solves (4.5) with initial data ¢#V*(0, q) = q”. In particular, Mﬁg’y’l is the funda-

mental solution of (1.11). That is, ,ufs’y’l is the Lévy measure for Zg ,,(t, x), the

continuous-state branching process with branching mechanism (4.2).

PROOF. We set ¢; = [(y — DB]V/®@Y=D) and ¢ =1 in (4.7), so that (4.4)
takes the form

1 1/(y=1
(v — DBt + q—w—”]

By construction, this function solves (4.5) and has initial data ¢#7?(0, ) = ¢”,
which is a Bernstein function. Hence, by Proposition 3.7, formula (3.6) and The-

orem 3.2, goﬁ’V*p has the representation in (4.10) where [L?’y’p solves (1.11). The
remaining statements regarding the case p = 1 follow easily from definitions; see
Sections 1.2 and 3.2. [

(@.11) GPTP(, q) = [

Finally, we show that the distribution function for F), , has a generalized
Mittag—Leffler structure analogous to (4.1).
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LEMMA 4.2. Suppose F is a probability measure on E such that for some
fixedr,s >0,

1 r
4.12 / 1—e ) F(dx =[ ],
(4.12) K VP = |
for all g > 0. Then the distribution function of F takes the form

LS (D
(4.13) F(X)_kg K Tek+1)

where (r)i denotes the Pochhammer symbol, or “rising factorial” function

Mk=rr+Dr+2)---(r+k—-1.

REMARK 4.3. A study of generalized Mittag—Leffler distribution functions of
the form (4.13) is given by Prabhakar [21]. In particular, we may define, as in [21],
the family of generalized Mittag—Leffler functions

P (ot
(4.14) E""ﬁ(x)_];)k!l“(ak—i-ﬁ)’ o, B, p >0,

in which case (4.13) has the particular form

Fx)=1- sl( S)'

PROOF. By series expansion of (1 — x)™" at x = 0, one easily computes that

1 r_oor(r—i-l)--.(r—i-k—l)_fsk
[Hqﬂ] _,g k! (=)

for |g| > 1. Next, note that

—sk

q —qxxsk—ldx’

=roi i b

for k > 1. Since

1— /(-)oo e T F(dx) = Z (i( 1)kqfsk Z (r)k( 1)k+1 fsk

we conclude, formally, that

o0 .| k+1 k
Z (N . ( ) S XSk_ld)C

(4.15) F(dx) = K TGhED

k=1
Indeed, the previous series converges for all x > 0, has a (probability) distribution
function given by (4.13), and satisfies (4.12) for all Re(g) > 1. It follows by the
identity theorem, that (4.12) holds for all g > 0, since both the left and right-hand
sides of (4.12) are analytic for Re(g) > 0. U
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5. Scaling limits with regularly varying ¥. Proposition 4.1 establishes the
existence of a family of self-similar solutions of (1.11) with power-law branching
mechanisms W(u) = fu?, 1 <y < 2. These solutions have a scaling invariance
given by

va%/’(dx) _ sl/(V—l)Mfts%P(sl/(p(y—l)) dx),

for any s > 0. While self-similarity arises in this case due to homogeneity of W,
we will show that branching mechanisms with an asymptotic power-law structure
admit solutions which are asymptotically self-similar.

Recall that a function f > 0 is said to be regularly varying at zero (resp., infin-
ity) with index p € R if

fax)
—> X
f@)
ast — 0 (resp., t = oo) forall x > 0. If p =0, then f is said to be slowly varying.

THEOREM 5.1. Let v: E — MF be a weak solution of equation (1.11) where
W js a critical branching mechanism which is regularly varying at zero with index

ye(1,2].
(1) Suppose there exists a nonzero v € Mg and functions a, A > 0 such that
(5.1 a(®v, (M) Ldx) S Ddx)  ast— oo.
Then, there exists p € (0, 1] such that for all t > 0,
X
5.2) / yv,(dy)'vxl*pL(t,x) as x — 00,
0

where L(t, ) is slowly varying at infinity. Furthermore, there exists c; > 0, given
by (5.16), such that
(5.3) D(dx) = (b, ) F, ,((D, 1)V/Pe; ! dx).
Here F), , is the generalized Mittag—Leffler distribution defined by (4.9). Moreover,
forallt >0,
(5.4) a(s)vs,(k(s)_ldx)gtl/(l_y)f)(tl/(p(l_y)) dx) as s — 0o,
and the limit in (5.4) is a self-similar solution of (1.11) with branching mechanism
(0, 1)1

y —1

(i1) Conversely, suppose there exist ty > 0, p € (0, 1], and L slowly varying at
infinity such that (5.2) holds for t = ty. Then, there exists a function \L(t) — 0,

implicitly defined by (5.17), such that (5.1) holds with a(t) = (v, 1)_1 and v =
Fy p.

(5.5) V) =pu’, p=
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REMARK 5.2. Note that if (6.1) holds for a weak solution v: [0, 00) — MF
with initial data vg, then (5.2) holds for = 0. Similarly, if (5.2) holds for t =ty =
0, then the converse result holds; cf. [16]. Indeed, the proof below extends easily
to these cases.

We begin our analysis leading to the proof of Theorem 5.1 with the following
pair of useful lemmas.

