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Abstract: This paper is devoted to the discrimination between a station-
ary long-range dependent model and a non stationary process. We develop
a nonparametric test for stationarity in the framework of locally station-
ary long memory processes which is based on a Kolmogorov-Smirnov type
distance between the time varying spectral density and its best approxima-
tion through a stationary spectral density. We show that the test statistic
converges to the same limit as in the short memory case if the (possibly
time varying) long memory parameter is smaller than 1/4 and justify why
the limiting distribution is different if the long memory parameter exceeds
this boundary. Concerning the latter case the novel FARI(co) bootstrap
is introduced which provides a bootstrap-based test for stationarity which
shows good empirical properties if the long memory parameter is smaller
than 1/2 which is the usual restriction in the framework of long-range
dependent time series. We investigate the finite sample properties of our
approach in a comprehensive simulation study and employ the new test in
an analysis of two data sets.
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1. Introduction

For many decades one of the leading paradigms in time series analysis is the as-
sumption of stationarity which means that the second-order charateristics of the
considered time series are constant over time. One of the prime examples which
fits into the framework of stationary processes is the well-known ARMA(p, q)
model. Such processes are widely used in applications due to their simplicity
and flexibility, and they belong to the class of so called short memory models
containing a summable autocovariance function -y.
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However, many time series in reality exhibit an effect which is known as
long-range dependence (or long memory) and which means that v decays to
zero slowly. Usually one has (k) ~ Ck??¥~! as k — oo for some d € (0,1/2),
so in particular the autocovariance function is not absolutely summable. The
coefficent d is called long memory parameter, and the most common way to
model these kinds of strong dependencies is to employ FARIMA(p, d, q) pro-
cesses which were introduced in Granger and Joyeux (1980) and Hosking (1981).
These long memory extensions of ARMA(p, q) processes are stationary under
certain regularity conditions as well. There exists a large literature on long-range
dependence in applications, as it occurs e.g. in the modeling of asset volatility,
computer network traffic or various other phenomena; see for example Park and
Willinger (2000), Henry and Zaffaroni (2002) and Doukhan et al. (2002) for an
overview. The assumption of stationarity, however, is always imposed.

More recently, several authors have pointed out that a slow decrease of v(k)
might also occur if the true underlying process does actually not possess long
memory but is non stationary instead; see Mikosch and Starica (2004), among
others. In addition, Starica and Granger (2005) compared the performance of
a non stationary model with that of a FARIMA(1,d,1) and a GARCH(1,1)
process in the framework of volatility forecasting and found out that their non
stationary model is leading to superior results. Fryzlewicz et al. (2006) proved
that most of the stylized facts which are observed for financial return data can
be explained by fitting the simple (but usually non stationary) model

Xt7T:U(t/T)Zt, tzl,...,T, (11)

to the data, where T here and throughout the paper denotes the sample size,
o(-) : [0,1] — IR+ is a non parametric function and (Z;); is some i.i.d. white
noise process. Thus many phenomena in reality can be explained by either fitting
a stationary long memory process or a non stationary (short memory) model
to the data. A natural question then is how to discriminate between these two
approaches.

Although the importance of statistical tests concerning this matter was point-
ed out by many authors (see e.g. Perron and Qu (2010) or Chen et al. (2010)),
there does not exist much research on this topic. Berkes et al. (2006) and Dehling
et al. (2013) developed CUSUM and Wilcoxon type tests which discriminate be-
tween long-range dependence and changes in mean. While the authors of the first
article are testing the null hypothesis that there is no long-range dependence
but one change in mean at some unknown point in time (i.e. the alternative
corresponds to the case where the process possesses long memory), the latter
paper considers the null hypothesis that there is no change in mean but possibly
long-range dependence (i.e. the alternative corresponds to the case where there
is a change in mean). A similar approach can be found in Sibbertsen and Kruse
(2009). However, one can observe many other deviations from stationarity be-
sides changes in mean and it is of particular importance to detect variations
in the dependency structure of a given time series as well. There exist some
approaches in this area as well, like the one of Lavancier et al. (2011), but, as
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the articles cited above, they impose rather restrictive conditions either on the
type of considered processes or on the class in which the null hypothesis lies. So,
in summary, the development of a discrimination procedure in a truly general
framework has not been considered yet.

This paper is devoted to the construction of a test for stationarity in the
framework of locally stationary long memory processes. The concept of local
stationarity became quite famous in recent years, because in contrast to other
proposals to model non-stationarity it allows for a meaningful asymptotic the-
ory. Locally stationary processes were introduced by Dahlhaus (1997) and there
exist numerous articles which are concerned with estimation techniques or seg-
mentation methods in this framework; see Neumann and von Sachs (1997), Adak
(1998), Chang and Morettin (1999), Sakiyama and Taniguchi (2004), Dahlhaus
and Polonik (2006), Van Bellegem and von Sachs (2008) or Kreif and Paparo-
ditis (2011), among others. Articles allowing for long memory effects are rare,
however, as only Beran (2009), Palma and Olea (2010) and Roueff and von
Sachs (2011) considered parametric and semiparametric estimation.

Similarly, there exist several tests for stationarity in the context of locally
stationary models [see for example von Sachs and Neumann (2000), Paparoditis
(2009), Paparoditis (2010), Dwivedi and Subba Rao (2010), Dette et al. (2011)
and Preuf} et al. (2012)], but in all articles long-range dependence is excluded,
i.e. these methods cannot be employed for discriminating between long memory
and non-stationarity. Our aim is to fill this gap, and for this reason we consider
a Kolmogorov-Smirnov type distance which was already discussed in Dahlhaus
(2009) and PreuB et al. (2012) to measure deviations from stationarity in the
short memory case. Precisely, set

E:= sup |E(v,w), (1.2)
(v,w)€l(0,1]2

where

E(v,w) = %(/OU/OWf(u,A)dAdu—U/OW /Olf(u,)\)dud)\), (v,w) € [0,1]%,

and f(u, \) denotes the time-varying spectral density. Under the null hypothesis
of stationarity f(u,A) does not depend on u and therefore E equals zero. For
this reason it is natural to consider an empirical version of the measure in (1.2)
in order to construct a test for stationarity.

Even though the literature on empirical spectral processes is quite large in in
general (see Dahlhaus (1988), Dahlhaus and Polonik (2009) or Can et al. (2010)
among others), those discussing the long memory framework are surprisingly
few, even when restricted to the simpler stationary case. To the best of our
knowledge, only Kokoszka and Mikosch (1997) have discussed weak convergence
of the integrated periodogram to a Gaussian process under stationarity. Our
first (and rather probabilistic) goal is therefore to derive the asymptotics of an
empirical version E’T(U,w) of the measure proposed above. Note that neither
convergence of the finite dimensional distributions nor asymptotic tightness is
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self-evident in this context, since the time varying spectral density is typically
estimated through a rolling window approach, and it is far from being obvious
to what extent the different segments influence each other. Nevertheless, we
are able to prove weak convergence of the process ET(U,w) to (a discretized
version Er(v,w) of) E(v,w) at the parametric rate T~/ but only one if the
long memory parameter satisfies d < 1/4. This is a natural restriction in this
framework (see e.g. Fox and Taqqu (1987) for a similar result on quadratic
forms) since the covariances of the finite-dimensional limits contain integrals
over the square of the spectral density. These do not exist if the boundary at
1/4 is exceeded.

This result is obviously of theoretical interest, but it appears unsatisfac-
tory from a statistician’s view. Indeed, we obtain a central limit theorem for
VT sup, , |E7(v,w)| under the null hypothesis as a consequence, but with a
rather complicated dependence structure due to the unknown spectral density
and only if d < 1/4. Our second main contribution is therefore the invention of
the novel FARI(o0) bootstrap for which we are able to prove consistency in the
situation above. Interestingly, as it automatically adapts to a switch in the rate
of convergence this procedure yields reasonable tests indeed for the entire case of
d < 1/2 which is the usual assumption in the framework of long-range dependent
time series; see for example Berkes et al. (2006) or Giraitis et al. (2012).

The paper is organized as follows. In Section 2 we introduce the necessary
notation, whereas we describe the testing procedure in Section 3. The FARI(o0)
bootstrap required to obtain asymptotic quantiles of the test statistic is dis-
cussed in Section 4, and we investigate the finite sample behaviour of our ap-
proach in Section 5. Finally, we defer all proofs to an appendix in Section 6.

2. Locally stationary long memory processes

Locally stationary processes are usually defined via a sequence of stochastic
processes { X r}i=1,. 7 which possess a time-varying MA(co) representation

Xt,T = Zwt,T,th—lu = 17 e 7T7 (21)
=0

with independent and identically distributed Z; where E(|Z;|*) < oo for all
k € N; see Dahlhaus and Polonik (2009). For the coefficents ¢, 1; we assume
that

up v < o0 22)

t, T 1—0

is fulfilled which ensures that the process in (2.1) is well defined; see Brockwell
and Davis (1991). If the v 1; are independent of ¢ and T the process Xy
is stationary. However, the coefficents 1; 1, depend on ¢ and 7" in general. To
ensure that in this case the process X; 7 behaves approximately like a stationary
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process on a small time interval, it is typically assumed that
. SIUPTZ‘%,TJ —(t/T)| = 0(1/7T) (2.3)
et =0

holds for twice continuously differentiable functions v, : [0,1] — IR, I € Z.
Different smoothness conditions on the functions ;(-) are imposed in the liter-
ature, and in essentially all articles in the framework of local stationarity it is
assumed that in addition to (2.2) the condition

supz e 74| |1]° < o0 (2.4)
tT 120

is satisfied for some § > 0. This implies sup, 1 Y-, [Cov(X; 7, Xin,7)| < 00,
and therefore long memory models are excluded. For this reason we replace (2.4)
by a growth condition which is flexible enough to include long-range dependent
time series as well. Moreover, instead of using a condition on approximation of
the coefficients in an ¢!-sense as in (2.3), which is not a natural condition for
long memory models whose coefficients are not absolutely summable, we only
assume that there exist constants C' > 0 and D < 1/2 such that

C (log(l
sup Y1 — 1/)z(t/T)’ <7 <%gl{l¢0} + 1{1—0}) , VIeN, (2.5)

holds. This condition is obviously more general than (2.3); see e.g. Roueff and
von Sachs (2011) for a similar framework.

Assumption 2.1. Suppose we have a sequence of stochastic processes
{X¢ 1}i=1,.. 7 which have an MA(co) representation as in (2.1) with indepen-
dent and standard normal distributed Z; such that (2.2) is fulfilled. Further-
more, we assume that (2.5) holds with twice continuously differentiable func-
tions ¢; : [0, 1] — IR which satisfy the following conditions:

a) There exist twice differentiable functions a,d : [0,1] — IRy such that
i) = a(w I+ 0L )P?) (2.6)
holds uniformly in u as | — oo, where D := sup,co ) |d(u)| < 1/2 and

I(x) == |2| - L{zz0y + Liz=0}-
b) The time varying spectral density

Flu,\) = %\;m(u) exp(—in)|” (2.7)

is twice continuously differentiable on (0, 1) x (0, 7). Furthermore, f(u, A
and all its partial derivatives up to order two are continuous on [0, 1] x
(0, 7].
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¢) There exists a constant C' € IR which is independent of v and A such that
the first and second derivative of the approximating functions ;(-) satisfy

sup |1y (u)| < Clog()I(1)P~, (2.8)
ue(0,1)

sup [ (u)] < Clog®(1)I(1)P~!
ue(0,1)

for [ # 0 and are bounded otherwise. Furthermore, we assume

sup [0/0u f(u, \)| < Clog(\) /NP,

u€e(0,1)
sup |8%/0u? f(u,\)| < Clog?(\) /AP,
ue(0,1)
d) We have
squ [ < CI()P (2.9)
t,

To simplify the notation we use C' € IR as a universal constant throughout
this paper. Note that it is common sense to consider only zero mean processes
in this framework since observed data can be easily transformed into data with
mean zero. Furthermore, innovations Z; with a time varying variance o?(t/T')
can be included by choosing other coefficents v, ;. The assumption of Gaus-
sianity is standard (see Palma and Olea (2010) or Dette et al. (2011)) and
only imposed to simplify technical arguments since the proofs are already quite
involved in this situation. In addition, the functions v;(u) might have finitely
many points of discontinuity without affecting any result stated throughout this
article, and we furthermore conjecture that the constraints can be weakened to
some kind of condition on the total variation of ¢;(u) as in Definition 2.1 of
Dahlhaus and Polonik (2009).

To obtain an impression for local stationarity, note that the process

Xi(w) =" ti(uw)Ziy (2.10)
1=0
is stationary for every w € [0,1], and that X,(¢/T") serves as an approximation
of X in the sense of (2.5). It is easy to see that (2.6) implies
|Cov (X (w), Xppr(u))| ~ 1 (u) /21 as k — oo
and
Fu, A) ~ yo(u) /A2 ag X =0 (2.11)

for some functions y;(-); see the proof of Theorem 3.1 in Palma (2007) for details.
This shows that the autocovariance function y(u, k) = Cov(Xg(u), Xx(u)) is not
absolutely summable and that the time varying spectral density f(u, ) has a
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pole in A = 0 for every w € [0, 1]. If the considered process is stationary then
u +— d(u) is independent of u which yields that D equals the long memory
parameter d of a stationary time series.

Let us now present an important example which fits into the above framework
of locally stationary long memory processes. To this end we define the backshift
operator B through B*X, := X;_, k € N, and we set

- =3 (")

j=o N 7

just as for the binomial series. The next theorem justifies that both stationary
FARIMA(p, d, q) processes and a time-varying extension of them are included
in our theoretical framework.

Theorem 2.2. Consider the system of equations
a(t/T,B) X7 =b(t)T,B)(1— B) &0z, t=1,..T, (2.12)

where the Z; are independent and standard normal distributed random variables,
a;(-) and bj(-) are twice continuously differentiable functions from [0,1] to IR
with ap(-), be(-) # 0, and d(-) is a twice continuously differentiable function from
[0,1] to (0, D) with D < 1/2. Furthermore, we assume that ag(u) = bo(u) =1
and that there exists a 6 > 0 such that for all z € C with |z| < 140 the condition

a;j(2)z3 #0 (2.13)

M)~

Jj=0

is satisfied. Then (2.12) possesses a locally stationary solution in the sense of
Assumption 2.1.

3. The testing procedure

Let us now come to the development of a test for stationarity in the case of long
memory models. We are thus interested in testing the null hypothesis

Hy : f(u, A) is independent of u (3.1)

against the alternative that there exists an A € [0, 7] such that v — f(u, A) is not
independent of u. Our test will be based on empirical versions of the quantities
E and FE(v,w) specified in (1.2), and we see that E vanishes under the null
hypothesis while it is positive under the alternative due to the continuity of the
spectral density.

In order to obtain an estimator for £ we have to define an empirical version
of E(v,w) at first, and for this reason we require an estimator for f(u,\). We
assume without loss of generality that the sample size T' can be decomposed as
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T = NM where N and M are integers with N even. We then define the local
periodogram at the rescaled time point u € [0, 1] by

2

N-1
In(u,A) = Z X|uT |~ Nj2+1+s,T €XP(—IAS)
0

2n N ’ p-

[see Dahlhaus (1997)], where we have set X;p = 0, if j ¢ {1,...,T}. This
is the usual periodogram computed from the observations X |,r|-n/241,7)-
X|ur|+N/2,7- It can be shown that the quantity Iy (u, A) is an asymptotically
unbiased estimator for the local spectral density if N — oo and N = o(T).
However, Iy (u,\) is not consistent just as the usual periodogram.

An empirical version of E(v,w) is now constructed by replacing the integral
by its Riemann sum and substituting the time varying spectral density f(u, A)
by its (asymptotically) unbiased estimator Iy (u, A). In other words, we define
an estimator for F(v,w) by

w

M
Z N Ar),  (3.2)
]:1

N\Z

\_UMJ lw 2J

E’T (v,w) == T Zl ZIN uj,/\k
j _

where u; :=t;/T := (N(j —1) + N/2)/T and A, :=27k/N with j =1,..., M
and k =1,..., N/2. Note that in this procedure the T observations are divided
into M intervals with length N and that the u; correspond to the midpoints of
these intervals in rescaled time. The A are the usual Fourier frequencies. We
then set

vz

LvMJ w3 ] lwz]

[vM| 1 M
Er(v,w):= T le Z flug, A\e) — T; flug, A\x),

which is the Riemann sum approximation of E(v,w), and consider the empirical
spectral process

Gr(v,w) = Ep(v,w) — Er(v,w), v,w e [0,1].