LEMMA 5.3 (Uniform convergence lemma). Assume f > 0 is monotone and
regularly varying at x = oo with index p # 0. Assume h > 0. Then, for any 0 <
A <00,

h
faht)
J(x)

as x — oo if and only if h(x) — A as x — oo.

(5.6)

PROOF. The result essentially follows from the uniform convergence theorem
of Karamata (see, e.g., [4], Theorem 1.5.2). In particular, if f satisfies the hypothe-
ses above, then the convergence f(Ax)/f(x) — A° as x — oo is uniform in A on
compact subsets of E. Therefore, if A(x) — A as x — oo for 0 < A < oo, then
(5.6) holds. The cases A =0 and A = oo then follow from the monotonicity of f.

Conversely, suppose (5.6) holds for some 0 < A < co. Then, if 2(x) - X, there
exists a subsequence x,, — oo such that 4(x,;) — v for some 0 < v < co with
v # L. We deduce that f(x,h(x,))/f (x,) — v”, which contradicts (5.6). This
completes the proof. [J

LEMMA 5.4. Assume V: E — E is continuous and regularly varying at u =
0 with index y > 1. Further, assume u: E — E solves the ordinary differential
equation

5.7 u'=—Vu).
Then u is regularly varying at infinity with index (1 — y)™'.
PROOEF. First assume u is invertible. Then it suffices to show that the function

u ' 0, u(0h) > E is regularly varying at s = u(co) = 0 with index 1/(1 —
¥)~!'=1—y. In that case, we apply Lemma 5.3 to the identity

(=17 () T @)/ u()u ()
Culu@) @)
to obtain

lim u(tx) :xl/(l_y),
t—o00 u(t)
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for all x > 0. Hence, u is regularly varying at infinity with index (1 —y)~L.

Obviously, u is decreasing when u > 0. Therefore, to show that u is invertible,
we must show that « does not vanish in finite time. Writing (5.7) in integral form,
we have

u(to) 1

5.8 = -
©8) o uy  W(w)

Thus, u vanishes in finite time if and only if fol ﬁ dw < 00. Note that W (s) =
s¥ L(s) where L is slowly varying. Also,
1 s /s W(s) 1 /s W(s)
(5.9) / dw = dw=————
s W(w) W(s)J1 W(sw) sv=IL(s) 1 W(sw)

Since W is regularly varying at zero, the integral term on the right-hand side is
bounded away from zero for s sufficiently small. Also, s"L(s) — 0 as s — 0 for
all r > 0; see, for instance, [8], Lemma VIII.8.2. Hence the left-hand side of (5.9)
diverges as s — 0, and we conclude that u is invertible.

It remains to show that u~! is regularly varying at zero with index 1 — y. We
consider any fixed 0 < so < u(0T). By a change of variables, (5.8) implies

s 1
-1 -1
u " (s)=u" (s9) — —dw
(s) (50) W)
for all 0 < s < u(0™"). Therefore, by L’Hopital’s rule, we obtain for any s > 0
couTlws) s () L s/ (W) L () g
lim = =1 =1 =5 7.

= lim = lim = lim =5
=0 u_l(‘L') =0 (u_l)’(‘L') 7—0 —1/(\1—‘(‘E)) =0 W(Ts)
This completes the proof. [

Solutions of the autonomous equation (5.7) have a translation invariance which
plays an important role in our analysis. Specifically, if ¥ > 0 is continuous and
W (0") = 0 (for instance, any critical branching mechanism), and if u > v > 0 are
solutions of (5.7) defined on E, then

v() =u(t —t +u"(v(1)))

for all ¢, T > 0. Recall that if v: E — M is a weak solution of (1.11), then the
function ¢(-, g), defined by (3.4), solves (5.7) for all 0 < g < co. In particular, the
function

(5.10) n(6) € (v, 1) = (¢, 00)
solves (5.7). Since ¢(t, 00) > ¢(t, g) > 0, we obtain the identity
(5.11) ot,q)=n(t —1+n" ' (p(z,9))

for all ¢ > 0. Thanks to this identity, the characterization of scaling limits in the
case of regularly varying branching mechanisms is relatively straightforward.
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PROOF OF THEOREM 5.1. Let ¢ and 5 be defined by (3.4) and (5.10), respec-
tively. Assuming (5.1) holds, we have

a)n(t) = (a@)v, (M)~ dx), 1) = (D, 1).
Moreover, taking into account (5.11), we have

(D, 1—e9)= tlirgo(a(t)vt()\(t)_l dx),1—e %)

= lim a()e(t,gh1))
(5.12)
n(ll—t/t+1/0n Ne(r, gh(1)))])
n()
1 1/(1=y)
= (D, ”(tlir&[l + -0~ el qk(t)))]) »

where the last equality follows from Lemmas 5.3 and 5.4. Since the left-hand side
is finite and independent of t, we conclude that there exists x (¢) < oo such that

= lim a(t)n(t) - lim
—00 —>00

1
(5.13) ;n_l(w(f, g (1)) = x(q),

for all T > 0. Since ¥ > 0 and W(0") = 0, the function n, which solves (5.7),
is decreasing and n(oo) = 0. Also, by the analysis of Section 3.2, ¢(t, -) is in-
creasing with ¢(7,0) = 0 for all = > 0. Hence, 77_1 (¢(z,-)) is decreasing with
rfl (¢(7,0)) = +o00. Since the limit in (5.12) is nonconstant in q, we must have
x(g) > 0 and A(¢) — O (otherwise, x vanishes on an unbounded interval). There-
fore,

(/0 e q20) _ x@) _

(/0 e, a@))  x(1)
as t — 0o. A standard rigidity lemma (see, e.g., [8], Lemma VIII.8.2) implies
x(q) = x(1)g” for some p, and implies ™' (¢(t, -)) is regularly varying at ¢ = 0
with index p. Note by (5.13) that x is decreasing because ¢(t, -) is decreasing
and n~! is increasing. Further x is not constant and so 5 < 0. Also, since 7!
is regularly varying at ¢ = 0 with index 1 — y (see the proof of Lemma 5.4), it
follows that ¢(z, -) is regularly varying at ¢ = 0 with index p = p/(1 — y) for all
T > 0. Therefore,

(5.14) $(@) L (5,1 — e %) = (b, H[1 + x(1)gr-VI=),

As a pointwise limit of Bernstein functions, ¢ is a Bernstein function. Hence, we
must have 0 < p < 1, otherwise ¢ takes positive values near ¢ = 0.
Now let us show that (5.2) holds. For ¢t > 0, we write

0
w(t,q)=/ (1—e %) (dx)~qL(t,q"")  asq—0,
0
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where L(t,-) is slowly varying at infinity. Next, we claim that gd,¢(z,q) ~
pp(t,q) as g — 0 for all £ > 0. Indeed, since 8590 <0, we have
9991, q) _ ¢, xq)/(p(t,q) — 1
o(t,qg) — x—1

for all x > 1. Hence,
d,0(t, t, t, -1 p—1
liming (1. q) . hminffp( xq)/(p(t,q)) _ X .
g—0  @(t,q) q—0 x—1 x—1

Also, the reverse inequality holds if we consider x < 1 and take the limit supremum
instead. Thus, as x — 1, we recover the limit ¢d,¢(t, q)/¢(t, q) — p.
Therefore, we have

o0
8,0(t.q) =/ e xvy(dx) ~ pg” 'L(t.q7")  asq— 0.
0

This establishes a regular variation condition on the Laplace transform of the mea-
sure xv;(dx). By a classical Tauberian result (see, e.g., [16], Theorem 3.2) we
obtain the following equivalent condition on the distribution function:

X
_ o
v (dy) ~x'"PL(t, x)  ——— as x — 0o.
[ yutan .3 75—
Hence, redefining L by a multiplicative factor, we obtain (5.2).
Finally, let us verify (5.4). A slight variation of estimate (5.12) gives, for all

0<g=<o0,

sl_i)rgo(oz(s)vst()u(s)*1 dx),1 —e %)

= lim a(s)p(st, gA(s))
1/(1=y)

— 0

1
= (D, 1)<Slim |:t + ;n_l((p(t, q)»(s)))})
(5.15)
=, I)[r + X(l)qp(l—y)]l/(l—y)

[(f), l)l_yt + ((13, 1)1//’X(1)1/(0(1—y))q)9(1*)/)]1/(1*)/)

P (e dx), 1 — ),

where pf7? is defined by (4.8), with 8 = (y — 1)~ (D, 1)! 77 and

s ey [ 4] oo um]”
(5.16) o=, 1) P (1) PRV = dq $(q ")
chosen according with (4.11). The last equality, which is by no means obvious,
follows from (5.14). In particular, when p = 1, we obtain the relation ¢; = ¢’(0) =
(x¥, 1); cf. Theorem 6.1.

q=0
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Since (5.15) is valid for all 0 < g < oo (note, carefully, that we include
q = o0) the continuity theorem (see, e.g., [8], Theorem XIII.1.2) implies that
a(s)vsr (A(s) "L dx) converges vaguely to u; ’y”o(c;1 dx). Also, the case g = o0
implies convergence in total measure. We therefore obtain convergence in the weak
topology; see, for instance, [1], Theorem 30.8. Hence, taking into account (4.8),
we obtain (5.3)—(5.5). This completes the proof of part (i) of the theorem.

Now suppose there exists #p > 0, p € (0, 1], and L slowly varying at infin-
ity such that (5.2) holds for r = 9. Again, by the Tauberian theorem, we have
dq¢(to, -) regularly varying at ¢ = 0 with index p — 1. The regular variation of
@ (ty, -) at ¢ = 0 with index p then follows from the observation

9o.q) _ ¢lto.q) —¢(t0.0) _ (! 9(t0.42) ,
qdq9(to, q) qo49(to, q) 0 939(1,q)
The convergence of the integral term is easy to verify; see, for instance, [18],

Lemma 3.3.
Finally, for s > 0, let a(s) = r;(s)_1 and define A(s) by the relation

1
- — as g — 0.

1
(5.17) ;n_l(go(to, A(s))) =1.