Alternatively, an estimator for the time-varying spectral density could be based
on the pre-periodogram

1 .
Jr(u, A) == o Z Xur41/24k/2) X [uT+1/2—k/2) €XP(—iAk),
k1< |uT+1/24k/2|<T

which was introduced by Neumann and von Sachs (1997) and further discussed
in Dahlhaus (2009) and Preuf et al. (2012) in the short memory context. The
main advantage of the pre-periodogram is that no specification of a tuning pa-
rameter such as N is necessary. However, as discussed in an extensive simulation
study in PreuB et al. (2012), a test based on this concept leads to a substantial
loss in power, which is why we restrict ourselves to local periodograms in the
following.
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The following theorem specifies the asymptotic properties of the process
(Gr(v,w))yw in the case D < 1/4, in which the empirical spectral process
converges at the parametric rate T-1/2 to a mean zero Gaussian process. Note
that the results hold both under the null hypothesis and the alternative, and
throughout this paper the symbol = denotes weak convergence in L*°([0, 1]?).

Theorem 3.1. Suppose that Assumption 2.1 with D < 1/4 is satisfied and let
N — o0, N/T —0. (3.3)
Then as T — oo we have
VT(Gr(v,w) = Cr(v,w)) wwep1? = (G(0,w))wweo12;

where (G(v,w))(wwyef0,1)? 8 a Gaussian process with mean zero and covariance
structure

1 1  prmin(wi,ws2)
Cov(G(on,). Glonon) = o [ (10,01 (8) = 01) (L 1 () — v2)
x 2 (u, \)d\du.

Cr(v,w) denotes a bias term which equals zero if the functions ¥;(u) are in-
dependent of u for all | € Z and which is some O(N?/T? + log(N)/N1=2D),

uniformly in v,w, otherwise.

Even under the alternative the bias term above is negligible for D < 1/6, at
least for a suitable choice of N. This is why it does not appear in the related
result in Preuf et al. (2012). More interesting for us is the behaviour under
(3.1), however. In this case we have Cr(v,w) = Ep(v,w) = 0 for all v,w,T.
Thus Theorem 3.1 implies

(VT E7(v,0)) (w.0)e0,1)2 = (G(0,0))(0.0)e[0,1]2

under the null hypothesis which yields

VT  sup  |Er(v,w)| L sup |G (v, w)|.
(v,w)€el0,1]2 (v,w)€el0,1]2

An asymptotic level a test is then given by rejecting (3.1) whenever

\/TSUP(v,w)e[o,lP |E7(v,w)| exceeds the (in principle unknown) (1 — a) quan-

tile of the distribution of the random variable sup, .,)c(0,1)2 |G(v,w)|. To obtain

consistency of the test, note that Ep(v,w) > C for some v,w € [0,1] and

T large enough, if we are under the alternative. Since Theorem 3.1 implies

|Er(v,w) — Er(v,w)| = 0 in probability for this specific (v,w), it follows that
T'sup(y u)efo,1)2 |E7(v,w)| blows up to infinity (in probability).

Even under the null hypothesis the distribution of the limiting distribution
depends in a complicated way on the unknown spectral density. For this reason,
we introduce the FARI(c0) bootstrap in the next section and prove that it can be
employed to approximate the distribution of v/T SUP(y,0)€[0,1]2 |E7(v,w)| which
implies a test for stationarity in the case of Theorem 3.1.
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The restriction D < 1/4 in Theorem 3.1 is necessary since f?(u, ) in the
asymptotic variance is not integrable anymore if D > 1/4 due to (2.11). In
fact, in the latter case the rate of convergence is different to 72 and the
calculation of the corresponding variance (not to even mention higher moments)
becomes extremely messy. However, we are able to prove tightness of the process
( ;/Q(C;'T(v, w) = Cr(v,w))) (ww)e0,1]2 in general (see the auxiliary Theorem 6.1
in the Appendix and its use for establishing tightness of several other variables),
where

T, D < 1/4,
Br={T/logN, D=1/4, (3.4)
TN'-4P D> 1/4.

We conjecture that a central limit theorem holds with the rate specified above,
but we dispense with the precise statement of such claims. We see from the
simulation results in Section 5 that the FARI(co) bootstrap possesses good
empirical properties in this situation as well, even though a formal proof that
the test keeps the exact asymptotic level relies on a central limit theorem which
we do not provide. Note that we require D to be smaller than 1/2 in any case, as
this is the usual restriction in this framework since for example FARIMA (p, d, q)
models are not stationary anymore if D > 1/2.

4. Bootstrapping the test statistic

In this section we introduce a bootstrap procedure which approximates the
distribution of B;/Q SUP (4 w)e[0,1]2 |Er(v,w)| in the case D < 1/2. We call our
procedure the FARI(oo) bootstrap as it extends the AR(oc0) bootstrap of Kreify
(1988) to the long memory situation. While the AR(co) bootstrap works by
choosing a p = p(T) € N and then fitting an AR(p) model to the data, the
FARI(o0) bootstrap fits an FARIMA(p,d,0) model to the data where in both
cases p = p(T) grows to infinity as T gets larger. We will describe this method
in more detail later and state now the main technical assumptions which will
be required.

Assumption 4.1. For the stationary process X; with strictly positive spectral
density A — fol f(u, \)du, there exists a 0 < D < 1/2 such that the process
Y; = (1 — B)P X, possesses an AR(oo)-representation, i.e.

Yi = ajYij+0Z, (4.1)

j=1

where the (Z;)tez denote independent standard normal distributed random vari-
ables, 02 >0, 1 — P ajz? # 0 for |z] <1 and

Z a7 < oo. (4.2)
j=1
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The proof of Theorem 2.2 reveals that X; has the representation
Xe=Y 01Zi (4.3)
1=0

with coefficents 1), satisfying Assumption 2.1, and the aim of the bootstrap
procedure is to reproduce the behaviour of the previous test statistic in case
the process X; was observed. Note that under the null hypothesis X; basically
equals X; 7, that D is the corresponding long memory parameter and that 7,/31
is close to .1 in the sense of (2.5).

We start by choosing some p = p(T') € N, estimating D through some D and
then fitting an AR(p) model to the process Y; from (4.1), i.e. estimating

p 2
(@1,p,...,app) = argmin IE(Yt — Z bjprt,j) .
b

L,psees bp.p j=1

We then consider the approximating process Y;*f(p) which is defined through
YtAR Z aj, ;DYAR ZtAR(p)a (4.4)

where ZA%(p) is a Gaussian white noise process with mean zero and variance
o) = E(Y; — Py a;jpYi—;)?. The idea is that for p = p(T) — oo the process
Y,AE(p) is close to the process Y; and therefore (1 — B)~PYA%(p) is close to the
stationary process X; whose spectral density is given through A\ — fol flu, N)du
as well.

So if we observe the data X1 7,..., X7y 1, the FARI(c0) bootstrap precisely
works as follows:

1) Choose p = p(T) € N and calculate 0, = (ﬁ Q1p,...,Gpp) as the
minimizer of

152 Ir(ver)
7 kz::l (log Jo,(Ak1) + 7f0p()\k,T))

where A\ =27k/T for k=1,...,T/2,Ip(\) = 52| Et L Xorexp(—iAt)[?
is the usual periodogram for statlonary processes and

1 — exp(—i)\)| 2P o2
fGP (A) _ | ( )| % - : P ——
2T [1— Zj:l a;pexp(—iAj)|

is the spectral density of a stationary FARIMA (p, D,0) model which we
want to fit. Note that the estimator 07, is the classical Whittle estimator
of a stationary process; see Whittle (1951).
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2) Simulate a pseudo-series (Y;*);ez according to the model
P
v = Z a;pYy 627
j=1

where the Z; are independent standard normal distributed random vari-
ables. Note that in practice it is not possible to simulate such an infinite
series. We comment further on this issue at the beginning of Section 5.

3) Create the pseudo-series X7 p,..., X7 by calculating X/ = (1 —
B)~PY*; and compute E3(v,w) in the same way as Fr (v, w) but with the
original observations Xy 7,..., X7 7 replaced by the bootstrap replicates
Xiqseo o Xpop

Our goal now is to prove consistency of the FARI(co) bootstrap which is
concerned with the series X ;.. Some technical assumptions on rates regarding

p and éTﬁp are necessary which are standard in the framework of an AR(c0)
bootstrap; see for example Berg et al. (2010) or Kreifl et al. (2011).

Assumption 4.2. i) We have p = p(T) € [Pmin(T),Pmaz(T)] with
Pmin(T) — 00, where also

PLL(Dlog(T2/T < € and  VTpyin(T) ™0 = 0.

ii) The condition

é — 0 =0 max )T ) 4.5
Lymax Oy = Opll = Op(VPmax(T)/T) (4.5)
holds, where 0, = (D,07,a1,p,...,ap,) denotes the vector of the true

parameters.

Note that a rigorous proof of condition (4.5) is missing in the case of (locally)
stationary long memory models. At least, we know from Theorem 2.1 in Hannan
and Kavalieris (1986) that the even stronger relation

max )IIéT,p = Oplloc = Op(/10g(T)/T)

1<) <pmax (T
holds true for linear short memory models [see also the discussion on Assump-
tion 3 of Berg et al. (2010)], and Fox and Taqqu (1986) show that the parameters
of a stationary long memory model with a finite number of parameters can be
estimated with rate 771/2. These examples indicate that (4.5) holds in our
specific class of long memory processes as well. However, determining a gen-
eral class of processes for which such a conditions holds is an open problem.
Similarly under the alternative: In this case, Dahlhaus (1997) proves that in a
(short memory) locally stationary model the Yule-Walker estimator converges
at rate T~'/2 to the parameters of the best stationary approximation in the
sense above. Again, we need an extension to the long memory context in the
sense of Fox and Taqqu (1986) and a result on the behaviour for growing p as
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in Hannan and Kavalieris (1986) which are both not available so far. A detailed
treatment of this conjecture is beyond the scope of the paper, however.

Let us mention some implications: Assumption 4.1 together with Lemma 2.3
of Kreifl et al. (2011) yields that there exists a po € N such that for all p >
po the approximating process Y;*7(p) defined in (4.4) possesses an MA(c0)
representation

A
= Z Cl,pZt—ll%(P)
1=0

In order to obtain such an MA(co) representation, the authors use the fact that
the characteristic polynomial of the autoregressive part has no zeroes inside the
unit disc. Therefore, employing condition (4.5) we obtain a similar form of the
fitted AR(p) process Y;*, namely

V)= apZi, (4.6)
1=0

with a probability tending to one as T increases. Note also that the additional
condition

oo

D el < C < oo (4.7)
=0

holds, due to (4.2) and Lemma 2.4 of Kreifl et al. (2011). We can use these rela-
tions to investigate the properties of an M A(00) representation of the bootstrap
replicates X{ .. If D > 0, a Taylor expansion yields

(1—-2)" Zmz with 7 := (Ai

for I € N; see (6.37) with d(u) replaced by D. Otherwise, for D = 0 we have
i = 1g—oy. Using this expansion and (4.6) we obtain

Xip=(1-B)"Y = Z%Zt b (4.8)
where the parameters 1/314) are given through the relation

I
Vip = Y Chpliis (4.9)

k=0

see for example the proof of Lemma 3.2 in Kokoszka and Taqqu (1995).
Recall that the X/ are designed as replicates of the stationary process X
with M A(co) representation (4.3). Once we show consistency of the FARI(o0)
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bootstrap later, we will naturally use similar arguments as in the proof of Theo-
rem 3.1. For this reason we require the coefficents 1&1,,, — 1@ to satisfy conditions
which are similar to the conditions on the true coefficents as stated in Assump-
tion 2.1. Note that the coefficents 1&1,,, —z/NJl do not depend on the rescaled time wu.
Therefore all conditions but (2.6) in Assumption 2.1 are automatically fulfilled
and the following lemma ensures that we obtain a condition similar to (2.6) as
well.

Lemma 4.3. Suppose that the Assumptions 2.1, 4.1 and 4.2 are satisfied. Then
we have

|1 — o1 PD) — Op(p° /T, uniformly in p,1, D, D.

Let us now state the formal bootstrap test for stationarity. Empirical quan-
tiles of sup, ,eqo,12 [ (v, w)| are obtained by calculating

Fr.:= sup |Eh;(v,w)| fori=1,...,B,
’ (v,w)€(0,1]2 ’

where E:*F)l(v, 175) E})B(v, w) are the B bootstrap replicates of ET(U, w). We
then reject the null hypothesis, whenever

sup | Er(v,w)| > (Ff)r 1-a)B)5 (4.10)
(v,w)€(0,1]2
where (F2£)1.1,...,(Fi)r.p denotes the order statistic of F;,p ce 13';13. Note

that there is no need to standardise either side with the (in principle unknown)
factor [3;/2 from (3.4).

In order to explain why this bootstrap procedure works, we have to intro-
duce approximations of ET(v,w) and E}(v, w). First, if we replace Xy r in the
definition of Ep(v,w) by X,(t/T) from (2.10), we denote the resulting process
with E7,(v,w). Similarly, we set

Xira=) 0iZi, (4.11)
=0

where the Z; are the innovations from part 2) above. We then define EA}ﬁa(v, w)
in the same way as E}(v,w), but with the bootstrap series X/ replaced
by X/ 7.,

Lemma 4.4. Let the Assumptions 2.1, 4.1 and 4.2 be fulfilled and choose N
in such a way that N ~ ¢T" for some 0 < k < 1 and some ¢ > 0. If the null
hypothesis (3.1) holds, we have

a)

sup |ET)a(U,w)| L sup |EA’:*p7a(v, w)l,
(v,w)€[0,1]2 (v,w)€[0,1]2
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b)
5%( s (Br(ww) = sw  |Bra(o,w)]) = op(1).
(vw)€l0.1)2 (vw)€l0.12

Also, both under the null hypothesis and the alternative we have

¢)
V(s |Biw) = sup B (0,0)]) = op(D),
(v,w)€l0,1]2 (v,w)€l0,1]2
d)
1/2 fos S
(B “E7(v,w)) (ww)e[0,1]2 5 tight.

It has been indicated in Paparoditis (2010) that Lemma 4.4 a)—c) are suffi-
cient to prove that the test constructed in (4.10) has exact asymptotic level «,
but an important ingredient in its proof is the weak convergence of
SUP (4, )€[0,1]2 [3}/2|ET(v,w)| with a continuous limit distribution. This result
is only available for D < 1/4.

Although we cannot use Lemma 4.4 to show that the bootstrap test keeps
the exact asymptotic level a even for a general D < 1/2, a conservative test
based on it can be constructed as well.

Theorem 4.5. Suppose that the assumptions of Lemma 4.4 are satisfied and
let Q%(1 — «) denote the 1 — « quantile of the bootstrap statistic

1/2) fas
S“P<v,w>e[o,112ﬂT/ |ET(v,w)].

a) If D < 1/4, under the null hypothesis we have

P( sup ﬂilp/2|EAT(v,w)| SQ}(I—Q)) —1—a.
(v,w)€l0,1]2

b) Let § > 0 be arbitrary. Then, under the null hypothesis we have

limian( sup ﬁilp/2|EA’T(v,w)| < Q7(1 —a)+5) >1—o.
T—o0 (v,w)€l0,1]?

Consistency of the test in (4.10) is granted from Lemma 4.4 d) in any case,
since each bootstrap statistic sup(, .efo,1]2 [E7(v,w)| converges to zero then,

while sup(,, .)ef0,1]2 |E7(v,w)| becomes larger than some positive constant under
the alternative due to Theorem 6.1 a), b) and (2.11).

5. Finite sample properties

Our aim now is to demonstrate how the test for stationarity performs in finite
sample situations. Since the proposed decision rule (4.10) depends on the choice
of N in the estimation of the Kolmogorov-Smirnov type distance and further-
more on the selection of the AR parameter p in the bootstrap procedure, we
start by discussing how we choose both parameters. We then investigate the
size and power of our test where all reported results are based on 200 bootstrap
replications and 1000 simulation runs. Finally we apply our test to two data
sets, one regarding tree ring data and one containing S&P 500 returns.
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5.1. Choice of the parameters N and p

Although the proposed method does not show much sensitivity with respect to
different choices of the AR parameter, we select p throughout this section as the
minimizer of the AIC criterion dating back to Akaike (1973), which is defined by
T/2
R .27
b = argmin, = Z (log JoyPe) +

It (k1)
Toew) ()\k,T)) to/T

in the context of stationary processes due to Whittle (1951). Here, fé(p) is the
spectral density of the fitted stationary FARIMA (p, D, 0) process and I is the
usual stationary periodogram; see step 1) in the description of the FARI(o0)
bootstrap. Therefore we focus in the following discussion on a sensitivity analysis
of the test (4.10) with respect to different choices of N. We will see that the
particular choice of that tuning parameter has typically very little influence on
the outcome of the test under the null hypothesis while it can change the power
substantially under certain alternatives.

Note further that in practice it is not feasible to create an infinite series
(Y7)tez as described in step 2) of the FARI(0o) procedure. In order to circum-
vent this problem during the simulation study we follow a pragmatic approach
and replace step 2) by

2*) Calculate Yo = (1 — B)PX"), where X" = X, s fort = 1,...,T and
Xt(b) = 0 for ¢ < 0. Then simulate a pseudo-series Y{"r, ..., Y7 ;. according
to

P
}/tjfT = }/t.,T; = 15 <o Dy tTT - Zdjvp}/ttj,T +a'pZ:, p<t< jﬂ’7
j=1

where the Z; are independent standard normal distributed random vari-
ables.

5.2. Size of the test
In order to study the approximation of the nominal level, we consider the
FARIMA(1,d, 1) model
(1-¢B)(1 - B)¥X, = (1+6B)Z, (5.1)

for independent and standard Gaussian Z; and present the results for different
values of ¢, 0 and d. To be more precise, we simulate

(1-6B)(1-B)'X, = Z, (5.2)
and

(1-B)!X; =(1+6B)Z (5.3)
for d € {0.2,0.4} and ¢,0 € {—0.9,—0.5,0,0.5,0.9}. The corresponding results

for d = 0.2 are depicted in Tables 1 and 2 for the models (5.2) and (5.3),
respectively. In the latter case we observe a precise approximation of the nominal
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TABLE 1
Rejection probabilities of the test (4.10) under the null hypothesis. The data was generated
according to model (5.1) with d = 0.2, 6 = 0 and different values for ¢

$=-09 $=-05 $=0 $=05 $=09

T N M| 5% 10% | 5% 10% | 5% 10% | 5% 10% | 5% 10%
128 16 8 | 0.131 0.179 | 0.064 0.098 | 0.054 0.087 | 0.078 0.122 | 0.104 0.17
128 8 16| 0.129 0.167 | 0.069 0.11 | 0.056 0.102 | 0.086 0.127 | 0.095 0.151
256 32 8 | 0.093 0.129 | 0.056 0.099 | 0.039 0.072 | 0.051 0.083 | 0.087 0.152
256 16 16 | 0.069 0.107 | 0.057 0.088 | 0.041 0.086 | 0.068 0.124 | 0.08 0.118
256 8 32| 0.067 0.112] 0.046 0.093 | 0.046 0.09 | 0.077 0.118 | 0.051 0.096
512 64 8 | 0.051 0.009 | 0.047 0.086 | 0.039 0.087 | 0.031 0.07 | 0.062 0.108
512 32 16| 0.058 0.109 | 0.048 0.097 | 0.043 0.087 | 0.051 0.1 | 0.077 0.14
512 16 32| 0.056 0.109 | 0.046 0.085| 0.062 0.115 | 0.066 0.112 | 0.054 0.122
512 8 64| 0.052 0.092| 0.05 0.1 | 0.033 0.086| 0.065 0.118 | 0.041 0.091

TABLE 2
Rejection probabilities of the test (4.10) under the null hypothesis. The data was generated
according to model (5.1) with d = 0.2, ¢ = 0 and different values for 0

0=-09 0=-0.5 0=0.5 0=0.9

T N M 5% 10% 5% 10% 5% 10% 5% 10%
128 16 8 0.075 0.124 0.066 0.124 0.061 0.106 0.059 0.092
128 8 16 0.064  0.112 0.058 0.101 0.066 0.109 0.069 0.112
256 32 8 0.046 0.107 0.056 0.105 0.044 0.097 0.056 0.094
256 16 16 0.047  0.094 0.058 0.115 0.037 0.085 0.064  0.108
256 8 16 0.059 0.098 0.061 0.109 0.047 0.085 0.046 0.085
512 64 8 0.057  0.096 0.041 0.084 0.041 0.088 0.049 0.094
512 32 16 0.041 0.089 0.056 0.107 0.052 0.101 0.058 0.091
512 16 32 0.046 0.084 0.046 0.098 0.057 0.095 0.048 0.087
512 8 64 0.036 0.089 0.05 0.091 0.043 0.083 0.055 0.1

level even for T' = 128 and it can be seen that the results are basically not
affected by the choice of N in these cases. For the model (5.2) we obtain very
good results for ¢ € {—0.5,0,0.5} while the nominal level is overestimated
for |¢| = 0.9 and smaller T'. However, the approximation becomes much more
precise if T grows and is also robust with respect to different choices of the
window length N.

The results for the case d = 0.4 are presented in Table 3 and Table 4 and we
can draw exactly the same picture from it as for d = 0.2. In fact, apart from
the process (5.2) with ¢ = 0.9, the performance under the null hypothesis does
not change at all with different d.

5.3. Power of the test

To study the power of our test we consider the following three time varying
FARIMA((1,d, 1)) models

X, = /sin(nt/T)ZY (5.4)
Xor =2 +1.1cos (1.5 — cos(drt/T)) Z\Y, (5.5)
(1 +0.9 t/TB) Xop = 2@ (5.6)
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TABLE 3
Rejection probabilities of the test (4.10) under the null hypothesis. The data was generated
according to model (5.1) with d = 0.4, 6 = 0 and different values for ¢

$=-09 $=-05 $=0 $=05 $=09

T N M| 5% 10% | 5% 10% | 5% 10% | 5% 10% | 5% 10%
128 16 8 | 0.138 0.174 | 0.056 0.104 | 0.06 0.091 | 0.096 0.138 | 0.18 0.256
128 8 16| 0.126 0.168 | 0.083 0.124 | 0.059 0.107 | 0.088 0.139 | 0.153 0.219
256 32 8 | 0.08 0.116| 0.044 0.078 | 0.05 0.087 | 0.047 0.099 | 0.12 0.196
256 16 16 | 0.082 0.125| 0.043 0.075 | 0.052 0.09 | 0.055 0.101| 0.111 0.173
256 & 32| 0.071 0.107| 0.055 0.096 | 0.045 0.097 | 0.064 0.112| 0.084 0.13
512 64 8 | 0.051 0.1 | 0.041 0.089 | 0.044 0.083 | 0.029 0.067 | 0.061 0.124
512 32 16 | 0.053 0.104 | 0.049 0.094 | 0.038 0.09 | 0.057 0.097 | 0.082 0.145
512 16 32| 0.063 0.111| 0.053 0.105 | 0.056 0.112 | 0.049 0.086 | 0.074 0.129
512 & 64| 0.051 0.096 | 0.051 0.094 | 0.042 0.089 | 0.056 0.11 | 0.067 0.117

TABLE 4
Rejection probabilities of the test (4.10) under the null hypothesis. The data was generated
according to model (5.1) with d = 0.4, ¢ = 0 and different values for 6

0=-0.9 0=-0.5 0=0.5 0=0.9

T N M 5% 10% 5% 10% 5% 10% 5% 10%
128 16 8 0.086 0.136 0.081 0.13 0.053 0.084 0.069 0.099
128 8 16 0.085 0.128 0.065 0.11 0.069 0.11 0.073 0.11
256 32 8 0.07 0.116 0.059 0.096 0.039 0.07 0.05 0.096
256 16 16 0.069 0.119 0.076 0.133 0.053 0.09 0.04 0.089
256 8 16 0.043 0.087 | 0.068 0.111 0.051 0.099 0.051 0.112
512 64 8 0.052 0.109 0.037 0.079 0.051 0.085 0.046 0.105
512 32 16 0.068 0.119 0.05 0.103 0.053 0.099 0.042 0.095
512 16 32 0.056 0.101 0.054 0.106 0.045 0.084 0.056 0.11
512 8 64 0.056 0.102 0.065 0.101 0.054 0.098 0.043 0.082

with Zt(d) = (1—-B)~%Z, for independent and standard Gaussian Z; and different
values of d. We also simulate the time varying fractional noise processes

Xer=(1-B)~1T g, (5.7)

with either dy(u) = 0.4u? or da(u) = 0.1 x 1(u < 0.5) + 0.4 x 1(u > 0.5). Here,
in contrast to the models (5.4)—(5.6), the long memory parameter d(u) varies
over time. Additionally, we consider the periodic series

X, =sin(tr/30)(1 — B)~?Z, (5.8)

for d = 0.2, which in contrast to (5.4) is not locally stationary, because the
function by which the innovation is multiplied depends on ¢ instead of ¢/T.
The results for the alternatives (5.4)—(5.6) are depicted in Table 5, and it is
remarkable that the choice of NV seems to affect the results more than under the
null hypothesis. This is less important for model (5.4), for which the observed
rejection frequencies are large even for small sample sizes, whereas the effect can
have an extreme impact on the power for the other ones; see first and foremost
model (5.5) for d = 0.2. We display the results for the alternatives (5.7) and
(5.8) in Table 6. Concerning model (5.7), it can be seen that for these kinds of
processes the power seems to grow slower in T than for the alternatives (5.4)—
(5.6). Again, the sensitivity of the results with respect to the choice of N is
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TABLE 5
Rejection probabilities of the test (4.10) for the models (5.4)—(5.6)
(5.4) (5.5) (5.6)
T N M d 5% 10% 5% 10% 5% 10%

128 16 8 0.2 0.694 0.811 0.198 0.303 0.028 0.084
128 8 16 0.2 0.702 0.824 0.169 0.266 0.023 0.071
256 32 8 0.2 0.909 0.968 0.211 0.332 0.132 0.262

256 16 16 0.2 0.946 0.978 0.197 0.312 0.121 0.3

256 8 16 0.2 0.942 0.98 0.158 0.264 0.164 0.32
512 64 8 0.2 0.997 1.0 0.519 0.791 0.557 0.742
512 32 16 0.2 0.999 1.0 0.477 0.702 0.575 0.764
512 16 32 0.2 1.0 1.0 0.362 0.564 0.648 0.808
512 8 64 0.2 1.0 1.0 0.258 0.39 0.664 0.823

128 16 8 0.4 0.517 0.659 0.217 0.326 0.027 0.056
128 8 16 0.4 0.649 0.769 0.188 0.262 0.022 0.067
256 32 8 0.4 0.639 0.771 0.198 0.308 0.115 0.246
256 16 16 0.4 0.795 0.903 0.162 0.292 0.11 0.271
256 8 16 0.4 0.907 0.963 0.137 0.236 0.138 0.312
512 64 8 0.4 0.731 0.861 0.275 0.525 0.471 0.652
512 32 16 0.4 0.925 0.974 0.355 0.602 0.531 0.718
512 16 32 0.4 0.989 0.995 0.355 0.564 0.662 0.784

512 8 64 0.4 0.997 1.0 0.221 0.386 0.677 0.819
TABLE 6
Rejection probabilities of the test (4.10) for the models (5.7) and (5.8)
(5.7), d1(u) (5.7), d2(u) (5.8)
T N M 5% 10% 5% 10% 5% 10%
128 16 8 0.058 0.108 0.037 0.075 0.349 0.552
128 8 16 0.078 0.129 0.07 0.114 0.416 0.586
256 32 8 0.054 0.108 0.049 0.125 0.147 0.239
256 16 16 0.074 0.147 0.047 0.109 0.222 0.368
256 8 16 0.094 0.143 0.085 0.128 0.288 0.426
512 64 8 0.175 0.288 0.283 0.439 0.223 0.331
512 32 16 0.131 0.218 0.218 0.356 0.276 0.378
512 16 32 0.074 0.145 0.096 0.179 0.300 0.454
512 8 64 0.104 0.172 0.099 0.181 0.332 0.467

rather large, where the best overall performance is obtained if we choose N
large.

A slightly different picture can be drawn by looking at the results for the
not even locally stationary model (5.8). In this case, the power decreases as T'
increases from 128 to 256, but gets larger as well if T' grows further. However,
for all sample sizes, the rejection frequencies are far above the nominal level.

5.4. Tree ring data

In this section we apply our procedure to a centered series containing 1990
annual pinus longaeva tree ring width measurements at Mammoth Creek, Utah,
between 0 AD to 1989 AD. These data are displayed in the left panel of Figure 1
and were analyzed by several authors in the framework of locally stationary long-
range dependent models [cf. Beran (2009) or Palma and Olea (2010) among
others]. By employing the WhittleFit function from the R-package fArma to
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F1c 1. Left panel: tree ring data. Right panel: the solid line represents the time wvarying
estimator d(u) while the dashed horizontal line indicates the stationary estimator D.

-

F1G 2. Left panel: fractional noise with parameter d = 0.1919. Right panel: the solid line
represents the time varying estimator d(u) while the dashed horizontal line indicates the

stationary estimator D.

the tree ring data X, one obtains an estimator D = 0.1919 for the long memory
parameter d, and if a time varying model is assumed, then the (time varying)
long memory parameter d(u) can be (for example) estimated through a rolling
window of N = 400 data. Such an estimator J(u) is depicted in the right panel
of Figure 1 and it suggests that d(u) is not constant over time; see Beran (2009)
or Palma and Olea (2010) for a similar argumentation and an approach to fit a
time varying fractional noise process to the data.

However, if we simulate 1990 data from a stationary fractional noise with
long memory parameter d = 0.1919 and calculate d(u) as above, one observes
that the variability of the estimator is quite large as well; cf. Figure 2. Thus,
by using graphical methods only, it is hard to tell whether the time variation
of cZ(u) is due to non stationarity or to standard estimation errors. For this
reason, we apply the test (4.10) with N = 248 and N = 124 and obtain p-values
of 0.34 and 0.135, respectively. Both values do not provide enough evidence
to reject the null hypothesis of stationarity at a 10% level. Even though the
rejection frequencies for model (5.7) show that our test is rather conservative
in models with a time varying long memory parameter, its power improves as
N increases. Therefore our results indicate that the assumption of stationarity
should probably not be rejected too hastily.

In order to support this observation we compare the forecasting performance
of a stationary fractional noise model with that of a time varying version. For this
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TABLE 7
The ratio MSE®(p)/ MSE™SN (p) for different time horizons (p) and window lengths (N).
A ratio smaller than one indicates that the stationary model provides a more precise forecast

Horizon p N=100 N=125 N=150 N=175 N=200 N=500
10 0.21 0.41 0.51 0.73 0.9 0.96
20 0.10 0.375 0.33 0.66 0.87 0.94
30 0.06 0.32 0.22 0.60 0.86 0.94
40 0.04 0.28 0.16 0.57 0.85 0.93
50 0.02 0.25 0.13 0.53 0.84 0.94

reason, we start at the 100th observation and use all previous data to estimate
the long memory parameter in the stationary case while we employ only the
last N data in the time varying fractional noise model. We define ffr as the

r-step ahead forecast of the stationary model and ftL TS N as the corresponding
forecast for the locally stationary one. In order to compare the performance of
both approaches we follow Starica and Granger (2005) and define aggregated

versions through
. s a LSN
— . — - S —LS N LS,N
Xt,r = § Xt-i—iu ft,r - E ft,i? ft,r - E : ft,i .
i=1 i=1 i=1

Both approaches are then compared via the ratio MSE®(r)/MSELSN(r),
where

1 1990 —r S
MSE?® - — X, —F )2
SES(r) = fgoo—r 2 X =T
t=100
1 1990—r LS.N
MSEMSN = Xir— fen )2
() 1990 — max(100, N) — r >, Fu=T)

t=max(100,N)

A ratio smaller than one indicates a better performance of the stationary model
while a ratio bigger than one suggests that the locally stationary model provides
a better forecast. The results are depicted in Table 7. From these it can be
observed that the stationary model in general outperforms the time varying
version. While the differences become smaller if N grows, the discrepancy is
quite large for NV smaller than 175. We conclude that relying on a plain visual
inspection of the behaviour of the long memory parameter over time may lead
to worse results in term of prediction and recommend to use a formal test for
stationarity as well.

5.5. SEP 500 returns

Finally we apply the test (4.10) to 4097 observations of the S& P 500 which
were recorded between April 10, 1996 and July 13, 2012. We consider the log
returns Xy = log(Yi41/Y:) (¢ =1,...,4096) which are plotted in the right panel
of Figure 3. We observe that days with either small or large movements are likely
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F1a 3. The left panel displays the price of the S€P 500 between April 10th 1996 and July
13th 2012 whereas the log returns of the SEIP 500 in the same period are shown in the right
panel.
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Fic 4. Left panel: ACF (autocorrelation function) of the log returns X¢, middle panel: ACF
of the absolute log returns |X¢|, right panel: ACF of the squared log returns Xf.

to be followed by days with similar fluctuation. This effect is called ’volatility
clustering’ and serves as the usual motivation to employ GARCH(p, ¢) processes
in the modelling of stock returns.