It follows that

1 _ _
-0 (el0,92()) —> ¢"7 77,
and we conclude, as above, that

Sl_i)nc}o(n(s)_lvsl(k(s)_l dx),1—e %) =[r+ qp(l_y)]l/(l_y)

= {uf 7" (dx), 1= e

for all # > 0 and for all 0 < g < oo, where B = (y — 1)~!. Weak convergence of
the measures follows as before. This completes the proof. [J

6. Scaling limits for fundamental solutions. In this section we show that
a necessary condition for asymptotic self-similarity of fundamental solutions is
regular variation of the branching mechanism W. In view of Definition (3.4) and
property (ii) of Theorem (3.7), we consider critical branching mechanisms W for
which Grey’s condition holds. Our main result is the following:

THEOREM 6.1. Let u: E — MF be the fundamental solution of (1.11), where
W is a critical branching mechanism verifying Grey’s condition. Further, assume
there exists a nonzero probability measure i € M and a function A > 0 such that

-1
6.1) M_w,,a

(ll’l" 1)
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as t — o0o. Then V is regularly varying at u = 0 with index y € (1, 2]. Further-
more, xjt € Mp and A(t)/{us, 1) = (xf1, 1) as t — 0o0. Moreover, we have the
representation

(6.2) fi="Fyi((xi, )" dx),
where F), | is the generalized Mittag—Leffler distribution defined by (4.9).

Before proving Theorem 6.1, we discuss a few basic properties of fundamental
solutions. Let us define, as before, the total measure function

n(6) (., 1) = 0(t, 00),

where @ is given by (3.8). Since ®(z, -) is increasing, we have
lim n(¢t) > lim ®(t,q)=¢q
t—0t t—0F

for all ¢ > 0. Hence, n(t) — oo as t — 0. Moreover, 1 solves (5.7), where W > 0
and W (0™) = 0. Hence, n(¢) decreases to zero as t — oo. It follows that n: E — E
is bijective, and it is straightforward to check that its inverse is given by

(6.3) (o= [T ——au.
v W)

With this notation, ® in (3.8) has the representation

(6.4) O(t,q) =n(t +¢(q),

which is a special case of (5.11). From this it follows easily that ® satisfies the
forward equation

(6.5) 0 ®+V¥(g),®=0.
Finally, we note the following useful estimates.
LEMMA 6.2. Assume WV is a critical branching mechanism that satisfies

Grey’s condition, and assume ¢ is defined by (6.3). Then the following hold for
all s > 0:

() £IEP1 <0< 1%,
(i) g1
(i) #[s¢(9)]=

PROOF. Part (i) is equivalent to the estimate
W(s) 2W(s)

(6.6) SW(s) <
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The first inequality in (6.6) follows from the convexity of W. That is,
W(s) W(s)— V(0
s s—0

< W'(s).
Similarly, the concavity of W’ gives the estimate " (s) < W’(s)/s, which implies
s N
sW/(s) = / [t¥"(1) + ¥'(7)]dT < / 29/ (1) dt =2V (s).
0 0

For the proof of (ii), we compute

d? [ 1 } 2 (5)? — W (5)W(s)
ds2 | W(s)] W(s)3 ’
which is nonnegative by the estimate

1 / /

v (s)<l<\ll(s) <2\Il(s).
Wi(s) — s T W(s) — W(s)

Finally, for the proof of (iii), observe that

d © ] K
ﬁ[sg(s)]:/s T vy

© g o g 1
:/1 w(swd“_/l v w2
\IJ(su)<\IJ(s)

(su)2 — sz -

Hence (6.7) is nonnegative, and the proof is complete. []

(6.7)

For u > 1, part (i) implies

PROOF OF THEOREM 6.1. Assuming (6.1), we have for all 0 < g < oo that

n(t+L@r®) <ut<x<z)—1 dx)
n(t) (e, 1)
as t — oo. Equivalently, in terms of the variables

- e—W> S o) a1 — e

def def

t=0@1), 1) = A¢(),

we have

(6.8) ¢(t.q) =

— ¢(q)

def N(¢(7) + ¢ (g€(7)))
T

as T — 0. Note that ¢:[0, 00) — [0, 00) is increasing from 0 to 1, since [ is a
probability measure. Also, note that ¢ is implicitly determined by the relation

(6.9) ¢ (ql(n)) =¢(z@(r, @) — ¢ (D),
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CLAIM. {£(t)—>0ast— 0.

PROOF. Consider

def T
(6.10) F(r) = e

By part (i) of Lemma 6.2, F' is nonincreasing, and t +— t F(7) is nondecreasing,
hence

SF(ru)il foru <1, lSF(tu)
F(7) u u F(7)

Therefore, equations (6.3) and (6.9) imply
£(qt) _ /1 Fzv)dv /1 dv
F(7) ¢(r.g) F(©) v 7 Jo@qg v
As T — 0, the right-hand side is bounded away from zero for fixed g > 0. Also,

F(t) — oo since ¥ (0™) =0 and W/'(0") = 0. It follows that ¢ (g€(t)) — oo as
T — 0. Since ¢ is decreasing on E and ¢(0™) = oo, the claim follows. [

(6.11) 1 <1 foru>1.

We now consider the rescaled equation

(6.12) ¢s(qls(r)) = & (v @(sT, q)) — &s5(T),
where
(6.13) £ EEED g (g e D)
(s) s
We will show that as s — 0 a nontrivial limiting version of (6.12) holds. That is,
(6.14) C(qb@) =¢(cd(@) = (@)

holds where
(6.15) 603l =¢ 0. o3t =1,

for some r € (0, 1]. We will then show that the previous limits imply that W is
regularly varying at zero with index y = r + 1 and that ¢ has a generalized Mittag—
Leffler form determined by

1 1/r
6.16 7 =|— .
(.10 ¢@) [1 + (@/(0)q)—r}

The main idea is to show that subsequential limits of (6.12) exist and are unique.
We divide the proof into three main steps.

Step 1. (Existence of subsequential limits.)

First, we write

v sg/(su) du — —s¢'(s) (1 W(s) Ju

(6.17) ;s(r)—l=/l és(u)d”=/1 (s) o) Jo Wisw)
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Note that for fixed s > 0, the function

is increasing and convex. Furthermore, by part (i) of Lemma 6.2, we have
6.18) u> <Wyu)<u  foru<1, u<Wu)<u®>  foru> 1.
On the other hand, by part (iii) of Lemma 6.2, for all s > 0 we have

def =8¢’ (5)

6.19 =
(6.19) £(s) )

€ (0, 1].

CLAIM. limsup,_(&(s) > 0.

PROOF. Assume for the sake of contradiction that £(s) — 0 as s — 0. Then,
by (6.17) and (6.18), ¢ is slowly varying at u = 0. By Helly’s selection theorem,
there exists a sequence t; — 0 and a function 1 < f(u) < 1/u such that

F(tju)
;) — f(u)
pointwise for u € (0, 1). Since ¢ is slowly varying and £(z;) — 0, we have
Cof e S@l@) L sl cWm) L L)
Plq) U Jj—00 F(‘L’j) Jj—00 {(@(‘L’j)) F(‘Cj) j—00 F(‘L’j)

This gives a contradiction since ¢ is nonconstant and the right-hand side is inde-
pendent of g. Therefore, the claim holds. [

Now we may apply Helly’s selection theorem to find a sequence sy — 0 and a
function W > 0 for which

E(sy) — é for some§ € (0,1],
(6.20) R
Wy, (u) — W (u) for all u > 0.

Furthermore, as a pointwise limit of convex functions, W is convex. By dominated
convergence,

~odef 2 (11
6.21 o =5 —du.
(6.21) £y (1) = £(7) +g/r T

Since W is convex and positive, 7 € CYE) and is strictly decreasing, and the con-

vergence in (6.21) occurs locally uniformly for 7 € E. Now by assumption (6.8),
the right-hand side of (6.12) converges to

(6.22) R, ) ¥ (xo(q) —E() >0
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for all 7,q > 0. Hence, the left-hand side of (6.12) also converges, and if 5_1 is
defined on E, then

(6.23) (1) = 0(0) ¥ g7 (R(1, q)).

CLAIM. 2: E — E is a bijection.
PROOF. Recall g: is strictly decreasing. For t < 1, estimate (6.18) implies
N ~ 11 ~
;(r)zl—i—é/ —du=1—&Int —> o0 as 7 — 0.
T U

It remains to show that g:(r) — 0 as T — oo. Assume, for the sake of contradiction,
that ¢ (t) - L > 0as T — oo. Since ¢(g) — 1 as ¢ — 0o, we may choose for any
7 > 0 a value ¢ > O sufficiently large so that R(z, ) < L. It follows

(6.24) ls (T) = 00 as k — oo,

for otherwise, along some bounded subsequence, the left-hand side of (6.12) would
have a subsequential limit with value larger than L, which is a contradiction. But
now (6.24) implies that for all ¢ > 0

R(z,q) =klingo Lo (qls, (D)) <1,

since &g (u) SAI for any s > 0 and u > 1. However, by (6.22), R(t,q) — o0 as
q — 0, since ¢ is unbounded above and ¢ — 0 as ¢ — 0. This is a contradiction,
which gives the claim. [

We conclude that, along the sequence s — 0, equation (6.12) has a well-defined
limit of the form (6.14) for all 7, g > 0. Furthermore, by (6.12) and (6.17) we have

1 T 1
du = &(sp)

T+£Go [ du
gty (v) W (1) t@sir.q) W ()
In particular, fixing ¢ > 0 and taking into account (6.18) shows that
(6.25) Ly (T) = E(t) locally uniformly for t € E.

This fact will play a role in the uniqueness proof to follow.

Step 2. (Uniqueness of subsequential limits.)

We now show that subsequential limits obtained as in step 1 are unique. First,
equations (6.14) and (6.21) imply

A A qé(f) A ds A E(T) A ds A def u
(020) ¢(v)=§[  Fl)—=§&|[ F(gs)—, Fu) = ——.
T9(q) S T9(q)/q s W (1)

Further, since ¢ is concave, it follows that

¢'(q) < —=< v forall 7,q > 0.
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Therefore, ¢’(q) = [ e~ % x[1(dx) is decreasing and bounded above, and we de-
duce that

A~y def ~/

0<¢y=¢(0%) < oo.
Furthermore, taking ¢ — 0 in (6.26) gives
£(v)

A

with £y & F(0M).
%o

(6.27) {(r)=EFpln

Formally, we have Fo = oo if and only if i) = @, for all T > 0. More precisely,
note that the left—hancj side of (6.26) is positive, so that o (gs) has a finite limit as
g — 0 if and only if £(7) > ¢,7 for each t > 0.