In Figure 4 the ACF (autocorrelation function) is plotted for the log returns
X (left panel), the absolute values | X;| (middle panel) and squared returns X2
(right panel). It can be seen that the autocorrelation function y(k) of the log
returns is rather small if k # 0. However, if we take the absolute values |X;| or
the squared returns X7 then v(k) decays to zero very slow as k — oco. The latter
observation is the main reason to use a long memory model if the volatility of
a financial asset is analyzed.

It was shown in Mikosch and Starica (2004) and Fryzlewicz et al. (2006)
that all these effects can also occur if model (1.1) is used. Starica and Granger
(2005), among others, demonstrated that a simple and natural model like (1.1)
is leading to a superior volatility forecast compared to a GARCH or a long
range dependent FARIMA model. So it might be beneficial to consider not only
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Fic 5. The left panel displays the histogram of the p-values if the test (4.10) (with T = 64
and N = 8) is applied on a rolling window of the 4096 datapoints. In the middle panel we
present the histogram of the p-values if the test (4.10) (with T = 64 and N = 8) is applied
on a rolling window of the first 1000 datapoints. The right panel shows the corresponding
histogram if the last 1000 datapoints are used.
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Fic 6. Histograms of the p-values if the test (4.10) with T = 256 and different choice for
N is applied on a rolling window of the 4096 datapoints. Left panel: N = 32, middle panel:
N = 16, right panel: N = 8.

complicated (e.g. long-range dependent) stationary processes in the analysis of
a financial time series but to take into account models which are not stationary
anymore.

We applied our test (4.10) with 7' = 64 and N = 8 to a rolling window of the
4096 log returns, i.e. we employed our approach using the data Xj, ... X; g3 for
1 =1,...,4033. Thus we obtain 4033 p-values whose histogram is displayed in
in the left panel of Figure 5. It can be seen that the assumption of stationarity is
usually not justified since for example 789 of the 4033 p-values are equal to zero
and 1789 are smaller than 0.2. This effect becomes even more evident if we use
a rolling window of T" = 256 data. In this case we obtain 3841 p-values whose
histograms are presented in Figure 6 for different window lengths N. If we take
N = 32 then 2413 of the 3841 p-values are equal to zero and 3300 are smaller
than 0.2. So the more data we look at, the bigger is the urgency to employ also
non stationary processes in the statistical analysis. Moreover, we observe that
the histograms in Figure 6 look similar and therefore the results are basically
not affected by the choice of N.

One interesting observation is that during the period we took into account
the data seem to become more non stationary in time which can be oberserved
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from the two histograms in the middle and the right panel of Figure 5. In the
middle panel we display the histogram of the p-values if our test (with 7' = 64
and N = 8) is applied to X;,... X;y63 with ¢ = 1,...,1000 while the same
is shown in the right panel if our approach is applied to Xj,... X163 with
1= 3034, ...,4033. If we look at both histograms it can be seen that there is a
significant shift towards lower p-values.

6. Appendix: Proofs
In this section we present the proofs of all results above. We define
Guao (0:2) = (L, Loy () = oMM iy (V)

for u, A\ >0, v,w € [0,1],

M N/2 1 \1/2
P2, TD(ylayQ ( ZZ ¢v1 w1, T qu)‘k) ¢v27W27T(uj7)‘k))2)\4—D> (61)
7j=1k=1 k

for y; = (v;,w;) € [0,1]? and set
va,w (u7 >\) = Tlgnoo va,w,T(uv >\) = (I[O,v] (’U,) - v) I[O,ﬂ'w] ()‘)a CAZAS [07 1] (62)

Note that M and N depend on T and observe the relations

M N/2

Er(v,w) = T SN b, M) In (g, Ae)
i=1 k=1
N/2

M
ZZéf’va wj, ) f (wg, Ar)
j 1 k=1

which will be employed in the proofs of the following two main theorems. All
results below are assumed to hold uniformly in v,w unless otherwise stated.

Theorem 6.1. Suppose Assumption 2.1 holds and assume that v,w,v;,w; €
[0,1] for i € N. Then we have with the notation of Theorem 3.1

a) E(Er(v,w)) = Ep(v,w) + Cr(v,w) + O (1/T).
b) COV(ET(vl,wl) Erp(va,ws))

M |min(wi,w2)N/2|

-T2 Z Z (1[07U1](uj) - 1)1) (1[07112] (u;) — 02) f2(uj, Ak)

+ O(log( ) /(TNHD)) +O(N/T?).
¢) cum(Er(vi,w1), ..., Ep(v,w)) = o(T~Y?) for D < 1/4 and 1 > 3.
d) E|Gr(v1,w1) — Cr(v1,w1) — (Gr(va,w2) — Cr(va,ws))|*
< (2k)'C*po.r.p ((v1,w1), (va,w2))* T~*/2 for all even k € N.
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Theorem 6.1 is the main tool for proving the results from Section 3. Regarding
the bootstrap, the next theorem ensures that the random variable E% (v, w) can

be approximated by the random variable E}ﬁa(v,w) and is mainly used for
proving Lemma 4.4.

Theorem 6.2. Suppose that Assumptions 2.1, 4.1 and 4.2 are satisfied, and let
v, w, vi,w; € [0,1] fori=1,2. Let @ > 0 be fized and denote with Ar(«a) the set
where |D — D| < a/4 and

p°log(T)

S llfmax(ﬁ,D) <C
|¢l,p z/’ll = \/T

Vie N (6.3)
is fulfilled. Then we have

a) E((E’}(v,w) — E})a(v,w))lAT(a)) =0.
b) Var((E’}(v,w) — EA;ﬁa(v,w))lAT(a))
_ O(plo log(T)Qlog(N)QNmax(4D71,O)+aT72).
0) E(|(Bi(vr,01) = B o (v1,01) = (B (v3,w2) = By (02,02))[FLas o)

< (20)!C* 5" ((v1,w1), (v2,w2)) (p'0 log (T)? NP = L0 Fap=2)k/2
for all k € N even, where p((v1,w1), (v2,w2)) = Ly, vy or witws)-

We begin with the proof of Theorem 6.1 and 6.2 for which we require some
technical lemmata.

Lemma 6.3. Suppose Assumption 2.1 is satisfied. Then for all X € (0,7) and

NeN
- , C
l;() ()i (w) exp(—iA( = m)| < 135
\l;m\>N

Proof. Without loss of generality we only consider the case m > [. We have

D i(u)hm(u) exp(—iA(I—m)) =D () > () exp(—ir(l—m)),
=0

I,m=0 m=Il+N+1
m—I>N
and the absolute value of the right term can be bounded through

g}%(u)exp(—i/\l)’(} i %exp(i/\m)’

m=Il+N-+1

Y [ ﬂ) (6.4)
m=Il+N+1

T l—d(w)
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where a(u) is the function from (2.6). Equation (2.9) in chapter 5 of Zygmund
(1959) says that

(o]

’ Z #exp(—i)\m) < c_ 1
m=l+N+1 mt=dt) T A(4+N)P

holds for a constant C' € IR which is independent of [, N, v and A. In addition,
(2.6) implies

sup [ (u)] < ClIIP~1 v >1. (6.5)

If we combine the last two statements with (2.6) we can bound (6.4) up to a
constant through

il 1 1 N 1 <g 1 .
S D ANA (NP (L4 NP ~ A\ N1-—2D°

Lemma 6.4. a) For all n > 1 and ki,ka € N there exists a constant
C(k1, ko) > 0 such that:

0o 1ng1 |l| 1ng2 |m| 1 1ng1+k2+1(n)
<Ok (B oy )
121 lim|'=P |l —m| — (ky, k2) Sizp T Hn=1
li—m|>n

b) Forn > 1 we have

(oo}

1 2D
> Tmp—D =

l,m=1
0<|l—m|<n

c) We write (+)x if [m1 — 2] <n, Ime — L] <nand mi —lo+mi — 11 #0
hold. Then for n > 2

1 i 1 |ma — 14] - C'log(n)

n |m1m21112|1_D |m1 — o +mo —ll| — pl-4D -

mi,ma,li,la=1
()=

d) Forl > 3 we write (+)+, if [n1 —my| < n and |nip1 —m;| < n are satisfied
forie{l,...,1—1} and furthermore my —ni+mo—mna+---+my—n; #0
holds. Then there exists C; > 0 such that for alln > 2

oo

> 1 1

L= Imanamang - oy [P fmy =y me —np ey — g
1y lbe—

()

< Cylog(n)n?P1=4D,
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Proof. Before we begin with the proof, note that a simple change of variables

yields
b k b/ 1.k
11 1 1 1
/ 1 log'z . / log™(cz) 1 . (6.6)
o TP (et x)e P Jose 2P (1£2)°

for a,b,c,e € IR with a < b, ¢ > 0, k € N if any of the integrals exist. The proof
now basically works by considering approximating integrals instead of the sums,
using (6.6) and afterwards employing that

b k
[log"(z)] 1
2 L dz< + — .
1-D ] Zdz C(k) + C|log(1 —b)| (6.7)

holds for k € Ny, 0 < a < b < 1 and constants C(k) € IR which are independent

of a and b. Note that the absolute value of the right hand side of (6.6) is bounded
by

1 < I1ogh 1
/ |log”®(cz)| "
0

CefD ZlfD (1 4+ Z)e

which is in any case finite if 0 < D < 1,0 <e<land1—D+e>1.Ife=1and
b/c s close to the possible pole 1, (6.7) implies that the integral on the right hand
side of (6.6) is only bounded by a constant times some additional log term which
incorporates in some way how close the boundary is to 1. This rule of thumb
will be helpful in understanding the treatment of the approximating integrals
in the following. Since all proofs work in that particular way of replacing the
sum through integrals and applying (6.6) and (6.7) afterwards we will present
the details for part a) only.
Proof of a): For n =1 let | > m without loss of generality. Then

oo o0

Z Z log" |1 log™? |m| ZZ log"? (m) log"* (m + s)
[Im|1=P |m—l| mt=P(m+ s)1=P== s(m + s)°

m=1l=m-+1 m=1s=1

for some e small enough such that 2 — 2D — ¢ > 1. Both sums are finite then,
so let n > 2. Again, we discuss the case [ > m only, which becomes

2. loghtl = log"?2m 1
> WE X o i
l=n+1 m=2

If we treat the expression in the second summand as a function in m, it can be
seen that this function only has a finite number of points where the first derivate
equals zero. Thus it is piecewise monotonic, which allows us to bound the sum
over m by its approximating integral, i.e. by

/l”“ logha 1 1 /1—"11 logh(lz) 1
xr = _— z
1 =P | -2 =2 Jin Z21-D 11—z
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ko ]—n-t
S1og (l)/ I 1 1 .
1

[1-D /i z1=D1—2

With (6.7) it follows that the entire expression can be (up to a further constant)
bounded by

- 1ogk1+’€2 l n—1 = 1ogk1+’€2‘Irl l 1ogk1"’k2+1 n
> o\t ’10g I ’ <33 paop =9\ —1i> :
l=n-+1 l=n-+1

This yields the claim for m > 0 and we now consider the case m < 0. A straight-
forward calculation yields that

i log" |I]log*? |m| 1
: llm[*=P fm =
1>n/2,m<min(0,l—n)
e logkll log = logkzm 1
< Sl l(lmtn, g beim L
l=n/2 m=n—I+1

logkll log m 1
RS e L
m=2

and by replacing the sum over m through its approximating integral we can
bound this expression by

log" n s logh 1 s log" 1 [ loghz 1
e D i
l=n/2 l=n/2 n—i

log’“l/Oo log"?
dz.
11 D xi-D l—i—:z:

By using (6.6) we can bound both integrals through a constant times log*2 (1) /1* =

which then yields the claim by calculating the resulting sums. O

Analogously to the above proof we can show the next lemma, which, although
it looks similar to Lemma 6.4 (and is proven in the same way), is different since
the index of summation m is fixed.

Lemma 6.5. For allm € Z and n > 1 we have

= 1 1 log |m
a) Z =D —m] SC(| |1| 1:|>1{m¢0}+1{m 0}) C

=1
0<|l—m|<n

oo

1 1
b
)X T

=1
n/2<|l—m|<n

log |n — m| log|n + m|
<C (max <|n = o+ A Limzny + Lgm=n) | < C.
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6.1. Proof of Theorem 6.1

Proof of a). We have

M N/2

Z Z ¢v w,T u_]7 )\kZ)IN(u]7 )\k))

’ﬂ |

M N/2 oS
; va u]7)\k o N Z Z

1 k=1 p,q=01,m=0
Vi, —N/2414p, 700t —N /24140, 7mE( L, — N j2414p—mZt,—N/2414q—1)
exp(—iXe(p — q)).

Set e; N :=t; — N/2 + 1. By using the independence of the innovations Z; we
obtain that the above term equals

M N/2 oo N-1
= Zz(bv w,T ’U,J,)\k o N Z Z d]Ej,N+q+m—l,T,lz/]ej,N+q,T,m
J 1 k=1 l,m=0 q=0
|1— m\<N0<q+m I<N-1
exp(—iAg(m —1)). (6.8)

Write the product of the ¥-terms above as

ejN+qg+m—1
T

€j,N +q)

Ui ( T

)¥om(

ejN+4q
EERL)

+ U (%) (¢ej,N+q+m—z,T,l — (W)) }, (6.9)

o (6.8) splits into a sum of three terms. We will now demonstrate that the
second summand is of order O(1/T) and analogously for the third one. The
absolute value of the second summand can be bounded by

+ Ye; ntq+m—1,1,0 (1/}61‘,N+‘17T7m o djm(

N-1

%Z Z ﬁ Z |¢ej,N+q+m—l,T,l| wej,zv-i-q,T,m - wm (e%NT—F q) ’
O 0<ermot<N—-1
1 N/2
~ > bu (g, M) exp(—ide (m — 1))’. (6.10)
k=1

We employ (A.2) of Eichler (2008) which says that there exists a constant C' € IR
such that for all {r € Z : rmodN/2 # 0} we have

N/2

’N Zqﬁva Uy A ) exp(—iAgT) ¢

< -
~ |rmodN/2|

(6.11)



2270 P. Preufl and M. Vetter

uniformly in v, w. Using (2.5), (2.9), (6.11) and a symmetry argument we can
bound (6.10) up to a constant by

ad 1 t; —N/24+1+¢ 1
2 e - (L)
lmzl |l|1_D i‘i}]) 1/}15] N/2+1+44q,T, 1/) T |l — ml

0<|l—m|<N/2

> 1 t;—N/2+1+¢q

+ lz_l = iu? Yt~ N/24+14¢,Tm — z/Jm( T )‘

[l—m|=N/2 V i=m

N/2-1

;= N/2+1+4qy 1

N S (S SR

mZ:l q7t5> Ui, _N/24144,T, P T -

N/2-1

1 1 1 1
72 Rt T

Note that the terms in the final line correspond to the case where [ = 0 or
m = 0. It can be shown that each of the terms above is of order O(1/T) due
to Lemma 6.5, (2.5) and D < 1/2. In the following we will bound expressions
like the above one w.l.o.g. by a constant times the first summand, i.e. from now
on we will only consider the case 0 < |l —m| < N/2 if we derive the order of
error terms. We do this since the remaining terms will be either of the same or
of smaller order and are treated analogously.
Following the above argumentation we obtain that (6.9) equals

M N/2 00

1 eiN+p e;N+¢q
FY Y bl Mg 3 (S (451)
7j=1k=1 p,q=01,m=0
xE(Ze]N+pfmzejN+q4>exp<—mk< —g) +0(T)
M N/2 00
TZZ(bUWT u]v)\k o N Z Z e N+p*mZ8j,N+¢I*l)/l/}l(uj)wm(uj)
j=1k=1 p,q=01,m=0
xp(—iAk(p — q)) + CT(U w)+0(1/T) (6.12)
with

Cr (v,

UWT u]’/\k o7 N Z Z 8 N+p7mZ8j,N+Q*l)

p,q=01,m=0

”MZ

w)
-1y
x exp(—iXg(p — q)){ (1/11 (%NiT—i_p) - 1#1(%‘)) Vi (uy)

+ (o (2250) — ) ) )

’ﬂ |
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o (52) o) o (57) )}

Let us begin with the first summand of (6.12). This term can be rewritten as

M N/2 00 N-1

% ZZQSU,M,T(uj?)\k)ﬁ Z Z ¢l(uj)¢m(uj)

j=1k=1 1,m=0 q=0
ll—m|<N 0<g+m—I<N-1

x exp(—iAg(m — 1))

1 M NJ/2 00
= ﬁ Z Z ¢v,w,T(uja Ak) Z (0 (uJ)1/}m (U’J) eXp(_i)‘k (m - Z))
R
1 M N/2 %)
~ 5TN Z Y b Ae) Y (= mlti(uy)m (ug) exp(—ide(m — 1))
R
= Ar(v,w) — Br(v,w) (6.14)

where Ap and By are defined implicitly. (6.5) and (6.11) prove that By is up
to a constant independent of (v,w) bounded by

1 = 1 1
N Z ]1-D ;1-D
l,m=1
0<|l—m|<N/2

which is of order O(log(N)/N*~2P) due to Lemma 6.4 b). Note that the cases
with either [ =0, m = 0 or N/2 < |l —m| < N are of the same or of smaller
order. Consider Ar next. Our aim is to skip the condition |l — m| < N — 1. By
employing Lemma 6.3 we obtain

M NJ/2 0o
(o) = 2303 Gl Mg D0 (s (us) exp(—i(m — 1)
j=1k=1 1,m=0
li=m|>N

“o(259).

uniformly in (v,w), and therefore Ap can be decomposed as

M N/2

%;;%x%ip(“ﬁ)‘k)f(uja)\k) +0 (%) — Ar(v,0)
= Er(v,w) + 0O (%if(_];g) :

Setting Cr = Cr — Ar — Br note that all three terms are zero if the Y are
independent of time. For the first summand this follows immediately as it is
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built on differences of ¢ variables, whereas for the latter two ones the claim
follows by definition of ¢, 1 (u, A). We are therefore left to show that Cr =
O(N?/T?) + O(log(N)/N'=2P) holds uniformly in v,w € [0, 1]. Without loss of
generality we only consider the first summand in (6.13) which equals

M N/2 N—-1 %)
1 1 p—N/2+1
T Z %,w,T(uj,)\k)m Z Z 1/’2(“3‘)1/%(“3‘)771
j=1k=1 p=0 lm=0

0<p+l-m<N-—1|l-m|<N
x exp(—idg(m — 1)) + O(N?/T?)

due to a second order Taylor expansion plus Assumption 2.1, Lemma 6.4 a)
and (6.11). We proceed here as for Ar and By in (6.14) above, and a similar
argument as for By proves that we can skip the condition 0 < p+l—m < N—1 at
the cost of an error of order O(log(N)/N'~2P). Therefore the above expression
equals

M N/2 N-1 o
1 p—N/2+1
|l m|<N
, log(N
x exp(—iAg(m —1)) + O (Ngi(_w)) .