On the other hand, equations (6.14) and (6.21) also imply

A A (T A ds .l 4 ds
(6.28) {qlm)=E| Feo==&] Faso—.
T9(q) s @(q) s
Taking t — 0 implies
A A A 1 A A
(6.29) Cgly) =ERyIn s with o L 0M).
4]

In particular, fo =0 if and only if I:”O = 00. Note also fo < 00, since ﬁ'o > 1.
We now consider two cases. . .
Case 1: (£9 = 0). As noted above, £o = 0 if and only if £(7) = ¢, 7 forall T > 0.
Hence, (6.14) reduces to
(6.30) £(vqdp) =2 (xé(9)) — (0.
Differentiating in ¢ and t gives the relations
p@) _ Fao@) _ N F(1)
q9'(q)  F(tq@}) F(rq@p)

(6.31)

Therefore, F (tq@y)/ F () is constant in 7 and we deduce that F is a power law:

ﬁ(u) =u"", since I:”(l) = 1. Note that r # 0, since ﬁo = o00. It then follows
from (6.18) and (6.26) that 0 < r < 1. The second equality above reduces to

(q9y)” N
(6.32) n =1+ (q9)) ,
P(q) (o)
which gives (6.16). On the other hand, \il(u) =u"t, 5o that (6.21) implies

. SN | £
0={(oo)=l—"§/l ueru:l—é

r

Hence, & = r. In summary, we obtain in this case

633)  (m)y=¢r, Vo=, to=r", E=r
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where 0 < r < 1 and ¢ is given by (6.16).

Case 2: (20 > 0). We will show that the remaining case, fo > 0, leads to a
contradiction. We divide this case into three parts.

(i) First, let us show that if fo > 0, then ¢ has the form (6.16), and

(6.34) (o) =05+ (vgp)
The idea is to consider a rescaling of (6.14), of the same form as (6.12); namely,
(6.35) £5(qls(0) = & (14 (q) — &5 (2),
where
def ¢ (s ) et L(sT)
(6.36) G ry & E6 by(r) 4 0D
£(s)
Since gA‘(r) — 0 as T — 0, we deduce from (6.27) that
. i
(6.37) l(t)=T1- (57) — 19} as § — 00.

Furthermore, since Lemma 6.2 applies to the functions U and E, we can use Helly’s
selection principle, as in step 1, to pass to the limit in (6.35) along some sequence
S — 00. Up to relabeling, the limit equation matches exactly the form (6.30). In
particular, (6.37) implies that E§k has a nonconstant limit, and we obtain, as before,
(6.16) from the relations (6.31). Note that the constant » in (6.16) is the same as in
the previous case, since ¢ is fixed.

Now, substituting g =1 /fo in (6.29) and comparing with (6.27), we obtain

lx) 1

Ty ¢(x/bo)

for all T > 0. Using (6.16) in the previous relation gives (6.34). In particular,
E(T) ér A 1/r

(6.39) — = [—0 + (wé)r]

T T’

(6.38)

is decreasing as a function of 7 > 0.
(i1) Next, let us show that if (6.39) holds, then

. £(7) L)
(6.40) limsup—— =00 and liminf — = g,.
—0 T =0 T

Recall that E(r) = limy_; o0 £, () for some s; — 0. Therefore, (6.39) implies

(k) (D)
lim =—" > 00
k—oo  SiT T

as T — 0, and the first statement in (6.40) follows.
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On the other hand, by (6.9)
L)  @(t,q)
— >

for allz, g > 0.

T q
Hence, for all ¢+ > 0 and for all ¢ > 0,
E(t) — m E(Skt) fﬁ(f) - lim @(T o(t.q) @(c])
I k—oo Skt r—>0 T r—>0 q q '

Taking into account (6.39) and passing to the limit # — oo on the left and ¢ — 0
on the right yields the last statement in (6.40).

(iii) Finally, we show that (6.39) and (6.40) lead to a contradiction. Fix M >
m > @6, and choose a sequence of disjoint intervals [ag, bx] as follows:

(1) Choose by — 0 such that MZ‘) > M.

U m).

(2) Define cx = sup{t < by :
(3) Choose ay such that 1 < 2’; <14 L and %’kk) <m.

Taking s = a and T = 1 in (6.12), we have

(6.41) Car (qlay (1) = oy (P(ak, q)) —
Since
L
@ < liminf ) < limsup (@) <
k—oo ay k—>oo Ak

and @(ax,q) — ¢(q) as k — oo, it follows that the sequence &(ay), defined
by (6.19), is bounded away from zero; otherwise, there exists a subsequence
fak (r) — 1, which contradicts (6.41). Therefore, as in step 1, (6.12) has a non-
tr1v1a1 limit along a subsequence ax; — 0, j > 1. In particular, the local uniform
convergence of Kak] implies

ba (T)  A(1) '
(6.42) I locally uniformly for T € E,
T T

where A satisfies (6.34), or, equivalently,
A T ]\r A 1/r

T T %0

(6.43)

If Ao > 0, then (6.43) is strictly decreasing in t, and we have, for all 7 > 1,

A®r)

<AQ) = lim £, (1) <m.
j—ooo Y

On the other hand, if Ao =0, then A(r)/r = A(l) = ¢y <m forall T > 0. Hence,
in either case, we have A(r) /T < m is nonincreasing for all T > 1.