Using Zév;()l (p—N/2+1)/T = N/(2T) we see that this term is the same as

M NJ/2 oo
T bl M) D2 gy exp(—id(m 1)
j=1k=1 Il,m=0
[l—m|<N

o(229).

and its first part is some O(1/T) because of (2.8), (6.5), (6.11) and Lemma 6.4 a)
withn =1, k; =1 and ky; = 0. O

Proof of b). We set

1 M N/2
V]t:rue _ COV(T Z Z ¢v17w17T(Uj1,Ak1 )IN(ujla/\kl)v
ji=1k1=1
M N/2
T Z Z ¢v2,w2, u]zu )‘kz)IN(qu )‘k2)>
J2=1ko=1
M N/2

Z Z ¢U17w17T(U‘j1 s Ak )¢U27w27T(U‘j27 )‘kz)

J1,J2=1 k1,ka=1

_
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1 N—-1 00

X W Z Z wejl,N“l’pquqmlwejl,N“FQIqqul

P1,P2,91,92=0m1,ma2,l1,lo0=0
X e ntpa,TymaWes, n+as, Tl
X Cum(Zejl,N"l‘Pl_ml Zejl,N+q1—l17ZejQ,N-i-pg—mgZejg,zv-i-qz—lg)
x exp(—iAk, (P1 — q1)) exp(—iAk, (P2 — g2)).

with e;, v =t;, — N/2+ 1. We start by considering the approximating version
ViPP" which is the same as above, but where all ¢-terms have been replaced,
80 €.8. Ve, n+p1, Tomi DY Pm, (uj,) and similarly for the others. Using the well-
known formula

Cum(Zejl,N+p1 —m1 Zejl,N"l‘QI_ll ) Zejg,N-i-pz—mz Zejg,N+q2_l2)

= Cum(Zejl,N"l‘pl_ml Zejg,N+q2_l2)Cum(Zejl,NJl‘QI_ll ZejQ,N-l‘;Dz—mz)

+ Cum(Zejl,N"l‘pl —m1 Zejg,N+p2_m2)Cum(Z€j1,N+q1_l1 Zejg,N+q2_l2)' (615)
the computation of V" splits into two similar terms which we denote with

Vr,1 and Vg 5. We start by considering the first one. Because of the independence
of the innovations Z; we obtain

M N/2

1
VTyl = ﬁ Z Z ¢U17w17T(U‘j1 ) )‘kl )¢U27w27T(U‘j27 )‘kz)

J1,J2=1 k1,ke=1

1 o0 N—-1
* 2Ny 2 > Gy (w5 )1, (w5 )P (s )1, ()
mi1,ma,l1,l2=0 q1,q2=0

0<g2+m1—la+t;, —t;; <N-1
0<q1i+ma—li+t; —tj, <N-1

X exp(—idg, (g2 — qu + tj, — tj, +m1 —la))
X exp(idp, (g2 — qu + tj, — tj, + 11 —ma)).

We divide the sum over ji, j2 into two sums, namely one sum where j; = js is
satisfied and one sum with j; # jo. Then

1 M N/2
VT,I = ﬁ Z Z ¢v17w17T(U‘j17}‘k1 )¢U27w27T(U‘j17)‘7€2)
j1:1 k?1,k72:1
1 0o N—-1
X (27TN)2 Z Z 1Z)ml (uj1)¢l1(uj1)7/}m2 (ujl)q/}lz (ujl)
mi,ma,l1,l2=0 q1,92=0

0<g2+m1—Il2<N-1
0<q1+m2—l1<N-1

X exp(—idg, (@2 — @1 + my — 12)) exp(idg, (@2 — 1 + 11 — m2)) + V%}féh,
(6.16)

where V%}1¢j2 corresponds to the case where j; and jy are not equal to each
other. The first claim will be

Vi77 = 0 (log(N)?/(TN'*P)) (6.17)
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i.e. the second summand in (6.16) vanishes asymptotically, meaning that we can
restrict ourselves to the case j; = jo thereafter.

Proof of (6.17): Note that we can bound the absolute value of V%jféb by the

sum of four terms V:,@fi” [i = 1,...,4] which are the absolute values of the
terms corresponding to the following four cases:

1) g—q+tj, —tj, +mi—la#0and o —q1 +tj, —tj, +1l1 —ma =0
2) g —qi +tj, —tj, +mi —la=0and g —q1 +1j, —tj, +11 —ma #0
3) 2 —q1+tj, =ty +mi—la#0and g2 —q1 +tj, —t;, +1l1 —ma2 #0
(6.18)
) g—q+tj, —tj, +mi—lb=0and ¢g—q1 +tj, —tj;, +l1 —ma =0

We will present the details for the term V:ﬂlf? only since it is the dominating

one due to the least restrictive conditions. Settmg At = tj, —t;, we obtain that

|V:ﬁ11¢g ?| equals

M N/2

1
‘ﬁ Z Z ¢U17w17T(uj1 s Ak )¢v27w27T(uj27 )‘kz)
Ji:g2=1 ki,ka=1
J1#52
oo N—-1

) <2niv>2 2 2. WY ()9 (W, ) ma (uga )1, ()

m1,ma,l1,l2=0 q1,92=0
0<ga+m1—lo+At<N—1
0<q14+ma—I—At<N—1

(6.18)

X exp(—iAg (g2 — g1 + At +mq — l2)) exp(—id, (g1 — g2 — At +ma — 11))

M

MQZ > ¥ 2

Jji=1mi,m2,l1,l12=0 q2=0 J2#J1
0<qa+mi—lo+At<N—1

|¢m1 ( ) (U’jl )wmz (ujz )djlz (ujz )|
N— N/2
x Z ‘N Z Gvy 1,7 u]lv)‘kl)
0<q1+ma— l: At<N—1 M=l
(6.18)
exp(—iMe, (a2 = 1 + At +ma — 1))
N/2
< |5 D2 Gunon (i M) XD (—iey (1 — @2 — At bz — 1)) (6.19)
Nk 3 v, w2, T\ Wiz s Nko p ka\d1 — Q2 2 1)) .
-

The conditions 0 < go+mq —lo+ At < N—land 0 < g +mo—I11 —At < N-—1
can only be satisfied if |mq — lo + At| < N and |ms — I3 — At| < N hold. By
combining this with (6.5) and (6.11) it can be seen that the above term is up
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to a constant bounded by

M

1ooN—l 1
LIS SHEED SEND

mimealyl
mi,mahla=1 q2=0 jain fmamahls
mi—la+mo—117#£0 0<ga+mi—la+At<N—-1
\m17l2+At|<N
Img—ll—At‘<N
1 1
x )
lg2 — 1 + At +ma — lo] |1 — g2 — At +mo — ]

1 EAN
l[g2—q1+At+mq1—I2|<N/2
|q17q2fAt+m27l1\<N/2

(6.20)

where Ay = {0,1,2,...,N — 1}\{21, 22} with 21 = ¢o + At + mq — Iz, 290 =
q2 + At + 11 — ma. We used once more that the cases with m; = 0, [; = 0,
myi—Ila+mo—I1 =0, |q2—q1+At+m1 —12| > N/2 or |q1 —qg—At+m2—ll| > N/2
are of the same or smaller order and that z; and z5 correspond to the values of
q1 for which the argument in one of the exp-function is zero which cannot occur
because of (6.18). By considering the approximating integral we can bound the
latter sum up to a constant by

1 1
/ dq
Alee =+ At +my — | g1 — g2 — At +my — 1]

with A =[0, N —1]\{[z1— 1,21 + 1]U[22 — 1, 29+ 1] }. A simple integration via a
decomposition into partial fractions yields that (6.20) is thus (up to a constant)
bounded by

N M

M oo —

Y Y Y Y s
T2 mymalila|1—P
Ji=1 mi,ma,li,la=1 ¢2=0 J2F#J1 | 1e2i 2|
m17l2+m27l1;£0 O§q2+m17l2+At§N71

|m17l2+At\<N
‘mzfllfAt|<N

« log|g2 — q1 + At +my — lo| +log g1 — g2 — At +mo — 1]
|m1—lg+m2—ll| A

—

where |6 4 means that the antiderivative with respect to ¢1 is computed at all
values of the boundary of A and always combined via a sum. We observe that
the construction of A together with the conditions on ¢;, m;,l; and jo imply
that the arguments in the log-function are between 1 and 2N. Furthermore, for
chosen ¢q, my, ls and ji, there is at most one possible choice for j, for which
the corresponding summand does not vanish. Thus we have to show that

N—-1 M
LY Y X ; Pl
TN , Imimalila|' =P |my — la +mg — 1]
mi,ma,li,la=1 ¢2=0 Jj2=1
my—la+mo—117#0 0<ga+m1—l2+At<N-—1

\m17l2+At|<N
‘mg—ll—At‘<N

(6.21)
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satisfies the bound from (6.17), unformly in |[A¢| > N. In fact, due to constraints
such as |my — lo + At| < N the expression (6.21) becomes largest for |At| = N,
as in this case m and [y can jointly be chosen ’small’. Then it follows from the
restriction 0 < g2 + my — la + At < N — 1 on ¢ that there are only |my — ls]
possible choices for g2 if m; and ls are chosen. Therefore (6.21) is bounded by

1 i 10g(N) |m1 — lQ|

ﬁ |m1m21112|1_D |m1 —lo+mo — ll|

mi,ma,li,la=1
|m1—l2+N|<N
|ma—11 —N|<N
mi—la+mo—117#£0
[e'S)

1 Z log(N) |my — lo]

TN |m1m21112|17D |m1 — ZQ =+ mo — ll|
my,ma,li,l2=1
‘m17l2‘<2N
‘mg—l1‘<2N

m17l2+m27l17£0

which is of order O(log(N)2?/(TN'=4P)) due to Lemma 6.4 c¢). We have thus
shown (6.17) and can restrict ourselves to the case j; = jo in the first term of
(6.16), i.e. V1 equals

M N/2
ﬁ Z Z ¢v1,w17T(’U’jv )‘k1>¢vzyw27T(uja /\kz)
=1 kq ko=1
o N—1
> > Yy (w5801, () m, (), (1))
A P g v
0<q1+ma—I1<N-1
1 . )
X W exp(—iAg, (g2 — @1 + m1 — l2)) exp(idi, (g2 — q1 + 11 —m2))
log(N)?
+ o (TN14D ’

where (+) is a shortcut for max(|my — lz],|m2 — l1]) < N and is due to the
restrictions on g;.

Note first that we make an error of order O(log(N)? /(T N'=4P)) if we skip
the conditions on the choice of ¢; and ¢2. This follows in a similar way as above,
using (6.5), (6.11) and Lemma 6.4 ¢) once more. Therefore

1MN/2

1 00 N—-1
= ﬁz Z ¢'U11W11T(uj’Akl)¢v2yw2yT(u‘j7)\k2)W Z Z

J=1 ki,ko=1 mi,m2,l1,l2=0 q1,92=0
(+)

Vra

VYimy (Ug) V1, (W5)m, (ug)ibr, (uy)
X eXP(—i)\kl(QZ —q1+mp— 12)) eXP(i/\kz (Q2 —q+1— m2))
+ O (log(N)?/(TN'~*P)) .
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By employing the well known identity

N—-1 .
1 , 1, ki —ky = IN with [ € Z,
— E —i(Ag, — A = 6.22
N pr exp( 7’( k1 kz)q) {07 clse, ( )

it can be seen that all terms with ky # ko are equal to zero and we therefore get

1 M N/2 00

1
= ﬁZZ¢v1,w1,T(uj,/\k)éf’vwz,T(ujv/\k)W >

j=1 k=1 my,ma,l1,lo=0
(+)

Vmy (Ug)01, (5)m, (wg) i, (u) exp(—iAg(ma — la +ma — 11))
+ 0 (log(N)?/(TN'~4P)) .

Vra

The same error arises due to Lemma 6.3, (6.5) and Lemma 6.4 b) if we skip
the condition (4). Note that we can proceed completely analogously for the
term Vp o with the difference that instead of the right hand side in (6.22) we
obtain the corresponding term with Ay, — Ag, replaced by Ai, + Ax,. Because
of (6.22) we then only have to consider the case k; = ko = N/2 and therefore
the whole term is of order O(log(N)?/(TN'=4P)). Using the definition of the
spectral density the claim follows for V""",
What remains is to show

VI =V 40, 25V log(N) +1).
from which the claim follows due to N = o(T"). However, the only property of the
coefficents () used in the treatment of V7 is (6.5). Since (2.9) provides the
same property as (6.5) for the original coefficents, we obtain that V"¢ equals
the final quantity above but with the approximating functions v;(u;) recplaced
by some ¢, ¢, N1, ¢ji € (—1,1). Condition (2.5) together with (essentially)
Lemma 6.4 ¢) then yields that we make an error of the order specified above, if
we replace V¢, y¢; N1 by Yi(tj + ¢ i N/T). A Taylor expansion combined with
(2.8) then gives the result. O

Proof of ¢). Assume w.l.o.g. that (v,w) := (v1,w1) = (v2,w2) = -+ = (v, wy).
Using the same replacement of coefficients as in the previous proof we obtain
from (2.5), a Taylor expansion and (2.8) that cum;(Er(v,w)) equals

1 M N/2 1 N—1 oo

il Z > bvwr(ug, ey --¢U,M,T(ujl,>\m)w ) >
G1yeenii=1 k1, k=1 PLyeer@t=0m1,...,n =0

Cum(thlfN/2+l+p17m1 thlfN/2+1+q17n17 s thl —N/2+14p,—my thlfN/2+1+qlfnl)

X Py (ug) -+ Wy (ug,) exp(=ide, (P1 — q1)) - - exp(—ide, (P — 1)) (1 + o(1))

for I > 3. We define Y;; := thfN/2+1+pfmi and Yo = thfN/2+1+qfni

for ¢ € {1,...,1}. Following chapter 2.3 of Brillinger (1981) we obtain



2278 P. Preufl and M. Vetter

cumy(Br(v,w)) =3, VT( )(1+0(1)), where the sum runs over all indecompos-
able partitions v = 14 U... Uy with ;] =2 (1 < <) of the matrix

Yii Yio
Yiin Yo
and
N/2 ) N-1
Vr( Z > ¢va(uap>\k1)"'¢v,w,T(an>\kl)(2Tw )
J ..... Gi=1ky,... k=1 P1s---,q1=0

Z 1/)ml (ujl) c 1/)711 (ujl)cum(}/i,k; (ia k) € Vl) o 'Cum(}/i,k; (ia k) € Vl)

777,1,...,77420
X exp(—idp, (p1 — q1)) - - - exp(—iXg, (1 — @1))-

We now fix one indecomposable partition 7 and assume without loss of generality
that

-1
v=|)Yi1,Yit1,2) U (Y11, Y1 2). (6.23)
1

%

Because of cum(Z;, Z;) # 0 for i # j we obtain the equations ¢1 = p; + n1 —
my + tjl — tjl and Qi+1 = Pi + Nip1 — My + tji — Jr+1 for i € {1 = 1}
Therefore only [ variables of the 2[ variables p1,q1,po,...,q are free to choose
and must satisfy the conditions

0<p+ni—my+t; —t;; <N-1 and
0§p¢+ni+1—mi+tji—tji+l SN—lfOI’iE{l,...,l—l}. (624)

Thus we obtain

Vr (ﬁ) = ﬁ Z Z (b'u,w,T(ujl ) /\kl) o ¢U7W7T (ujl ) /\kl)

X (27T1]\7)l Z Z ¢m1 (uh) d]nl (U‘JL)

X exp(_i)\kl (pl pr+mp—ny+1t5 — ]l))

Hexp(_i/\ki (pi —Pi—1+Mi—1 —n; + tji - tji—l))'

Note that (6.24) can only be satisfied if |[ny —m; +t;, —t;,| < N and |n;41 —
m;+tj, —t;,.,| < N hold for i € {1,2,...,1—1}. Using this fact in combination
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with (6.5) and (6.11) the term above is (up to a constant) bounded by

M o0 M
DD > 1 :
Tt - ‘ ‘ [my |14 14
ji=1mi,ni,...,m;,n;=0 G2,enii=1
mi,n;#0 [nig1—mitts, —tj, o |<N

\nl—ml-l-tjl —tj1|<N
N—-1
2 :
P1,p2,-P1=0 [Py —put = A+ ty — 2|
[pi—pi—1+mi—1—nitt;, —t;,_ |[<N/2
l

1
i:HQ lpi — pim1 +mi1 —mng b5, — b,

l
| H 1(pi §§ {ZilaziQ})
i=1

where z;1, zj2 are the p; for which the denominator vanishes, i.e. z;; = p;—1 +
ng —m;_1+tj_, —tj, and zjo = pit1 +my — N1 —l—tjiJrl — 1y, for i = {1, e l},
where we identified 0 with [ and [ + 1 with 1. Note that the cases with p; = 2;;
fora j € {1,2} or |p; —pi—1 +mi—1 —ni+t;, —tj,_,| > N/2 are again of smaller
or equal order. Recall the treatment of (6.20). If we set 4; = [0, N — 1]\([zi1 —
1,2i0 + 1J U [zi2 — 1,22 + 1]) for i = {1,...,1}, the final line of the previous
display can be bounded by

oy :
pz:0 A1><...><A171 |p1 _pl +ml - nl +t]1 - t]l'

l

1
d P1y---5PlI-1
g |pi — pic1 +mi—1 —ni +t5, —tj,_ | ( )
N—-1
<>/
p1=0 Ao X ... XA

log |p1 —pu+mu —mn1 + 8, —t| +loglps —p1 +m1 —no +t5, — 15|
Ip2 — p1 +tj, —tj, +mi —n1+my —nal

0AL

l
1
X dp?a"'aplfl-
g Ipi — pi—1 +mi—1 —ng + b, —t5,_,| ( )
where we considered partial fractions again and with the same notation as be-
fore. The conditions on p;, m;,n; and j; imply that the arguments of the log-

functions are between 1 and 2N, so also smaller than 2/N. Thus the above term
bounded by

Nzl/ log(21N)
S Sy P2 = Pty =ty = na +ma — g
l

II : d
s [P = pici Fmicy — g+t — b, |

(an B aplfl)-
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Using this argumentation also in the integration over po, ..., p;—1, we can bound
Vr(7) (up to a constant) by

Tl Z Z ‘ Z Imy[=d " |14
ji=1 mi,ni,....m,n=1 J2s--01=1

mi—ni+-+m—ni#0 [ng 1 —mi+t;, —tjq |<N
‘77,1 —’ITLL-'rth _tjl |<N

N-1

! > log(2IN) !

Imy —ny + - +my —ny| “—
p1=0

where all the differences of p;- and t;,-terms vanish in a telescoping sum. Note
that for T' large enough, the conditions

|7’Li+1 —m; +tj, — tji+1| <N and |n1 —my +tj — tj1| <N (6.25)

can only be satisfied if |n;41 —m;| < 2T for i € {1,...,1} where we identified
[ 4+ 1 with 1. Therefore the above term is smaller or equal to

T - = g |t my =g My —
ji=lmai,ng,...mpn=1jz,...5=1
(), (6.25)
N—1
Z log(2IN)! 1
p1=0

where (4)x,; was defined in Lemma 6.4 d) and we now have n = 2T. As in
the proof of part b), it can be seen that if ji,m;,n; are chosen, there are only
finitely many possible choices for ja, ..., j; because of the conditions (6.25). By
using this and Lemma 6.4 d), we finally obtain

Vr(#) = O(T  log(N)! ! log(T)T?P14P)
-0 (T(174D)7l(1/272D)7l/2 log(T)l)

which is of order o(1/T"/?) for I > 3 and D < 1/4. O

Proof of d). Recall that G (v,w) — Cr(v,w) = Er(v,w) — Cp(v,w) — Ep(v,w).
Analogously to the proof of Theorem 5.1 in Preufl et al. (2012) the claim can
be proven by finding appropriate bounds for cumulants instead of moments. We
begin with the first cumulant, as only in this case the non-random terms play a
role. Regarding the other cumulants, we show

|lcumy (B (v1,w1) — Er(vz,w2))| < (2D)!C 2.1, (01,01, (va,w2))! T2
(6.26)

later only for even [, as the general result can be obtained similarly.
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Let us start with the first cumulant. Recall that

E[|X]] < y/Var(X) + E[X]? < /Var(X) + |E[X]|

for any random variable X. Therefore, in order to bound
E|Gr(v1,w1) = Cr(v1,w1) = (Gr(va, wa) — Cr (v, w2))|

we have to discuss two terms, and since the variance equals the second cumulant,
the bound for the first term will follow from (6.26) for [ = 2. Furthermore, it
follows from the proof of Theorem 6.1 a) that

E[GT(’U, w) — Cr(v,w)]

consists of two error terms which are due to the approximation (2.5). We discuss
the one corresponding to the third summand in (6.9) only, which is

M N/2 N-1

FY Dbt S 2 a2

j=1k=1 q=0
|l m|<NO<q+m I<N-—1

(¢ej,N+q+m—l,T,z — (%W)) exp(—idg(m —1)).  (6.27)

We first consider the sum over m. Note that, if [ and ¢ are fixed, m has to lie
between max(l —¢,0) and [+ N — 1 —gq. For | < ¢+ 1, we obtain with (2.6) and
Theorem 2.6 in Chapter V of Zygmund (1959) that

I+N—-1—q )
} > Um (W) exp(—i/\km)’ <Con P (6.28)

m=0

holds. For [ > ¢+ 1 we get with equation (2.9) from Chapter V in Zygmund
(1959) that

I+N—1—q

X e (S e <c-gP?

m=Il—q
< O(l _ q)D71N172D)\l:2D'
If we employ (2.5) thereafter and use approximating integrals in the summation

over | we get that (6.27) is smaller than a positive constant times

M NJ/2

2 ZZ¢UWT U )\ 2 N Z log ( qD +N1*2D)\]:2Dq2D71)'

j=1 k=1

By bounding the sum over ¢ again through approximating integrals, we finally
obtain that (6.27) is smaller than

/2
CNP log(N) <L ¢ 1
T2 ZZ%“’T(U )\))\2D

=1 k=1
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for some suitable constant C' € IR, yielding the claim for [ = 1 because of
N =0(T) and D < 1/2.

In order to simplify technical arguments for [ > 2 we furthermore define
Dvw,1 (U A) 1= Gy (U, —A) for u € [0,1] and A € [—, 0]. Due to the symmetry
of Iy(u, A) in A we then obtain that the [-th cumulant of E7 (v, w;)—Er(vs,ws))
is given by

1 M N/2
PYLeall Z Z (¢'U11W11T(uj17>\k1) - ¢U2,w2,T(uj17>‘k1)) T

Jisesqt=1 ki, k== [(N-1)/2]
T ((bvlle;T(ujl ) )‘kz) - ¢U27w27T(U‘jL7)‘k1))

N—-1 oo
X (27T1]V)l Z Z 1/)m1 (ujl) . '1/)7” (U’jl) eXp(—i)\kl (pl — lh)) L.
0

Pyt =0mi, ..oy =
< eexp(—iXg, (1 — q1))

X Cum(Zt; — N/2414p1—mi Lt;, —N/2414q—nys - - -

ey Dy N2 1tp—m Dty — N2 41 +g—m ) (1 + 0(1)

Set d1.27(U, A) 1= Py (U A) — Doy, (u, A). We restrict ourselves again
to the indecomposable partition © defined in (6.23) and call the corresponding
summand V(7). Then as in the proof of Theorem 5.1 in Preu8 et al. (2012)

we see that
0<pitmi—ni+t;, —t;,,, <N—1 forie{1,3,5,...,1—=3,1—1} (6.29)
must be satisfied and that V5 7 (7) is bounded by \/Ji rJ2 7 with

M N/2

1
Nt = i ) > O} 0.7 (s s M )03 07 (5, M) - -+
Tlseees Ji1=1k1,k3,....kj—1=—|(N—-1)/2]
1 N—-1 N—-1
’ "¢%,2,T(uj1717>‘k171)2m Z Z
P1,P35--:P1—1=0pP1,P3,....01—1=0
o0 o0

2. 2.

mi,n1,m3,ng,...,mi—1,n—1=01m1,n1,Mm3,M3,...,Mm; 1,7, _1=0
SO
(6.29) 6.29)

exp(—iA, (p1 — P1)) exp(—idk, (p3 — P3)) - - - exp(—iAg,_, (P1—1 — Pi—1))
¢m1 (uj2)¢"1 (U‘jl) e .d]ml—l (ujl)d]nl—l (U’jl—l)
7/)7711 (uj2)¢ﬁ1 (uj1) o '7/1771171 (ujz)q/}ﬁzf1 (ujl—1>

NJ2

Z exp(—iAg, (P1 — p1 + 11 —my + 1M1 — Ny))
k2,kay...,ki=—[(N-1)/2]
exp(—iAk, (P — p3 + N3 — mas + Mg —Ng)) - - -
ceexp(—iAg, (Pi—1 — -1+ ni—1 —my—1 +My—1 — Ny—1)) (6.30)
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and Jo 1 being defined for even p;, m;,n;. Here, the condition (6.29) says that
(6.29) holds but with the p;, m;,n; replaced by p;, m;, n;. The identity (6.22)
implies that in (6.30) the restrictions
Pi =pi+m; —ni +n; —m; and
0<p;+m;—n;+n;—m; <N —1 for odd i (6.31)

must be fulfilled and that J; 7 therefore equals

M N/2

1
Z Z ¢%,2,T(uj1a /\kl)(biZT(ujsv)‘ks) T

(47T)lTlNl/2 ) -
Jiseesgi=1l ki ks, ki 1=—[(N-1)/2]
N—-1 00 00

¢%,2,T(uj1717>‘k171) Z Z Z Vm, (uj2) Uy, (ujzf1)

P1se-sPi—1=0m1,...;,np—1=0m1,...; 7, _1=0
(6.29) (6.31)

Yy (Ugy) -+, (ug,_, ) exp(—idg, (n1 —my + My —7g)) -+

e exp( =i, (ni—1 —my—1 + 1y — y_1)).

A factorisation yields Jy 7 = Li,7 X Ly X --- X Lj_y 7 with

1 M N/2 0
L1 = 167272 Z Z ¢%,2,T(uji7>\ki> Z
i=1ki=—[(N-1)/2] T T =0
[ —n; 41, —m; | <N
1 N—-1 M
N Z Z Vs (g0 )n, (ug,)
pi=0 Jit1=1

0<pi+mi—ni+n;—mi <N—10<p;+m;—n;+t;, —t;, , <N-1

1/)7711» (uji+l)wﬁi (qu) eXp(—’L'/\ki (nl —m; +m; — ﬁl))
N/2

M
1
= 167T2T2 § § (ZS%,Q,T(Uj'L?)\ki)hsuthN()\k)
Ji=lki=—[(N-1)/2]

with hgyp, i, v (A) being defined implicitly. In the following we will show that
there exist a constant C' € R such that

- CQ/A%D < hsuz),ji,N()‘k) < C2/A%D (6'32)

for all j;, N, A, which then yields that each |L; | is up to a constant bounded
by

1 QLY 1
T2 Z ¢1,2,T(Uj7)\k)2/\4—D-
j=1 k=1 k

This implies J1 7 < Clpa 1 p((v1,w1), (v2,w))"T~Y? and since the same upper
bound is obtained for .J> 1 the claim then follows analogously to the proof of
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Theorem 5.1 in Preuf et al. (2012) by employing that (21)!2! is an upper bound
for the number of indecomposable partitions.

Concerning the proof of (6.32) we restrict ourselves to the right inequality
and assume without loss of generality that d(u;,) = D. It turns out that this
case is the ’worst’ one in the sense that it yields the largest possible upper
bound. By setting | = n; — m; + m; — n; and employing (2.6) we obtain

N-1
sup,js, N (A) = ( > bji,N,leXp(—i)\l)> (1+0(1)),
I=—N+1
where the o(1) term is uniformly bounded in j;, N, A and where
o0 N-1 0 0
bjiﬁNJ - ZO% ZO ZO lz
ni= i = m;= m;=l+m;—n;

P
0<pi —I<N—1b1,~(ji,pi)<mi—n;<b2 N (Ji,Di)
2 2
a(uji) a(ug(ji ;Pi;mi_"i))

I(n;(m; —m; +n; — l))lfd(“ji)I(miﬁu)l_d(ug(“’“’m“"i)) '

Here, b1 n(ji, pi) and by n(ji, pi) are chosen to ensure that for given j;, p; there
exists a jiy1 € {1,...,M} such that 0 < p; + m; —n; +t;, —t;, < N -1
can be satisfied. For an admissible pair (m;, n;), g(ji, p;, m; — n;) then denotes
the corresponding j;+1. Note that there exists at most one such j; 41 for a given
(m4,n;), and if p; is fixed and |m; — n;| < T/2 then there always exist such an
ji+17 1rnp1y1ng that bl,N(jhpi) S —T/2 and b2,N(ji;pi) Z T/2 for all ]1,pz If
we then make use of the fact that a(-) is strictly positive and replace the sums
in bj, N, through approximating integrals we obtain

S el U bj, NI
e A (=

with 0 < O < lN);Nl < Cs < oo for constants O, Cy uniformly in j;, N, . The
claim now follows as in the treatment of (6.27) by employing the periodicity
of exp(z) and approximating integrals. See the second section of Chapter V in
Zygmund (1959) for a detailed analysis of such terms. O

6.2. Proof of Theorem 6.2

The proof works in the same way as the proof of Theorem 6.1 but by employing
Lemma 4.3 instead of (2.6) in order to keep error terms uniformly small in
probability.