708 G.IYER, N. LEGER AND R. L. PEGO

Next, choose ¢ < min{fM —m,m — %2)}, and choose J large enough so that

ba, () A(r)
T B T

(6.44)

<e Vj>J,Vrell,3].

Since r; défbkj/akj > 1 and
gdkj (rj) _ A(I’j)

I”j }’j

= ‘K(bkf) - Atry) >|M—m|>¢

bkj I’j

it follows from (6.44) that r; > 3 for all j > J. Therefore,

Loy (T)
(6.45) I

>m  Vj=J, VTt e(2,3]C(c«;/ar;, rjl,

since, by construction, £(t)/t > m for all T € (cg, br]. Hence, (6.45) implies

ba, O A(r) A >| A
. m 2 > &

(6.46)

> |m

T T

forall j > J gnd for all T € [2, 3]. This contradicts (6.44). Therefore, the hypothe-
sis of case 2, £y > 0, is never satisfied, and we obtain in step 1 unique subsequential
limits of the form (6.33).

Step 3. (Limit as s — 0.)

To finish the proof of the theorem, note that we must have £(s) — é =r as
s — 0. Otherwise, by step 1, it is possible to extract subsequential limits with
distinct values of é, contradicting (6.33). Similarly, the full limit of each of the
rescaled functions s, Wy, and £ exists as s — 0, since given any sequence sy — 0,
there exist unique subsequential limits by steps 1 and 2. In particular, (6.33) shows
that W is regularly varying with index y =r + 1 € (1, 2]. Also, (6.32) implies

1
[14 (@' (0)g)~" 1Y/’
where ¢’(0) = (x 1, 1). This gives (6.2). Finally, (6.15) implies that
?»(C(ST))T _ A(E(sT)
n(g(st))

Hence A(t) ~ ¢’ (0)n(t) = (xjx, 1) (us, 1) as t — oo, and the proof is complete.
Il

(1,1 —e ) =p(q) =

=L(1) — ¢'(0)r.

REMARK 6.3. The conclusions of the theorem follow much more quickly if
one assumes that the scaling function A(¢) ~ (us, 1) in (6.1), based on the argu-
ments of Pakes [20] which make use of the forward equation (6.5). Testing (6.1)
with xe™7* it follows
W (P(z,0q))

(6.47) 9, 09) = =g 5

- ¢'(@). q > 0.



LIMIT THEOREMS FOR CRITICAL CSBPS 709

Writing u = Ag and noting & = ¢(q)/q is a monotonic function of ¢, we have that
®(t,Aq) =ub(1 + o(1)) and thus

W(ud(1 1
(6.48) Wb +oM) _ )

W (u)

as u — 0. By simple estimates based on the continuity and monotonicity of W, one
can eliminate the 1 + o(1) factor and conclude that W is regularly varying by the
standard rigidity lemma in [8], Lemma VIIL.8.2.

7. Limit theorems for critical CSBPs. We conclude this paper by applying
the results in Sections 5 and 6 to derive limit theorems for critical CSBPs that
become extinct almost surely. First, we obtain a conditional limit theorem for fixed
initial population x. In particular this solves the continuous-state analog of the
open question posed by Pakes in [20], Remark 6.1.

THEOREM 7.1. Assume Z(t, x) is a continuous-state branching process with
critical branching mechanism \V verifying Grey’s condition. Further, assume that
for some (equivalently all) x > 0, there exists a function A > 0 and a probability
measure L € M such that

(7.1 P(A(t)Z(t,x) <z|Z(t,x) > 0) — /(0 )/l(du)

holds for all points z for which 1({z}) = 0. Then, there exists 1 <y <2 such
that V is regularly varying at u = 0 with index y. Furthermore, xji € Mg and
A ~ (xp, DP(Z(t, 1) > 0) as t — oo.

Conversely, suppose V is regularly varying at u = 0 with index 1 < y < 2.
Then, (7.1) holds with A(t) =P(Z(t,x) > 0) and 1 = F, 1(dz).

PROOF. It follows from (1.2) that
—0)= T —qZ(t,x)\ — ,—x¢(t,00) _ ,—x{s,1)
(7.2) P(Z(t,x) =0)= qlgrgoE(e )=e = FHo b
with u, the Lévy measure for Z(t, x). By the continuity theorem [8], Theo-
rem XIII.1.2, (7.1) implies
RE(e~?*WZ2W:0)y _P(Z(¢, x) =0)
P(Z(,x) > 0)

e Xe(tA0q) _ p=x{us, 1)

/ e 1 i(dy) = lim
E t—00

= lim, 1 — e—x(ur.D)

Hence,
An)~'d 1At
lim (1 — efqy)w = lim M
t—o0 JE </~’Lta1> t—00 (,th,l)
1 — e~ X0t.A(0)q)
=Mm = :/ (1 —e ) (dy),
E

t—oo | — e~ X(us,1)
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where the second equality follows by Taylor expansion and the fact that 0 <
o(t, M(t)q) < (u(t),1) —> 0 as t — oo. Since u; is the fundamental solution of
the associated equation (1.11), we conclude, by Theorem 6.1, that there exists
1 < y <2 such that W is regularly varying at u = 0 with index y. Also, by Theo-
rem 6.1,

A ~ (e, D) (g, 1)~ (e, 1) (1= e By = (e, DP(Z(2, 1) > 0)

as t — o0o. The converse follows easily from Theorem 5.1. This completes the
proof. [

Next, based on the same results on scaling limits of fundamental solutions, we
study scaling limits as + — oo of CSBPs with initial population scaled to obtain
nondegenerate Lévy process limits x — Z(x). As in [10], Chapter VI, let D de-
note the space of cadlag paths equipped with the Skorokhod topology. We use the

notation = to denote equality in law (i.e., both processes define the same mea-

. L .
sure on the Skorokhod space D), and the notation — to denote convergence in
law for these processes (i.e., weak convergence of the induced distributions on the
Skorokhod space).