Proof of a). At first note that the coefficents in the M A(co) representations
(4.8) and (4.11) do not depend on the time. Thus, if we write I (u, A) for the
bootstrap analogon of Iy (u, \), we obtain

E (E;“(’va)lAT(a) X171, 7XT,T) (6.33)
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M N/2

Lar(a
:E( AJT—V( ZZ¢”WT UJ,/\k)IN(uJ,)\k”Xl T,---,XT,T)
j=1k=1
1A M N/2 oo
T(a Zz(bva u]7)\k o N Z Z djl,pwm,q (634)
j=1k p,q=01,m=0

E(Zt*] 7N/2+1+p7mth 7N/2+1+q7l) exp(—iAk(p — q))-

The z/?lm possess no time dependence, thus the above expression equals zero by
definition of ¢, o, 7. The same result holds for G7. ,(v,w). O

Proof of b). Because of part a) we obtain
Var (B (0,0) = 7.0 (0,0))Lar (o))

= E(Var(Bf(v,w) = By (0,0)|X11,, X10) Lar(a) )
| M N/2 1

= ﬁ Z Z (bvl,wl,T(ujlvAkl)(bvz,me(ujzv>‘k2)w

J1,J2=1k1,ke=1
N—-1 00

Z Z E(’ijlxlhmz,lzmlAT(Q))

P1,P2,q1,92=0 m1,m2,l1,l12=0
* * *
x Cum(Z 1.NtP1— mIZBjI,N‘f’ql*ll’Zej2,N+p2*m2Zej2,N+q27l2)

x exp(—iAk, (P1 — q1)) exp(—iAg, (P2 — ¢2))
with ¢m1,l17m2,l27;0 = (’ijl,Pd}ll,P - /l;ml "/;h)("/}mg,pd;lg,p - /lzmz/‘;lz)' By using
1&m1)p1&l1;p - ijl/‘;ll = (/‘Emhp - &ml)%/;ll + (’leh;ﬂ - /‘Lll)/&mlﬂ?

and the analogue for ¥, p¥1, p — Py pWi,.p, we can divide the above expression
into the sum of four terms. For the sake of brevity details are presented only for
the first one. By using (6.15) the corresponding summand splits into two terms
and we restrict ourselves to the first one which we denote with V7 ;. As in the

proof of Theorem 6.1 b) we then obtain an error term V:,J;)lféj 2" which is defined as
Vﬂz,ll?éjz but with the wml (ujl )d]ll (ujl )¢m2 (U‘jz)wlz (U‘jz) replaced by E((/‘Emhp -
7/~Jm1)(1/;m2,p — Py )1, U, IAT(Q)). In the following we will demonstrate that

quﬂ"ll?éjz,* -0 (plo log(T)Qlog(N)QNmax(4D71’O)+aT72) )

The proof is similar to the one of (6.17) up to employing (6.3). Let us demon-
strate this concept in the treatment of V:ﬂlfégz’* which is bounded by

FEY Y %%

Jj1=1m1,ma,l1,l=0qg2=0

J2751
0<gq2+mi1—l2+At<N—1
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N—-1
E|(¢m1,p - ¢m1)(wm27p - 11)77%2)1/1111/112114'1‘(t)z)| Z
OSq1+m2qflngAt§N71
(6.18)
| N2
‘N Z ¢'L}1,w1,T(uj17>\k1) exp(_iAkl (Q2 —q1 + At + my — 12))‘
ki=1
| N2
}N Z ¢v2,w2,T(uj27>\k2> exp(_iAkz (Ch —q2 — At + mo — ll))}?
ko=1

compare with (6.19). In the proof of Theorem 6.1 b) we have shown that V%f?
is of order O(log(N)?/(TN'~*P)) by employing (6.5). Here we use (6.3) instead
and combine it with the fact that |D — D| < /4 on Ar(a) to obtain

[y — | < Cp®log(T)T~Y/2|1|/4+P=1 ] e N. (6.35)
This together with (6.5) and Assumption 4.2 implies
b p| < CJI|/*P= VI peN. (6.36)
Thus the role of D is played by D+«/4 now, and using (6.35) and (6.36) instead
of (6.5) we obtain
V247 < Cptlog(T)*T~ x log(N)* T~ NP+t
< O™ log(T)log(N)2 Nmax(4D-1.0)+ap-2
Similarly, the subsequent steps in the proof of Theorem 6.1 b) reveal that V7,
becomes

1 M N/2 00

1
ﬁZZ¢v17wl7T(Uj,Ak)¢v2,w2,T(uj7Ak)w Z

j=1k=1 mi,ma,l1,l2=0
(+)

exp(—i)\k (ml - 12 +ma — ll))E ((1/;771111? - 12)7711)(1/;7712,;0 - 1/;7712)1/3111/;121147-((1))
+ O(plo log(T)210g(N)2Nmax(4D—1,0)+aT—2) '

In the proof of Theorem 6.1 b), the analogue of the first quantity on the right
hand side above is the main term contributing to the variance. Here, however,
it is of the same order as the error terms. This can be seen using (6.35) and
(6.36) again plus Lemma 6.4 c). O

Proof of ¢). Since the expectation is zero by construction, it is clearly sufficient
to focus on the higher cumulants only. If we employ (6.35) and (6.36) as in the
proof of part b) and follow the arguments in the proof of Theorem 6.1 d), we
obtain

E(|(E}(v1,w1) — B}, (vi,w1)) — (B (v2,w2) — E:?,a(vszz)ﬂklAT(a))
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< (2k)IC* k(10 10g(T)27-2) "
< (2K)'C%pa 1 Dty (v1,w1), (v2,w2))" (7 log(T) ;

where pa 7 pyaya(:,-) corresponds to the metric defined in (6.1) but with D
replaced by D + a/4 due to |D — D| < a/4. The claim then follows from

P27, D+aya (v1,w1), (v2,w2)) < Cp((v1,wr), (V2,w2)) V Nmax(D=1,00+a ]

6.3. An auzxiliary result used for the bootstrap
Lemma 6.6. Suppose that there are random variables which satisfy the condi-
tions

L4 W'lt,a 2 WT@,

o Wi = Wi, + Z; with Zi = op(1),

° WT = WT@ + Zr with Z7 = Op(l).

Let wp denote the v quantile of W; Then for any €,0 > 0 there exists some
To > 0 such that

P(WT §wT—5)—a<7<P(WT§wT—i—5)+a
for any T > T.
Proof. We have
v < P(Wi < wr +6/3) = P(Wj, + Z; < wr +6/3)
< P(Wj, < wr+26/3)+ P(Z3] > 6/3).
Furthermore,
P(Wi, < wr +26/3) = PWra < wr +26/3) = P(Wr — Zr < wr +26/3)
<P(Wr < wr +0)+ P(|Zr| > §/3).
Finally, choose Ty large enough to secure that both P(|Z%| > §/3) < £/2 and

P(|Zr| > §/3) < €/2 hold for any T > Ty. This gives the upper bound. The
lower one follows in the same way. (]

6.4. Proof of the results from the main corpus

Proof of Theorem 2.2. Without loss of generality we prove the claim for the
case ¢ = 0 only. The extension to ¢ > 0 is then straightforward. Following the
arguments from the proof of Proposition 2.3 in Dahlhaus and Polonik (2009) we
obtain that the process X; r possesses an MA(oco) representation with innova-
tions (1 — B)~**/T) Z, and coefficents

-1 )
t_
aoe,r =1, ape T = ( I I a(—T])) , 1>1,
i 11
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where
—ay(u)  —as(u) —ap(u)
1 0 0
a(u) := 0
0 0 1 0

By setting no(u) = 1 and

L'+ d(u))

Ta)ri 11 2t (6.37)

m(u) =

we can invert the operator (1 — B)?®/7) in order to obtain an MA(co) repre-
sentation of the process X; r with innovations Z; and coefficents

l
YT = Z At TNI—k (t/T).

k=0

Finally, we set @;(u) = (a(u)!)1; and define

l
diw) =Y dx(w)m-r(u).

k=0

In the stationary case, such processes have been investigated in Kokoszka and
Taqqu (1995), where it has been shown that the equivalent of (2.6) holds true
for each fixed wu; cf. their Corollary 3.1. Uniformity of this approximation follows
from our assumptions on the coefficients easily. Furthermore, it is straightfor-
ward to see that (2.8) and (2.9) are fulfilled, so Assumption 2.1 it satisfied up
o (2.5). If we employ the fact that there exists a constant C' € R such that
Supye(o,1) |7 (w)] < CI(1)'~P, we obtain

|10 — Wi(t/T)]
-1

< CZ = /1)1—13 ‘aka - ak(t/T)‘ + ‘al,t,T —a(t/T)]. (6.38)
k=0

It now follows completely analogous to the proof of Proposition 2.3 in Dahlhaus
and Polonik (2009) that there exists a 0 < p < 1 such that

G —a(m)|  (639)

k—1 P
lakr —an(t/T) < CY pF 1>
i=1 j=1

This yields that the second summand in (6.38) can be bounded by a constant
times [2p! /T which tends faster to zero than I”~!/T and we therefore restrict
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ourselves to the first term of (6.38). With (6.39) this term can be bounded
through

1 pF 1 1 k—17.2
CZ(l_k)pDZ (I —k)i-D” k.
k=0 i=1 k:l
By using the fact that p*~1k? is smaller than a constant times k=, we are left
to discuss
1 — 1
(I—k)-Dk
k:l

We see from Lemma 6.5 a) that this term is (up to a constant) bounded by
log(1)IP~*T =1, which then yields the claim. O

Proof of Theorem 3.1. To show weak convergence we have to prove the following
two claims [see van der Vaart and Wellner (1996), Theorem 1.5.4 and 1.5.7]:

(1) Convergence of the finite dimensional distributions

VT(Gr(y;) — Or(y))imtk — (G(Y))j=1,... K (6.40)

where y; = (vj,w;) €[0,1]* (j =1,...,K) and K € N.
(2) Stochastic equicontinuity, i.e.

Vn,e>0 30 >0:
lim P( sup \/ﬂ(éT(yl) - Cr(y1))

T—oo y1,y2€[0,1]2:p2 b (y1,y2) <0

— (Gr(y2) — Cr(y2))| > 77) <e

where
1/2

P2,D (ylva (27‘1’/ / ¢'U1 w1 u /\ ¢v2 w2 (u /\)) Xl—Dd)\du)

with the functions ¢, ., defined in (6.2) and y; = (v;,w;) for i = 1,2.

The claim (6.40) can be deduced from Theorem 6.1 a)-c), while stochastic
equicontinuity can be concluded along the lines of the corresponding result in
Preufl et al. (2012). Note that p2 p r(y1,y2) converges to the pseudo distance
p2,0(y1,Y2), since D < 1/4. O

Proof of Lemma 4.5. If we denote with 1), ,, the coefficents in the MA(co) rep-
resentation of the process (1 — B)~PYAR(p) and with n; the coefficent which
appears if we replace D with D in 7, we obtain with (4.9)

l

Vip — ip = Z (CrpTi—k — ClpMi—k) (6.41)

k=0
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l

I
=3 (Chp—Chp) Mk + D Chop (it — k) - (6.42)
k=0 k=0

We start with the treatment of the first term and let [ > 1. By employing (4.5)
we can apply Cauchy’s inequality for holomorphic functions analogously to the
proof of Lemma 2.5 in Kreif§ et al. (2011) to obtain

/\/—Op( ), uniformly in p,l € N.

|Crp — cipl =

(1+1/p)t 1 / )
With this bound we get "3 k%|éx.p — crp| = Op(p°/VT) which directly yields
|Ch,p — Chpl = Op(p5/(\/fk2)), k #0. (6.43)

Using (6.37) and properties of the Gamma function we obtain 7, < C/I}=P,
uniformly in D. Therefore we see with (6.43) that the first term in (6.41) is
some Op(p°T~'/21P—1). This works again by replacing the sum through its
approximating integral (for k # 0,1) and applying (6.6) as in the proof of
Lemma 6.4. Concerning the second summand in (6.41) note that (4.7) implies
ckp = Op(1/kT), uniformly in p. If we combine this with (4.5) and the mean
value theorem we obtain with standard properties of the gamma function that
the second summand in (6.41) is of order Op(pT—1/2(max(D.D)=1),

Thus to complete the proof it remains to consider |, —z/NJl| which is bounded
through

l
D lewp = crllm—xl,
k=0

where ¢j, are the coefficents in the MA(oco) representation of the process Y; =
(1 — B)P X;, see Assumption 4.1. It follows from (4.2) and Lemma 2.4 in Kreif}
et al. (2011) that |cx, — cx| = O(1/(k?p®)) which implies that |t — 1| is of
order O(l/(l1 DPp5)) as for the first term in (6.41). This yields the claim since
VT = o(p'0). 0

Proof of Lemma 4.4. To prove part a), note that sup(, ,)c0,12 2 |G7.0(v,w)| and
SUD(y,0)€[0,1]2 |GTa(v w)| have the same distribution, because ¢; = 1y = ¢ ()
for all w € [0,1] under the null hypothesis and since the Z; and Z} are both
independent and standard normal distributed.

Let us now prove part d) which is essentially a corollary of Theorem 6.1.
Before we start, note that when we prove part ¢) below, we show (6.44). It is thus
sufficient for us to prove tightness of ([3}/2EA}7G(U, W)) (v,w)efo,1]2 only. To this end,
we use again the corresponding result in Preuf et al. (2012) which states that
we need a claim such as Theorem 6.1 d). Luckily, E’%ya(v, w) is constructed from

the stationary process in (4.11), whose coefficients Yy satisfy Assumption 2.1.
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Therefore Theorem 6.1 holds true with Ep(v,w) = Cr(v,w) = 0. Precisely, we
obtain

E|B % (B o (1) — B o(y2)|F < (20)1C% po.r,p (1, y2)* (b7 /T)*/?

for all even integers k. For D < 1/4, fr equals T and p2.1 p(y1,y2) converges
to p2,p(y1,y2) as before, so we are done. Things change in the other cases. For
D =1/4, we have

B 1 M NJ/2 1
T 2 2
e = V1 ,Ww ’7)\ — Pug,w ’7)‘ )
7 P20 (Y1, y2) Tlog N ;:1 k§:1(¢ L T (g Ak) = Gug o, (U5, Ak)) "

and the limit is notably different from p2 p(y1,y2) for D < 1/4. For example,

M N/2

1 , N
Tlog N Z Z o or (1 )\k)ﬂ

j=1k=1

M lw 3]
! \ 1
= M;(I[QMTJJWJ](U) — [vM]/M) 1; IhlogNy U~ )L {wroy/(27).

It is simple to show that in general

O, W] = Wy = O,
B (1)227‘_(2147;”;;, w1 = O,LLJQ # O,
Pl 1) = | mlowl wi # 0,0 = 0,
sl fnova) w0,

for D > 1/4, where K1,y =1 and Kp = >, k—4P otherwise. Formally, this
pseudo distance has to make [0, 1] a totally bounded space, which is satisfied.
Therefore, tightness follows.

We now come to the proof of assertion ¢). As noted above, it suffices to prove

7P s |Bp(v,w) = Br o (v,0)] = 0p(1), (6.44)
(v,w)€0,1]2

and we have

sup By 7| Ef(v,0) — B, (v,w)]

(v,w)€(0,1]2

<BPlare)  suwp  |Ep(v,0) = B (0,0)]
(v,w)€l0,1]2

+ 8 acy  sup B (v,w) — By, (v,w)].
(v,w)€(0,1]2

Note that Lemma 4.3 implies P(Ap(«)) — 1 as T — oo for every a > 0.
Therefore we may restrict our attention to the first term on the right hand side.
According to Newey (1991) we have to show the following two claims:
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(1) For every v,w € [0,1] we have

Y (o) (B (0,0) = By (v,w)) = 0p(1).

(2) For every n,e > 0 there exists a § > 0 such that

. 1/2 Frs Frs
Jm P( swp o @l(B2 () = Bu(01)
-0 Y1,y2€[0,1]2:5(y1,y2) <8
— (Bi(y2) = B ()| > 1) <.
where y; = (v;,w;) for i = 1,2 and p is a pseudo distance such that [0, 1]?
equipped with p is a totally bounded space.

To prove pointwise convergence as in (1) note that

BTE[L s (o) | B (0, 0) = B o (0,0)]?]
= BrE[Lar (o (B (0,@) = B o (0,0)) + BrVar ((B7(v,w) = Bfo(0,0) Lo (o))

Then we use Theorem 6.2 a), b) as well as Assumption 4.2 which yields
BTE[ Lty oy B (0,0) = B (0,0) ) = O 108(N 2N pyin (7))

for all choices of D. Since both p.,: (T) and N converge to infinity at a polyno-
mial growth in 7', convergence to zero follows by choosing « small enough. The
same arguments can be used to obtain (2). From Theorem 6.2 c¢) we have

I8 2 (B (1) — B o(y1)) — (B (y2) — B 4 (y2)[F
< (2k)ICFBF (01, w1), (v2, w2)) (10g(N)* N prain (T) ~)H/2.

We set ar = log(N)2N*pin(T)~! and note that it is U(v,w)e[O,lP{%»va} =
U(v,w)EPT{(b'UvaT} with Pr:={0,1/M,2/M,...,1} x {0,2/N,4/N,...,1}. We
define dr as the pseudo metric on Pr with respect to which all points have
distance ar and consider the corresponding covering integral of Pr, namely

o
Jr(5) = /O [log(48 N3 ()2 ) ’ da,

where Np(x) denotes the covering number of Pp with respect to dp. The claim
can be then deduced completely analogously to the proof of (5.2) in Preuf et al.
(2012) if we show that limz_,o Jr(d) converges to zero as 6 — 0. However, for
x < ar it is Np(z) = #Pr = (M +1)(N/2+ 1) < 3T, and for © > ar we get
Nr(x) = 1. Therefore Jr(d) is bounded by

Sy 10g2 (432720 V) dz + 1issapy [1, log? (482~ ) da
< Jy " log? (432722 V) da + [, log* (482 1) da.
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Since the second term is independent of T" and converges to zero as § — 0, we
can restrict ourselves to the first integral which equals

ar ar ar
/ log?(432T%)dx + 2 / log(43272%) log(z~1)dx + / log? (2~ 1) dz.
0 0 0

For a small enough, this expression obviously converges to zero as T" — oc.

The claim b) finally can be proven in a similar way, but by using Theo-
rem 6.1 instead. For part (1), note that the only difference between Er(v,w)
and ETﬁa(v, w) regards the use of ¢;(¢t/T') instead of the true ;7. Since we are
under the null hypothesis, Theorem 6.1 a) shows that the expectation of both
Er(v,w) and Er4(v,w) is the same one, up to an error term O(1/T) which is
some o(fSr Y 2). Similarly, if we compute each of the (co)variances, the first step
in the proof of Theorem 6.1 b) is to replace them with the corresponding V"
which are all the same quantities. These cancel out, so the remaining step is to
prove that the approximation error O, (A5 (N*P~1log(N) + 1)) is some o(B87").
This is an immediate consequence of the definition of Sr and the fact that N
converges to infinity at a polynomial rate. Therefore, ﬁ;/ *(Er(v,w) —Er4(v,w))
converges to zero pointwise as claimed. In order to show (2), note that we are
in a position to proceed as in the proof of part d) above. The main difference is,
however, that Ep(v,w)—FErpq(v,w) is a process whose coefficients ¢y 7, — (t/T)
satisfy (2.5). As a consequence,

C 1
t:SI?P)T Y1 — wz(t/T)} <7 (Wl{z;ﬁo} + 1{1_0})

for some £ > 0 small enough such that D + e < 1/2. Therefore, using the same
proof as for Theorem 6.1 d) we obtain

BB (Br(y1) = Era(n1)) = (Br(ye) = Era(y2)|*
< (2K)!C* po o (y1, y2) B 2T F.
Tightness follows then in the same way as for part c¢) above. O

Proof of Theorem 4.5. We begin with the proof of part a). If D < 1/4, we

know from Theorem 3.1 that sup(, .)ep0,1)2 |ﬁ:1F/2ET (v,w)| converges under the
null hypothesis in distribution to sup(, ,cjo,1)2 |G (v,w)|, which is a continuous
random variable; see Lifshits (1984). Call Frr and F' their respective distribution
functions.

Now, since F' is a continuous distribution function, it is in fact uniformly
continuous, and we have furthermore that Fr converges to F' uniformly and not
just pointwise. Thus, let € > 0 be arbitrary and choose § > 0 and 73 > 0 in
such a way that for an arbitrary z

|F(2) — F(z —9)| <e,
which is possible due to uniform continuity, and that

|F(z) — Fr(z)|<e and |F(z—9)—Fr(z—9)|<e
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for all T' > Ty, which this time holds due to uniform convergence. Also, we know
from Lemma 4.4 and Lemma 6.6 that

Fr(Qy(1—a)—0)—e<1l—a< Fr(Qy(1—a)+d)+e
for any T' > max(Tp, T1). Therefore,

Fr(Q7(1 —a)) <[Fr(Qr(1 — ) — F(Q7(1 — a))|
+[F(Q7(1 — o)) — F(Q7(1 — o) — 0)|
+ [ F(Q7(1 —a) = 0) — Fr(Qp(1 — o) — )|
+ Fr(Qr(1—a)—0) <1 —a+4e

for any T' > max(Tp,T1). In the same way, the lower bound can be obtained.
The claim follows since € > 0 was arbitrary.

In order to obtain the claim in b), we use Lemma 4.4 and Lemma 6.6 to
obtain

Fr(Qr(l—a)+0)>1—-a—c¢

for any T' > Ty. The same lower bound thus holds for the limes inferior, and as
e > 0 was arbitrary, the desired result follows. O

References

ADAK, S. (1998). Time-dependent spectral analysis of nonstationary time series.
Journal of the American Statistical Association, 93:1488-1501. MR1666643
AKAIKE, H. (1973). Information Theory and an Extension of the Mazimum
Likelihood Principle. Budapest, Akademia Kiado, 267-281. MR0483125

BERAN, J. (2009). On parameter estimation for locally stationary long-
memory processes. Journal of Statistical Planning and Inference, 139:900—
915. MR2479836

BERG, A., PApARODITIS, E., and PoriTis, D. N. (2010). A bootstrap test for
time series linearity. Journal of Statistical Planning and Inference, 140:3841—
3857. MR2674170

BERkES, I., HORVARTH, L., Kokoszka, P., and SHAO, Q. M. (2006). On
discriminating between long-range dependence and changes in mean. Annals
of Statistics, 34:1140-1165. MR2278354

BRILLINGER, D. R. (1981). Time Series: Data Analysis and Theory. McGraw
Hill, New York. MR0595684

BrROCKWELL, P. J. and Davis, R. A. (1991). Time Series: Theory and Meth-
ods. Springer Verlag, New York. MR1093459

Can, S. U., MikoscH, T., and SAMORODNITKSY, G. (2010). Weak conver-
gence of the function-indexed integrated periodogram for infinite variance
processes. Bernoulli, 17(4):995-1015. MR2759166

Cuang, C. and MORETTIN, P. (1999). Estimation of time-varying linear sys-
tems. Statistical Inference for Stochastic Processes, 2:253-285. MR1919869


http://www.ams.org/mathscinet-getitem?mr=1666643
http://www.ams.org/mathscinet-getitem?mr=0483125
http://www.ams.org/mathscinet-getitem?mr=2479836
http://www.ams.org/mathscinet-getitem?mr=2674170
http://www.ams.org/mathscinet-getitem?mr=2278354
http://www.ams.org/mathscinet-getitem?mr=0595684
http://www.ams.org/mathscinet-getitem?mr=1093459
http://www.ams.org/mathscinet-getitem?mr=2759166
http://www.ams.org/mathscinet-getitem?mr=1919869

Long memory vs. non-stationarity 2295

CHEN, Y., HARDLE, W., and P1GORscH, U. (2010). Localized realized volatil-
ity modeling. Journal of the American Statistical Association, 105(492):1376—
1393. MR2796557

DaHLHAUS, R. (1988). Empirical spectral processes and their applications to
time series analysis. Stochastic Process and Their Applications, 30:69-83.
MR0968166

DaHLHAUS, R. (1997). Fitting time series models to nonstationary processes.
Annals of Statistics, 25(1):1-37. MR1429916

DAHLHAUS, R. (2009). Local inference for locally stationary time series based
on the empirical spectral measure. Journal of Econometrics, 151:101-112.
MR2559818

DaHLHAUS, R. and PoLoNIK, W. (2006). Nonparametric quasi maximum like-
lihood estimation for Gaussian locally stationary processes. Annals of Statis-
tics, 34(6):2790-2824. MR2329468

DanLHAUS, R. and PoLoNIK, W. (2009). Empirical spectral processes for
locally stationary time series. Bernoulli, 15:1-39. MR2546797

DEHLING, H., RoocCH, A., and TAQQU, M. S. (2013). Nonparametric change-
point tests for long-range dependent data. Scandinavian Journal of Statistics,
40:153-173. MR3024037

DetrTE, H., PrEUSS, P., and VETTER, M. (2011). A measure of stationarity
in locally stationary processes with applications to testing. Journal of the
American Statistical Association, 106(495):1113-1124. MR2894768

DoukHAN, P., OPPENHEIM, G., and TAaQQu, M. S. (2002). Theory and Ap-
plications of Long-Range Dependence. Birkhaduser, Boston. MR1956041

DwIVEDI, Y. and SUBBA RAO, S. (2010). A test for second order stationarity
of a time series based on the discrete fourier transform. Journal of Time
Series Analysis, 32(1):68-91. MR2790673

EICHLER, M. (2008). Testing nonparametric and semiparametric hypotheses in
vector stationary processes. Journal of Multivariate Analysis, 99:968-1009.
MR2405101

Fox, R. and TAQQu, M. S. (1986). Large-sample properties of parameter esti-
mates for strongly dependent stationary Gaussian time series. Ann. Statist.,
14(2):517-532. MR0840512

Fox, R. and TAQQu, M. S. (1987). Central limit theorems for quadratic forms
in random variables having long-range dependence. Probability Theory and
Related Fields, 74:213-240. MRO871252

FRYZLEWICZ, P., SAPATINAS, T., and SUBBA RAO, S. (2006). A Haar-Fisz
technique for locally stationary volatility estimation. Biometrika, 93:687-704.
MR2261451

GIRAITIS, L., Kour, H. L., and SURGAILIS, D. (2012). Large Sample Inference
for Long Memory Processes. Imperial College Press. MR2977317

GRANGER, C. W. J. and JOoYEUX, R. (1980). An introduction to long-memory
time series models and fractional differencing. Journal of Time Series Anal-
ysis, 1:15-29. MR0605572

HANNAN, E. J. and KAvALIERIS, L. (1986). Regression, autoregression models.
J. Time Ser. Anal., 7(1):27-49. MR0832351


http://www.ams.org/mathscinet-getitem?mr=2796557
http://www.ams.org/mathscinet-getitem?mr=0968166
http://www.ams.org/mathscinet-getitem?mr=1429916
http://www.ams.org/mathscinet-getitem?mr=2559818
http://www.ams.org/mathscinet-getitem?mr=2329468
http://www.ams.org/mathscinet-getitem?mr=2546797
http://www.ams.org/mathscinet-getitem?mr=3024037
http://www.ams.org/mathscinet-getitem?mr=2894768
http://www.ams.org/mathscinet-getitem?mr=1956041
http://www.ams.org/mathscinet-getitem?mr=2790673
http://www.ams.org/mathscinet-getitem?mr=2405101
http://www.ams.org/mathscinet-getitem?mr=0840512
http://www.ams.org/mathscinet-getitem?mr=0871252
http://www.ams.org/mathscinet-getitem?mr=2261451
http://www.ams.org/mathscinet-getitem?mr=2977317
http://www.ams.org/mathscinet-getitem?mr=0605572
http://www.ams.org/mathscinet-getitem?mr=0832351

2296 P. Preufl and M. Vetter

HENRY, M. and ZAFFARONI, P. (2002). The long-range dependence paradigm
for macroeconomics and finance. In Theory and Applications of Long-Range
Dependence (P. Doukhan, G. Oppenheim and M. S. Taqqu). Birkhduser,
Boston, 417-438 MR1957502

HoskING, J. R. M. (1981). Fractional differencing. Biometrika, 68:165-176.
MR0614953

KokoszkA, P. and MikoscH, T. (1997). The integrated periodogram for long-
memory processes with finite or infinite variance. Stochastic Process. Appl.,
66(1):55-78. MR1431870

KoKko0szkA, P. S. and TAQQuU, M. S. (1995). Fractional ARIMA with stable in-
novations. Stochastic Processes and Their Applications, 60:19-47. MR1362317

KRreEiss, J.-P. (1988). Asymptotic statistical inference for a class of stochastic
processes. Habilitationsschrift, Fachbereich Mathematik, Universitdt Ham-
burg.

KRrEIiss, J.-P. and PAPARODITIS, E. (2011). Bootstrapping locally stationary
processes. Technical report.

KRreEiss, J.-P., PaparopiTis, E., and PoriTis, D. N. (2011). On the range
of the validity of the autoregressive sieve bootstrap. Annals of statistics,
39(4):2103-2130. MR2893863

LAVANCIER, F., LErpus, R., PHILIPPE, A., and SURGAILIS, D. (2011). Detec-
tion of non-constant long memory parameter. Preprint, Université de Nantes.

LirsHITS, M. (1984). Absolute continuity of functionals of “supremum” type
for Gaussian processes. Journal of Soviet Mathematics, 27:3103-3112.

MikoscH, T. and STARICA, C. (2004). Non-stationarities in financial time
series, the long range dependence and the IGARCH effects. The Review of
Economics and Statistics, 86:378-390.

NEUMANN, M. H. and vON SacHs, R. (1997). Wavelet thresholding in
anisotropic function classes and applications to adaptive estimation of evolu-
tionary spectra. Annals of Statistics, 25:38—-76. MR1429917

NEwEY, W. K. (1991). Uniform convergence in probability and stochastic
equicontinuity. Fconometrica, 59(4):1161-1167. MR1113551

PaLma, W. (2007). Long-Memory Time Series: Theory and Methods. Wiley
Series in Probability and Statistics. MR2297359

PaLma, W. and OLEA, R. (2010). An efficient estimator for locally station-
ary Gaussian long-memory processes. Annals of Statistics, 38(5):2958-2997.
MR2722461

PaparopITIS, E. (2009). Testing temporal constancy of the spectral structure
of a time series. Bernoulli, 15:1190-1221. MR2597589

PAaPARODITIS, E. (2010). Validating stationarity assumptions in time series
analysis by rolling local periodograms. Journal of the American Statistical
Association, 105(490):839-851. MR2724865

PARKk, K. and WILLINGER, W. (2000). Self-Similar Network Traffic and Per-
formance Evaluation. Wiley, New York.

PERRON, P. and Qu, Z. (2010). Long-memory and level shifts in the volatility
of stock market return indices. Journal of Business and Economic Statistics,
23(2):275-290. MR2681201


http://www.ams.org/mathscinet-getitem?mr=1957502
http://www.ams.org/mathscinet-getitem?mr=0614953
http://www.ams.org/mathscinet-getitem?mr=1431870
http://www.ams.org/mathscinet-getitem?mr=1362317
http://www.ams.org/mathscinet-getitem?mr=2893863
http://www.ams.org/mathscinet-getitem?mr=1429917
http://www.ams.org/mathscinet-getitem?mr=1113551
http://www.ams.org/mathscinet-getitem?mr=2297359
http://www.ams.org/mathscinet-getitem?mr=2722461
http://www.ams.org/mathscinet-getitem?mr=2597589
http://www.ams.org/mathscinet-getitem?mr=2724865
http://www.ams.org/mathscinet-getitem?mr=2681201

Long memory vs. non-stationarity 2297

Preuss, P., VETTER, M., and DETTE, H. (2012). A test for stationarity based
on empirical processes. To appear in Bernoulli.

RouEgFF, F. and vON Sachs, R. (2011). Locally stationary long mem-
ory estimation. Stochastic Processes and Their Applications, 121:813-844.
MR2770908

SAaKIYAMA, K. and TANIGUCHI, M. (2004). Discriminant analysis for locally sta-
tionary processes. Journal of Multivariate Analysis, 90:282-300. MR2081780

SIBBERTSEN, P. and KRUSE, R. (2009). Testing for a change in persistence
under long-range dependencies. Journal of Time Series Analysis, 30:263—-285.
MR2512240

STARICA, C. and GRANGER, C. (2005). Nonstationarities in stock returns. The
Review of Economics and Statistics, 87:503-522.

VAN BELLEGEM, S. and VON SACHS, R. (2008). Locally adaptive estima-
tion of evolutionary wavelet spectra. Annals of Statistics, 36(4):1879-1924.
MR2435459

VAN DER VAART, A. and WELLNER, J. (1996). Weak Convergence and Empir-
ical Processes. Springer, Berlin. MR1385671

VON SacHs, R. and NEUMANN, M. H. (2000). A wavelet-based test for sta-
tionarity. Journal of Time Series Analysis, 21:597-613. MR1794489

WHITTLE, P. (1951). Hypothesis Testing in Time Series Analysis. HUppsala:
Almqvist and Wiksell. MR0040634

ZYGMUND, A. (1959). Trigonometric Series I. Cambridge University Press.
MRO107776


http://www.ams.org/mathscinet-getitem?mr=2770908
http://www.ams.org/mathscinet-getitem?mr=2081780
http://www.ams.org/mathscinet-getitem?mr=2512240
http://www.ams.org/mathscinet-getitem?mr=2435459
http://www.ams.org/mathscinet-getitem?mr=1385671
http://www.ams.org/mathscinet-getitem?mr=1794489
http://www.ams.org/mathscinet-getitem?mr=0040634
http://www.ams.org/mathscinet-getitem?mr=0107776

	Introduction
	Locally stationary long memory processes
	The testing procedure
	Bootstrapping the test statistic
	Finite sample properties
	Choice of the parameters N and p
	Size of the test
	Power of the test
	Tree ring data
	S&P 500 returns

	Appendix: Proofs
	Proof of Theorem 6.1
	Proof of Theorem 6.2
	An auxiliary result used for the bootstrap
	Proof of the results from the main corpus

	References