For convenience, we introduce a notation for rescaled processes. If A, « > 0, and

x = X (x) is a process, then we define the rescaled process 8y o X by 8y o X (x) def

AX (ax).
THEOREM 7.2. Let Z(t, x) be a continuous state branching process with crit-
ical branching mechanism \V satisfying Grey’s condition.

(i) Assume there exists a Lévy process Z =Z(x) and functions o, . > 0 such
that

L A
(7.3) SHo.anZ(t,) = Z().
Further, assume the nondegeneracy condition
(7.4) tl_l)lgo P(Z(t,a(t)x) =0) =P(Z(x) =0) € (0, 1)

for some x > 0. Then, there exists 1 <y <2 such that V is regularly varying at
u = 0 with index v, and there exist constants cy, ¢) > 0 such that

Ca MO
() c),

Furthermore, for all (fixed) t > 0

(7.5) P(Z(t,1)>0)  ast— oo.

- . def 1
(7.6) Sats).ar(s) Z (51, .)s_—>>oo (Sﬂ*’t_y*Z where y* = —)/ —
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Also, forall t > 0,
L A
(7~7) Sl,cac,\zﬁ,y(ta ) = SIV*J*)/*Z,

where Zg , (t, ) is the continuous-state branching process with branching mecha-
nism W) = Bu? with B = y*c;_l.

(i1) Conversely, assume WV is regularly varying at zero with index 1 <y <?2.
Then (7.6) holds with A(s) = a(s)~! = P(Z(s, 1) > 0), where Z(x) is the Lévy
process with Lévy measure F, 1(dx) defined by (4.9).

PROOF. Since we are dealing with increasing Lévy processes, the process con-
vergence in (7.3) is equivalent to the pointwise convergence of Laplace exponents

(1.8) a(De(t.1(09) = @) forallg €0, 00),

where x¢(q) e n E(e‘qz(x)) is the Laplace exponent of i(x). (See, e.g. [10],
Corollary VII.4.43 and [8], Theorems XV.3.2 and XIII.1.2, as in the proof” the
proof of Theorem 1 in [17].) Furthermore, by (7.4) we must have

. . T . _ —qZ"(x)
A, fim, v D1, 2(0q) = lig, limg, ~InE(e™)
= tl_l)rgo —InP(A®)Z(t, a(t)x) = 0)
= —InP(Z(x) =0) = lim x(q).
and hence,

(7.9) Jim a(1)¢(7, 00) = ¢(00) € (0, 00).

Then, denoting the Lévy measures of Z(¢, x) and 7 (x) by s and fi, respectively,
we deduce from (7.8) and (7.9) that

1
(e, 1) (i, 1)

Therefore, by Theorem 6.1, there exists 1 < y <2 such that W is regularly varying
at u = 0 with index y. Moreover,

(7.10) (M)t dx) S f(dx).

<X/’l, 1) (.)C/:\L, 1> —( 1) (-x:[’\h 1)
At) ~ ——— (s, 1) ~ —= l—e W) = P(Z(,1) > 0).
O~ e U =gy FEe D=0

Hence, together with (7.9), we obtain (7.5) with ¢, = (j1, 1) and ¢) = %i‘ ’11)>. Also,
by Theorem 6.1,

a(dx) =cy Fy,l(c;1 dx) = cqcy [C;l Fy1 (c;1 dx)] = cackuf’y’l(dx),
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-l
where 1?71 is defined by (4.8) with g = C}/’\Tl Therefore, by Theorem 5.1, we
have

(7.11) a()p(st, 1(s)q) > 177 (17 q) = cacrp " (2, q)
as s — oo for all 0 < g < oo, where (pﬂ’y’l is defined by (4.10). Since

]E(equ(S)Z(sl,a(S)X)) — efxa(‘r)w(st,)»(S)q)

N * kA Lk
§220 p=xt™7 91" q) =IE(e_‘1tV zZev X))

’

we obtain (7.6). Similarly, we obtain (7.7) from (7.11).

For the converse, we recall that the convergence in (7.3) holds if and only if the
Laplace exponent converges pointwise as in (7.8). The converse then follows by a
similar argument. [

REMARK 7.3. The nondegeneracy condition (7.4) has the following interpre-
tation. The spatial process x Zf”A (x) is a compound Poisson process with jump
measure oz(t)u,()»(t)_1 dx) and scaled intensity o« (¢){u, 1). One thing that (7.4)
means is that we assume the scaled intensity converges to the intensity of jumps
({1, 1) = 1 in the limiting process Z.In particular this presumes there are no small
jumps with finite intensity being lost in the limit.
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